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Abstract. Recently , the Sobolev metric was intro duced to de�ne gradient 
o ws of
various geometric active contour energies. It was shown that the Sobolev metric
outperforms the traditional metric for the same energy in many cases such as
for tracking where the coarse scale changes of the contour are important. Some
interesting properties of Sobolev gradient 
o ws include that they stabilize certain
unstable traditional 
o ws, and the order of the evolution PDEs are reduced when
compared with traditional gradient 
o ws of the same energies. In this paper, we
explore new possibilities for active contours made possible by Sobolev metrics. The
Sobolev method allows one to implement new energy-basedactive contour models
that were not otherwise consideredbecausethe traditional minimizing method ren-
der them ill-p osedor numerically infeasible. In particular, we exploit the stabilizing
and the order reducing properties of Sobolev gradients to implement the gradient
descent of these new energies. We give examples of this class of energies, which
include some simple geometric priors and new edge-basedenergies. We also show
that these energiescan be quite useful for segmentation and tracking. We also show
that the gradient 
o ws using the traditional metric are either ill-p osedor numerically
di�cult to implement, and then show that the 
o ws can be implemented in a stable
and numerically feasible manner using the Sobolev gradient.

Keyw ords: active contours, gradient 
o ws, Sobolev norm, global 
o ws, shape op-
timization, shape priors, ill-p osed 
o ws

1. In tro duction

Activ e contours (Kass et al., 1987) is a popular technique for the seg-
mentation problem. Over the years there has been a progression of
active contours derived from edge-basedenergies(e.g., (Caselleset al.,
1993; Malladi et al., 1995; Caselleset al., 1995; Kichenassamy et al.,
1995)), to region-basedenergies(e.g., (Mumford and Shah,1985;Mum-
ford and Shah, 1989; Ronfard, 1994; Zhu et al., 1995; Yezzi et al.,
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1999;Paragiosand Deriche, 2000;Chan and Vese,2001;Paragiosand
Deriche, 2002)), to more recently , prior-based energies(e.g., (Leventon
et al., 2000;Tsai et al., 2001;Cremersand Schn•orr, 2001;Chen et al.,
2002; Roussonand Paragios, 2002; Cremers and Soatto, 2003; Raviv
et al., 2004)) and energiesincorporating complex geometrical infor-
mation (e.g., (Kim et al., 2002; Rochery et al., 2003; Nain et al.,
2004; Sundaramoorthi and Yezzi, 2005; Guyader and Vese, 2007)).
The progressionfrom simple to more complicated energiesis not only
due to a desire to segment more complicated images,but it can also
be attributed to the traditional gradient descent technique becoming
trapped by (undesirable) local minima of the energy being optimized.
Therefore there have beene�orts to designoptimization schemesthat
canobtain the global minimum curveor at leasta better local minimum
of a generic energy. For example, the minimal path technique (Cohen
and Kimmel, 1996) was designedto �nd the global minimal solution
of the edge-basedenergyconsideredin (Caselleset al., 1995;Kichenas-
samy et al., 1995). Another technique, called graph cuts (Boykov and
Jolly, 2001;Kolmogorov and Boykov, 2005),was designedfor minimiz-
ing discrete approximations to certain active contour energies.

The limitation of theseglobal methods is that they may beapplied to
only certain typesof energies,and therefore gradient descent methods
must be used in many cases.Moreover, for many applications (e.g.
object tracking), it is bene�cial to incorporate the information from
an initial contour (e.g. the contour from the previous frame for object
tracking) to �nd the contour of interest. In such cases,typically for
speedconsiderations,simple energiesare consideredfor which a global
minimum is not always desired, but rather a local minimum contour
\close" to the initial contour is desired.For such casesgradient descent
methods are ideal. Recently , (Michor and Mumford, 2003; Yezzi and
Mennucci, 2005a; Yezzi and Mennucci, 2005b; Charpiat et al., 2005)
have noticed that the gradient of an energy that is used in descent
algorithms depends on a metric chosen on the spaceof curves. This
fact has beenignored in previous active contour literature; indeed pre-
vious active contours were always derived from the geometric L 2-type
(H 0) metric. However, the work of (Michor and Mumford, 2003;Yezzi
and Mennucci, 2005a; Yezzi and Mennucci, 2005b) has shown that
the geometric L2-type metric is not a true Riemmannian metric, and
therefore unsuitable for shape analysis. Accordingly, (Sundaramoorthi
et al., 2005;Sundaramoorthi et al., 2006;Charpiat et al., 2005;Charpiat
et al., 2007) have considerednew metrics in the spaceof curves when
deriving descent 
o ws for active contours since it was shown by the
authors that the usual L2 gradient descent hasmany undesirableprop-
erties. It was shown that the metric choice a�ects the path taken to
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minimize an energy, and that certain local minima of an energy can
be avoided by designingan appropriate metric. In particular, Sobolev
metrics were considered. It was shown that gradient 
o ws according
to Sobolev metrics give smooth global 
o ws, which avoid many local
minima of energiesthat trap the usual L 2 gradient 
o w. In addition, it
was shown that Sobolev metrics (unlik e someother metrics considered
in (Charpiat et al., 2005; Charpiat et al., 2007)) change the notion
of \lo cality" in the space of curves and therefore make many local
minimum, due to noise,in the spaceof curvesvanish (Sundaramoorthi
et al., 2006). In (Sundaramoorthi et al., 2006; Sundaramoorthi et al.,
pear), it was shown that Sobolev active contours move successively
from coarseto �ner scalemotions, and therefore the method is suitable
for tracking.

The main purposeof (Sundaramoorthi et al., 2005;Sundaramoorthi
et al., 2006) was to show advantages of using Sobolev active contours
over the traditional active contour basedon the sameenergy. In con-
trast, in this paper we intro duce new active contour energiesthat are
quite useful for various segmentation tasks, but cannot be minimized
with the traditional L2 active contour (nor other nor other gradient
descent for metrics proposedthus far), and the Sobolev active contour
must beused.Weshow examplesof theseenergies,which include simple
geometricpriors for activecontours and newedge-basedenergies.These
new energiesfall into two categories:one in which the resulting tradi-
tional L2 
o ws are not stable, and another in which the traditional L 2

gradient 
o w results in high order PDEs that are numerically di�cult
to implement using level set or particle basedmethods. We proposeto
useSobolev active contours, which avoid both of theseproblems.

This paper is meant to illustrate that energiesthat result in L 2

unstable or high order 
o ws can still be consideredfor optimization
with the Sobolev method (and these energiesneed not be discarded
or adjusted). Experiments in this paper show the types of behaviors
that can be obtained from the simple energiesconsidered,and one can
obtain good results on more complex imagesby combining theseresults
with other energies.

