AN EQUIVALENT PATH FUNCTIONAL FORMULATION
OF BRANCHED TRANSPORTATION PROBLEMS

LORENZO BRASCO AND FILIPPO SANTAMBROGIO

ABSTRACT. We consider two models for branched transport: the one introduced in Bernot et al.
(Publ Mat 49:417-451, 2005), which makes use of a functional defined on measures over the space
of Lipschitz paths, and the path functional model presented in Brancolini et al. (J Eur Math Soc
8:415-434, 2006), where one minimizes some suitable action functional defined over the space of
measure-valued Lipschitz curves, getting sort of a Riemannian metric on the space of probabilities,
favouring atomic measures, with a cost depending on the masses of each of their atoms. We prove
that modifying the latter model according to Brasco (Ann Mat Pura Appl 189:95-125, 2010), then
the two models turn out to be equivalent.

1. INTRODUCTION

The study of variational models giving rise to branched structures of transportation as optimizers
has been the object of an intensive investigation in recent times: we just cite the works of Bernot,
Caselles and Morel ([3]), Maddalena, Morel and Solimini ([14]) and Xia ([17]), which are now quite
standard references in this field, as leading examples.

The typical problem one has to face in this context is the following: one has some mass pg
that has to be transported to a destination p; and wants to find the optimal way to perform this
transportation. The main difference with the classical Monge-Kantorovich mass transportation
problem (for which the reader can consult [1] or [16]) is that optimality should regard the type of
structure used to move the mass: in particular, this transportation should be optimal with respect to
some energy which has to take into account the fundamental principle that “the more you transport
mass together, the more efficient the transport is’. This is, for example, exactly what happens in
many natural systems: root systems in a tree, bronchial systems and blood vessels in a human body
and so on. Each of them solve the problem of transporting some “mass” (water, oxygen, blood or
generic fluids) from a source to a destination, avoiding separation of masses as much as possible.
This fundamental principle is translated into the energy by considering, for a mass m moving on
a distance ¢, a cost of the form m®/¢, with o < 1: since the function m — m® is subadditive, i.e.
(m1 +mg)® < m§ +mg, it is convenient to put together different masses so as to pay less. Then
the typical resulting structures are trees made of bifurcating vessels.

2000 Mathematics Subject Classification. 49Q20; 90B20.

Key words and phrases. Branched transport; irrigation patterns; path functionals.

The authors acknowledge the support of Agence Nationale de la Recherche via the research project OTARIE, of
the Université Franco-Italienne via the mobility program Galilée “Allocation et Exploitation et Evolution Optimales
des Ressources: réseaux, points et densités, modeles discrets et continus” as well of the Universita di Pisa through the
program Cooperazione Accademica Internazionale “Optimal trasportation and related topics”. The first author was
partially supported by the European Research Council under FP7, Advanced Grant n. 226234 “Analytic Techniques
for Geometric and Functional Inequalities”.

1



2 L. BRASCO AND F. SANTAMBROGIO

In the case of finitely atomic sources and destinations, that is when pg and p; are measures with
the same mass (let’s say 1, up to a renormalization) of the form

m n
o = Zakémk and pup = Z bjéwj,
k=1 j=1

Gilbert in the '60s (see [12]) proposed to study the minimization of the energy

(L1) Ma(g) = 3 m§H (en).
h

where H! is the one-dimensional Hausdorff measure and g = (en, €-h>,mh) is a weighted oriented
graph, with e standing for the edges of the graph, e; are the orientations of these edges and
the weights mj, stand for the transiting mass. Then M, is minimized over the set of admissible
weighted oriented graphs, which is given by those graphs linking pg to p; and satisfying Kirchhoff’s
Law. Observe that this can be viewed as a generalization of Steiner’s problem of finding the network
of minimal length connecting a set of given points, the latter corresponding to the choice a = 0.
This discrete model has been suitably extended to a continuous setting (i.e. when py and pi are
general probability measures) by Xia (see [17]), thanks to a relaxation procedure. This leads to the
minimization of the energy

/ m®(x)dH (z), if ® =m 7T HLE,
M () = >

400, otherwise,

over all vector measures ® with prescribed divergence V - ® = pg — 1, which is finite only on those
measures concentrated on a 1—rectifiable set ¥ with a vector density m7 w.r.t. H', where 7 is an
orientation of X: this energy is obviously closely related to the original Gilbert-Steiner energy (1.1).
A completely different formulation has been given to this problem by Maddalena, Morel and Solimini
(the irrigation patterns model, [14], which is confined to the case of a single source pg = d,,) and
by Bernot, Caselles and Morel (the traffic plans model, [3]), using some tools from fluid mechanics,
such as probability measures over the set of paths: we do not discuss here these models (see Section
2), but it is remarkable to point out that in the case of g = d,,, all the studies performed in [14],
[17] and [3] lead to the same optimal structures and they all give different descriptions of the same
energy, which is exactly a Gilbert-Steiner one (see Chapter 9 of [5], for these equivalences).

Among others, the paper [8] presents a possible alternative approach to these problems: actu-
ally, the model is fairly more general, as it tries to give a unified dynamic formulation of mass
transportation problems both with congestion or branching effects, simply perturbing the geodesic
formulation of the p—Wasserstein distance. The latter is actually a geodesic distance (i.e. the space
of probability measures becomes a length space under w,) and hence it satisfies

1
wy (o, p11) = min{/o |1 |w, dt = p € Lip, pu(0) = po, p(1) = ul}, to, g1 € Wp(€2).

Here |pt/|y, is the metric derivative of the curve p with respect to the p—Wasserstein distance, which

is defined by
/ T wp(ﬂ(t+h)aﬂp(t))

(see Chapter 4 of [2] for more details).
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One can perturb this minimal length formula studying weighted lengths. If suitable weight func-
tions which allow only for very concentrated measures or very diffused ones are chosen, one can
obtain models for different kind of phenomena to modelize.

For the case to study, the choice of the weight function is given by

domp, i p=) mpdy,,
(1.2) go(p) = keN keN
400, otherwise,

so that the energy under consideration in [8] is the following

1
(13) Gagli) = [ 900 10, (0 at,

for every Lipschitz curve with values in W, (€2). Observe that the term g, is finite only on atomic
measures and reproduces the energy with the masses to the power of a which is used in the other
models. Moreover, this model is a purely dynamical one, as far as any optimal curve provides
the evolution of the branched transportation and not just the branched structure underlying the
movement: also notice that the term g, (u(t)) is local both in space and time.

This model, despite its simple description, has not received much attention (except for the recent
paper [7] by Bianchini and Brancolini, where the so-called irrigability conditions are studied in
details), after it has been discovered that it turns out not to be equivalent with the others (in the
sense that the optimal structures they describe are not the same). Moreover, it shows some unnatural
behaviours from a modelization point of view. These are mainly two and we try to explain them in
some details, in order to provide a better understanding of the scope of this work:

(i) energetic behaviour: the term g, is a function of the whole p, which means that if some
masses arrive at their destination and then stop, we continue to pay a cost for them until
all the process is over.

Just to clarify, we write down a basic example: suppose you want to transport jip = 6y,
to u1 = mdy, + (1 —m)ds,, where |xg — x1| = 2|z — z2|. A possible connecting curve could
be

MO(1—t)zottay T (1= M)0(12t) wot2020 T € [0,1/2],
pu(t) =
m(s(lft) zo+tzy T (1 - m>5$27 te [1/27 1]7
but it is easily seen that for a path like this, the energy (1.3) will let you pay a cost for the
mass (1 —m) also after it is stopped.

