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Abstract

This paper is devoted to the study of flows associated to non-
smooth vector fields. We prove the well-posedness of regular La-
grangian flows associated to vector fields B = (B!,...,B%) e
LRy LYRY) + L®°(RY)) satistying BY = Y7L Ki * by,
bj € L'(R4, BV(RY)) and div(B) € L'(Ry;L*®(R%)) for
d,m > 2, where (K}), j are singular kernels in R4 . Moreover,
we also show that there exist an autonomous vector-field B <
LY(R?) + L*®(R?) and singular kernels (K;..),-,j, singular Radon
measures fi;j; in R? satisfying 8y, B = Y7, K; * [4ij in dis-
tributional sense for some m > 2 and for k,i = 1,2 such that reg-
ular Lagrangian flows associated to vector field B are not unique.
© 2021 Wiley Periodicals LLC.

1 Introduction

In this paper we study the well-posedness of flows of ordinary differential equa-
tions

aX(x) — B(r, X(1,x)) Vi€ [0.T],

1.1
(1.D X(0,x)=x VxeRd,

where B(z, x) = B;(x) € R? is a function in [0, 7] x R?, d > 2. It is well-known
that by Peano’s theorem, there exists at least one solution to the problem (I.))
provided that B is continuous. Moreover, by the usual Cauchy-Lipschitz theorem,
one also has uniqueness if B is a bounded smooth vector field.

The ordinary differential equation (I.1) is related to the continuity equation

deu(t, x) + div(B(r, x)u(t, x)) = G, x)u(t,x) + F(z, x),

42 {u(o, ¥) = ().
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for any (¢, x) € [0, T] x R4 . Indeed, assume that Ug, B, G, and F are smooth and

compactly supported. Let X : [0, T] x R — R4 be the unique solution of (L.1).
It is called the flow of vector field B. We have

t

det(Vy X(t,x)) = exp(/ div(B)(s, X(s,x))ds) > 0.

0

In particular, the map X(z,-) is a diffeomorphism from R? to itself and we

denote by X1 (¢,-) its inverse. A solution of (T.2) is given in term of the flow X

by the following formula

u(t, x) = up(x) exp(— /(;t(diV(B) —G)(s, X(s,f))ds)

t t
(1.3) —1—/(; F(z, X(f,f))exp(—/ (div(B)—G)(s,X(s,Y))ds)dr,

with X = X~!(¢,-)(x), its proof is elementary. Therefore, we can say that the
well-posedness of is equivalent to the well-posedness of (1.2).

The continuity equations (often with nonsmooth vector fields) are important
for describing various quantities in mathematical physics such as mass, energy,
momentum, and electric charge. Especially, they are essential to study transport
equations such as the convection-diffusion, Boltzmann, Vlasov-Poisson, Euler, and
Navier-Stokes equations.

Let us start by the seminal work of Diperna and Lions [41]. They established
the existence, uniqueness, and stability of distributional solutions of (I.2)) for vector
fields Bin L} le o1 satisfying div(B) € L} L% and a growth condition

B/(1+|x)eL]L:+L!LY.

Later further progress was achieved in several papers [16,/18}/32}(33}43]/47]; fi-
nally, it was fully extended by Ambrosio [2] to BV vector fields. The approach
by Diperna, Lions, and Ambrosio relies on the theory of renormalized solutions of
(T.2). Roughly speaking, renormalized solutions are distributional solutions such
that the chain rule holds for 1 and B, i.e.,

div(Bh(u)) = (h(u) — uh’'(v)) div(B) + A’ (1) div(Bu)

for any # € C1(R).
One key step in this approach consists of studying the strong convergence of the
commutator

rg := pg * (div(Bu)) — (div(Bpg * u))

to 0 in Llloc for some regularizing kernel (pg)s=o in R%. In the Sobolev case,
in [41], Diperna and Lions showed this convergence for any regularizing kernel
(ps)s>0- The same problem in the BV case is much more complicated. In [2]

Ambrosio took a special kernel p strictly depending on the structure of B to obtain
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the convergence. More precisely, first he proved that
rsl ~0 and o(x) < /I(M(X)Z, Vp(2))|dz| D*BJ(x),

with M(x) = %(x) for any smooth kernel p, [ p(z)dz = 1 forany x € R¥,
where D*B is singular part of DB with respect to the Lebesgue measure. Then, he

took p such that
/|<M(X)Z,V,0(Z))|dz < |trace M (x)|.

Using the fact that div(B) << £¢ is equivalent to |trace M(x)||D’B|(x) = 0,
then he proved that the "defect" measure is 0 = 0.

Moreover, Diperna and Lions constructed distributional solutions to the continuity
equation (T.2) with B € W*! (¢ < 1) and div(B) = O that are not renormalized.
A counterexample for non-BYV is provided by Depauw [40]]. Further results can be
found in [4}/5,(7,9,[11-1321-25.30,/31,/34,36,[38,44]]. For a recent review on the
well-posedness theories for the continuity equations (I.2) and ODE (I.1), we refer
the reader the lecture notes [6] (and [3]]).

In [35]], C. De Lellis and G. Crippa gave an independent proof of the existence
and uniqueness of the solutions of (I.1I)) with Sobolev vector fields, that is without
exploiting the connection with the continuity equations (I.2). The main idea of [35]]
is to consider the following time-dependent quantity

X1(t,x) — Xa(t
@S(z):fB log(l+| 1) 2(’x)|)dx with § € (0, 1),
R

)

where X1, X, are regular Lagrangian flows associated to the same vector field B
and Bg := Bgr(0), R > 0. We have

(14) ®s(t) > L9({x € Br : |X1(t,x) — Xa(t, x)| > 82} log(1 + §7/2).

However, differentiating in time, one has

t
(1) =/0 D (s)ds
- /t/ IBs(X1(s, x)) — Bs(X2(s, x))|
o 0J/Bgr 8+|X1(S,X)—X2(S,X)|
- /t/ min{zHBSHLOO IBs(X1(s, x)) — Bs(X2(s, x))|
~ JoJBr § | X1(s, x) — Xa(s, x)|

By using the standard estimate of the Hardy-Littlewood function M and changing
the variable along the flows, we obtain

(1.5) dx ds

dx ds.

T
(1.6) sup @S(z)s// min{§~!, M(|VBy|)(x)}dx ds.
1€f0,T] 0 JBg,
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for some Ry > R. Using the boundedness of M from L? to itself for p > 1
together with (1.4) and (1.6), we deduce that
sup £9({x € Br 1 |X1(1.x) = Xa(t. )| > 6'/2}) < [log(8)[™" V6 € (0. ).
t€l0,T]
provided B € LY(W1'P), p > 1. At this point, sending § — 0, we get X| = X,.
Later, in [45] P. E. Jabin successfully improved thisto B € L} le 'l In addition,
also in [45]] he extends this to B € L}SBV,C in any dimension, and in two dimen-

sions to L} BV, with local assumptions in the direction of flows. Furthermore,
in [26]] we showed that

T T
1
/ DBy |(Bg,)di < lim sup ——— / / min{§~1, M(IVB, () )]}
0 s—>o0 1102 Jo /By,

T
< / |D*By|(Br,)d.
0

This explains why De Lellis and Crippa’s approach is not able to deal with vector
fields B € L}B Vi \ L} le o1 Moreover, in [17] F. Bouchut and G. Crippa proved
the existence and uniqueness of flows for vector fields with gradients given by
singular integrals of L! functions, i.e., DB = K x g, g € L', where K is a
singular kernel of fundamental type in R?. Notice that this class is very natural in
the study of nonlinear PDEs, such as the Euler equation and the classical Vlasov-
Poisson equation; this class is not contained in BV and neither contains it. To do
this, they have used the following maximal singular integral operator:

T(u)(x) = supl(pe * Kx ))(x)] ¥x € R?,

where pg() = e 9 p(-/¢) for some p € C} such that [ga pdx = 1. Then,
®s(t) = of]log(d)|) is obtained from using the boundedness of such operator
from L! to weak-L! and the fact that

.7 L4 ({T(n) > A}) >0 asA — oo,

for any pu € L1 (R?); see the proof of Lemma Notice that (L.7) is not true for
€ Mp(R?); indeed, it is easy to check that if u = 8o, then ALL({T(1) > A}) =
1,VA > 0 for some p and K.

However, later in [[14]] they extended the analysis to the case where

Dyx,B1 Dy B> Kixfi Kax f>
DB = 1 1 — X = (Xx1,Xx2), B=(B ’B ,
(szBl szBz) (KO xu Kix f3 (x1, x2) (B1.B>)

where Ky, Kj, K3, and K3 are singular kernels of fundamental type. This is
motivated from the Classical Vlasov-Poisson system associated to
B(x1,x2) = (x2,P % u(x1)), (x1,x2) € R xR™, d =2m,
X1

and P(x;) = CW, we Myp.
X1
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In addition, Jabin in [27]] has proven the well-posedness of this system with P %
ueH 3/4 (or neH —1/4) In [37,149] Seis has provided a quantitative theory
for the continuity equation with W1 vector fields via logarithmic Kantorovich-
Rubinstrain distances. Recently, in [22-25]], we proved sharp regularity estimates
for solutions of continuity equations with W12 (p > 1) vector fields.

To our knowledge, these results in [[14/45]] are the best results for the quantitative
ODE estimates at this moment. In this paper, we give quantitative estimates for
K x BV vector fields with bounded divergence. Namely, we prove the following
theorem: Given a vector field B = (B!,...,BY) e L1([0.7]; L (R4 ,R?)),
we assume that for any R > 0, there exist functions bjg € L'([0, T], BV(R%))
for j = 1,...,m; and degree-zero homogeneous functions (Qj.R),-, j € L:,c (R9)
(i=1,....d, j =1,...,m) satisfying [¢q_ Q;R = 0 and Q;R e BV(s-1)
such that

2 QR0
(1.8) B' = Z(%) * bjr in Bap.
j=1

MAIN THEOREM. Let By, Bs € L1([0, T]; L} (RY,R?)) satisfy

H( |B1| B3| )
x|+ 17 |x| +1

and let X1, X» be regular Lagrangian flows associated to By and By, respectively.
Assume that div(B) € LY((0, T), L' (R?)). Then, for any k € (0, 1), r > 1, there
exist Ro = Ro(d,T,r,Co,k) > 1 and o = 8o(d,T,r,Co,bR,.«) € (0,1) such
that

< Co,
L1({(0,T);(L'+L>°)(R%))

sup L2({x € By 1 [X1,(x) — X2t (x)] > 81/2})
(1.9) t€[0,T]

<8 M(By —B,By - B)llL1(f0,71xBRy) + 5
for any § € (0, &p).
Note that if B{, By € L?f’x, we can take Rg independently of k. Moreover, if
B € L'((0.T): BV, (R?)), we can write for any R > 0, B! = Z;lzl Rjz-(XRBi)
in Br(0), where yr € Ccoo(Rd) satisfies yg = 1 in Bag(0) and yg = 0O in
B4g(0), Ry..... Ry are the Riesz transforms in R¢. Thus, the assumptions in

the above theorem contain the class of BV-vector fields. Consequently, this solves
a main open problem posed by Luigi Ambrosio in [6].

This theorem is as a consequence of Theorem#.3]and Corollary {.4]in Section 4.
In Section 5, we will use this to deduce the well-posedness of regular Lagrangian
flows and transport, continuity equations. The following result gives an existence
and uniqueness result of regular Lagrangian flows.
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PROPOSITION 1.1. Let B be as above. Assume that
B|
x| +1

< 00
L1((0,T);(L1+ L) (R4))

and div(B) € LY((0,T), LY(R?)). Then, there exists a unique regular Lagrangian
flow associated to vector field B.

Let us describe our idea to prove (I.9). For simplicity, assume that B (¢, x) =
B>(7, x) = B(t, x) = B(x) € (BVN L®)(R?,R?). Thanks to Alberti’s rank one
theorem (see Section 2), there exist unit vectors &(x) € R? and n(x) € R? such
that D°B(x) = §(x) ® n(x)|D*B|(x), i.e., Dy, B;(x) = & (x)n:i(x)[D°B|(x)
for any i, j = 1,...,d. Thus, one gets from div(B) € L'([0,T] x R?) that
|(€,1)| = 0 for | D*B|-a.e. in R?. We first have the following basic inequality: for
any xj # X5 € RY and v € $91,

lx/ —Z|=<r
(0BG~ G £ 30 [ S . ) )

=12
|x;—z|<r a
d|DB|(z);
/|x S dIDBI()

see Proposition[2.3] where © = |D*B| and r = |x; — x3|, where DB is a regular
part of DB with respect to the Lebesgue measure. We now assume that £ and # are
smooth functions in R?. Then, choosing v = 5(x1) and thanks to |(£, )| = 0 for
|i|—a.e. in R4, we have

(v, E@) < IVnllLos (X1 = x2| + |x; —z]) for |u| —ae. zinRY, 1 =1,2.
This implies

(t10) VBB < 57 1yl o) + MAD*B) o).
1=1,2

where I is the Riesz potential with the first order in R,
Let X1, X7 be regular Lagrangian flows associated to the same vector field B
and r > 0. Thus, we derive from (I.10) that

/ / (n(X11), B(X1) — B(X2¢))|

dxdt = 0.
8+ | X1 — Xo4]

(1.11) lim sup
§—0 |10g(5)|

This suggests the following new quantity: for é € (0, 1), y > 1,

| X1: — Xoe 12 + y(n(X12), X1r — X2t|)2)dx

1
(1.12) ®§(z):§[ 10g(1+ 52

¥
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We have
hodol(t
sup @g(t) = sup / %U dt
t€[0,T] 11 €[0,T] t
/ / y! 21 (X1). BOX) — B,
i § 4 1X1r — Xo|

B(X{;) —B(X
+// |(1z)12 (X2¢)] dx dt
8+ 1 X1 — Xoo| + V2| (n(X10), X1e — Xos))|

/ / Y 21(Vn(X1)B(X10). X1 — Xai)| dx dt
- | X1 — Xo¢|
Combining this and (I.T1)), we get
sup £d({x € By 1 | X1t — Xo¢| > 0})
t€[0,T]
1
= limsup ———— sup q)y(l)
§—0 |10g(5)| 1€[0,T]
< lim sup / / IB(X1:) — B(X2;)|dx dt
R |10g(5)| , 8+ | X1 — Xoe| + V2 |(n(X 1), X1 — Xof)|
:= limsup A(S).