Before we proceed,we make brief remarks on other relevant energy
minimizing approaches.The graph cut method (e.g., (Kolmogorov and
Boykov, 2005)) is often used to minimize geometric energiessuch as
weighted length, 
ux of a vector �eld, and weighted area. This area
of discrete optimization with techniques of this type contin ues to de-
velop 1 and more sophisticated energiesare being shown to fall into

1 A tutorial on various discrete optimization schemeslik e graph cuts will be held
at ICCV 2007: http://www.csd.uo c.gr/%7Ek omod/ICCV07 tutorial/
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the feasiblecategory of optimizable energies.For example,curvature is
beinghandled in certain cases(Schoenemannand Cremers,2007b),and
simple prior shape information is now being included (Schoenemann
and Cremers,2007a).The energieswe useto exemplify the importance
of Sobolev metrics in active contours are more general, and not all
relevant energiescan (yet) be handled by such graph cut types of
approaches. For very general energiesof importance, steepest descent
methods are necessary, and therefore it is important to develop the
right shape metrics for de�ning gradient descent 
o ws as we show in
this paper.

In (Charpiat et al., 2005) (seealso (Mansouri et al., 2004)), the au-
thors considervarious di�eren t metrics resulting in `coherent' gradient

o ws; indeed they construct 
o ws that favor certain group motions
such as a�ne motions. In the case of the a�ne group (others are
analogous), the 
o w is formed by re-weighting the a�ne component
of the traditional gradient higher and the component orthogonal (ac-
cording to the L2 inner product) lower. Therefore, these metrics are
topologically equivalent to the traditional L 2 metric and are not true
Riemannian metrics. Moreover, for the classof energiesthat we wish
to explore in this paper, the metrics proposed by (Charpiat et al.,
2005) basedon group motions also su�er from the sameproblems as
the traditional L2 metric; namely, these 
o ws are either not stable
or are high order PDEs and are di�cult to implement numerically.
The Gaussiansmoothing approach that is consideredby the authors,
although theoretically stabilizes some of the 
o ws that we consider,
when numerically implemented, instabilities arise due to the fact that
numerically smoothing an ill-p osed
o w does not perfectly annihilate
all the high frequencycomponents in the 
o w causingthe instabilities
(seeSection6.1 for more details). This exempli�es the needfor analyt-
ical expressions for the smoothed 
o w, which the Sobolev metrics we
considerprovide, where the instabilities are perfectly annihilated. Still,
for many other relevant problems such 
o ws consideredby (Charpiat
et al., 2005) are shown to be critical (seealso (Eckstein et al., 2007)).

2. Review of Sobolev Metrics and Gradien ts

Sobolev active contours were intro duced in (Sundaramoorthi et al.,
2005;Sundaramoorthi et al., 2007).Wenow present an overview. Let M
denotethe setof immersedcurvesin Rd (d � 2), which is a di�eren tiable
manifold. For a curvec 2 M , wedenoteby TcM the tangent spaceof M
at c, which is isomorphic to the set of smooth perturbations of the form
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h : S1 ! Rd, where S1 denotesthe circle. We denote by E : M ! R
an energy functional on M .

De�nition 2.1. Let E : M ! R.
If c 2 M and h 2 TcM , then the variation of E is dE(c) � h =

d
dt E(c + th)

�
�
t=0 , where (c + th)( � ) := c(� ) + th(� ) and � 2 S1.

Assumeh�; �i c is an inner product on TcM . The gradien t of E is a
vector �eld r E(c) 2 TcM that satis�es dE(c) � h = hh; r E(c)i c for all
h 2 TcM .

One can interpret the gradient as the most e�cien t perturbation;
that is, the gradient maximizes the change in energy per cost of per-
turbing the curve.The following proposition justi�es the previousstate-
ment.

Prop osition 2.1. Let k�kc be the norm induced from the inner product
h�; �i c on TcM . Suppose dE(c) 6= 0, and r E(c) exists; then the problem

sup
f h2 TcM ;khkc=1 g

dE(c) � h = sup
f k2 TcM ;k6=0 g

dE(c) � k
kkkc

has a unique solution up to a multiplicative constant, k = r E(c) 2
TcM ; h = k=kkk.

The traditional inner product used to de�ne active contours is the
geometric L2-type inner product:

De�nition 2.2. Let c 2 M , L be the length of c, and h; k 2 TcM . We
assumeh and k are parameterized by the arc-length parameter, s, of c.
We de�ne

hh; ki L2 ; c :=
1
L

Z

c
h(s) � k(s) ds:

In (Sundaramoorthi et al., 2007),wehaveexploredthe ideaof chang-
ing the inner product above (i.e., changing the Riemannian metric on
the spaceof curves)by looking a Sobolev-type inner products, which we
review in the next section.Changing in this way the Riemannian metric
associated with the spaceof curves regularizes the minimizing 
o ws
associated with active contour energieswithout requiring the addition
of regularization penalties in the original active contour energies.The
changeof metric does not a�ect the global minima of the energy, but
it completely changes the notions of gradient and \neigh borho od
of a curv e" . As a result of the change of \lo cality," Sobolev active
contours are much more robust to the local minima that strongly in-

uence standard active contours, e.g., local minima due to noise (see
(Sundaramoorthi et al., pear) for more details).
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2.1. Sobolev Metrics on Closed Cur ves

We now present the de�nition of geometric Sobolev-type metrics used
in this paper:

De�nition 2.3. Let c 2 M , L be the length of c, and h; k 2 TcM . We
assumeh and k are parameterized by the arc-length parameter, s, of c.
Let � > 0. De�ne

h :=
1
L

Z

c
h(s) ds;

and
hh; ki Sobolev; c := h � k + �L 2n

D
h(n) ; k(n)

E

L2 ;c
;

where h(n) is the nth derivative of h with respect to arc-length.

Our choiceof the de�nition of the Sobolev-type inner product above
has two advantagesover the usual de�nition of Sobolev inner products
as the sum of all lower order derivatives: the corresponding formulas
for gradient 
o ws are much simpler, and the computational complexity
to solve for the Sobolev metrics above is linear in the number of sample
points of curve, whereasit is quadratic for the usual Sobolev de�nition.
Moreover, the two Sobolev-typenormsare topologically equivalent, and
the corresponding gradient 
o ws have the samequalitativ e behavior in
many cases(see(Sundaramoorthi et al., 2007; Sundaramoorthi et al.,
pear)).

We now review the details for calculating the Sobolev gradient in
terms of the L2 metric. In this paper we are interested in �rst order
Sobolev gradients (n = 1) to illustrate our concepts,and thus we give
the formulas for computing the �rst order Sobolev gradient. It can be
shown (Sundaramoorthi et al., 2007)that if E is an energyon the space
of curvesand g = r Sob olev E and f = r L2 E, then

f (s) = f � �L 2g00(s) where s 2 [0; L ] (1)

and we have periodic boundary conditions. This yields the solution

g(s) = g(0) + sg0(0) �
1

�L 2

Z s

0
(s � ŝ)( f (ŝ) � f ) dŝ (2)

g0(s) = g0(0) �
1

�L 2

Z s

0
(f (ŝ) � f ) dŝ (3)

g0(0) = �
1

�L 3

Z L

0
s(f (s) � f ) ds (4)

g(0) =
Z L

0
f (s)K (s) ds (5)
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where

K (s) =
1
L

 

1 +
(s=L)2 � (s=L) + 1=6

2�

!