On the contrary, it would be desirable to have an energy which takes into account only

the moving mass, which in this case is simply given by

B u(t), t€0,1/2],
V(t) B { nﬂLé(lft)aﬂothﬂfl7 te [1/2’ 1]’

the latter being no more a curve of probability measures. This is the reason why, at a first
stage, the energy (1.3) has to be modified as follows

1
Coopl, 1) = / G0 (8)) |1, (£) .

where now v is a curve of sub-probability measures, which should represent the moving mass.
The curves v and p are linked by the condition of being an evolution pairing: this means that
the moving part v is always less than the total mass p and that the mass reaching its final
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destination, given by the difference u — v, has to grow in time (see Section 3, Definition 1).
Obviously, this makes sense when the starting measure po = dz, (which is anyway a relevant
case, and it was the one studied in [14], as already said), so that at time 0 mass starts to
move as a whole: on the contrary, when the starting measure is a generic probability, then
one would have to take into account also the possibility that masses could start to move at
different times (it is enough to think to the previous example, just exchanging the role of
o and py). In this case, one possibility could be that of defining an evolution pairing as a
couple (v, 1) with the property that g — v must be the sum of an increasing part (the arrived
mass) and a decreasing one (the mass which is still not moving). Anyway, for the sake of
brevity, we will not pursue this direction in this paper and our investigation will be strictly
confined to the case p9 = d,,. We warn the reader from the beginning that this definition of
evolution pairing, despite being quite simple and intuitive, hides some subtleties and enlarges
too much the class of admissible configurations, as far as it does not take into account any
constraint on the wvelocity of the moving part v. This will be made apparent at the very
beginning of Section 4 with an enlightening example (Example 4.1), in which the necessity
for a more rigid class of evolution pairings (what we called special evolution pairings, see
Definition 3) will come into play: anyway, for the ease of exposition, we have chosen to start
introducing the general concept and to see how this has to be suitably modified;

scaling behaviour: another problem is the choice of the exponent p, which influences the
energy Go (1) through the term |p/[,,. It seems that the right choice should be p = +oo0,
for two reasons mainly: the first is that if you rescale a curve p to be a curve with mass m,
we get,

atld
Ga,p(m p) =m +pGa,p(N)a

so that the energy rescales as the power o+ 1/p, with respect to the mass. Taking p = +oo
clearly settles this behaviour, giving the same scaling as a Gilbert-Steiner energy. The second
reason is that the term |4'|,, should play the role of the velocity of the particles, so that
it is expected to be mass-independent: on the contrary, in the case p < +oo in general you

would have )
|:u/|wp = (Zm€p> i

which roughly speaking means that metric velocity is a mass-weighted sum of the velocities
of the particles, which strengthen the feeling that p = +o0 should be the right exponent, in
order to be able to compare the path functional energy with a Gilbert-Steiner one.

All in all, one is lead to the study of the modified energy given by

1
Giosoo (v, 1) = /0 G (1)) |1 e,

but then we have to pay attention to another detail: observe that thanks to the subadditivy of gq,
in the standard path functional model we have

9a(pu(t)) = 1,

because g, is evaluated on probability measures: then the existence of a Lipschitz curve minimizing
(1.3) under a constraint on the endpoints, is almost straightforward (see [8], Theorem 2.1), thanks
to the fact that every minimizing sequence with bounded energy has equi-bounded lengths.

On the contrary, in the modified path functional energy you only have

ga(v(t)) = v ()|(),
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and the last quantity can go to zero (the moving mass could decrease until it disappears). This fact
completely destroys the coercivity of the energy on the space of Lipschitz curves: this means that
it could be the case that the transportation process requires an infinite speed (then breaking the
Lipschitz constraint), in order to bring all the mass from z( to p; in a finite time, or equivalently,
that if you want your curves to stay Lipschitz (i.e. you have an upper bound on the velocities), then
you could need an infinite amount of time to complete the transportation. In other words, it may
happen that you do not have an upper bound on the length of the paths that particles have to run,
because of branching. Curiously enough, this fact is not a drawback, as it is in perfect accordance
with the other models, where the existence of an upper bound on the lengths covered by the particles
(also for optimal structures) in not known! Indeed, this is still an open problem up to some special
cases (see in particular [5], Problem 15.13). We stress the fact that the only case where the answer
is known - and it is yes - is when the irrigated measure satisfies an Ahlfors regularity property, i.e.
when its density w.r.t. H® is bounded from below for a certain s € [0, N] (N being the dimension
of the ambient space): in this case, this result is just a consequence of the Holder continuity of the
so called landscape function proven in [15] for s = N and then considerably extended in [9].

So in the end, one has to relax the requirement on the finiteness of the time interval and to take
advantage of the reparametrization invariance of these weighted length functionals: to keep some
compactness one can introduce a bound on the velocities (which does not affect the functional, due
to reparametrization). It turns out that the kind of energy we are really interested in, as a good
candidate to be equivalent to a Gilbert-Steiner energy, is of the form

(1.4) L) = [ 0alo(0) o0

defined for all curves p which are Wy, (£2)—valued and Lipschitz, with a given Lipschitz constant
(let us say 1, for example). It is also clear that keeping the velocity term |u'[,,.. will not be crucial,
since if one withdraws it, but keeps the bound |u'|,,.. < 1, the only effect will be that of selecting
those minimizers which move at maximal speed.

The plan of the paper is as follows: first of all (Section 2), we start recalling the basic facts about
the traffic plan model of Bernot, Caselles and Morel and some of its (equivalent) variants. Then in
Section 3 we introduce the concept of evolution pairing, its main features and we give an existence
result for the minimization of functional (1.4) over the set of evolution pairings with prescribed
endpoints. Section 4 is devoted to a deeper insight into evolution pairings, providing properties and
examples which lead us to isolate a good subset (the aforementioned special evolution pairings) for
which a complete characterization (Section 5) can be given, in terms of the Lipschitz curves of the
base space. This characterization is one of the corner-stones of the paper, which finally permits us to
compare, in Section 6, our energy with a Gilbert-Steiner or Bernot-Caselles-Morel one and to show
equivalence between our modified path functional model and the other models, in the irrigation
case.

2. A QUICK OVERVIEW OVER TRAFFIC PLANS

Let Q C RY be a compact convex set and let us indicate I = [0,00). Moreover, as far as we are
interested in studying the branched transport problem with a single Dirac mass as starting measure,
in the sequel we will always refer to this configuration and in particular with pg we will indicate a
Dirac mass centered in some point of €2, that is we set pp = d4,, for some z( € .

We consider the space Lip, (I;2) of all 1—Lipschitz curves over €2, equipped with the topology of
the uniform convergence on compact sets, and we call traffic plan every probability measure on this



6 L. BRASCO AND F. SANTAMBROGIO

space. We denote with T'(o) the stopping time of a curve o, defined as
T(0o) =inf{t € [0,00) : o is constant on [t,00)},

and we recall that 7" : Lip;(/;Q2) — RU {400} is a lower semicontinuous function (see [3], Lemma
4.2). We then define the set of traffic plans with prescribed initial and final measures

TP(po, 1) ={Q € Z(Lip; (1;Q)) : QT =+00}) =0, (e0)#@ = po, (€oo) Q@ = pa},
where for every t € I, the function e; is defined as

e, Lip(1;) — Q

o — o(t);

and the application ey is defined on the set {o : T'(0) < 400} through ex(c) = o(T(0)). As
the reader may easily see, eo, will be always applied when the space Lip;(/;€) is endowed with a
measure ) such that Q({T = +o0}) = 0. The fact that the space of these measures is not closed
should not worry, since the functional we will consider has coercivity properties so as to provide
suitable compactness.

Given a traffic plan @ € Z(Lip,(I; 1)), the multiplicity of @ at a point x € © and time instant
t € I is the quantity
[(z,t)lq = Q({o € Lipy(I;Q) : = =0o(t)}),
which represents the quantity of mass passing from a point x at time ¢. Then, for any o € (0,1) we
define the a-energy of a traffic plan as

T (o)
= o a—1 o).
Ea(Q) = /L e /0 (1), DIS ! dtdQ(o)

In order to avoid possible confusions, something has to be precised on the energy E,. The reader
has maybe noticed that the same energy is sometimes defined integrating |(o(t), t)]%_l\a' (t)|, thus
getting a functional which is invariant under time reparametrization. Yet if one withdraws the
derivative term but only considers curves which are 1—Lipschitz, then the minimization will give
the same result but selecting one precise minimizer, the one which moves at maximal speed.