§—0

Hence, in order to get X;; = Xp; for a.e. (x,¢) € B, x [0, T], we need to show
that

limsup A(§) = o(1) as y — o0.
§—0

In fact, we use the following estimate for B(x1) — B(x3):

[B(x1) — B(x2)|

< e xy — x| (M(|DB|)(x1) + M(ID?B|)(x2))

1IX/ ZI<r X/ =

—d+1 X, — zI e;‘_ I(n(z), x1 — x2)]
Y [ e )
I=1,2

1|x1 z|<r Xj=z

—d+2 Ix zI 31‘58

2y | Akl
I=12 <

for any € > O where it = |D*B|, e; = —ep = 21=2. and r = |x1 — x| for

[x1—x2]*
I = 1,2 (see Proposition[2.3land Lemma[4.5)). Then, using the fact that |(7(z), x1 —
x2)| < [(n(x1). x1 — x2)| + 2||Vnllzeer? for [z — x1| < 7 or |z — x3| < r and
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changing the variable along the flows, we can estimate

—1/2,~d+1 I gd+1
A@)gl______:é nmq ““lhuuﬂ~+nvmum [ 1w

e 5 og®)]
. 1 (I‘L) &
+ 2@ { M(%
ed+l r (L(DB]) .
+ 2@ m% ; ’WWB%’

for some r’ > r, where M¥? is the Kakeya maximal function in R4 ,l.e.,

= O ez
M (1) (x) sup R T d|ul(2).
0€(0,2r7),ecS4—1 JBp(x)

‘We then will deduce that

limsup A(8) S y~ Y274+ | u|(RY) + elimsup ALY ({M®(n) > A} N By)

§—0 A—00

= elimsup ALL({ME(w) > A} N By) asy — oo.

A—00

So it remains to show that

(1.13) I(e) := elimsup AL ({ME (1) > A} N Bp) = o(1) ase — 0.

A—00

This estimate is very delicate; hence we will devote Section B] to establish it. In
order to see the key idea for proving the estimate ( , we only consider u(x) =

|DS f|(x) = |Df|(x) with f € BV(R?,R) such thatv = d‘ﬁgﬂh(x) is a constant
function in Bg,.. Set H, := {x € R? : (v,x) = 0} and H, := {tv € R? :
Vi € R}. We also denote f) : Hy > y1 +— f(y2 + y1) for any y» € Hy.

By assumption one has du(y) = d|sz"|(y1)d7-ld_1(y2) for any y; = (y,v)v,
va =y —{(y,v)v,y € Bgy, and z € H,. We can prove that

(114 M°(x) SMNIDAY | Hy) (e, vhv) - with xy = x — (x,v)v,

where M1(|Df;v [, ﬁv) is the Hardy-Littlewood maximal function of |Df}’ | on
H,. By a standard approximation argument, we only prove for case |DfY | €
Ll(ﬁv, dH"). By changing variables, we have for any p € (0,2r), e € S4~1,
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and x € B,/

bt i)
B,(x)

= p—dg—d“][sdlfo Lig—ei<e| DY [((x. )y — (8, v)vs)s? ™ ds dHI~1(6)

<L g edMDL L T ()R )

S MU(DFE | Hy)(x. o)),
which implies (I.14). Therefore, we get from (I.14) and weak type (1,1) bound of
M!(Df? |, H,) that
ALY ((M® () > A} 0 Byr)

<A H'({x1€ Hy : M(IDfL], Hy)(x1) 2 A})dH? ™ (x2)
H,

S /H\;/ﬁv d|Dfxv2|(x1)de_l(X2) = |M|(Rd)

This gives (I.13). In order to prove (I.I3) in the general case, we use that
# = |D*B| and the slicing theory of BV functions. Notice (I.13) is not true for
any Radon measure p, indeed, if & = 8o, then M¢(1)(x) = ¢~94+1|x|~? and so
I(g) ~ 7912,

To conclude this section, let us give an important remark on our result. We
deduce from that for R > 0,

(R0
(1.15) alBl = Z( |]R|d ) */’Lj'R in D/(BZR),

j=1

where /Lj.R = 0;bjr,1.i =1,...,d, j =1,...,m are bounded Radon measures

in R¥. Thus: A natural question is whether the above proposition holds for a class
of vector fields B satisfying (1.15)) with arbitrary Radon measures M} R in R4,
The following proposition gives a negative answer to this question.

PROPOSITION 1.2. There .exist a vector field B : R? — R? and degree-zero
homogeneous functions Q',...,Q,, € (L*NBV)(B2 \ B1), i = 1,2 with

||f|(i)1| e L' (R?) 4+ L°°(R?), le(B) =0, [1 Q; = 0 such that for any R > 1

(1.16) 3B = Z( ())*MJR in D'(BR),

Z\TP

for some uj.R e Mp(R?),i,l = 1,2, and j = 1,...,m and the problem (L.1)
is ill-posed with this vector field, i.e., there exist two different regular Lagrangian
flows X1, X, associated to B.
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We will prove proposition[I.2]in the Appendix.

2 Main Notation and Preliminary Results

We begin with some notations used in this paper.

x -y, {x, y) denote the usual scalar product of x, y € R%;

a A b denotes min{a, b};

S9-1 denotes the (d — 1)-dimensional unit sphere in R¥;

1g is the characteristic function of the set £, defined as 1g(x) = 1 if
x € E and 1g(x) = 0 otherwise;

B, (x) is the open ball in R? with radius » and center x; B, is the open
ball in R¢ with radius and center 0; if X is a vector subspace of R4 , for
any x € X, Br(x, X) is the open ball in X with radius r and center x i.e.,
Br(x,X)=Br(x)NX;

Mp(X) is a set of bounded Radon measure in a metric space X ; M; (X)
is a set of positive bounded Radon measure in X;

|| is the total variation of a measure j; u’, u? are the singular compo-
nent and regular component of p with respect to the Lebesgue measure,
respectively;

£4 is the Lebesgue measure on R4 and #* is the k-dimensional Hausdorff
measure;

BV(R?,R™) is a set of R™-valued functions with bounded variation in
]Rd;

f » g is the convolution of f and g; in particular, if f,g € R!, then
fxg:= ijlf, xgisif feR, ge R, then frg=gxf =
(Jixg faxg ... f1*8);

fup is the push-forward of p via a Borel map f; more specifically, if
there are a Borel map f : R/ — R” and a measure u in R, then fuu
is a measure in R™ given by fauu(B) = pu(f~1(B)) for any Borel set
B C R™; this is equivalent to [pm ¢ dfept = [pi ¢ o fdu for any ¢ :
R™ — [0, +o0] Borel,

{g f dw denotes the average of the function f over the set £ with respect
to the positive measure w, i.e., {5 f dw 1= ﬁfE fdw;

{f > AL{f < A}standfor{x : f(x) > A}, {x : f(x) < A}, respectively;
©n 1s a standard sequence of mollifiers in R4,

EC° is the complement of set £

A < B denotes the estimate A < CB for some constant C > 0 depending
only on fixed quantities; and A ~ B denotes the estimate A < B < A;
C(n,e,k,...)is acommon constant that satisfies parameters n, &, k, . . . .
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2.1 BYV functions

Given b € BV(R?,R™), we have the canonical decomposition of Db as D%b +
DSh, with |D?b| <« £% and | D*b|LL? . The following deep result of Alberti will
be used in the proof of Theoremd.3] Its proof can be found in [[I,39].

PROPOSITION 2.1 (Alberti’s rank one theorem). There exist unit vectors £(x) €
R™ and n(x) € R? such that D*b(x) = £(x) ® n(x)|D5b|(x), i.e., D3 bj(x) =
& ()i (x)|D*bl(x) foranyi =1,...,d, j =1,...,m.

Notice that the pair of unit vector components (£, 1) is uniquely determined
|DSh|-a.e. up to a change of sign. In the case m = d, we can write the dis-
tributional divergence div(h) as div(h) = trace(D?b)L% + (£, 1)|D*b|; thus,
div(h) <« £¢ if and only if £ Ly |D*b|-a.e. in R?. For e € S4~1, let us introduce
the hyperplane orthogonal to e:

He:={x ¢ R? : (e, x) = 0},

and the line of e:
H, = {te e R? : V1 € R}.

Given a Borel function f in R?, we denote S He, > 71 f(y1 + z1) for
y1 € H,. The following characterization of BV by hyperplanes will be used in the
proof of Theorem[3.3]

PROPOSITION 2.2 ([8l sec. 3.11]). Let f € BV(R?) and e € S?~1. Then, f¢ €
BV(ﬁe), HA L qe. yy in H,, and fHe £y, ||BV(§e)de_l(y1) < 00. Moreover,
or any bounded Borel function ¢ : — R, there holds
for any bounded Borel function ¢ : R% — R+, there hold

/ B+ yd|DP £E(dHA ()
2.1) e He

N /]Rd ¢ (x)[{e, n(x))Id|D* f1(x),

dDs
where 1(x) = (HDS—{*’T();))'

We next have an extension of [27, prop. 4.2]. It is one of the main tools to be
used in the proof of Theorem 4.3
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PROPOSITION 2.3. Let ¢ € (0, ﬁ), f € BVioe(R?). Then, for every x, y € R?,
x# Yy,

—d+1 _
fx)—fO) = /Rd #@i’el (|j_i|)el -dDf(2)

g—d+2
+/ “1( ) dDf(z)
Rd |x—z|d 1
22) g—d+1
— e -dDf(z
oo 5z (=5 o0
—d+2 se
_ 2 .dD 7).,
fRd |y —z]9- r© ( ) 7
where 1 = —ey = |x yl and fore € S~ ¢ € (0, 100) Oge ‘RY - R4 and

¢ : R4 — R4 are bounded functions satisfying ©%°, 05°¢ € C®(RZ\ {0}),

supp(©5°), supp(©5°) C B3;4(0) N %x D le — ﬂ }
(2.3) 07¢(x)] + elx| VO (x)| < 1 Vx e R 1 = 1,2,
s_d'H/ |®°i’e(x)|dx +8_d+1/ |(~)g’e(x)|dx <.
R4 R4

PROOF OF PROPOSITION[2.3l Let p : R — [0, cc) be a C, function such that
p € C®(0.1]), p(t) = 1for0 < ¢ < 1/4, p(t) = Ofors > 2 and 1 < 0,
p() + p(1—1) = 1for0 <7 < 1. Let ¥ : (0,00) — (0, 00) be a C;° function
such that ¢ (¢) = 0 fort > 1, ¥(t) = 1in (0,&9) for some g9 € (0,1) and
Jra—1 ¥(hDdh = 1.
We define for (a,b,¢) € S9! x 91 x (0, 00),

p((@ b)Y (s s )
49=1(a.b)d (1 — (a.b)c)d=1"

(a.b)c
@b (a — (a.b)b).

Wy(a,b,c) =

Ws(a,b.c) = Wi(a,b,c)
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Since Vi (a,b,c) = Vi(—a,—b,c), ¥Yz(a,b,c) = —Wa(—a,—b, ¢), thus it is not
hard to obtain from the proof of [27, prop. 4.2] that

f(x)—f(y)szux_i'd_lq,(x—z x—y |x—Z|)|x - dDF (&)

M—Zlu—ylu—ﬂ X —

1 X—2z XxX-—Yy
_/ d_l‘l’( dDf(2)
R4 |x —Z| |x =z |x =yl Ix

)
/R 1 q,(y—7 y—x Iy—2|)|y dDf ()

aly—z|d-1 ly =zl ly—=x|" |x—yl/)lz

1 -2 —-X z
+/ dlwz( y-z y-x ly- |)-de(z).
Rd |y — 2| ly =zl |y =x[ |x—yl
Replacing ¥ by ﬁj—:W(S;), we obtain (2.2) where @f’e(z) = ¢;(z/|z| e, |z|) for
(e,z) € S9! x R¥; and

X a—(a-b)b
,O((a.b)c)lﬁ(E(az.|b)(1(_(a).b|)c))
(a.b)d(l — (a.b)c)d_1

—-b
95(a.b.c) = ¢(a.b.c)— — §5(a.b.)

¢Sa,b,c) = 2971 ,
(a.b)c (a—(a.b)b)

1 —(a.b)c € '

Note thatp((a.b)c)tﬂ(%) # Oimplies [a—(a.b)b| < 5 and (a.b)c <
3/4. So,

la — bl = V2T — (@h)) < /2(1 - (@.b)?) = \[2la — (@.b)b|? < e/ V2.
anda-b>1—¢/2>1/2,¢ <3/4. Hence, it is easy to check that O] and ©5°
belong to C*°(R¥ \ {0}) and satisfy (2.3). The proof is complete. O

2.2 The Hardy-Littlewood maximal function and Riesz potential.

We recall some basic properties of the Hardy-Littlewood maximal function and
Riesz potential. Let X be a vector subspace of R¢ with dim(X) = k (k =
1,...,d) and u be a positive Radon measure in X. The Hardy-Littlewood maxi-
mal function of ¢ on X is defined by

1
MK (i, X)(x) = sup dlu| VxeX.

r>0 m By (x,X)

If X = R?, we write M() instead of M¥ (2, X). It is well-known that M¥ (-, X)
is bounded from L?(X,dH¥) to itself and Mp(X) to L1*°(X,dH¥) for 1 <
p < oo, i.e.,

Q4 MG Ol xaney S IlLrxamsy forany e LP(X,dHF),

(2.5) sup /\Hk({Mk(u,X) > /\}) < |pl(X) forany u € Mp(X)
A>0

(see [[10,[50L51]).
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The Riesz potential of u on X is defined by
1
(2.6) (. X)(x) = / —————d|ul(z) YxeX, 0<a<k.
X [x —z[f

If X = R, we write I,(11) instead of I’é (i, X). We have that I’é(- , X) is bounded
k
from L? (X, dH¥) to LFap (X,dH*) for p > 1,0 < ap < k; and bounded from

M;(X) to Lk]\T.a’oo(X, dH¥) for 0 < a < k; see [50]. It is easy to see that for
o >0,

1)

2.7) sup r @ / PRS2 s ME (. X)) Ve X.
r>0 x |x —z[fF

Thanks to (2.5)), one gets

AHE({MF (1, X) > 1))
< AHE(IMF (S, X) > 1/2}) + AHF ((MF (11015274, X) > 2/2})
S P X)) + fX Ljpjazayalpl® dx,
provided || (X) < oc. Thus,
2.8) lim sup A3 (M (1 X) > 4) % 11" (X).

[o,¢]

Moreover, in [26] we showed that for any A > 0,

(2.9) AHEEME (. X) > 1) 2 |ul*(X).

Therefore, it follows from (2.8)) and (2.9)) that for any Bg := Br(0, X) C X,
(210)  |uf(Br) < limsup AHF({MF (i, X) > A} N Br) < |l (BR).

A—00

Again, (2.8) and @.9) imply that i < #¥ in X if any only if
2.11) lim sup AHK ({MF (i, X) > A}) = 0.
A=
Next is a basic estimate of the Hardy-Littlewood maximal function, which will
be used several times in this paper.

