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ABSTRACT. This paper revolves around a newly introduced weak solvability concept for rate-independent
systems, alternative to the notions of Energetic (E) and Balanced Viscosity (BV) solutions. Visco-Energetic
(VE) solutions have been recently obtained by passing to the time-continuous limit in a time-incremental
scheme, akin to that for E solutions, but perturbed by a ‘viscous’ correction term, as in the case of BV
solutions. However, for Visco-Energetic solutions this viscous correction is tuned by a fixed parameter. The
resulting solution notion turns out to describe a kind of evolution in between Energetic and Balanced Viscosity
evolution.

In this paper we aim to investigate the application of VE solutions to nonsmooth rate-independent processes
in solid mechanics such as damage and plasticity at finite strains. We also address the limit passage, in the
VE formulation, from an adhesive contact to a brittle delamination system. The analysis of these applications
reveals the wide applicability of this solution concept, in particular to processes for which BV solutions are not
available, and confirms its intermediate character between the E and BV notions.

Keywords: Rate-independent systems, Visco-Energetic solutions, damage, delamination, finite-strain plastici-
ty.

1. INTRODUCTION

In this paper we explore the application of the newly introduced concept of Visco-Energetic solution to
a rate-independent process. We address rate-independent systems in solid mechanics that can be described
in terms of two variables (u,z) € U x Z. Typically, u is the displacement, or the deformation of the body,
whereas z is an internal variable specific of the phenomenon under investigation, in accordance with the theory
of generalized standard materials by HALPHEN & NGUYEN [HNT5|, cf. also the modeling approach by M.
FREMOND [Fré02]. In the class of systems we consider here, u is governed by a static balance law (usually
the Euler-Lagrange equation for the minimization of the elastic energy), whereas z evolves rate-independently.
Indeed, when the ambient spaces U and Z have a Banach structure, the equations of interest

D,E(t, u(t),2(t)) =0 inU", te (0,7, (1.1a)
OR(2(t))+D E(t,u(t),2(t)) 20 in Z* t e (0,T), (1.1b)

feature the derivatives w.r.t. u and z of the driving energy functional € : [0,7] x U X Z — (—00, 00|, and
the (convex analysis) subdifferential OR : Z = Z* of a convex, 1-positively homogeneous dissipation potential
R : Z — [0,00]. System reflects the ansatz that energy is dissipated through changes of the internal
variable z only: in particular, the doubly nonlinear evolution inclusion balances the dissipative frictional
forces from OR(%) with the restoring force D,E(¢, u, 2).

System is most often only formally written: the very first issue attached to its analysis is the quest
of a proper weak solvability notion. In fact, the energy &(¢,-,-) can be nonsmooth, for instance incorporating
indicator terms to ensure suitable physical constraints on the internal variable z such as, e.g., that the values of
z range in a suitable interval. However, it is rate-independence that poses the most significant challenges. Since
the dissipation potential R has linear growth at infinity, one can in general expect only BV-time regularity for
z. Thus z may have jumps as a function of time and the pointwise derivative Z in the subdifferential inclusion
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need not be defined. This has motivated the development of various weak solution concepts for system
, suited to the poor time regularity of z and, at the same time, also able to properly capture the behavior
of the system at jumps.

The latest of these notions, Visco-Energetic solutions, is the focus of this paper. We will illustrate it also
through a detailed comparison with two other solution concepts, Energetic and Balanced Viscosity solutions.
We refer to [Mielll [MR15] for a thorough survey of all the other weak solvability concepts advanced for
rate-independent systems.

From now on, we will leave the Banach setting and simply assume that

- The state spaces U and Z are endowed with two topologies oy and oz;

- Dissipative mechanisms are mathematically modeled in terms of a dissipation distance dz on Z (in
fact, throughout the paper extended, asymmetric quasi-distances will be considered, cf. the general
setup introduced in Sec. ;

- The driving energy £(¢,-) is a (oy Xoz)-lower semicontinuous functional.

We will often write X in place of U x Z and refer to the triple (X, £,dz) as a rate-independent system. On the
one hand, this generalized setup comprises the Banach one of (L.1]), where dz(z,2") = R(z’—z). On the other
hand, the above metric-topological setting is natural in view of the application to, e.g., finite-strain plasticity,
where dissipation is described in terms of a Finsler-type distance reflecting the geometric nonlinearities of the
model. The generality of this setup could also be instrumental for possible applications, still to be developed, to
brittle fracture, where the state space for the crack variable only has a topological structure. Finally, working in
an abstract setting allows us to highlight the main ideas underlying the VE approach, and to provide guidelines
for its application to concrete rate-independent processes, like those addressed in this paper.

1.1. Energetic, Balanced Viscosity, and Visco-Energetic solutions at a glance. Energetic (often
abbreviated as E) solutions were advanced in the late 90s by the parallel work on rate-independent systems,
from different perspectives, of two groups. In particular, we refer to [MT99, MTL02, MT04] for the introduction
of the Energetic concept for abstract rate-independent systems, and in the context of phase transformations
in solids. In the realm of crack propagation, an analogous notion of evolution was pioneered in [FM98] and
later further developed in [DMT02] with the concept of ‘quasistatic evolution’. In the context of the abstract
rate-independent system (X, €,dz), E solutions can be constructed by recursively solving the time-incremental
minimization scheme

(uy,z7) € Argming, e x (dz(zl" Y 2) +E(t2,u,2)), n=1,...,N:, (IMEg)

TYT

where {t?}27 is a partition of [0, T] with fineness 7 = max,—;_x, (t*—t"~1). Under suitable conditions on

&, the piecewise constant interpolants (Z;), of the discrete solutions (zﬁ)N 7, converge as 7 | 0 to an E solution

n=

of the rate-independent system (X, &,dz), namely a curve z € BV4, ([0, T]; Z), together with

w:[0,T] = U, an (everywhere defined) measurable selection u(t) € Argmingc;E(t, 4, 2(t)), (1.2)
fulfilling
- the global stability condition
E(t,ult),z(t) < &(t,u',2") +dz(2(t),2') forall (v,2') €U x Z and all t € [0,T); (S)

- the ‘E energy-dissipation’ balance
t
E(t,u(t), z(t)) + Varg, (z,[0,t]) = €(0,u(0), 2(0)) +/ OtE(s,u(s), z(s))ds for all t € [0,T7. (E)
0

Due to its flexibility, the Energetic concept has been successfully applied to a wide scope of problems,
see e.g. [MR15] for a survey. However, it has been observed that, because of compliance with the global
stability condition (|S)), E solutions driven by nonconvex energy functionals may have to jump ‘too early’ and
‘too long’, c.f., e.g., their characterization for 1-dimensional rate-independent systems obtained in [RS13],
as well as the comparative analysis of the notions of solutions for crack propagation carried out in [NegI0].
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This fact has motivated the introduction of an alternative weak solvability concept, pioneered in [EMOG]
and based on the vanishing-viscosity regularization of the rate-independent system as a selection criterion
for mechanically feasible weak solutions. The vanishing-viscosity approach has in fact proved to be a robust
method in manifold applications, for instance ranging from plasticity (cf., e.g., [DMDMMOS8| [DDSTT], BFM12]),
to fracture [TZ09, KMZ08, [LT11], and to damage [KRZ13| [CL16] models. Approximating a rate-independent
system by vanishing viscosity ‘morally’ corresponds to bringing local stability and, at the time-discrete level,
local minimization into the picture. In the frame of the rate-independent system (X, &,dy), this locality is
achieved by perturbing the time-incremental scheme by a term that penalizes the squared distance from

the previous step 271

, hamely
€

-3z 2) + et z)) forn=1,...,N,.  (IMpy)
-

(ur,27) € Argming, ey (dz(zf_l, z)+
Here, the viscous correction aQZ(zﬂ_l7 z), with ds a second, possibly different distance on Z, is modulated by
a parameter €, vanishing to zero with 7 in such a way that £ 1 oo. Under appropriate conditions on & (cf.
e.g. [MRS16]), the approximate solutions (Z,), originating from converge as 7 | 0 to the same type
of solution that can be obtained via the vanishing-viscosity approach at the time-continuous level, namely a
Balanced Viscosity (abbreviated as BV) solution of the rate-independent system (X, €,dz). The latter is a
curve z € BVq, ([0,T]; Z), with u : [0,7] — U as in (L.2), fulfilling

- the local stability condition

[D.&|(t, u(t),z(t)) <1 for every t € [0,T]\ J,, (Ssv)
where |D,&| is the metric slope of & w.r.t. z, i.e. |D.&|(¢,u,z) := limsup,,_,, (g(t’“’j)zzfgsu’w))+ (cf.
[AGS08]), and J, the set of jump points of z;

- the ‘BV energy-dissipation’ balance for all ¢ € [0, 7T
t
E(t,u(t), 2(t)) + Varg, v(2,[0,¢]) = £(0,(0), 2(0)) +/ OE(s,u(s), z(s))ds. (Egv)
0

In , Varg, , is an augmented notion of total variation, fulfilling Varg,, > Varg, and measuring the
energy dissipated at a jump point ¢ € J,, in terms of a Finsler-type cost v(¢,-,-). While referring to [MRS16]
for all details, we mention here that v(t, -, -) records the possible onset of viscosity, hence of rate-dependence,
into the description of the system behavior at the jump point t. Because of the local character of the stability
condition , BV solutions driven by nonconvex energies have mechanically feasible jumps, as shown by
their characterization in [RS13].

Nonetheless, a crucial requirement underlying the Balanced Viscosity concept is that the energy &, as a
function of the internal variable z, complies with a chain-rule type condition, which is at the core of the
energy-dissipation balance. Such chain rule is ultimately related to convexity/regularity properties of &, and
unavoidably restricts the range of applicability of BV solutions. In this respect, we may for instance mention
that, for fracture the vanishing-viscosity approach has been carried out under suitable geometric restrictions on
the evolving crack, cf. [LT11]; the application of the BV concept to highly nonlinear processes such as plasticity
at finite strains has yet to be understood.

That is why, Visco-Energetic (VE) solutions have been advanced in [MS18] as a yet alternative solvability
concept for the rate-independent system (X, &,dz). The key idea at the core of this novel notion is to broaden
the class of admissible viscous corrections of the original time-incremental scheme ([IMgf). The quadratic
perturbation %aQZ(zﬁfl, z) in scheme ([Mpy]) is in fact replaced by the term 07 (2771, 2), with 67 : Z x Z —
[0, 00] a general lower semicontinuous functional. This turns into

T ~T

(u, 22 € Argming, e x (E(E7,u,2) +dz (=171 2) +02(:7 7, 2) , m=1,... N, . (M)

For simplicity, we shall confine the exposition in this Introduction to the simpler, but still significant, case
in which 67(z,2') = 4£d%(z,2') with g > 0 a fized parameter and dz a (possibly different) distance on
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Z, postponing the discussion of the general case to Sec. 2] This choice gives rise to the time-incremental
minimization scheme

(uy,27) € Argming, ,)ex (E(t’;u, 2)+dz(2" 1 2) + %822(41—17 z)) ,m=1,...,N;, p>0fixed. (1.3)

TY~T

In [MS18, Thm. 3.9] it has been shown that, under suitable conditions (cf. Sec.[2|ahead), the discrete solutions
(Z.), of converge, as 7 | 0, to a VE solution of (X, €,dy), i.e. a curve z € BV, ([0,T]; Z), together with
w:[0,T] - U as in , fulfilling

- the viscously perturbed stability condition

E(t,u(t), z(t) < &(t,u',2') +dz(z,2') + ga%(z(t),z’) for all (v/,2') €U x Z and all t € [0,T]\ J.; (Sve)

- the ‘VE-energy-dissipation’ balance for all ¢ € [0, T

E(t,u(t)) + Varg, (u,[0,¢]) = £(0,u(0)) + /0 OrE(s,u(s))ds. (Evg)

In , dissipation of energy is described by the total variation functional Varg, ., which differs from the
‘BV total variation’ Varg, y in the contributions at jump points. In the VE-concept, the energy dissipated at
jumps is in fact ‘measured’ in terms of a new cost function c, obtained by minimizing a suitable transition cost
along curves connecting the two end-point z(¢—) and z(¢t+) of the curve z at ¢ € J,, namely

c(t, 2(t—), 2(t+)) = inf {MVE@; 9,E) : E€R,Y € Cy,a,(E;Z), I(inf E) = z(t—), I(sup E) = z(t—i—)} .
(1.4)
The transition cost
Treve(t; 9, E) := Varg, (9, E) + GapVarg, (9, E) + Z A(t,0(s))
sEE\{sup E}
features (i) the dz-total variation of the curve ¥; (ii) a quantity related to the ‘gaps’, or ‘holes’, of the set F
(which is just an arbitrary compact subset of R and may have a more complicated structure than an interval,
cf. Sec. ahead); (%it) the residual function £ : [0,T] x Z — [0,00) (defined in ahead), which records
the violation of the VE-stability condition, as it fulfills

X(t,z) > 0 if and only if (Syg)) does not hold.

Visco-Energetic solutions are in between Energetic and Balanced Viscosity solutions in several respects:

(1) The structure of the solution concept: On the one hand, the stability condition , though per-
turbed by a viscous correction, still retains a global character, like for E solutions. This globality plays
a key role in the argument for proving convergence of the discrete solutions of to a VE-solution.
Indeed, as shown in [MSIS], once is established for the time-continuous limit, it is sufficient
to check the upper estimate < to conclude (Eyg|) with an equality sign. In particular, no chain rule
for € is needed for the energy balance. On the other hand, VE solutions provide a description of
the system behavior at jumps comparable to that of BV solutions. Indeed, optimal jump transitions
(i.e., transitions between the two end-points of a jump attaining the inf in ), exist at every jump
point. Moreover, they turn out to solve a minimum problem akin to the time-incremental minimization
scheme , cf. ahead. Similarly, optimal jump transitions for BV solutions solve a (possibly
rate-dependent) evolutionary problem related to the scheme they originate from.

(2) Their characterization for 1-dimensional rate-independent systems: [Minl7] has addressed the charac-
terization of VE solutions, confining the discussion to a 1-dimensional rate-independent system; no
similar result is yet known beyond that setting. Therein, it was shown that VE solutions originating
from scheme where, in addition, dz = d, have a behavior strongly dependent on the parameter
w > 0. If p is above a certain threshold related to the driving energy €, VE solutions exhibit a behav-
ior at jumps akin to that of BV solutions, cf. [Minl7]. With a ‘small’ y, the behavior is intermediate
between E and BV solutions.
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(3) The singular limits x| 0 and p 1 oco: in [RS17], in a general metric-topological setting but, again, with
the special viscous correction dz = %dQZ, VE solutions have been shown to converge to E and BV
solutions as u | 0 and p 1 oo, respectively.

(4) The assumptions for the existence theory: Loosely speaking, they turn out to be weaker than for BV

solutions, and stronger than for E solutions. Therefore, the range of applicability of VE solutions to
rate-independent processes is intermediate between the E and the BV concepts.

1.2. Our results. In this paper we are going to demonstrate the above features of VE solutions by addressing
their application to carefully chosen rate-independent processes in solid mechanics. In particular,

- their in-between character concerning the assumptions for existence will be evident;

- the application to models for finite-strain plasticity and brittle delamination will show that the VE
concept can be successfully implemented even in cases where BV solutions are not available;

- the analysis of the limit passage from adhesive contact to brittle delamination will provide a first
instance of Evolutionary Gamma-Convergence for VE solutions, which in this respect seem to share
the flexibility of the E concept.

Because of the wide range of applicability and of the flexibility of VE solutions, we believe that this novel
solvability concept deserves to be further studied. In particular, the mechanical feasibility of its description of
the system behavior at jumps needs to be assessed in well chosen examples. Let us now enter into the details
of the applications developed in this paper.

In the case of the damage system studied in Section [l the existence theory for E solutions [MRO6 [TMT10}
Thol3] (cf. also [FG06L BCGS16]) and for BV solutions [KRZ13, [Negl7] seems to be well established. With
Theorem [4.T] ahead we will prove the existence of VE solutions by applying the existence result [MS18, Thm.
3.9] to a quite general damage system. Our assumptions on the constitutive functions of the model and on
the problem data will (i) coincide with the conditions for E solutions in the case of the viscous correction
6z = 4d%; (ii) turn out to be slightly stronger than those for E solutions (in particular forcing a stronger
gradient regularization for the damage variable), in the case of a ‘nontrivial’ viscous correction dz involving a
distance different from the dissipation distance dz; (iii) be definitely weaker than those for BV solutions, cf.
also Remark [£.3] ahead.

The system for rate-independent elastoplasticity at finite strains we are going to address in Section [B] has
been analyzed from the viewpoint of Energetic solutions in [MMO09], whereas no result on the existence of BV
solutions seems to be available up to now. In fact, the corresponding, viscously regularized system has been
only recently tackled in [MRSIS], where an existence result has been obtained after considerable regularization
of the driving energy functional to ensure the validity of the chain rule. Therefore, the application of the theory
of BV solutions is seemingly possible only by means of such regularization. In contrast, we will see that, in
the case of the ‘trivial’ viscous correction dz = %dQZ, the existence of VE solutions to the rate-independent
finite-strain plasticity system can be checked again under the same conditions as for E solutions. In turn, the
‘nontrivial’ case will require stronger assumptions, cf. Theorem [5.1] and Remark ahead.