The definition of multiplicity also needs some clarifications. The one that we have chosen here is
that of the so-called synchronized traffic plan model of Bernot and Figalli (see [6]). Other definitions
are possible: the first one which had been introduced, which is only suitable for the case where pg is
a Dirac mass, is the multiplicity of the irrigation pattern model of Maddalena, Morel and Solimini,
defined as (in the language of traffic plans)

[0]e.o = QU{n € Lip,(1;€2) : n(s) = o(s),Vs € [0,t]}).
The most general and widespread one, on the other hand, is the one chosen by Bernot, Caselles and
Morel in [3], which reads
zl@ = Q({o € Lipy(1;9) : x € o(I)}).

Actually, the three multiplicities coincide on “single path” traffic plans (i.e. measures @) avoiding
properly defined cycles) and in particular on optimal traffic plans and the optimization problem for
E,, does not change if one changes the definition of the multiplicity. For the sake of our result, the
synchronized one is the most practical and this justifies our choice. Anyway, we need to stress the
following clarifying result (see for instance [15], Section 2.3):

Lemma 2.1. If Q is an optimal traffic plan minimizing E, on T P(uo, 1), then Q is concentrated
on curves o which are parametrized by arc length (i.e. |o’(t)] =1 a.e. on [0,T(0)]) and such that,
for all times t < T'(0), the equality [o];.o = |(o(t),t)|g holds.
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Remark 2.2. We recall that by means of the one-dimensional area formula (see [2], Theorem 3.4.2,
for this formula, and [4], Proposition 4.8, for Equation (2.1) below), it is easy to see that E, is
strictly related to a Gilbert-Steiner energy: indeed,

T (o)
(2.1) / e /0 oIS 0 ()] dtdQ(o) > /Q 2| dH (x),

and we have equality as soon as () in concentrated on injective curves.

3. A PATH FUNCTIONAL MODEL

We recall here the basic concepts about the space Wy (2), i.e. the set of all Borel probability
measures over {2, endowed with the co-Wasserstein distance defined by

woo(/-’*la,UQ) = min sup {|$ - y| : (xvy) € Spt(v)}7
Y (p1,p2)

where TI(u1, p2) is the set of all probability measures over the product space Q x Q, having fixed
marginals p1 and pa. The space Woo(2) is a Polish (i.e. complete and separable) metric space,
which is nor compact nor locally compact.

We also consider M (€2) the space of all positive Radon measures over ), with mass smaller than
or equal to 1, metrized according to a distance inducing the x—weak topology, for instance

1
) = 3 g [ @) don(@) = e € ME@),

where every function ¢y, is ag-Lipschitz and the sequence {pg }ren is dense in

{peC(Q) : >0, [pllLe@ <1},

Let us then define the space Lip; o(1; Wuo(€2)) of all 1-Lipschitz curves in the oo-Wasserstein
space Wxo (), equipped with the d—uniform convergence on compact subsets, i.e., indicating with

the symbol 2 this convergence, we have

pn 3 = m[(z)xi:} O(pn(t), u(t)) — 0, for every k € N.
telo,

Remark 3.1. We remark that the use of this convergence is due to the lack of any kind of compact-
ness of the space Wy, (£2). Moreover, we recall that the topology induced by wy is strictly stronger
than the x—weak topology and we have 0 < wo,. What is worthwhile to point out here and crucial
for our discussion is that wy is lower semicontinuous with respect to 0, that is

a(:u’?hu’l) — 0
= Woo (p11, f12) < Hminf weo (i, f7,)-
o(py, pr2) — 0

We also define
LOLMF(Q):={v:T— M](Q) : vis Borel measurable},

and on this space we will always consider the pointwise .#!—a.e. convergence. Then in the sequel,
when referring to the convergence on the product space LO(1; M7 (€2)) X Lip; 5(1; Wao (), we will
always mean pointwise .Z! —a.e. convergence in the first variable and 9—uniform in the second.
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We want to consider the following energy defined on L%(I; M (€2)) X Lip; o(I; Wao(€2))

(3.1) Colvop) = /0 " g () i o (1) .

where g, : M (Q) — RU {+oc} is the lower semicontinuous function defined in (1.2). For the rest
of the paper, the exponent o will always be considered as belonging to the open interval (0, 1).

Lemma 3.2. The functional £, defined by (3.1) is lower semicontinuous on the product space
LO(I; M () x Lipy (1; Wao ().

Proof. The functional under consideration can be written as
k
£a(v0) = sup 250 i= 510 | o (W (O) 4 (1)
keN keNJO

and thanks to the semicontinuity of g, and of ws, with respect to 9, we get that each £F is lower
semicontinuous with respect to the desired convergence, by means of Theorem 7 of [10]. It is only
left to observe that the supremum of a sequence of lower semicontinuous functions is still a lower
semicontinuous function. g

We now need to formalize the idea that the curves v that we want actually to consider, should
represent the moving mass. In order to do this, we recall the concept of evolution pairing, introduced
in [10].

Definition 1. Let (v, ;1) € L(I; M{ (€2)) x Lip; 5(1; Wao(2)) be two curves of measures, such that
the following are satisfied:

(E1) v(t) < u(t), for every t € I

(E2) p(t) :== p(t) — v(t) is monotone non-decreasing and d—left continuous, that is:

p(s) < p(t), for every s,t € I, with s <t and ii}ntb(p(s),p(t)) =0;

Then we say that (v, ) is an evolution pairing and we write v < p.

Notice that, being p non-decreasing, the condition of left continuity is non-crucial, since one can
always modify p(t) for ¢ in a negligible set of times and get a left-continuous curve. It is mainly
imposed to give a precise and unambiguous pointwise meaning to p(t) for every ¢, and also to get
more easily some of our proofs. Moreover, as far as p is Lipschitz and p is left-continuous, we get
that, up to modify also v for a .#! —negligible set of times, v can be thought as being left-continuous
and defined pointwisely.

Remark 3.3. Observe that property (E2) above implies that the quantity
t = v(@®)|(Q),

is non-increasing, while it does not imply that v has a monotone decreasing (in the sense of measures)
behaviour.

Given two Borel probability measures pg and p; over €2, we define the set of admissible evolution
pairings

EP(uo,pn) ={v 2 p : p(0) = po, p(o0) = p},
where the condition p(co) = g1 has to be intended in the sense . liin 0(u(t), u1) = 0, or equivalently,
— T 00

wu(t) = pp as t goes to +oo.
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Definition 2. An evolution pairing (v, u) € EP(uo, p1) is said to be normal if the following condi-
tions hold:

() 1/ (8) = 1, for ae. t € [0, T()];
(ii) v(t) = 0, for t € (T'(n),+00), where if T'(;1) = 400 this condition must intended in the
strong sense that tlim lv(t)[(Q) = 0.

In the sequel, with the term cutting at téime T, we will simply mean the operation that to every
v assigns the product v - 1jg 77 of v for the characteristic function of some time interval [0, T7.

We have the following basic result:

Lemma 3.4. Every (v,p) € EP(ug, 1) with £4(v, n) < 400 is normal, up to a reparametrization
of i and a cutting of v at the stopping time of p.

Proof. Let us take an evolution pairing (v, u) € EP(uo, 1) and reparametrize the 1—Lipschitz curve
p by arc-length, that is we take ¢ : [0, +00) — [0, +00) given by

(3.2) t(s) = inf {7’ el : s= /OT |1 | (0) dg} , s€l,

and we set fi = p o @, then this is a reparametrization of u (see [2], Theorem 4.2.1) and
| |, (1) =1, t € 1.

Moreover, setting o = v o ¢, we clearly get that (7, 1) is still an evolution pairing contained in
EP(po, p1), for which

Lol i) = /0 " ga(o(t)) dt = /0 " g0 r(0) 11 o (1) dt < +o0.

Using the subadditivity of g, the previous in turn implies that the integral

|t a
0

must be finite: as far as we are integrating a positive non-increasing function over [0, c0), we obtain
that the integrand must tend to 0, as ¢ tends to oo.