LEMMA 2.4. Let X be a vector subspace of R with dim(X) = k and g > 1.
Then, for any p € Mp(X) and ball Bg := Br(0,X) C X and f € L9(BR)
there holds

1 .
@1y timswpo o |G ) AME 0K 5 0P (Bo).
s—>o0 [10g(®)| /B,
Moreover, for any 0 < § < 1,

; -1 k k k q
(2.13) o2 (®)] /BR(5 D AMT (. X)dH" S R® + [l(X) + 1 F e ()



QUANTITATIVE ESTIMATES FOR REGULAR LAGRANGIAN FLOWS 1143

PROOF. Set A(A1) = sup;.;, AHK({M¥(u. X) > 2} N Bg) < |pnl(X). One
hasforany0<8<<1and0</\1 < Ay < 00,

f LS A M (o X)dHE

|log(8)|
- |10g(8)|/0 HE ({671 £ A M, X) > 2} 1 Br)da
1 Al Mo

— Hk d
S|1og<8)| BRAA T 11560)

k
(5)| / HE ) f] > $4) O Br)dA

Al k log(A2/A1) p
= HE(BR) + = o AG) + - .
loe®" PR Thog@ Y Gogapg o Lo

Choosing A; = [log(8)|'/? and A, = §771, and thanks to (2.5) and 2.10), we
obtain (2.12)) and (2.13). The proof is complete. O

dA
A()\l)T

2.3 Singular integral operators with rough kernels

In this subsection, we provide some basic properties of singular integral op-
erators with rough convolution kernels. In this paper, we consider the following
general kernel in RY:

(2.14) K(x) = Q(x)K(x) VxeRZ\ {0},
where

e K € CY(RY\ {0)),

1
(2.15) |K(x)| + x| VK(x)| < e vx e RY,

e Q(0) = Q(r6) forany r > 0,60 € S~ ! and

||Q||Wa0~1(32\31)

2.16 Q —Q
(2.16) ::/ 'Q”f / 900 = 200 4 o o,
B>\B; Bo\B, JB,\B, |x —y|¢T%

for some g € (0, 1) and ¢; > 0,
e the “cancellation” condition

2.17) sup / K(x)dx
R <|x|<R»

0<R1<Rr<0

=2

for some ¢, > 0.

We say that the kernel K is a singular kernel of fundamental type in R? if Q €
ct (Sd -1 ).
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Remark 2.5. From (2.15) one has
2d+1|y|
(2.18) [K(x —y) — K(x)| < Tt Vil <lx|/2.

Remark 2.6. 1If K(x) = |x|_d for any x € R4 \ {0}, then (2.17) implies

/ QO)dHAI(6) = 0.
gd—1

Moreover, if we set

o0
(2.19) Q,(x) = / Q *x op (|x—|r)rd_1 dr VxeR?,
0 X

where () := 1°g1(2) %IISMSZ’ then fga—s Qn(0)dHI=1(0) = 0 for any n,
Q, € leo(Sd—l), Qn(0) = Q,(r0) forany r > 0,0 € S9!, and

@0

(2.20) 12, — 2| cin” 2 Va.

<
. 20 ~
W2 ' (B2\B1)

Remark 2.7. Since Q(0) = Q(r6) for any r > 0,0 € S¢~1, so by the Sobolev
inequality and condition II, one gets

12174 (sa-1)
+ sup [BTO2(|Q — h) — QO)|LaBo\By)
|hl<1/2
2.21) + 12— h) — QO a(sa-1))

Qx — h) — Q(x)| la
+ (/ sup ][ 20 )aoq 2l dh dx)
B>\ B pe(0,1/2) /B, (0) |h| 72

< 1Rllweo.1(By\B,) < €15

forany 1 < g < go = ﬁo/z. Moreover, we also have for any Ao < 2 and
6 e s4-1

d
[ 1ee-n-e61;
lyl<io |yl

(2.22) o
i 03 @Q
<Ay supr 2 ][ Q0 — y) — Q(0)|dy.
r<2 B;(0)
Remark 2.8. Thanks to (2.15)) and Minkowski’s inequality, one has
_(gp—Nd
(2.23) 1)) KE) * pellpaoay S € 0 ||Q||L40(Sd—1)|M|(Rd),

fore > 0,q0 = #0/2, and p € Mp(RY).

The following is L? and weak-type (1, 1) boundedness of singular integral op-
erators associated to the kernel K.
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PROPOSITION 2.9. Let K be in (2.14) with constants c1,c2 > 0 and oy € (0, 1).
Let x € Ce(R2,[0,1]) be such that y = 1in |x| > 3and y = 0in |x| < 2. For

f e Cg’o(Rd), we define for x € R9,
&

T (f)(x) = Sl>118\(1|-|>8K) * f(x).

T'(f)(x) = Kx f(x), T*(f)(x) = sup

e>0

’

Then, TY, T2, and T3 extend to bounded operators from L to itself (p > 1) and
from L' to L1 with norms

(2.24) DT ersre + 1T Ipispie S 1+ ca
j=1,2,3

Moreover, we also get

(2.25) D M lagypree S 1 +ca.
j=1,2,3
and for any i € Mp(R?), there holds
(2.26) Y limsup ALY ({IT (W] > 4}) S (e1 + e2)|ul RD),

j=1,2,3 A=

PROOF. First, we need to check that

2.27) sup / IK(x)|dx < ¢,

R>0J R<|x|<2R
(2.28) sup / IK(x —y) —K(x)|dx < c1.

y#0 Jx[=2]y|
Indeed, by (2.15)) one has

Q

wp [ eodx<swp [ ESlaciso) [ ielza
R>0JR<|x|<2R R>0JR<|x|<2R |X] gd—-1

which implies (2.27). Moreover, for any y # 0,
[ K3 - K@ldx
Ix[>2]y]

D[ Bob,
Ix[=2[y]

|x|d+1

27 1yhd 1Q(x —y) — Q(x)|dx
; (2']|y|)d 27| y|<|x|<2/+1|y|
ET8) oo
e / / |Q(9)|@d7{d_1(9)dr
2|y| Sd—l v
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3/4 dp
+ / sup/ [Q(x —h) — Q(x)|dx—
0  |hl<pYB2\B P

< c1.

which implies (2.28).
Therefore, K satisfies (2.27), (2.28), and (2.17), so by [42, theorems 5.4.1, 5.4.5,
and 5.3.5], we obtain (2.24).

We now prove (Z.23). Let i € My (R?). Thanks to (2.23)), one has (x(-/)K)
e Ll (R?) for any & > 0. Thus, for any & > 0,

loc
Aim ((/e)K) * (on * 1) = (X(./9)K) * paein R,

This implies that 152> < liminfy—eo Ljp2(g, 40)|>2 @-€- in R4 for any A > 0.
On the other hand, by (2.24),

sup ALY (T2 (on % )| > A}) S (1 + ) llon * il L1 may S (c1 + e2) |l (RY).
>0

By applying Fatou’s lemma, we find
sup L4 ({IT* (W] > 2}) < (e + ca) Ul RY).
>0

Similarly, we also get

sup AT > A}) S (e1 + )l R,
>0

Hence, we conclude (2.25) since |T!(u)] < |T3(w)|. To get (2.26)), one has for
R>1landy > 1

AL (T () > A3)
< ALY (UT ()] > 2/43) + ALL (T (1) | > A/43)
+ ALY (T (1 ggasy 1B )| > A/43) + ALY (TR L uje<y 1BR)| > 1/4}).

Using the boundedness of T from M, (R?) to L1:°°(R9) for first three terms and
the boundedness of T from L2(R%) to itself for last term yields

ALE((T (W] > A})
< (@ +Cz)(|M|S(Rd) + / e / pmy |1l
BS, BR

st 1|u|ﬂsy(|M|“)2)-
Br

This implies (2.26) by letting A — oo and then y — oo, R — oo. The proof is
complete. U
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Remark 2.10. Since T/ (135e+ w) € LY(BR) forany Bg € R? and ¢ > 0, so
£

limsup ALY ({|T7 ()| > A} N Bg)

A—>00

< limsup ALY ({| T/ (1p,,, )| > A/2}) Ve > 0.

A—>00

Applying (2.26) to 1p,, ¢ and then letting ¢ — 0, we find that

Y limsup AL ({T/ ()| > A} N Br) S (1 + c2)|ul*(Br).
j=1,2,3 A

Remark 2.11. It is unknown when T3 is bounded from L!(R9) to LL°(R9)
where 2 € W2:-1(B, \ By) is replaced by € LI(S?~1!) for ¢ > 1. This is
an interesting open problem posed by A. Seeger.

In this paper, we also need a boundedness of the following singular maximal
operator: for f € LY(R?),

M® f(x) = Sup][ 1Q/IyDISC = y)ldy  Vx eRY,
>0 JB,(x)

where € LIS,

PROPOSITION 2.12 ([28,29,51]). There hold for p > 1 and q > 1,

229 IM®Lonrs S IR0 1y IME L pree < 1@ Lo 1)-
By a standard approximation, we obtain from that forg > 1

(2.30) IM® gy o1 S 1€ o,

PROPOSITION 2.13. Let K be in (2.14) with constants c1,c2 > 0 and ag € (0, 1).
Let {¢¢}e C CHRE \ {0}) N L®°(RY) be a family of kernels such that

supp(¢€) C By, sup [¢°(x)| + [x[[ Ve (x)]| < co.

x€R9 e

Fora € (0,d)and f € CCC’O(Rd) we define

1)@ = supsun (Lt ) ) « K 10| v e .

e p>0

Then, T extends to bounded operator from LP(R?) to itself (p > 1) and L*(R?)
to LY (R?) with norms

(2.31) ITllLr—>Lr + T pg, 100 S coler + c2)-

Moreover, for any . € Mp(R9)
(2.32) limsup ALY ({T(1) > A}) < coler + c2)|ul (RY),

A—>00
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In particular, for any B C R? and f € L9(BR) for q > 1,

(2.33) lim sup
5o [10g(8)] /By

min{8~'| f1. T(w)} < colcr + ¢2)|ul*(Br).

Proposition is still true for any @ > d. This was proven in [[17]] for the
smooth kernel case (i.e., 2 € Cb1 (S9-1y).

PROOF OF PROPOSITIONZI3. For f € C2(R?), we set

Ty(f)(x) = sup / K(x — 2) f(2)dz
p>0|J|x—z|>2p

Ta2(f)(x) = sup SUI())\Ke,p * f(x)
e p>

’

’

for any x € R?, where

_ T B B .
Keo) = [ o ()6 =yas = [ et O K )

‘We show that

Qi(x/]x|) VxeRY,

<]

o )1 p2
2.34 K. ,(x)| < ming—, —5-——
( ) | e,P( )| |x|d—(x {pa |x|70+0‘

where
Q(0) = c1 + 2 + |Q(0)]

+ sup r—"é’f 1200 — 2) — QB)|dz  ¥0 e S,
re(0,2) B, (0)

It is enough to prove that

1 y co .
@39 | [ Ko=)t (2 )ar| s G @und iflal <2
c ,0%0
0 .
(2.36) Ke.p(x)| < ngl(x/bd) if [x] = 2p.
X 2

Case 1. |x| < 2p. Assume that 27/0p < |x| < 27/0+1p for jo € N. Let y be
a smooth function in R such that x(y) =1if|y| <land y(y) = 0if |y| > %.
Set

1
|y|d—e

Koto) = [ K= 0o (2 ) @2 ) — it ).
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By definition of K and ¢¢, we have

—y) : —¢° 2 )ay
/ y19= p

1Q(x — y)|
< Ko(x) + CO/ T dlold—a
ly|>2]x| |x — y[%]y]

Qx —
+CO/ |2( h y31|_ady
Iyl<lxl/2 |x = y[%|y]

|Q(x — y)|
_x|2d—ot

< Ko(x) + Co[

(2‘37) |x—y|>|x| |y
co co|S2(x)|

dy
4 f Q6 — ) - 2L+
X192 Jiy1<ixl/2 Iyl |x|de

120 L1 g1y + [2(x)]

< Ko(x) + co

|x|d_°‘
co X X dy
' / o) a5 e
|x|d—@ |y|<1/2 |x| x|/ |1y|4
Ko(x) + — S21(x/[x]).

Here we have used (2.22)) in the last inequality.
Thanks to the Gagliardo-Nirenberg interpolation inequality, we find

1 1/2
|siuﬁ>||Ko<y)|<|x|1/2||VKo||de(Rd>+| |d/2(/ lKolzdy) :
y X

By the boundedness of operator f +— K x f in L? and W24 (see Proposition
[2.9), one obtains

sup |Ko(y)]

[¥]~x]
¢E P4 ] ] 2d cz%
< (a +Cz)IXI1/2(/Rd V(| I‘Si‘)" (X(2’p_1y)fx(2’“p‘l.v))) dy) ]
1 ¢e(y 2 1/2
(2.38) (et e) g (/Rl - a(x(pr_ly) 2@ p7y)) dy)

i —dtal 1
< colct +Cz)(\x\1/2(2 Jopymdta=z 4 P |(1/2(2 Jop) d/2+°‘)

< Coler +¢2)
|x|d*°‘

Thus, it follows (2.33) from (2.37) and (2.38).
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Case 2. |x| > 2p. By (2.15) and (2.18) we have

—a
Koo =| [ Pd_a¢e(X)(K(x_y)_K(x))dy‘
R4 |y p
% Iyl
< colQ(x)] y
lyl<p |¥197% [x|d+1
o p~ e
+ / Q0 — ) — Q)ldy
(239) X1 Jiyi<p Iy
Q
< @@l o | Q(i_y)_g(i)‘d_{l
|x|d+1 %19 Jiy1<p/ixl - \Ix] EAWARRY
3 cop pao
<
S /D + |x|d+%oszl<x/|x|>,
which implies (2.36).
Then, (2.34) gives
(2.40) IT(F)] < coT1(f) + T2(f) < coT1(f) + coMPL(f).

Thanks to Proposition and [2.12f and using the fact that |21 [|p¢(sa—1) %I)
c1 + cp, we get
[T M2 [ o+ HTE M) 1 e S coler + c2).

This gives (2.31). Then, similar to the proof of (2.26) and (2.12)), we obtain @D
and (2.33) from (2.31). The proof is complete.