; s 2 [0; L ]: (6)

We seethat g and g0 may also be written as a convolution:

g(s) =
Z

c
K (ŝ � s)f (ŝ) dŝ =: (K � f )(s); (7)

g0(s) = � (K 0� f )(s) (8)

and we have the important relation that will be quite useful for calcu-
lations below:

K 00(s) =
1

�L 2

�
1
L

� � (s)
�

; s 2 [0; L ): (9)

It should be noted that for numerical purposes,one never usesthe
convolution formulas (7), (8), rather one uses the equivalent formu-
las (2), (3), which is linear in the sample points of the curve versus
quadratic for (7), (8).

2.2. Sobolev Metrics on Open Cur ves With Fixed
Endpoints

For someapplications, e.g.using the elastic energyfor curve interpola-
tion (Horn, 1983;Bruckstein and Netravali, 1990;Mio et al., 2004)(see
Section 3) or even segmentation tasks where curves hit the boundary
of the image domain, it is necessaryto look at metrics on open curves.

De�nition 2.4. Let c : [0; 1] ! Rd such that c(0) = p0; c(1) = p1
where p0; p1 2 Rd are �xed. Let h; k : [0; 1] ! Rd be perturbations of
c (i.e., h(0) = h(1) = k(0) = k(1) = 0), then we de�ne the following
inner products:

hh; ki L2 ; c :=
1
L

Z

c
h(s) � k(s) ds

hh; ki Sobolev; c := L 2n
D

h(n) ; k(n)
E

L2 ; c
;

where h(n) is the nth derivative of h with respect to arc-length.

Note that we no longer needthe zeroorder term in the de�nition of
Sobolev inner products since translations are no longer possible(with
�xed endpoints). The computations becomeeasier without the zero-
order term, and moreover, the corresponding norms are equivalent to
the norms that include the zero order term.
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We now compute the Sobolev gradient in terms of the L 2 gradient
for order one (n = 1). SupposeE is an energy on c, and g = r Sob olev E
and f = r L2 E, then

� L 2g00= f ; with g(0) = g(L ) = 0:

This yields a solution of

g(s) = sg0(0) �
1

L 2

Z s

0
(s � ŝ)f (ŝ) dŝ; (10)

g0(s) = g0(0) +
1

L 2

Z s

0
f (ŝ) dŝ; (11)

g0(0) =
1

L 3

Z L

0
(L � ŝ)f (ŝ) dŝ; (12)

and a similar formula can be obtained for g = r L2 E, in particular the
solution is obtained in linear time. In terms of a kernel, we have that

g(s) = K̂ (f ) =
Z L

0
K̂ (s; ŝ)f (ŝ) dŝ; (13)

where

K̂ (s; ŝ) =
1
L

(
ŝ
L (1 � s

L ) 0 � ŝ � s
s
L (1 � ŝ

L ) s � ŝ � L
; (14)

and we have the relation

� L 2@ssK̂ (s; ŝ) = � (s � ŝ):

Notice that (13) is no longer a convolution as in the closedcurve case,
but more generally a symmetric linear operator.

3. Some Useful Energies Precluded by L2

In this section, we intro duce three geometric \energies", which can be
usedasbuilding blocks to producea variety of other useful energies(to
be described in subsequent sections). We then derive the L 2 gradient
and show that the gradient descent 
o w is either ill-p osed or very
di�cult to implement numerically. We then derive the Sobolev gradient

o ws, and justify that they are well-posedand numerically feasibleto
implement.
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In this and subsequent sections,consider plane curves. We use the
notation that if c is a plane curve, then

cs = unit tangent vector to c

css = secondderivative of c wrt s

N = unit inward normal of c

� = css � N

@s = derivative wrt s:

The �rst \energy" that we intro duce is the following generalization
of averageweighted length:

E(c) =
1
L

Z

c
� (c(s)) ds = � ; (15)

where � : R2 ! Rk where k � 1. The L2 gradient of this energy (see
Appendix A.1) is

r L2 E(c) = N [N T (D � )T � � (� � � )T ]; (16)

where T denotes transpose, and D denotes derivative. Since � � �
is not strictly positive, the gradient descent 
o w has a component
that is reverse heat 
o w on roughly half of the contour, and there-
fore the L2 gradient descent is ill-p osed. Note that the reverse heat
component attempts to increasethe length of certain portions of the
contour. Since the ill-p osednessof the L 2 
o w only arises from the
length increasing e�ect, we expect the Sobolev gradient 
o w to be
well-posed.This is becauseincreasingthe length of the contour is a well-
posedprocessusing the Sobolev gradient; indeed, the Sobolev gradient
ascent for length is simply a rescalingof the contour (Sundaramoorthi
et al., 2005).Computing the Sobolev gradient of (15) we have that (see
Appendix A.1)

r Sob olev E(c) = �
c � c
�L 2 �

T
+ K � (D � )T + K 0 � (cs� T ) (17)

Notice that the component, N �
T

� , of the L2 gradient that caused
the ill-p osednesshas been converted to the �rst term of the Sobolev
gradient (17), which is a stable rescalingof the contour.

Next, we intro duce a scaledversion of the weighted area, given by
the energy

E(c) =
1

L 2

Z

R
� (x) dA(x) =

A �

L 2 ; (18)

where � : R2 ! R, R is the region enclosedby c, and dA is the area
measurein R2. Similar to the previous energy, the ill-p osednessof the
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L2 gradient descent 
o w of (18) is due to the scalefactor of L � 2, which
causesa length increasingcomponent in the gradients, and is ill-p osed
with respect to L2. Indeed, calculating the gradient, we have

r E(c) =
L 2r A � � 2A � Lr L

L 4 =
A �

L 2

�
r A �

A �
� 2

r L
L

�
:

Therefore, we seethat

r Sob olev E(c) = �
A �

L 2

�
L

K � (� N )
A �

+ 2
c � c
�L 2

�
; (19)

which leadsto a well-poseddescent (and ascent).
Lastly, we intro duce the following generalization of the elastic en-

ergy:

E(c) = L
Z

c
� (c(s)) � 2(s) ds; (20)

where � : R2 ! R, and � is the signedcurvature of c. The factor of L
multiplying the integral makes the energy scale-invariant when � is a
constant. Note that without the factor of L , one can make the elastic
energyarbitrarily small by scalinga contour large enough.We will also
consider the scale-varying elastic energy without the L for segmenta-
tion applications. These energieshave been used in the past for the
\curv e completion" problem, which is a curve interpolation problem
between two points (Horn, 1983; Bruckstein and Netravali, 1990). In
(Bruckstein and Netravali, 1990), for the numerical implementation, a
discrete version of the energy is minimized with a \shooting" method.
One can show that the L2 gradient of (20) (seeAppendix A.2) is

r L2 E(c) = � Ecss + 2L 2@ss(�c ss) + 3L 2@s(�� 2cs) + L 2� 2r � (21)