If T(f1) = +oo we have already obtained a normal evolution pairing, otherwise it is sufficient to
cut ¥ at the time ¢t = T'(f1). O

The following lemma is useful for proving the closedness of the set EP(uo, pt1) of evolution pairings
joining two given measures, but we will state it in the case where the second measure is not fixed,
so as to use it later on in its generality.

Lemma 3.5. Let {(v",u")} C EP(uo,pt) be a sequence of normal evolution pairings such that
(V" 1) = (v, ) in LO(I; MY (Q)) x Lip; o(1; Wao(R2)). Suppose moreover that pf — puy and that

sup £, (", pu") < 4o0.
neN

Then, up to changing the representant of v on a negligible set of times t € I, (v,u) € EP (o, p1)-

Proof. We first show that (v, u) is an evolution pairing and that u € Lip; 5(1; Weo(£2)): this can
be done as in Lemma 13 of [10], since (E1) and (E2) easily pass to limit. Moreover, observe that
if {v"},en converges to v Z'—a.e., the same is true for p" to p := u — v. In particular, the
nondecreasing behaviour of p” easily passes to the limit, up to the negligible set of non-convergence.
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Up to replacing p with its left-continuous representant (which means that we only change p(t) on a
negligible set of times), we get a function which is both monotone and left-continuous.

It remains to show that (v, u) still verifies the conditions on the endpoints: the fact that (0) = po
is trivial, so that the only thing to verify is the condition on the final point, that is u(co) = pp in
the sense precised before.

In the case that

(3.3) supT'(p") =T < 400,
neN

then we have also T'(u) < T, using the lower semicontinuity of 7. It is now sufficient to use the
uniform converge of {u"},en on the interval [0, 7] to obtain that

M(T) = M1,
which proves the thesis, under the additional hypothesis (3.3), by means of the fact that T'(u) < T.

We now remove assumption (3.3), exploiting the concept of evolution pairing. First observe that
using property (E2) we have that

Pt (t) < p"(s) < p'(s), foreveryt,sel, witht <s,
and using the fact that u,(co) = uf' we obtain
(3.4) pn(t) < pt,

and, at the limit as n — oo, we easily deduce from (3.4) that we have p(t) < pj. Moreover, the
curve p is non-decreasing and

POIO) = 1— (D)), forteT,
so that, if we are able to prove that |v(¢)[(€2) — 0 as t — oo, we can conclude
Jim [p(t) — pu|(€2) =0, and hence  p(o0) = p(00) + v(00) = pu,

giving the thesis. At this end we observe that

/ Jga(v(t)) dt < liminf/ o (V" (1)) dt = liminf £, (0", u™) < 400,
0 0 n—oo

n—oo

where the first inequality is just a consequence of Fatou Lemma, while the equality right after is a
consequence of the normality of each (1™, u™), so that [ ga(V"(2)) dt = [ ga (V" (t)) |1 |w (t) dt =
Lo (™, 1™). Using again g, (v(t)) > |v(t)|(2)* and the monotone behaviour of |v(¢)[(€2) as in Lemma
3.4, the latter implies that

lim |v(¢)[(©2) =0,

t—o00

which concludes the proof. O

We are now ready to state and prove a result, about the existence of a minimal evolution pairing
connecting two given measures.

Proposition 3.6. The minimization problem

3.5 inf Loy, 1),
(3:3) (V) EEP (o, 1) ()

admits a solution, provided that there exists an admissible evolution pairing (v, ) having finite £,.
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Proof. Let £,(7, 1) = L and let us take a minimizing sequence {(v", u")}nen C EP(po, pt1), we can
assume that

sup £, (", ") < L+ 1.
neN

Observe that thanks to Lemma 3.4, we can think of every (", u™) as being normal. It is straight-
forward to see that (up to a subsequence) this minimizing sequence converges in LO(I; M7 (Q2)) x
Lip; 5(1; W (£2)) to an evolution pairing (v, u): the convergence of {u" },en is just a consequence
of the compactness of the space Lip; 5(I; Wao(€2)), while the convergence of {v" },¢cn follows with a
slight modification of the argument in [10], Theorem 12.

Moreover (v, u) is still admissible, thanks to Lemma 3.5, and the thesis follows straightforwardly
using the semicontinuity of £, (Lemma 3.2). O

4. FURTHER PROPERTIES OF EVOLUTION PAIRINGS

We start this section with a counter-example, which shows that the class EP(uo, 1) is not the
right one in which problem (3.5) has to be posed, in order to obtain equivalence with Xia, Bernot-
Caselles-Morel and Maddalena-Morel-Solimini models.

Example 4.1. Let o = 6o and py = £ [~1/2,1/2], we define an evolution pairing (v, i) as
follows:

LU=t + (1 - 2t)6, t€[0,1/2],
ut) = {gk[—;,é] , t € (1/2,400)

v(t) =

(1—2t)6;, tel0,1/2],
0, t e (1/2,+00).

Observe that (v, ) is normal and it connects p to 1. Computing its energy, we have that

La(v, ) = /0  Gar () (£) dt = /02<1—2t>adt= 2(a1+1)

while the minimal F, energy is given by

1
2 /1 @ 1
2 S—t) dt=———
/0 (2 ) 2%(a+1)

which is strictly greater than the previous one. We observe that the latter is realized by the traffic
plan given by the image measure

Q = (\I’)#Ml,
of p; through the application ¥ that sends every x € [—1/2,1/2] to the 1—Lipschitz curve ¥,

defined by (if x > 0)
_Jt, telo,x],
LO={ (S,
and by (if z < 0)
[ —t, te]0,—x],
Va(t) = { z, te€(—z,00).

Observe that the movement induced by @ is the following: the mass starts to move from the center
of the segment, instantaneously splitting in two branches, one going on the right, the other going on
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the left and continuously disseminating particles on the segment, in an uniform way. This is better
visualized by looking at the corresponding evolution pairing, given by

N Dg/pl‘_[_t t] + ﬂd_t —+ @(st t e [0 1/2]

t _ _ 5 2 2 ) b )
a(t) = (en)#Q {gl\_[_%’ 1, t € (1/2,400),
Sy = | 2O e, e [0,1)2)

0, t € (1/2,+0),

for which E,(Q) = £4(v, 1) > La(v, ).

The previous example tells us that in general the elements of EP(ug, ¢11) (even the minimizers of
£Lq, actually) can have strange properties, which has little to do with real physical phenomena of
branched transportation: in fact, in Example 4.1 what seems to go wrong is the fact that v, which is
supposed to represent the moving mass, operates a sort of teleport from an endpoint of the segment
[—t,t] to the opposite.

Then we have to restrict the class of admissible evolution pairings, isolating those with some good
traveling properties. In order to do this, we start investigating a property which holds true for a
curve having a fixed atomic part. This is a sort of Lipschitz-invariance under mass subtraction,
which tells us that once some mass is stopped, then this is no more involved in the transportation
process.

Lemma 4.2. Let p € Lip(I; W (R2)) be given and suppose that there exists an atomic measure
Po = iy Miby, and ty € I such that
po < u(t), for everyt € [ty,0).

Then the curve [tg,00) > t — u(t) — po has the same metric derivative of the curve p and hence
satisfies the following Lipschitz estimate

t+h
(4.1) W) = pospat+ 1) = po) < [ il (5) ds, for cvery b0,
t

Proof. The proof may be achieved if one thinks at the characterization of absolutely continuous
curves in Wasserstein spaces in terms of solutions of the continuity equation. It is well known (see
for instance [1], Theorem 8.3.1) that if p is a Lipschitz curve defined on a time interval [0,7] and
valued in the space Wy (2), then there exists a Borel vector field v : (z,t) — v() such that

(4.2) v € LP(u(t), vl oqueey) = 1l (t), for £'—ae. tel,
and such that the continuity equation holds

0
(4.3) a—’: + V- (vu(t)) = 0.

This result is true for any p € (1, 00| (the case p = o is less studied, but one can easily get it as a
limit as p — o).