LEMMA 2.14. We denote for pg > 0, a1 € (0,«], and u € Mp(R?)

o] —o .
T (1)(x) = sup sup (p 7 ¢ (—)) * K* p(x)| VxeR?,
|ld—a
e pe(0,p0) |- p
Then,
T ()| Lo way S (1 + c2)ul(RY),
(2.41) d

> 1.

qo = ;
d— %mln{a,ao,al}

PROOF. We deduce from (2.33) and (2.36) that for any x € R?,

pe1— of P p%1 X
‘(|-|d—a¢ (E)) K| % (|x|d—a AW)Ql(M)

< (14 p*)P(x),

1 1 X
Pl = (|x|d—w1 " W)Ql(m)‘

T (W) (x) < (1 + pg") P * |pl(x).

with

Thus,
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Then, by Minkowski’s inequality, one has
1T ()| oo ey < (1+ p§ IRl Lao a1y IR,
which implies (2.41). O

Remark 2.15. As done for Lemma (2.14)), we also show that for pg > 0 and p €
Mp(RD),

P(u)(x) =sup sup
(2.42) e pe(0,00)

e LIO(RY),

loc

(|./|);—a¢e(;)) * K*x (W () =¥ (x)u)(x)

for some go > 1, with € W1 (R?); one has
@43) PGBy SR 1V Iwrco@aykl(RY) VR >0.
Furthermore, if 2 € Cb1 (S91), then P(u)(x) < I;(w)(x) for any x € R.
Remark 2.16. If

pe(x) = p(t,x) € L'(0.T], Mp(R?)) and  f € L'((0.T). L(BR))
for g > 1, it follows from (2.33)) and the dominated convergence theorem that

1 T
lim sup —/ / min{§~| £(x, )], T(ue)(x)}dx dt
. T )

< [l Bryar.

0

Remark 2.17. We do not know how to prove Proposition|2.13|when g = 0.

3 Kakeya Singular Integral Operators

In this section we introduce the Kakeya singular integral operators and establish
a strong version of (2.32)) for this operator. It is a main tool of this paper.
Assume that {¢p€¢}, . € CH(R\{0}, R)NLL (R, R?) is a family of kernels
e —_— —_—

such that
supp(¢“*) C B (0) N {x : x < e},
|p% ()] + &lx ||V #(x)| < co.

for any x € R4, ¢ € (0,1/10), and ¢ € S?~!. Let K be in (2.14) with con-
stants ¢1,c2 > 0 and g € (0, 1). Assume that there exists a sequence of Q, €
Cbz(Sd_l) such that Q,(0) = Q,(r0) forany r > 0,6 € S9=1, and

X

3.1

(32) ”Qn”WaO,l(Bz\Bl) S 201, nll>n;o ”Qi’l — Q”Wao,l(Bz\Bl) = 0,
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and K, (x) := Q,(x)K(x) satisfies 2.17) i.e.,

(3.3) sup / K, (x)dx
Ry <|x|<R2

0<R1<R><0

=c3

for some ¢3 > 0. Moreover,

(3.4) lim sup =0.

n—00 0<R1<R><0

/ (Kn(x) — K(x))dx
Ri<|x|<R>

For any n € C2° (R, R9) and pg > 0, the Kakeya singular integral operator T
is given by

Te (1) (x)
=TK
g—d-}—l 1
= W (e 0) « K ni)| vremd,
p€(0,p0),eeS4-1 P K

for some & € (0, d), where ¢°(-) = ¢°°(5). Set

Ty" = Tar, T2":= T K
Thanks to Proposition [2.13]and conditions (3.2), (3.3), and (3.4), we have for any
e Mp(RY)

limsup ALY ({Ts(0) > A}) + ALY ({TE" (1) > A})
(3.6) A—00
S e o1 + )l (RY),

3.7 limsup AL ({T2" () > A}) S &= F enlpP (RY),

A—00

for any ¢ € (0, 1/10) Vn, where ¢, = 0 asn — oc.

Remark 3.1. Q, in Remark 2.6] satisfies (3.2)), (3.3), and (3.4).

Remark 3.2. If K = Z;Ll Rjz = 89 where R1,..., Ry are the Riesz transforms

in R?, we thus get Te(i) < M# (1), where ME is the Kakeya maximal function in
R ie.,

M?®(w)(x) =  sup ][ 8_d+11‘§:7x_e‘58d|ﬂ|(2) Vx e RY,
p>0,e€S4—1 J By (x) l2=x
Our main result is the following:
THEOREM 3.3. Assume that u = Df, f € BV(R?). Then, we have
(3.8) limsup ALY ({Te(p) > A}) S [log(e)|l* (RY)

A—>00
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for any ¢ € (0, 1—10) In particular, for any B C R? and f € L9(BR) for q > 1,

. 1 e _
69 timsup oo [ minfa A1 TG0} dx 5 log@) |l (Br)

s—o0 [og(®)] /B,

1

forany g € (0, 15)-
Remark 3.4. Estimate (3.8) is not true for all u € M,(R?, R?). Indeed, let

du = d&y and |¢p®(e)| > 1 for any e € S4-1 and ¢ > 0; let T be T,
associated to
|x]? — x%d
One has
—d+1

—d+
ZT,ew)(xv AFTE e ) 2

|x
Thus, for any )L > 1

ALY (T () > A}) = d 'L (% i Tje(p) > dx§) 2 gL
=1
It is well-known that :
{Dx, f € Mp(R?) : f € BVR?)}
is not dense in L1 (R9~1, My x, (R)). So, a natural question is whether (3.8)) holds
forany u € LY(R?~1, My (R)).
To prove Theorem [3.3] we need the following lemmas:

LEMMA 3.5. Letw € M;(R) and a : R — R™ be a Borel function. Then, for
any p > 0,

fdn[l;{lp<|y1+y2|52pa(y1 + y2)do(y1)dHT (y2)
(3.10)
S,od[/g sup a(f@)de—l(Q)}Ml(w’R)(O).

=1 refp,2p]

PROOF OF LEMMA B3l Let dw(y) = 1}y scdw(y) for k € (0, p/100). Let
om be a standard sequence of mollifiers in R. For any m > 4/k, we have supp(g,; *
we) C{z:]z| > k/2} and

L [ toeisaicapan + 2 @m « 00 6a G0 52)
2 a1 d-1
= [, ] a0 aten s 0o ant o)
—1Jp

2p
<o [ (s a076) / 19, 1=i/2(@m * @) (161 dr dHA(6).
S9=1 Nrrelp,2p]
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On the other hand,

2p 2p
/ 161 (= /2(0m * 00)(FO1)dr < /R / 16, o /20m (r1 — 2)dr dor(2)
P P

Lig,)> 2 2l e Lig,> &

|61 —20611p 01

19 1o 4|91|p

1011 0 1

< dw(z) < 8pM’ (w,R)(0).
1011 J—416,10

Thus, by Fatou’s lemma, letting m — oo and then k — oo, we get (3.10). The
proof is complete. 0

Remark 3.6. From proof of Lemma we can see that for any eg € S?~! and
peMJRY) andw € My (Heo), if o < @ ® H?™! then

(3.11) M®(11)(x) S MY (w, Hey)({e0. x)eo) Vx e RY, &> 0.

LEMMA 3.7. Let {ey....,eq} be an orthonormal basis in R?. Let yo; € ﬁe,—
i =1,....,d and ¢ € (0,1). Forany x; € He;, i = 1,...,d, we denote
1 2 + d—k 77 _
v Y e M VY He)fork=1,...,d,b
k’Zf’l=d—k+1xi kazldzd—k-l-lxi (®l_1 e')f Y

dv! ke

s i x,(yd k y1)

=d|Df a A | \(yd WAH Va—i—1) - dH (),
Vit gkt
dvz d (yd—k,---,)ﬂ)

kY i —g—k1Xi
=1, s L dv! k1)
|2 o=l yil<2e k,Zfl:d_k+1xf(yd kettt o Y)

Then, for any x; € ﬁei,i =1,...,d,

o d+2
/ﬁ('l m/ﬁt’d (1 " (| Z;j=1(xi - )’i)|) )IIZ,"]_l(yo,'—y,-)lse
d d
x f(Zyi) —f(y1 +Zx,-)
i i=2

d—2 d+5/4 ik
Z 13/4 ( kzl =d—k+1%i ®He,)<2 x’)

=1

d—k d—k
Y Gd Y , H,, Xi ]
X_: Zxd 1()’01—xz)|<28 k’Z?:d7k+1xi @ el ’_X} l

dH' (yq)---dH" (y1)
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, d+1
1
/ﬁel fﬁed< : <|Z;i=1(xi —yi)|) )
d d
f(zyi) - f<y1 T in)
i=1 i=2

d—2 1 d—k d—k
d+3yd—k 1 7
< Ay | ) H,. i ]
NkX_;]p 3/4 ( k,zld=dk+1xi’@ e,)(le)

i=1

and

dH (ya)---dH' (y1)

X

We will prove Lemma[3.7]in the Appendix. Now, we are ready to prove Theorem
B3l

PROOF OF THEOREM [3.3]
Step 1. We prove that
(3.12) limsup ALY ({TL" (w) > A} N Br) < llog(e) | 1l* (RY)
A—o00
forany R > 0, ¢ € (0, %), and n € N. We now assume that (3.12) is proven. Let
x € CX(R?) be such that y = 1in Br/sand y = 0in Bfe/z' Thanks to (3.12)
and using the fact that T;’" (D(xf)) € L®(BY%), one gets
lim sup A £¢ ({T; () > A})
A—00
< limsup ALY ({TL" (1) > A} N Br) + limsup ALY ({T2" (1) > A} N BS)
A—o0 A—00

< [log(e) |l RY) + limsup ALY ({TE"(D((1 — ) £)) > 2/2}).

A—>00

So, by (3.6) and and using the fact that Ty (1) < To™ (1) + T2 (1), we have
lim sup Ace ({Te(u) > A})
A—>00
< log(e) | wl* (RY) + C(&)|D*((1 — 1) HHIRY) + Ce)cn|ul* (R?)
< [log(®) | 4l* (RY) + C(&) |ul* (B 1q) + Ce)calul (RY).

This implies (3.8)) by letting R — 0o, n — oco. Moreover, as proof of Lemma [2.4]

we also get (3.9).
We are now going to prove (3.12)) in several steps.

Step 2. Let supp(i*) be the support of u*. Let n : R — S¢~1 be such that
n(x) = d‘ﬁl’ﬁs(éz) if x € supp(p®) and (x) = (1,...,0) € S4~Vif x ¢ supp(u).
Let 7 : R? — S4~1 be smooth functions such that 7¥ — 5 ||*-a.e. in R4 and
lime o fga [ — nld|p]* = 0. Let g, € C2(RY) be such that ¢r(z) = 1 if
|z| > 2r and @r(z) = 0if [z| < r and [|V@r | pooray < Ccr L.
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Let us define S; = {y € 2tZ% : y € BRry4p,t for T € (0, po/100). There
exists a sequence of smooth functions {x}, }y es, suchthat0 < yJ (y) <1

Y x5 =1 VyeBriap.
yr €St

and x5 = 1in Br(yc), supp(x%.) C Ba:(yeo). [VXZ (»)] < Cr7! Vy € R,
d

Note that Card(Sz) ~ (@) s Br(y)N Be(yy) = D for ye, ¥, € Sz, yr # Vi

and

(3.13) 3" 1810000 () S 1Bgyap, (V) Yy € RY.
Y €St

Set yo = ZyTEST Xy, - Forany yz € St, we denote 0y, = n*(yz).
Because of u® = n{n, u*), one has

p=(L=yxo)p+ xop + xo(n—n)n, 1) + xon ((n—n), w¥) + xon™ (n*, u*),

and

Xon* (n*, 1) = ( > X;,)WK(TIKaMS)

Yt €St
= > 0 =0y ) )+ 3 G, 0 =ity )
yr €St yr €St
+ Z Xyr”)’r ny.[ Z XJ’rUJ’r nyr )
yr€St Yr€Sr
Hence, with
~ 8_d+1 1
no_ e,
= (|-|d—a¢” ())*K”

and ¢ € (0, %), we write

K" » 0 = K" % (1 — o)) + K" * (xor®) + K" x (xo(n — n) (n. 1))

K"« (xon {0 —n"). ) + D K" % (x5 n*((n* — 0 ). 1)
Y €St
+ > K L =i ) = Y K (3 ()
Y €St Y €St

8—d+1 ((1 _ (Pép)

> ) # K 5, 0 D)

(04
yr€St p
—d+1
&€ %
+ pOl (| |¢§pa¢/e7€( )) *K *(XJ’rnJ’t nyr ) _Zl

vy €St i=1
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Step 3. In this proof, we denote

Ai(h,g) = /\L‘d({ sup |15
p€(0,00),e€S4 1

> /\} N BR).
Thus, for A > 1,

9
(3.14) ALY({TE () > A} N BR) <9 Ai(1/9.2).
i=1
Thanks to (3.6) we have
(3.15) limsup > A;(A.e) =0,

A=00 j—3 7

(3.16) limsup Y A;(A.e) < C@)ln— 0|l pray-

A—>00 i:3,4
lim sup Z Ai(A,e) < C(S)‘ Z Xy 11 =y 1
(3.17) A—00 =56 yr€St
< Cle.k)T|pl* (RY).

M(R4)

Here in the last inequality we have used the fact that

D @) =0 I S IV lzso®ay D 1B (o) (0)|X — yel
Yz €St Yz €St

S IVl oo ®ayT1B 6y, (X) VX € RY.
Again, applying (where p is replaced by {p) yields

T s o Smd
>k gy = COE I ®D.
Y €St

(3.18) limsup Ag(A, ) < C(e)t®

A—00

On the other hand, it is easy to see that Sup,¢(g, p),ecsd—1 |1f’f(-)| € L°°(BR),
o)

(3.19) limsup A;(A,¢) = 0.
A—>00
Therefore, we deduce from (3.14)) and (3.13)—(3.19)) that
lim sup)tﬁd({T;’”(pL) > A} N BR)

A—00

(3.20) < C,o)lin— sl | mgay + €. 8,07 (RY)

+ C(n, )c*| 1l (R?) + limsup Ao (X, €).
A—>

o0

In the next steps, we will deal with Ag(4, ¢).



1158 Q.-H. NGUYEN

Step 4. One has
18(2)
-y [ 1 (e — y ) (S, ()

Yr €St

+e(e . t.0) Y (9oKn) * (X, (05 m)(X)

Y €St
10 Pe(xX) + I11 (%),

where
enpn _ &4 (bp° (' —2).5,)
(3.21) Keole) = / Kn(@lego(’ =2) |2/ —z|d~@
— c(s,/c, 7, 00p(Z)Kn(z') Vz' € R,
and
—d+1 ,{eet (@ = 2)/p).my,)
C(S,K,T’é'):g f Pep(@ —2) - re! gz
.22 e (®°(2). 75.)
=it [ P
R |z]d—

Note that |¢(e, k, 7. ¢)| < 1forallk,e,¢ >0, e € S¥71, and by (2.34) in the proof
of Proposition , we have for any x € R4 \ {0},

K0 < COne D g minf 2 R
Similarly, we also have for any x € R4 \ {0},
[VKgp ()| = Clne, S min{i, L},
’ R VAT
Moreover, since |@¢,(z)| < Cljz|>¢p, S0 We have, for any x| < {p/4,
K% (x)] + p| VKE(x)] < C(n. e, g)pld,

Thus,

1 P
IKS7 (x)| < C(n, aé‘)mln% e |d+1}
(3.23)
IVKE (x)| < C(n.e. &) min|—— — P
e.0\ 1 = e pd 1 yd+2f’
Thanks to Proposition 2.9] we get
(324)  limsup A1 (A, e) < H 3

A—00 YT €St

< |l (RY).