Finally, in Sec. [f] we will tackle the application of VE solutions to a rate-independent system for brittle
delamination, which can be thought of as a model for fracture on a prescribed surface. Due to the highly
nonconvex and nonsmooth character of the underlying energy functional, the existence results for BV solutions
are not applicable. It is then significant to resort to the VE concept but, in this case, the results from [MS18] do
not directly apply either. In fact, in Theorem [6.1] the existence of VE solutions will be proved by passing to
the limit in an approximating system that models adhesive contact, as a certain penalization parameter tends
to infinity. Our proof will rely on a careful asymptotic analysis of optimal jump transitions in the adhesive-
to-brittle limit passage. In fact, limit passages in gradient systems driven by I'-converging energy functionals
and dissipation potentials have recently led to a considerable body of research, both in the gradient flow and
in the rate-independent case, cf. e.g. [MRSO08, [SS04, [Ste08|, [Ser11l [Vis13l [Bral4]. A unifying concept for such
procedures goes under the name of Evolutionary I'-convergence, see [Miel@]. In this concern, Thm. can be
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understood as a first result of Evolutionary Gamma convergence for VE solutions. In a future paper, we plan
to address this issue in a more systematic and comprehensive way.

Plan of the paper. In Section 2] we shall revisit the theory of VE solutions from [MSI8] and slightly adapt
it to processes described in terms of two variables (u,z) (while [MSI8] mostly focused on rate-independent
systems in the single variable z). In Section [§] we are going to test VE solutions on the benchmark example
of the Prandtl-Reuss system for associative elastoplasticity, showing that, in that special context they indeed
coincide with the E solutions investigated in[DMDMO06] . Sections [] & B will be centered on the applications to
damage and finite-strain plasticity, respectively. Finally, the limit passage in the VE formulation from adhesive
contact to brittle delamination will be addressed in Section [6l

Notation 1.1. Throughout the paper, we shall use the symbols ¢, ¢/, C, C’, etc., whose meaning may vary
even within the same line, to denote various positive constants depending only on known quantities.

Given a topological space X, we will (i) denote by B([0,T]; X) the space of everywhere defined and measur-
able functions v : [0,T] — X; (i) if (X, d) is a metric space, denote by BV4([0,T]; X) the space of everywhere
defined functions v : [0, 7] — X with bounded variation.

Finally, if X is also a normed space, the symbol Ei( will denote the closed ball of X of radius r > 0, centered
at 0. We will frequently omit the symbol X to avoid overburdening notation. For the same reason, we will
often write || - ||x in place of || - |x«, and, in place of 4. (-, )x, we shall write (-,-)x (or even (:,-) when the
duality pairing is clear from the context or has to be specified later) .

Acknowledgements. I am grateful to Giuseppe Savaré for sharing his insight on Visco-Energetic solutions
with me and for several fruitful discussions, and to Alexander Mielke for various suggestions on dissipation
distances in finite-strain plasticity.

2. SETUP, DEFINITION, AND EXISTENCE RESULT FOR VISCO-ENERGETIC SOLUTIONS

In this section we recapitulate the basic assumptions and definitions underlying the notion of Visco-Energetic
solutions. We draw all concepts from [MS18|. There, however, the focus was on energies depending on the sole
dissipative variable z (which was in fact denoted as u in [MS18]), and the case of functionals also depending
on the variable at equilibrium u was recovered through a marginal procedure, cf. [MS18| Sec. 4]. Here we will
partially revisit the presentation in [MS18] by directly working with energy functionals depending on the two
variables (u, z).

2.1. The abstract setup for Visco-Energetic solutions. In what follows we collect the assumptions on
the metric-topological setup, on the energy functional, on the dissipation (quasi-)distance, and on the viscous
correction, at the core of the existence theory for VE solutions.

2.1.1. The metric-topological setting. Throughout the paper we will denote by ¢ the product topology on
X = U x Z induced by the two topologies oy and oz, and by or the product topology on [0,7] x X induced
by the Euclidean and the o-topologies. We will often write (un, 2,) = (u,2) as n — oo to signify convergence
w.r.t. o-topology, and we will use an analogous notation for og-, 0z-, and oy-convergence.

The mechanism of energy dissipation will be described via an extended, possibly asymmetric quasi-distance

dz : Z x Z —[0,00], ls.c.on Z x Z, such that

dz(z,2) =0 for all z € Z,
dz(20,2) < 0o for some reference point z, € Z and all z € Z,
dz(z,w) <dz(z,¢) +dz({,w) forall z, {, we Z.

(2.1)

We say that W C Z is dz-bounded if sup,,c x dz (%0, w) < 00, and that dz separates the points of W if
w,w €W, dz(w,w)=0 = w=uw.

Our first condition concerns this metric-topological setting:
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Assumption < T >. We require that

the topological spaces (U, o) and (Z,0z) are Hausdorff and satisfy the first axiom of countability, (2.2a)
(U,op) is a Souslin space, (2.2b)

namely the image of a Polish (i.e. a separable completely metrizable) space under a continuous mapping.
Furthermore, we impose that

dz separates the points of Z. (2.2¢)

Let us now recall from [MSI§| the definition of (o2, dz)-regulated function, encompassing a crucial property
that the Visco-Energetic solution component z shall enjoy at jumps.

Definition 2.1. [MSI8| Def. 2.3] We call a curve z : [0,T] — Z (0z,dz)-regulated if for every t € [0,T] there
exist the left- and right-limits of z w.r.t. oz-topology, i.e.

z(t—) = 1;%1 2(s8) in(Z,0z), z(t+) = lsl?tl 2(s)  in(Z,0z) (2.3a)

(with the convention z(0—) := z(0) and z(T+) := 2(T) ), also satisfying
ligldz(z(s), z(t—)) =0, ligldz(z(t—i—), z(s)) =0,

(2.3b)
dz(z(t—),2(t)) =0 = z2(t—) =2(t), dz(z(t),2(t+)) =0 = 2z(t) = 2(t+).

We denote by BV,, 4,([0,T]; Z) the space of (0z,dz)-requlated functions z with finite dz-total variation
Varg, (2,[0,T]), where we define, for a subset E C [0,T],

M
Vard(z,E) = sup Zdz(’ﬂz(tj_l),ﬁz(tj)) Tt <t <...<tm, {tj}jlvio S mf(E) (24)

j=1
with P¢(E) the collection of all finite subsets of .

If (Z,dz) is a complete metric space, every function z € BVy,([0,T); Z) is (dz-)regulated, namely at every
t € [0,T] there exist the left- and right-limits of u w.r.t. the metric dz. However, since in the present context we
are not assuming completeness of (Z,dy), the concept of (o7, dz)-regulated function turns out to be significant.
Observe that, for every z € BV, 4,([0,T]; Z) the jump set

J.:=J;uJr, withJ] :={t€[0,T] : 2(t—) # 2(t)}, Jh={te[0,T] : 2(t) # z(t+)}, (2.5)

coincides with the jump set of the real monotone function V, : [0,T] — R, ¢t — V,(t) := Varg,(z,[0,t]).
Therefore, J, is at most countable.

Finally, as we will discuss at the beginning of Section the u-component of a Visco-Energetic solution is
in principle only an element in B([0, T]; U) (cf. Notation. However, in qualified situations (cf. Lemma m
ahead) u will additionally be a

oy-regulated function, i.e. Vit € [0,7] Fu(t—) =limu(s) in (U,or), wu(t+)=limu(s) in (U,oy). (2.6)

st slt

2.1.2. The energy functional. We now recall the basic assumptions on the energy functional € proposed
in [MSI1§]. In view of Proposition ahead, differently from [MSI8] we choose not to encompass lower
semicontinuity and compactness requirements into a unique condition.
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Assumption < A >. The rate-independent system (X, €,dy) fulfills
< A.1 >: Lower semicontinuity: The proper domain D(&(t,-)) does not depend on ¢, namely there
exists D C X such that D(E(t,)) =D for all t € [0,T]. In what follows, we will use the notation
D, :=m(D), D, :=m(D) (2.7)
with 7 : X — U and w5 : X — Z the projection operators. We require that
there exists Fy > 0 such that the perturbed functional
F:00,T] x X — (—o0, 0] F(t, (u,2)) := E(¢, (u, 2)) + dz (20, 2) + Fo (2.8)
fulfills F(¢, (u,2)) > 0 for all (¢, (u, 2)) € [0,T] x X,
with z, the reference point satisfying . In what follows, with slight abuse of notation we will write
&(t,u, z) in place of E(¢, (u, 2)), and analogously for .

We impose that € is o-1.s.c. on the sublevels of F.

< A.2 >: Compactness: The sublevels of F are og-sequentially compact in [0,7] x X.

< A.3 >: Power control: The functional ¢t — E(¢,u, z) is differentiable for all (u, z), 9;€ : (0,T)xD — R
is sequentially upper semicontinuous on the sublevels of F, and

FAp, Cp >0 V(t,u,2) € (0,T) xD :  |0:&(t,u,2)| < Ap (F(t,u,2)+Cp) . (2.9)

Remark 2.2. A natural choice for the reference point z, in and is the initial datum z¢ € D, for the
rate-independent process. In fact, along the evolution there holds Vary, (2, [0,7T]) < oo, cf. Remark ahead,
and therefore sup;¢po 1) d 7z(20,2(t)) < C < co. That is why, we may suppose without loss of generality that,
for every z € D, there holds dz(zp,2) < oo.

In [MS18] a more general version of the power-control condition was assumed, involving a generalized ‘power
functional’ P : [0,T] x D — R satisfying

limn sup E(s,u,2) — E(t,u,z2) < P(tu,2) < liminf E(t,u,z) — E(s,u,z2)
st s—t sTt t—s

for all (t,u,z) €10,7] x D, (2.10)

and in fact surrogating the partial time derivative 0;€ whenever € is not differentiable w.r.t. t. This gen-
eralization was mainly motivated by the need to encompass in the theory marginal energies, i.e. functionals
only depending on the dissipative variable z and obtained from energies depending on both variables (u, z) via
minimization w.r.t. u. For simplicity, in this paper we shall not work with the power functional from .

Finally, we point out that could be weakened by allowing for a (positive) function Ap € L1(0,T), in
place of a (positive) constant Ap.

A straightforward consequence of < A.1 > & < A.2 > is that
infUS(t,u,z) #0  forall (t,z) € [0,T] x D,. (2.11)
ue

In what follows, we will often work with the reduced energy functional

7.10,7] X Z — (00, o] It ) = {infueU &(t,u, z) = mingey E(t,u,2) if (¢,2) € [0,7] X D, (2.12)
00 otherwise.
Combining the power-control estimate in with the Gronwall Lemma, we conclude that
F(t,u,z) < F(s,u,z)exp (Cpl|t —s|) forall s, t€[0,7] and all (u,z) € X, whence
sup F(t,u, z) <exp(CpT)F(0,u,z) for all (u,z) € X. (2.13)

te[0,T)
That is why, in what follows we will direcly work with the functional

Fo(u, z) == F(0,u,z) for every (u,z) € X.
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Finally, we highlight that the upper semicontinuity of 9,€ required in < A.3 > can be relaxed if dz enjoys an
additional continuity property, stated in < A.3’ > below. Indeed, < A.3' > can replace assumption < A.3. >.

< A.3' >: dy is left-continuous on the sublevels of Fy, i.e. for all sequences (uy, 2, )n C U X Z s.t.
Fo(tn, 2,) < C, 2, %z there holds dz(2,,¢) — dz(z,() forall ( € Z, (2.14a)
and the map 9;€ : [0,T] x X — R satisfies ([2.9)) and the conditional upper semicontinuity

(tn, Uny 2n) 5 (t,u,2), E(tn,un,zn) = E(t,u,2) = lmsup 0&(tn, un, 2n) < OE(L, u, 2). (2.14b)

n— oo

The condition that convergence of the energies implies convergence of the powers is often required for the
analysis of rate-independent systems, cf. [MR15]. For later use, we recall here a result from [FMO06], where this
implication was proved in the case in which 9;€ is uniformly continuous on sublevels of &, namely

V' C > 0 there exists a modulus of continuity we : [0, 7] — [0, 00) such that

2.15
V(u,2) €U X Z 1 Folu,2) <C = [0:E(t1,u,2)—0:E(t2,u, 2)| <we(|t1 — ta]) for all t1, t2 € [0,T]. (2.15)

Proposition 2.3. [FM06l, Prop. 3.3] Assume . Then, for everyt € [0,T)] the following implication holds
((umzn) G (u,2) in X, E(tn,Un, 2n) — S(t,u7z)> = 01&(tn, Un, 2n) = O&(t, u, 2) . (2.16)
2.1.3. The viscous correction of the time-incremental scheme. We consider
a lower semicontinuous map dz : Z x Z — [0,00] with dz(z,2) =0 forall z € Z.
We introduce the ‘corrected’ dissipation
Dz(z,2") :==dz(z,2) +d7(2,2").

As already mentioned, the VE concept features a global stability condition in terms of the dissipation potential
D. It is in fact useful to introduce a weaker, but still global, notion of stability, where we allow for a positive
correction @ > 0 on the right-hand side of the stability inequality.

Definition 2.4. Let Q > 0. We say that (t,u,z) € [0,T] x X is (Dz, Q)-stable if it satisfies
E(tyu,z) < E(t,u',2")+ Dz(z,2")+Q  forall (v',2') € X. (2.17)

If Q = 0, we will simply say that (t,u,z) is Dz-stable. We denote by /b, the collection of all the D z-stable
points, and by b, (t) its section at the process time t € [0,T].

In view of < A.1 > & < A.2 > (which guarantee (2.11))), the quasi-stability condition (2.17) is equivalent to
I(t,z) <I(t,2") +Dz(z,2)+Q foral 2 € Z (2.18)
involving the reduced energy J from ([2.12)). That is why,

- Hereafter, we will often allow for the abuse of notation (¢,2) € %, (and z € ¥p,(t)), in place of
(t,u,z) € by

- We introduce the residual stability function % : [0,T] x Z — R directly in terms of the reduced energy
J, namely we define

R(t,z) = sup {I(t,z) —=I(t,2') —Dz(z,2')} =I(t,2) — ¥ (t,z) with
es / / (2.19)
Y(t,z) = Héfz (I(t,2") + Dz(2,2)).

2!

Note that, as soon as the energy functional & complies with < A.1 > and < A.2 > (and we will suppose this
hereafter), the inf in the definition of % is attained, i.e.

M(t,z) := Argmin, ., (3(t,2") + Dz(2,2")) # D. (2.20)
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Observe that Z in fact records the failure of the stability condition at a given point (¢, 2) € [0,T] X Z, since

R(t,z) >0 forall (t,2) € [0,T] x Z, with

2.21
#(t,z) =0 if and only if (t,2) € S, . (221)

Let us now specify the compatibility properties that admissible viscous corrections have to enjoy with respect
to the driving distance d.

< B.1 >: dgz-compatibility: For every z, 2/, 2" € Z
dz(2,2") =0 = 07(2",2") <0z(2",2) and 6&z(z,2") <dz(7,2"). (2.22)
< B.2 >: Left dz-continuity: For every sequence (uy, z,), and every (u,z) € X we have

Sup Fo(Un, 2n) < 00, 2n B2z, dz(zn,2) =0 = lim dz(z,,2) = 0. (2.23)

n n—00

< B.3 >: Dgz-stability yields local dz-stability: for all (t,u,z) € .#p, and all M > 1 there exist
n > 0 and a neighborhood Iy x Iz of (u, z) such that

E(s,u,2") < E(s,u,2) + Mdy(2',2) for all (s,u',2') € b,

. . , (2.24)
with s € [t —n,¢t], for all (u,z) € Iy x Iz with dz (2, z) <.
Remark 2.5. As already observed in [MSIS], (2.24)) is in fact equivalent to the condition
J =Tt
lmsup 282 292 (2.25)

(s2)=(t,2) dz(2s2

involving the reduced energy J from (2.18)), where we have written (s, z’)==(¢,2) as a place-holder for (s —
t, 2 %8 2, dz(2,2') = 0, (s,2') € Fb,, s <t). In turn, a sufficient condition for (2.25) is

lim sup

——— =0 for every z € /p,(t) and all t € [0,T]. 2.26
(s,2")=(t,z) dZ(Z/7 Z) Z( ) [ ] ( )

In particular, any viscous correction of the form

h
07(2,2") = h(dz(z,2)) with h € C([0, 00)) nondecreasing and fulfilling liﬁ)l g =0 (2.27)

satisfies (2.26) and, in fact, the whole Assumption < B >.

Closedness of the (quasi-)stable set. Finally, we require
< C >: For every @ > 0 the (Dz, @)-quasistable sets have o-closed intersections with the sublevels of Fj.

