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Abstract

This paper is devoted to the study of flows associated to non-
smooth vector fields. We prove the well-posedness of regular La-
grangian flows associated to vector fields B D .B1; : : : ;Bd / 2
L1.RCIL1.Rd / C L1.Rd // satisfying Bi D Pm

jD1 Ki
j � bj ;

bj 2 L1.RC; BV.R
d // and div.B/ 2 L1.RCIL1.Rd // for

d;m � 2, where .Ki
j /i;j are singular kernels in Rd . Moreover,

we also show that there exist an autonomous vector-field B 2
L1.R2/C L1.R2/ and singular kernels .Ki

j /i;j , singular Radon
measures �ijk in R2 satisfying @xkBi DPm

jD1 Ki
j ? �ijk in dis-

tributional sense for somem � 2 and for k; i D 1; 2 such that reg-
ular Lagrangian flows associated to vector field B are not unique.
© 2021 Wiley Periodicals LLC.

1 Introduction
In this paper we study the well-posedness of flows of ordinary differential equa-

tions

(1.1)

(
dX.t;x/

dt
D B.t; X.t; x// 8t 2 �0; T �;

X.0; x/ D x 8x 2 Rd ;

where B.t; x/ D Bt .x/ 2 Rd is a function in �0; T ��Rd , d � 2. It is well-known
that by Peano’s theorem, there exists at least one solution to the problem (1.1)
provided that B is continuous. Moreover, by the usual Cauchy-Lipschitz theorem,
one also has uniqueness if B is a bounded smooth vector field.

The ordinary differential equation (1.1) is related to the continuity equation

(1.2)

(
@tu.t; x/C div.B.t; x/u.t; x// D G.t; x/u.t; x/C F.t; x/;

u.0; x/ D u0.x/;
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for any .t; x/ 2 �0; T � �Rd . Indeed, assume that u0, B, G, and F are smooth and
compactly supported. Let X W �0; T � � Rd ! R

d be the unique solution of (1.1).
It is called the flow of vector field B. We have

det.rxX.t; x// D exp
�Z t

0

div.B/.s; X.s; x//ds
�
> 0:

In particular, the map X.t; � / is a diffeomorphism from R
d to itself and we

denote by X�1.t; � / its inverse. A solution of (1.2) is given in term of the flow X

by the following formula

u.t; x/ D u0.x/ exp
�
�
Z t

0

.div.B/ �G/.s; X.s; x//ds
�

C
Z t

0

F.�;X.�; x// exp
�
�
Z t

�

.div.B/ �G/.s; X.s; x//ds
�
d�;(1.3)

with xx D X�1.t; � /.x/, its proof is elementary. Therefore, we can say that the
well-posedness of (1.1) is equivalent to the well-posedness of (1.2).

The continuity equations (often with nonsmooth vector fields) are important
for describing various quantities in mathematical physics such as mass, energy,
momentum, and electric charge. Especially, they are essential to study transport
equations such as the convection-diffusion, Boltzmann, Vlasov-Poisson, Euler, and
Navier-Stokes equations.

Let us start by the seminal work of Diperna and Lions [41]. They established
the existence, uniqueness, and stability of distributional solutions of (1.2) for vector
fields B in L1tW

1;1
x satisfying div.B/ 2 L1tL1x and a growth condition

B=.1C jxj/ 2 L1tL1x C L1tL
1
x :

Later further progress was achieved in several papers [16, 18, 32, 33, 43, 47]; fi-
nally, it was fully extended by Ambrosio [2] to BV vector fields. The approach
by Diperna, Lions, and Ambrosio relies on the theory of renormalized solutions of
(1.2). Roughly speaking, renormalized solutions are distributional solutions such
that the chain rule holds for u and B, i.e.,

div.Bh.u// D .h.u/ � uh0.u// div.B/C h0.u/ div.Bu/

for any h 2 C 1.R/.
One key step in this approach consists of studying the strong convergence of the

commutator
r� WD �� ? .div.Bu// � .div.B�� ? u//

to 0 in L1loc for some regularizing kernel .��/�>0 in Rd . In the Sobolev case,
in [41], Diperna and Lions showed this convergence for any regularizing kernel
.��/�>0. The same problem in the BV case is much more complicated. In [2]
Ambrosio took a special kernel � strictly depending on the structure of B to obtain
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the convergence. More precisely, first he proved that

jr� j* � and �.x/ .

Z
jhM.x/´;r�.´/ijd´jDsBj.x/;

with M.x/ D dDsB
d jDsBj.x/ for any smooth kernel �,

R
�.´/d´ D 1 for any x 2 Rd ,

where DsB is singular part of DB with respect to the Lebesgue measure. Then, he
took � such that Z

jhM.x/´;r�.´/ijd´ . jtraceM.x/j:

Using the fact that div.B/ << Ld is equivalent to jt raceM.x/jjDsBj.x/ D 0,
then he proved that the "defect" measure is � D 0.

Moreover, Diperna and Lions constructed distributional solutions to the continuity
equation (1.2) with B 2 W �;1 (� < 1) and div.B/ D 0 that are not renormalized.
A counterexample for non-BV is provided by Depauw [40]. Further results can be
found in [4, 5, 7, 9, 11–13, 21–25, 30, 31, 34, 36, 38, 44]. For a recent review on the
well-posedness theories for the continuity equations (1.2) and ODE (1.1), we refer
the reader the lecture notes [6] (and [3]).

In [35], C. De Lellis and G. Crippa gave an independent proof of the existence
and uniqueness of the solutions of (1.1) with Sobolev vector fields, that is without
exploiting the connection with the continuity equations (1.2). The main idea of [35]
is to consider the following time-dependent quantity

��.t/ D
Z
BR

log
�
1C jX1.t; x/ �X2.t; x/j

�

�
dx with � 2 .0; 1

2
/;

where X1; X2 are regular Lagrangian flows associated to the same vector field B
and BR WD BR.0/; R > 0. We have

��.t/ � Ld
��
x 2 BR W jX1.t; x/ �X2.t; x/j > �1=2

	�
log.1C ��1=2/:(1.4)

However, differentiating in time, one has

(1.5)

��.t/ D
Z t

0

�0
�.s/ds

�
Z t

0

Z
BR

jBs.X1.s; x// � Bs.X2.s; x//j
� C jX1.s; x/ �X2.s; x/j

dx ds

�
Z t

0

Z
BR

min
�
2jjBsjjL1

�
;
jBs.X1.s; x// � Bs.X2.s; x//j

jX1.s; x/ �X2.s; x/j

�
dx ds:

By using the standard estimate of the Hardy-Littlewood function M and changing
the variable along the flows, we obtain

sup
t2�0;T �

��.t/ .

Z T

0

Z
BR1

min
�
��1;M.jrBsj/.x/

	
dx ds:(1.6)
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for some R1 > R. Using the boundedness of M from Lp to itself for p > 1

together with (1.4) and (1.6), we deduce that

sup
t2�0;T �

Ld
��
x 2 BR W jX1.t; x/ �X2.t; x/j > �1=2

	�
. jlog.�/j�1 8� 2 .0; 1

2
/;

provided B 2 L1.W 1;p/; p > 1. At this point, sending � ! 0, we get X1 D X2.
Later, in [45] P. E. Jabin successfully improved this to B 2 L1tW 1;1

x . In addition,
also in [45] he extends this to B 2 L1t SBVx in any dimension, and in two dimen-
sions to L1tBVx with local assumptions in the direction of flows. Furthermore,
in [26] we showed thatZ T

0

jDsBt j.BR1
/dt . lim sup

�!0

1

j log.�/j
Z T

0

Z
BR1

min
�
��1;M.jrBs.x/.�/j/

	
.

Z T

0

jDsBt j. xBR1
/dt:

This explains why De Lellis and Crippa’s approach is not able to deal with vector
fields B 2 L1tBVx n L1tW 1;1

x . Moreover, in [17] F. Bouchut and G. Crippa proved
the existence and uniqueness of flows for vector fields with gradients given by
singular integrals of L1 functions, i.e., DB D K ? g, g 2 L1, where K is a
singular kernel of fundamental type in Rd . Notice that this class is very natural in
the study of nonlinear PDEs, such as the Euler equation and the classical Vlasov-
Poisson equation; this class is not contained in BV and neither contains it. To do
this, they have used the following maximal singular integral operator:

T.�/.x/ D sup
">0

j.�" ?K ? �/.x/j 8x 2 Rd ;

where �".�/ D "�d�. �="/ for some � 2 C 1
c such that

R
Rd � dx D 1. Then,

��.t/ D �.j log.�/j/ is obtained from using the boundedness of such operator
from L1 to weak-L1 and the fact that

�Ld .fT.�/ > �g/! 0 as �!1;(1.7)

for any � 2 L1.Rd /; see the proof of Lemma 2.4. Notice that (1.7) is not true for
� 2Mb.R

d /; indeed, it is easy to check that if � D �0, then �Ld .fT.�/ > �g/ &
1;8� > 0 for some � and K.

However, later in [14] they extended the analysis to the case where

DB D
�
Dx1B1 Dx1B2

Dx2B1 Dx2B2

�
D
�

K1 ? f1 K2 ? f2
K0 ? � K3 ? f3

�
x D .x1; x2/; B D .B1;B2/;

where K0, K1, K2, and K3 are singular kernels of fundamental type. This is
motivated from the Classical Vlasov-Poisson system associated to

B.x1; x2/ D .x2;P ? �.x1//; .x1; x2/ 2 Rm �Rm; d D 2m;

and P.x1/ D c
x1

jx1jm
; � 2Mb:
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In addition, Jabin in [27] has proven the well-posedness of this system with P ?
� 2 H 3=4 (or � 2 H�1=4). In [37, 49] Seis has provided a quantitative theory
for the continuity equation with W 1;1 vector fields via logarithmic Kantorovich-
Rubinstrain distances. Recently, in [22–25], we proved sharp regularity estimates
for solutions of continuity equations with W 1;p.p > 1/ vector fields.

To our knowledge, these results in [14,45] are the best results for the quantitative
ODE estimates at this moment. In this paper, we give quantitative estimates for
K ? BV vector fields with bounded divergence. Namely, we prove the following
theorem: Given a vector field B D .B1; : : : ;Bd / 2 L1.�0; T �IL1

loc
.Rd ;Rd //,

we assume that for any R > 0, there exist functions bjR 2 L1.�0; T �;BV.Rd //

for j D 1; : : : ; m; and degree-zero homogeneous functions .�i
jR/i;j 2 L1loc

.Rd /

.i D 1; : : : ; d; j D 1; : : : ; m/ satisfying
R
Sd�1 �

i
jR D 0 and �i

jR 2 BV.Sd�1/
such that

Bi D
mX

jD1

 
�i
jR.�/
j � jd

!
? bjR in B2R:(1.8)

MAIN THEOREM. Let B1;B2 2 L1.�0; T �IL1loc
.Rd ;Rd // satisfy



� jB1j

jxj C 1
;
jB2j
jxj C 1

�




L1..0;T /I.L1CL1/.Rd //

� C0;

and let X1; X2 be regular Lagrangian flows associated to B1 and B2, respectively.
Assume that div.B/ 2 L1..0; T /; L1.Rd //. Then, for any � 2 .0; 1/, r > 1, there
exist R0 D R0.d; T; r; C0; �/ > 1 and �0 D �0.d; T; r; C0; bR0

; �/ 2 .0; 1/ such
that

sup
t2�0;T �

Ld
��
x 2 Br W jX1t .x/ �X2t .x/j > �1=2

	�
. ��1k.B1 � B;B2 � B/kL1.�0;T ��BR0

/ C �;

(1.9)

for any � 2 .0; �0/.
Note that if B1;B2 2 L1t;x , we can take R0 independently of �. Moreover, if

B 2 L1..0; T /IBVloc.R
d //, we can write for any R > 0, Bi D Pd

jD1R2
j .�RBi /

in BR.0/, where �R 2 C1
c .Rd / satisfies �R D 1 in B2R.0/ and �R D 0 in

B4R.0/
c , R1; : : : ;Rd are the Riesz transforms in Rd . Thus, the assumptions in

the above theorem contain the class of BV-vector fields. Consequently, this solves
a main open problem posed by Luigi Ambrosio in [6].

This theorem is as a consequence of Theorem 4.3 and Corollary 4.4 in Section 4.
In Section 5, we will use this to deduce the well-posedness of regular Lagrangian
flows and transport, continuity equations. The following result gives an existence
and uniqueness result of regular Lagrangian flows.
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PROPOSITION 1.1. Let B be as above. Assume that



 jBj
jxj C 1






L1..0;T /I.L1CL1/.Rd //

<1

and div.B/ 2 L1..0; T /; L1.Rd //. Then, there exists a unique regular Lagrangian
flow associated to vector field B.

Let us describe our idea to prove (1.9). For simplicity, assume that B1.t; x/ D
B2.t; x/ D B.t; x/ � B.x/ 2 .BV \ L1/.Rd ;Rd /. Thanks to Alberti’s rank one
theorem (see Section 2), there exist unit vectors �.x/ 2 Rd and �.x/ 2 Rd such
that DsB.x/ D �.x/ 
 �.x/jDsBj.x/, i.e., Ds

xi
Bj .x/ D �j .x/�i .x/jDsBj.x/

for any i; j D 1; : : : ; d: Thus, one gets from div.B/ 2 L1.�0; T � � Rd / that
jh�; �ij D 0 for jDsBj-a.e. in Rd . We first have the following basic inequality: for
any x1 6D x2 2 Rd and � 2 Sd�1,

jh�;B.x1/ � B.x2/ij .
X
lD1;2

Z 1jxl�´j�r
jxl � ´jd�1

jh�; �.´/ijd�.´/

C
Z 1jxl�´j�r
jxl � ´jd�1

d jDaBj.´/I

see Proposition 2.3, where � D jDsBj and r D jx1 � x2j, where DaB is a regular
part ofDB with respect to the Lebesgue measure. We now assume that � and � are
smooth functions in Rd . Then, choosing � D �.x1/ and thanks to jh�; �ij D 0 for
j�j�a.e. in Rd , we have

jh�; �.´/ij � kr�kL1.jx1 � x2j C jxl � ´j/ for j�j � a.e. ´ in Rd ; l D 1; 2:

This implies

jh�.x1/;B.x1/ � B.x2/ij
jx1 � x2j

.
X
lD1;2

kr�kL1I1.�/.xl/C M.jDaBj/.xl/;(1.10)

where I1 is the Riesz potential with the first order in Rd .
Let X1; X2 be regular Lagrangian flows associated to the same vector field B

and r > 0. Thus, we derive from (1.10) that

lim sup
�!0

1

jlog.�/j
Z T

0

Z
Br

jh�.X1t /;B.X1t / � B.X2t /ij
� C jX1t �X2t j

dx dt D 0:(1.11)

This suggests the following new quantity: for � 2 .0; 1/, 
 > 1,

�



�
.t/ D 1

2

Z
Br

log
�
1C jX1t �X2t j2 C 
h�.X1t /; X1t �X2t ji2

�2

�
dx:(1.12)
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We have

sup
t2�0;T �

�



�
.t/ D sup

t12�0;T �

Z t1

0

d�



�
.t/

dt
dt

�
Z T

0

Z
Br


1=2jh�.X1t /;B.X1t / � B.X2t /ij
� C jX1t �X2t j

dx dt

C
Z T

0

Z
Br

jB.X1t / � B.X2t /j
� C jX1t �X2t j C 
1=2jh�.X1t /; X1t �X2t ij

dx dt

C
Z T

0

Z
Br


1=2jhr�.X1t /B.X1t /; X1t �X2t ij
jX1t �X2t j

dx dt:

Combining this and (1.11), we get

sup
t2�0;T �

Ld .fx 2 Br W jX1t �X2t j > 0g/

D lim sup
�!0

1

jlog.�/j sup
t2�0;T �

�



�
.t/

� lim sup
�!0

1

jlog.�/j
Z T

0

Z
Br

jB.X1t / � B.X2t /jdx dt
� C jX1t �X2t j C 
1=2jh�.X1t /; X1t �X2t ij

WD lim sup
�!0

A.�/:

Hence, in order to get X1t D X2t for a.e. .x; t/ 2 Br � �0; T �, we need to show
that

lim sup
�!0

A.�/ D �.1/ as 
 !1:

In fact, we use the following estimate for B.x1/ � B.x2/:

jB.x1/ � B.x2/j

. "�dC1jx1 � x2j
�
M.jDaBj/.x1/C M.jDaBj/.x2/

�
C "�dC1

X
lD1;2

Z 1jxl�´j�r1��� xl�´
jxl�´j

�el

����"

jxl � ´jd�1
jh�.´/; x1 � x2ij

jx1 � x2j
d j�j.´/

C "�dC2
X
lD1;2

Z 1jxl�´j�r1��� xl�´
jxl�´j

�el

����"

jxl � ´jd�1
d j�j.´/;

for any " > 0 where � D jDsBj, e1 D �e2 D x1�x2
jx1�x2j

, and r D jx1 � x2j for
l D 1; 2 (see Proposition 2.3 and Lemma 4.5). Then, using the fact that jh�.´/; x1�
x2ij � jh�.x1/; x1 � x2ij C 2kr�kL1r2 for j´ � x1j � r or j´ � x2j � r and
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changing the variable along the flows, we can estimate

A.�/ .