We note the result of (Polden, 1996), which considersthe L 2 gradient
descent 
o w of an energy similar to (20). The author considersthe L 2

gradient descent 
o w of the energy

E(c) =
Z

c
(� 2(s) + � ) ds;

where � > 0. It is proven that an immersed/regular curve evolving
under this fourth-order 
o w stays immersed/regular, and a solution
exists for all time. In the casewhen � is a constant, the 
o w (21) is
similar to the 
o w that is consideredin (Polden, 1996), except that
� is time varying in (21). For numerical implementation, the fourth
order 
o w (21) is di�cult to implement with marker particle methods
becauseof numerical artifacts arising from fourth order di�erences,
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and it is even more problematic (e.g. (Droske and Rumpf, 2004)) to
implement with level set methods becausethe 
o w is not known to
have a maximum principle and becauseof numerical artifacts. This
motivatesus to considerthe Sobolev gradient 
o w (seeAppendix A.2):

r Sob olev E = �
E

�L 2 (c� c)+
2
�

((�c ss)� �c ss)� 3L 2K 0� (�� 2cs)+ L 2K � (� 2r � ):

(22)
The Sobolev 
o w is secondorder, although it is an integral PDE. We
can bypassthe question about a maximum principle for this 
o w since
the local terms have a maximum principle, and we perform extensions
in the level set implementation for global terms.

4. Geometric Priors for Activ e Con tours

In this section,we intro ducesomesimple geometricshape priors for use
in active contour segmentation. As theseenergiesare formed from the
energiespresented in the previous section, they cannot be minimized
with the usual L2 gradient descent.

4.1. Length and Smoothness Priors

In many active contour models, a curvature term, i.e., � � N (where
� > 0 is a weight), is added to a data-based curve evolution. The
resulting 
o w will inherit regularizing properties such as smoothing
the curve from the addition of this term. If the active contour model
is based on minimizing an energy, then adding a curvature term is
equivalent to adding a length penalty to the original energy, that is, if
Edata is the original energythen the new energybeing optimized (w.r.t
the traditional L2 metric) is

E(c) = Edata (c) + � L (c): (23)

This may be consideredas a simple prior in which we assumethat
the length of the curve is to be shrunk. In general segmentation situ-
ations, this assumption may not be applicable. A more generalenergy
incorporating length information, when such prior length information
is known, is

E(c) = Edata (c) + � (L (c) � L 0)2; (24)

in which it is assumedthat length of the target curve is near L 0. Note
that this prior allows for increasingor decreasingthe length of the curve
basedon the current length of the curve and the value of L 0. The L2

gradient is

r L2 E(c) = r L2 Edata (c) � 2� (L � L 0)� N ;
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which leadsto an unstable 
o w if L � L 0 < 0. The Sobolev gradient is

r Sob olev E(c) = r Sob olev Edata (c) + 2� (L � L 0)
c � c
�L

;

which is stable if the data term is stable.
One can alsoconsider
o ws that preserve the length of curvesrather

than penalizing deviations from a target length. See(Sapiro and Tan-
nenbaum, 1995) (and referenceswithin) for related 
o ws where the
length of the curve is preserved. To derive length preserving 
o ws that
minimize an energy, one can calculate the gradient 
o w and project
it onto the subspaceof length preserving perturbations. Traditionally ,
onehasan L2 gradient, i.e., r L2 E(c), and an L2 projection is doneonto
the subspaceof length preserving perturbations:

� L (r L2 E(c)) = r L2 E(c) �
hr L2 E(c); r L2 L(c)i

H 0

hrL2 L(c); r L2 L(c)i
H 0

r L2 L(c):

Note r L2 L(c) = css = � N . Thus,

� L (r L2 E(c)) = r L2 E(c) �
hrL2 E(c); � N i

H 0R
c � 2 ds

� N ;

and the 
o w corresponding to the above will decreasethe energy of
interest while preservingthe length of the curve. Depending on the sign
of the inner product above, the 
o w may be ill-p osed.For example, if
we look at the simple Chan-Veseor Mumford-Shah L 2 
o ws then the
inner product may givea negativesignand result in backward heat 
o w.
The Sobolev projection for preservingthe length results in a well-posed
processprovided the original gradient descent is well-posed:

� L (r Sob olev E(c)) = r Sob olev E(c) �



r Sob olev E(c); c� c

�L 2

�
Sob olev

1
�L 4

R
c jc � cj2 ds

c � c
�L 2 :

In active contour works, the goal of adding the usual length penalty
may have beenmainly for obtaining the regularizing properties of the
resulting 
o w, even though the energyitself doesnot favor more regular
curves.It is evident that the Sobolev length descent doesnot regularize
the active contour since the 
o w is a rescaling of the curve. Thus, to
intro ducesmoothnessinto the Sobolev active contour (and even the L 2

active contour), we intro ducethe smoothnessprior given by the energy,

E(c) = Edata (c) + � L (c)
Z

c
� 2(s) ds: (25)

The energy itself favors smoother contours, and we are not relying on
the properties of a particular metric for regularity; it is inherent in
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the energy itself. The factor of L is for scale-invariance (unlik e the
length descent, this regularizer does not favor shrinking the length of
the contour). Using the scale-varying and scale-invariant elastic ener-
gies as smoothnessmeasuresfor active contours is mentioned but not
implemented in (Delingette, 2001;Brook et al., 2005).

4.2. Centr oid and Isoperimetric Priors

Wenow considerincorporating prior information on the centroid, length,
and area of a curve into active contour segmentation. We consider the
energy

E(c) = Edata (c) + � kc � vk2 + � (L � L 0)2 + 
 (A � A0)2; (26)

where � ; � ; 
 � 0 are weights, c is the centroid of the curve c, v 2 R2 is
the centroid known a-priori (seeSection6.3 for an exampleof how this
may be obtained), L 0 and A0 are the prior values for the length and
area. If detailed information is not known about the length and area,
then that part of the energymay be replacedby the energy

E(c) = Edata (c) + � kc � vk2 + � (� (c) � � 0)2; (27)

where

� (c) =
A(c)
L 2(c)

(28)

is the isoperimetric ratio, which is a geometric measureof the rela-
tiv e relation between the length and area of a curve. Note that � is
scale-invariant. It is a well known fact that the isoperimetric ratio is
maximized by circles,and the maximum ratio is 1=(4� ). Thus, the prior
ratio must be constrained so that � 0 � 1=(4� ). Note that a low (near
zero) isoperimetric ratio can be obtained by a snake-like shape, and a
high ratio implies a shape that lookscloseto a circle. The isoperimetric
ratio is mentioned to be usedas a smoothnessmeasurein (Delingette,
2001), but this idea is not pursued.

Note that both the L2 gradient descents for the centroid constraint
and the isoperimetric penalties are ill-p osed. The isoperimetric ratio
is a special case of (18) (when � = 1), and the constraint gives a
gradient of (� � � 0)r � , which gives an unstable L2 gradient descent

o w when � > � 0. Note that the centroid is a special case of (15)
(when � : R2 ! R2 is � (x) = x). The gradient of the centroid penalty
is r (c)(c � v), which givesan L2 gradient of

[(c � v) � N � (c � c) � (c � v)� ]N
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using (16). The gradient descent is unstable when (c � c) � (c � v) < 0.
The Sobolev gradient using (17) is

(�c � v) + K 0� [cs(c � c) � (c � v)]:

One possibleuse for (26) and (27) is in tracking applications (see
Section 6.3).