It was proved in [MS18, Lemma 3.11] that < C > holds if and only if a property akin to the mutual recovery
sequence condition from [MRSO08| holds, namely

for every sequence (t,, zp)n C [0,T] X Z with t, — t, z, 23 z, supdz (2o, 2n) < 00
n

and lim J(t,,z,) =3J(t,z) +n, n >0,
Jim J(tn, 2n) = (¢, 2) + 0, 1 (2.28)

there exists 2’ € M(t, 2) and a sequence (z],), such that

liminf (I(tp, 2,,) + Dz (2n, 2,,)) < I(t,2") + Dz(2,2") + 1,

n—oo

(recall that M(t, z) denotes the set of minimizers associated with the functional % in ([2.19))).
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2.2. Definition of Visco-Energetic solution. As already mentioned in the Introduction, the concept of
Visco-Energetic solution of the rate-independent system (X, &,dz) (cf. Deﬁnitionahead) consists of the D -
stability condition combined with the energy-dissipation balance . In the energy dissipated
at jumps is measured in terms of a jump dissipation cost ¢ that keeps track of the viscous correction dy.
This jump dissipation is obtained by minimizing a suitable transition cost over a class of continuous curves
connecting the two end-points of a jump. In what follows,

(1) Firstly, we will specify what we mean by ‘end-points of a jump’ of a curve (u, z) enjoying the properties

of a Visco-Energetic solution, viz.

z2€BV,,4,(0,T);Z) andt+— u(t)is a measurable selection in Argmin, c;E(t, u, 2(¢)). (2.29)

Namely, for a curve (u, z) as in , we will introduce surrogate left- and right-limits for u at a jump
point t € J,.
(2) Secondly, we will rigorously introduce the cost c.
1. Surrogate left- and right limits of u: given a curve (u, z) as in 7 we extend w in this way:

u(t—) an element in Argmin,c;E(t, u, 2(t—)),

at every t € J, we denote by { (2.30)

u(t4+) an element in Argmin, c;E(t, u, 2(t+)),
with the convention that u(t—) = u(t+) = u(t) if ¢t ¢ J., such that the extended mapping, still denoted by w,
continues to be measurable.

Observe that this definition is meaningful in view of (2.1I)). The notation u(t—) and u(t+) is used here in

an extended sense, as the true left- and right-limits of u at ¢t w.r.t. oy-topology need not exist. Nonetheless, in
Lemma [2.10] ahead, we will provide some sufficient conditions, which can be verified for a reasonable class of
examples, ensuring that, if (u, z) is a Visco-Energetic solution, then u is op-regulated and, in that case, u(t—)
and u(t+) defined by are its left- and right-limits.
2. The Visco-Energetic cost c. It involves minimization of a suitable cost functional over a class of con-
tinuous curves, connecting the left- and right-limits (u(t—), z(t—)) and (u(t+), 2(t+)) at a jump point ¢ € J,
(with u(t—) and u(t+) as in (2.30)). Such curves are in general defined on a compact subset E C R with a
possibly more complicated structure than that of an interval. To describe it, we fix some notation:

E-:=infE, ET:=supk. (2.31a)
We also introduce
the collection h(E) of the connected components of the set [E~, ET]\ E. (2.31b)

Since [E~, ET]\ E is an open set, h(E) consists of at most countably many open intervals, which we will often
refer to as the ‘holes’ of E. We are now in a position to introduce the transition cost at the basis of the concept
of Visco-Energetic solution, evaluated along curves ¢ = (¥,,9,) € B(E; X) such that, in addition
Y, € Copa,(E;Z) :=Co,(E; Z)NCy,(E; Z). (2.32)
Here, C,,(F;Z) is the space of functions from F to Z that are continuous with respect to the oz-topology,
while Cy, (E; Z) is the space of functions ¢, : E — Z satisfying the following continuity condition w.r.t. dz:
Ve>03dn>0Vsg, s1 € F with sg<s1<so+1n: dz(9.(s0),9.(s1)) < e.

Definition 2.6. Let E be a compact subset of R and ¥ = (9,,9,) € B(E;U) x Cy,.4,(E;Z). For every
t € [0, T] we define the transition cost function

Treyg(t, 0, E) := Varg, (0., E) + GapVars, (0., E) + Y R(t,0.(s)  with (2.33)
sEE\{Et}
(1) Varg, (9, E) the dz-total variation of the curve ¥, cf. ;
(2) GapVar,, (0, E): =3 1cqp 02(0-(17),9.(I1));
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(3) the (possibly infinite) sum
ST A 0(5) = {SUP{ZSEP R(t,0-(5) : PePp(B\ETD}  #f B\{ET}#0,

SCB\{E+} 0 otherwise.
Along with [MS18], we observe that, for every fixed t € [0,T] and admissible ¢, the transition cost fulfills the
additivity property
Treyg(t, 9, ENJa,c]) = Treye(t, 9, EN|a,b]) + Treve(t, 9, EN[b,c]) forala<b<ec.

We are now in a position to define the Visco-Energetic jump dissipation cost ¢ : [0,T] x X x X — [0, 0]

between the two end-points of a jump of a curve (u, z) as in (2.29)). Namely, we set
c(t, (u—, z—), (ug, z4)) = inf{Treye(t, 9, E) : EER, ¥ = (V,,9,) € B(E;U) x Cypp 4, (E; Z), (230

_ 2.34
WE) = (u_r ), IEY) = (ug,24)}.

Remark 2.7. In fact, for every admissible transition curve ¢ = (¢,,9.) between two pairs (u_,z_) and
(u4,24), all of the three contributions to the transition cost from (2.33) only depend on the ¥,-component.
That is why, from now on with slight abuse of notation we will simply write

c(t, z—, z1) in place of c(t, (u—, z_), (U4, 24)) - (2.35)
Accordingly, we will introduce the concept of Optimal Jump Transition, cf. (2.45) ahead, only in terms of the
9¥,-component of an admissible transition curve ¢ = (9,,9,).
With the jump dissipation cost ¢ we associate the incremental cost Ac: [0,T] x X x X — [0, 00] defined at
allt € [0,T) and (u_,z_), (uy,z,) € X by
Ac(t? (’U,_7 Z—)7 (u+7 Z-‘r)) = Ac(tv Z—y Z+) = C(t7 Z—, Z—‘r) - dZ(Z—a Z-‘r) (236)
(in fact, observe that c(t,z_,24) > dz(2_,24), so that Ac(t,z_,24) > 0, for all t € [0,T] and 2+ € Z). We
will also use the notation
Ac(tyz—,z,24) = Aclt, 2, 2) + Ac(t, 2, 24) .
The augmented total variation functional induced by c is defined, along a curve (u, z) € BV([0,T]; X), by
Varg, ((u, 2), [to, t1]) := Varg, (2, [to, t1]) +Jmpa_((u, 2); [to, t1]) for any sub-interval [to, 1] C [0,T7], (2.37)
where the incremental jump variation of (u, z) on [tg, t1] is given by
Jmpa_((u, 2); [to, t1]) :=Ac(to, 2(t0), z(to+)) + Ac(ts, 2(t1—), 2(t1))
+ > At a(t-), 2(1), 2(t4) (2.38)
teJun(t(htl)
Ultimately, also this jump contribution only depends on the z-component, namely
Jmpa, ((u, 2); [to, t1]) = Jmpa_(2; [to, t1]) -
Therefore, hereafter we shall write
Varg, (2, [to,t1]) in place of Varg, o((u,2),[to,t1]) -
As observed in [MSI8§|, although it is not canonically induced by a distance, the total variation functional
Varg,,  still enjoys the additivity property
Varg, (2, [a,c]) = Vargy, (2, [a, b]) + Varg, (2, [b, ]) forall0<a<b<c<T.
We are now in a position to define the concept of Visco-Energetic solution (u, z) of the rate-independent
system (X, &,dz), featuring the Dz-stability condition, and the energy-dissipation balance with the total
variation functional Varg, .. Let us stress in advance that, since Varq, . > Varg, only controls the z-component

of the curve (u, z), it will be for z only that we shall claim z € BV4, ([0,T]; Z) (in fact, z € BV, 4,([0,T]; Z)),
while for the u component only measurability will be a priori asked for.
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Definition 2.8 (Visco-Energetic solution). A curve (u,z) : [0,T] — X, with v € B([0,T];U) and z €
BV,,.4,([0,T); Z), is a Visco-Energetic (VE) solution of the rate-independent system (X, E,dz) with the vis-
cous correction 0z, if it satisfies

- the minimality condition
u(t) € Argmin, i, E(t, u, 2(t)) for allt € [0,T]; (2.39)
- the Dz-stability condition
E(t,u(t), z(t)) < E(t,u',2") + Dz(2(t),2)

= &(t,u',2") +dz(2(t),2") + 0z(2(t),2")  forall (u',2") € X and all t € [0,T]\ J., (Sve)
- the (dz, c)-energy-dissipation balance
¢
E(t,u(t), z(t)) + Varg, (2, [0,t]) = €(0,u(0), 2(0)) —l—/ (s, u(s),z(s))ds forallt €[0,T]. (Eve)
0

Remark 2.9. From the energy-dissipation balance, exploiting the power-control condition (2.9) to estimate
the power term on the right-hand side of , we easily deduce that

{supte[o,ﬂ £t u(t),2(1))] < supyego 1 Tt ult). 2(0) < Co. 210

Varg, (2,[0,T]) < Varg, (2,[0,T]) < Cy
for a constant C > 0 only depending on (u(0), 2(0)) € D.
Observe that the D z-stability condition, tested with (v, 2’) = (v/, 2(t)) and v’ arbitrary in U, in particular
ensures that u(t) € Argmin, o, E(t, u, z(t)) for all t € [0, T]\J.. We want to claim this property at all t € [0,T7,
though. That is why, (2.39)) is required, as a separate property, at all ¢ € [0, T].

2.3. Characterization, properties, and main existence result for Visco-Energetic solutions. In the
following statements we will implicitly assume that the rate-independent system (X, £,dy) satisfies conditions
<T> <A> < B> and < C > from Sec. 2.1} and impose them explicitly only for Theorem [2.12]

Lemma 2.10. Suppose that
Argmin, . E(t,u,z) s a singleton for every (t,z) € [0,T] x D,. (2.41)
Let (u, z) be a VE solution to (X, &,dz). Then, u is oy-requlated, with left- and right-limits given by (2.30)).

Proof. Let us fix t € [0,T). In order to show that the only element u(t+) in Argmin,c;;E(¢, u, 2(t+)) is the
right-limit of « w.r.t. the opy-topology, it is sufficient to show that, for all (s,), C (0,7) with s, | ¢, there
holds u(s,) — u(t+) in (U,op). Since J, is at most countable, we may suppose that (s,), C (0,7)\ J,. It
follows from ([2.40) and < A.2 > that there exists some u* € U such that, up to a (not relabeled) subsequence,
u(sp) = u* in (U,0p) as n — oco. Clearly, z(s,) — z(t+) in (Z,0z). By the closure of the stable set p,,, we
conclude that (¢,u*, z(t+)) € Sp,. Then, u* € Argmin,;E(L, u, 2(t+)), which yields u* = u(t+).

The argument for the existence of the left-limit u(t—) at all ¢ € (0,7 is completely analogous. O

A characterization of VE solutions can be given either in terms of the sole upper estimate in the (dz,c)-

energy-dissipation balance (Evg|), or in terms of the energy-dissipation upper estimate for E solutions, combined
with jump conditions where the release of energy at a jump point is balanced by the VE jump cost c.

Proposition 2.11. [MSI8| Prop. 3.8] A curve (u,z) € B([0,T];U) x BV,,.4,([0,T]; Z) satisfying the Dz-
stability condition (Svyg)) is a VE solution of the rate-independent system (X, &,dz) with the viscous correction
Oz if and only if z satisfies, in addition,

(1) either the (dz,c)-energy-dissipation upper estimate

T
E(T,u(T),2(T)) + Varg, (2,]0,T]) < £(0,u(0), 2(0)) +/0 OeE(s,u(s), z(s))ds; (2.42)
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(2) or the dz-energy-dissipation upper estimate
T
E(T,u(T),z(T)) + Varq, (z,[0,T]) < €(0,u(0), 2(0)) +/ OE(s,u(s), z(s))ds, (2.43)
0

joint with the following jump conditions at every jump pointt € J,:

E(tru(t_)az(t_)) - 8(t7u(t)az(t)) = C(t,Z(t—),Z(t))
E(t,u(t), z(t)) — E(t,u(t+), 2(t+)) = c(t, 2(t), z(t+)) (2.44)
E(tru(t_)az(t_)) - 8(t7u(t+>7'z(t+)) = C(t,Z(t—),Z(t—F)) .
Let us now gain further insight into the description of the system behavior at jumps provided by the
VE concept, via the properties of Optimal Jump Transitions. We recall that (cf. [MSI8, Def. 3.13]), given

t € [0,7]) and z_, 2+ € Z, an admissible transition curve ¥, € C,, 4,(E;Z), with E € R, is an optimal
transition between z_ and z; at time ¢ € [0, 7] if it is a minimizer for c(¢, z_, z1 ), namely

V(E7)=2_, U.(ET)=2;, Treve(t,9.,E)=c(t,z_,2;). (2.45)

Furthermore, we say that 1, is a

(1) sliding transition, if Z(t,9,(s)) =0 for all s € E;

(2) wiscous transition, if Z(t,9,(s)) >0 for all s € E\ {E~,E"}.
It has been shown in [MSI8| Rmk. 3.15, Cor. 3.17] that, for a viscous transition ¥, between z_ and z; the
compact set E\ {E~, ET} is discrete, i.e. all of its points are isolated: namely, 1, is a pure jump transition.
In fact, ¥, may be represented as a finite, or countable, sequence (¥2),co, with O C Z satisfying (recall the

definition (2.20)) of the set M (t, z))

07 € M(t,9;_,) = Argmin,, ¢, (3(t, 2 )+Dz(9;_,,2")) forallne O\ {O™}. (2.46)

n—1

Furthermore, it has been proved in [MS18, Prop. 3.18] that any optimal jump transition can be canonically
decomposed into an (at most) countable collection of sliding and viscous, pure jump transitions. Finally, it has
been shown in [MST8, Thm. 3.14] that, at every jump point ¢ of a VE solution z there exists an optimal jump
transition ¥, between z(t—) and z(¢t+) such that J,(s) = z(¢) for some s € E.

We conclude this section by giving an existence result for VE solutions, proved in [MS18, Thm. 4.7]. For
completeness, in the statement below we also encompass the convergence result (cf. [MS18, Thm. 7.2]) for the
(left-continuous) piecewise constant interpolants

Zy:[0,T) = U, Z;(0):=z, Z(t):=2z" forte @ "], n=1,...,N, (2.47)

associated with the discrete solutions (27)"7, of the time-incremental minimization problem ([Myg). We

T /n=1

shall discuss the convergence of the interpolants (U, ), of the elements (u?))™,, with «” minimizers for time-

incremental minimization problem (IMyg)), right after the statement of Thm. 2.12]

Theorem 2.12. [MS18, Thm. 4.7] Under Assumptions < T >, < A >, < B >, and < C >, let zg € D,.
Then, for every sequence (x)x of time steps with 7, | 0 as k — oo there exist a (not relabeled) subsequence

(Zr )k and z € BV, 4,([0,T); Z) such that
(1) z(0) = 2o, and
Z., () T8 2(t) in Z for allt € [0,T]; (2.48)
(2) there exists u € B([0,T];U) such that (u,z) is a VE solution to the rate-independent system (X, €,dz),

with the viscous correction 6.

In fact, the curve u in the above statement is obtained as a measurable selection in Argmin, c;;E(¢, u, 2(t)). It
is not, in general, related to the limit of the piecewise constant interpolants (U, ). However, if, in addition,
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property ([2.41)) holds, and the functional & fulfills the following condition

for all (t), C [0,T] and (21)x C Z with t), — ¢, zx 2% 2z in Z, then
for all v € U there exists (vx)r C U such that limsup &(tg, vk, 2x) < E(t,v, 2),

k—o0

(2.49)

then it is possible to prove convergence to the curve u.