�1=2"�dC1

jlog.�/j
Z
Br0

min
�

I1.�/
�

;M.�/

�
C kr�kL1

"�dC1

jlog.�/j
Z
Br0

I1.�/

C "

jlog.�/j
Z
Br0

min
�

I1.�/
"d�1�

;M".�/

�
C "�dC1

jlog.�/j
Z
Br0

min
�

I1.jDaBj/
�

;M.jDaBj/
�
;

for some r 0 > r , where M" is the Kakeya maximal function in Rd , i.e.,

M".�/.x/ D sup
�2.0;2r 0/;e2Sd�1

­
B�.x/

"�dC11j x�´
jx�´j

�ej�"d j�j.´/:

We then will deduce that

lim sup
�!0

A.�/ . 
�1=2"�dC1j�j.Rd /C " lim sup
�!1

�Ld
�fM".�/ > �g \ Br 0

�
D " lim sup

�!1

�Ld .fM".�/ > �g \ Br 0/ as 
 !1:

So it remains to show that

I."/ WD " lim sup
�!1

�Ld .fM".�/ > �g \ Br 0/ D �.1/ as "! 0:(1.13)

This estimate is very delicate; hence we will devote Section 3 to establish it. In
order to see the key idea for proving the estimate (1.13), we only consider �.x/ D
jDsf j.x/ � jDf j.x/ with f 2 BV.Rd ;R/ such that � D dDsf

d jDsf j
.x/ is a constant

function in B8r 0 . Set H� WD fx 2 R
d W h�; xi D 0g and �H� WD ft� 2 R

d W
8t 2 Rg. We also denote f �

y2
W �H� 3 y1 7! f .y2 C y1/ for any y2 2 H� .

By assumption one has d�.y/ D d jDf �
´ j.y1/dHd�1.y2/ for any y1 D hy; �i�,

y2 D y � hy; �i�, y 2 B8r 0 , and ´ 2 H� . We can prove that

M".�/.x/ . M1.jDf �
x�
j; �H�/.hx; �i�/ with x� WD x � hx; �i�;(1.14)

where M1.jDf �
x�
j; �H�/ is the Hardy-Littlewood maximal function of jDf �

x�
j on�H� . By a standard approximation argument, we only prove for case jDf �

x�
j 2

L1. �H� ; dH1/. By changing variables, we have for any � 2 .0; 2r 0/, e 2 Sd�1,
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and x 2 Br 0­
B�.x/

"�dC11j x�y
jx�yj

�ej�" d j�j.y/

D ��d"�dC1
­
Sd�1

Z �

0

1j��ej�"jDf �
x�
j.hx; �i� � h�; �i�s/sd�1ds dHd�1.�/

� "�dC1
­
Sd�1

1j��ej�"4M1.jDf �
x�
j; �H�/.hx; �i�/dHd�1.�/

. M1.jDf �
x�
j; �H�/.hx; �i�/;

which implies (1.14). Therefore, we get from (1.14) and weak type (1,1) bound of
M1.jDf �

x�
j; �H�/ that

�Ld .fM".�/ > �g \ Br 0/

� �
Z
H�

H1
��
x1 2 �H� W M1.jDf �

x2
j; �H�/.x1/ & �

	�
dHd�1.x2/

.

Z
H�

Z
�H�

d jDf �
x2
j.x1/dHd�1.x2/ D j�j.Rd /:

This gives (1.13). In order to prove (1.13) in the general case, we use that
� D jDsBj and the slicing theory of BV functions. Notice (1.13) is not true for
any Radon measure �, indeed, if � D �0, then M".�/.x/ D "�dC1jxj�d and so
I."/ � "�dC2.

To conclude this section, let us give an important remark on our result. We
deduce from (1.8) that for R > 0,

@lBi D
mX

jD1

 
�i
jR.�/
j � jd

!
? �ljR in D0.B2R/;(1.15)

where �ljR D @lbjR, l; i D 1; : : : ; d , j D 1; : : : ; m are bounded Radon measures
in Rd . Thus: A natural question is whether the above proposition holds for a class
of vector fields B satisfying (1.15) with arbitrary Radon measures �ljR in Rd .

The following proposition gives a negative answer to this question.

PROPOSITION 1.2. There exist a vector field B W R2 ! R
2 and degree-zero

homogeneous functions �i
1; : : : ; �

i
m 2 .L1 \ BV /.B2 n B1/, i D 1; 2 with

jB.x/j
jxjC1

2 L1.R2/C L1.R2/, div.B/ D 0,
R
S1 �l D 0 such that for any R > 1

(1.16) @lBi D
mX

jD1

 
�i
j .�/
j � j2

!
? �ljR in D0.BR/;

for some �ljR 2 Mb.R
2/, i; l D 1; 2; and j D 1; : : : ; m and the problem (1.1)

is ill-posed with this vector field, i.e., there exist two different regular Lagrangian
flows X1; X2 associated to B.
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We will prove proposition 1.2 in the Appendix.

2 Main Notation and Preliminary Results
We begin with some notations used in this paper.

� x � y, hx; yi denote the usual scalar product of x; y 2 Rd ;
� a ^ b denotes minfa; bg;
� Sd�1 denotes the .d � 1/-dimensional unit sphere in Rd ;
� 1E is the characteristic function of the set E, defined as 1E .x/ D 1 if
x 2 E and 1E .x/ D 0 otherwise;

� Br.x/ is the open ball in Rd with radius r and center x; Br is the open
ball in Rd with radius and center 0; if X is a vector subspace of Rd , for
any x 2 X , Br.x;X/ is the open ball in X with radius r and center x i.e.,
Br.x;X/ D Br.x/ \X ;

� Mb.X/ is a set of bounded Radon measure in a metric space X ; MC
b
.X/

is a set of positive bounded Radon measure in X ;
� j�j is the total variation of a measure �; �s; �a are the singular compo-

nent and regular component of � with respect to the Lebesgue measure,
respectively;

� Ld is the Lebesgue measure onRd and Hk is the k-dimensional Hausdorff
measure;

� BV.Rd ;Rm/ is a set of Rm-valued functions with bounded variation in
R
d ;

� f ? g is the convolution of f and g; in particular, if f; g 2 R
l , then

f ? g WD Pl
jD1 fj ? gj ; if f 2 Rl , g 2 R, then f ? g D g ? f WD

.f1 ? g; f2 ? g; : : : ; fl ? g/;
� f#� is the push-forward of � via a Borel map f ; more specifically, if

there are a Borel map f W Rl ! R
m and a measure � in Rl , then f#�

is a measure in Rm given by f#�.B/ D �.f �1.B// for any Borel set
B � R

m; this is equivalent to
R
Rm � df#� D R

Rl � � fd� for any � W
R
m ! �0;C1� Borel;

� ¬E f d! denotes the average of the function f over the set E with respect
to the positive measure !, i.e.,

¬
E f d! WD 1

!.E/

R
E f d!;

� ff > �g, ff < �g stand for fx W f .x/ > �g, fx W f .x/ < �g, respectively;
� %n is a standard sequence of mollifiers in Rd ;
� Ec is the complement of set E;
� A . B denotes the estimate A � CB for some constant C > 0 depending

only on fixed quantities; and A � B denotes the estimate A . B . A;
� C.n; "; �; : : : / is a common constant that satisfies parameters n; "; �; : : : .
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2.1 BV functions
Given b 2 BV.Rd ;Rm/, we have the canonical decomposition ofDb asDabC

Dsb, with jDabj � Ld and jDsbj?Ld . The following deep result of Alberti will
be used in the proof of Theorem 4.3. Its proof can be found in [1, 39].

PROPOSITION 2.1 (Alberti’s rank one theorem). There exist unit vectors �.x/ 2
R
m and �.x/ 2 Rd such that Dsb.x/ D �.x/
 �.x/jDsbj.x/, i.e., Ds

xi
bj .x/ D

�j .x/�i .x/jDsbj.x/ for any i D 1; : : : ; d , j D 1; : : : ; m:

Notice that the pair of unit vector components .�; �/ is uniquely determined
jDsbj-a.e. up to a change of sign. In the case m D d , we can write the dis-
tributional divergence div.b/ as div.b/ D trace.Dab/Ld C h�; �ijDsbjI thus,
div.b/� Ld if and only if �?� jDsbj-a.e. in Rd : For e 2 Sd�1, let us introduce
the hyperplane orthogonal to e:

He WD
�
x 2 Rd W he; xi D 0

	
;

and the line of e:

�He WD
�
te 2 Rd W 8t 2 R	:

Given a Borel function f in Rd , we denote f e
y1

W �He 3 ´1 7! f .y1 C ´1/ for
y1 2 He. The following characterization of BV by hyperplanes will be used in the
proof of Theorem 3.3.

PROPOSITION 2.2 ([8, sec. 3.11]). Let f 2 BV.Rd / and e 2 Sd�1. Then, f e
y1
2

BV. �He/, Hd�1-a.e. y1 in He, and
R
He

kf e
y1
kBV. �He/

dHd�1.y1/ <1. Moreover,

for any bounded Borel function � W Rd ! R
C, there holds

Z
He

Z
�He

�.t C y1/d jDsf e
y1
j.t/dHd�1.y1/

D
Z
Rd

�.x/jhe; �.x/ijd jDsf j.x/;
(2.1)

where �.x/ D dDsf .x/
d jDsf j.x/

.

We next have an extension of [27, prop. 4.2]. It is one of the main tools to be
used in the proof of Theorem 4.3.
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PROPOSITION 2.3. Let " 2 .0; 1
100
/, f 2 BVloc.R

d /. Then, for every x; y 2 Rd ,
x 6D y,

(2.2)

f .x/ � f .y/ D
Z
Rd

"�dC1

jx � ´jd�1�
";e1
1

�
x � ´
jx � yj

�
e1 � dDf .´/

C
Z
Rd

"�dC2

jx � ´jd�1�
";e1
2

�
x � ´
jx � yj

�
� dDf .´/

�
Z
Rd

"�dC1

jy � ´jd�1�
";e2
1

�
y � ´
jx � yj

�
e2 � dDf .´/

�
Z
Rd

"�dC2

jy � ´jd�1�
";e2
2

�
y � ´
jx � yj

�
� dDf .´/;

where e1 D �e2 D x�y
jx�yj

and for e 2 Sd�1, " 2 .0; 1
100
/, �";e

1 W Rd ! RC and

�
";e
2 W Rd ! R

d are bounded functions satisfying �";e
1 ; �

";e
2 2 C1.Rd n f0g/,

(2.3)

supp.�";e
1 /; supp.�";e

2 / � B3=4.0/ \
�
x W

����e � x

jxj

���� � "�;
j�";e

l
.x/j C "jxkr�";e

l
.x/j . 1 8x 2 Rd ; l D 1; 2;

"�dC1
Z
Rd

j�";e
1 .x/jdx C "�dC1

Z
Rd

j�";e
2 .x/jdx . 1:

PROOF OF PROPOSITION 2.3. Let � W R ! �0;1/ be a Cc function such that
� 2 C1.�0; 1�/, �.t/ D 1 for 0 � t � 1=4, �.t/ D 0 for t � 3

4
and t < 0,

�.t/C �.1 � t / D 1 for 0 � t � 1. Let  W .0;1/ ! .0;1/ be a C1
b

function
such that  .t/ D 0 for t > 1,  .t/ D 1 in .0; "0/ for some "0 2 .0; 1/ andR
Rd�1  .jhj/dh D 1.

We define for .a; b; c/ 2 Sd�1 � Sd�1 � .0;1/,

�1.a; b; c/ D
�..a:b/c/ 

�
ja�.a:b/bj

4.a:b/.1�.a:b/c/

�
4d�1.a:b/d .1 � .a:b/c/d�1 ;

�2.a; b; c/ D �1.a; b; c/
.a:b/c

1 � .a:b/c .a � .a:b/b/:
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Since �1.a; b; c/ D �1.�a;�b; c/; �2.a; b; c/ D ��2.�a;�b; c/, thus it is not
hard to obtain from the proof of [27, prop. 4.2] that

f .x/ � f .y/ D
Z
Rd

1

jx � ´jd�1�1

�
x � ´
jx � ´j ;

x � y
jx � yj ;

jx � ´j
jx � yj

�
x � ´
jx � ´j � dDf .´/

�
Z
Rd

1

jx � ´jd�1�2

�
x � ´
jx � ´j ;

x � y
jx � yj ;

jx � ´j
jx � yj

�
� dDf .´/

�
Z
Rd

1

jy � ´jd�1�1

�
y � ´
jy � ´j ;

y � x
jy � xj ;

jy � ´j
jx � yj

�
y � ´
j´ � yj � dDf .´/

C
Z
Rd

1

jy � ´jd�1�2

�
y � ´
jy � ´j ;

y � x
jy � xj ;

jy � ´j
jx � yj

�
� dDf .´/:

Replacing  by 8d�1

"d�1
 .8 :

"
/, we obtain (2.2) where�";e

l
.´/ D �"

l
.´=j´j; e; j´j/ for

.e; ´/ 2 Sd�1 �Rd I and

�"1.a; b; c/ D 2d�1
�..a:b/c/ 

�
2ja�.a�b/bj

".a�b/.1�.a�b/c/

�
.a:b/d .1 � .a:b/c/d�1 ;

�"2.a; b; c/ D �"1.a; b; c/
a � b
"

� �"1.a; b; c/
.a:b/c

1 � .a:b/c
.a � .a:b/b/

"
:

Note that �..a:b/c/ 
�

2ja�.a:b/bj
".a:b/.1�.a:b/c/

�
6D 0 implies ja�.a:b/bj � "

2
and .a:b/c �

3=4. So,

ja � bj D
p
2.1 � .a:b// �

q
2.1 � .a:b/2/ D

q
2ja � .a:b/bj2 � "=

p
2;

and a � b � 1� "=2 � 1=2, c � 3=4. Hence, it is easy to check that �";e
1 and �";e

2

belong to C1.Rd n f0g/ and satisfy (2.3). The proof is complete. �

2.2 The Hardy-Littlewood maximal function and Riesz potential.
We recall some basic properties of the Hardy-Littlewood maximal function and

Riesz potential. Let X be a vector subspace of Rd with dim.X/ D k .k D
1; : : : ; d / and � be a positive Radon measure in X . The Hardy-Littlewood maxi-
mal function of � on X is defined by

Mk.�;X/.x/ D sup
r>0

1

Hk.Br.x;X//

Z
Br .x;X/

d j�j 8x 2 X:

If X D R
d , we write M.�/ instead of Mk.�;X/. It is well-known that Mk. � ; X/

is bounded from Lp.X; dHk/ to itself and Mb.X/ to L1;1.X; dHk/ for 1 <
p � 1, i.e.,

kMk.�;X/kLp.X;dHk/ . k�kLp.X;dHk/ for any � 2 Lp.X; dHk/;(2.4)

sup
�>0

�Hk
��

Mk.�;X/ > �
	�
. j�j.X/ for any � 2Mb.X/(2.5)

(see [10, 50, 51]).



1142 Q.-H. NGUYEN

The Riesz potential of � on X is defined by

(2.6) Ik�.�;X/.x/ D
Z
X

1

jx � ´jk�� d j�j.´/ 8x 2 X; 0 < � < k:

IfX D R
d , we write I�.�/ instead of Ik�.�;X/. We have that Ik�. � ; X/ is bounded

from Lp.X; dHk/ to L
kp

k��p .X; dHk/ for p > 1, 0 < �p < k; and bounded from
MC

b
.X/ to L

k
k��

;1.X; dHk/ for 0 < � < k; see [50]. It is easy to see that for
� > 0;

sup
r>0

r��
Z
X

1jx�´j�r
jx � ´jk�� d�.´/ . Mk.�;X/.x/ 8x 2 X:(2.7)

Thanks to (2.5), one gets

�Hk
��

Mk.�;X/ > �
	�

� �Hk
��

Mk.�s; X/ > �=2
	�C �Hk

��
Mk.�a1j�aj��=4; X/ > �=2

	�
. j�js.X/C

Z
X

1j�ja��=4j�ja dx;

provided j�j.X/ <1. Thus,

lim sup
�!1

�Hk.fMk.�;X/ > �g/ . j�js.X/:(2.8)

Moreover, in [26] we showed that for any � > 0,

�Hk.fMk.�;X/ > �g/ & j�js.X/:(2.9)

Therefore, it follows from (2.8) and (2.9) that for any BR WD BR.0; X/ � X ,

j�js.BR/ . lim sup
�!1

�Hk
��

Mk.�;X/ > �
	 \ BR� . j�js.BR/:(2.10)

Again, (2.8) and (2.9) imply that �� Hk in X if any only if

lim sup
�!1

�Hk.fMk.�;X/ > �g/ D 0:(2.11)

Next is a basic estimate of the Hardy-Littlewood maximal function, which will
be used several times in this paper.