M(]Rd)
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Using integration by parts, we have
/Rd K" (x — ») x5, (D (1, i1 ()
= —/Rd My, -Vy[Keh (x — x5 (D] f()dy.

/ /N K0 — 1 — y2)b 1 + y2)d DA (y)dHA= (32)

. /R 0 T [KEn x — )i, ]S )0, + Ty ).

So,
10 e(x)

-- / L VIR G— 05, DN 0) = £ S, + Ty )y

yr€St

/N K0 31— 3215, 0+ 20)dD* 25 (r)d i (1)

/ Koo (x —y1 —y2) x5, (v1 + y2)

X <ny,, D“f 1 + Ty )V dH () dH T (32)

14
= Z Ifép(x)’

i=12

where throughout this proof we denote Xy, = x — (x, 1y )7}
Thus,

(3.25) Ao(h.e) <4 > Aj(A/4.2).
i=11

Step 5. To treat A13(A,¢) and A14(A,¢), we need to show the following in-
equality:

‘/H /N Keo(x —y1 = y2) x5, (0 + y2)dv(y1)dH " (p2)
(3.26) < |10g(a)|134r(yr)(A)M 1By (e 1)V Hn”)(xl)
+ O, Py e (1) /H /ﬁ 15,0y (71 + y2)dv(r)dHE (1),
forany v € Mb(ﬁngr) and x € R? where

X1 = (x’ n§r>n§r’ yt’l = (yt’ n;r)n.l)c’t
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Now set 7, (z) = x; —z forany z € ﬁn,’&f' By Lemmawith a= |K§’,'Z,(-)|,
w = (Txl)#(132r(}’r.laﬁn'(_ )|v|), we have

o0
Z / /~ Lyj pefx—yi—yal<2/+1p@ (X = y1 = y2)
j=—o0 i e
X 15 (1 + y2)d v (y1)dH T (32)

o0
< Z / Kfﬁ 121p<|y1+y2|52.i+1pa(J’1+Y2)dw(y1)d7'ld_1(h)5

. K
J=—00 My Myt

o0

<y [<2fp>d L, s a(re)dﬂd*(e)]Ml(w,1%)(0)

P 41 re[2/p,27+1p]

: { IRCL a(re)dH‘H(e)}
Jj=—00

S9-1 re[2/ p,2/ +1p]

1 ~
x M (IBZT(y’~1’ﬁnf§,)|v|’ Hﬂff)(xl)-

So, by (3.32) in Lemma 3.8 below, we obtain that

V /N Ko h(x —y1—y2) x5, (v + y2)dv(y1)dH ™ (12)
(3.27) Hye J Hyc

< [log(e) M (1 g, (1) Vs Hyge, Y1)

On the other hand, for any x ¢ Bs;(y<),

f f~ KE" (x — y1 — y2) 5. (1 + y2)dv(y)dH ™ (y2)
%, s,

5/ /~ Ly —ysl>2cd|y) 30—y <27
e iy

x [KE2 (x — y1 — y2)ld ] (y)dH ™ (2)

B2 _
= C(n,s,ﬁ,f)p/H /ﬁ 1|y1+y2_yf|<2rd|v|(yl)de L(y2).

K
Ny Myt

From this and (3.27)), we find (3.26).
Step 6. Estimate A13(A, €) and A14(A, €).
We set

K
T o ~ s e H
a)y-[,zz T 132‘:()’1’.19H"§T)‘D /22 ‘ VZZ € Mye*
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We then apply (3.26)) for v(y1) = Dsf;y’ (y1) to get that

I75,(x) S llog(e)| Y 1p,, (5 (OM! (]
Yz €St

+ ) Cet f)p/ / lef(yf)(leryz)d

yr€St

nVr)(< nf’t)n;r)

XK, yr

x[D2 £ |dmt = (v,

By (2.1I) in Proposition [2.2]and (3.13)), we have

E.(x) S lloge)l D g, (r) (0IM (] Hye Y((x. 75, )75,

y‘l.'axK' ye'’
yr€St
+ X €t [ o0l )
yr€ST
S llog(e)| ) 134r(yr)(x)M1(“’yrr,£K.yf’ﬁnfff)((x"7§f)’7§r)
yr€8T

+ C(e, &, T)plpl* (RY).

Thus, for A > 1

A13(A,¢)
< Z Mld(%x € Ba:(yy) - Z 184 (o) (X)
Y7 €St Yz €Sz
K Ky > A
x M (w? OF o n_gr)((x,’lyr)"yf) ~ Jlog(e))|
@]

A
> *ﬁd({xeBgf(m M@ 5, . Hag ) (e 0 2 |1og(e)|})'

yr€ST
Thanks to the boundedness of M! (-, H nt, ) from M (ﬁ ne ) to L 1,00 (ﬁ ni, ) yields
forA > 1

Al?)()L 8) ~ Z )L/ 1|22 (ye—yr.1)I<87

yr €St n\"[

. )L
1 1 d—1
x M (%M (0, 20 s, ) 2 |1og(g)|})dH (z2)

< llog(e)] Y / llzz (ye—ye.1)|<87

Yr€St
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<o Moo g 0417 e )

< Jlog(e)] / d|1D* f1(z) 5 llog(e)l |l (Y.

Yy €Sy Bio: (y7)

Here we have used (2.1) in Proposition [2.2] for the third inequality and (3.13)) for
the last one.
Thus,

(3.28) limsup A13(4, £) < [log(e)]|ul* (RY).

A—00

Similarly, we also have
A1a(h. ) S og@ N1 N1 (Bryepy) YA > 1.
Since

limsup AH ! ({M*(1 Bac(yr.e Hy. )|Daf( + z2)l, an ) >A}) =

A—>00
for H? 1-ae. z5 in Hy_, so by the dominated convergence theorem we get

(3.29) limsup A14(A, ) = 0.
A—00
Step 7. We will prove that
limsup A12(A, €)
(3.30) A=o00 .
S Co e, Ol —n)pl lmmay + Cn. e, 80Tl (RY).

Let{nf(y<), n5(ye). ..., ’7’:1 (y¢)} be an orthonormal basis in R¥ such that ni(ye) =
ngr. So, for any x € R, throughout this proof we denote

X (ye) = (X715 i o)ng (o). X, K(y )y = an{‘(yr)’ X K(y,) Z Xnf (yo)-
i=1 i=j+1

d+2
gl =connm 3 [ (18 (5E) e

yrE€ST

d
S, + an;((yr)) dy
i=2

+C(nsf§)7 Z/ ( (|x—v|)d+1)

yr€ST
S s, Z/ +2:)‘17’((%

Yy €St




QUANTITATIVE ESTIMATES FOR REGULAR LAGRANGIAN FLOWS 1163

Applying Lemma[3.7)to {e1,....eq} = {nf(yo), n5(ye), ..., n5(yo)} and x; =

X0k (ye) fori =1,...,d and ¢ = 27, we find that
12 e(x)
< Cln.e,1.0)p Z PR - T ® Hys )G
k=0y €St i=1

+ C(n,e, Z)Z D 1By OM?T k( ko2l k’®Hn, (yf)) ‘iy_f))’

k=0y.€S; oo 4
where

(¥o)
Aok oo oy) = d|DAYTOT) N (am)d M Gamie) - dH (),

dvk,z(yd—k,...,J’l) ‘Zz—l (yf)n'((yr) Zz—l y1‘<4r kz(yd k,...,Y1),

forany z € ®zd=d—k+1 ﬁ,,;c(yr). Hence
limsup A12(A, ¢)
A—00

1
< limsupkﬁd<§x € BR: C(n.e,7,{)pg

A—00

d—k 1,d—k
X Z Z I (vk 2(1 k> ® H’?, (y‘f))(xﬂk(yr)) > A})

(3.31) k=0 y. S, )
d—2
—Himsup/lﬁd( X € BR:C(n,e,0) Z Z 1B, () (¥)
A—>00 k=0yr€S:
d—k
x M9~ k(Vk f,(f,kf Q Hye (yf))(xlxli;rk)) > A})
g

We easily derive from the boundedness of I3 /4 k(.. X) from

Mp to L97F3

with X = ®ld:_1k ﬁn’f(yr) that the first term in the right-hand side of (3.31)
equals 0. Thanks to , we get that the second term in the right-hand side of
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(3.37)) is bounded by

d—2
lim sup Z Z Aﬁd(gx € Bs:(yr) :

A—>00 k=0, €S,

d—k
d—k[ 2 & 1d—k
C(n,e,O)M (vk,x“’" , ® H”f(yf))()‘n;"(yr)) > A})

T oy

5c<n.s.§)dZ_2 > /~ /ﬁ

1 «a
I ik +1((Ve) e () —Xi) <87
k=0yreS: Y s y IR G

nf e

z,s 1 e 1
X dvk,Z,‘-Lde] x; (x1,..., Xq-rk)dH (Xd—k+1) dH (xg)

d—2
<Cmed) ) Y / /N 1y —(z1+22)I<167

k=0y:€Sc Hn’(‘],A(yr) an,,,\(yr)
nlg_x (o) 1
xd|D* f P (2)d HY T (za),

2,8
where v’

is the singular part of
kaZ?l=d—k+1 Xi

V2
d B
kY i—g—k1 Xi

Thanks to (2.1)) in Proposition [2.2] and the definition of 1, one has

lim sup Alz()t, 8)

A—00
d—2
<Ccmen)y Y / M o (05 00). TN 1 ().
k=0y-€St R
Because of (nf_, (y¢),n*(yr)) =O0foranyk =0,1,...,d —2,s0
(g — Vo), n(x))]|
< g o) n(x) = 0 CNN + (g (o), () — 1 (o))
<=1+ V0l Lo @aylx — yel,
which implies that

limsup A12(A, €)

A—>00

<C0.e0) T [ Moo 0= 1+ 19 syl )
Yt €St

@ K A N
< COn, . Ol — 1)l uray + Cn, &, )7 ul* (RY).

Therefore, we get (3.30).
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Step 8. Estimate Ag(A, ¢) and finish the proof.
Hence, we derive from (3.23)) and (3.24)), (3.28)), (3.29), (3.30) that

limsup Ag (X, £) < [log(e)[|e]* (RY)

A—00

+ Clne. Ol = 1 Iul | ey + C ek, O)Tlnl* (RD).
Combining this with (3.20) yields

lim sup A £¢ ({T;” (1) > A} N BR)

A—00
< Jlog(&) |l (R?) + C(n, &, O)lIn — 1€ il | vy ey
+ Cn.e. i, Ot ) (RY) + C(n, €)% 1l (RY).

At this point, sending T — 0, then ¥« — 0 and { — 0, we obtain (3.12)). The proof
is complete. 0

LEMMA 3.8. Let Ki be in 321). Then, for any e € S~ there holds

(3.32) Z (27 p)? / sup  |[KER(r0)|dHT1(6) < [log(e)].

=00 S9=1 re[2/ p,27 +1p]

PROOF.

Case 1. j > 1. Foranyr € [2/p,27%1p], 6 € S?~!, we can estimate
—d+1

KED(76)| = ‘8 = L) = K808 )
i)
76— yJd—=
< ‘9_;:1 fR a6~ ) —&(@I% dy.
By (Z.18), one has for |y| < r/2,
Katr6— )~ Kar0)] < 2 10000 - ) - a0

So, for any r € [2/ p,2/ 11 ],

Kengre) 5 2@ [ Tl
> pard—i-l R |y|d_a_1
—d+1 1 1 »
€ l¥|<p ||*—e|§€
Q. (r0 —v)—Q, (r@)| —— =
p%rd /]Rd| n(r6 =) n(r)| |y|d—
_277120(9)]

(27 p)4
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2jot8—d+1/ 1|y|<2—j1|i—e|<8
+ ——— |2, (0 —y) — Qp(0)|—— =
2/ p)?  Jra |y|d—
Thus,
@l [ REGEOHT ) 52 Wl
ref2/p, o
L dt1ya / Uy<2-71 )1y e <e b sap 1921 = 20Ol g0
Rd  |y|¢—ex0/2 lhl<1/2 |h|@o/2

i@] 27/ 4 2—Jje0/2 < 2—ja0/2’

which implies

0,0
(3.33) > @) / sup  [KER(rO)|dHITH(O) S 1.
— S

41 yel2/p,27+1p]

Case 2. j < 0. We prove that

(3.34) 4;:= (2/p)? / sup  |KE"(r)| < Cllog(s)[2/ 3 minfer, 1}
Sa=1 re[2/ p,27 +1p]

Indeed, let ¥ be a smooth function in ]Rfi such that ¥ (x) = 1 if |[x|] < 1 and
W(x) = 0if |x| > 2. Assume r € (27 p,2/ T1p]. One has for any 6 € S4~1,

1
639 42 Y@ [ s KGO,

i=—00 Sd-1 re[szazj+1p]

where

g—d+1

(9% (y/p).1y.)
(76 ,
e R ERTARE e &

x (v p7y) —y e y))dy.

Kin (rf) =

We now estimate

j—3 1 _
(Z s )(yp)dfsd sip [Kin(r0)].

i=—oco i=j+3 ~!ref2/p,27+1p]
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To do this, we have

j—3 1
(Z + ) )Ki,n(re)

i=—00 i—j+3
et Q0 — y)| Ligy—el=s
Z Z d d—a L2 p<jyl<2itiody
R |rf —y| oyl
Z Z s / @06 ) Nigrelze,
o) o 2i—i- 2i—j
T iS5 P2 R Lyl [yt i<

=3 Hli-)e !

1
= Fp (O + Y —— o Fyii1(0),
dpjd—a)’ 2 di(d—e)” 2

= p 2i(d—a) i 51a P 2i(d—a)

—d+1

where Fy(0) = 57— [pa [ (6 — )2 _ej<ely/g<|yl<s dy-
‘We claim that

/ Fe(0) <1+ 097 1if9 > 160rd < 1/2.
sd—1

In fact:
It < 1 , thanks to ,(0) = Q,(ch) forany ¢ > 0, 6 € S?~1, we have

5 d+1
Fy(0) == Qu(x — dx1y 1 d
Lo ro@ =3 [ 19 el etagsayico

—d+1

A

€21
182n 1l L1 (sa-1y / Lo _e<elofie<iyl<av dy < 1.