Proposition 2.13. Under the same hypotheses as Thm. assume in addition conditions (2.41) and (2.49).
Then, the curve u € B([0,T);U) from the statement of Thm. such that (u, z) is a VE solution to the
rate-independent system (X, E,dyz), is unique, and along the same sequence as in (2.48)) there holds

U, (t) 7% u(t) in U for all t € [0,T). (2.50)
Proof. To start with, we may observe that from ([Myg|) it follows that
U, (t) € Argmin, ¢ E(E, (t), u, Zr, (1)) for all t € (0,7 (2.51)

(with Z;, the left-continuous piecewise constant interpolant associated with the partition of [0,77]). From the
energy bound Fo (U, (t), Zy, (t)) < C for a constant independent of k € N and ¢ € [0, T], cf. [MSI8, Thm. 7.1],
combined with Assumption < A.2 >, we infer that there exists a compact subset U € U such that U,, (t) € U
for all t € [0,T] and k € N. Then, for all ¢ € [0,T] there exists u.(t) € U such that, along a (not relabeled)
subsequence possibly depending on ¢, there holds

Uy, () 78w (t). (2.52)

Combining and with and taking into account the lower semicontinuity < A.1 > we find
that E(¢, u(t), 2(t)) < Uminfy_oo E(E, (1), Ur, (), Zr, (t)) < liminfy_ oo E(%, (t),v, Z7, (1)) for all v € U and
all t € [0,T]. Exploiting (2.49), we conclude that u.(t) € Argmin, ¢y &(t,u(t), 2(t)). Since the latter set is a
singleton by , convergence holds along the whole sequence (7% )k, whence the desired . |

3. WHEN VISCO-ENERGETIC SOLUTIONS ARE ENERGETIC

The following result characterizes the situation in which VE solutions turn out to be E solutions as well.
Note that it holds under the sole conditions < A.1 > and < A.3 >.

Proposition 3.1. Assume < T >, < A.1 >, and < A3 >. Then, a Visco-Energetic solution (u,z) of the
rate-independent system (X, €,dz) is an Energetic solution if and only if it satisfies the global stability condition
at every t € [0,T]\ J, and at t = 0. In that case, at every jump point t € J, the curves (u,z) fulfill the
jump conditions
&t u(t—), 2(t=)) — €@, u(t), 2(t)) = dz(2(t—), 2(1)),
E(t,u(t), 2(t)) — E(t, ult+), 2(t4)) = dz(2(t), 2(t+)).

Proof. Clearly, if (u, z) is an E solution, then holds at all ¢ € [0, 7.

Conversely, let (u,z) be a VE solution complying with at every ¢t € [0,7]\ J, and at t = 0. First of
all, we show that (u, z) fulfills (S at every ¢ € J.. Indeed, passing to the limit in (S)) we may conclude that it
holds for the left and right limits (u(t—), 2(t—)) and (u(t+), z(t+)), namely

(3.1)

E(t,u(td), z(t4)) < E(t,u',2") + R(2'—2z(tx)) forall (v/,2') e U x Z and allt e J,. (3.2)

We now recall that (u, z) fulfills the Energetic energy-dissipation upper estimate (2.43)) on [0, ], cf. Prop.
With the very same ‘localization’ argument as in the proof of [RS17, Thm. 1], from (2.43) we then deduce that

E(t,u(t),z(t)) + R(z(t)—=2(t—)) < &(t, 2(t—),2(t—)) forallteJ,.
Combining this with (3.2) and the triangle inequality for R, delivers the stability at all t € J, as desired.
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The validity of the Energetic energy-dissipation upper estimate (2.43]) and of (S)) at all ¢ € [0, T] entails that
(u, z) is an E solution: this follows from either [MR15, Prop. 2.1.23] or [MSI8, Lemma 6.2] (mimicking the
argument of the proof of Thm. 6.5 therein).

Hence, comparing (Evg| and we ultimately find
Varg, (2, [0,t]) = Varg, ([0, t]) Varg, (2,[0,t]) + Jmpa_(2;[0,t]) for all t € [0,77].

Therefore, at every t € Jump, there holds Ac(¢, z(t—), z(t)) = Ac(t, 2(t), 2(t+)) = 0, i.e.

c(t,z(t—),2(t)) =dz(2(t—),2(t)) and c(t,2(¢),z(t+)) = dz(2(t), 2(t+)). (3.3)
Combining (3.3]) with the Visco-Energetic jump conditions (2.44]) we immediately deduce (3.1]). O

VE solutions in perfect plasticity coincide with E solutions. Small-strain associative elastoplasticity,
with the Prandtl-Reuss flow rule (without hardening) for the plastic strain, provides an example of a rate-
independent system to which Proposition [3.1] applies, cf. Corollary ahead. Before entering into details, we
fix the following notation, also useful for Section

Notation 3.2. We will use the symbol M%*¢ for the space of dxd matrices, endowed with the Frobenius
inner product n : & := 37, 1;;&; for two matrices n = (n;;) and £ = (;;). We will denote by |- | the induced

the matrix norm and, in accordance with Notation by B, the closed ball with radius 7 centered at 0 in

M4Xd  The latter symbol denotes the subspace of symmetric matrices, while Mﬁ;vd stands for the subspace of

sym *
dxd
sym

orthogonal projection of 7 into Mggvd. We will refer to nqev as the deviatoric part of n. With the symbol ®
we will denote the symmetrized tensor product of two vectors a, b € R?, defined as the symmetric matrix with
ibitasbi  Rinally,

symmetric matrices with null trace. In fact, every n € M can be written as 17 = Ngev + #I with 7gev the

entries

BD(Q;R?Y) := {a € L' (% RY) @ (@) € M(;MZXH))

sym

is the space of functions with bounded deformation, such that the (distributional) strain tensor (%) is a Radon
dxd

measure on {2, valued in MZ¥, and

M(QUT,; M4%4) is the space of (M%X?-valued) Radon measures on QUIT}.

dev dev

The PDE system governing perfect plasticity, formulated in a (bounded, Lipschitz) domain Q@ C R? (the
reference configuration) consists of
- the equilibrium equation

—div(Ce) = f in Q2 x(0,T), (3.4a)

where f is a time-dependent body force, C is the (symmetric, positive definite) elasticity tensor, e the
elastic strain, which enters into the additive decomposition of the (symmetric) linearized strain tensor
e(a) = 3(Va+ Va') (with @ : © — R the displacement and AT the transpose of a matrix A), into an
elastic and a plastic part, i.e.

g(@)=e+p inQx(0,T); (3.4b)
- the flow rule for the plastic tensor p
OR(P) 3 0dgev  in Q2 x (0,7, (3.4c)

where 04ey is the deviatoric part of the stress o := Ce, the 1-homogeneous dissipation potential R is

the support function of the closed convex subset K C Mg:vd to which the (deviatoric part of the) stress

is constrained to belong, and JR : Mgexvd = Mg:vd is the convex analysis subdifferential of R.
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Along the footsteps of [DMDMO6], we will suppose hereafter that
B,, C K C Bg, forsome 0 <rg < Rg. (3.5a)

Furthermore, we will have 92 = I, UT UOT, with I, and T disjoint open sets and JI" their common boundary,
and we will denote by v the external unit normal to 2. We will assume that

AT TL) >0 and 99, T are of class C? (3.5b)

(with #9=! the (d—1)-dimensional Hausdorff measure). On the Dirichlet part of the boundary I}, we will
prescribe a Dirichlet condition through an assigned function

up € CH([0,T); HY(; RY)), (3.5¢)

with trace on I}, still denoted by up. On the Neumann part I'y we will apply a non-zero traction g. A standard
condition in perfect plasticity is that the body and surface forces

f e CH([0,T); LYK RY)), g € CH[0,T]; L*(Ty; RY)) satisty the safe-load condition, (3.5d)

cf. [DMDMO06, (2.17)—-(2.19)]. With f and g we associate the total load function
£:10,T] — BD(Q; RY*, (€(), v)gp(umay = / f(t)vdx +/ g(tvd= (z). (3.6)
Q Inv

Indeed, the above integrals are well defined for any v € BD(£2;R9) due to the embedding and trace properties

of BD(Q;R?). Clearly, £(t) is also an element of H'(Q;R?)* for every ¢ € [0,7]; in what follows, to avoid

overburdening notation, we will often omit to specify the spaces when writing the duality pairing (€(¢),v).
With the boundary datum wy, we associate the set A(up) of the kinematically admissible states (@, p), viz.

(it,p) € A(up) if and only if (1) @ € BD(Q;RY), p € M(QUT,; M3X4),
(i) e =e(@)—pe L*(UM), 57
(iil) p= (wp—1) © v on Ty,.
We set A := A(0).
Indeed, an admissible & may have jumps (i.e., the measure e(@) can concentrate on) 9€2. Hence, the boundary
condition @ = wp on I, has to be relaxed in terms of (iii) (to be understood as an equality between

measures on I},), which expresses the fact that any jump of @ violating the Dirichlet condition @ = uy, is due
to a localized plastic deformation. From now on, we will use the splitting

U =u-+up (3.8)

and work with the state variables (u, p).
The Energetic formulation (cf. [DMDMO06]) of the perfectly plastic system (3.4]) is given in this setup:
Ambient space:

X =Ux Z with U =BD(%R?Y), Z = M(QUI,; M9X%) (3.9a)
and (1) oz is the weak*-topology on M(QUTy; M4*%)  identified with the dual of the space of (M4X%-valued)

continuous functions with compact support on QUI},; (2) oy is the weak* topology on BD(; R?) (which has
in fact a predual, cf. e.g. [TS80]), inducing the following notion of weak*-convergence: uj, —* u in BD(Q;R?)
if and only if up — u in L'(Q;RY) and e(ug) —* e(u) in M(Q; MEXH).

Energy functional:

E(t,u,p) = %/QC(E(HU)D(t))*p) F(e(utwp () —p)de + La(u, p) — (1), utws (1) ppopey - (3:9b)

Here, the indicator function I4 forces the constraint (u,p) € A, so that & = u + up € A(up);
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Dissipation distance: it is defined in terms of the support function of the set K from (3.5a)), i.e.

R: M2*% — [0, 0), R(nm) := SUp W : whence
we
dz(p,p) :=R(p—p) with R(x) := / R (|7T|) 7|(dz) for all m € M(QUIL; M3X4) (3.9¢)
QUIL 7T

where || is the variation of 7 and r7 its Radon-Nykodim derivative w.r.t. |7r].
It is straightforward to check that in the above metric-topological setting < T' > is fulfilled. In fact, adapting
some arguments from [DMDMO06, Lemmas 3.1, 3.2], it is possible to show that the energy functional & from

(3-9b) fulfills < A1 > < A2>, <A3>.
The viscous correction: Let us now consider the family of viscous corrections

52(p. ) = h(dz(p.7)) = h(R(p—p)) for all p, p € Z and h as in (@27) (3.10)

(cf. Remark for a discussion on more general viscous corrections).
We now show that, in the frame of the rate-independent system (X, &,dz) given by (3.9) and with this
choice of §z, the Visco-Energetic stability condition (Syg|) in indeed equivalent to the Energetic stability .

Proposition 3.3. Assume (3.5) and let (u,p) € B([0,T]; BD(;R%)) x BV([0, T]; M(QUIs; M4X4)) fulfill

’ 2 dev

(u(t),p(t)) € A for allt € [0,T]. Then, the following conditions are equivalent at a given t € [0,T]:

(1) (u,p) fulfill the stability condition (Svgl) for the rate-independent system (X,&,dz) (3.9), with the

viscous correction 0z from (3.10));
(2) there holds

o(t) = Cle(u(t) + up(t)) — p(t)) € B(Q) N K(Q) with

2(Q) = {o € LML) : div(o) € LYY RY), oger € L(Q; ML), (3.11a)
K(Q) :={o € L2(EMLY) : ogev(z) € K for a.a. z € Q},
and
—div(o(t)) = f(t) a.e. in Q, o(t)v = g(t) on Iy; (3.11b)

(3) (u,p) fulfill the stability condition for the rate-independent system (X, E,dz) from (3.9).
Proof. First of all, we show that (1) = (2). Indeed, in the stability condition (Syg), i.e.

5 [ Clelutun(t)=p) s (mtun(D)=p)do = (0. ulDmpione

< %AC(E(H'+%(t))—p') F(e(uHup () =p") de = (€(t), w)gp ey +R(EP'=p(1) + AR =p(1)))

for all (v/,p’) € A, we choose (u/,p’) := (u(t) + nv,p(t) + nq), with arbitrary n € R and (v,q) € A. With
straightforward calculations we find

0< 5 [ (e)=n0) s (re(w)-na)do + [ Cle(ubun(e)-p) : (re(e)-ng)de — {E0) 1)z
Q Q
+ R(ng) + h(R(nq)) -
Hence, by the positive homogeneity of R we conclude
0< 75 [ Cltelo) F ) (ko) Fa)do + [ Clelurtun(t)-p) s (=) F n)de — 1 (U0 E0) oz
+ nR(£q) + h(R(n(xq))) for all n > 0.

Dividing by n and letting n | 0, and using that

i PRO(ED)) _ . AR(0(E9))) R(n(£4q))
™o U nio - R(n(£q)) n

=0 (3.12)
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thanks to property (2.27)), we find that
{—R(q) < Jo o) : (2(v)—q)da — (£(t), v)pp g,
fQ o(t) : (e(v)—q)dz — <€(t)7v>BD(Q;]Rd) < R(q)
It has been shown in [DMDMO06, Prop. 3.5] that (3.13]) is equivalent to (3.11)). This shows (2).

In turn, (2) < (3) by [DMDMO06, Thm. 3.6]. Finally, we clearly have that (3) = (1). This concludes the
proof. O

for all (v,q) € A. (3.13)

Remark 3.4. Proposition (and then, Corollary ahead) carries over to VE solutions of the perfectly
plastic system with a more general viscous correction 6z : Z X Z — [0,00], provided that it fulfills the
compatibility condition
. 6z(p,P)
p—p strongly in Z 3%(]5 - p)
Note that is a strengthened version of , in turn implying < B.3 >. As a matter of fact,
guarantees the analogue of , and then the proof of Proposition still goes through.

=0 forallpe Z. (3.14)

We are now in a position to deduce

Corollary 3.5. Assume ([3.5) and let (u,p) € B([0,T];BD(Q;R?%)) x BV([0, T]; M(QUL,; M3X%) be a VE

solution of the rate-independent system (X,&,dz) from (3.9), with the viscous correction 6z from (3.10).
Suppose that (u,p) fulfills at t = 0 the stability condition

E(t,u(0),p(0)) < &(t,u/,p") + R(P'—p(0)) for all (v',p") € A. (3.15)
Then, (u,p) is an Energetic solution of the rate-independent system (X, &,dz) (3.9)).

Proof. We have that (u,p) fulfills the stability condition at t = 0 and, by Prop. whenever it fulfills
(Svg), i-e. at every t € [0,T]\ J.. We may then apply Prop. and conclude that (u,p) is an E solution. O

Perfect plasticity is indeed a special example because, in turn, it has been shown in [DMDMO6] that,
any E solution (u, p) to the perfectly plastic system fulfills (u,p) € AC([0,T]; (BD(Q; R%) x M(QUI,; M2X%))).

dev
Therefore, ¢t — p(t) has no jumps, and from this we can easily conclude that (u,p) is a VE solution as well.

4. VISCO-ENERGETIC SOLUTIONS FOR A DAMAGE SYSTEM

We consider a rate-independent damage process in a nonlinearly elastic material, located in a bounded
Lipschitz domain © C R?. The body is subject to a time-dependent external force and it is clamped on a
portion I}, of its boundary 992, fulfilling /#?~(I;) > 0. Hence, on I}, the displacement field @ : (0,7) x Q — R?
is prescribed by the time-dependent Dirichlet condition

w(t) = up(t) onTy, te€ (0,T). (4.1)

From now on, as in Sec. [3| we will use the splitting @ = u + wp, with u = 0 on I, and, with slight abuse of
notation, wy, the extension of the Dirichlet datum into the domain 2. The state variables of the damage process
will thus be u and a scalar damage variable z : (0,7) x Q@ — R, with values in the interval [0, 1], such that
z(t,xz) = 1 means no damage and z(¢,z) = 0 means maximal damage in the neighborhood of the point x € 2,
at the process time ¢ € [0, 7.

We will confine the discussion to a gradient theory for damage, thus accounting for an internal length
scale. Namely, we allow for the gradient regularizing contribution fQ |[Vz|" dx to the driving energy, along the
footsteps of [MRO6, [TM10l [Thol3] analyzing Energetic solutions. More precisely, the condition r > d imposed
in [MRO6] was weakened to r > 1 in [TMI0] and, further, to r = 1 (i.e. a BV-gradient) in [Thol3]. Here we will
stay with the case r > 1, possibly strengthening this condition to r > d when considering a viscous correction
that involves a norm different from that of the rate-independent dissipation potential, c¢f. Thm. ahead.
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All in all, we consider the rate-independent PDE system for damage
—div(DW (2, e(utup), 2)) = f in Qx (0,7),

4.2
OR(z,2) — Apz + 0I0,1)(2) 2 =D W(x,e(utup),z) inQx(0,7), (42)

supplemented with the homogeneous Dirichlet condition © = 0 on I},, with the Neumann boundary conditions
e(utup)v = g on Iy = 9N\ I, (where v is the exterior unit normal to 9), and 9,z = 0 on Q. The conditions
on the elastic energy density W = W(z, e, z) (whose Géateau derivatives w.r.t. e and z are denoted by D, and
D., respectively), and on the body and surface forces f, g will be specified in and ahead; —A,. is
the r-Laplacian operator and d1jg 1) : R = R is the subdifferential of the indicator function Ijg 1}, enforcing the
constraint 0 < z < 1 a.e. in . The dissipation potential R : Q x R — [0, c0] is given by

it v <0,
R(z,v) := Aol 1o < with k € L*(Q2), 0 < ko < k(z) for a.a. x € Q. (4.3)
00 otherwise

The Energetic formulation of the damage system (4.2) is given in the following setup:
Ambient space: X = U x Z with

U=WrP(4RY) = {ue WP(QRY) : u=0onTp}and Z=W""(Q). (4.4a)

Here, p is as in below, and r > 1. The topology oy on the space of admissible displacements is the weak
topology of W1P(€Q;R%): analogously, oz is the weak W17 (2)-topology.