LEMMA 2.4. Let X be a vector subspace of Rd with dim.X/ D k and q > 1.
Then, for any � 2 Mb.X/ and ball BR WD BR.0; X/ � X and f 2 Lq.BR/

there holds

lim sup
�!0

1

jlog.�/j
Z
BR

.��1jf j/ ^ Mk.�;X/dHk . j�js.BR/:(2.12)

Moreover, for any 0 < � � 1,
1

jlog.�/j
Z
BR

.��1jf j/ ^ Mk.�;X/dHk . Rk C j�j.X/C kf kq
Lq.BR/

:(2.13)
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PROOF. Set A.�1/ D sup�>�1 �H
k.fMk.�;X/ > �g \ BR/ . j�j.X/. One

has for any 0 < � � 1 and 0 < �1 < �2 <1,

1

jlog.�/j
Z
BR

.��1jf j/ ^ Mk.�;X/dHk

D 1

jlog.�/j
Z 1

0

Hk
�n
.��1jf j/ ^ Mk.�;X/ > �

o
\ BR

�
d�

� 1

jlog.�/j
Z �1

0

Hk.BR/d�C
1

jlog.�/j
Z �2

�1

A.�1/
d�

�

C 1

jlog.�/j
Z 1

�2

Hk.fjf j > ��g \ BR/d�

� �1

jlog.�/jH
k.BR/C

log.�2=�1/
jlog.�/j A.�1/C

1

qjlog.�/j�q�12 �q
kf kq

Lq.BR/
:

Choosing �1 D jlog.�/j1=2 and �2 D ��
q

q�1 , and thanks to (2.5) and (2.10), we
obtain (2.12) and (2.13). The proof is complete. �

2.3 Singular integral operators with rough kernels
In this subsection, we provide some basic properties of singular integral op-

erators with rough convolution kernels. In this paper, we consider the following
general kernel in Rd :

(2.14) K.x/ D �.x/K.x/ 8x 2 Rd n f0g;
where

� K 2 C 1.Rd n f0g/,

jK.x/j C jxkrK.x/j � 1

jxjd 8x 2 Rd ;(2.15)

� �.�/ D �.r�/ for any r > 0; � 2 Sd�1 and

(2.16)

k�kW �0;1.B2nB1/

WD
Z
B2nB1

j�j C
Z
B2nB1

Z
B2nB1

j�.x/ ��.y/j
jx � yjdC�0 dx dy � c1;

for some �0 2 .0; 1/ and c1 > 0,
� the “cancellation” condition

sup
0<R1<R2<1

����Z
R1<jxj<R2

K.x/dx
���� � c2(2.17)

for some c2 > 0.
We say that the kernel K is a singular kernel of fundamental type in Rd if � 2
C 1.Sd�1/.
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Remark 2.5. From (2.15) one has

jK.x � y/ �K.x/j � 2dC1jyj
jxjdC1 8jyj < jxj=2:(2.18)

Remark 2.6. If K.x/ D jxj�d for any x 2 Rd n f0g, then (2.17) impliesZ
Sd�1

�.�/dHd�1.�/ D 0:

Moreover, if we set

(2.19) �n.x/ WD
Z 1

0

�� ? %n� x

jxjr
�
rd�1 dr 8x 2 Rd ;

where ��.x/ WD 1
log.2/

�.x/

jxjd
11�jxj�2, then

R
Sd�1

�n.�/dHd�1.�/ D 0 for any n,

�n 2 C1
b
.Sd�1/, �n.�/ D �n.r�/ for any r > 0; � 2 Sd�1, and

k�n ��k PW
�0
2
;1
.B2nB1/

. c1n
�
�0
2 8n:(2.20)

Remark 2.7. Since �.�/ D �.r�/ for any r > 0; � 2 Sd�1, so by the Sobolev
inequality and condition II, one gets

(2.21)

k�kLq.Sd�1/

C sup
jhj�1=2

jhj��0=2�k�.� � h/ ��.�/kLq.B2nB1/

C k�. � � h/ ��.�/kLq.Sd�1/

�
C
�Z

B2nB1

sup
�2.0;1=2/

­
B�.0/

j�.x � h/ ��.x/jq
jhj�0q2

dh dx

�1=q
. k�kW �0;1.B2nB1/

. c1;

for any 1 � q � q0 D d
d��0=2

. Moreover, we also have for any �0 � 2 and

� 2 Sd�1 Z
jyj��0

j�.� � y/ ��.�/j dyjyjd

. �
�0
2

0 sup
r�2

r�
�0
2

­
Br .0/

j�.� � y/ ��.�/jdy:
(2.22)

Remark 2.8. Thanks to (2.15) and Minkowski’s inequality, one has

k.1j�j>"K.�// ? �kLq0 .Rd / . "
�
.q0�1/d

q0 k�kLq0 .Sd�1/j�j.Rd /;(2.23)

for " > 0, q0 D d
d��0=2

, and � 2Mb.R
d /.

The following is Lp and weak-type .1; 1/ boundedness of singular integral op-
erators associated to the kernel K.
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PROPOSITION 2.9. Let K be in (2.14) with constants c1; c2 > 0 and �0 2 .0; 1/.
Let � 2 Cc.Rd ; �0; 1�/ be such that � D 1 in jxj > 3 and � D 0 in jxj < 2. For
f 2 C1

c .Rd /, we define for x 2 Rd ,

T1.f /.x/ D K ? f .x/; T2.f /.x/ D sup
">0

������� �"
�

K
�
? f .x/

����;
T3.f /.x/ D sup

">0

���1j�j>"K� ? f .x/��:
Then, T1, T2, and T3 extend to bounded operators from Lp to itself (p > 1) and
from L1 to L1;1 with normsX

jD1;2;3

kTj kLp!Lp C kTj kL1!L1;1 . c1 C c2:(2.24)

Moreover, we also get X
jD1;2;3

kTj kMb!L1;1 . c1 C c2;(2.25)

and for any � 2Mb.R
d /, there holdsX

jD1;2;3

lim sup
�!1

�Ld
�fjTj .�/j > �g� . .c1 C c2/j�js.Rd /:(2.26)

PROOF. First, we need to check that

sup
R>0

Z
R<jxj<2R

jK.x/jdx . c1;(2.27)

sup
y 6D0

Z
jxj�2jyj

jK.x � y/ � K.x/jdx . c1:(2.28)

Indeed, by (2.15) one has

sup
R>0

Z
R<jxj<2R

jK.x/jdx � sup
R>0

Z
R<jxj<2R

j�.x/j
jxjd dx D log.2/

Z
Sd�1

j�j . c1;

which implies (2.27). Moreover, for any y 6D 0,Z
jxj�2jyj

jK.x � y/ � K.x/jdx
(2.18)
.

Z
jxj�2jyj

j�.x/kyj
jxjdC1 dx

C
1X
jD1

1

.2j jyj/d
Z
2j jyj<jxj<2jC1jyj

j�.x � y/ ��.x/jdx

(2.18)
.

Z 1

2jyj

Z
Sd�1

j�.�/j jyj
r2
dHd�1.�/dr



1146 Q.-H. NGUYEN

C
Z 3=4

0

sup
jhj��

Z
B2nB1

j�.x � h/ ��.x/jdxd�
�

. c1;

which implies (2.28).

Therefore, K satisfies (2.27), (2.28), and (2.17), so by [42, theorems 5.4.1, 5.4.5,
and 5.3.5], we obtain (2.24).

We now prove (2.25). Let � 2Mb.R
d /. Thanks to (2.23), one has .�.�="/K/?

� 2 L1loc.R
d / for any " > 0. Thus, for any " > 0,

lim
n!1

.�.:="/K/ ? .%n ? �/ D .�.:="/K/ ? � a.e in Rd :

This implies that 1jT2.�/j>� � lim infn!1 1jT2.%n?�/j>� a.e. inRd for any � > 0.
On the other hand, by (2.24),

sup
�>0

�Ld
�fjT2.%n ? �/j > �g

�
. .c1 C c2/k%n ? �kL1.Rd / . .c1 C c2/j�j.Rd /:

By applying Fatou’s lemma, we find

sup
�>0

�Ld
��jT2.�/j > �	� . .c1 C c2/j�j.Rd /:

Similarly, we also get

sup
�>0

�Ld
��jT3.�/j > �	� . .c1 C c2/j�j.Rd /:

Hence, we conclude (2.25) since jT1.�/j � jT3.�/j. To get (2.26), one has for
R > 1 and 
 > 1

�Ld
�fjTj .�/j > �g�
� �Ld

�fjTj .�s/j > �=4g�C �Ld
�fjTj .�a1Bc

R
/j > �=4g�

C �Ld
�fjTj .�a1j�ja>
1BR

/j > �=4g�C �Ld
�fjT.�a1j�ja�
1BR

/j > �=4g�:
Using the boundedness of T from Mb.R

d / to L1;1.Rd / for first three terms and
the boundedness of T from L2.Rd / to itself for last term yields

�Ld
�fjTj .�/j > �g�
. .c1 C c2/

�
j�js.Rd /C

Z
Bc
R

j�ja C
Z
BR

1j�ja>
 j�ja

C ��1
Z
BR

1j�ja�
 .j�ja/2
�
:

This implies (2.26) by letting � ! 1 and then 
 ! 1, R ! 1. The proof is
complete. �



QUANTITATIVE ESTIMATES FOR REGULAR LAGRANGIAN FLOWS 1147

Remark 2.10. Since Tj .1Bc
RC"

�/ 2 L1.BR/ for any BR � Rd and " > 0, so

lim sup
�!1

�Ld
�fjTj .�/j > �g \ BR

�
� lim sup

�!1

�Ld
�fjTj .1BRC"

�/j > �=2g� 8" > 0:

Applying (2.26) to 1BRC"
� and then letting "! 0, we find thatX

jD1;2;3

lim sup
�!1

�Ld
�fjTj .�/j > �g \ BR

�
. .c1 C c2/j�js. xBR/:

Remark 2.11. It is unknown when T3 is bounded from L1.Rd / to L1;1.Rd /

where � 2 W �0;1.B2 n B1/ is replaced by � 2 Lq.Sd�1/ for q > 1. This is
an interesting open problem posed by A. Seeger.

In this paper, we also need a boundedness of the following singular maximal
operator: for f 2 L1.Rd /,

M��f .x/ D sup
�>0

­
B�.x/

j��.y=jyj/kf .x � y/jdy 8x 2 Rd ;

where �� 2 L1.Sd�1/.
PROPOSITION 2.12 ([28, 29, 51]). There hold for p > 1 and q > 1;

(2.29) kM��kLp!Lp . k��kL1.Sd�1/; kM��kL1!L1;1 . k��kLq.Sd�1/:

By a standard approximation, we obtain from (2.29) that for q > 1

kM��kMb!L1;1 . k��kLq.Sd�1/:(2.30)

PROPOSITION 2.13. Let K be in (2.14) with constants c1; c2 > 0 and �0 2 .0; 1/.
Let f�ege � C 1.Rd n f0g/ \ L1.Rd / be a family of kernels such that

supp.�e/ � B1; sup
x2Rd ;e

j�e.x/j C jxkr�e.x/j � c0:

For � 2 .0; d/ and f 2 C1
c .Rd / we define

T.f /.x/ D sup
e

sup
�>0

����� ���

j � jd�� �
e.
�
�
/

�
?K ? f .x/

���� 8x 2 Rd :

Then, T extends to bounded operator from Lp.Rd / to itself (p > 1) and L1.Rd /

to L1;1.Rd / with norms

(2.31) kTkLp!Lp C kTkMb!L1;1 . c0.c1 C c2/:

Moreover, for any � 2Mb.R
d /

(2.32) lim sup
�!1

�Ld .fT.�/ > �g/ . c0.c1 C c2/j�js.Rd /;



1148 Q.-H. NGUYEN

In particular, for any BR � Rd and f 2 Lq.BR/ for q > 1,

(2.33) lim sup
�!0

1

jlog.�/j
Z
BR

min
�
��1jf j;T.�/	 . c0.c1 C c2/j�js. xBR/:

Proposition 2.13 is still true for any � � d . This was proven in [17] for the
smooth kernel case (i.e., � 2 C 1

b
.Sd�1/).

PROOF OF PROPOSITION 2.13. For f 2 C1
c .Rd /, we set

T1.f /.x/ D sup
�>0

����Z
jx�´j>2�

K.x � ´/f .´/d´
����;

T2.f /.x/ D sup
e

sup
�>0

��Ke;� ? f .x/
��;

for any x 2 Rd , where

Ke;�.x/ D
Z
Rd

���

jyjd�� �
e

�
y

�

�
K.x � y/dy �

Z
Rd

1

jyjd�� �
e.y/dy1jxj>2�K.x/:

We show that

(2.34) jKe;�.x/j .
c0

jxjd�� min

(
1

��
;

�
�0
2

jxj�02 C�

)
�1.x=jxj/ 8x 2 Rd ;

where

�1.�/ D c1 C c2 C j�.�/j

C sup
r2.0;2/

r�
�0
2

­
Br .0/

j�.� � ´/ ��.�/jd´ 8� 2 Sd�1:

It is enough to prove that����Z
Rd

K.x � y/ 1

jyjd�� �
e

�
y

�

�
dy

���� . c0

jxjd���1.x=jxj/ if jxj � 2�;(2.35)

jKe;�.x/j .
c0�

�0
2

jxjdC�0
2

�1.x=jxj/ if jxj � 2�:(2.36)

Case 1. jxj � 2�. Assume that 2�j0� < jxj � 2�j0C1� for j0 2 N. Let � be
a smooth function in Rd such that �.y/ D 1 if jyj � 1 and �.y/ D 0 if jyj > 11

10
.

Set

K0.x/ D
Z
Rd

K.x � y/ 1

jyjd�� �
e

�
y

�

��
�.2j0�2��1y/ � �.2j0C1��1y/�dy:
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By definition of K and �e, we have

(2.37)

����Z
Rd

K.x � y/ 1

jyjd�� �
e

�
y

�

�
dy

����
. K0.x/C c0

Z
jyj�2jxj

j�.x � y/j
jx � yjd jyjd�� dy

C c0

Z
jyj�jxj=2

j�.x � y/j
jx � yjd jyjd�� dy

. K0.x/C c0

Z
jx�yj�jxj

j�.x � y/j
jy � xj2d�� dy

C c0

jxjd��
Z
jyj�jxj=2

j�.x � y/ ��.x/j dyjyjd C c0j�.x/j
jxjd��

. K0.x/C c0
k�kL1.Sd�1/ C j�.x/j

jxjd��

C c0

jxjd��
Z
jyj�1=2

������ x

jxj � y
�
��

�
x

jxj

����� dyjyjd
. K0.x/C

c0

jxjd���1.x=jxj/:

Here we have used (2.22) in the last inequality.
Thanks to the Gagliardo-Nirenberg interpolation inequality, we find

sup
jyj�jxj

jK0.y/j . jxj1=2krK0kL2d .Rd / C
1

jxjd=2
�Z

Rd

jK0j2 dy
�1=2

:

By the boundedness of operator f 7! K ? f in L2 and PW 1;2d (see Proposition
2.9), one obtains

(2.38)

sup
jyj�jxj

jK0.y/j

. .c1 C c2/jxj1=2
�Z

Rd

����r� �e
�y
�

�
jyjd��

�
�.2j��1y/ � �.2jC1��1y/������2ddy�c 1

2d

C .c1 C c2/
1

jxjd=2
�Z

Rd

���� �e.y� /jyjd��
�
�.2j��1y/ � �.2jC1��1y/�����2dy�1=2

. c0.c1 C c2/

�
jxj1=2.2�j0�/�dC�� 1

2 C 1

jxjd=2 .2
�j0�/�d=2C�

�
.
c0.c1 C c2/

jxjd�� :

Thus, it follows (2.35) from (2.37) and (2.38).
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Case 2. jxj > 2�. By (2.15) and (2.18) we have

(2.39)

����Ke;�.x/

���� � ����Z
Rd

���

jyjd�� �
e

�
y

�

�
.K.x � y/ � K.x//dy

����
. c0j�.x/j

Z
jyj<�

���

jyjd��
jyj

jxjdC1dy

C c0

jxjd
Z
jyj<�

���

jyjd�� j�.x � y/ ��.x/jdy

.
c0j�.x/j�
jxjdC1 C c0

jxjd
Z
jyj<�=jxj

������ x

jxj � y
�
��

�
x

jxj

����� dyjyjd
(2.22)
.

c0�

jxjdC1�1.x=jxj/C
c0�

�0
2

jxjdC�0
2

�1.x=jxj/;

which implies (2.36).
Then, (2.34) gives

jT.f /j . c0T1.f /C T2.f / . c0T1.f /C c0M�1.f /:(2.40)

Thanks to Proposition 2.9 and 2.12 and using the fact that k�1kLq.Sd�1/

(2.21)
.

c1 C c2; we get

�T1;M�1
�


Lp!LpC



�T1;M�1
�


L1!L1;1 . c0.c1 C c2/:

This gives (2.31). Then, similar to the proof of (2.26) and (2.12), we obtain (2.32)
and (2.33) from (2.31). The proof is complete. �

LEMMA 2.14. We denote for �0 > 0, �1 2 .0; ��, and � 2Mb.R
d /

T�1.�/.x/ D sup
e

sup
�2.0;�0/

����� ��1��j � jd�� �
e

� �
�

��
?K ? �.x/

���� 8x 2 Rd :

Then,

(2.41)
kT�1.�/kLq0 .Rd / . .c1 C c2/j�j.Rd /;

q0 D
d

d � 1
4

minf�; �0; �1g
> 1:

PROOF. We deduce from (2.35) and (2.36) that for any x 2 Rd ;����� ��1��j � jd�� �
e

� �
�

��
?K.x/

���� . � ��1��jxjd�� ^
��1

jxjd
�
�1

�
x

jxj

�
. .1C ��1/P.x/;

with

P.x/ D
�

1

jxjd��1 ^
1

jxjd
�
�1

�
x

jxj

�
:

Thus,
T�1.�/.x/ . .1C �

�1
0 /P ? j�j.x/:
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Then, by Minkowski’s inequality, one has

kT�1.�/kLq0 .Rd / . .1C �
�1
0 /k�1kLq0 .Sd�1/j�j.Rd /;

which implies (2.41). �

Remark 2.15. As done for Lemma (2.14), we also show that for �0 > 0 and � 2
Mb.R

d /,

(2.42)
P.�/.x/ D sup

e
sup

�2.0;�0/

����� ���

j � jd�� �
e

� �
�

��
?K ? .. .�/ �  .x//�/.x/

����
2 Lq0loc.R

d /;

for some q0 > 1, with  2 W 1;1.Rd /; one has

kP.�/kLq0 .BR.0// .R k kW 1;1.Rd /j�j.Rd / 8R > 0:(2.43)

Furthermore, if � 2 C 1
b
.Sd�1/, then P.�/.x/ . I1.�/.x/ for any x 2 R.

Remark 2.16. If

�t .x/ D �.t; x/ 2 L1.�0; T �;Mb.R
d // and f 2 L1..0; T /; Lq.BR//

for q > 1, it follows from (2.33) and the dominated convergence theorem that

(2.44)
lim sup
�!0

1

jlog.�/j
Z T

0

Z
BR

min
�
��1jf .x; t/j;T.�t /.x/

	
dx dt

.