4.3. Shape Priors Based on Moments

In this section,weconsiderprior-basedsegmentation basedon moments
of prior shapes.In traditional prior-based imagesegmentation, onehas
a databaseof likely shapes,and a principal component analysis (PCA)
or related statistics are computed on shapesin this database.In many
papers on incorporating prior shape knowledge(e.g., (Leventon et al.,
2000; Tsai et al., 2001; Rousson and Paragios, 2002)), a \shape" is
represented by its signed distance function and the PCA is done on
aligned versionsof these signed distance functions. An active contour
energyis optimized on the subspaceof \shapes" spannedby the �rst few
modesof the PCA in order to segment an imageincorporating the prior
known set of likely shapes.Although PCA on signeddistancefunctions
is not well-founded since the spaceof signed distance functions is not
a vector space,the method works well experimentally in many cases.

Other ways of incorporating prior shape information into the seg-
mentation (e.g. (Chen et al., 2002; Cremers and Soatto, 2003; Raviv
et al., 2004)) is by consideringan energyof the form

E(c;T) = E image(c) + d(c;T � cprior ) (29)

where d would ideally be a metric on curves and cprior is the prior
known shape. The parameter T is a posetransformation, which is used
so that posedtransformed versionsof the shape of interest may alsobe
segmented. In many works, d is a similarit y scorebetweenthe curves,
and usually not a true metric sincea good metric on the spaceof curves
is not easyto de�ne. To obtain cprior onemay compute the averagewith
respect to d of shapes in a database, i.e., one can compute the shape
that minimizes the sum squareddistance d to shapes in the database.
The advantage of this approach over the approach of (Leventon et al.,
2000;Tsai et al., 2001) is that the shape has more freedom to deform
to shapes not represented in the database since this model does not
restrict the shape to be a linear combination of principal components.

We look at the latter approach for prior-based segmentation and
take d to be a similarit y score between shape descriptors based on
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moments. Indeed, we consider the descriptors

� n;m =
1
L

Z

c

�
c1(s) � c1

� x

� n �
c2(s) � c2

� y

� m

ds (30)

=
1
L

Z

c
� (c(s); c; � (c)) ds; n; m � 3; (31)

where� (c) = (� x (c); � y(c)). The above are scaleand translation invari-
ant descriptors. Note that we can give similar de�nitions of moments
that are rotation and a�ne invariant, but we look at the simple caseof
scaleand translation invariance to demonstrate the principle. There-
fore, the alignment of shapes in the prior database (as in (Leventon
et al., 2000;Tsai et al., 2001;Roussonand Paragios,2002)) is no longer
necessary. The explicit update of poseparameters that is necessaryto
obtain Euclidean and scaleinvariance of the prior basedmodel (as in
(29)) is also no longer necessary. One can do a PCA on shapes in the
prior database,which are represented by up to order N of the moments
in (30). Note of course that simple algebraic operations on moments
do not guarantee that the resulting moment correspond to a shape in
the consideredclass.One can then formulate an energy that penalizes
deviations from the PCA to form d in (29). In the simplest case,we
have that

dprior (c) =
1
2

n+ m� NX

n;m

wn;m (� n:m (c) � � n;m (cprior ))2 (32)

where � n;m (cpr ior ) is the (n; m) moment of a shape in the database.
The L2 gradient descent of (32) is ill-p osedas � n;m it is a gener-

alization of averageweighted length (15). Therefore, we consider the
Sobolev gradient (seeAppendix A.3), which yields

r Sob olev � n;m = �
�
� n;m +

1
2

� r � �
�

c � c
�L 2 + K �

�
r x � +

c � c
�

� r � �
�

+ K 0 �
�
�c s � (c � c) � r x � cs +

1
2

(c � c)2

�
� r � � cs

�
� r � � ;

(33)

where r x � denotesthe derivative with respect to the �rst argument of
� and we have usedthe following notation:

c � c
�

:=
�

c1 � c1

� x
;
c2 � c2

� y

�
;

c � c
�

r � � :=
�

c1 � c1

� x
r � x � ;

c2 � c2

� y
r � y �

�
:

Note that a similar approach of prior-based image segmentation
based on moments has been consideredin (Foulonneau et al., 2006),
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however, the moments are area-basedmoments:

� n;m =
1

A (n+ m)=2+1

Z

R
(x � x)m (y � y)n dx dy;

where x and y are the standard coordinate area-basedmeans. The
authors go on to considera�ne-in variant moments. A reasonfor using
length-based moments over area-basedmoments is that the length-
based moments are much more sensitive to and therefore better at
discriminating protrusions and �ne-scale details of the curve.Therefore,
it is easierto detect �ner details of the prior curve with length-based
moments with smaller order moments compared to the region-based
case(seeSection 6.4 for an experiment).

5. New Edge-Based Activ e Con tour Mo dels

The energy for the traditional edge-basedtechnique (Caselleset al.,
1995;Kichenassamy et al., 1995) (called geodesicactive contours) is

E(c) =
Z

c
� (c(s)) ds; (34)

where � : R2 ! R is chosen low near edges(a common example is
� = 1=(1 + kr (G � I )k) whereG is a Gaussiansmoothing �lter). There
are several undesirable features of this model (even if a perfect edge-
map � is chosen).The energyhastrivial (undesirable)minima and even
minima that are not at the edgesof the image(seefor example(Ma and
Tagare, 1999)). This is in part due to the bias that the model has in
preferring shorter length contours, which may not always be bene�cial.
Therefore, we proposenew edge-basedmodels.

5.1. Non-Shrinking Edge-Based Model

We proposeto minimize the following non-length shrinking edge-based
energy:

E(c) =
Z

c
� (c(s))

�
L � 1 + � L� 2(s)

�
ds; (35)

where � � 0, which we claim alleviates someof the undesirableprop-
erties of (34). An energy, which is similar to (35) (except for the factor
of L on the curvature term), is consideredby (Fua and Leclerc, 1990),
but a discrete version of the energy is used for implementation. The
�rst term, 1

L

R
c � ds (i.e., (35) when � = 0), is the sameas the energy

usedfor the geodesicactive contour model, but there is a scalefactor of

ijcv.tex; 30/09/2007; 16:02; p.16



17

1=L. This removesthe length shrinking e�ect of (34) in descent 
o ws;
in particular if there are no edges(� is constant), then a descent 
o w
will not shrink the contour. The L 2 gradient of the �rst term (when
� = 0 in (35)) as noted in (16) is

� L (� � � )� N + L(r � � N )N ;

which is zero when the contour is aligned on true edgesof the image
(note that this may not be the casewith the geodesic active contour
model). The 
o w is stable with respect to the Sobolev metric, but not
with respect to L2.