Energy functional: € : [0,7] x X — (—o0,00] is given by the sum of (1) the stored elastic energy W; (2) a
term J encompassing the gradient regularization and the indicator term Ijg11(2); (3) the power of the external
loadings, with the force term ¢ comprising volume and surface forces f and g via

(£(t), v) == (f(t),v) + (9(t), ),

where the duality pairings involving the forces f and g are nor specified for simplicity, and the duality pairing
between ¢ and u + up (t) will be settled below, cf.(4.6). Namely, € is defined by

W(t,u, z) == [ W u) + (wp(t)), 2) dx,

E(t,u, z) :=W(t,u, z z) — (l(t),u with
(t,u,2) (t,u,2) +3(2) — (€(t), u+ up(t)) wit { —fg(;\VZ| +I[0’1]( D) de, v 1.

(4.4b)
Then,
D, :={ze W' (Q) : z(z) €[0,1] for a.a. x € Q}.
Dissipation distance: We consider the asymmetric extended quasi-distance dz : Z x Z — [0, 00| defined by

dz(z,2") =Rz —2) with R: L'(Q) — [0,00], R(¢) := / R(z,((x))dz. (4.4c)

Q

Along the footsteps of [TM10], for the elastic energy density W we assume

W(z,-,-) € COMYXd x R) fora.a. z€Q, W(,e, z) measurable on Q for all (e,2z) € M¥*¢ x R; (4.5a)

W(zx,-,z) is conve; for every (z,z) € Q x R; ’ (4.5b)

Je1, C1>03p e (1,00) V(z,e, z)EQng;rgXR W(z,e,z) > c1le|’ — Ch; (4.5¢)

for all (z,z) € Q x [0,1] we have W(z,-,z) € C (M;l;ngl) and (45d)
Jdeg, Co >0V (z,e,2) € Q % ngxn‘f xR : DWW (z,e,2)| < ca(W(x,e,2) + Ca);

Jes, C3 >0V (z,e,2), (z,6,2) € QX Msdyxn‘f x R with Z < z there holds (4.50)

W(l’,e,Z) < W(CC,E,Z) < Cg(W(.T,e,Z) + 03) .
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While referring to [TM10), Sec. 3] for all details, here we may comment that (4.5d)) enters in the proof of
the power-control condition < A.3 > for the energy functional & (4.4b)), whereas the ‘monotonicity’ type
requirement (4.5€)) is helpful for the closedness condition < C' >. As for the data ¢ and wy, we require

up, € CH[0,T]; Wh>=(Q;RY)); (4.6a)
€ CH([0,T); W (@ RY)), (4.6b)
so that the power of the external loadings features the duality pairing between W L' (€2;R?) and Wé;p (Q;RY).
The viscous correction: We will either take a viscous correction of the form
8z(2,2") = h(R(2'—2)), (4.7a)
with A as in (2.27)), or consider the viscous correction
o= ey 2 2 € L),

0 otherwise,

8z Z x Z — [0,00] defined by dz(z,2") := { and ¢ > 1 (4.7b)

(cf. also Remark [4.2] ahead).
The main result of this section guarantees the existence of VE solutions of the rate-independent damage

system (X, €,dy) given by (4.4)).

Theorem 4.1. Assume (4.3)), , and (4.6). If the viscous correction dz is given by (4.7b)), suppose in
addition that

r>d. (4.8)

Then, for every zy € D, there exists a VE solution (u,z) of the rate-independent damage system (X, &,dz)
(4.4]) with the viscous correction dz from (4.7)), such that z(0) = zy and

u € L0, T, WHP(Q;RY), 2z € L0, T; W (Q)) nBV([0,T]; L*(Q)) . (4.9)
The proof will be carried out in Sec. [I.1] below.

Remark 4.2. The condition r > d can be weakened to the requirement

qd
> — 4.10
q+d ( )
on r, ¢, and the space dimension d, provided that we replace the viscous correction (4.7b]) by
1 " : !
. ~ 2z —z if z, 2 € LI(Q),
8z 1 Z x Z — [0,00] given by dz(z,2") := al HLQ(Q) @ (4.11)
00 otherwise

and v > 1 satisfying a further compatibility condition with r and ¢, cf. (4.20) in Remark ahead.

Remark 4.3 (VE solutions are in between E and BV solutions (I)). The application of the VE concept to
damage well shows that this weak solvability notion has an intermediate character between Energetic and
Balanced Viscosity solutions. Indeed,

- When the viscous correction is given by , then the existence theory for VE-solutions works under
the same conditions as for E solutions, cf. [TM10]. In particular, it is possible to consider a gradient
regularization with an arbitrary exponent r > 1; the restriction r > d (or ) comes into play only
upon choosing the viscous correction (or ([@.11)).

- Balanced Viscosity solutions to the rate-independent system have been in turn addressed in
[KRZ18], with a quadratic viscous regularization (modulated by a vanishing parameter). The vanishing-
viscosity analysis developed in [KRZ18| crucially relies on the requirement r > d and, additionally, on
the quadratic character of the elastic energy density W, as well as on smoothness requirements on the
reference domain 2 (the smoothness of Q can be dropped if the nonlinear r-Laplacian is replaced by
a less standard fractional Laplacian regularization, cf. [KRZ13]). Here, instead, we can allow for an
energy density W of arbitrary p-growth and we do not need to restrict to smooth domains.
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4.1. Proof of Theorem In what follows, we are going to check that the rate-independent damage
system (X, €,dyz) given by complies with Assumptions < A >, < B> , and < C > of Theoremm (it
is immediate to see that < T' > is satisfied). As it will be clear from the ensuing proof, < A > and < C' > can
be checked under the sole condition that the exponent r is strictly bigger than 1. It is in the proof of < B >,
in the case the viscous correction § is given by , that the restriction r > d comes into play.

> Validity of Assumption < A >: It was shown in [TM10, Lemma 3.3] that & satisfies the coercivity
estimate

Jeq, Cy >0V (tu,2) €0, T xU X Z = E(t,u,z) > C4(Hu||€vl)p(ﬂ;Rd) + 12l (@) — Ca- (4.12)

Hence, the sublevels of &(t,-,-) are bounded in WP (;RY) x Wb (Q), uniformly w.r.t. ¢ € [0,T]. In [TMI0,
Lemma 3.4] it was proved that E(t,-,-) is sequentially lower semicontinuous w.r.t. the weak topology on
WhP(Q;RY) x WE(Q). In view of (L6), a standard modification of that argument yields the lower semi-
continuity of &, hence < A.1 >. Therefore, its sublevels are (sequentially) compact in [0,7] x U x Z w.r.t. to
the or-topology. This ensures the validity of < A.2 > .

It was shown in [TM10, Thm. 3.7] that there exist constants ¢, Cs > 0 such that for all (u, z) € [0, T|xUxD,
the function ¢ — &(t, u, z) belongs to C1([0,T]), with

6t€(t,u,z):/QDEW(x,E(u—FwD(t)),z):s(u')D(t))dx—(E(t),u—kwo(t))—<€(t),uD(t)> and

|0:&(t, u, 2)| < c5(E(t,u,2) + Cs)  for all (t,u,z) € (0,T) x D,

whence . We now check < A.3’ >: observe that dz is left-continuous on the sublevels of Fy since the
latter subsets are bounded in W (Q) by and WH"(Q) € L'(Q). It remains to prove the conditional
upper semicontinuity of 0;&€. For this, we apply [TMI0l Lemma 3.11], ensuring that 9;& complies with
. Then, we are in a position to apply Proposition and conclude the validity of property .

> Validity of Assumption < C' >: We will verify property in the case of the viscous correction
(the case can be handled with similar calculations). Let (t,,un, Zn)n, (t,u,z) fulfill the conditions of
, and let (v, z’) be any element in M (¢, z). Preliminarily, from sup,,cy € (tn, Un, 2n) < 0o we deduce, via
(4.12), that the sequence (z,), is bounded in W17 (Q2) and, thus, that z, — z in WHT(Q) as n — oco. Since
0 <z, <1ae in Q, we then infer that z, — z in L*(Q) for all s € [1,00). For the sequence (u,,, 2, ), We
borrow the construction for the mutual recovery sequence devised in the proof of [TM10, Thm. 3.14]. Note
that this construction is in fact applicable to any (u',2’) € U x D, such that R(z'—z) < co. In particular, we
pick u’ € Argmin, ;E(t, u, 2’). Namely, we set for every n € N

o
ni=U

Z?”L = min{(z' - 5n)+a Zn} = {

u

T8t (2 = 8T < 2y, "
(=0T =0T Sz s LY

i — 0 asn— oo.
Zn if (27 —0,)" > 2n, L

(4.13)
Observe that this construction gives 2/, € W17 (Q) as well as 0 < 2/, < z, < 1 a.e. in §, so that R(2, —2,,) < .
In the proof of [TM10, Thm. 3.14] it is shown that

2l =2 inWh(Q) asn —o0. (4.14)
Slightly adapting the argument from [TMI0l Thm. 3.14] to allow for a sequence (), of times converging to

t, we find that
lim sup (& (tn, )y, 21) + dz (20, 24)) < E(t ', 2') + d(2, ).

n—oo

Therefore, for the reduced energy I(t, z) = ming,ep E(t,u, 2) we deduce

limsup (I(tn, 25,) + dz(zn, 2,)) < I(t,2") +dz(z,2'), (4.15)

n— oo
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where we have used that (¢, z,) < E(tn,ul,, 2,,) and that I(¢t,z") = E(¢t, v, 2) by our choice of «’. On the other
hand, again using that 0 < 2/, <1 a.e. in §, from (4.14]) we infer that 2z, — 2’ in L*(Q) for every s € [1, 00).
All in all, we gather that 2z, — z and z/, — 2’ in L9(Q2). Therefore,

lim &z (2n,2,,) = 0z(2,2") (4.16)

n—oo

which, combined with , finishes the proof of property .

> Validity of Assumption < B >: The viscous correction § from clearly complies with < B.1 > and
< B.2 >. To check < B.3 >, we verify property . Preliminarily, observe that the Gagliardo-Nirenberg
inequality gives

dz(2,2) 1 ||Z_ZI||%(I(Q) 2= Z/HWlT(Q ll2— Z/||L1 Q)q

= — < (C with 4.17

422 el = (4.17)
1 1

—=0-—-= 1—46. 4.18

q (7" d) - (4.18)

Since r > d, there exists 6 € (0, 1) complying with (4.18).
Let us now consider (¢,2) € # and a sequence (t,, z,)—(t, z), namely (t,,zn)n C D, tn Tt, 2, — z in
Wr(Q), R(z,—2) — 0. Then,

sup || zn||lwir) < C, and thus (4.19)
neN
fq (1-0)q
S7(2n,2) W z2=2n || e 12— 2n (2)
A C T B e LT L7 S 1
(tn,2n)—(t,2) Z(vaz) (tn,2n)—(t,2) HZ_’ZWHLI(Q) (tn,zn)=(t,2)

where (1) follows from (4.17)), (2) from (4.19)), and (3) from the fact that, since r > d, the exponent 6 in (4.18)
fulfills (1—60)g > 1. This finishes the proof of (2.26).

Conclusion of the proof: Theorem applies, yielding the existence of a VE solution. The summability
properties (4.9) for u and z follow from combining the coercivity property (4.12) with the energy bound

supyc 0.7y |t u(t), (1)) < C, cf. (A0) in Remark 2 .

Remark 4.4. Observe that is the sharpest condition ensuring that 6 given by is in (0,1). The
requirement r > d can be weakened to , provided that we replace the viscous correction § from
by that in , with v > 1 chosen in such a way that 6 from fulfills (1 — 8)y > 1. This amounts to
imposing the following condition on ~y

1 1 d—r

For instance, if d = 3 and r = 2 (i.e. we consider the standard Laplacian regularization), then ¢ = 2 complies
with the compatibility condition (4.10). An admissible viscous correction would then be

1 . )
67(2,2") = §||z’—z||22(ﬂ) with v > 3

5. VISCO-ENERGETIC SOLUTIONS FOR PLASTICITY AT FINITE STRAINS

We consider a model for elastoplasticity at finite strains in a bounded body € € R? with Lipschitz boundary.
Finite plasticity is based on the multiplicative decomposition of the gradient of the elastic deformation ¢ :
Q) — R? into an elastic and a plastic part, i.e. Vo = F P with P € R?*? the plastic tensor, usually assumed
with determinant det(P) = 1. While the elastic part F,; = VipP~! contributes to energy storage and is at
elastic equilibrium, energy is dissipated through changes of the plastic tensor, which thus plays the role of a
(dissipative) internal variable.



24 RICCARDA ROSSI

The model for rate-independent finite-strain plasticity we address was first analyzed in [MMOQ9] within the
framework of energetic solutions. The PDE system in the unknowns (g, P) can be formally written as

©(t) € Argmin (/Q W(z, VP (t))dax — (£(t),p) : ¢ € y) , te (0,7),

OR(PP~HP™T 4+ (VP YH)TDpW (z, VP )P~ T
+DpH(x,P,VP) —div(DypH(z,P,VP)) =0, (x,t)€Qx(0,T).

(5.1a)

Here, W = W(x, F') is the elastic energy density, £ is a time-dependent loading, e.g. associated with an applied
body force f and a traction g on the Neumann part Iy of 9, .Z is the set of admissible deformations (cf.
below), the dissipation potential R(x,-) is 1-homogeneous, and the energy density H encompasses hardening
and regularizing effects through the term fQ |VP|" dx, for some r > 1 specified later. System is further
supplemented with a time-dependent Dirichlet condition for ¢

o(t,r) = ¢p(t,x) (t,x) €[0,T] x I, (5.1b)

with ¢, : [0,7] x I, — R? given on the Dirichlet boundary T}, C 9Q such that s#?~1(I},) > 0. Following
[EMO6, [MMOQ9], to treat (5.1b) compatibly with the multiplicative decomposition of Vi, we will seek for ¢ in
the form of a composition

o(t,x) = ¢p(t,y(t,z)) with y(¢,-) fulfilling y =Id on I}, (5.2)

where we have denoted by the same symbol the extension of ¢, to [0,7] x R?, cf. below.

Therefore, we consider the pair (y, P) as state variables and, accordingly, the Energetic formulation of system
(5.1)) is given in the following setup:
Ambient space: we take X = U x Z, with

U:= {y e Whav (;R%) : y=1d on FD} for gy > 1 to be specified later, and ( )

5.3a
Z ={P e W (Q;R>) 0 L7 (Q;R¥*Y) . P(x) € G foraa. x€Q}, gqp,r > 1 specified below.

Here, G is a Lie subgroup of GLT(d) := {P € R¥*) : det(P) > 0}. From now on, we will focus on the case

G =SL(d) := {P € R™%) . det(P) =1}

cf. [Mie02] for other examples of G. We take oy as the weak topology of W4 (2;R?) and oz as the weak

topology of W17 (Q; R*4) 0 Lar (Q; RI*4).

Energy functional: € : [0,7] x X — (—o0, 0] is given by

The functional &; : [0,7] x Z — R includes the hardening and gradient regularizing terms, i.e.

&1(P) = / H(z, P(x), VP(x))dz with H : Q x R x R¥*4xd R fulfilling (5.4) below.
Q

The stored elastic energy €5 reflects the multiplicative split for the deformation gradient Vi = V¢, (¢, y)Vy
due to (5.2)), and it is thus of the form

E(t,y, P) = /Q W (e, Ve (1, ) VyP ) d — (£(2), (6, 9)) e

with the elastic energy density W specified ahead and V¢, the gradient of ¢, w.r.t. the variable y.