Another important point is the so called superposition principle or probabilistic representation
(see [1], Theorem 8.2.1), which says that any absolutely continuous curve ¢ — pu(t) solving (4.3) may
be obtained as (e;)#@Q, for a probability measure @) on the space of absolutely continuous curves
which is concentrated on the solutions of the equation o’(t) = v(c(¢)), in the sense that

[ |0 =0~ [wuiotonas

dQ(c) =0, for every t.
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For this representation to hold, some integrability conditions on v is needed, but (4.2) is widely
sufficient.

In our case, since p is Lipschitz in the ws,—distance, one knows the existence of a vector field
v such that for almost any ¢ the inequality |v;(x)] < 1 is satisfied (actually, it would be satisfied
u(t)—a.e. but one can choose a representant which is everywhere smaller than 1). This implies
that the solutions o of the ODE are Lipschitz continuous curves: as a consequence, they are regular
enough to say that, thanks to the one-dimensional area formula, if S is a countable set, then o’
vanishes almost everywhere on the set 0~1(S). This implies

Q® L ({(0,t) : o(t) €S, o(t) exists and o’ (t) # 0}) = 0.

and since the curves are solutions of ¢/(t) = v(o(t)), using the fact that pu(t) = (e;)4Q, this means

T
/0 (S0 {v £ 0})dt = Q© L1 ({(0,1) = o(t) € S, u(o(t)) £ 0}) = 0.

If one chooses as S the set of atoms of pg, the previous implies that pg—a.e. we have v; = 0, at least
for almost any time. Now observe that the continuity equation may obviously be rewritten as

(k= po)
ot

and the last term vanishes as a consequence of vipg = 0: hence one gets that p — pg is a solution
of the continuity equation with the same velocity field v;. In particular, since |ve| < |p/|wo, (),
one gets that u — pg is Lipschitz according to the wy,—distance (the latter being easily adapted
to the framework of measures with the same mass, instead of probability measures) and its metric
derivative with respect to the distance ws, does not exceed that of p. Since it is a straightforward
fact to see that there holds

woo(:u(t) — P0o, :u(t =+ h) - PO) > woo(/‘b(t)’ :u(t + h’))7

one can also see the opposite inequality and conclude

(1= ) hune () = |l (), for Z1—a. e te 1,

which gives the thesis. O

+ V- (ve(p(t) = po)) + V- (vepo) = 0.

Remark 4.3. It is not difficult to see that the same conclusions of the previous Lemma hold, if we
take po to be a positive Borel measure concentrated on some H!—negligible Borel set S.

The properties proved in the previous Lemma roughly says that, in certain cases, the speed of a
curve i coincides with the speed of its moving part. This seems a general fact, but we will check that
the evolution pairing in Example 4.1 is far from satisfying this property. We want hence to introduce
a new class of evolution pairings. Thanks to the reparametrization invariance of the functional £,
we are more interested in the case where the evolution pairings are normal, i.e. when |p/[, =1
and we give the following definition.

Definition 3. Let (v, ) € EP(uo, p1) be an evolution pairing. If there holds
(1.4) W i(t) — p(E),u(t + 1) — p(t)) < B, for t€ T, >0,

then we say that (v, ) is a special evolution pairing and we denote by SEP(ug, p1) the set of all
special evolution pairings contained in EP(uq, i11).
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The intuitive idea behind evolution pairings is that, in going from u(t) to wu(t + h), the mass
which is moving is (or should be) essentially that given by v(t), which distributes over the difference
between the total mass at the time £+ h and the mass which was already arrived at time ¢: property
(4.4) expresses exactly the requirement that it is this mass that must move at most with unitary
speed. Roughly speaking, this means that we can think of the quantity

i Loo(pe(t) = p(t), ult + h) — p(t))
h—0+ h

L tel,

as a kind of velocity of the moving mass v: the elements of SEP (1, p11) are exactly those for which
v is 1—Lipschitz, in this sense.

What is remarkable is that, thanks to Lemma 4.2, we can assure that the class SEP(ug, p1) is
large enough to contain all the finitely atomic curves. Even more, it is sufficient that p; is atomic
to ensure it. Indeed, we have the following:

Proposition 4.4. Let us take (v, u) € EP(uo, 1), with puy atomic. Then (v, ) € SEP(pg, ).
Proof. 1t is enough to apply, for any given ¢, the estimate (4.1) with pg = p(t). Since p(t) < 1 and

(1 is atomic, the same is true for pg and hence we get

t+h
Woo (p(t) — p(t), u(t + h) — p(t)) < / |1 |wee (8) ds < h, for every h > 0. O
t
Example 4.5. Let us go back to the evolution pairing (v, 1) given by Example 4.1. It is easily seen
that this is not an element of SEP(p, 11): indeed, taking ¢ < 1/2 we have for every 0 < h < 1/2—t
pt+h) —p(t) = L ~t + h,—t] + L]t t + h] + (1 — 2t — 2h)544p,
so it is not difficult to see that II(u(t) — p(t), u(t + h) — p(t)) contains only one element and

woo (u(t) — p(t), p(t + h) — p()) _ 12t +h
h h
which goes to +o00 as h approaches to 0, while |p/|,, = 1.

If we see the previous example from the point of view of the continuity equation, we may observe
that the problem is that the velocity field v; associated to this curve does not vanish on the part of
w(t) which is supposed to be at rest, i.e. on p(t). This is what allows for the teleport phenomenon
and this is why the moving measure v does not satisfy the same Lipschitz estimate as u. We can
also provide another example, that we will not develop in details, where the vector field v; actually
vanishes outside the support of 14, but its L> norm is not the same if we consider p or y — p in
the continuity equation, so that the Lipschitz constant increases (without blowing-up) while passing
from p to v.

Example 4.6. Consider the measures py = 5.£'L[0,1] and v(t) = {52 [t,t+1/9] for t € [0,8/9].
Set u(t) = po + v(t) and then consider the vector field

v(z) = ef - 1[t,t+1%}(55)7
which at every time ¢ moves rightwards the particles of the interval [t,¢ + 9/10]. We have

ov

5 + V- (v(t)) =0,
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and it is quite easy to see that |[vs][zeo(,) = 1 = [V/|we, (t). On the other hand one can see that u is
a solution of the continuity equation with velocity field given by 1/2v;(x), that is we have

ou 1 B
e + V- <2Utﬂ(t)) =0,

as a consequence of vv/(t) = 1/2wvyu(t). This shows that [1'|w,, (t) < [|1/2v¢][pee(y,) = 1/2, i.e. the
speed of the two curves p and v is finite in both cases but different.

We then turn our attention to the functional

Covas) = / " galu(t)) dt, (v, 1) € SEP(uo, ),

for which the following existence result is almost straightforward. As we said, to give a cleaner
definition of the class SEP and of the functional, we decided to stick to the case where the velocity
|| wo, (nor, in any sense, |’|) does not appear explicitly in the criterion to be minimized, but only
in the constraints.

Theorem 4.7. The minimization problem

4.5 inf Lal(v, 1),
(45) (V) ESEP(po,pu1) (10

admits a solution, provided that there exists an admissible special evolution pairing (U, ) having
finite L.