Dividing the energy(34) by L , as in the �rst term of (35), losesreg-
ularizing e�ects of the original 
o w, and it is possiblethat the contour
can becomenon-smooth from irrelevant noise. This observation is the
reasonfor the secondterm of (35). The secondterm, L

R
c �� 2 ds, is an

imagedependent versionof the scale-invariant elastic energy. This term
favors smooth contours, but smoothness is relaxed in the presenceof
edges,which are determined by � . The factor of L makes the energy
scale-invariant when � is constant; therefore, a descent 
o w will not in-
creaseor decreasethe length of the contour unlessthesebehaviors make
the curvature smaller or make the contour align along the edges.The
reasonfor not consideringthis term alone is for the following. Suppose
we are considering open curves with two endpoints �xed. Regardless
of the � that is chosen,the minimum of this term is always zero, and
it is minimized by a straight line (the curvature is zero). For closed
contours, we have observed in the numerical implementation that the
contour sticks to isolated points where there is an edgeof the image,
and the convergedcontour is a straight line betweenthesepoints (even
if there is no edgealong the line). Thus, the contour looks polygon-
like. Even though the � = + 1 at vertices of polygons, this is not true
numerically where� is �nite. Therefore, in a numerical implementation,
the secondterm of (35) is not useful by itself.

5.2. Increasing Weighted Length

Instead of a non-shrinking edge-basedmodel, if we have prior informa-
tion that the length of the curve should increase,e.g., the initial curve
is within the object of interest, then one may want to maximize the
following energy:

E(c) =
Z

c
� (c(s)) ds � �

Z

c
� 2(s) ds; (36)

where � � 0, and � , contrary to the geodesicactive contour model, is
designedto be large near edges(one example is choosing � = kr I k).
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The �rst term of the energy is a weighted length, and therefore this
term favors increasingthe length of the curvewhile stopping nearedges.
Considering only the �rst term ((36) when � = 0), since the length of
the curve is being increased,it is likely that when the curve has con-
vergedon a coarsescale,�ne details due to noisebecomedetectedand
the curve becomesrough, thereby further increasinglength. Therefore,
we add a regularizer, which is the secondterm of (36), to the weighted
length. Note that we propose to use the scale-varying elastic energy,
which in addition to regularity, givesan e�ect of increasingthe length
of the curve, which is bene�cial basedon the prior assumption.

The L2 gradient ascent of the weighted length term results in one
term that is � �� N , which makesthe length of the curve increaseand
is unstable. If � > 0, then the L2 
o w of (36) may becomewell-posed
sincethis results in higher order regularity terms, but the elastic energy
has its own problems using the L2 gradient 
o w. Therefore, we usethe
Sobolev 
o w.

6. Exp erimen ts

6.1. St ability of Length Increasing Flo w

In this �rst experiment, we considersimple 
o ws to increasethe length
of an initial curve. First, we considerthe Gaussiansmoothing approach
of (Charpiat et al., 2005),that is, weconsidernumerically implementing
the 
o w ct = � S� (css) where S� is a Gaussian smoothing operator.
Note that since S� is the solution of the heat equation on the circle,
one cannot obtain a closedform solution for S� as a convolution ker-
nel as in the caseof the Sobolev metric. Therefore, one is forced to
numerically implement the smoothing process.In Fig. 1, we show that
while theoretically the Gaussian smoothed 
o w is stable, the numer-
ical implementation gives many irregularities, which may be signs of
instabilities. This is probably becausethe numerical smoothing does
not annihilate exactly all of the high frequency components causing
the instabilities of the original 
o w. On the other hand, the Sobolev
gradient ascent is numerically stable as we have a closedform solution
for its gradient (Fig. 1).

6.2. Regularity of Sobolev Active Contour

In this experiment, we show a case when the scale-invariant elastic
regularity term (25) is more bene�cial than the using the traditional
length penalty (23). Note that the elastic regularizer doesnot generally
have a length shrinking e�ect, but keeps the contour regular. This
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Figure 1. Flows increasing the length of the curve. Left to right: initial contour,
after 100 and 400 iterations of smoothed backward heat 
o w (10 smoothing itera-
tions), after 250and 1000iterations of smoothed backward heat 
o w (100 smoothing
iterations), Sobolev gradient 
o w after 100 and 400 iterations (this is independent
of � ). Notice that the Gaussian smoothed 
o w builds up irregularities numerically,
and smoothing more helps delay the build up of the irregularities.

Figure 2. L 2 regularization (top two rows). Left to right: � = 1000, � = 1000
followed by curvature smoothing to remove the noise (least number of iterations
to remove noise), � = 10000; 50000; 90000. The image-based term is Chan-Vese.
Sobolev elastic regularization (bottom two rows). Left to right: � = 0; 0:1; 5; 10; 25.
The second and fourth row show the same result as the row above them, but the
image is removed for visibilit y.

length shrinking e�ect may have a detrimental e�ect asshown in Fig. 2.
Note that the length penalty restricts the curve from moving into the
groves between the �ngers. The elastic regularity term, on the other
hand, has no such restriction, and makes the curve more smooth and
rounded.
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Figure 3. Tracking a man through an occlusion. Bottom row shows the results
of using a prediction (�ltering) on the centroid and the isoperimetric ratio, and
then penalizing deviations of the contour away from predicted parameters by (27)
(� = 50000,� = 100). The top row givesthe result with no such penalty using usual
L 2 , and the middle row is using Sobolev active contours with no prior.

6.3. Tra cking with Centr oid/ Isoperimetric Prior

In this experiment, we illustrate one possibleapplication of the energy
(27) in tracking a man through an occlusion. For the data-basedterm
in (27), we usethe Mumford-Shah energy (Mumford and Shah, 1989).
The prior information on the centroid and isoperimetric ratio can be
obtained through a �ltering process(indeed, we assumea constant
accelerationmodel of both quantities). We usethe tracking framework
of (Jackson et al., 2004) for both simulations in Fig. 3. The top row
shows the result using the framework of (Jackson et al., 2004) without
the use of prior centroid and isoperimetric information; the bottom
row incorporates this prior information. Notice that the prior informa-
tion on the centroid keepsthe contour moving through the occlusion,
while the isoperimetric ratio (and becausewe are using Sobolev active
contours) keepsthe shape constrained.

6.4. Prior Shape Segment ation With Moments

We now show results of using simple shape priors basedon moments
for image segmentation. In the �rst experiment (Fig. 4), we show the
usefulnessof incorporating a covariance prior for object tracking. In
this experiment, we segment frame-wiseusing the energy

E(c) = Ecv(c) + k�( c) � �( c0)k2;
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Figure 4. Tracking of a seacreature using a covariance prior from the initial frame.
The top row shows the tracking using a simple Chan-Vese detection energy with
Sobolev active contours. The bottom row shows the result when adding a simple
covariance prior obtained from the initial frame, which can only be optimized with
Sobolev active contours.

where Ecv is the Chan-Veseenergy (Chan and Vese,2001), and

�( c) =
�

� 2;0(c) � 1;1(c)
� 1;1(c) � 0;2(c)

�
; and � ij (c) =

1
L

Z

c
(c1(s)� c1) i (c2(s)� c2) j ds;

and c0 is the initial curve in the �rst frame. Note that weareconsidering
scale-varying variancessincewe would like to placea prior on the scale
of the object. Fig. 4 shows that without such a varianceprior even with
Sobolev active contours, the contour expandsto the background since
this portion of the background resembles the object more closely than
the dark area.However, whenadding a prior on the covarianceobtained
from the initial contour in the initial frame, the curve is restricted from
bleeding into the background.