Z T

0

j�t js. xBR/dt:

Remark 2.17. We do not know how to prove Proposition 2.13 when �0 D 0.

3 Kakeya Singular Integral Operators
In this section we introduce the Kakeya singular integral operators and establish

a strong version of (2.32) for this operator. It is a main tool of this paper.
Assume that f�e;"g";e � C 1.Rd nf0g;Rd /\L1c .Rd ;Rd / is a family of kernels

such that

(3.1)
supp.�e;"/ � B1.0/ \

�
x W

����e � x

jxj

���� � "�;
j�e;".x/j C "jxkr�e;".x/j � c0;

for any x 2 R
d , " 2 .0; 1=10/, and e 2 S

d�1. Let K be in (2.14) with con-
stants c1; c2 > 0 and �0 2 .0; 1/. Assume that there exists a sequence of �n 2
C 2
b
.Sd�1/ such that �n.�/ D �n.r�/ for any r > 0, � 2 Sd�1, and

(3.2) k�nkW �0;1.B2nB1/
� 2c1; lim

n!1
k�n ��kW �0;1.B2nB1/

D 0;
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and Kn.x/ WD �n.x/K.x/ satisfies (2.17) i.e.,

(3.3) sup
0<R1<R2<0

����Z
R1<jxj<R2

Kn.x/dx

���� � c3
for some c3 > 0. Moreover,

(3.4) lim
n!1

sup
0<R1<R2<0

����Z
R1<jxj<R2

.Kn.x/ � K.x//dx
���� D 0:

For any � 2 C1
c .Rd ;Rd / and �0 > 0, the Kakeya singular integral operator T"

is given by

(3.5)

T".�/.x/

WD TK
" .�/.x/

D sup
�2.0;�0/;e2Sd�1

"�dC1

��

����� 1

j � jd�� �
e;"
� .�/

�
?K ? �.x/

���� 8x 2 Rd ;

for some � 2 .0; d/, where �e;"� .�/ D �e;". �
�
/. Set

T1;n
" WD TKn

" ; T2;n
" WD TKn�K

" :

Thanks to Proposition 2.13 and conditions (3.2), (3.3), and (3.4), we have for any
� 2Mb.R

d /

(3.6)
lim sup
�!1

�Ld .fT".�/ > �g/C �Ld
�fT1;n

" .�/ > �g�
. "�dC1.c1 C c2/j�js.Rd /;

(3.7) lim sup
�!1

�Ld
�fT2;n

" .�/ > �g� . "�dC1cnj�js.Rd /;

for any " 2 .0; 1=10/ 8n, where cn D 0 as n!1.

Remark 3.1. �n in Remark 2.6 satisfies (3.2), (3.3), and (3.4).

Remark 3.2. If K DPd
jD1R2

j D �0 where R1; : : : ;Rd are the Riesz transforms
in Rd , we thus get T".�/ . M".�/; where M" is the Kakeya maximal function in
R
d , i.e.,

M".�/.x/ D sup
�>0;e2Sd�1

­
B�.x/

"�dC11�� ´�x
j´�xj

�e
���"d j�j.´/ 8x 2 Rd :

Our main result is the following:

THEOREM 3.3. Assume that � D Df , f 2 BV.Rd /. Then, we have

lim sup
�!1

�Ld .fT".�/ > �g/ . jlog."/k�js.Rd /(3.8)
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for any " 2 .0; 1
10
/. In particular, for any BR � Rd and f 2 Lq.BR/ for q > 1,

lim sup
�!0

1

jlog.�/j
Z
BR

min
�
��1jf j;T".�/

	
dx . jlog."/jj�js. xBR/(3.9)

for any " 2 .0; 1
10
/.

Remark 3.4. Estimate (3.8) is not true for all � 2 Mb.R
d ;Rd /. Indeed, let

d� D d�f0g and j�e;".e/j � 1 for any e 2 S
d�1 and " > 0; let Tj;" be T"

associated to

K.x/ D Kj .x/ D
jxj2 � x2j d
jxjdC2 :

One has
dX

jD1

Tj;".�/.x/ &
"�dC1

jxjd j�x=jxj;".x=jxj/j & "�dC1

jxjd :

Thus, for any � > 1

�Ld
�fT1;".�/ > �g

� � d�1Ld

 (
dX

jD1

Tj;".�/ > d�

)!
& "�dC1:

It is well-known that

fDx1f 2Mb.R
d / W f 2 BV.Rd /g

is not dense inL1.Rd�1;Mb;x1.R//. So, a natural question is whether (3.8) holds
for any � 2 L1.Rd�1;Mb.R//.

To prove Theorem 3.3, we need the following lemmas:

LEMMA 3.5. Let ! 2 MC
b
.R/ and a W Rd ! R

C be a Borel function. Then, for
any � > 0,

(3.10)

Z
Rd�1

Z
R

1�<jy1Cy2j�2�a.y1 C y2/d!.y1/dHd�1.y2/

. �d
�Z
Sd�1

sup
r2��;2��

a.r�/dHd�1.�/

�
M1.!;R/.0/:

PROOF OF LEMMA 3.5. Let d!�.y/ D 1jyj>�d!.y/ for � 2 .0; �=100/. Let
%m be a standard sequence of mollifiers inR. For anym > 4=�, we have supp.%m?
!�/ � f´ W j´j > �=2g andZ
Rd�1

Z
R

1�<jy1Cy2j�2�a.y1 C y2/.%m ? !�/.y1/dH1.y1/dHd�1.y2/

D
Z
Sd�1

Z 2�

�

rd�1a.r�/1jr�1j>�=2.%m ? !�/.r�1/dr dH
d�1.�/

� .2�/d�1
Z
Sd�1

�
sup

r 02��;2��

a.r 0�/
� Z 2�

�

1jr�1j>�=2.%m ? !�/.r�1/dr dH
d�1.�/:
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On the other hand,Z 2�

�

1jr�1j>�=2.%m ? !�/.r�1/dr �
Z
R

Z 2�

�

1jr�1j>�=2%m.r�1 � ´/dr d!.´/

�
1j�1j> �

4�

j�1j
Z
R

Z 2j�1j�

�2j�1j�

%m.r � ´/drd!.´/ �
1j�1j> �

4�

j�1j
Z
R

1j´j<2j�1j�C 2
m
d!.´/

�
1j�1j> �

4�

j�1j
Z 4j�1j�

�4j�1j�

d!.´/ � 8�M1.!;R/.0/:

Thus, by Fatou’s lemma, letting m ! 1 and then � ! 1, we get (3.10). The
proof is complete. �

Remark 3.6. From proof of Lemma 3.5 we can see that for any e0 2 Sd�1 and
� 2MC

b
.Rd / and ! 2MC

b
. �He0/, if � � ! 
Hd�1 then

M".�/.x/ . M1.!; �He0/.he0; xie0/ 8x 2 Rd ; " > 0:(3.11)

LEMMA 3.7. Let fe1; : : : ; ed g be an orthonormal basis in Rd . Let y0i 2 �Hei

i D 1; : : : ; d and " 2 .0; 1/. For any xi 2 �Hei , i D 1; : : : ; d , we denote
�1
k;
Pd

iDd�kC1 xi
; �2

k;
Pd

iDd�kC1 xi
2MC.

Nd�k
iD1

�Hei / for k D 1; : : : ; d , by

d�1
k;
Pd

iDd�kC1 xi
.yd�k; : : : ; y1/

D d
��Df ed�kPd�k�1

iD1 yiC
Pd

iDd�kC1 xi

��.yd�k/dH1.yd�k�1/ � � � dH1.y1/;

d�2
k;
Pd

iDd�kC1 xi
.yd�k; : : : ; y1/

D 1
j
Pd�k

iD1 y0i�
Pd�k

iD1 yi j�2"
d�1

k;
Pd

iDd�kC1 xi
.yd�k; � � � ; y1/:

Then, for any xi 2 �Hei , i D 1; : : : ; d ,

Z
�He1

� � �
Z
�Hed

 
1 ^

 
�

jPd
iD1.xi � yi /j

!dC2!
1
j
Pd

iD1.y0i�yi /j�"

�
�����f
 

dX
iD1

yi

!
� f

 
y1 C

dX
iD2

xi

!�����dH1.yd / � � � dH1.y1/

.

d�2X
kD0

�dC5=4

"
Id�k3=4

 
�1
k;
Pd

iDd�kC1 xi
;

d�kO
iD1

�Hei

! 
d�kX
iD1

xi

!

C
d�2X
kD0

�dC11��Pd
iD1.y0i�xi /

���2"Md�k

 
�2
k;
Pd

iDd�kC1 xi
;

d�kO
iD1

�Hei

! 
d�kX
iD1

xi

!
;
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and Z
�He1

� � �
Z
�Hed

 
1 ^

 
�

jPd
iD1.xi � yi /j

!dC1!

�
�����f
 

dX
iD1

yi

!
� f

 
y1 C

dX
iD2

xi

!�����dH1.yd / � � � dH1.y1/

.

d�2X
kD0

�dC
1
4 Id�k3=4

 
�1
k;
Pd

iDd�kC1 xi
;

d�kO
iD1

�Hei

! 
d�kX
iD1

xi

!
:

We will prove Lemma 3.7 in the Appendix. Now, we are ready to prove Theorem
3.3.

PROOF OF THEOREM 3.3.
Step 1. We prove that

lim sup
�!1

�Ld
��

T1;n
" .�/ > �

	 \ BR� . jlog."/k�js.Rd /(3.12)

for any R > 0, " 2 .0; 1
10
/, and n 2 N: We now assume that (3.12) is proven. Let

� 2 C1
c .Rd / be such that � D 1 in BR=4 and � D 0 in Bc

R=2
. Thanks to (3.12)

and using the fact that T1;n
" .D.�f // 2 L1.Bc

R/, one gets

lim sup
�!1

�Ld
��

T1;n
" .�/ > �

	�
� lim sup

�!1

�Ld
��

T1;n
" .�/ > �

	 \ BR�C lim sup
�!1

�Ld
��

T1;n
" .�/ > �

	 \ Bc
R

�
. jlog."/k�js.Rd /C lim sup

�!1

�Ld
��

T1;n
" .D..1 � �/f // > �=2	�:

So, by (3.6) and (3.7) and using the fact that T".�/ � T1;n
" .�/CT2;n

" .�/, we have

lim sup
�!1

�Ld .fT".�/ > �g/

. jlog."/k�js.Rd /C C."/jDs..1 � �/f /j.Rd /C C."/cnj�js.Rd /

. jlog."/k�js.Rd /C C."/j�js.Bc
R=4/C C."/cnj�js.Rd /:

This implies (3.8) by letting R !1, n!1. Moreover, as proof of Lemma 2.4
we also get (3.9).

We are now going to prove (3.12) in several steps.
Step 2. Let supp.�s/ be the support of �s . Let � W Rd ! S

d�1 be such that
�.x/ D d�s.x/

d j�js.x/
if x 2 supp.�s/ and �.x/ D .1; : : : ; 0/ 2 Sd�1 if x � supp.�s/.

Let �� W Rd ! S
d�1 be smooth functions such that �� ! � j�js-a.e. in Rd and

lim�!0

R
Rd j�� � �jd j�js D 0: Let 'r 2 C1

b
.Rd / be such that 'r.´/ D 1 if

j´j > 2r and 'r.´/ D 0 if j´j � r and kr'rkL1.Rd / � Cr�1.
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Let us define S� D fy 2 2�Zd W y 2 BRC4�0g for � 2 .0; �0=100/. There
exists a sequence of smooth functions f��y� gy�2S� such that 0 � ��y� .y/ � 1;X

y�2S�

��y� .y/ D 1 8y 2 BRC4�0 ;

and ��y� D 1 in B� .y� /, supp.��y� / � B2� .y� /, jr��y� .y/j � C��1 8y 2 Rd .

Note that Card.S� / �
�
RC�0
�

�d
, B� .y� /\B� .y0� / D ¿ for y� ; y0� 2 S� , y� 6D y0� ;

and X
y�2S�

1B100� .y� /.y/ . 1BRC6�0
.y/ 8y 2 Rd :(3.13)

Set �0 D
P

y�2S�
��y� . For any y� 2 S� , we denote ��y� D ��.y� /:

Because of �s D �h�; �si, one has

� D .1��0/�C�0�aC�0.����/h�; �siC�0��h.����/; �siC�0��h�� ; �si;
and

�0�
�h�� ; �si D

� X
y�2S�

��y�

�
��h�� ; �si

D
X

y�2S�

��y��
�

�
�� � ��y�

�
; �s

�C X
y�2S�

��y� .�
� � ��y� /h��y� ; �si

C
X

y�2S�

��y��
�
y�
h��y� ; �i �

X
y�2S�

��y��
�
y�
h��y� ; �ai:

Hence, with

zKn D "�dC1

��

�
1

j � jd�� �
e;"
� . �/

�
?Kn

and � 2 .0; 1
10
/, we write

zKn ? � D zKn ? ..1 � �0/�/C zKn ? .�0�
a/C zKn ? .�0.� � ��/h�; �si/

C zKn ? .�0�
�h.� � ��/; �si/C

X
y�2S�

zKn ? .��y��
�h.�� � ��y� /; �si/

C
X

y�2S�

zKn ? .��y� .�
� � ��y� /h��y� ; �si/ �

X
y�2S�

zKn ? .��y��
�
y�
h��y� ; �ai/

C
X

y�2S�

"�dC1

��

�
.1 � '��/
j � jd�� �e;"� . �/

�
?Kn ? .�

�
y�
��y� h��y� ; �i/

C
X

y�2S�

"�dC1

��

�
'��

j � jd�� �
e;"
� . �/

�
?Kn ? .�

�
y�
��y� h��y� ; �i/ WD

9X
iD1

I
e;�
i;" :
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Step 3. In this proof, we denote

Ai .�; "/ WD �Ld
�n

sup
�2.0;�0/;e2Sd�1

��I e;�i;"

�� > �o \ BR�:
Thus, for � > 1,

�Ld
��

T1;n
" .�/ > �

	 \ BR� � 9 9X
iD1

Ai .�=9; "/:(3.14)

Thanks to (3.6) we have

lim sup
�!1

X
iD2;7

Ai .�; "/ D 0;(3.15)

lim sup
�!1

X
iD3;4

Ai .�; "/ � C."/kj� � �� jj�sjkM.Rd /;(3.16)

lim sup
�!1

X
iD5;6

Ai .�; "/ � C."/
��� X
y�2S�

��y� j�� � ��y� jj�sj
���
M.Rd /

� C."; �/� j�js.Rd /:

(3.17)

Here in the last inequality we have used the fact thatX
y�2S�

��y� .x/j��.x/ � ��y� j . kr��kL1.Rd /

X
y�2S�

1B2� .y� /.x/jx � y� j

(3.13)
. kr��kL1.Rd /�1BRC6�0

.x/ 8x 2 Rd :

Again, applying (3.6) (where � is replaced by ��) yields

lim sup
�!1

A8.�; "/ � C."/��



 X
y�2S�

��y� j�sj




M.Rd /

� C."/��j�js.Rd /:(3.18)

On the other hand, it is easy to see that sup�2.0;�0/;e2Sd�1 jI
e;�
1;" . �/j 2 L1.BR/;

so

lim sup
�!1

A1.�; "/ D 0:(3.19)

Therefore, we deduce from (3.14) and (3.15)–(3.19) that

(3.20)

lim sup
�!1

�Ld
��

T1;n
" .�/ > �

	 \ BR�
. C.n; "/kj� � �� jj�jskM.Rd / C C.n; "; �/� j�js.Rd /

C C.n; "/��j�js.Rd /C lim sup
�!1

A9.�; "/:

In the next steps, we will deal with A9.�; "/.
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Step 4. One has

I
e;�
9;" .x/

D
X

y�2S�

Z
Rd

K";n
e;�.x � y/��y� .y/d h��y� ; �.y/i

C c."; �; �; �/
X

y�2S�

.'�Kn/ ? .�
�
y�
h��y� ; �i/.x/

DW Ie;�10;".x/C Ie;�11;".x/;

where

(3.21)
K";n
e;�.´

0/ D "�dC1

��

Z
Rd

Kn.´/'��.´
0 � ´/h�

e;"
� .´0 � ´/; ��y� i
j´0 � ´jd�� d´

� c."; �; �; �/'�.´0/Kn.´
0/ 8´0 2 Rd ;

and

(3.22)
c."; �; �; �/ D "�dC1

��

Z
Rd

'��.´
0 � ´/h�

e;"..´0 � ´/=�/; ��y� i
j´0 � ´jd�� d´

D "�dC1
Z
Rd

'� .´/
h�e;".´/; ��y� i

j´jd�� d´:

Note that jc."; �; �; �/j . 1 for all �; "; � > 0, e 2 Sd�1, and by (2.34) in the proof
of Proposition 2.13, we have for any x 2 Rd n f0g,��K";n

e;�.x/
�� � C.n; "; �/ 1

jxjd�� min
�
1

��
;

�

jxj1C�
�
:

Similarly, we also have for any x 2 Rd n f0g,��rK";n
e;�.x/

�� � C.n; "; �/ 1

jxjd��C1 min
�
1

��
;

�

jxj1C�
�
:

Moreover, since j'��.´/j � C1j´j>��, so we have, for any jxj � ��=4,��K";n
e;�.x/

��C �jrK";n
e;�.x/j � C.n; "; �/

1

�d
:

Thus,

(3.23)

��K";n
e;�.x/

�� � C.n; "; �/min
�
1

�d
;

�

jxjdC1
�
;

jrK";n
e;�.x/j � C.n; "; �/min

�
1

�dC1
;

�

jxjdC2
�
:

Thanks to Proposition 2.9, we get

lim sup
�!1

A11.�; "/ .