94 Jra

If 3 > 16. We have

f Fy(0)
gd—1
58_d+1
= — Q. (x —|x dx1 _ 1 d
> gd fRd L/5<|x|<6/5| n(X = x| Vdx1)y /1y —e|<elo/16<|y|<20 4y
p—d+1
< / [ Q2 (X Ly 1y |—ele Lo /32<(p <49 & d
R4 J|y|—2<|x|<2+]|y|
E_dﬂ d—1 d—1
o | ey eizelojsaciicas dy dh S 991,
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Therefore,

j—3 1 _
(2+ Z)wmd L s K6

i=—00 i=j+3 “!ref2/p,2711p]

j—3 !

2Jjdy(i—j)a ojd
S L e /Sdl Famn O+ 3 Sy /Sd‘ Pz ®)
i=—o0 i=j+3
j—3 1
< Z 2ZOZ+ Z 2j2i(0l—1)<2j%min{ol,l}'
i=—00 i=j+3

Here we have used the fact that j < 0 in the last inequality.

Next, we estimate

Jj+2 .
S @t [ s Kol
i=j—2 S9=1 re[2/ p,27 +1p]

We can decompose

o0
Kin(rf) = Y Kin (rf), i=j—-2,....j+2=<2
I=—4
where
—d+1

I
Kini(r0) = e /Rd Lyi—i=1 p<jro—y|<2i~ pKn (10 — Y0, (¥)

(9% (y/p).1y,)
X —

(v p ty) vy e y))ay.

|y|d—e

First we will show that

j+2 . .
336 Y @p f sup  [Ki g (r0)| 27 VI > -4,

i=j—2 S9=1 rel24 p,27 +1p]
In fact, one has
@p [ sup Ky (76)
S9! re[2/ p,2/41p]
. —-d+1 1
< @/p)t

p* (2 p)d (2l p)d—e
X / sup
SA=1 ye[2ip,2i+1p]

/Rd 20 (18 — Y1) 2 _e|<eirg—yi~2i=tpliyj~aip dY A ()}
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We change the variable to get that

(27 )¢ / sup  [Kipg (r)]
S9=1 re[2/ p,2i+1p]
sttt [ ] 10,6 -0y gzl yi 1 dy dHET6),
sd—1 Jrd Iyl
On the other hand,

d—1
Lo L1966 =001 zclio ypeas dy = 6)
< 2! Qu(h — )12 1 1 ~,dydh
~ /th—llsz—/—lo /]Rd| n(h =)l | 3—el<eh—y|~2~ L] y|-1]s2~1 4V

)

5 2 /]Rd |:/]Rd |Qn(h - y)|1|h—y|~2/dh]lliil_elssluy'_uszl dy
—(d-1)! ' —dl d—1

~2 fRd 1o op<eljy1za-1 dy S 277470

Consequently,

@/ )¢ / sup Koo (r0)] < 20
Sl re[27p,27 41 p]

this implies (3.36).
Next, thanks to we have for lo > 100,

00 0 —d+1
D Kins O S — / 1y 2i—1 | Kn (0[O0 — y) — O 0)|dy
1=l =, P R4
0 (0]
—d+1

_l’_

O 0)],

o*

(¢ (y/p)smy, ) i il —
where ©() = ¢g, (V) e (Y27 o7 y) —w @7 o7 y)).

Since

Clepeiyicz
(051 = Cliypog. [Ty ()| =~ 3=22

’

we easily see that for any / > 100, 2711y < |k —y| < 277lp and r €
[27 p. 2741 p,

1|9—e|§8 |yl 1

00O £ fEr 1800 =) = OO £
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Thus, we get
oo j+2 )
> X @ sup K (rO)ldH ()
I=lgi=j—2 SI=1 re[2 p,2i +1p]
o j+2 —d+1
j € |2, ()] d—1
< @n | / . dy dH4=1(0)
3.37 zéit:,zzz si-t p* Jiyieaicip (2 p)d Tty
3.37) J+2 o p—d+1 1g—el<e -
2/ f K e
I W =l
oo Jjt+2 gemdtt il _ g
J ja Jjo (. —d~—
S22 @t ST F YR ),
l:loi=j—2

Therefore, it follows from (3.36) and (3.37) that

Jj+2
> (ij)d/ sup  |Kin(rO)|dHTH(B) < C27%(1 + Iy 4+ 92710),
i=j—2 Sd=1 re[2/ p,2/+1p]

At this point we take 2! ~ £~ and obtain that
jt+2 . '
> @’ [ sup [Kin(rO)|dHI1(6) < C27% log(e)].
i=j—2 Sa-1 re[2/p,2/+1p]
From this and (3.35)), we get (3.34).
Then, (3.32) follows from (3.33)) and (3.34)). The proof is complete. O

4 Regular Lagrangian Flows and Quantitative Estimates
with BV Vector Fields

We first recall some definitions and properties of Regular Lagrangian flows in-
troduced in [[17]]. Given a vector field B(z, x) : (0, T) x R4 — R¥, we assume the
following growth condition:

(R1) The vector field B(z, x) can be decomposed as
B(z, x)
1+ |x|

= Bi(t,x) + Ba(t, x),

with By € L1((0,T); LY(R9)) and B, € L1((0, T); L®(R%)).

We denote by LE)C the space of measurable functions endowed with local conver-
gence in measure, and B(E;; E;) the space of bounded functions between the sets
E{ and E>, log Lloc(Rd ) the space of measurable functions u : R? — R such
that | B, log(1 + |u(x)|)dx is finite for any r > (. The following is definition of

Regular Lagrangian flow:
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DEFINITION 4.1. If B is a vector field satisfying (R1), then for fixed to € [0,T), a
map

X € C(lto. T1: L° (R?)) N B([to, T]: log L, (R?))
is a regular Lagrangian flow in the renormalized sense relative to B starting at #¢ if
we have the following:

(i) The equation
9y (h(X(1,x))) = (Vh)(X (1, x))B(z, X(¢, x))
holds in D'((t9, T) x R?) for every function & € C!(R?, R) that satisfies
|h(z)] < C(1 +log(1 + |z])) and |VA(z)| < 157 forall z € RY.
(i) X(t9.x) = x for L%-a.e. x € RY.
(iii) There exists a constant L > 0 such that X(r,-)4£? < LL% for any ¢ €
[l‘(), T], i.e.,

/ o(X(t.x)dx < L / ().
R4 RrRd

for all measurable ¢ : RY — [0, 00). The constant L here will be called
the compressibility constant of X.

We define the sub-level of the flow as
Ggr = {x e RY 1 |X(t,x)| < R foralmostall ¢ € [to, T]}.
The following lemma gives a basic estimate for the decay of the super-levels of a

regular Lagrangian flow. This lemma was proven in [[17].

LEMMA 4.2. Let B be a vector field satisfying (R1) and let X be a regular La-
grangian flow relative to B starting at time tyg, with compressibility constant L.
Then for all r,R > 0 we have L%(B, \ Gr) < g(r, R) where the function g
depends only on L, || By L1 (0. 1):L1 (ma)y and ||BZ||L1((0 T);Loo(R4)) and satisfies
g(r,R) | O forr fixedand R 1 oo.

The following is our main theorem.

THEOREM 4.3. Let B € L1([0,T]; L! (R?,R?)) and R > 1. Assume that

m
(4.1) B = ZK;’. xbj in Bag, withb; € L'([0.T], BV(R?)),

where (K )i,j are singular kernels in R satisfying conditions of singular ker-
nel K in Theorem with constants ¢i1,¢ca > 0. Let tg € [0,T), B1,Bs €
LY([0, T; Llic (Rd, R%)) and let X1, X» be regular Lagrangian flows starting at
time tg associated to By, B, resp. with compression constants Ly, Ly < Lg for

some Lo > 0. Assume that |(B1,B2) 110, 71xBg) = CR-
Then, if

div(B) € L'((0,T), Mp(Bag)) and (div(B))* € L1((0,T), L'(B2Rr))
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for any k € (0,1),r > 1 there exists §o = So(d.T,r, R,cRr.c1,¢2, Lo, b,x) €
(0, Wlo) such that

sup  L2({x € By 1 [X14 (x) — X20y (x)| > 81/2})
t1€lto,T1]

(4.2) < LB, \ Gir) + LY(B, \ Ga,r)
L
+ TOH(BI —B.B2 = B) 10, 71xBg) T K Sforany s € (0,80).

where G; g = {x e RN 1 |X;(s,x)| < R for almost all s € [ty, T]}fori =12
We derive the following from Theorem [4.3]and Lemma4.2}

COROLLARY 4.4. LetB € L([0,T]: LllOC (R?,R?)). Assume that for any R > 0,
there exist singular kernels (Kj'R)i,J' (Gi=1,....d,j=1,....,m(R)) in RY satis-
fving conditions of singular kernel K in Theorem [3.3|with constants ¢1 R, car > 0;
and bjg € L'([0, T], BV(R?)) such that

m
(4.3) B =3 "Kip«bjr inBap.
j=1
Let tg € [0.T), By,By € L'([0.T]; L} (R?,R9)) and let X1, X, be regular
Lagrangian flows starting at time to associated to By, By resp. with compression

constants L1, Ly < Lg for some Ly > 0. Assume that By, By satisfy (Ry) i.e.,
T8 = Bu(.x) + By (t.x), 1 = 1.2 with

> IBullLioryci @y + 1BaillLr o, ry:®ay) < Co
I=1,2

Then, if div(B) € L'((0,T). M, .(R?)) and (div(B)* € L1((0.T), L} (R?)),
for any k € (0,1),r > 1 there exist Ry = Ro(d,T,r,Co, Lo, k) > 1, 89 =
Sg(d, T,r,Cy, C1Ry:s C2Rg> Ly, bRO, K) € (0, 1/100) such that

(4.4) sup L4 ({x € By | X11, () — Xar, (x)] > 51/2})
tle[tO!T]
<LoyB,_B.B,—B
< 7”( 1 =B, B2 —B)ll 110, 71xBR,) T
forany § € (0, ).

PROOF OF THEOREM F.3] Without loss generality, we assume 79 = 0.

Step 1. By Proposition there exist unit vectors & (x) € R™, n;(x) € R4
such that Db, (x) = &:(x) ® n¢(x)|D5bs|(x) i.e.,

D3 bere(x) = &1t (x)n2j ()| Dby | (x)
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forany k = 1,...,m,j = 1,...,d. Let n € C*®((0,T) x R?,R%), & €
C>®((0,T) x R4, R™) be such that [n5| = |£%| = 1 and

T T
lim// 1 — 71| D*by|d1 + lim// & — £5d|D*by|d1 = 0.
e—>0 Jo JRa e—>0 Jo JRa

For § € (0, 15),1 <y < [log(8)|,¢ > 0, and ¢ € [0, T], let us define the quantity

> 100
(1)
4.5) _ 1/1 ( \Xlt(x)—th(x)|2+y(nt(X1t(x)) X1 (x) — th(x))z)
= — og dA
2 Jp 82

where D = B, N G1,r N Gy, g. Since 9; Xj; = Bj;(Xj;), 1 has forany 1 € [0, T]

0o dori(s
sup @g’e(tl) = sup / 2 © dt
11€[0,T1] 11€[0,71] t

/tl / (X1: — X2r, B1s(X1s) — B2t (X2r))
;1e[o T] D 8% + [ X1e — Xof 2 + y (nf (X10), X1e — X2)?

< dx dt

+ sup /” / n°(X10), X10 — X20) (07 (X10). B1 (X11) — B2/ (X24))
(4.6) 11 €[0,T] 82 + X1 — X201 + vy (nf (X10), X1r — X21)?
n /t[ / (n®*(X1), X10 — X2 (V) (X10)B1:(X10), X10 — X24)
tle[OT 82 + | X1 — X2t 2+ y (05 (X10) X1 — X24)?

dxdt

dx dt

s /-n/ °(X12), X10 — X20){@n) (X12). X10 — Xoz)
t1€[0,T] D 8%+ | X1 — Xot 2 4 v(n6(X1e), X1 — X2)?
=11(8,6,y) + 128, 6,7) + [3(8,6,y) + 14(8,¢. 7).

dx dt

By [[7°]| oo ((0,7)xR¢) < 1.and changing variable along the flows with (th)#ﬁd <
LoL? forallr € [0,7]and j = 1,2, we get

Loy /2
@7 > L(6.ey) S ——IB1 BBy Bl iqorxsy + Y li.e)
i=1,2 i=5,6

and
4.8) 1138, &.9)| S Loy 21Vl oo 0.7y ey IB1 | 1.0, 77x B )
49)  L@.en)| Sy YPITN0m | oo 0.7y xR4)-

where
I5(8,¢,7)
~ sp /t' / (X1: — Xor, Be(X1z) — Be(X2¢)) dx d.
1€[0,T] D 02 + 1 X1: — Xot 2+ v (0§ (X1), X110 — X2)?
I6(8,6,y)

= sup f”/ }’(Uf(Xlt),Xlt—th)(rlf(Xlt)-Bt(Xlz)—Bt(th)) dx dt.

t1€[0,7170 24+ | X1 — Xo 2 4+ y (07 (X1e). X1e — Xor)?

On the other hand,
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sup Y (ry)

t1€[0,7T]
1
> Slog®] sup £4({x € D+ X1, (1) — Xar, (x)] > 8V/2})
t1€[0,7T]
(4.10) 1
> Sllog@®)| sup L({x € By : [ X1y (x) = Xar, ()] > 8Y/2})

11€[0,T1]

— Lo (£ (B, \ Gum) + £9(Br\ G ).

