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ABSTRACT. In this paper we prove uniqueness of blow-ups and CV'°%-regularity for the free-
boundary of minimizers of the Alt-Caffarelli functional at points where one blow-up has an isolated
singularity. We do this by establishing a (log-)epiperimetric inequality for the Weiss energy for
traces close to that of a cone with isolated singularity, whose free-boundary is graphical and
smooth over that of the cone in the sphere. With additional assumptions on the cone, we can
prove a classical epiperimetric inequality which can be applied to deduce a C*® regularity result.
We also show that these additional assumptions are satisfied by the De Silva-Jerison-type cones,
which are the only known examples of minimizing cones with isolated singularity. Our approach
draws a connection between epiperimetric inequalities and the Lojasiewicz inequality, and, to our
knowledge, provides the first regularity result at singular points of the Alt-Caffarelli functional.

1. INTRODUCTION

In this paper we prove a uniqueness of blow-up (with logarithmic decay) and regularity result
for the free-boundary of minimizers of the Alt-Caffarelli functional at points where one blow-up
has an isolated singularity. In the special case where one of the blow-ups is integrable through
rotation (which includes the only known cones with an isolated singularity), we improve the rate
of convergence to a Holder one. We do this by establishing a log-epiperimetric inequality for
the Weiss’ boundary adjusted energy around isolated singularities. We remark that this
is the first regularity result for singular points of the Alt-Caffarelli functional that we are aware
of. Before stating the theorem, we need to introduce some notation. We shall denote by £ the
Alt-Caffarelli functional:

E(u) = /D IVul|? dz + [{u> 0} N D], u € HY(D;R"), (1.1)

(here and throughout D C R? is a connected open set with Lipschitz regular boundary).

The functional in was first studied systematically by Alt and Caffarelli [I], who in par-
ticular showed that minimizers exist, and satisfy the following, overdetermined, boundary value
problem in a weak sense:

u >0, Au=0 in {u>0}ND, [Vu|=1 on 9{u>0}ND. (1.2)
In [27], Weiss introduced the quantity, W (u, zg, ), (or W (u,r), when o = 0, and W (u), when
xo = 0 and r = 1) which monotonically increases with r for every minimizer u,

1 1 _ 1
W (u,xo,7) := rd/B - \Vul|? da — ] / ( )u2 dH + ﬁ‘{u >0} N Br(zo)|, (1.3)
(2o r (20

where zg € 0{u > 0} N D and 0 < r < dist(z9,0D). A consequence of this monotonicity is that
every blow-up (see Section [2)) is a 1-homogenous globally defined minimizer to (|1.1)).
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Non-flat 1-homogenous minimizers (and thus singular points) do not exist when d < 4 (for d = 2
this is due to [1], for d = 3 to [3], and for d = 4 to [I7]). In contrast, De Silva and Jerison
[9] constructed a class of cones with isolated singularities at the origin which are minimizers in
dimensions d > 7. We refer to this class of cones as B; specifically,

B = {by’goi R? — Rt 1-homogeneous minimizers of £ with {by0, > 0} = C,,ﬂo},
where for given 6y € (0,7/2) and v € S¢~! we define the cone

x

Cupy = {xeRd\{O} : ‘-y

]

< sin(eo)} .

Notice that T restricted to the class B depends only on 6y, and we set W (b, g,) := Oy, .

Left open in the works of [27, 3, [0, [I7] is the question of whether or not blowups at singular
points are unique. A priori, it is possible that the free boundary around a singular point asymp-
totically approaches one singular cone at a certain set of small scales, but approaches a different
singular cone at another set of scales. The problem of “uniqueness for blowups” is a central one
in geometric analysis and free boundary problems (see, e.g. [22] 13]). Our main theorem is that
if one blowup at zp € d{u > 0} is a cone b with isolated singularity, then every blowup at xg is
equal to b.

Theorem 1 (Regularity for isolated singularities). Let u € H'(D) be a minimizer of the Alt-
Caffarelli functional £ on a domain D C R and let xg € d{u > 0} N D be a singular point of the
free-boundary such that there exists a blow up b for u at xg with isolated singularity. Then b is
the unique blow up and, furthermore, there exists ro > 0 such that d{u > 0} N By, (zq) is a CH18
graph over 0{b > 0} N By, (o).

If we have additional information on the blowup, b (namely that it is integrable through
rotations, see Definition [2.4)) we can improve the rate of convergence to the minimal cone.