 X
y�2S�

��y� j�js




M.Rd /

. j�js.Rd /:(3.24)
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Using integration by parts, we haveZ
Rd

K";n
e;�.x � y/��y� .y/d h��y� ; �.y/i

D �
Z
Rd

��y� :ry
�
K";n
e;�.x � y/��y� .y/

�
f .y/dy;

Z
H��y�

Z
�H��y�

K";n
e;�.x � y1 � y2/��y� .y1 C y2/dDf

��y�
zx�;y�

.y1/dHd�1.y2/

D �
Z
Rd

��y� :ry
�
K";n
e;�.x � y/��y� .y/

�
f .hy; ��y� i��y� C zx�;y� /dy:

So,

Ie;�10;".x/

D �
X

y�2S�

Z
Rd

��y� :ry
�
K";n
e;�.x � y/��y� .y/

��
f .y/ � f .hy; ��y� i��y� C zx�;y� /

�
dy

C
X

y�2S�

Z
H��y�

Z
�H��y�

K";n
e;�.x � y1 � y2/��y� .y1 C y2/dD

sf
��y�
zx�;y�

.y1/dHd�1.y2/

C
X

y�2S�

Z
H��y�

Z
�H��y�

K";n
e;�.x � y1 � y2/��y� .y1 C y2/

� h��y� ;Daf .y1 C zx�;y� /idH1.y1/dHd�1.y2/

DW
14X

iD12

I
e;�
i;" .x/;

where throughout this proof we denote zx�;y� D x � hx; ��y� i��y� :
Thus,

A9.�; "/ � 4
14X

iD11

Ai .�=4; "/:(3.25)

Step 5. To treat A13.�; "/ and A14.�; "/, we need to show the following in-
equality:

(3.26)

����Z
H��y�

Z
�H��y�

K";n
e;�.x � y1 � y2/��y� .y1 C y2/d�.y1/dHd�1.y2/

����
. jlog."/j1B4� .y� /.x/M

1.1B2� .y�;1/�;
�H��y�

/.x1/

C C.n; "; �; �/�1B4� .y� /c .x/

Z
H��y�

Z
�H��y�

1B2� .y� /.y1 C y2/d�.y1/dHd�1.y2/;

for any � 2Mb. �H��y�
/ and x 2 Rd where

x1 D


x; ��y�

�
��y� ; y�;1 D



y� ; �

�
y�

�
��y� :
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Now set �x1.´/ D x1 � ´ for any ´ 2 �H��y�
. By Lemma 3.5 with a D jK";n

e;�. �/j,
! D .�x1/#.1B2� .y�;1; �H��y�

/
j�j/, we have

1X
jD�1

Z
H��y�

Z
�H��y�

12j �<jx�y1�y2j�2jC1�a.x � y1 � y2/

� ��y� .y1 C y2/d j�j.y1/dHd�1.y2/

.

1X
jD�1

Z
H��y�

Z
�H��y�

12j �<jy1Cy2j�2jC1�a.y1 C y2/d!.y1/dHd�1.y2/ .

.

1X
jD�1

�
.2j�/d

Z
Sd�1

sup
r2�2j �;2jC1��

a.r�/dHd�1.�/

�
M1.!; �H��y�

/.0/

D
"

1X
jD�1

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

a.r�/dHd�1.�/

#
� M1.1

B2� .y�;1; �H��y�
/
j�j; �H��y�

/.x1/:

So, by (3.32) in Lemma 3.8 below, we obtain that

(3.27)

����Z
H��y�

Z
�H��y�

K";n
e;�.x � y1 � y2/��y� .y1 C y2/d�.y1/dHd�1.y2/

����
. jlog."/jM1.1B2� .y�;1/�;

�H��y�
/.x1/:

On the other hand, for any x � B4� .y� /,�����
Z
H��y�

Z
�H��y�

K";n
e;�.x � y1 � y2/��y� .y1 C y2/d�.y1/dHd�1.y2/

�����
.

Z
H��y�

Z
�H��y�

1jx�y1�y2j>2�1jy1Cy2�y� j<2�

� jK";n
e;�.x � y1 � y2/jd j�j.y1/dHd�1.y2/

(3.23)� C.n; "; �; �/�

Z
H��y�

Z
�H��y�

1jy1Cy2�y� j<2�d j�j.y1/dHd�1.y2/:

From this and (3.27), we find (3.26).
Step 6. Estimate A13.�; "/ and A14.�; "/.

We set

!�y� ;´2 WD 1
B2� .y�;1; �H��y�

/

��Dsf
��y�
´2

�� 8´2 2 H��y�
:
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We then apply (3.26) for �.y1/ D Dsf
��y�
zx�;y�

.y1/ to get that

I
e;�
13;".x/ . jlog."/j

X
y�2S�

1B4� .y� /.x/M
1.!�y� ;zx�;y�

; �H��y�
/.hx; ��y� i��y� /

C
X

y�2S�

C."; �; �/�

Z
H��y�

Z
�H��y�

1B2� .y� /.y1 C y2/d

�
���Dsf

��y�
zx�;y�

���.y1/dHd�1.y2/:

By (2.1) in Proposition 2.2 and (3.13), we have

I
e;�
13;".x/ . jlog."/j

X
y�2S�

1B4� .y� /.x/M
1.!�y� ;zx�;y�

; �H��y�
/.hx; ��y� i��y� /

C
X

y�2S�

C."; �; �/�

Z
Rd

1B2� .y� /.y/d j�js.y/

. jlog."/j
X

y�2S�

1B4� .y� /.x/M
1
�
!�y� ;zx�;y�

; �H��y�

��

x; ��y�

�
��y�

�
C C."; �; �/�j�js.Rd /:

Thus, for �� 1

A13.�; "/

�
X

y0�2S�

�Ld

��
x 2 B2� .y0� / W

X
y�2S�

1B4� .y� /.x/

� M1.!�y� ;zx�;y�
; �H��y�

/.hx; ��y� i��y� / &
�

jlog."/j

��
(3.13)
.

X
y�2S�

�Ld

��
x 2 B8� .y� / W M1.!�y� ;zx�;y�

; �H��y�
/.hx; ��y� i��y� / &

�

jlog."/j

��
:

Thanks to the boundedness of M1. � ; �H��y�
/ from M. �H��y�

/ toL1;1. �H��y�
/ yields

for �� 1

A13.�; "/ .
X

y�2S�

�

Z
H��y�

1j´2�.y��y�;1/j�8�

�H1

��
M1

�
!�y� ;´2 ;

�H��y�

�
&

�

jlog."/j

��
dHd�1.´2/

. jlog."/j
X

y�2S�

Z
H��y�

1j´2�.y��y�;1/j�8�
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�
Z
�H��y�

1
B2� .y1;� ; �H��y�

/
.´1/d jDsf

��y�
´2 j.´1/dHd�1.´2/

. jlog."/j
X

y�2S�

Z
B10� .y� /

d jDsf j.´/ . jlog."/jj�js.Rd /:

Here we have used (2.1) in Proposition 2.2 for the third inequality and (3.13) for
the last one.

Thus,

lim sup
�!1

A13.�; "/ . jlog."/jj�js.Rd /:(3.28)

Similarly, we also have

A14.�; "/ . jlog."/kj�akL1.BRC6�0
/ 8�� 1:

Since

lim sup
�!1

�H1
��

M1
�
1
B2� .y1;� ; �H��y�

/
jDaf . � C ´2/j; �H��y�

�
> �

	� D 0

for Hd�1-a.e. ´2 in H��y�
, so by the dominated convergence theorem we get

lim sup
�!1

A14.�; "/ D 0:(3.29)

Step 7. We will prove that

(3.30)
lim sup
�!1

A12.�; "/

. C.n; "; �/k.� � ��/j�jskM.Rd / C C.n; "; �; �/� j�js.Rd /:

Let f��1.y� /; ��2.y� /; : : : ; ��d .y� /gbe an orthonormal basis inRd such that��1.y� / D
��y� . So, for any x 2 Rd , throughout this proof we denote

x��
i
.y� / D hx; ��i .y� /i��i .y� /; x1;j��

i
.y� /

D
jX

iD1

x��
i
.y� /; x

2;j

��
i
.y� /

D
dX

iDjC1

x��
i
.y� /:

��I e;�12;".x/
�� � C.n; "; �/ 1

�dC1

X
y�2S�

Z
Rd

�
1 ^

�
�

jx � yj

�dC2�
1jy��yj�2�

�
����f .y/ � f .y��y� C dX

iD2

x��
i
.y� //

����dy
C C.n; "; �; �/

1

�d

X
y�2S�

Z
Rd

�
1 ^

�
�

jx � yj

�dC1�

�
����f .y/ � f .y��y� X

y�2S�

Z
Rd

C
dX
iD2

x��
i
.y� //

����dy:
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Applying Lemma 3.7 to fe1; : : : ; ed g D f��1.y� /; ��2.y� /; : : : ; ��d .y� /g and xi D
x��

i
.y� / for i D 1; : : : ; d and " D 2� , we find that

I
e;�
12;".x/

� C.n; "; �; �/� 1
4

d�2X
kD0

X
y�2S�

Id�k3
4

.�1
k;x2;d�k

��
i
.y� /

;

d�kO
iD1

�H��
i
.y� //.x

1;d�k
��
i
.y� /

/

C C.n; "; �/

d�2X
kD0

X
y�2S�

1B4� .y� /.x/M
d�k

 
�2
k;x2;d�k

��
i
.y� /

;

d�kO
iD1

�H��
i
.y� /

!�
x
1;d�k
��
i
.y� /

�
;

where

d�1k;´.yd�k; : : : ; y1/ D d
���Df ��

d�k
.y� /Pd�k�1

iD1 yiC´

���.yd�k/dH1.yd�k�1/ � � � dH1.y1/;

d�2k;´.yd�k; : : : ; y1/ D 1��Pd�k
iD1 .y� /��

i
.y� /

�
Pd�k

iD1 yi

���4�d�1k;´.yd�k; : : : ; y1/;
for any ´ 2Nd

iDd�kC1
�H��

i
.y� /: Hence

(3.31)

lim sup
�!1

A12.�; "/

� lim sup
�!1

�Ld

 (
x 2 BR W C.n; "; �; �/�

1
4

0

�
d�2X
kD0

X
y�2S�

Id�k3
4

.�1
k;x2;d�k

��
i
.y� /

;

d�kO
iD1

�H��
i
.y� //.x

1;d�k
��
i
.y� /

/ > �

)!

C lim sup
�!1

�Ld

 (
x 2 BR W C.n; "; �/

d�2X
kD0

X
y�2S�

1B4� .y� /.x/

� Md�k.�2
k;x2;d�k

��
i
.y� /

;

d�kO
iD1

�H��
i
.y� //.x

1;d�k
��
i
.y� /

/ > �

)!
:

We easily derive from the boundedness of Id�k
3=4

. � ; X/ from

Mb to L
d�k

d�k� 3
4

;1

with X D Nd�k
iD1

�H��
i
.y� / that the first term in the right-hand side of (3.31)

equals 0. Thanks to (2.8), we get that the second term in the right-hand side of
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(3.31) is bounded by

lim sup
�!1

d�2X
kD0

X
y�2S�

�Ld

 (
x 2 B8� .y� / W

C.n; "; �/Md�k

 
�2
k;x2;d�k

��
i
.y� /

;

d�kO
iD1

�H��
i
.y� /

!�
x
1;d�k
��
i
.y� /

�
> �

)!

� C.n; "; �/
d�2X
kD0

X
y�2S�

Z
�H��

d
.y� /

� � �
Z
�H��

1
.y� /

1
j
Pd

iDd�kC1..y� /��
i
.y� /

�xi /j�8�

� d�2;s
k;
Pd

iDd�kC1 xi
.x1; : : : ; xd�k/dH1.xd�kC1/ � � � dH1.xd /

� C.n; "; �/
d�2X
kD0

X
y�2S�

Z
H��

d�k
.y� /

Z
�H��

d�k
.y� /

1jy��.´1C´2/j�16�

� d jDsf
��
d�k

.y� /
´2 j.´1/dHd�1.´2/;

where �2;s
k;
Pd

iDd�kC1 xi
is the singular part of

�2
k;
Pd

iDd�kC1 xi
:

Thanks to (2.1) in Proposition 2.2 and the definition of �, one has

lim sup
�!1

A12.�; "/

� C.n; "; �/
d�2X
kD0

X
y�2S�

Z
Rd

1B20� .y� /.x/jh��d�k.y� /; �.x/ijd j�js.x/:

Because of h��
d�k

.y� /; �
�.y� /i D 0 for any k D 0; 1; : : : ; d � 2, so

jh��d�k.y� /; �.x/ij
� jh��d�k.y� /; �.x/ � ��.x/ij C h��d�k.y� /; ��.x/ � ��.y� /ij
� j.� � ��/.x/j C kr��kL1.Rd /jx � y� j;

which implies that

lim sup
�!1

A12.�; "/

� C.n; "; �/
X

y�2S�

Z
Rd

1B20� .y� /.x/
�j.� � ��/.x/j C kr��kL1.Rd /�

�
d j�js.x/

(3.13)� C.n; "; �/k.� � ��/j�jskM.Rd / C C.n; "; �; �/� j�js.Rd /:

Therefore, we get (3.30).
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Step 8. Estimate A9.�; "/ and finish the proof.
Hence, we derive from (3.25) and (3.24), (3.28), (3.29), (3.30) that

lim sup
�!1

A9.�; "/ . jlog."/k�js.Rd /

C C.n; "; �/kj� � ��k�jskM.Rd / C C.n; "; �; �/� j�js.Rd /:

Combining this with (3.20) yields

lim sup
�!1

�Ld
��

T1;n
" .�/ > �

	 \ BR�
. jlog."/k�js.Rd /C C.n; "; �/kj� � ��k�jskM.Rd /

C C.n; "; �; �/� j�js.Rd /C C.n; "/��j�js.Rd /:

At this point, sending � ! 0, then � ! 0 and � ! 0, we obtain (3.12). The proof
is complete. �

LEMMA 3.8. Let K";n
e;� be in (3.21). Then, for any e 2 Sd�1 there holds

1X
jD�1

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

��K";n
e;�.r�/jdHd�1.�/ . jlog."/j:(3.32)

PROOF.

Case 1. j � 1. For any r 2 �2j�; 2jC1��; � 2 Sd�1, we can estimate��K";n
e;�.r�/

�� D ����"�dC1��

Z
Rd

�Kn.y/ � Kn.r�/�'��.r� � y/

� h�e;"..r� � y/=�/; ��y� i
jr� � yjd�� dy

����
.
"�dC1

��

Z
Rd

jKn.r� � y/ � Kn.r�/j
1jyj��1j y

jyj
�ej�"

jyjd�� dy:

By (2.18), one has for jyj < r=2,

jKn.r� � y/ � Kn.r�/j .
j�n.�/kyj
rdC1

C 1

rd
j�n.r� � y/ ��n.r�/j:

So, for any r 2 �2j�; 2jC1��;��K";n
e;�.r�/

�� . "�dC1j�n.�/j
��rdC1

Z
Rd

1jyj��1j y
jyj

�ej�"

jyjd���1 dy

C "�dC1

��rd

Z
Rd

j�n.r� � y/ ��n.r�/j
1jyj��1j y

jyj
�ej�"

jyjd�� dy

.
2�j j�n.�/j
.2j�/d
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C 2j�"�dC1

.2j�/d

Z
Rd

j�n.� � y/ ��n.�/j
1jyj�2�j 1j y

jyj
�ej�"

jyjd�� dy:

Thus,

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jK";n
e;�.r�/jdHd�1.�/ . 2�j k�nkL1.Sd�1/

C "�dC12j�
Z
Rd

1jyj�2�j 1��y=jyj�e���"
jyjd����0=2 dy sup

jhj�1=2

k�n.� � h/ ��n.�/kL1.Sd�1/

jhj�0=2
(3.2);(2.21)
. 2�j C 2�j�0=2 . 2�j�0=2;

which implies

1X
jD1

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

��K";n
e;�.r�/

��dHd�1.�/ . 1:(3.33)

Case 2. j � 0. We prove that

Aj WD .2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

��K";n
e;�.r�/

�� � C jlog."/j2j 1
2

minf�;1g:(3.34)

Indeed, let  be a smooth function in Rd such that  .x/ D 1 if jxj � 1 and
 .x/ D 0 if jxj > 2. Assume r 2 .2j�; 2jC1��. One has for any � 2 Sd�1,

(3.35) Aj . 2
jd C

1X
iD�1

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n.r�/j;

where

Ki;n.r�/ D
"�dC1

��

Z
Rd

Kn.r� � y/'��.y/
h�e;".y=�/; ��y� i

jyjd��
� � .2�i��1y/ �  .2�iC1��1y/�dy:

We now estimate 
j�3X
iD�1

C
1X

iDjC3

!
.2j�/d

Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n.r�/j:
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To do this, we have

 
j�3X
iD�1

C
1X

iDjC3

!
jKi;n.r�/j

.

 
j�3X
iD�1

C
1X

iDjC3

!
"�dC1

��

Z
Rd

j�n.r� � y/j
jr� � yjd

1j y
jyj

�ej�"

jyjd�� 12i�1�<jyj<2iC1� dy

.

 
j�3X
iD�1

C
1X

iDjC3

!
"�dC1

�d2.d��/j

Z
Rd

j�n.� � y/j
1C jyjd

1j y
jyj

�ej�"

jyjd�� 12i�j�2<jyj<2i�jC1 dy

.

j�3X
iD�1

2.i�j /�

�d2j.d��/
F2i�jC1.�/C

1X
iDjC3

1

�d2i.d��/
F2i�jC1.�/;

where F#.�/ D "�dC1

#d

R
Rd j�n.� � y/j1j y

jyj
�ej�"1#=8<jyj<# dy:

We claim thatZ
Sd�1

F#.�/ . 1C #d�1 if # � 16 or # � 1=2:

In fact:
If # � 1

2
, thanks to �n.�/ D �n.&�/ for any & > 0, � 2 Sd�1, we have

Z
Sd�1

F#.�/ D
5

2

"�dC1

#d

Z
Rd

Z
4=5<jxj<6=5

j�n.x � jxjy/jdx1j y
jyj

�ej�"1#=8<jyj<# dy

. k�nkL1.Sd�1/

"�dC1

#d

Z
Rd

1j y
jyj

�ej�"1#=16<jyj<2# dy
(2.21)
. 1:

If # � 16. We have

Z
Sd�1

F#.�/

D 5

2

"�dC1

#d

Z
Rd

Z
4=5<jxj<6=5

j�n.x � jxjy/jdx1jy=jyj�ej�"1#=16<jyj<2# dy

.
"�dC1

#d

Z
Rd

Z
jyj�2<jxj<2Cjyj

j�n.x/jdx 1jy=jyj�ej�"1#=32<jyj<4# dy dh

.
"�dC1

#d

Z
Rd

jyjd�1k�nkL1.Sd�1/1j y
jyj

�ej�"1#=32<jyj<4# dy dh . #
d�1:
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Therefore, 
j�3X
iD�1

C
1X

iDjC3

!
.2j�/d

Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n.r�/j

.

j�3X
iD�1

2jd2.i�j /�

2j.d��/

Z
Sd�1

F2i�jC1.�/C
1X

iDjC3

2jd

2i.d��/

Z
Sd�1

F2i�jC1.�/

.

j�3X
iD�1

2i� C
1X

iDjC3

2j 2i.��1/ . 2j
1
2

minf�;1g:

Here we have used the fact that j � 0 in the last inequality.