VISCO-ENERGETIC SOLUTIONS AND APPLICATIONS 25

Dissipation distance: Along the footsteps of [MMO9] (cf. also [Mie02, [HMMO3]), we consider on X dissipation
distances of the form

dy(Po, Py) = /QfR(Pl ()P (&) da, (5.3¢)

where the functional R : SL(d) — [0, 00) (for simplicity, we omit the possible z-dependence of R) is generated
by a norm-like function R, cf. (5.5) below, on the Lie-algebra T7SL(d) via the formula

R(X) = inf{/olR(E(s)E(s)_l)ds : 2e CY(0,1];G), 2(0) =1, E(1) = 2}.
Let us now detail our assumptions on the constitutive functions H and W, on R, and on the problem data.
The hardening function H satisfies

H : Q x R4 5 R¥*4Xd 4 R is a normal integrand, H(x, P,-) convex for all (x, P) € Q x R¥*4

Je1 >03he LNQ) 3 gp > 1,7 > 1 foraa. x€ QV(P,A) € R4 x Rixdxd . (5.4a)
H(z, P, A) > h(z) + er(|P]77 + [A]7),
while we require the following conditions on the elastic energy density W : Q x R%*4 — [0, oc]: Firstly,

dom(W) = Q x GL*(d), i.e. W(z,F) = oo for detF < 0 for all 2 € €, (5.4b)
Jep>035€ L) g > d Y(x,F) € dom(W): W(x, F) > j(x) + cao| F|97, (5.4c)

and we impose a further compatibility condition between the integrability powers qy, qr, gp, i.e.
1 1 1

— 4+ — =<

1 5.4d
g  qp qv d ( )

Secondly, W (z,-) : R¥*4 — (—o0, 00] is polyconvex for all z € €, i.e. it is a convex function of its minors:
IW: Q x R* — (—o0, 00] such that
(i) W is a normal integrand,
(ii) V (z, F) € Q x R4 . W(x, F) = W(z, M(F)),

(i) Ve € @ : W(z,-) : R* — (—o00, 0] is convex,

(5.4e)

2
where M : R¥*? — RFa is the function which maps a matrix to all its minors, with g := Zle (‘j) . Thirdly,
W satisfies the multiplicative stress control conditions

30>0 Fez,ca>0 V(z, F) € dom(W) VN €Ny -

(i) W(x,-) : GL*(d) — R is differentiable,

(ii) [DEW (z, F)FT| < c3(W (2, F) + 1),

(i) [DpW (z, F)FT — DpW (z, NF)(NF)"| < cy| N — 1|(W (z, F) + 1),

(5.4f)

with Ns := {N € R¥*? : |N —1| <4} . We refer to [MMOQ9] for examples of functionals H and W complying
with . Finally, the functional (whose possible dependence on z is neglected by simplicity)
R : T1SL(d) — [0, 00) is 1-positively homogeneous and fulfills
Jer, CR>0VXE e TySL(d) : cg|E| < R(ZE) < Cgr|¥|, (5:5)
cf. [HMMO3] for examples in von-Mises and single-crystal plasticity. For the Dirichlet loading ¢, we require
¢ € CH([0,T] x REGRY), Ve, € BC'([0,7] x R R,

d 1 (56&)
Jes >0 V(t,z) €[0,T] xR* : |Vp(t,z) | < es,
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where BC stands for bounded continuous. Finally, on the external load ¢ we impose
¢ e CH[0, T); Whav (Q; RY)*). (5.6b)

The viscous correction: We will take viscous corrections
(1) either of the form

52(P0,P1) = h(dz(.P(),Pl)) with A as in ‘b (57&)
(2) or we define §; : Z x Z — [0, 00] by

0z(FPo, P1) == {igR‘J((Pl(x) — Py(@))Po(@) ) da = [, Re(Pr(x)Po(x) ™t = 1)dz if Ry(P Py ! —1) € LY(9),

otherwise,
(5.7b)
for a given convex lower semicontinuous functional Ry : T1SL(d) — [0, o0) fulfilling
R,(Z
Ry(X) =Ry (—X) for all ¥ € T3SL(d) and lim o(>) = C, € (0, 00) for some ¢ > 1. (5.8)

S0 |32
For our existence result of VE solutions to the rate-independent system (X, &,dz) from (5.3)), like for the

damage system in Sec. [d] we shall strengthen the condition 7 > 1 to 7 > d when addressing the non-trivial

viscous correction (5.7h)).

Theorem 5.1. Assume (5.4), , and (5.6). Furthermore, if the viscous correction 6z is given by (5.7b)),
suppose in addition that r > d. Then, for every Py € Z there exists a VE solution (y, P) of the rate-independent

nite-plasticity system ,C,dz 3), with the viscous correction o0z from (9.7)), such that =Fy an
fini lastici X,&€,dz) (5.3) ith the vi jon 0z fi (15.7)) h that P(0 P, d
y € L0, T; Whar (;RY)), P € L0, T; Wh™(Q; R¥4)) n BV([0, T); L' (Q; R*9)) . (5.9)
The proof will be carried out in Section [5.1] ahead.

Remark 5.2 (Extensions). The model for finite plasticity considered in [MMQ09] is actually more general than
that addressed here, as it features a further internal variable p € R™, m > 1, besides the plastic tensor P.
The vector p possibly encompasses hardening variables/slip strains and, like P, it is subject to a gradient
regularization. Under the very same conditions as in [MMO09, Thm. 3.1], it is possible to show that the energy
functional comprising p complies with condition < A > in the metric topological setup where

Z = (L (Q;R>*HAW T (Q; RT*D)) x (L9 (Q; R™)NW " (Q;5;R™)) .

A typical example where the additional variable p comes into play is isotropic hardening, cf. [MMOQ9, Example
3.3]. There, the scalar p € R measures the amount of hardening and the variables (P, p) are subject to some
constraint. The relevant dissipation distance accounts for such constraint and takes co as a value.

Actually, our analysis could be extended to dissipation distances with values in [0, 0o] under the very same
conditions enucleated in [MMQ9, formula (3.4)]. In particular, if we take the ‘trivial’ viscous correction dz
from , then the same argument as in [MMO09] Sec. 5.3] allows us to check condition , whence the
validity of assumption < C' > of the general existence Thm. With the viscous correction in we can
generalize our existence Thm. for VE solutions also in the other directions outlined in [MMO09, Sec. 6].

Remark 5.3 (VE solutions are in between E and BV solutions (II)). The statement of Thm. as well
as Remark highlight the fact that, in the case of the viscous correction , the existence theory for
VE solutions to the finite-strain plasticity system works under the very same conditions as for E solutions.
Nonetheless, when bringing into play a different viscous correction such as that in , like for the damage
system in Sec. [4] we need to strengthen our conditions on the gradient regularization and in fact impose r > d.
For E solutions to the finite plasticity system, this requirement was made only in the cases in which the
dissipation distance took values in [0, o], cf. [MMO09]. Instead, in the case of the viscous correction from
we cannot weaken this condition even when dz is valued in [0, 00), cf. also Remark ahead.
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At any rate, the existence of VE solutions is proved here under weaker conditions than for BV solutions.
Although the latter have not yet been addressed in the context of finite plasticity, we may observe that a
prerequisite for tackling them is the existence of solutions to the corresponding viscously regularized problem,
which has been recently proved in [MRSI§|. Such viscous solutions have to fulfill an energy-dissipation balance
that, in turn, relies on the validity of a suitable chain rule for the driving energy. Actually, this chain rule is
at the very core of the existence argument. In [MRS18] it has been possible to prove this condition, and to
ultimately conclude the existence of solutions to the viscoplastic finite-strain system, only for a considerably
regularized version of the energy functional & from .

5.1. Proof of Theorem [5.1] Preliminarily, we collect the properties of R; in the following result.

Lemma 5.4. Assume (5.5). Then, the functional Ry : SL(d) — [0,00) is continuous, strictly positive for
Y # 1, satisfies the triangle inequality Rq(X1X0) < R1(X0) + R1(X1) for all Xo, X1 € T1SL(d), as well as the
estimate

3C1 >0 qu S [l,qP) V3o, X1 € SL(d) : Rl(ZlZal) < Cl<1+|20|q7+|21|q7) . (510)

Moreover,
VM >03cpy >0VE e SL(d) : RE)<M = Ri(2) >epq|XZ—1]. (5.11)

Proof. In order to check (5.11) (we refer to [MMO09, Sec. 3] for the proof of all the other properties of R;), let X
fulfill R;(X) < M: we choose an infimizing sequence (Z,), C C!([0,1]; G) such that Z,(0) = 1 and Z,(1) = %,
fulfilling lim,, o0 [y R1(Zn(5)En(s) ") ds = Ri(X). We define
¢
01015 0,1) by su(0)i=en [ (14Ra(E,E1) ds,
0

with the normalization constant c,, := (1 + f

Therefore, for n sufficiently big we have

1 . _ o 1 1 .
M2k [ R 2 (14 R (B e Zaln () 1)

for all s € [0,1], where the latter estimate ensues from (5.5)). Hence the function s — A, (s) := Zn(5)2n(s) !
is uniformly bounded in L>(0, 1; R¥*%). Writing =, (s) := 1 + I Ay (r)Z,,(r)dr we conclude, via the Gronwall
Lemma, that

déy >0VneN : ||§nHLoo(0,1;]Rd><d) < e, whence

1 . 1.
R1(X) = lim R1(Z,(8)Zn(s) " )ds > cr liminf/ 1=, (5)20(s) "t ds
0

n—roo 0 n—oo
1 .
> finmmf/ . (s)|ds > “E |z — 1]
CM n—oo 0 CM

where we have used the estimate |AB~1| > I‘%‘I' This gives (5.11)) and concludes the proof. ]

Corollary 5.5. Assume and . Then, dz from is a (possibly asymmetric) quasi-distance
separating the points of Z, and fulfilling
VM >03d¢y >0V P, PeZ:
~ 3 (5.12)
[ PollLe (@) + [ PrllLe() < M = dz(Po, P1) > CM/Q |P1(2) Py ()~ — 1] da.

Furthermore, the viscous correction dz from (5.7b)) is oz-lower semicontinuous on Z X Z.
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Proof. To check that d; separates the points of Z, we observe that
dz(Py, P1) =0 = Ry(Pi(z)P; () =0for aa. 2 €Q = Py(x) = Pi(z) for a.a. € Q
since Ry (X) > 0 if 3 # 1.
Let us now show how (5.12) derives from (5.11)). From || Py z + || Pi||z~ < M it follows that ||Py |z~ +
|P1]|n~ < M. To check this, we use that

- 1 T T
Pyt = T (Po)cof(PO) = cof (Py) (5.13)

(cof (Py) denoting cofactor matrix of ), as Py € SL(d). Since R; is continuous, sup,cq R (P (x)PO_l(x)) <M
for some M’ > 0, so that (5.11)) yields ¢ps > 0 such that

Ri(Py(z) Pyt (2)) > én|Pi(z) Pyt (z)—1]  for almost all z € Q.

Then, (5.12)) follows.
Finally, let (P?),, C Z fulfill P* — P; as n — oo in L7 (; R4*4) 0 WL (Q;; RYX4), for i = 0, 1. Therefore,
P — P; in L™(Q;; R™*4) N LIP=¢(Q; ; R?¥9) for every € € (0,gp — 1]. This implies that
PP (x) = Py(x), whence (PM(x))"" B2 cof(PP ()T = cof (P(2))” B22 (Py(2)) " for aa. @ € Q, i = {0, 1},
as det(P/"(x)) = 1 for a.a. x € Q, and hence det(P;) =1 a.e. in Q. All in all, we conclude that
P (x) (P (x)) " — Pi(z)(Po(x)) ! for a.a. z € Q. (5.14)

Therefore, if liminf,,_, . dz (P, P*) < oo, we easily conclude that 6z (P, P1) < oo and

lim &7 (Py, Py") :1iminf/ﬂRq(P{l(x)(Pgl(z))*l—1)dx > /QRq(Pl(x)(Po(x))*l—l)dx=5Z(P0,P1),

n—oo n—oo

i.e. the claimed lower semicontinuity of d. O

We are now in a position to carry out the proof of Theorem by verifying the validity of the conditions
of Theorem As we will see, the requirement r > d enters in the proof of < B > & < C' >, only in the
case the viscous correction is given by .
> Validity of Assumption < T >: It follows from Corollary [5.5]
>> Validity of Assumption < A >: In the proof of [MMQ9, Thm. 3.1] it was shown that

3Cs, C3 > OV(t,y,P) S [O,T] xUXZ :
£(t, 9, P) = CalIV 9l Eor oy HIPI% i+ IV Plry) — C.

(5.15)
In view of Korn’s inequality, this yields that the sublevels of £(t, -, -) are bounded in the space V := W1 (Q; R?) x
WL (Q; R*4) | uniformly w.r.t. t € [0,T], i.e.

VS >03Rs>0Y(ty,P)€[0,T]xUxZ: |E(ty,P)| <S = (y,P)€ By, (5.16)
(cf. Notation |1.1). We will now show that

(tn =t [0,7], yp =y in WH? (R?), P, = Pin W (Q;R) 0 LI (Q?Rdm)) (5.17)
5.17
= liminf &(t,, yn, Pn) > E(t,y, P).
n—oo

The (sequential) lower semicontinuity of the functional & w.r.t. oz follows from [MMO09, Thm. 5.2]. We adapt
the arguments from the latter result to show the lower semicontinuity of €5. First of all, since gy > d by (5.4d)),
from y,, — y in W (Q;R?) we deduce that y,, — y in C°(Q; R?). Therefore, by (5.6a) we deduce that

Vo (tnyn) = Vo (t,y)  in CO(RY). (5.18)
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All in all, we conclude that ¢ (t,,yn) — ¢o(t,y) in WH (Q;RY) so that, since £(t,,) — £(t) in Wy (Q; R4)*
by (5.6b), we ultimately find (€(tn), @b (tns Yn))wr.ay (iray = (E(t), &b (L, Y))yiay (;ray @ 1 — 00 To conclude
(5.17)), it remains to check that
lim inf/ W (2, Vb (tn, Y (2)) Vi (@) Pa(2) 1) dae > / W (2, Vo (t,y(2)) Vy(z)P(z) ") da .
Q Q

n— o0

For this, we follow the very same arguments as in the proof of [MMO09, Thm. 5.2], also exploiting . Clearly,
and ensure the validity of < A.1 > and < A.2 >.

It was shown in [MRSI8, Lemma 6.1] that for every (y, P) € Ux Z the mapping t — E(¢,y, P) is differentiable
on [0, 7], with

9E(t,y, P) :/QK(:zuV%(t,y(x))Vy(w)P(I)’l):V(t,y(x))dfv* (0(t), o (t, 9 ayray s — (L), G (6, 9))yyrray

with the short-hand notation K(z, F) := DpW (x, F)FT for the (multiplicative) Kirchhoff stress tensor, and
V(t,y) == Vi (t,y)(Vér(t,y))~t. The power-control estimate (2.9) holds too, cf. again [MRSIS, Lemma 6.1].

Now, for all 2 € Z the functional dz(-,E) is left-continuous on (Z,0z) in the sense of . Indeed,
from P, — P in W (Q;R?*4) 0 L7 (Q; R?¥Y) as n — oo we have that P, — P in L7 ~¢(Q; R¥*4) for all
e € (0,gp — 1]. Combining the growth condition of R, and the dominated convergence theorem we
deduce that

dZ(Pn,E):/Qle(E(x)P,:l(x))dx—>/Qle(E(x)P_l(x))dx:dZ(P,E). (5.19)

Therefore, we can check < A.3’ >, namely the conditional upper semicontinuity . This has been done
in [MMO09, Prop. 4.4] by resorting to Prop.
> Validity of Assumption < C >: We will in fact check . Let (tn,Yn, Pn)n, converging to (¢,y, P),
be a sequence as in (2.28): with the very same arguments used for < A.3' >, from sup,,cy &(tn, Yn, Pn) < C
we deduce that P, — P in L% ~¢(Q; R4*4) for all € € (0,¢qp — 1]. Let us now pick any (v, P') € U x Z with
y' € Argmin,c;E(t,y, P) and take the constant recovery sequence (y,,, P,,) := (y', P') for all n € N. Clearly,
lim,, 00 E(t, yl, P) = E(¢, 3/, P’), which entails lim sup,,_, . I(¢, P),) < I(t, P’) for the reduced energy. Arguing
as in the above lines, we also find dz(P,, P,) = dz(P,, P’) — dz(P, P’) as n — oo, which concludes the proof
of in the case the viscous correction d is the ‘trivial’ one, as in (5.74).

When 4 is instead given by (5.7D]), we rely on the compact embedding W (€; R¥*4) € CO(Q; R¥*?) due
to r > d. This guarantees that the sequence (P,),, bounded in W17 (Q;R%*?) in fact fulfills P, — P in
CO(Q; R%*4). Therefore, cof (P,)" — cof(P)" in C°(Q; R¥*?) and thus we find

P'P;' = Pcof(P,)" — P'cof(P)" = PP~ in CO(Q; R¥*%) (5.20)

(here we have again used that P! = cof(P,)", and analogously for P/, in view of and of the fact that
det(P’) = det(P,) = 1 for every n € N). Thus, by the continuity of R, we have that sup,cq Rq(P'(z) P, (z) "t —
1) < C. The dominated convergence theorem we yields that 6z (P, P,) — (P, P'), which establishes (2.28).
> Validity of Assumption < B >: Since R,(0) =0 by , we easily check that the viscous correction ¢z
from complies with < B.1 >. Condition < B.2 > follows from the very same arguments as in the above
lines. We will prove < B.3 > through (2.26). Let us now consider (¢, P) € .p and a sequence (t,, P,)=(t, P),
ie. (tn, Py)n C o, tn Tt, P, — P in WL (Q), dz(P,, P) — 0. Since P, — P in C%(Q;R¥*%), we may use
that

3¢>0VYneN: dz(Pn,P) > PPt — 1|11 qraxa) (5.21)
thanks to (5.11]). Moreover, observing that, indeed, we even have that
PP71 1 in CO(Q;R*Y) (5.22)

(cf. (5.20]), in view of (5.8]) we find, for n sufficiently big,
R, (P(z)P; ' (z)) < (Cq—i—;) |P(x)P (2)—1]|¢ for all x € Q, and thus

n
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67 (P,, P) < <c+ >||PP P 1 qupaxay - (5.23)
Ultimately, we conclude

PPl -1
b 02(PnP) <C  tm I 3 174 q)
(tn,Pr)<(t,P) dZ(Pn, P) (tn,Pn)=(t,P) ||PP — 1||L1(Q

_ _ 1-6
PP, 1||W“(Q)||PP,,1—1H< )

, L'()
lim

(tnsPo)=(t,P) PP =111
lim ppt 1|0t — g

B | Iz

Here we have used the Gagliardo-Nirenberg inequality in the very same way as in the proof of Thm. and
the previously established convergence ([5.22)). Hence, we conclude condition , yielding < B.3 >.