It follows from (@&.6), @.7), .8), and (@.10) and y < [log(§)| that for any #; €
[0. 7]

sup  L7({x € D :|X11(x) = Xar, (x)| > 8'/2})
t1€[0,T]

< LBy \ GiR) + LB, \ Ga.R)
C,y,r,T)

“4.11) + —|10g(5)| (LOHBIHLI([O,T]xBR) + l)
Lo
+ T”(Bl —B,B2 —B)l1((0.71xB )

I5(8.e.y)  16(8,e.7)
|log(8) log(8)]

Step 2. We prove that for any &1 € (0, ﬁ)’

lim sup Is5(3.¢.y)
s—>o0 [log(d)]

T
=Ce [ [ In—ntlaiD*bild
(4.12) 0 JR

T
T C(Lo)er log(ey) / / 41Dy |di
0 JRA

T
+ C(Lo,er)y~ /2 / / d|D%by|d1.
0 JRA

Indeed, thanks to (4.19) in Lemma .6 below with x; = Xy, xo = X»; € Bg and
changing variable along the flows with (X;,)#£¢ < LoL for all t € [0, T] and
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! = 1,2, we find that

lim sup 15(85 g, V)
50 [log(d)]
T
. Pl(Db)
< limsu / / (D%b;)dx dt
5A£WM&§;OBR 5 e (0

- Lo T[ PuDD)
! dx dt
ISP e (6)] 12]:/0 /BR 5 ATy, (@f)dx

4.1 L T
“-13) + lim sup ——2 / / Pi(Db)dx dt
50 |lo g(5)| Bx

- P(Db) .,
AT ; (Dbysj)dxdt
§—0 |1 8(5)| Z/ /BR e1.i,j (Dbej)

+ lim sup

: Loy™! / / Py(Db)
+ limsup —— (611D by [ di
8—>0p \log(8)| g 0 JBg S 81 i,j Slj| 1J|)

=) +Q2)+3)+ @)+ (),

d
where 37, ;1= 30 YTy, wfy; = (e =0 |D*byjland Ty ;- T2 5 are
defined in Lemmaand P (Db) € L1((0,T), Lo (Rd)) for some gg > 1.

Clearly, (3) = 0. We can apply (2.33)) in Proposition (and Remark [2.16)) to
T! . ~and f = P{(Db) to get that

£1,0,]
T
(1) =0, @scwn[[ Ine — nE1d| Dby d.
0 JR4

T
@scmw*”// d|D%b,|dt.
0 JRA

On the other hand, it is clear to see that Ki and @8' ¢ satisfy Theorem So, we

can apply (3.9) in TheoremHto Tgl i and f =Py(Db), (witha = 1,& = &1)
and obtain that

T
mmmmwm//dwmw.
0 JR4

Plugging above estimates into (4.13)) gives (4.12).
Step 3. We prove that for any &, € (0, ﬁ)

I6(8 T
imsup 02 < ey [ gl D%yl

T
“%m%@n// d|D%b,|dt.
0 JR4
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Thanks to (#.20) in Lemma [4.6) below with x; = X1, xo = X»; € Br, &1 = €2,
and changing variable along the flows with (X;;)£?¢ < LoL< forall € [0,T]
and / = 1,2, we find that

lim sup —16 G.&y)
s—0 [log(d)]

y!/ 2Lo P2(Db)
< limsup / / (D9 )dx dt
§—0 |10g(8)| Br 82 i,j J

1/2L0 Pz(Db)
|l g(5)| Z/ /I;R 82 i J(a)t,])dx dt

Z /O /B ) P,(Db)dx dt

Pz(Db)

8—>O

+ lim sup
§—>0 Ilog(5)l

+11msup //
50 Ilog(5)| Z Br

, C(ez.y) I (1, (div*(B,))") . a +
—|—hgn_§:)1p oz (®)] /‘LR 5 AM(1p,,(div*(B;)) " )dx dt

=)+ )+ @)+ )+ (10).

T2, /(Dbj)dx dt

where wf;; := (n; — 1%)&1j| D*byj| and Po(Db) € L1((0,T), LLO (R?)) for some
go > 1. Similarly, we also obtain that (6) + (8) = 0 and

T
M = Cexn [ [ ine—tld1Dobilar.

T
9) < 7263 log(e)| [ / 4Dy |d1.
0 JRA

Moreover, by in Lemma (2.4)), one has (10) = 0. Thus, we get (4.14). There-
fore, we derive from (@.11) and (@.12), {@.14) that

sup  L({x € D 1 [ X1y (x) = Xag (0)] > §/2})
t1€[0,T]

(4.15) S LBy \ G1.R) + LBy \ G2.R)

Lo
+ 7”(31 —B.B> —B)|[11(j0,71xBx) + A(6),
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and
lim sup A(6)
§—0
. Is(8,e,y) I6(8,¢,7)
< limsu + limsup ——
so0. log®) | sag [log(d)]
(4.16)

T
< (Clen) + C(sz))/l/z)/ /R e — 1 1d | Dbyl
0

T
+ (" Peallog(en)| + Clenyy ™2+ aaflogen)) [ [ aipshian.
0 a

In the right-hand side of (4.16)), we lete — 0, theney — 0, y — oo and &1 — 0 to
get that limsupg_,q A(§) < 0. Combining this and [@.15)) yields (4.2). The proof
is complete. U

Let @i’e,é);’e be in Lemma. For anyi =1,...,d, x; # x» € Bgr(0), and

1 X1—X2 —
e1 € (0, 15g)> we define e = —ep = B |x1 — x2|, and

—d
@61,9(_) — 1€ N @)61,9 N 181 i 61, (), =12
e =90 AT P \F) T e r® -0

At Y DK B D% )

k= 12]—1

AT Z Z * O« ((er.(ne — 15)E D bej|) | (xe),

k=1,2j=1

m
A= 3 S IKE * O71% x ((e1.(nf — nf(ee))Er 1 D bij 1) ] (o).
k=1,2j=1
m

A2 = Z(el - (nf(x2) — Wt(xl)))[ ®ilre2 (§:71D°byj1)](x2).

i=1

mg : Z Z i‘ * @if;ek * (£/1D°byj )] (xp).

k=1,2j=1

Ajy = Z[K} * @;l,;el * Dbj |(x1) — [Kj * @;f;ez * Db;|(x2),

d m
E* = — 3" SOS[KE « 055 « (DL by)] (k)

k= 121—1]=1

Ewo = Y ZZ[K;i « BT w (01 — 100001 Dby ) | Cx0).

k=1,2i=1j=1
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Fiff-1 . Z ZZ - x O“’e" * ((nf; (1) = n3)E Dby l) ] (i),

k=1,2i=1j=1

it . _ ZZ(%(’“) 1 o)) [KE % B2 (£ Dbyy )] (x2).

i=1j=1
Then, we have the following identities:

LEMMA 4.5. There holds
B (x1) — Bl (x2) = rASE + rAB" 4 Al 4 a2

(417) e sing
+re1din +r(ern; (x1))A; ",
and|l
<77‘;f(xl)’Asling> _ Ereg+Eappro+Ediff—l +Ediff—2
(4.18) + Z @if;ef * [div(B,)](x;),

i=1,2
PROOF. By Proposition[2.3|with ¢ = £; we have
bsj(x1 —2) —byj(x2 — 2)
= r@i‘rel * (e1.Dbyj)(x1 —2) + 81?@81 U % Dbsj(x1 — 2)
_ r(H)ifr’ez * (€2.Dbyj)(x2 —z) — slr(H);l’;ez * Dbyj(x2 — 2),
for any z € R¥. So, by @.1)), we get
B} (x1) — B} (x2)

Z(Kj * btj (x1) — K; * btj (XZ))

-
Il
-

I
WE

r[K; * @ii;el * (e1.Dbsj)|(x1) + rsl[K;- * @;t;h * Dbyj|(x1)

~.
Il
-

— r[ % O’Sl’e2 * (€2.Dbyj)](x2) — rsl[ K. « O’Sl’ez * Dby ](x2).

Using Dbyj = D%byj + &:jn¢|D*b,| yields
B (x1) — Bl (x2) = rA;f + rei Ain

+ ) Z K’ x O « ((e1.n)61j|D*bijl) ] (xe)-

k=1,2j=1

lHere Asmg (Asmg Asmg ..... smg)
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Since e1.1; = e1.(n; — 1) +e1.(nf — n7(x1)) + e1.n7(x1),
B’t(xl) B! (x2) = rA +re1Aix + rA‘lpprO + rA‘]hffl + rAd1ff2

Y Z K} * ©75% « ((ernf(x1)Ee | D*byj]) ] (xx),

k=1,2j=1

which implies @.17).
We have

d m
() AT = 30 DTN [KE B35 x (nf; (x)E 1D bej )] (k).
k=1,2i=1j=1

Since n%; (x1) = (n5; (x1)—n7,)+(0F;—nei) +1ei and 1943 €| D¥bej| = —Dg bej+
Dy, bj, thus

(1 (ry). AT) = EOT 4 pA2 | papro . pres

2 d m
+ 202 D K # O1L% % Dby (xp).

k=1i=1j=1

Using associative and commutativity properties of convolution and

Z ZK’ * Dy byj = Z Dy, (Z K! bt]> = div(B,)

i=1j=1 P
yields
(7 (x1), AJ"8) = Eree 4 poopro 4 paiffl | pdiff-2
+ Z @i:r’el\ * [div(B¢)] (xg)-
k=12
This gives (4.18). The proof is complete. -

Lemma [.5]implies the following:

LEMMA 4.6. We define for e1 € (0,1/100) and R > 0
T¢, 1. (1) ()

g—d-‘rl

L Vx € RY,

= sup
0€(0,2R),ecSd~-1 P

with s € Mp(R%, RY), iy € Mb(Rd) or u1 € Mp(R4,R9).
There exist Py (Db),P,(Db) € L'((0, T), L79°(R?)) for some go > 1 such that

loc

(Hj ~>“’e<))*K;1*m<x)

D PP L1 o,1), L0 B < CR.£1.9b 11 (0,1),BvR))
k=1,2
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for any x1 # x2 € Bg, we have

[{(x1 — x2,Bs(x1) — B¢ (x2))]

A1 =
82 + |x1 — x2]2 + y(ni (x1), x1 — x2)2

Pi(Db ,
<y PPOED g %)
1i,j
P1(Db ,
(4.19) +IZ W Ty, i (@f)(x1)
Vi
+PUDb)(x;. 1) + &1 Z w 81 i, ](Dbll)(xl)
1i,j
Pi(Db ,
T y—1/2 Z W 81 i J(SU |D? bej)(xp).
1,i,j
(420) A2 = y<n§(x1)’x1 — x2>(n§(xl)aBt(xl) _Bt(.X'z))

82 + |x1 — x2|% + y(n7 (x1), x1 — x2)?2

P>(Db)(x;,1)
§V1/2Z% slzJ(Dab )(xl)
li,j
Po(Db)(x;,1)
1/2 2
+y2y° A

81 i J (a)n])(xl)
l7i’j

y /2> Py(Db)(xp. 1)
)

P>(Db)(xy,t
4yl /2, Z % 81 i (Db (x) +

Li,j

2 .,
+ C(e1.y) Z L (1, (div* (B)) ") (1)

=1 8
A M(1p,, (div* (B) ) (x1)

2 d
where Zl,i,j = Zl:l Zi:l Z;n=1’ wfij = (e — 19 | D3byjl.

Set

T () (x)

_ sup g1

0p€(0,2R),ecS9—1

Vx ¢ R,

(00 <K« st
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PROOF.  Step 1. Thanks to ( , we obtain that

r{e1,B;(x1) — B (x2))

Al =
w
_ r2<e1’Arleg> r2<e1’AfiPPT0) r2(e1’Aclhff—1>
“4.21) w w w
r2(er.n¢(x1))(e1, mg) r2er, A2y r2¢i(er, A2)
w w w

=+ +B+ O +&H +06),

withr = [x; —x2|and W = §% + r% + yrz(el.nf(xl))z.
By definition of Ts i and T'!

e),i,j» We can estimate that

T, (D%))(x))
[OIEDY ”’5 i ATy, ;i (Dhj)(xp),

Li,j

)5 | Dby |)(xp)
)

|(2)|SZ 81“1((%
1,i,j
ATY (1= nE 1D bej ) (x),
(B < YT = 1 ()64 | D bej D (xp).

Li,j

()] < IV llpeomay D Tarls  E 1D bipD(x),
l ly.]

T2 ,( bi)(xt)

S <er Y

1i,j

@<y 2y

Li,j

81 i ](Dbll)(xl)

T;;}i,j (51 Dby |)(xl)
]

81 i,j (€ |Dsbtj ) (x7).
Set
Py (Db)(x. 1)
- ZT€1 i I Dab )(x) + T81 i, 1((771 )éfju)sbtjD(x)
+ T, (F = 05 00))Eej | Dby ) (x) +

- ||Vn§||Lm(Rd)T;;1,- ,-<sz,~|DSbtj|>(x>
+ Tsl ij (Dbt])(X) + T81 ij (EtJ |DsbtJ |)(X)
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By Lemma[2.14|and Remark [2.15] there exists go > 1 such that
IPL(DD) L1 ((0,1),L9 BR0))) = C(R.€1.8)1bllL1((0,7), BV (RY)-
for any R > 0. Combining these with (4.21) yields (4.19).
Step 2. Again, thanks to we obtain that
_ yrUmi(x1). Be(x1) — Bi(x2))

A
w
_ yr2U (5 (x1), AT®) N yr2U (nf(x1), ATP) N yr2U (nf (xy). AGIT)
(4.22) L YU ) AT | yr?eiU (g (1), A2)
. - n
N yr2U2(nf(x1). AT"®)
w

yriU2(iE (x1), AY")
W 9

=7+ @)+ (9 + (10) + (11) +
with U = (e1.n5(x1)).
Plugging (.18) into (4.22)) gives
Ay =1+ @)+ (9 +(10)+ (11) +
yr2U2 gl 202 pdift2

4.23) w L
n )/7'2U2 Zk=1,2 ®11; x * [le(Bt)](xk)
w

=(7)+ @) +---+ (16).
As above, there exists P»(Db)(x,t) € L1((0,T), Lio (R%) for go > 1 such that

J/},.ZUZE'reg N J/’,.2U2Ealppr0
w

IP2(DD) L1 (0,1),9%0 Br(0)) = C(R.€1,8) bl L1((0.7), BV (R4))-
for any R > 0 and

Sl,i,j

P,(Db)(x1. .
R PPOCLD gt 0%,
b
@1 +103) 571723 PPICED q1 = ks Dobisl) .
1i,j
O+ [10)] + [(14)] + [(19)] = /> Y Po(Db)(x1.0)
l

Po(Db)(x;. 1
A <ery'? > % AT, (Dbe)(xp).
1,
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For (16), thanks to @’i’e > 0 and div®(B;) < 0, we can estimate

yr2U%Y s @if;ek * [(div (B))*](xx)
w

(16) <

2 4
< Cleryy Y. P OREBIDED ity e ) ).
I=1

Combining above inequalities together yields (4.20)). The proof is complete. ~ [J

Remark 4.7. In this remark, we would like to discuss another conjecture of Bressan.
Let B, € Cb1 ((0, 00) x R¥) be such that

IBullLinLoe + [1DBrllr =C Vn.
Bressan’s compactness conjecture: If X, solves %Xn (t,x) = By(t, X,(t, x)),
X»(0) = Id R¥ x (0, 00) and satisfies
(4.24) Ci <JXu(t,x) <Cy Vn.
Then X, is locally compact in L'((0, 00) x R?). This conjecture was proven

in [[11]] via the well-posedness of continuity equations in the class of nearly incom-
pressible BV vector fields. Note that (4.24) implies

2
(4.25) sup/ div(B™)(t, X,(t,x))dt| < C Vn.
t

2141
We hope that thanks to our estimates in Theorem {.3] and the assumption #.25)),
we can obtain this conjecture.

5 Well-Posedness of Regular Lagrangian Flows
and Transport, Continuity Equations

5.1 Well-posedness of regular Lagrangian flows

The following results are obtained from Theorem.3] Corollary§.4] and Lemma
4.2 The proofs are very similar to proofs in Sections 6 and 7 in [[17].