Proof. Tt should be clear that it is enough to show that SEP(ug,p1) is closed: then one has to
simply reproduce step by step the proof of Proposition 3.6, taking into account the fact that every

special evolution pairing (v, u) having finite £, has to satisfy

lim |v(t)[(©2) = 0.

t—o0
Concerning the closedness of SEP(uo, pi1), it is enough to use the fact that the distance wy is lower
semicontinuous with respect to the *—weak convergence of measures, as already pointed out, so that
property (4.4) easily pass to the limit. O

Remark 4.8. If one wants Theorem 4.7 to be interesting, one has to provide conditions for the
existence of special evolution pairings with finite energy. The idea is the following: suppose that 1
is a probability measure which is irrigable in the sense of Xia, Solimini et al. This means (see the
Introduction)

min{ M} (®) : V-® =po— 1} < +0

and thanks to the relaxed definition by Xia, there exists a sequence of finite graphs g,,, corresponding
to traffic plans @, such that sup, E,(Qn) < +00 and (es)xQn = pi — w1, where the measures
py are atomic. Then one uses the results of Section 6 to see that these traffic plans give raise to
some evolution pairings (v", u™) which are actually special evolution pairings in SEP(uo, p}') and
whose energy is the same as E,(Q,). Up to subsequences, thanks to the semicontinuity of £, and
to the closedness result of Lemma 3.5, one can get (v, pn) — (v, 1) with (v, u) € SEP(ug, u1) and

La(v, p) < Fo0.
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5. CHARACTERIZATION OF SEP(ug, 1)

The main tool in order to compare the energy £, with a Gilbert-Steiner energy, will be a complete
characterization of the special evolution pairings, in terms of the Lipschitz curves of the base space.
So our aim now is to give a refinement to the case of SEP of a result by Lisini (see [13], Theorems
4 and 5), characterizing p—absolutely continuous curves in the Wasserstein space W,(2) in terms
of the p—absolutely continuous curves of the ambient space §2: the main difference (apart from the
fact that we explicitly refer to the case p = +00) is the characterization of the moving part v in
terms of the 1—Lipschitz curves in 2 which at every fixed time ¢ are still moving.

In order to achieve our scope, we have to start with a couple of technical Lemmas: they are
nothing but ad hoc adaptations of the Gluing Lemma (see [16], Lemma 7.6). First of all we prove
the existence of the composition of two transport plans, that takes into account the fact that the mass
which arrives at destination must stay in place: at this level, this sentence could sound mysterious,
but in the proof of Theorem 5.4 it should become clearer. We point out that in the following, given
two positive Borel measures v1,v9 € MT(Q) with the same mass, by II(v1,v5) we will denote the
set of all positive Borel measures over the product space ) x 2, having fixed marginals v; and vs.

Lemma 5.1 (Modified Gluing Lemma). Let (y1, 2, u3) € 2(Q) and (v1,v2,v3) € M (Q) such
that

Vig.ui) i:172737

and suppose that, setting p; = p; — v;, we have p1 < pa < p3. For every v12 € (1 — p1, p2 — p1)
and v2,3 € II(po — p2, i3 — p2), there exists v € P (Q x Q x Q) with the following properties:

(1) (miit1)y = Yii+1 + (Id x Id)g(ps), fori=1,2;
(ii) (m)p(vls;) > pi, fori=1,2, where the set S; is given by

Si={(x1,22,23) € Ax QA xQ : xj =ux;, forj>i}.
Proof. We will use the so called Disintegration Theorem (see [11], Chapter III). First of all, we define

Fg =2+ Mo =2+ IdxId)x(p1),
and
Y23 =2,3 + V55 = 72,3 + (Id x Id) 4 (p2),

which are actually elements of IT(1, ) and II(po, p13), respectively. Then we disintegrate ;1 2 with
respect to the xo variable, that is

Y2 = /5;2 d(pe — p1)(x2) = /59%2 d(pz — p2)(w2) + /5;2 d(p2 — p1)(w2),

where for (ug — p1)—a.e. xg € Q, 5%2 is a Borel probability measure on €2 and equally for v?’z, thus
obtaining

Mo = / Na, dp1(22).

On the other hand, we disintegrate -2 3 and 78,3 with respect to the x; variable, that is

sz/%ﬂm—MW%

w%—/@mmm—/@ﬂw—mmm+/@mm»
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Observe that actually, by construction we have

(5.1) 77;2 = 0y,, for pj—a.e. x9 €,
and
(5.2) 1732 = 0g,, for pp—a.e. x9 € Q,

We can rewrite everything as follows

)= / €1 d(pz — po)(a2) + / €L dlps — p)(a) + / nL, dp1 (2),

Yo,3 = /522 d(p2 — p2)(r2) + /nféQ d(p2 — p1)(w2) + /77522 dp1(x2),

that is we have “piecewise” disintegrated with respect to their common marginals our transport
plans. Then it is natural to glue this two decompositions as follows

(53) ’7:/5;2(@522 /112_[)2 $2 /£$2®’r}$2 p2_p1)(x2)+/77;2 ®77§2 dpl(l’Q),

and it is straightforward to verify that + has the desired properties: (i) is trivially satisfied, while
concerning (ii) let us observe that for every Borel set A C ), we have

(m)(718,)(A) =7 ({(@sa,0) : a € A}) > /A nt, (Lea )i, ({a}) dpn (2)
- / dpr(z2) = pr(A),
A

where we have used (5.1) and (5.2) and the fact that p; < ps. In the end, we have proved property
(ii) for ¢ = 1, while for i = 2 the proof is straightforward. O

Remark 5.2. Observe that the probability measure v given by (5.3) can also be written (with the
convention py = 0) as

3
(5.4) y = /gm d(yi3 — ps)(w3) + 2/%3 (i — pi1)(zs).
i=1
for suitable Borel families of probability measures on Q x Q {&;,}z5eq and {773:3}93369 such that
5, = &ay for ps—ae. x € Q and
Moy = O(zg,25), TOr pr-a.e. x3 € €,

and
(wz)#n§3 = 0yy, for pp-a.e. xg € Q.

Indeed, it is sufficient to observe that by construction

(m) ( &0, - p2><x2>) — (s — p3) + (03 — pa),

then we can disintegrate this measure with respect to the x3 variable, thus obtaining the existence
of a Borel family of probability measures {&;,}z;c0 on the product space € x € such that

/ Eay © &5y d(pi2 — po)(22) = / §us d(p3 — p3)(w3) + / s d(p3 — p2)(x3).
Q Q Q
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Equally, taking into account

o) ([ €2 dlon = p)(ew)) = 2= 1,

(m3) % </ Ny © 15, dﬂ1(962)> = p1,

and disintegrating with respect to the z3 variable, we obtain the desired representation (5.4), keeping
in mind (5.1) and (5.2).

The Modified Gluing Lemma can be easily generalized to every n-uple of probability measures.
More precisely, we have the following:

Lemma 5.3. Forn >3, let {u;}7, C 2(Q) and {v;}7_; C M (Q) be such that
vi < g, foreveryi=1,...,n,

and suppose that, setting p; = p; — v;, we have p; < piy1. For every ;i1 € (i, piv1 — pi), with
i=1,...,n—1, there exists v € P (Q") with the following properties:

(1) (ﬂ'iﬂqu)#’y = Yii+1 + (Id X Id)#(pl), fOT”i =1,...,n— 1,‘
(ii) (mi)u(vls,) > pi, fori=1,...,n—1, where the set S; is given by

SiZ{(l‘l,u-,xn)GQ” DX = Ty, forjzi}_

Moreover v can be written as

(5.5) y = / o dltin — pa) () + 3 / i dpi — pio1)(zn).
=1

where &,,,n. € P(Q"Y) and every nt, is such that
(5.6) (T, .n— 1)#77% O(zn,n)s  JOT pi-a.e. xy €€,
the function m; . n,—1 being the projection on the (z;,...,xn—1) coordinates.

Proof. We proceed by induction on n, the thesis being true for n = 3 thanks to Lemma 5.1 and
Remark 5.2.