Next, we estimate
jC2X
iDj�2

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n.r�/j:

We can decompose

Ki;n.r�/ D
1X

lD�4

Ki;n;l.r�/; i D j � 2; : : : ; j C 2 � 2;

where

Ki;n;l.r�/ D
"�dC1

��

Z
Rd

12i�l�1�<jr��yj�2i�l�Kn.r� � y/'��.y/

� h�e;".y=�/; ��y� i
jyjd��

�
 .2�i��1y/ �  .2�iC1��1y/�dy:

First we will show that
jC2X
iDj�2

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n;l.r�/j . 2j� 8l � �4:(3.36)

In fact, one has

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n;l.r�/j

. .2j�/d
"�dC1

��
1

.2i�l�/d .2i�/d��

�
Z
Sd�1

sup
r2�2j �;2jC1��Z

Rd

j�n.r� � y/j1j y
jyj

�ej�"1jr��yj�2i�l�1jyj�2i� dy dHd�1.�/:
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We change the variable to get that

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n;l.r�/j

. "�dC12j�2ld
Z
Sd�1

Z
Rd

j�n.� � y/j1j y
jyj

�ej�"1j��yj�2�l dy dHd�1.�/:

On the other hand,Z
Sd�1

Z
Rd

j�n.� � y/j1j y
jyj

�ej�"1j��yj�2�l dy dHd�1.�/

. 2l
Z
khj�1j�2�l�10

Z
Rd

j�n.h � y/j1j y
jyj

�ej�"1jh�yj�2�l1kyj�1j.2�l dy dh

. 2l
Z
Rd

�Z
Rd

j�n.h � y/j1jh�yj�2�ldh
�

1j y
jyj

�ej�"1kyj�1j.2�l dy

. 2�.d�1/l
Z
Rd

1j y
jyj

�ej�"1kyj�1j.2�l dy . 2
�dl"d�1:

Consequently,

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n;l.r�/j . 2j�I

this implies (3.36).
Next, thanks to 3.3, we have for l0 > 100,

1X
lDl0

jKi;n;l.r�/j .
1X
lDl0

"�dC1

��

Z
Rd

1jyj�2i�l�jKn.y/k�.r� � y/ ��.r�/jdy

C "�dC1

��
j�.r�/j;

where �.y/ D '��.y/
h�e;".y=�/;��y� i

jyjd��

�
 .2�i��1y/ �  .2�iC1��1y/�:

Since

j'��.y/j � C1jyj>��; jr'��.y/j �
C1��<jyj�2��

jyj ;

we easily see that for any l > 100, 2i�l�1� < jr� � yj � 2i�l�, and r 2
�2j�; 2jC1��,

j�.r�/j . 1j��ej�"

.2i�/d��
; j�.r� � y/ ��.r�/j . jyj

"

1

.2i�/d��C1
:
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Thus, we get

(3.37)

1X
lDl0

jC2X
iDj�2

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n;l.r�/jdHd�1.�/

.

1X
lDl0

jC2X
iDj�2

.2j�/d
Z
Sd�1

"�dC1

��

Z
jyj�2i�l�

j�n.y/j
".2i�/d��C1jyjd�1 dy dH

d�1.�/

C
jC2X
iDj�2

.2j�/d
Z
Sd�1

"�dC1

��

1j��ej�"
.2i�/d��

dHd�1.�/

.

1X
lDl0

jC2X
iDj�2

.2j�/d
"�dC1

��
2i�l�

".2i�/d��C1
C 2j� . 2j�

�
"�d2�l0 C 1

�
:

Therefore, it follows from (3.36) and (3.37) that

jC2X
iDj�2

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n.r�/jdHd�1.�/ � C2j�.1C l0 C "�d2�l0/:

At this point we take 2l0 � "�d and obtain that

jC2X
iDj�2

.2j�/d
Z
Sd�1

sup
r2�2j �;2jC1��

jKi;n.r�/jdHd�1.�/ � C2j�jlog."/j:

From this and (3.35), we get (3.34).

Then, (3.32) follows from (3.33) and (3.34). The proof is complete. �

4 Regular Lagrangian Flows and Quantitative Estimates
with BV Vector Fields

We first recall some definitions and properties of Regular Lagrangian flows in-
troduced in [17]. Given a vector field B.t; x/ W .0; T /�Rd ! R

d , we assume the
following growth condition:

(R1) The vector field B.t; x/ can be decomposed as

B.t; x/
1C jxj D

zB1.t; x/C zB2.t; x/;

with zB1 2 L1..0; T /IL1.Rd // and zB2 2 L1..0; T /IL1.Rd //.

We denote by L0loc the space of measurable functions endowed with local conver-
gence in measure, and B.E1IE2/ the space of bounded functions between the sets
E1 and E2, logLloc.R

d / the space of measurable functions u W Rd ! R such
that

R
Br

log.1 C ju.x/j/dx is finite for any r > 0. The following is definition of
Regular Lagrangian flow:
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DEFINITION 4.1. If B is a vector field satisfying (R1), then for fixed t0 2 �0; T /, a
map

X 2 C.�t0; T �IL0loc
.Rd // \ B.�t0; T �I logLloc.R

d //

is a regular Lagrangian flow in the renormalized sense relative to B starting at t0 if
we have the following:

(i) The equation

@t .h.X.t; x/// D .rh/.X.t; x//B.t; X.t; x//
holds in D0..t0; T / �Rd / for every function h 2 C 1.Rd ;R/ that satisfies
jh.´/j � C.1C log.1C j´j// and jrh.´/j � C

1Cj´j
for all ´ 2 Rd .

(ii) X.t0; x/ D x for Ld -a.e. x 2 Rd .
(iii) There exists a constant L > 0 such that X.t; � /#Ld � LLd for any t 2

�t0; T �, i.e., Z
Rd

'.X.t; x//dx � L
Z
Rd

'.x/dx;

for all measurable ' W Rd ! �0;1/. The constant L here will be called
the compressibility constant of X .

We define the sub-level of the flow as

GR D �
x 2 Rd W jX.t; x/j � R for almost all t 2 �t0; T �

	
:

The following lemma gives a basic estimate for the decay of the super-levels of a
regular Lagrangian flow. This lemma was proven in [17].

LEMMA 4.2. Let B be a vector field satisfying (R1) and let X be a regular La-
grangian flow relative to B starting at time t0, with compressibility constant L.
Then for all r; R > 0 we have Ld .Br n GR/ � g.r; R/ where the function g
depends only on L, k zB1kL1..0;T /IL1.Rd // and k zB2kL1..0;T /IL1.Rd // and satisfies
g.r; R/ # 0 for r fixed and R " 1:

The following is our main theorem.

THEOREM 4.3. Let B 2 L1.�0; T �IL1
loc
.Rd ;Rd // and R > 1. Assume that

Bi D
mX

jD1

Ki
j ? bj in B2R; with bj 2 L1.�0; T �;BV.Rd //;(4.1)

where .Ki
j /i;j are singular kernels in Rd satisfying conditions of singular ker-

nel K in Theorem 3.3 with constants c1; c2 > 0. Let t0 2 �0; T /, B1;B2 2
L1.�0; T �IL1

loc
.Rd ;Rd // and let X1; X2 be regular Lagrangian flows starting at

time t0 associated to B1;B2 resp. with compression constants L1; L2 � L0 for
some L0 > 0. Assume that k.B1;B2/kL1.�0;T ��BR/

� cR:
Then, if

div.B/ 2 L1..0; T /;Mb.B2R// and .div.B//C 2 L1..0; T /; L1.B2R//
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for any � 2 .0; 1/; r > 1 there exists �0 D �0.d; T; r; R; cR; c1; c2; L0; b; �/ 2
.0; 1

100
/ such that

(4.2)

sup
t12�t0;T �

Ld
��
x 2 Br W jX1t1.x/ �X2t1.x/j > �1=2

	�
. Ld

�
Br nG1;R

�C Ld
�
Br nG2;R

�
C L0

�
k.B1 � B;B2 � B/kL1.�0;T ��BR/

C � for any � 2 .0; �0/:

where Gi;R D �
x 2 RN W jXi .s; x/j � R for almost all s 2 �t0; T �

	
for i D 1; 2.

We derive the following from Theorem 4.3 and Lemma 4.2:

COROLLARY 4.4. Let B 2 L1.�0; T �IL1
loc
.Rd ;Rd //. Assume that for any R > 0,

there exist singular kernels .Ki
jR/i;j .i D 1; : : : ; d; j D 1; : : : ; m.R// inRd satis-

fying conditions of singular kernel K in Theorem 3.3 with constants c1R; c2R > 0;
and bjR 2 L1.�0; T � ; BV.Rd // such that

(4.3) Bi D
mX

jD1

Ki
jR ? bjR in B2R:

Let t0 2 �0; T /, B1;B2 2 L1.�0; T �IL1
loc
.Rd ;Rd // and let X1; X2 be regular

Lagrangian flows starting at time t0 associated to B1;B2 resp. with compression
constants L1; L2 � L0 for some L0 > 0. Assume that B1;B2 satisfy .R1/ i.e.,
Bl .t;x/
jxjC1

D zB1l.t; x/C zB2l.t; x/, l D 1; 2 withX
lD1;2

k zB1lkL1..0;T /IL1.Rd // C k zB2lkL1..0;T /IL1.Rd // � C0:

Then, if div.B/ 2 L1..0; T /;Mloc.R
d // and .div.B//C 2 L1..0; T /; L1

loc
.Rd //,

for any � 2 .0; 1/; r > 1 there exist R0 D R0.d; T; r; C0; L0; �/ > 1, �0 D
�0.d; T; r; C0; c1R0

; c2R0
; L0; bR0

; �/ 2 .0; 1=100/ such that

sup
t12�t0;T �

Ld
�n
x 2 Br W jX1t1.x/ �X2t1.x/j > �1=2

o�
(4.4)

.
L0

�
k.B1 � B;B2 � B/kL1.�0;T ��BR0

/ C �;

for any � 2 .0; �0/.
PROOF OF THEOREM 4.3. Without loss generality, we assume t0 D 0.

Step 1. By Proposition 2.1, there exist unit vectors �t .x/ 2 Rm; �t .x/ 2 Rd

such that Dsbt .x/ D �t .x/
 �t .x/jDsbt j.x/ i.e.,

Ds
xj
btk.x/ D �tk.x/�tj .x/jDsbt j.x/
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for any k D 1; : : : ; m; j D 1; : : : ; d . Let �"t 2 C1..0; T / � Rd ;Rd /; �"t 2
C1..0; T / �Rd ;Rm/ be such that j�"t j D j�"t j D 1 and

lim
"!0

Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt C lim
"!0

Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt D 0:

For � 2 .0; 1
100
/; 1 < 
 < jlog.�/j; " > 0, and t 2 �0; T �, let us define the quantity

(4.5)
�

;"

�
.t/

D 1

2

Z
D

log
�
1C jX1t .x/ �X2t .x/j2 C 
h�"t .X1t .x//; X1t .x/ �X2t .x/i2

�2

�
dx:

whereD D Br \G1;R \G2;R. Since @tXjt D Bjt .Xjt /, 1 has for any t1 2 �0; T �

(4.6)

sup
t12�0;T �

�

;"

�
.t1/ D sup

t12�0;T �

Z t1

0

d�

;"

�
.t/

dt
dt

� sup
t12�0;T �

Z t1

0

Z
D

hX1t �X2t ;B1t .X1t / � B2t .X2t /i
�2 C jX1t �X2t j2 C 
h�"t .X1t /; X1t �X2t i2

dx dt

C sup
t12�0;T �

Z t1

0

Z
D


h�".X1t /; X1t �X2t ih�"t .X1t /;B1t .X1t / � B2t .X2t /i
�2 C jX1t �X2t j2 C 
h�"t .X1t /; X1t �X2t i2

dx dt

C sup
t12�0;T �

Z t1

0

Z
D


h�".X1t /; X1t �X2t ih.r�"t /.X1t /B1t .X1t /; X1t �X2t i
�2 C jX1t �X2t j2 C 
h�"t .X1t /; X1t �X2t i2

dx dt

C sup
t12�0;T �

Z t1

0

Z
D


h�".X1t /; X1t �X2t ih.@t�"t /.X1t /; X1t �X2t i
�2 C jX1t �X2t j2 C 
h�"t .X1t /; X1t �X2t i2

dx dt

D I1.�; "; 
/C I2.�; "; 
/C I3.�; "; 
/C I4.�; "; 
/:

By k�"kL1..0;T /�Rd / � 1; and changing variable along the flows with .Xjt /#Ld �
L0Ld for all t 2 �0; T � and j D 1; 2, we getX

iD1;2

Ii .�; "; 
/ .
L0


1=2

�
k.B1 � B;B2 � B/kL1.�0;T ��BR/

C
X
iD5;6

Ii .�; "; 
/(4.7)

and

jI3.�; "; 
/j . L0
1=2kr�"kL1..0;T /�Rd /kB1kL1.�0;T ��BR/
;(4.8)

jI4.�; "; 
/j . 
1=2rdT k@t�"kL1..0;T /�Rd /;(4.9)

where

I5.�; "; 
/

D sup
t12�0;T �

Z t1

0

Z
D

hX1t �X2t ;Bt .X1t / � Bt .X2t /i
�2 C jX1t �X2t j2 C 
h�"t .X1t /; X1t �X2t i2

dx dt;

I6.�; "; 
/

D sup
t12�0;T �

Z t1

0

Z
D


h�"t .X1t /; X1t �X2t ih�"t .X1t /;Bt .X1t / � Bt .X2t /i
�2 C jX1t �X2t j2 C 
h�"t .X1t /; X1t �X2t i2

dx dt:

On the other hand,
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(4.10)

sup
t12�0;T �

�

;"

�
.t1/

� 1

2
jlog.�/j sup

t12�0;T �

Ld
��
x 2 D W jX1t1.x/ �X2t1.x/j > �1=2

	�
� 1

2
jlog.�/j sup

t12�0;T �

Ld
��
x 2 Br W jX1t1.x/ �X2t1.x/j > �1=2

	�
� 1

2
jlog.�/j�Ld .Br nG1;R/C Ld .Br nG2;R/

�
:

It follows from (4.6), (4.7), (4.8), and (4.10) and 
 < jlog.�/j that for any t1 2
�0; T �

(4.11)

sup
t12�0;T �

Ld
��
x 2 D W jX1t1.x/ �X2t1.x/j > �1=2

	�
. Ld .Br nG1;R/C Ld .Br nG2;R/

C C."; 
; r; T /

jlog.�/j
�
L0kB1kL1.�0;T ��BR/

C 1
�

C L0

�
k.B1 � B;B2 � B/kL1.�0;T ��BR/

C I5.�; "; 
/

jlog.�/j C I6.�; "; 
/

jlog.�/j :

Step 2. We prove that for any "1 2 .0; 1
100
/,

(4.12)

lim sup
�!0

I5.�; "; 
/

jlog.�/j

� C."1/
Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt

C C.L0/"1jlog."1/j
Z T

0

Z
Rd

d jDsbt jdt

C C.L0; "1/

�1=2

Z T

0

Z
Rd

d jDsbt jdt:

Indeed, thanks to (4.19) in Lemma 4.6 below with x1 D X1t ; x2 D X2t 2 BR and
changing variable along the flows with .Xlt /#Ld � L0Ld for all t 2 �0; T � and
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l D 1; 2, we find that

(4.13)

lim sup
�!0

I5.�; "; 
/

jlog.�/j

. lim sup
�!0

L0

jlog.�/j
X
i;j

Z T

0

Z
BR

P1.Db/
�

^ T1
"1;i;j

.Dabj /dx dt

C lim sup
�!0

L0

jlog.�/j
X
i;j

Z T

0

Z
BR

P1.Db/
�

^ T1
"1;i;j

.!"tij /dx dt

C lim sup
�!0

L0

jlog.�/j
Z T

0

Z
BR

P1.Db/dx dt

C lim sup
�!0

L0"1

jlog.�/j
X
i;j

Z T

0

Z
BR

P1.Db/
�

^ T2
"1;i;j

.Dbtj /dx dt

C lim sup
�!0

L0

�1=2

jlog.�/j
X
i;j

Z T

0

Z
BR

P1.Db/
�

^ T1
"1;i;j

.�tj jDsbtj j/dx dt

D .1/C .2/C .3/C .4/C .5/;

where
P

i;j WD
Pd

iD1

Pm
jD1, !"tij WD .�t � �"t /�tj jDsbtj j and T1

"1;i;j
;T2

"1;i;j
are

defined in Lemma 4.6 and P1.Db/ 2 L1..0; T /; Lq0loc
.Rd // for some q0 > 1.