Thus, we are in a position to apply Thm. and conclude the existence of VE solutions. The summability
properties follows from the energy bound sup,¢ o 1) |E(t,y(t), P(t))| < C, cf. (2:40), combined with the
coercivity estimate . We have thus finished the proof of Thm. [

Remark 5.6. A close perusal of the proof of the validity of conditions < B > and < C >, in the case of the
non-trivial viscous regularization §z from , reveals the key role played by the condition r > d (which has
been for instance used in the proof of (5.21))). Unlike for the damage system tackled in Sec. [d] it is not clear
how to weaken this requirement.

6. PASSING FROM ADHESIVE CONTACT TO BRITTLE DELAMINATION WITH VISCO-ENERGETIC SOLUTIONS

The main result of this section, Theorem provides the existence of VE solutions to a rate-independent
system for brittle delamination between two elastic bodies, by passing to the limit in the VE formulation of
an approximating system for adhesive contact.

First of all, let us briefly sketch the brittle model. We consider delamination between two bodies Q, Q_ C
R?, d € {2,3} along their common boundary I, the prescribed (d—1)-dimensional delamination surface. More
precisely, throughout this section we shall suppose that

A 1(8Qiﬂl“) 0,

6.1
NI, =0. (6.)

Qp, Q:=Q, U UQ_ are Lipschitz domains, 09 =TI}, UTy with {

The process is modeled with the aid of an internal, damage-like, delamination variable z : [0;T] — T&,
0 < z <1 on I, which describes the state of the adhesive material located on I's during a time interval [0, T.
In particular, in our notation z(x,t) = 1, resp. z(z,t) = 0, shall indicate that the glue is fully intact, resp.
broken, at the point « € Ty and at the process time ¢ € [0,7]. Within the assumption of small strains, we also
consider the displacement variable @ : © — R%. Brittle delamination is characterized by the

brittle constraint 2(z,t)[a(z, 1)) =0  onTe x (0,7), (6.2)

where [i@] := @ |r, — @ |r. is the difference of the traces on I'. of @* = i|g,. This condition allows for
displacement jumps only at points x € I, where the bonding is completely broken, i.e. z(x,t) = 0; at points
where z(z,t) > 0 it ensures [u(x,t)] = 0, i.e. the continuity of the displacements. Therefore, distinguishes
between the crack set, where the displacements may jump, and the complementary set with active bonding,
where it imposes a transmission condition on the displacements.
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The (formally written) rate-independent system for brittle delamination reads

— div(Ce(a)) = f in Q x (0,7), (6.3a)
U= wp onIy, x (0,7), Ce(a)pgv=9g onIyx(0,T), (6.3b)
Ce(@)|ren + Oulc(@, 2) + Oy ([a]) 20 on Iy x (0,7), (6.3c)
OR(z, 2) + 0.1c([a], 2) + 0.1 (2) 3 ao on It x (0,T). (6.3d)

The static momentum balance 7 where C is the (positive definite, symmetric) elasticity tensor and f a
body force, is coupled with a time-dependent Dirichlet condition on the Dirichlet portion I}, of the boundary
09, with outward unit normal v (cf. below). On the Neumann part Iy a surface force g is assigned.
The evolutions of 4 and z are coupled by the Robin-type boundary condition on the contact surface I,
where 0, Ic : R? = R? is the (convex analysis) subdifferential w.r.t. u of the indicator function of the set

C:={(v,2) eER"xR : [v]z =0},
while 91y, : R? = R? is the subdifferential of the indicator of
Uz)={veR? :v-n(zx) >0}, zcly,

with n the unit normal to I'c, oriented from Q, to Q_. Hence, besides , we are also imposing the non-
penetration constraint [a] - n > 0 in ) between Q4 and Q_. Finally, the flow rule for the delamination
parameter z involves the very same dissipation density R from , the subdifferential w.r.t. z of Ic, and the
coeflicient ag, i.e. the phenomenological specific energy per area which is stored by disintegrating the adhesive.

From now on, as in Secs. [3| and [5| we will use the splitting @ = u + wp, with w, an extension of the Dirichlet
datum to the whole of 2. Thus, we shall work with the variable u. In view of , without loss of generality
we may assume that this extension fulfills

Wh|re =0 on I, so that [[11]] = [[u—I—wD]] = [[u]], (6.4)

so that the brittle constraint turns into z[u] = 0 on I'; X (0, T). The Energetic formulation of the brittle system
(6.3) thus involves the following;:
Ambient space: X = U x Z with
U=H{ (NI;RY) == {ue H'(Q\I;;RY) : u=00nTy}, Z:={zeL®I.): 0<z<lonl.}, (6.5a)
endowed with the weak topology oy of H(Q\I'w; R?) and with the weak*-topology oz of L™= (I), respectively.
Energy functional: € : [0,7] x X — (—o0, 00] is given by
1
E(t,u, 2) ::f/ Ce(utup) : e(utup)de
2 Jovre
(6.5b)

+/F (Tuge) ([ul)+He([ul 2)+Hjo 1 (2) —avz) Ao (@) — (€(8), 1+ wn (b)) 1 o resre)s
C

where the function ¢ : [0, 7] — H'(Q\I';; R?)* subsumes the body and surface forces f and g. Observe that
the domain of € does not depend on the time variable, i.e.

D(E(t, ) ={(u,2) e UXZ : [u(z)] € U(z), 2(z)[u(z)] =0, 2(z)€[0,1] for a.a. z €.} forallte[0,T].

Dissipation distance: We consider the extended asymmetric quasi-distance dz : Z x Z — [0, oo] defined by
dz(z,2) =Rz —2) with R: L' (T.) = [0,00], R(¢) ::/ R(z,((x))d#?1 () (6.5¢)
I'c

and the dissipation density R from . Due to the highly nonconvex character of the brittle constraint ,
the existence of Energetic solutions to the rate-independent system (X, &,dz) from cannot be proved by
directly passing to the time-continuous limit in the associated time-incremental minimization scheme. Indeed,
an existence result was obtained in [RSZ09] by passing to the limit in the Energetic formulation for a penalized
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version of system (6.3). The resulting system is in fact a model for adhesive contact. The relevant energy
functional, in the very same displacement and delamination variables, is given by

1
Er(t,u, 2) =3 /Q\I‘ Ce(utup) : e(utuyp)dz
C

(6.6)
+A (Iu(w)([[uj”)‘i’gz‘ [[U]] |2+I[071](Z)7(J402’) d%dil(m) - <€(t),u + Ub(t»Hl, k> 0.

Note that the brittle constraint is penalized by the term %z|[u]/®. Via the Evolutionary Gamma-
convergence theory from [MRSO8|, in [RSZ09] it was shown that E solutions to the adhesive contact system
(X, Ek,dz) converge as k — oo to E solutions to the brittle delamination system (X, &,dz).

We aim to extend this approach, in order to prove the existence of VE solutions of the brittle system. In
fact, VE solutions of the adhesive contact system were tackled in [MSI8, Example 4.5] with the
Viscous correction: dz : Z x Z — [0, o0] of the form

07(2,2") == h(dz(z,2") with h as in (2.27), (6.7)
cf. also Remark [6.2] below. Under the condition that
wp € CH([0,T); HY(Q;RY)), £ CH([0,T]); H (Q\Io; RY)*) (6.8)

the existence of VE solutions (ug,zx) € L°(0,T; H*(Q\Ie;RY)) x (L>=(Tex(0,T))NBV([0,T]; L} (T))) to
the adhesive contact system (X, €x,dz), with the viscous correction from (6.7), was derived in [MSIg] (again,
observe that the summability u € L>°(0, T; H!(Q\I'.; R?)) derives from the bound supse (0,1 1€k (L ult), 2(2))| <
C, cf. 7 and the coercivity properties of &, cf. below).

We now address the limit passage in the VE formulation of (X, &y,dz) as k — oo. From now on, we will
assume for simplicity that k¥ € N. The proof of Theorem [6.1] below will be carried out throughout Sec.

Theorem 6.1. Assume (6.1), , and .
Let (ug, zx)ken C L0, T; HY(Q\I'o; RY)) x (L (T x (0, T))NBV([0, T); L*(T))) be a sequence of VE solutions
to the rate-independent systems (X, Ex,dz), with 6z from (6.7) and initial datum zo € D,.
Then, for any sequence (k;)jen with k; — 00 as j — oo there exist a (not relabeled) subsequence (ug;, 2k, )jen
and (u, z) € L=(0,T; HY (Q\I'w; RY)) x (L= (T x (0, T))NBV ([0, T); L (T.))) such that z(0) = zy and
(1) the following convergences hold as j — oo
ug, (t) — u(t) in H'(Q\I'e; RY) for allt € 10,77, (6.9a)
2k (1) =" 2(1) in L*°(Tc) for all ¢t € [0,T]; (6.9b)
(2) (u,z) is a VE solution of the brittle delamination system (X, €,dyz) (6.5)), with 6z from (6.7), such that
the minimality property ([2.39) holds at all t € [0,T]\ J, with J a negligible subset of (0,T].

Furthermore, we have the additional convergences as j — oo
En,; (t,up, (1), 25, (1)) — E(t,u(t), 2(t)) and Varg, c(2,,[0,t]) — Varg, (z,[0,t]) for allt €10, T]. (6.10)

Observe that we are able to recover the minimality property (2.39) only almost everywhere in (0,7"). In
fact, our argument for (2.39)) is based on the limit passage as k — oo in the VE-stability condition, which holds
outside the jump sets of the curves (zx)g.

Remark 6.2. The existence of VE solutions to the adhesive contact system (X, &, dz) could be extended to
the case of the ‘non-trivial’ viscous correction

1
5Z(Zazl) = 5”'2,_'2”2%[‘0)7 q, 7 > 17 (611)

as soon as a gradient regularizing term of the type |Vz|" is added to the energy functional & (under the
additional, technical condition that I, is a ‘flat’ (d—1)-dimensional surface, so that Laplace-Beltrami operators
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can be avoided). The exponents r, g, v should satisfy the compatibility condition (4.10). For instance, in the
case Q C R3 (so that I, C R?), with » = 2 and ¢ = 2 one would have to take vy > 2.

We could perform the adhesive-to-brittle limit passage with dz from by straightforwardly adapting
the arguments in the proof of Thm. Anyhow, we have preferred not to do so in order to simplify the
discussion and highlight the analytical difficulties related to the limit passage in the notion of VE solution.

6.1. Proof of Theorem [6.1l In what follows we will use that
Jep, >0 VE€NU{oo} V(tu,2)€[0,T] xU x Z : Er(t,u,z) > 01||U||§11(Q\rc) —C2 (6.12)

(where, with slight abuse of notation, the index k = oo refers to the limiting energy functional € )7 due
to the positive definiteness of C, Korn’s inequality and . As a consequence of this coercivity property and
of the fact that u + E(t,u, 2) is lower semicontinuous w.r.t. H!-weak convergence and uniformly convex, we
have that Argmin ;€ (t, u, 2) # @ is non-empty, and consists of a unique minimizer, for all k € NU {oo}.

Now, let us recall the I'-convergence properties of the adhesive contact energies (E)i. Such properties are
at the core of the proof of Thm.

Lemma 6.3. [RSZ09, Corollary 3.2] Assume (6.1, , and . Then the functionals &y from I-
converge as k — oo to & w.r.t. to the og-topology of [0,T] x HY(Q\I'; RY) x L=(Ty.) (i.e., the weak*-topology),
namely there hold the

[-liminf estimate: (tg,ur,zx) = (t,u,2) = likminf(‘lk(tk,uk,zk) > E(t,u,2),
—00

6.13
T-limsup estimate: ¥ (t,u, 2) 3 (tr, ur, 26)k © (tr, Uks 2) = (t,u,2),  limsup Eg(tr, ug, z1) < E(t,u, 2) . ( )

k—o0

In order to pass to the limit in the VE-formulation, we also need to investigate the closure, as k — oo, of
the stable (in the Visco-Energetic sense) sets

IE = {(tu,2) € [0,T) x U x Z : Ex(t,u,2) < Ext,u,2)) +dz(2,2') + h(dz(z,2"))
for all (v/,2") € U x Z}, k € N,

with h as (6.7) (while we will denote by .#p the stable set for the brittle delamination system). More precisely,
we will study the Kuratowski limit inferior

Liksoo?D, == {(t,u,2) € [0,T) x U x Z + 3 (ty, 2z, up) € S5, such that (tg, zi, ug) = (t,u,2)}.
Recall that, by (2.21) Ygz is the zero set of the residual stability function

Ry (t,z) = sup {Jp(t,2) — I (t,2') —dz(2,2") — h(dz(z,2"))} with J(t,2) =

min Er(t,u, 2).
ez u€HY, (2\I'ciRY)

In fact, the study of Lik_m)&”gz is related to the analysis of I-liminf (w.r.t. og-topology) of the functionals
(Zy)k. That is why, we will first obtain the lim inf-inequality (6.14]) below. Such estimate will also play a
crucial role for the limit passage in the Visco-Energetic energy-dissipation balance as k — oc.

Lemma 6.4. Assume (6.1]), (6.4), . Then, for all (tx,zx)r C [0,T] X Z there holds
(tk,zx) = (t,2) in [0,T]| x Z = likminf%k(tk,zk) > R(t,z). (6.14)
—o0

Moreover,
LiksooB, C -, - (6.15)

Proof. We start by showing (6.14)). We use that
(s, z1) = sup (Tn(tr, 21)=Tn(tr, 2')—dz(2k, 2" ) =h(dz (21, 2"))) , (6.16a)
z'e

R(t,z) = sup (I(t, 2)=I(t, 2" )—dz(z,2")—h(dz(z,2"))) (6.16Db)
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(with J the reduced energy associated with &). To prove (6.14)) it is thus sufficient to exhibit, for any fixed
2 € Z with dz(z,2") < 00 (ie., 2/ < zae. inI) and Ji(t, 2') < 0o, a recovery sequence (z},)r C Z such that

lim sup (Ig (tx, 2,)+dz (2k, 21)+h(d 2z (2k, 21,))) < (I(t, 2")+dz (2, 2")+h(dz(2,2"))) . (6.17)

k—o0

Then, we will have

likminf%k(tk7zk) > likminf (Tn(tr, 21)—Tg (tr, 21 )—d 2z (2k, 21.) —h(dz (2k, 21.)))
—00 —00

(91, 2)—3(t, ") —dz (=, ) h(dz (2, 2)))

where we have also exploited the I'-lim inf-estimate in (6.13]). Then, (6.14) shall follow from the arbitrariness
of z’. We borrow the definition of the sequence (z},) from the proof of [RSZ09, Thm. 3.3], letting

A

Z  if 2 >0

2y, = z BF ’ (6.18)
0 otherwise.