PROPOSITION 5.1 (Uniqueness). Let B be a vector field as in Corollary sat-
isfying the assumption (Ry). Assume that div(B) € L'((0,T), M, (R?)) and
(div(B)T e L'((0,T), Llic (R?)Y). If there exist the regular Lagrangian flows
X1, X3 associated to B starting at time t, then we have X1 = X».

PROPOSITION 5.2 (Stability). Let B, be a sequence of vector fields satisfying the
assumption (Ry) converging in Llic ([0, T] x R4) 10 a vector field B which satisfies
the assumptions of B in Proposition|5.1] Assume that there exist X, and X regular
Lagrangian flows starting at time t associated to B,, and B resp. and denote by L,
and L the compression constants of the flows. Assume that for some decomposition

1-]?—’|lx| = By,1 + By, as in the assumption (Ry), we have

Lo+ 1Bailliqor).L1®ay) + 1Ba2llLio.ry.oomay S 1 ¥n eN.
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Then, for any compact set K,

6D lim sup / | Xn(s,x)— X(s,x)| Aldx =0.
K

n—o0 s€[t,T]

PROPOSITION 5.3 (Compactness). Let B, € Cb1 ([0, T] x Rd,Rd) converge in
Ll}w ([0, T] x R?) to a vector field B which satisfies the assumptions of B in Propo-
sition Let X, be the flow starting at time t associated to B, and denote by
Ly the compression constants of the flow. Assume that for some decomposition

l—li’|lx| = By,1 + By, as in the assumption (Ry), we have

Lu + 1Bua o o1y ®ey + 1Bn2llio.r) Loo@ay S 1 Vn €N.

Then, there exists a regular Lagrangian flow X starting at time t associated to B
such that for any compact set K,

5.2) lim sup / | Xn(s,x)— X(s,x)|Aldx =0.
K

0 selt,T]
PROPOSITION 5.4 (Existence). Let B be as in Proposition 5.1} and assume that
div(B) > a(t) in (0,T) x R? witha € L'((0,T)). Then, for all t € [0,T) there
exists a regular Lagrangian flow X := X(.,t,-) associated to B starting at time t.
Moreover, the flow X satisfies X € C(Dr; Lgc RH)NB(D7;log L,. (R?)) where
Dr ={(s,t):0<t <s <Ttandforevery) <t <t < s < T, there holds
X(s,7, X(1,1,x)) = X(s5.1,x) for L2-a.e. x € RY.

In the previous proposition we assume the condition div(B) > a(z) in order to
be sure to have a smooth approximating sequence with equibounded compression
constants.

PROPOSITION 5.5 (Properties of the Jacobian). Let B be as in Proposition (5.4),
X(.,t,-) the regular Lagrangian flow associated to B starting at time t. Assume
that div(B) € L1((0, T), L% (R?)). Then, the function

JX(s,t,x) = exp(/s div(B)(z, X(z, t,x))dr)

t

satisfies

(5.3) / $(x)dx = f P(X(s.1,x)IX(s. 1, x)dx V¢ € L'(RY)
R4 R4
and dsJ X(s,t,x) = JX(s,t,x)div(B)(z, X(s,t,x)) forall s € (t, T). Moreover,
exp(—L) < JX(s,1,%) < exp(L),

with L = || div(B)||L1(0,7),Loo(ra))- In addition, for any 0 <t < s < T,
X7, s,-)(x) exists almost everywhere x € R%. The function J X is called the
Jacobian of the flow X.
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5.2 Well-posedness of transport and continuity equations

Next, we will connect the regular Lagrangian flows to the transport and continu-
ity equations. We first recall the definition of a renormalized solution of (1.2), first
introduced in [41]].

DEFINITION 5.6. Letug : RY — R be a measurable function, let B € Llic((O, T)x
R4;R4) be a vector field such that div(B) € L&)C((O, T) x R%) and let G, F €
L]IOC((O, T) x R4). A measure function u : [0, 7] x R — R is a renormalized
solution of if for every function f : R — R satisfying § € Cb1 (R) and
B'(z)z € L*°(R), B(0) = 0 we have that

3:B(u) + div(BB(w)) + div(B)(up’(u) — Bw)) = Gup'(u) + FB'(u)

and S(u)(t = 0) = B(uyp) in the sense of distributions.
We have the following proposition:

PROPOSITION 5.7. Let B be in Proposition (3.4), X be the regular Lagrangian
flow associated to B starting at time 0 in Proposition (5.4). Assume that div(B) €
LY((0.T), L®(R?)). Let G, F € LY((0,T) x R?) and let ug : RY — R be a
measurable function. Then, there exists a unique renormalized solution u : [0, T'] x
RY — R of (I.2) starting from ug. Furthermore, for any (t, x) € [0, T] x RY we

have
u(t,x) = JL)l(O((f)Y) exp(/ot G(s,X(s,Y))ds)

(5.4) 1 : t
RS /0 S X (X)) exp( /r G(S,X(S-Y))dS)JX(r,Y)dr,
withX = X71(t,-)(x), JX(1,%) 1= JX(1,0,%).

Proof of previous proposition is very similar to [34]][proof of theorem 2.7]. It is
left to the reader.

Appendix
PROOF OF PROPOSITION[I.2] First we set
) X1 )
bi(x) = —Slgn(XZ)W1|x1|§|x2|a ba(x) = —sign(x2)1}x, | <|x,|:
1
b3(x) = ——1jx;|<lxal> Da(X) = —Ljx|<|xs)-

|x2|
By [41], there exist two different regular Lagrangian flows X, X» associated to
the following vector field B{x) = (b1(x) + b2(x), b3(x) + b4(x)) such that for
any x € R2, X1, Xo € WP (R2?) forany | < p <2, X1, Xz € L®(R?: C(R))N
C(R?; L4 (R)) for any ¢ < oo, and X(z, NeL4 = L4 forany ¢ € [0,T],

Xi(t+s,-)=X;(t, X(s,-))ae. onR*forall 7, s € R¢ and j = 1,2.
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Clearly, {33 € L1(R?) 4+ L (R?) and div(B) = 0.
We show that B satisfies (I.16). Since b2, bs € BVjoc(IR?), so it is enough to
show that there exist functions Q1, ..., 2, € (L® N BV)(S!) such that Q;(9) =

Q;(t0) for6 € S', 1 >0, [¢1 2 =0, and

SYAIATY 2
(A.1) Oesbi =) e N +07; inD'(R?),
Jj=1
forany i = 1,3,/ = 1,2, and for some /Lj- e Mp(R?), 07; € M(R?) and
j=1,...,m.
Let
x5 —xi xf—x3

Ki(x1,x2) =c¢ Kr(x1,x2) =

—’ c—
(x% + x2)2 (x2 + x2)2

be kernels of operators R2, R% where R, R, are the Riesz transforms in R%. We
have

axlbl(x) — _81gn(Xz)1|xl|S|x2| + wd&m:mﬂ(m)dﬁl(m)
(A.2) |X2|2 |)C2|2
' Q1(x) o
BTIE - Z RF(w)(x) +o(x) inD'(R?).

Jj=12
for some o € M(R?), where

sign(y2)|y[?
Qi(y) = _Tlly1|§|y2| € (L N BV)(B2\ By),

2
with [g1 Q1 = 0,and v(x;, x) = SVl yg o (x)d LY (x2).

|x2[2
By definition, we can write

d
R2(0)(x) =/R(K,~(x1 ~ yalexa =)+ Ky + Dyaloa = 32) 22
1 d
= —2/ (Kj (01 — |y2l. 62 — y2) + K (61 + |2l 62 —yz))ﬂ
lx|* Jr y2
Q2;(0)
|x|2°

with 8 = xﬂx|. _ _ _

Clearlz,/ Qj(01,—02) = —Q;(01,602) and Q; (=01, 62) = Q; (61, 62), so there-
fore [¢1 Q; = 0.

Now we need to show §j (8) € (L°° N Wl’l)(Bll/lo \ Bg/10)- Indeed, let y €
C®(R)be suchthat y = 1in[0,1) and y = Oin (%, oo) and set yr(x) = y(%).
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It is clear to see that

d
/ Kj (61 — y2]. 62 — y2)(1 — x2) (19222,
(A.3) R Y2

dy
/ K01 — |y2]. 02 — yz)X1/2(|Y2|)—2,
R V2

/ K;(61 — |y2l. 02 — y2)dy2,
L<|yol<3
(A4) N
/ K;(61 —1y2l, 02 — y2)(62 — y2)dya,
<|y2|=3

belong to (LOO N Wl’l)(Bll/lo \ BQ/IO)' Thanks to

1F(72) — F(82) — F'(02)(y2 — 02)| S |y2 — 622,
F2) = 3 2D — x11/2(20).
we find that

/ e KO =2l 62— y2) (F2) = 7(6) = ' (62)(r2 = 62) )2
=ly21=

belongs to (L N W11)(B 11\ Bo). Combining this and (A3) and (A.4), we
conclude

d
/ Kj (61— [yal, 62— y2) P2 € (L A WI1Y(By \ Bo).
R y2 10 10

This implies that $2;(8) € (L% N WH1)(By1/10 \ Boji1o). Therefore, (A.2) leads
to (A.I)) with/ = 1,7 = 1. Similarly, we can do this for dx,b1, dx, b2, and dx,b2.
The proof is complete. O

To prove Lemma[3.7] we need the following result:

LEMMA A.1. Lete € S, For any Z,1,Z’1 € ﬁe, yz,yg,ZQ,Z’Z € Hg, ¢ > 0,
and p > 0, there holds for z/ =z + z5 andZ = z1 + 2>

M= /~ F O+ v1) — FOh + 2
H,

0 d+2
1 A dH'(
Iz (y1+Y2)|S€( |2/ — (y1 + J’2)|) =

d—l
_P P 2 e
?/ (|z P )|) 1P, 1(2)

0 d+%
/ Lz—(z4yo)l<de 1 (m) d|Dfy |(z)-

(AS)
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PROOF. Since | f(y5 +y1) — f(v5 + 2D <[5, 1|z—z’1|§2|z’1—y1|d|ny2|(Z)’
SO

e
M < /ﬁ vd|Dfy | (2).

where

d+2
_ _ P 1
V= /ﬁe 1|Z_Z/1|§2|Z,1_)’1|1|Z_(y1+y2)|§8 LA (|Z’ _ (yl + y2)|) dH (yl)

Note that if |z — 2| < 2|z} — y1| with y; € H, then

12/ = (z 4+ y2)| < 4|z — (y1 + »2)l,
Z— G+ )| <Z—O1+y2)|+ 312 — (1 + )|

Thus, we can estimate

V= /~ IIZ’—(y1+yz)|§6"'+/~ 1|z’—(y1+yz)|>8"'
i, H

e

p d+3 0 3
<15 al—"r f 1/\(—) dH (y1)
Z—(z+y2)|<4e (Iz’ —(z+ yz)l) b2/ |21 = »l o

Z
p p 43 P\ n
+-1IAN] —F / 1/\(—) dH
: (|z’ EyE— yz)l) T (A ()

) d+%
S Pliz—(z+ya)l<as 1A (m)

2 d—3
PN (4)
€ |2/ — (z + y2)I

which implies (A.5)). The proof is complete. O

PROOF OF LEMMA [3.7]. We first observe that

0 d+2
MO ::/ / (1 A ) 1 4
H, H, d i= i —Vi)l=
He, H,, |30 (i — i) 12 i=1oi—yi)l=e

d d
f(Z y,-) —fO1+ Y x)

i=1 i=2

d+2
0
- 1/\ 1 a
i, i d i=1oi—yil<
/He1 /H < |Zi=1(xi _Yi)|) |3 i=1Goi—yi)l<e

€d

d—k—1 d
f( Syt Y xz'+yd—k)

i=1 i=d—k+1

dH (yg)---dH' (y1)

X

d-—2
=X
k=

0

X
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d—k—1 d
—f< Yoyt ). xz‘) dH' (ygd)---H' ().

i=1 i=d—k

. d—k— d
Applying Lemmato e = €j_f, Vo = Y i1 Yy + Doimd—k41 Xi» Y2 =
Ditd—k VisZ1 = Yo.d—k-22 = D jzg—k Yo,i-and 2] = Xg g 2hH = D sg_ g Xi
yields

d—2 ,02 ) d_%
My < i/N /~ 1A () d'Hd_k(yd)"'dHl(Yd—k+l)
kg € JHe, He, ‘Zd o(Xi - i)l

x d|Df, ‘fz"A Uy |a—r)dH (Ya—k—1)-+-dH' (1)
(A6) =1 Yi i=d—k+1%i .
+ f f Lsd ormyized M 0)
Z I{g1 H ‘Zl O(Xl yl)‘ |Z[:](Y()l yi)l<e
dH (Va- kﬂ)d\Dfe:,kA i N Oa A Ga1) - dH (),
Zfl ’+Zl d—k+1

It is clear to see that for A = p/| Zl_l (xi — yi)]

d—3
p k d—k-3
N ~f 1A <Pt (IAA) 4
/H /Hed< | (i —yi)|)
J;

€d—k+1
d+5
0
N | N [ — 1 a o
edxi1 /Hed (|Z§i=()(xi _yi)|) [ 2271 (oi—yi)l<e

k+1
(1A A)d=k+5 L o g)d—k-

S PN Gyt IS Guimal2e
Combining these with (A.6) we find that

- d—k—32
p 1

Z e a— dv} Fdke oo 21)
k=0 /Hf’l f"d k ( D= 1k(xi —J’i)) ko Xima—ky1 X

d7

Z ‘Zl 1oi —xi)1<2¢

d—k+1
p 2
T~—d—k,. dv’ <y (Vd—krvves »1)-
/H"l /Hfz K < pInIer —J’i)|) kXiza i ¥i

Hence, using the fact that for any w € M+(®,_1 He,) we obtain

d—k-i—z
0
do(yg—k>---»¥1)
/H"I /Hf‘d k <|Zz—1 (x, yi)|)

)5
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Then, one gets the first inequality of Lemma([3.7] Similarly, we also have the second
one. g
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