Clearly, .3/ D 0. We can apply (2.33) in Proposition 2.13 (and Remark 2.16) to
T1
"1;i;j

and f D P1.Db/ to get that

.1/ D 0; .2/ � C."1/
Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt;

.5/ � C."1/
�1=2
Z T

0

Z
Rd

d jDsbt jdt:

On the other hand, it is clear to see that Ki
j and �"1;e

2 satisfy Theorem 3.3. So, we
can apply (3.9) in Theorem 3.3 to T2

"1;i;j
and f D P1.Db/, (with � D 1; " D "1)

and obtain that

.4/ . "1jlog."1/j
Z T

0

Z
Rd

d jDsbt jdt:

Plugging above estimates into (4.13) gives (4.12).
Step 3. We prove that for any "2 2 .0; 1

100
/

(4.14)
lim sup
�!0

I6.�; "; 
/

jlog.�/j . C."2/

1=2

Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt

C 
1=2"2jlog."2/j
Z T

0

Z
Rd

d jDsbt jdt:
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Thanks to (4.20) in Lemma 4.6 below with x1 D X1t , x2 D X2t 2 BR; "1 D "2,
and changing variable along the flows with .Xlt /#Ld � L0Ld for all t 2 �0; T �
and l D 1; 2, we find that

lim sup
�!0

I6.�; "; 
/

jlog.�/j

. lim sup
�!0


1=2L0

jlog.�/j
X
i;j

Z T

0

Z
BR

P2.Db/
�

^ T1
"2;i;j

.Dabj /dx dt

C lim sup
�!0


1=2L0

jlog.�/j
X
i;j

Z T

0

Z
BR

P2.Db/
�

^ T1
"2;i;j

.!"tij /dx dt

C lim sup
�!0

L0

1=2

jlog.�/j
X
i;j

Z T

0

Z
BR

P2.Db/dx dt

C lim sup
�!0

L0

1=2"2

jlog.�/j
X
i;j

Z T

0

Z
BR

P2.Db/
�

^ T2
"2;i;j

.Dbj /dx dt

C lim sup
�!0

C."2; 
/

jlog.�/j
Z T

0

Z
BR

I1.1B4R
.diva.Bt //

C/

�
^ M.1B4R

.diva.Bt //
C/dx dt

D .6/C .7/C .8/C .9/C .10/;

where !"tij WD .�t � �"t /�tj jDsbtj j and P2.Db/ 2 L1..0; T /; Lq0loc
.Rd // for some

q0 > 1. Similarly, we also obtain that .6/C .8/ D 0 and

.7/ � C."2/
1=2
Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt;

.9/ . 
1=2"2jlog."2/j
Z T

0

Z
Rd

d jDsbt jdt:

Moreover, by 2.12 in Lemma (2.4), one has .10/ D 0. Thus, we get (4.14). There-
fore, we derive from (4.11) and (4.12), (4.14) that

(4.15)

sup
t12�0;T �

Ld
��
x 2 D W jX1t1.x/ �X2t1.x/j > �1=2

	�
. Ld .Br nG1;R/C Ld .Br nG2;R/

C L0

�
k.B1 � B;B2 � B/kL1.�0;T ��BR/

C A.�/;
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and

(4.16)

lim sup
�!0

A.�/

. lim sup
�!0

I5.�; "; 
/

jlog.�/j C lim sup
�!0

I6.�; "; 
/

jlog.�/j

.
�
C."1/C C."2/


1=2
� Z T

0

Z
Rd

j�t � �"t jd jDsbt jdt

C �

1=2"2jlog."2/j C C."1/


�1=2 C "1
��log."1/

��� Z T

0

Z
Rd

d jDsbt jdt:

In the right-hand side of (4.16), we let "! 0, then "2 ! 0, 
 !1 and "1 ! 0 to
get that lim sup�!0A.�/ � 0. Combining this and (4.15) yields (4.2). The proof
is complete. �

Let �";e
1 ; �

";e
2 be in Lemma 2.3. For any i D 1; : : : ; d , x1 6D x2 2 BR.0/, and

"1 2 .0; 1
100
/, we define e1 D �e2 D x1�x2

jx1�x2j
, r D jx1 � x2j, and

�
"1;e
l;r

. �/ D �
"1;e
l

� �
r

�
; z�"1;e

l;r

� �
r

�
D 1

r

"�dC11

j � jd�1�
"1;e
l;r

.�/; l D 1; 2;

A
reg
i1 WD

X
kD1;2

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ? .e1:Dabj /

�
.xk/;

A
appro
i1 WD

X
kD1;2

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ?

�
.e1:.�t � �"t //�tj jDsbtj j

��
.xk/;

Adiff-1
i1 WD

X
kD1;2

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ?

�
.e1:.�"t � �"t .xk///�tj jDsbtj j

��
.xk/;

Adiff-2
i1 WD

mX
jD1

�
e1 � .�"t .x2/ � �"t .x1//

��
Ki
j ?

z�"1;e2
1;r ?

�
�tj jDsbtj j

��
.x2/;

A
sing
i1 WD

X
kD1;2

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ?

�
�tj jDsbtj j

��
.xk/;

Ai2 D
mX

jD1

�
Ki
j ?

z�"1;e1
2;r ? Dbj

�
.x1/ �

�
Ki
j ?

z�"1;e2
2;r ? Dbj

�
.x2/;

Ereg WD �
X
kD1;2

dX
iD1

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ?

�
Da
xi
btj
��
.xk/;

Eappro WD
X
kD1;2

dX
iD1

mX
jD1

h
Ki
j ?

z�"1;ek
1;r ?

�
.�"ti � �ti /�tj jDsbtj j

�i
.xk/;
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Ediff-1 WD
X
kD1;2

dX
iD1

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ?

�
.�"ti .x1/ � �"ti /�tj jDsbtj j

��
.xk/;

Ediff-2 WD
dX
iD1

mX
jD1

.�"ti .x1/ � �"ti .x2//
�
Ki
j ?

z�"1;e2
1;r ?

�
�tj jDsbtj j

��
.x2/:

Then, we have the following identities:

LEMMA 4.5. There holds

Bi
t .x1/ � Bi

t .x2/ D rA
reg
i1 C rA

appro
i1 C rAdiff-1

i1 C rAdiff-2
i1

C r"1Ai2 C r.e1:�"t .x1//A
sing
i1 ;

(4.17)

and 1

(4.18)
h�"t .x1/; Asing

1 i D Ereg CEappro CEdiff-1 CEdiff-2

C
X
iD1;2

z�"1;ei
1;r ? �div.Bt /�.xi /;

PROOF. By Proposition 2.3 with " D "1 we have

btj .x1 � ´/ � btj .x2 � ´/
D r z�"1;e1

1;r ? .e1:Dbtj /.x1 � ´/C "1r z�"1;e1
2;r ? Dbtj .x1 � ´/

� r z�"1;e2
1;r ? .e2:Dbtj /.x2 � ´/ � "1r z�"1;e2

2;r ? Dbtj .x2 � ´/;
for any ´ 2 Rd . So, by (4.1), we get

Bi
t .x1/ � Bi

t .x2/

D
mX

jD1

�
Ki
j ? btj .x1/ � Ki

j ? btj .x2/
�

D
mX

jD1

r
�
Ki
j ?

z�"1;e1
1;r ? .e1:Dbtj /

�
.x1/C r"1

�
Ki
j ? �

"1;e1
2;r ? Dbtj

�
.x1/

� r�Ki
j ?

z�"1;e2
1;r ? .e2:Dbtj /

�
.x2/ � r"1

�
Ki
j ?

z�"1;e2
2;r ? Dbtj

�
.x2/:

Using Dbtj D Dabtj C �tj�t jDsbt j yields

Bi
t .x1/ � Bi

t .x2/ D rA
reg
i1 C r"1Ai2

C
X
kD1;2

mX
jD1

r
�
Ki
j ?

z�"1;ek
1;r ?

�
.e1:�t /�tj jDsbtj j

��
.xk/:

1 Here Asing
1
D .A

sing
11

; A
sing
21

; : : : ; A
sing
d1

/.
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Since e1:�t D e1:.�t � �"t /C e1:.�"t � �"t .x1//C e1:�"t .x1/,

Bi
t .x1/ � Bi

t .x2/ D rA
reg
i1 C r"1Ai2 C rA

appro
i1 C rAdiff-1

i1 C rAdiff-2
i1

C
X
kD1;2

mX
jD1

r
�
Ki
j ?

z�"1;ek
1;r ?

�
.e1:�"t .x1//�tj jDsbtj j

��
.xk/;

which implies (4.17).
We have

h�"t .x1/; Asing
1 i D

X
kD1;2

dX
iD1

mX
jD1

�
Ki
j ?

z�"1;ek
1;r ?

�
�"ti .x1/�tj jDsbtj j

��
.xk/:

Since �"ti .x1/ D .�"ti .x1/��"ti /C.�"ti��ti /C�ti and �ti�tj jDsbtj j D �Da
xi
btjC

Dxibtj , thus

h�"t .x1/; Asing
1 i D Ediff-1 CEdiff-2 CEappro CEreg

C
2X

kD1

dX
iD1

mX
jD1

Ki
j ?

z�"1;ek
1;r ? Dxibtj .xk/:

Using associative and commutativity properties of convolution and

dX
iD1

mX
jD1

Ki
j ? Dxibtj D

dX
iD1

Dxi

 
mX

jD1

Ki
j ? btj

!
D div.Bt /

yields

h�"t .x1/; Asing
1 i D Ereg CEappro CEdiff-1 CEdiff-2

C
X
kD1;2

z�"1;ek
1;r ? �div.Bt /�.xk/:

This gives (4.18). The proof is complete. �

Lemma 4.5 implies the following:

LEMMA 4.6. We define for "1 2 .0; 1=100/ and R > 0

Tl
"1;i;j

.�l/.x/

D sup
�2.0;2R/;e2Sd�1

"�dC11

�

����� 1

j � jd�1�
"1;e
l;�

.�/
�
?Ki

j ? �l.x/

���� 8x 2 Rd ;

with �2 2Mb.R
d ;Rd /; �1 2Mb.R

d / or �1 2Mb.R
d ;Rd /.

There exist P1.Db/;P2.Db/ 2 L1..0; T /; Lq0loc
.Rd // for some q0 > 1 such thatX

kD1;2

kPk.Db/kL1..0;T /;Lq0 .BR.0///
� C.R; "1; "/kbkL1..0;T /;BV.Rd //
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for any x1 6D x2 2 BR, we have

A1 WD
jhx1 � x2;Bt .x1/ � Bt .x2/ij

�2 C jx1 � x2j2 C 
h�"t .x1/; x1 � x2i2

.
X
l;i;j

P1.Db/.xl ; t /
�

^ T1
"1;i;j

.Dabj /.xl/

C
X
l;i;j

P1.Db/.xl ; t /
�

^ T1
"1;i;j

.!"tij /.xl/

C P1.Db/.xl ; t /C "1
X
l;i;j

P1.Db/.xl ; t /
�

^ T2
"1;i;j

.Dbtj /.xl/

C 
�1=2
X
l;i;j

P1.Db/.xl ; t /
�

^ T1
"1;i;j

.�tj jDsbtj j/.xl/;

(4.19)

A2 WD

h�"t .x1/; x1 � x2ih�"t .x1/;Bt .x1/ � Bt .x2/i
�2 C jx1 � x2j2 C 
h�"t .x1/; x1 � x2i2

(4.20)

. 
1=2
X
l;i;j

P2.Db/.xl ; t /
�

^ T1
"1;i;j

.Dabj /.xl/

C 
1=2
X
l;i;j

P2.Db/.xl ; t /
�

^ T1
"1;i;j

.!"tij /.xl/

C 
1=2
X
l

P2.Db/.xl ; t /

C 
1=2"1
X
l;i;j

P2.Db/.xl ; t /
�

^ T2
"1;i;j

.Dbtj /.xl/C

C C."1; 
/

2X
lD1

I1.1B4R
.diva.Bt //

C/.xl/

�

^ M.1B4R
.diva.Bt //

C/.xl/

where
P

l;i;j WD
P2

lD1

Pd
iD1

Pm
jD1, !"tij WD .�t � �"t /�tj jDsbtj j.

Set

Tl;1
"1;i;j

.�l/.x/

D sup
�2.0;2R/;e2Sd�1

"�dC11

����� 1

j � jd�1�
"1;e
l;�

.�/
�
?Ki

j ? �l.x/

���� 8x 2 Rd :
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PROOF. Step 1. Thanks to (4.17), we obtain that

(4.21)

A1 D
rhe1;Bt .x1/ � Bt .x2/i

W

D r2he1; Areg
1 i

W
C r2he1; Aappro

1 i
W

C r2he1; Adiff-1
1 i

W

C r2.e1:�"t .x1//he1; Asing
1 i

W
C r2he1; Adiff-2

1 i
W

C r2"1he1; A2i
W

D .1/C .2/C .3/C .6/C .4/C .5/;

with r D jx1 � x2j and W D �2 C r2 C 
r2.e1:�"t .x1//2.
By definition of Tl

"1;i;j
and Tl;1

"1;i;j
, we can estimate that

j.1/j �
X
l;i;j

T1;1
"1;i;j

.Dabj /.xl/

�
^ T1

"1;i;j
.Dabj /.xl/;

j.2/j �
X
l;i;j

T1;1
"1;i;j

..�t � �"t /�tj jDsbtj j/.xl/
�

^ T1
"1;i;j

..�t � �"t /�tj jDsbtj j/.xl/;
j.3/j �

X
l;i;j

T1
"1;i;j

..�"t � �"t .xl//�tj jDsbtj j/.xl/;

j.4/j � kr�"tkL1.Rd /

X
l;i;j

T1;1
"1;i;j

.�tj jDsbtj j/.xl/;

j.5/j � "1
X
l;i;j

T2;1
"1;i;j

.Dbtj /.xl/

�
^ T2

"1;i;j
.Dbtj /.xl/;

j.6/j � 
�1=2
X
l;i;j

T1;1
"1;i;j

.�tj jDsbtj j/.xl/
�

^ T1
"1;i;j

.�tj jDsbtj j/.xl/:

Set

P1.Db/.x; t/

D
X
i;j

T1;1
"1;i;j

.Dabj /.x/C T1;1
"1;i;j

..�t � �"t /�tj jDsbtj j/.x/

C T1
"1;i;j

..�"t � �"t .x//�tj jDsbtj j/.x/C
C kr�"tkL1.Rd /T

1;1
"1;i;j

.�tj jDsbtj j/.x/
C T2;1

"1;i;j
.Dbtj /.x/C T1;1

"1;i;j
.�tj jDsbtj j/.x/:
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By Lemma 2.14 and Remark 2.15, there exists q0 > 1 such that

kP1.Db/kL1..0;T /;Lq0 .BR.0///
� C.R; "1; "/kbkL1..0;T /;BV.Rd //;

for any R > 0: Combining these with (4.21) yields (4.19).

Step 2. Again, thanks to (4.17) we obtain that

(4.22)

A2 D

rU h�"t .x1/;Bt .x1/ � Bt .x2/i

W

D 
r2U h�"t .x1/; Areg
1 i

W
C 
r2U h�"t .x1/; Aappro

1 i
W

C 
r2U h�"t .x1/; Adiff-1
1 i

W

C 
r2U h�"t .x1/; Adiff-2
1 i

W
C 
r2"1U h�"t .x1/; A2i

W

C 
r2U 2h�"t .x1/; Asing
1 i

W

D .7/C .8/C .9/C .10/C .11/C 
r2U 2h�"t .x1/; Asing
1 i

W
;

with U D .e1:�"t .x1//.
Plugging (4.18) into (4.22) gives

(4.23)

A2 D .7/C .8/C .9/C .10/C .11/C 
r2U 2Ereg

W
C 
r2U 2Eappro

W

C 
r2U 2Ediff-1

W
C 
r2U 2Ediff-2

W

C

r2U 2

P
kD1;2

z�"1;ek
1;r ? �div.Bt /�.xk/

W

D .7/C .8/C � � � C .16/:

As above, there exists P2.Db/.x; t/ 2 L1..0; T /; Lq0loc
.Rd / for q0 > 1 such that

kP2.Db/kL1..0;T /;Lq0 .BR.0///
� C.R; "1; "/kbkL1..0;T /;BV.Rd //;

for any R > 0 and

j.7/j C j.12/j . 
1=2
X
l;i;j

P2.Db/.xl ; t /
�

^ T1
"1;i;j

.Dabj /.xl/;

j.8/j C j.13/ . 
1=2
X
l;i;j

P2.Db/.xl ; t /
�

^ T1
"1;i;j

..�t � �"t /�tj jDsbtj j/.xl/;

j.9/j C j.10/j C j.14/j C j.15/j � 
1=2
X
l

P2.Db/.xl ; t /;

j.11/j � "1
1=2
X
l;i;j

P2.Db/.xl ; t /
�

^ T2
"1;i;j

.Dbtj /.xl/:
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For .16/, thanks to �";e
1 � 0 and divs.Bt / � 0, we can estimate

.16/ �

r2U 2

P
kD1;2

z�"1;ek
1;r ?