Suppose now that the assertion is true for n, that is there exists a probability measure v € Z2(Q")
with the required properties and consider the case n 4+ 1. As in the proof of Lemma 5.1, we can
define

Y+l = Ynn+1 + %g,n+1 = Ynnt1 + (Id x Id)»py,
and then we disintegrate 7, ,+1 and 72 ni1 With respect to x,, thus getting

nnsr = [ €63, = pa)an) + [ dpu )
:/gnﬂd(u — pn)(@n +Z/n”+1d = pi-1)(zn)

where 17”+1 = §,, for pp-a.e. x, € Q. Then using the decomposition (5.5) for 7, we can define

i = [ & d— ) +Z / wh ® o d(p; — pit)(@a),
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which is an element of 22(Q"*1). It is straightforward to see that 7 satisfies property (i), so let us
show that also (ii) holds true: for every Borel subset A C Q2 we get

(mi)#(A1s;)(A) =7{(z1,-- s zj1,a...,a) @ w1,...,75-1 €, a € A})

/A (5 et ([ ) D () i — pi) ()

v

M- 1M

(pl - plfl)(A) = :0_7(‘4)7 for every J = 1> -y N,
1

.
Il

where we have used property (5.6). To conclude the proof, it remains to show that 7 can be
decomposed as in (5.5): observe that by construction we have

77n+1 </ §a, ® §n+1 d(pin, PN)(xn)> = fint1 = Pn = (Pnt1 — Pnt1) + (Pnt1 — pn),

so that as in Remark 5.2 we can disintegrate [&,, ® §N+1 d(pn — ppn) with respect to the x,4;
variable, thus obtaining

/ Er @ E d(jin — pr) () = / € dltinsr — ps1)@ns1) + / o dlpnss — pu) (Fnst),

where for (p,41 — pn)—a.e. Tpp1 € Q, &, is a Borel probability measure over the space 2. The
same can be done for each term

/ nh @0 d(pr — piot) (),

then taking into account that 772:‘1 = 0, for pp—a.e. x € Q and that 17;” satisfies (5.6) by hypothesis,
we can conclude. Il

We now have all the elements in order to prove the first main result of this section.
Theorem 5.4. Let (v, ) € SEP(uo, p1). Then there exists Q € &£ (Lip,(I;2)) such that
(e)4Q=p(t), (e)pQ <v(t), tel,
where Q' = Qu{o € Lip,([;Q) : T(o) >t}.
Proof. We fix M € N and then for every n € N we take a dyadic partition
tip = 2%”1', 1=0,1,...,2"

of the interval [0, M]. Indicating as always

p(t) == p(t) — v(t),

we take ;41 € II(v(tin), w(tiv1n) — p(tin)) to be optimal for ws, that is

“"\E

Woo (V(tim)s i(tit1,n) — p(tin)) = sup{lz —y| : (z,y) € spt(Vii+1)} <
and we define v; ;11 € II(u(tin), 1(tit1,n)) by
Yijit1 = Vi1 + (Id x Id) pp(tin)-
Let v, € 2(Q¥' 1) be the multi-transport plan given by Lemma 5.3 such that:

(1) (miit1)#Yhr = Visit1
(ii) (m)x (Vi ls,) > p(tin), where S; = {x = (zq,...,720) € Q> : 2, = a;, for j > i}.
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We now define the application
on: 02"t — Lip([0, M]; Q)

X — oy,
where for every x = (g, ...,xn) € Q*"*1 the curve O is given by
t; —1 t—1t; .
@Q(t) = sz + 7Z’n$i+1, tc [ti,nyti+1,n]7 1€ {O, e 2" — 1},
ti-i—l,n - ti,n ti—i—l,n - ti,n

and we further set

Q= (0")g7ar € Z(C([0, M]; 2)).
By construction, it is almost straightforward to see that every Q' is concentrated on Lip, ([0, M]; £2),
the latter being a compact space. This in turn implies that the sequence {Q'}; }nen narrowly con-

verges (up to subsequences) to an element Q) of & (Lip; ([0, M];?)), by means of Prokhorov The-
orem (see [11], Chapter III).

We now show that (e¢)xQn = p(t) for every t € [0, M]: first observe that by its very definition,
the sequence {Q"; }nen satisfies

,LL(ti,n) = (6,51,’“)#@7]\3[, 1= O, 1, ey 2”.

On the other hand, thanks to the fact that we are considering dyadic partitions of [0, M], we have
for every k < n

{tj,k}gio C {ti,n}%io,
so that for every k < n
putin) = (er ) #Qhy, i=0,1,...,2%
Letting n go to oo, we then obtain, for every k, the following equalities
w(tig) = (es, ) eQur, i=0,1,...,2"%
We have proven that the two uniformly continuous functions pu(-) and (e(.))4Qnm coincide on the

points {thc}?k:O, for every k € N, thus giving the equality on [0, M] of these functions.

Before going on, we define the following subset of [0, M]
N = {t € [0,M] : either Qu (T '({t})) >0 or there exists n such that Q},(T({t})) > 0},

that is AV is the set of times such that {o € Lip, ([0, M];2) : T'(c) = t} is charged by at least one
of the measures Qs or Q%,. Due to the fact that as ¢ varies in [0, M] these sets T1({t}) constitute
a partition of the whole space, we observe that /' must be at most countable. We now set

Qb = Qucfo : T(o) 2 1), Qi = Qipfo : T(0) > 1}, neN,
and we first notice that if ¢ € N, we have liminf, .. Xf > @, in the sense that for every
continuous and positive test function ¢ there holds

lim inf / dQh > / ©dQt,.

n—oo

This is the same as saying that any possible limit measure Q of a subsequence of QX/’;; must be larger
than QY. To prove such a property, it is sufficient to notice that this is true if Qﬁ/f and @Y, are
replaced with 1y7~4y - QY and lypssy - Qur, respectively, since the function 1y is Ls.c. and this

modification may be performed for free if the set T7!(¢) is negligible for all these measures.
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In order to prove that (e;)xQ%,; < v(t), we first observe that using property (ii) of {7%,} we get
that

(5.7) (et )4 Q" < vltin):
Let us give a brief justification of (5.7): indeed, we have
[ ot Qi @)z [ o) dQ )
C([0,M];9) C([0,M];2)

- / (0 (tin)) QY (0).
{o:T(0)<tin}

and the first integral in the right-hand side is just the integral of ¢ with respect to the measure
1(tin), while for the second we observe that

/ (o (tin)) dQ (0) = / PO (t1.)) d ()
{o:T(0)<tin}

{x:zj=x, for j>i}
> /Q (@) dp(tin) (@),

having used the definition of ©™ and property (ii) in the last inequality. In conclusion, using
v(tin) = p(tin) — p(tin) we have shown the validity of (5.7).

Observe moreover that we have sz < QX/’[ti’" for every t > t; ,, and using again the fact that the

partition under consideration is dyadic, in the end we get
(e1,)#Q0] < v(tig), for every t > tig,
for every k < n. Taking the limit as n goes to oo, and using the “semicontinuity” we addressed
before, i.e. the fact liminf,,_ er\bf > Q',, which is true for ¢t ¢ N, we get for every i and k
(€ti7k)#Q§\/[ <w(t), foreveryt ¢ N, t>t;.
The condition ¢ ¢ N may be withdrawn, if for ¢ > ¢;; one takes s € (t;,t) \ NV and uses the
inequality Q%, < Q3%,, which gives
(€1, )4 Q0 < (er,,)#Q3 < v(ti), for every t >ty

It is then sufficient to consider a sequence of dyadic numbers ¢;; converging to ¢ from the left: we
then have v(t; ) — v(t) because of the assumption of left continuity of v and (e, , )4 Q% — (er) 2 QY
because Qf; is a fixed measure on Lip; ([0, M];€2) and the maps ey, , converge uniformly to e; on
this set. Actually, we can also say

woo((et,,) # Qs () # Q) <
thanks to the Lipschitz property of the curves in Lip, ([0, M];€2). This gives
(5.8) (et) Q% < v(t), for every t € [0, M].

ti,k‘ - t|a

Finally, we have to take the limit as M — +o00: defining the continuous mapping
Py ¢ Lipy ([0, M]; ) — Lipy (1;©2),
such that for every o € Lip,([0, M];2), the curve ®,,(0) is given by

o(t), ift< M,
®u(0)(t) = { o(M), ift> M,
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we set @M = (®ap)4Qum € Lip1(1;Q); then the sequence {Qas}aren is narrowly converging (up to
subsequences), again thanks to the compactness of the space Lip;(I;2). If we call @ its limit, it is
not difficult to see that we have (et)#a) M = p(t) on [0, M] and passing to the limit, we obtain that
the same holds true for @ on I. Moreover, if é?\/[ = Qu{o : T(o) > t}, then using the fact

(e) Qs < v(t), for t € [0, M],
which is actually equivalent to (5.8), and taking again the limit as M goes to 400, we can show that
(e) Q" <w(t), forte I\N,

where the negligible set N where the inequality could not hold is, as before, the countable set of
times such that T-!({t}) is charged by at least one of the measures Q) or Q. After that, we
consider a general t and s < ¢ with s ¢ N: we have

(es)#Q" < (es) Q" < w(s).
Taking the limit s 't we get, as before, (e;)xQ" < v(t), which concludes the proof. O
The next result of this section states that the previous Theorem can be reverted, thus giving a

nice correspondence between SEP(uo, 1) and the 1—Lipschitz curves of Q: this has to be compared
with Theorem 4 of [13].