In the experiment in Fig. 5, we perform a prior-based segmentation
on a imagethat is both occludedand distorted by Gaussiannoise(mean
0 and variance 0.6). We segment using the energy

E(c) = Ecv(c) + dprior (c);

where d is de�ned in (32), and we use up to 5th order moments. The
�gure shows that without the moment-based priors, the segmentation
captures the (unwanted) rectangle and cannot expand to capture the
tail of the plane due to the high level of noise.The segmentation with
area-basedmoments doesmuch better and avoids the rectangular bar,
but cannot expand in to capture the tail. The length-based moment
prior segmentation avoids the rectangular bar and easily expands to
capture the tail of the plane. This is becauseprotrusions with large
length and small area are much easier to capture with length-based
moments. One could capture the tail with area-basedmoments, but
one would needto usemuch higher moments, for example, in (Foulon-
neauet al., 2006) the authors usearound 40th order moments for their
segmentation.
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Figure 5. Prior-based image segmentation based on moments. Top row: the �rst
image is the prior shape from which 5th order moments are extracted, the second
image is the image to be segmented, and the last image is the image to be segmented
with the initial contour. Bottom row: �nal L 2 active contour with no prior, Sobolev
active contour with no prior, Sobolev active contour with area-basedmoment prior,
and Sobolev active contour with length-based moment prior.

Figure 6. Segmentation of concave object. Standard L 2 geodesic active contour
(top); the Sobolev active contour is similar, and using the �rst term of the
non-shrinking model with Sobolev active contours (bottom).

6.5. Edge Detection with Non-Shrinking Model

We �rst show an experiment (Fig. 6) to illustrate the behavior of the
�rst term of the non-shrinking edge-basedmodel (35). Becausethe
standard edge-basedenergy prefers to shrink the curve in the absence
of edge information, the corresponding 
o w (either in the H 0 or the
Sobolev metrics) is not suitable for capturing concavities, where it is
desirable to increasethe length of the curve. Since the averagevalue
of the standard geodesic energy is not preferential to shrinking nor
increasingthe length of the curve and it is solely in
uenced by the edge
information, this model has a better abilit y to capture concavities.

In this experiment, we demonstrate that the traditional edge-based
geodesicactive contour model has an arbitrary length shrinking e�ect
that causesthe contour to passover somemeaningful edges.We show
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Figure 7. Segmentation of cyst image with three di�eren t initializations (�rst image
in each row). Converged results for the (34) and L 2 active contour (second image),
(34) with the Sobolev active contour (third image), and the energy (35) (last image).

that the non-shrinking edge-basedmodel (35) can help correct this
behavior. We usethe edge-map,1=(1 + � ), where

� (x) =
1

jB r j

Z

B r (x)
(I (y) � I r (x))2 dA(y); (37)

I r (x) =
1

jB r j

Z

B r (x)
I (y) dA(y); (38)

B r (x) = f y 2 R2 : ky � xk � r g, and jB r j denotesthe area of B r .
In Fig. 7, we segment a cyst image using various initializations.

Notice that the contour with the traditional edge-basedenergy (using
the L2 or the Sobolev descents) consistently passesover the edgeon the
right side of the cyst. The non-shrinking model consistently captures
the correct segmentation.

6.6. Edge Detection by Increasing Weighted Length

In this experiment, we apply the weighted length increasingenergy(36)
to vesselsegmentation. We show the results of using the traditional
edge-basedtechnique with a balloon; that is, we show results of using
the L2 gradient descent for the energy

E(c) =
Z

c
� (c(s)) ds � �

Z

R
� dA: (39)

We use (37) as the edge-mapfor the weighted length increasing 
o w.
The edge-mapfor (39) is 1=(1 + � ) where � is given in (37).
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Figure 8. Left to right: initial contour, minimizing (39) � = 0:2; 0:25; 0:4 using L 2 ,
and increasing weighted (36) � = 0:1 using Sobolev (all images show converged
contour). The contour expands to enclosethe entire image (�fth image).

In the caseof vesselsegmentation, it is bene�cial to increasethe
length of the initial contour more sothan area.Sincea vesselis charac-
terized as a long, thin structure, a balloon term will fail to capture the
global geometry of the vessel.This is demonstrated in Fig. 8: a small
weight on the balloon term results in the 
o w capturing local features
close to the initial contour; larger weights on the balloon makes the
contour balloon out to capture the entire image. Note the weighted
length maximizing 
o w doesnot passthe walls of the vesselsincethat
does not increase the length (although it does increasearea) of the
contour, and is therefore able to capture the vessel.

7. Conclusion

We have demonstratedthat the Sobolev gradient method allows oneto
consider active contour energiesthat were not consideredin the past
becausethe gradient method using the traditional metric cannot be
used. In particular, we have given examplesof energiesthat result in
L2 gradients that are ill-p osedor lead to high order PDEs (and hence
numerically di�cult to implement). Theseenergies,as we have shown,
result in Sobolev gradient 
o ws that are both well-posedand numeri-
cally simple to implement. The experiments have shown potential uses
for someenergiesintro ducedin segmentation and tracking applications.

App endix
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A. Deriv ation of Sobolev Gradien t Flo ws

Note that in this appendix, all Sobolev gradients are computed with
respect to the �rst order (n = 1) Sobolev metric (2.3), and therefore,
the expressionsare in terms of the kernel, K , de�ned in (6). We recall
the notation that if L is the length of a curve c and f : [0; L ] ! Rd

(d � 2) then

f :=
1
L

Z

c
f (s) ds:

Moreover, recall the notation presented in Section 3.

A.1. Avera ge Weighted Length

Let

E(c) =
1
L

Z

c
� (c(s)) ds;

where � : R2 ! Rk where k � 1. We now compute the L 2 gradient for
k = 1:

r L2 E(c) = �
r L2 L

L
E(c) +

1
L

r L2 (LE (c))

= E � N + (r � � N )N � �� N

= (r � � N )N � (� � E )� N : (40)

For the generalcaseof k, we �nd

r L2 E(c) = N [N T (D � )T � � (� � E )T ]

where T denotestranspose.We now compute the Sobolev gradient for
k = 1:

r Sob olev E(c) = �
r Sob olev L

L
E(c) +

1
L

r Sob olev (LE (c))

= � E
c � c
�L 2 + K � r � + K 0 � (�c s) (41)

= � E
c � c
�L 2 +

�c � �c
�L 2 � (� sc) � K 0+ r � � K ; (42)

where � s = d=ds� (c(s)). For the generalcaseof k, we �nd

r Sob olev E(c) = �
c � c
�L 2 E T + K � (D � )T + K 0� (cs� T )

= �
c � c
�L 2 E T +

c� T � c� T

�L 2 � (c� T
s ) � K 0+ (D � )T � K :
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A.2. Scale-Inv ariant-Type Elastic Ener gy