Since 2z’ < z a.e. in I, it is immediate to verify that 0 < z]’C < zr <1 ae. in I'.. Furthermore, z; —* z in
L>(It) gives z;, =* 2’ in L>°(Iy). Therefore,

klim dz(zk, 1) = klim K (2 () —2p (2)) A (2) = / K(2(x)—2 () A (x) = dg(2,2)
— 00 — 00 Tc T'c (6.19)

whence lim h(dz(zg,2;,)) = h(dz(z,2")),

k— o0
too. Let us now consider the (unique) minimizer v’ € U for £(¢, -, 2’). We have

lim sup g (g, 25,) < limsup &k (tx, v, 21,) = klim Ex(tr,u', 2,) W E(t,u',2") =(t, 7). (6.20)
—00

k—o0 k—oc0
Indeed, for (1) we have used the fact that z;[u'] = 0 a.e. in I's, which follows from 2'[«’] = 0 and from the
definition (6.18)) of z;,. From (6.19) and (6.20]) we clearly conclude (6.17)), whence (6.14).
In order to show that every element (¢, u, z) in Likﬁ\ooyléfz fulfills the D z-stability condition with the brittle
energy functional, for every (u/,2’) we need to exhibit a recovery sequence (u}, z},)r such that

lim sup (&x (tx, uy, 21,)+dz (2k, 2,)+h(dz (2k, 21,))) < (E(t, 0, 2" )+dz (2, 2/ )+h(dz (2, 2))) .

k—o0

The sequence (uj, 2, )k = (v, 2},)r With (z;,)x from (6.18]), does the job. This finishes the proof. O

The proof of Thm. will be carried out in the following steps:
(1) First of all, we will show that the sequence (2x,)jen of VE solutions in the statement of the theorem
does admit a subsequence converging in the sense of to z;
(2) Secondly, we will prove that z complies with the stability condition for the brittle system
(X, &,dz) from and, as a byproduct, obtain convergence for (ur;)jen ;
(3) Thirdly, we will show that (u,z) fulfills the upper energy-dissipation estimate for the brittle
system also relying on Proposition ahead;
(4) We shall thus conclude that (u, z) is a VE solution to the brittle system (X, &,dz) (6.5).
> Step 1: Since the constant Cj in only depends on the initial data (ug, zo), which in turn do not
depend on kj, for the VE solutions (uy,, 2x,); to the adhesive contact system the following bounds are valid

3C>0VjeNVte[0,T]:  sup |Ex,(t, ux,(t), 2k, (t))| + Varg, (zx,,[0,7]) < C.
t€[0,T]
In view of (6.12)), and taking into account that z € [0, 1] a.e. on I'; x (0, T"), we conclude that the sequences (ug; );
and (2, ); are bounded in L (0, T; H3 (Q\I';; R?)) and in L>°(Isx(0,7))NBV([0,T]; L*(T)), respectively. An
infinite-dimensional version of Helly’s compactness theorem (cf., e.g., [MMO05, Thm. 3.2]) yields that, up to a
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not relabeled subsequence, convergence for (zx,); holds. As for (uy,);, for every ¢ € (0,T] there exist a
subsequence (k%), possibly depending on ¢, and u(t) € H(O\I'o; RY) such that

e () = a(t)  in Hy (Q\Io;RY). (6.21)

Furthermore, mimicking the arguments in the proof of [MSI8, Thm. 7.2], we also find a finer approximation
property at every t in the jump set J, of z, namely

ag; Ttand zx; (or,) = 2(t—) in L>=(I¢),

(6.22)
Br; Lt and 2z, (Br,;) —* 2(t+) in L=(I),

VteJ.n(0,T) 3 (), (Br,); C[0,T] such that {
with obvious modifications at ¢t € J, N {0,T'}.
> Step 2: Let us consider the lim sup of the jump sets (Jzkj )jsie. J = NmenUjsm Jz, - Forevery t € [0,T]\J
there exists m; € N such that for every j > m; we have t € [0,T] \Jzkj. Therefore, up to taking a bigger m; if

t
necessary, we have (t, U (1), 2t () € Yéj for all j > my. By virtue of (6.15)), we conclude that
(t,a(t), 2(t)) € Sp forallt € [0,T]\ J. (6.23)

)
From we gather in particular, that @(t)
convergence ) holds at every ¢t € [0,7] \
te0,T]\J.

Finally, we conclude the validity of at every t € [0, T by observing that, at every ¢ in the countable set
J we can extract a subsequence of (k;); such that holds. With a diagonal procedure we thus construct
a subsequence fitting all t € J and follows.

We now show that

is the unique element in Argmin,, . E(t,u’, 2(t)). Therefore,
J along the whole sequence (k;);. This shows at all

z(t—), z(t+) € Sp(t) forallte (0,T), 2(0+) € S(0), z(T-)e H(T). (6.24)

In order to prove the assert at t € (0,7T) and, e.g., for z(t—), we pick a sequence (tn)n C [0,T]\ J with ¢, 1t
as n — 00, so that z(t,) —=* z(t—) in L*>(I) (cf. Definition [2.1]). From we have that Z(ty, 2(t,)) =0
for all n € N. With the very same arguments as in the proof of Lemma it can be shown that # is lower
semicontinuous w.r.t. the weak*-topology of [0, 7] x Z. Thus, we conclude that Z(t, z(t)) = 0.

From we clearly conclude that (u, z) fulfills the stability condition at all t € [0, T]\ J., which in
particular yields the minimality property atall t € [0,7]\J.. Allin all, holds at every ¢ € [0, T]\J
with J =JnNJ,.
> Step 3: Let us now take the liminf as k — oo in the (upper) energy-dissipation estimate for the
adhesive contact system. We handle the terms on the left-hand side by observing that
hjrgggf Ex, (tyup, (1), 21, (t)) > E(t,u(t), 2(t)) and hjrglol.}f Varg,, c(zx,,[0,t]) > Varg, c(2,[0,t]) for all t € [0,7],
where the first inequality is due to the I'-liminf estimate , and the second one follows from Proposition
ahead. As for the right-hand side, we observe that

e, (tun, (8), 21, (1) = — (B(E), un, (£) + b (8)) 0 — (E), tin (1)) g = — (E(E),ult) + wn () g1 — (E(E), i (£)) ppa
= atg(tvu(t)’z(t))

for every t € [0, T, with |0:Ep, (t, ug, (1), zx, (t))| < C by and the previously obtained bound for (ug,); in
L%(0,T; HE (Q\T'o; R?)). Then,

lim O0¢€r; (5,un, (8), 2k, (5))ds :/0 0:E(s,u(s), z(s))ds for all ¢t € [0,T], (6.25)

‘]*)OO 0

and we thus conclude the upper energy-dissipation estimate ([2.42) for the brittle system.
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> Step 4, conclusion of the proof: Since we have proved the stability condition (Syg) and the upper
energy-dissipation estimate (2.42)), thanks to Proposition we conclude that (u, z) is a VE solution of the
brittle system. The energy convergence ([6.10) ensues from the following standard argument:

M ¢
limsup (&x, (¢, u, (t), 2k, (t))+Vara, < (zk,, [0,4])) < €(0,uq, 20) + lim 0rEx; (5, up, (8), 21, (s))ds

j—oo j—oo Jo

@ &(0,uo, 20) +/0 0:E(s,u(s), z(s))ds

D & (t, ult), 2()) + Varg, (2, [0,4]),

with (1) due to (Eyg|) for the adhesive system, (2) due to (6.25), and (3) following from the energy balance
(Evg) for the brittle system. This finishes the proof of Thm. ]

With the following result we obtain the key lower semicontinuity estimate for the total variation functionals
exploited in Step 3 of the proof of Thm.

Proposition 6.5. Assume (6.1), (6.4), and (6.8). Let (21)k, 2 C L=(Tox(0,T)) NBV([0, T]; LY(Q)) fulfill

zi(t) =% 2(t) in L*>(Ty) for allt € [0,T], (6.26a)
ap Tt and zg(ag) —=* z(t—) in L>=(Iy),
Vteld, 3 , ) h th .26b
te ()i (Bi)k C [0,T] such that {ﬁk Lt and 2 (8) —* 2(t4) in L®(Ty). (6.26b)
Then,
lim inf Varg, (2x, [a,b]) > Varg, (2, [a,b]) for all [a,b] C [0,T]. (6.27)

k—oc0

The proof follows the very same lines as the argument for [RS17, Thm. 4], to which we shall refer for
all details. Let us just outline it: up to an extraction we may suppose that sup,cy Varg, c(zx,[0,7]) < C.
Therefore, the non-negative and bounded Borel measures 1, on [0, 7] defined by ny([a, b]) := Varq,, <(zk, [a,b])
for all [a,b] C [0,T] weakly* converge (in the duality with CY([0,7])) to a measure 7. We observe that

W @ 3)
n([a,b]) > limsup nk([a,b]) > limsup Varg, (2, [a,b]) > Varg,(z, [a, b]), (6.28)
k—o0 k—o0
with (1) due to the upper semicontinuity of the weak™ convergence of measures on closed sets, (2) due to the
fact that Varg, . > Varg,, and (3) due to (6.26a]). It follows from Lemma ahead that, at any ¢t € J, and for

all sequences (a)k, (Bk)r C [0, T fulfilling (6.26b)) there holds

n({t}) = Tim sup g ([, Bi]) = et 2(1=), 2(14)) (6.29)

Combining ((6.28]) and (6.29) and arguing as in the proof of [RS17, Thm. 4] (cf. also [MRS16, Prop. 7.3]), we
establish (6.27)). |

We conclude this section by stating a crucial lower estimate for the Visco-Energetic total variation of a
sequence (zx ) of solutions to the adhesive contact system (for notational simplicity, we drop the subsequence
(k;); and revert to the original sequence of indexes (k)). The total variation of the curves zj is considered on
a sequence of intervals shrinking as k& — oo to a jump point of the limit curve z.

Lemma 6.6. Assume (6.1)), (6.4), and (6.8). Let (zx)r, = C L>°(Tox(0,T)) NBV([0,T]; L* () fulfill (6.26).
For any t € J, pick two sequences (o) and (Bx)r converging to t and fulfilling (6.26]). Then,

lim inf Varg, (2zx, [, Br]) > c(t, z(t—), z(t+)) . (6.30)

k—o0

The proof will be given in Sec.
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6.2. Proof of Lemma [6.6| -. Let us briefly outline the proof, partially borrowed from that of [RS17, Prop. 3]:
(1) for every k € N, the curve z;, has countably many jump points (t£),,cnr, between ay and Bi. As in
[RS17], we will suitably reparameterize both the continuous pieces of the trajectory z; and the optimal
transitions ﬁf’m connecting the left and right limits 25 (¥, —) and 2 (t¥,+) at a jump point t¥,. We will
then glue the (reparameterized) continuous pieces and the (reparameterized) jump transitions together.
(2) In this way, we shall obtain a sequence of curves ((x)x, defined on compact sets (€x), to which we
will apply a refined compactness argument from [MS18], yielding the existence of a limiting Lipschitz
curve ¢, defined on a compact set € € R, connecting the left and the right limits z(t—) and z(t+).
(3) We will then show that

lim inf Varyg,, (zk, (o, Bk]) > Treve(t, ¢, €) . (6.31)

k—o0

(4) From (/6.31) we shall conclude (6.30)).

>> Step 1 (reparameterization): We set

my, = B — oy + Vara, (2x, (o, Bi)) Z 2—m

me My

and define the rescaling function sy, : [ag, Sr] — [0, mg] by

s5E(t) ==t — oy +Vardz,c(zk,[ak,t])+ Z 2™,
{meMy: tk <t}

Observe that sy, is strictly increasing, with jump set Js, = (5 )mens,. We set
Iy = (sk(ty=)ssk(ty+))s I i= Umenr Iy Ay = [sk(an), 5x(5)].
On Ay \ Iy the inverse t : Ay \ Iy — [ag, Bx] of s is well defined and Lipschitz continuous. We introduce
Cr(8) := (ug o tg)(s) for all s € Ag \ I, (6.32)

and observe that (i is Lipschitz as well.
We now reparameterize the ‘jump pieces’ of the trajectory. Recall that at every jump point ¥, there exists
an optimal jump transition 19 m € Co,.d, (EF; Z), fulfilling

2ty =) =05 (ER)7), 2ty ) =05, ((BR) ™), =(th) € 0%, (B,

6.33
Ei (s ulty, =), 2(tn, =) = Extyy, ulty,+), 2(th,+)) = c(th,, 2(tn,—), 2(tp,+)) = Treve(ty,, V% . Ep) (05
We define the rescaling function oF, on EX by
1 t—(EF)~ _
k o m k k
) =g iy gy + Ve (0, B 0 () 1)
T GapVars, (05, BE O[EE) " )+ S0 Blth,05,,(r) + se(th,—) forall ¢ € B,

rel(BE) 7 U\(EL)T

m

It can be checked that ¢ is continuous and strictly increasing, with image a compact set S* C I such that
(SE)E = ok ((EF)*) = s,(tk £). Tts inverse function 7% : S¥ — E* is Lipschitz continuous.
Finally, we introduce the compact set

€= (Ae\Ik) U (Umenr,, SE) € Ay C [0, my]
and extend the functions t; and (k, so far defined on Ay \ I, only, to the set € by setting

te(s) =tk and  (iu(s) := 9% (75 (s)) whenever s € S¥ for some m € Mj,.
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It has been checked in [RS17] that the extended curve ¢, is in Cy, 4, (€r; X) UBVy, (€4; X), with
Varg, (Ck, [0, $1]) < Varg, (zk, [te(s0), t(s1)]) + (te(s1)—tx(s0)) for all sq, s1 € Ay \ I with sg < s1,
Varg, (C, S,’ﬁl) = Vardz(ﬂk Eﬁl), GapVaryg, (Cr, S,’ﬁl) = GapVary, (15"’c E,’;)7

z,m? z,m?

Y. BlthGls) = Yo Aty 05 ,,(1).

seSEN(SE) T} reBEN{(ER)T}

(6.34)

> Step 2 (a priori estimates and compactness): We refer to the proof of [RS17, Prop. 3] for the
calculations leading to these a priori estimates:

¢ <C,

Varg, (Cr, €) < O,

Varg, (¢, €k N [s0, 51]) < (s1—50) for all sg, 81 € € with sg < 51,
suPsce, Fo.k(uk(s), Cr(s)) < C,

where uy(s) is the unique element in Argmin, c;;Ex(s,u, (x(s)) and Fo i is the perturbed functional associated
with &, via .

Therefore, we are in a position to apply the compactness result from [MS18 Thm. 5.4] and conclude that
there exist a (not relabeled) subsequence, a compact set € C [0,C] with C as in , and a function
¢ € Co,.d,(€; X) such that, as k — oo, there hold

(1) €x — ¢ ala Kuratowski, namely Lig_ oo, = Lsg00€r = € with
LigsooCr = {t € [0,00) : Tty € C s.t. tp — t},

Lsk 500k := {t € [0,00) : 3j > k; increasing and 1y, € &, s.t. tg; — t};

3C>0VkeN : (6.35)

(2) for every s € € there exists a sequence (si), with s; € € for all & € N, such that s — s and
Ce(sk) 2B ¢(s) in Z as k — oo;

(3) whenever s;, € € converge to s € €, then (x(sx) 28 ((s) in Z;

(4) Gr((€r)*) F C(eF);

(5) for every I € h(€) (recall (2.31D)) there exists a sequence (Ji), with

Ji € h(€y) forall k € Nand J;m — I, J. — 1. (6.36)
Therefore, ((€7) = z(t—), and ((€1) = z(t+). Finally, for later use we observe that
lim sup [tx(s) —t] =0, (6.37)

k—oo sca,

since the functions t;, take values in the intervals [ag, x| shrinking to the singleton {¢}.
> Step 3 (proof of (6.31))): Repeating the very same arguments as in the proof of [MS18, Thm. 5.3], from
the above convergence properties we conclude

Varg, (¢, €) < lim inf Varg, (Ck, k) - (6.38)
—00

Let us now address the term in the transition cost involving the residual stability function. To this end, we
fix a finite set {€~ =: 0¥ < 0! < ... < o := €*} C € such that Z(o™,((0™)) >0 foralln =1,...,N — 1.
We use that for every n € {1,..., N} there exists a sequence (o}})r with o} € € for all k € N, g} — o"
and (. (o) 78 ¢(o™) as k — oo. Furthermore, in view of we have that t;(o}) — t as k — oo for all
n € {0,...,N}. By the I'-liminf estimate (6.14)), we infer that

lilcnig}f%k(tk(a,?), Crlog)) = Z(t,¢(o™)) forallme {0,...,N},

therefore there exist ¢ > 0 and an index k € N such that

Ry, (i (01), Ce(or)) > ¢ >0 for all k > k.
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This entails that for every n € {1,...,N — 1} and k > k there exists m? € M, (the countable set of jump
points of z; between aj, and Bi) such that t;(of) = tmy. Allin all, we conclude that

N—-1 N-1

N—-1
n; A(t,¢(0™)) < ; lim inf %y (tny , Ce (o)) < lim inf Z:: Rre(tmy, Ce(0}))

< hH_l}golf Z Z %k(tfmc}’c(s))

meEMy seSEN{(SE)+}

T k k

meMy re EE\{(EE,)*}

the latter identity due to (6.34). Taking the supremum of the left-hand side over all finite subsets of €\ {€1},
we then conclude that

Y. A(t((0) <liminf Y > Bltn, 05 (). (6.39)

cee\{e+} meM re ER\{(EF,)*}

Finally, (6.36]) and, again, the very same arguments as in the proof of [MS18, Thm. 5.3] yield that

GapVarg, (¢,C) = Y 6z(C(I7),¢(I")) <liminf > 62(Cu(7), G(JT)

Tep(Q) Jeh(€)

T K
= hkrglcgf EZM GapVars, (Ck, Sp,) (6.40)
m k

@, . k k
= hkrglorgf Z GapVars, (V] ., E,)
me My,

with (1) due to . Combining (6.38), (6-39) and , we deduce (6.31).

> Step 4 (conclusmn) Observe that c(t, z( ) (t+)) § TrCVE(t, ¢, @) . Therefore, (6.30)) follows from (6.31]).
This finishes the proof of Lemma m
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