Theorem 5.5. Let Q € TP(uo, 1) be a traffic plan. For every t € I, we set Q' = QU{T(c) > t}
and we define

:u’(t) = (et)#Q7 l/(t) = (et)#Qtv
then (v, p) € SEP(po, f11)-
Proof. The fact that p € Lip;(I; Wx(2)) is straightforward, since for every (¢,s) the measure
(er,e5)#Q is a transport plan between p(t) and p(s), providing a cost smaller than |t — s|. It is
interesting to compare with Theorem 4 of [13], where the case of W,(€2) with ¢ < oo is treated in

connection with AC? curves (absolutely continuous curves having g—summable metric derivative).
We then observe that the set

{o € Lip,(1;Q) : T(0) = t},

is Borel measurable for every ¢ € I, thanks to the lower semicontinuity of T, so that v is well-defined.
We have to show that p(t) = u(t) — v(t) = (er)x (Qu{o € Lip,(;) : T'(o) < t}) is nondecreasing
and left continuous. To see the monotonicity property, consider a positive test function ¢ € C(£2)
and s < ¢:

[ ot o)) = | o(0(s)) dQ(o)
Q {o : T(o)<s}

- / (o(t)) dQ(o)
{o:T(0)<s}
< /{ oy £ d0(0) = /Q () dp(t) ().

Once one has the monotonicity, weak continuity is the same as strong continuity and we can turn to
prove that limg ~ [p(s) — p(t)[(2) = lim, ~ |p(t)[(2) — [p(s)[(2) = 0. It is hence sufficient to prove
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that the mass of p is left continuous, which is the same as looking at the mass of QL{c € Lip,(I;£2) :
T(c) < t}. This corresponds to saying that

{o € Lip)(I;Q) : T(0) <t} = | J{o € Lip;(1;Q) : T(0) < s},
s<t
which is evident.

In order to check that v < u we notice that property (E1) is evidently verified, since Q' < @,
while property (E2) has already been verified when we proved that p is increasing. Hence (v, u)
is an evolution pairing, which clearly connects pg and p;. We have to verify that actually it is a
special evolution pairing: fixed h > 0, let us call

v = (er, errn) Q"
It is easy to check that this is a transport plan between u(t) — p(t) and p(t + h) — p(t) (just check
that (m2)xy = u(t+h) — p(t) + v(t)). Using the definition of ws and the fact that Q' is a measure
over Lip,(I;Q), we get

W (8), 1t + 1) — u(t) + V() < y-ess sup |z — y| = Q'-ess sup o (r) — (¢ + h)] < A
(z,y)EQXQ

which finally gives (v, u) € SEP(uo, p1)- O

6. EQUIVALENCE BETWEEN THE MODELS

Up to now, we have collected enough elements to compare our energy £, with a Gilbert-Steiner
one. Then the main result of the paper is the following.

Theorem 6.1. Given py = 05, and p; € Z(Q), we get
min £,= min E,.
SEP(p10,141) TP(po,p1)
Moreover, given any optimal traffic plan Q € TP(ug,p1), the special evolution pairing provided
by Theorem 5.5 is optimal, and conversely, given an optimal special evolution pairing (v,u) €

SEP(uo, 1), the construction of Theorem 5.4 provides an optimal traffic plan.

Proof. Let us take Q € T'P(uo, 1) optimal for the traffic plan problem and suppose that it has finite
energy. We will use the following fact, as a consequence of Lemma 2.1: for every ¢, the following
equality is satisfied Q' —a.e.

(6.1) (@), )lg = Q" ({n : n(t) = o(t)}).

This is true since we know |(o(t),t)|g = [0]+,@, which means that we can restrict our attention to
those curves 1 who stayed together with o for all the times between 0 and t. Moreover, we can
assume that o is parametrized by arc length on [0,7(0)]: this implies that, if o is still moving, i.e.
T(o) > t, this is the case for all the curves n such that 7 = o on [0, ¢] and proves that we can further
restrict our attention to those curves n with T'(n) > t, i.e. switching from Q to Q?, thus proving
assertion (6.1).

Exchanging the order of integration, we can write

/Llpl(IQ /T(U) - dtdQ(o / /Llpl ) ), 0)|G1dQ (o) dt

Then define the equivalence classes ¥; , = {o € Lip;(1;Q2) : o(t) = x} and notice that, by finiteness
of the energy, for ! —a.e. t the measure Q' must be Concentrated on those classes Y; ; such that
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Q(X¢z) > 0. Since they have all positive mass, these classes are no more than a countable number
and one can restrict the integral over them:

a—1 t a—1 t
/Lipl(m)u o(t), 1) 1AQ (o Z/m DI5LAQH0).

Yet, for all the curves o € 3, we have |(o(t),t)|g = Q(Z1z,) = Q'(Xts,), thanks to the fact that
the class is non negligible and to the condition (6.1). Hence we may go on with

a—1 t a—1 t
/Lip1(1;ﬂ)’( o), )’Q dQ Z ALY dQ ZQ (Xt,)"

Etz

Moreover, if one constructs the measures p and v associated to @ thanks to Theorem 5.5, v(t) must
be atomic and equal to Y, Q" (3¢ 4, )ds,, which gives in the end

[ 1.0l Q) = galw(0).
Lip, (1;2)

Hence, if we compare the energy of the special evolution pairing given by Theorem 5.5 with the
energy of @), we get

which shows that

min @ £, < min E,,
SEP(po,p1) TP(po,m1)

using the minimality of Q.

Conversely, let us take (v, u) € SEP(uo, pt1) optimal and construct the traffic plan Q € T'P(po, f11)
given by Theorem 5.4. As before, we revert the order of the integration in the definition of E,. Let
us set U(t) = (e;) Q" and consider

a—1 t a—1
/Lipl(m)uo HI5 dQ (o /mrQ 45(t) ().

|(z,t)lq = Q{o € Lip, (I;Q) : o(t) = 2}) > Q"({o € Lipy(I;Q) : o(t) = z})
= Q'({e ' (2)}) = D(t)({z}),

Moreover

which in turn implies
/ (o(t), )] dQ*(0) < / p(t){a})* " di(t).
Lip, (I;Q2) Q
It is only left to observe that
/ SO {2 dB(t) = gu(D(1)), for L1—ae. tel,
Q

thanks to the fact that v is atomic: indeed, v(t) is atomic for a.e. t and we have v < v. Therefore
collecting all this estimates, we end up with

Ea@ < [ ([ a0 o)) at = [T (o) it < T

thus concluding the proof. O
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The case of 1 atomic is interesting and deserves some words more: indeed, in this case thanks
to Proposition 4.4 we obtain SEP(ug, 1) = EP(po, pt1), so that

min £,= min £,.
SEP(po,p1) EP(po,p1)

It is then sufficient to note that by means of Theorem 6.1, the left-hand side is equal to the minimum
of E, over the set T'P(uo, pt1): summarizing, we have shown the following important fact.

Corollary 6.2. Suppose that 1 is a purely atomic probability and j9 = 05,. Then

min £,= min F,.
EP(po,p1) TP(po,u1)

This last connection with atomic measures suggests the following question, somehow in the spirit
of Xia’s relaxation procedure (see [17]): if one considers the functional defined as £, on those
evolution pairings (v, u) with p; which is finitely atomic and +o0o0 on the other evolution pairings,
what is its relaxation £} 7 Is the relaxed functional related to £, on SEP(uo, p1)?
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