Let

E(c) = L
Z

c
� (c(s)) � 2(s) ds:

We denote C : S1 � [0; 1] ! Rd (C(p; t) 2 Rd) to be a time varying
family of curves,and we will write E(t) := E(C(�; t)). First note that

Csst = Ctss � (Ctss � Cs + Cts � Css)Cs � 2(Cts � Cs)Css;

and sinceCs � Css = 0, we have that

@
@t

(Css � Css) = 2Csst � Css2(Ctss � Css) � 4(Cts � Cs)(Css � Css): (43)

Next we �nd that

@
@t

(� (C)jCpj) = r � � Ct jCpj + �
Ctp � Cp

jCpj
= (Ct � r � + � (Cts � Cs)) jCpj: (44)

Now,

E 0(t) =
d
dt

�
L

Z 1

0
� (C)(Css � Css)jCpj dp

�

=
E
L

L t + L
Z 1

0

@
@t

(� (C)jCpj)Css � Css dp + L
Z

C
� (C)

@
@t

(Css � Css) ds:

By substituting (43) and (44) into the last expressionabove, we have
that

E 0(t) =
Z

C
Ct �

�
�

E
L

Css + L(Css � Css)r �
�

ds

+ L
Z

C
(2� (Ctss � Css) � 3� (Cts � Cs)(Css � Css)) ds:

Integrating by parts, we �nd that

E 0(t) =
1
L

�
Z

C
Ct �

�
� ECss + 2L 2@ss(�C ss) + 3L 2@s(� (Css � Css)Cs) + L 2(Css � Css)r �

�
ds:

Hence,

r L2 E(c) = � Ecss+ 2L 2@ss(�c ss)+ 3L 2@s(� (css �css)cs)+ L 2(css �css)r �:
(45)
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This form will be useful in computing the Sobolev gradient, but we
simplify the expression(45) to understand the L 2 
o w in the planar
case:

@ss(�c ss) = @ss(�� N )( � ss� + 2� s� s+ �� ss � �� 3)N � (2� s� 2+ 3��� s)cs;

also,

@s(� (css � css)cs) = @s(�� 2cs) = (� s� 2 + 2��� s)cs + �� 3N :

Therefore,

2@ss(�c ss) + 3@s(� (css � css)cs) =

(2� ss� + 4� s� s + 2�� ss + �� 3)N � � s� 2cs;

and �nally ,

r L2 E(c) = L 2
�

�
E
L 2 � + 2� ss� + 4� s� s + 2�� ss + �� 3 + � 2r � � N

�
N :

(46)
Computing the Sobolev gradient from (45), we have that

r Sob olev E = K � r L2 E

= � EK 00� c + 2L 2K 00� (�c ss) � 3L 2K 0� (� (css � css)cs)

+ L 2K � ((css � css)r � ):

Hence,

r Sob olev E = �
E

�L 2 (c � c)+

2
�

((�c ss) � �c ss) � 3L 2K 0 � (�� 2cs) + L 2K � (� 2r � ): (47)

A.3. Moments

We calculate the gradients of the moments de�ned by

� n;m =
1
L

Z

c

�
c1(s) � c1

� x

� n �
c2(s) � c2

� y

� m

ds =
1
L

Z

c
� (c(s); c; � x ; � y) ds

where n; m � 3 and

� 2
x =

1
L

Z

c
(c1(s) � c1)2 ds; and � 2

y =
1
L

Z

c
(c2(s) � c2)2 ds:
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We will denote r x , D � x , D � y to be the derivative wrt the �rst, third
and fourth argument of � . Then

d
dt

� n;m (C(t)) =
1
L

Z

C
Ct �

�
ECss + r x � � (�C s)s � r L2 (C)r x �

�
ds

+
1
L

Z

C

�
D � x � �

d
dt

� x + D � y � �
d
dt

� y

�
ds

=
1
L

Z

C
Ct �

�
ECss + r x � � (�C s)s � r L2 (C)r x �

�
ds

+
1
L

Z

C
Ct � [(D � x � )r L2 � x ] ds +

1
L

Z

C
Ct � [(D � y � )r L2 � y)] ds

=
1
L

Z

C
Ct �

�
ECss + r x � � (�C s)s � r L2 (C)r x � + r L2 � xD � x � + r L2 � yD � y �

�
ds;

and therefore,

r Sob olev � n;m = � E
c � c
�L 2 + K � r x � + K 0� (�c s) � r Sob olev (c)r x �

+ r Sob olev � xD � x � + r Sob olev � yD � y � :

Note that

r Sob olev � x =
1

2� x

�
�

c � c
�L 2 � 2

x + 2K � (c1 � c1) + K 0� (cs(c1 � c1)2)
�

;

and so setting � = (� x ; � y) and r � � = (D � x �; D � y � ), we have

r Sob olev � r � � = �
c � c
2�L 2 (� � r � � ) + K �

�
(
c1 � c1

� x
;
c2 � c2

� y
) � r � �

�

+
1
2

K 0 �
�
cs(

(c1 � c1)2

� x
;
(c2 � c2)2

� y
) � r � �

�

= �
c � c
2�L 2 (� � r � � ) + K �

�
c � c

�
r � �

�
+

1
2

K 0�
�
cs

(c � c)2

�
� r � �

�
;

where

c � c
�

:=
�

c1 � c1

� x
;
c2 � c2

� y

�
;

c � c
�

r � � :=
�

c1 � c1

� x
D � x � ;

c2 � c2

� y
D � y �

�
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Therefore,

r Sob olev � n;m = � E
c � c
�L 2 + K � r x � + K 0 � (�c s) � r x � � K 0� [cs(c � c)r x � ]

�
c � c
2�L 2 (� � r � � ) + K �

�
c � c

�
r � �

�
+

1
2

K 0�
�
cs

(c � c)2

�
� r � �

�

= �
�
� n;m +

1
2

� � r � �
�

c � c
�L 2 + K �

�
r x � +

c � c
�

r � �
�

+ K 0 �
�
�c s � [(c � c) � r x � ]cs +

1
2

[
(c � c)2

�
� r � � ]cs

�
� r � � :

Note that

� (x; y; � x ; � y) =
�

x � x
� x

� n �
y � y

� y

� m

;

and

r x � =

8
><

>:

�
n[(x � x)� � 1

x ]n� 1[(y � y)� � 1
y ]m ; m[(x � x)� � 1

x ]n [(y � y)� � 1
y ]m� 1

�
n; m 6= 0

�
0; m[(y � y)� � 1

y ]m� 1
�

n = 0
�
n[(x � x)� � 1

x ]n� 1; 0
�

m = 0

and

r � � = �

8
><

>:

�
n� � 1

x [(x � x)� � 1
x ]n [(y � y)� � 1

y ]m ; m� � 1
y [(x � x)� � 1

x ]n [(y � y)� � 1
y ]m

�
n; m 6= 0

�
0; m� � 1

y [(y � y)� � 1
y ]m

�
n = 0

�
n� � 1

x [(x � x)� � 1
x ]m ; 0

�
n = 0
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