�
. diva.Bt //

C
�
.xk/

W

� C."1; 
/
2X

lD1

I1.1B4R
.diva.Bt //

C/.xl/

�
^ M.1B4R

.diva.Bt //
C/.xl/:

Combining above inequalities together yields (4.20). The proof is complete. �

Remark 4.7. In this remark, we would like to discuss another conjecture of Bressan.
Let Bn 2 C 1

b
..0;1/ �Rd / be such that

kBnkL1\L1 C kDBnkL1 � C 8n:
Bressan’s compactness conjecture: If Xn solves d

dt
Xn.t; x/ D Bn.t; Xn.t; x//,

Xn.0/ D Id Rd � .0;1/ and satisfies

C1 � JXn.t; x/ � C2 8n:(4.24)

Then Xn is locally compact in L1..0;1/ � Rd /. This conjecture was proven
in [11] via the well-posedness of continuity equations in the class of nearly incom-
pressible BV vector fields. Note that (4.24) implies

sup
t1;t2

����Z t2

t1

div.Bn/.t; Xn.t; x//dt

���� � C 8n:(4.25)

We hope that thanks to our estimates in Theorem 4.3 and the assumption (4.25),
we can obtain this conjecture.

5 Well-Posedness of Regular Lagrangian Flows
and Transport, Continuity Equations

5.1 Well-posedness of regular Lagrangian flows
The following results are obtained from Theorem 4.3, Corollary 4.4, and Lemma

4.2. The proofs are very similar to proofs in Sections 6 and 7 in [17].

PROPOSITION 5.1 (Uniqueness). Let B be a vector field as in Corollary 4.4 sat-
isfying the assumption .R1/. Assume that div.B/ 2 L1..0; T /;Mloc.R

d // and
.div.B//C 2 L1..0; T /; L1

loc
.Rd //. If there exist the regular Lagrangian flows

X1; X2 associated to B starting at time t , then we have X1 � X2.

PROPOSITION 5.2 (Stability). Let Bn be a sequence of vector fields satisfying the
assumption .R1/ converging in L1

loc
.�0; T ��Rd / to a vector field B which satisfies

the assumptions of B in Proposition 5.1. Assume that there exist Xn and X regular
Lagrangian flows starting at time t associated to Bn and B resp. and denote by Ln
andL the compression constants of the flows. Assume that for some decomposition

Bn
1Cjxj

D zBn;1 C zBn;2 as in the assumption .R1/, we have

Ln C k zBn;1kL1..0;T /;L1.Rd // C k zBn;2kL1..0;T /;L1.Rd // . 1 8n 2 N:
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Then, for any compact set K,

lim
n!1

sup
s2�t;T �

Z
K

jXn.s; x/ �X.s; x/j ^ 1 dx D 0:(5.1)

PROPOSITION 5.3 (Compactness). Let Bn 2 C 1
b
.�0; T � � Rd ;Rd / converge in

L1
loc
.�0; T ��Rd / to a vector field B which satisfies the assumptions of B in Propo-

sition 5.1. Let Xn be the flow starting at time t associated to Bn and denote by
Ln the compression constants of the flow. Assume that for some decomposition

Bn
1Cjxj

D zBn;1 C zBn;2 as in the assumption .R1/, we have

Ln C k zBn;1kL1..0;T /;L1.Rd // C k zBn;2kL1..0;T /;L1.Rd // . 1 8n 2 N:
Then, there exists a regular Lagrangian flow X starting at time t associated to B
such that for any compact set K,

lim
n!1

sup
s2�t;T �

Z
K

jXn.s; x/ �X.s; x/j ^ 1 dx D 0:(5.2)

PROPOSITION 5.4 (Existence). Let B be as in Proposition 5.1, and assume that
div.B/ � a.t/ in .0; T / � Rd with a 2 L1..0; T //. Then, for all t 2 �0; T / there
exists a regular Lagrangian flow X WD X.:; t; � / associated to B starting at time t .
Moreover, the flowX satisfiesX 2 C.DT IL0loc

.Rd //\B.DT I logLloc.R
d //where

DT D f.s; t/ W 0 � t � s � T g and for every 0 � t � � � s � T , there holds
X.s; �; X.�; t; x// D X.s; t; x/ for Ld -a.e. x 2 Rd .

In the previous proposition we assume the condition div.B/ � a.t/ in order to
be sure to have a smooth approximating sequence with equibounded compression
constants.

PROPOSITION 5.5 (Properties of the Jacobian). Let B be as in Proposition (5.4),
X.:; t; � / the regular Lagrangian flow associated to B starting at time t . Assume
that div.B/ 2 L1..0; T /; L1.Rd //. Then, the function

JX.s; t; x/ D exp
�Z s

t

div.B/.�; X.�; t; x//d�
�

satisfies Z
Rd

�.x/dx D
Z
Rd

�.X.s; t; x//JX.s; t; x/dx 8� 2 L1.Rd /(5.3)

and @sJX.s; t; x/ D JX.s; t; x/ div.B/.�; X.s; t; x// for all s 2 .t; T /: Moreover,

exp.�L/ � JX.s; t; x/ � exp.L/;

with L D k div.B/kL1..0;T /;L1.Rd //. In addition, for any 0 � t � s � T ,
X�1.t; s; � /.x/ exists almost everywhere x 2 Rd . The function JX is called the
Jacobian of the flow X .
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5.2 Well-posedness of transport and continuity equations
Next, we will connect the regular Lagrangian flows to the transport and continu-

ity equations. We first recall the definition of a renormalized solution of (1.2), first
introduced in [41].

DEFINITION 5.6. Let u0 W Rd ! R be a measurable function, let B 2 L1
loc
..0; T /�

R
d IRd / be a vector field such that div.B/ 2 L1

loc
..0; T / � Rd / and let G;F 2

L1
loc
..0; T / � Rd /. A measure function u W �0; T � � Rd ! R is a renormalized

solution of (1.2) if for every function � W R ! R satisfying � 2 C 1
b
.R/ and

�0.´/´ 2 L1.R/, �.0/ D 0 we have that

@t�.u/C div.B�.u//C div.B/
�
u�0.u/ � �.u/� D Gu�0.u/C F�0.u/

and �.u/.t D 0/ D �.u0/ in the sense of distributions.

We have the following proposition:

PROPOSITION 5.7. Let B be in Proposition (5.4), X be the regular Lagrangian
flow associated to B starting at time 0 in Proposition (5.4). Assume that div.B/ 2
L1..0; T /; L1.Rd //. Let G;F 2 L1..0; T / � Rd / and let u0 W Rd ! R be a
measurable function. Then, there exists a unique renormalized solution u W �0; T ��
R
d ! R of (1.2) starting from u0. Furthermore, for any .t; x/ 2 �0; T � � Rd we

have

(5.4)
u.t; x/ D u0.x/

JX.t; x/
exp

�Z t

0

G.s;X.s; x//ds

�
C 1

JX.t; x/

Z t

0

f .�;X.�; x// exp
�Z t

�

G.s;X.s; x//ds

�
JX.�; x/d�;

with x D X�1.t; � /.x/, JX.t; x/ WD JX.t; 0; x/.

Proof of previous proposition is very similar to [34][proof of theorem 2.7]. It is
left to the reader.

Appendix
PROOF OF PROPOSITION 1.2. First we set

b1.x/ D � sign.x2/
x1

jx2j2
1jx1j�jx2j; b2.x/ D � sign.x2/1jx1j�jx2j;

b3.x/ D � 1

jx2j
1jx1j�jx2j; b4.x/ D �1jx1j�jx2j:

By [41], there exist two different regular Lagrangian flows X1; X2 associated to
the following vector field B.x/ D .b1.x/C b2.x/; b3.x/C b4.x// such that for
any x 2 R2, X1; X2 2 W 1;p

loc .R
2/ for any 1 < p < 2, X1; X2 2 L1loc

.R2IC.R//\
C.R2ILq

loc
.R// for any q <1, and X.t; � /#Ld D Ld for any t 2 �0; T �,

Xj .t C s; � / D Xj .t; X.s; � //a.e. on R2for all t; s 2 Rd and j D 1; 2:
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Clearly, jB.x/j
jxjC1

2 L1.R2/C L1.R2/ and div.B/ D 0.
We show that B satisfies (1.16). Since b2; b4 2 BVloc.R

2/, so it is enough to
show that there exist functions�1; : : : ; �m 2 .L1 \ BV /.S1/ such that�l.�/ D
�l.t�/ for � 2 S1, t > 0,

R
S1 �j D 0, and

(A.1) @xlbi D
mX

jD1

 
�i
j .�/
j � j2

!
? �lj C �li in D0.R2/;

for any i D 1; 3, l D 1; 2, and for some �lj 2 Mb.R
2/, �li 2 M.R2/ and

j D 1; : : : ; m.
Let

K1.x1; x2/ D c
x22 � x21
.x21 C x22/

2
; K2.x1; x2/ D c

x21 � x22
.x21 C x22/

2

be kernels of operators R2
1;R2

2, where R1;R2 are the Riesz transforms in R2. We
have

(A.2)

@x1b1.x/ D �sign.x2/
jx2j2

1jx1j�jx2j C
sign.x2/jx1j

jx2j2
d�jx1jDjx2j.x1/dL

1.x2/

D �1.x/

jxj2 C
X
jD1;2

R2
j .�/.x/C �.x/ in D0.R2/:

for some � 2M.R2/, where

�1.y/ D �sign.y2/jyj2
y22

1jy1j�jy2j 2 .L1 \ BV /.B2 n B1/;

with
R
S1 �1 D 0, and �.x1; x2/ D sign.x2/jx1j

jx2j2
d�jx1jDjx2j.x1/dL1.x2/.

By definition, we can write

R2
j .�/.x/ D

Z
R

�
Kj .x1 � jy2j; x2 � y2/CKj .x1 C jy2j; x2 � y2/

� dy2
y2

D 1

jxj2
Z
R

�
Kj .�1 � jy2j; �2 � y2/CKj .�1 C jy2j; �2 � y2/

� dy2
y2

WD
z�j .�/
jxj2 ;

with � D x=jxj.
Clearly, ��j .�1;��2/ D ���j .�1; �2/ and ��j .��1; �2/ D ��j .�1; �2/, so there-

fore
R
S1
��j D 0:

Now we need to show ��j .�/ 2 .L1 \W 1;1/.B11=10 nB9=10/: Indeed, let � 2
C1.R/ be such that � D 1 in �0; 1/ and � D 0 in .3

2
;1/ and set �r.x/ D �.x

r
/.
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It is clear to see that

(A.3)

Z
R

Kj .�1 � jy2j; �2 � y2/.1 � �2/.jy2j/
dy2

y2
;Z

R

Kj .�1 � jy2j; �2 � y2/�1=2.jy2j/
dy2

y2
;

(A.4)

Z
1
2
�jy2j�3

Kj .�1 � jy2j; �2 � y2/dy2;Z
1
2
�jy2j�3

Kj .�1 � jy2j; �2 � y2/.�2 � y2/dy2;

belong to
�
L1 \W 1;1

�
.B11=10 n B9=10/. Thanks to

j zf .y2/ � zf .�2/ � zf 0.�2/.y2 � �2/j . jy2 � �2j2;
zf .y2/ D y�12 .�2.jy2j/ � �1=2.jy2j//;

we find thatZ
1
2
�jy2j�3

Kj .�1 � jy2j; �2 � y2/
�
zf .y2/ � zf .�2/ � zf 0.�2/.y2 � �2/

�
dy2

belongs to
�
L1 \W 1;1

�
.B 11

10
n B 9

10
/. Combining this and (A.3) and (A.4), we

conclude Z
R

Kj .�1 � jy2j; �2 � y2/
dy2

y2
2 .L1 \W 1;1/.B 11

10
n B 9

10
/:

This implies that ��j .�/ 2 .L1 \W 1;1/.B11=10 n B9=10/: Therefore, (A.2) leads
to (A.1) with l D 1, i D 1. Similarly, we can do this for @x2b1, @x1b2, and @x2b2.
The proof is complete. �

To prove Lemma 3.7, we need the following result:

LEMMA A.1. Let e 2 Sd�1. For any ´1; ´01 2 �He, y2; y02; ´2; ´
0
2 2 He, " > 0,

and � > 0, there holds for ´0 D ´01 C ´02 and x́ D ´1 C ´2

(A.5)

M WD
Z
�He

jf .y02 C y1/ � f .y02 C ´01/j

� 1jx́�.y1Cy2/j�"
�
1 ^ �

j´0 � .y1 C y2/j

�dC2
dH1.y1/

.
�2

"

Z
�He

1 ^
�

�

j´0 � .´C y2/j

�d� 1
2

d jDf e
y0
2
j.´/

C �

Z
�He

1jx́�.´Cy2/j�4" 1 ^
�

�

j´0 � .´C y2/j

�dC 1
2

d jDf e
y0
2
j.´/:
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PROOF. Since jf .y02C y1/� f .y02C ´01/j �
R
�He

1j´�´0
1
j�2j´0

1
�y1jd jDf e

y0
2

j.´/;
so

M �
Z
�He

Vd
��Df e

y0
2

��.´/;
where

V D
Z
�He

1j´�´0
1
j�2j´0

1
�y1j1jx́�.y1Cy2/j�" 1 ^

�
�

j´0 � .y1 C y2/j

�dC2
dH1.y1/:

Note that if j´ � ´01j � 2j´01 � y1j with y1 2 He, then

j´0 � .´C y2/j � 4j´0 � .y1 C y2/j;
jx́ � .´C y2/j � jx́ � .y1 C y2/j C 3j´0 � .y1 C y2/j:

Thus, we can estimate

V D
Z
�He

1j´0�.y1Cy2/j�" � � � C
Z
�He

1j´0�.y1Cy2/j>" � � �

. 1jx́�.´Cy2/j�4" 1 ^
�

�

j´0 � .´C y2/j

�dC 1
2
Z
�He

1 ^
�

�

j´01 � y1j

� 3
2

dH1.y1/

C �

"
1 ^

�
�

j´0 � .´C y2/j

�d� 1
2
Z
�He

1 ^
�

�

j´01 � y1j

� 3
2

dH1.y1/

. �1jx́�.´Cy2/j�4" 1 ^
�

�

j´0 � .´C y2/j

�dC 1
2

C �2

"
1 ^

�
�

j´0 � .´C y2/j

�d� 1
2

which implies (A.5). The proof is complete. �

PROOF OF LEMMA 3.7. We first observe that

M0 WD
Z
�He1

� � �
Z
�Hed

�
1 ^ �

jPd
iD1.xi � yi /j

�dC2
1
j
Pd

iD1.y0i�yi /j�"

�
�����f
 

dX
iD1

yi

!
� f .y1 C

dX
iD2

xi /

�����dH1.yd / � � � dH1.y1/

�
d�2X
kD0

Z
�He1

� � �
Z
�Hed

 
1 ^ �

jPd
iD1.xi � yi /j

!dC2
1
j
Pd

iD1.y0i�yi /j�"

�
�����f
 
d�k�1X
iD1

yi C
dX

iDd�kC1

xi C yd�k

!
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� f
 
d�k�1X
iD1

yi C
dX

iDd�k

xi

!�����dH1.ydd/ � � �H1.y1/:

Applying Lemma A.1 to e D ed�k , y02 D
Pd�k�1

iD1 yi C
Pd

iDd�kC1 xi , y2 DP
i 6Dd�k yi , ´1 D y0;d�k; ´2 D

P
i 6Dd�k y0;i , and ´01 D xd�k; ´

0
2 D

P
i 6Dd�k xi

yields

(A.6)

M0 .

d�2X
kD0

�2

"

Z
�He1

� � �
Z
�Hed

1 ^
 

�

jPd
iD0.xi � yi /j

!d� 1
2

dHd�k.yd / � � � dH1.yd�kC1/

� d jDf ed�kPd�k�1
iD1 yiC

Pd
iDd�kC1 xi

j.yd�k/dH1.yd�k�1/ � � � dH1.y1/

C
d�2X
kD0

�

Z
�He1

� � �
Z
�Hed

1 ^
 

�

jPd
iD0.xi � yi /j

!dC 1
2

1
j
Pd

iD1.y0i�yi /j�"
dH1.yd /

� � � dH1.yd�kC1/d jDf ed�kPd�k�1
iD1 yiC

Pd
iDd�kC1 xi

j.yd�k/dH1.yd�k�1/ � � � dH1.y1/:

It is clear to see that for A D �=jPd�k
iD1 .xi � yi /jZ

�Hed�kC1

� � �
Z
�Hed

 
1 ^ �

jPd
iD0.xi � yi /j

!d� 1
2

. �k .1 ^ A/d�k� 3
4 ;

Z
�Hed�kC1

� � �
Z
�Hed

1 ^
 

�

jPd
iD0.xi � yi /j

!dC 1
2

1
j
Pd

iD1.y0i�yi /j�"

. �k1
j
Pd

iD1.y0i�xi /j�2"
1
j
Pd�k

iD1 .y0i�yi /j�2"
.1 ^ A/d�kC 1

4 C �kC1

"
.1 ^ A/d�k� 3

4 :

Combining these with (A.6) we find that

M0 .

d�2X
kD0

�kC2

"

Z
�He1

� � �
Z
�Hed�k

 
1 ^ �

jPd�k
iD1 .xi � yi /j

!d�k� 3
4

d�1
k;
Pd

iDd�kC1 xi
.yd�k; : : : ; y1/

C
d�2X
kD0

�kC11
j
Pd

iD1.y0i�xi /j�2"

�
Z
�He1

� � �
Z
�Hed�k

 
1 ^ �

jPd�k
iD1 .xi � yi /j

!d�kC 1
4

d�2
k;
Pd

iDd�kC1 xi
.yd�k; : : : ; y1/:

Hence, using the fact that for any ! 2MC.
Nd�k

iD1
�Hei /, we obtainZ

�He1

� � �
Z
�Hed�k

1 ^
 

�

jPd�k
iD1 .xi � yi /j

!d�kC 1
4

d!.yd�k; : : : ; y1/

. �d�kM

 
!;

d�kO
iD1

�Hei

! 
d�kX
iD1

xi

!
:
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Then, one gets the first inequality of Lemma 3.7. Similarly, we also have the second
one. �
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