Theorem 2 (Regularity for isolated and integrable singularities). Let u € H'(D) be a minimizer
of the Alt-Caffarelli functional & on a domain D C R? and let xg € d{u > 0} N D be a singular
point of the free-boundary such that there exists a blow up b, of u at xg, with isolated singularity
and which is integrable through rotation (see Definition . Then b is the unique blow up and
there exists ro > 0 such that d{u > 0} N By, (7o) is a CY* graph over {b > 0} N B, (o).

We will prove that all the cones in the class B satisfy the above integrability condition, thus
leading to the following corollary.

Corollary 1.1 (Regularity for isolated singularities of De Silva-Jerison type). Let u € H'(D) be
a minimizer of the Alt-Caffarelli functional £ on a domain D C R and let zo € O{u > 0}ND be
a singular point of the free-boundary such that for some v € S¥1 and 6y € (0,7/2) the function
by g, is a blow-up for u at xog. Then b, g, is the unique blow-up and furthermore there exists ro > 0
such that d{u > 0} N By, (z0) is a CY* graph over 0C,, 9, N By, (70).

The main ingredient in the proofs of Theorem (1| and 2| is a (log-)epiperimetric inequality for
minimizers whose trace on 0B; has a free boundary which can be written as a smooth graph over
08, where Q, = {b > 0} N 9B;. We will often consider graphs on the sphere of the following
form: given a function (: €2 — R, we define the set on the sphere

graphagb(C) = {expx(g(x) v(z)) € S = 8Qb}, (1.4)

where v(z) € T,(0{b > 0} NS?1) is the unit normal in the sphere to d{b > 0} pointing outside
{b > 0}, and exp : TS — S9! is the exponential map

exp, (v) := cos(||lv||) z + sin(||v||)— , for every v e TS,

v
lvll
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Theorem 3 ((Log-)Epiperimetric inequality for traces with smooth free-boundary). Let b €
H(By) be a one-homogeneous minimizer of the Alt-Caffarelli functional € with an isolated singu-
larity at the origin. There exist constants e = £(d,b) > 0,y = ~(d,b) € [0,1) and §p = do(d,b) > 0,
depending on b and on the dimension d, such that the following holds.

If c € HY(OB1,R,) is such that there exists ( € C**(08Y,) satisfying

0{c > 0} = graphyg, (¢), with [[Cllc2e < Cyll¢llz2 <0, and |c—blr2@p,) <0, (1.5)
then there exists a function h € H*(By,R,) such that h = ¢ on OBy and
W(h) = W) < (1= ¢[W(2) = WE)[") (W(2) - W), (1.6)

where z is the 1-homogeneous extension of ¢ to Bi.
In the case where b is integrable through rotations (see Definition , we can take v = 0 in

(1.6]) above.

Epiperimetric inequalities have been used in both minimal surfaces and obstacle-type free
boundary problems; they can be divided into two categories:

The epiperimetric inequalities by contradiction (see for instance [25, 24] 26l 12, [14]) are based
on linearization techniques and are at the moment out of reach for the Bernoulli problem, due
to a lack of compactness for the sequence of linearizations. This is essentially due to the nature
of the Alt-Caffarelli functional which is fundamentally different from both minimal surfaces and
obstacle-type problems in the fact that, while the energy and measure terms balance perfectly,
small perturbations can drastically change one term while only slightly modifying the other. On
the other hand the contradiction arguments present in the literature only apply to regular points
or to singular points under some quite restrictive assumptions, which in our framework might
cover only the integrable case.

The direct epiperimetric inequalities were introduced in the context of minimal surfaces by
Reifenberg [21] and White [28], and extended to the free-boundary setting by the second and third
named authors in [23]; the direct method is based on an explicit construction of the competitor and
is more adapted to establish decay estimates around singular points. Indeed, in [5, 4], the second
and third named author, together with Maria Colombo, proved for the first time a logarithmic
epiperimetric inequality in the context of obstacle-type problems, that is a quantitative estimate
on the optimality of the homogeneous extensions which gives a logarithmic decay to the blow-up.
The additional term in this inequality, responsible for the logarithmic decay rate, is related to
the possible presence of elements in the kernel of a suitable linearized operator which are not
infinitesimal generators of isometries of the space. In particular, this type of inequality seems to
be more suitable to deal with non-integrable singularities in general. Nevertheless, the method
from [0, [4] as well as the previously available direct methods, are based on a fine but explicit
construction of the competitor. In the case of the Alt-Caffarelli functional the final competitor
depends on an internal variation around the limit cone, which cannot be written down explicitly
since in higher dimensions the one-homogeneous solutions are not classified and, even around the
known one-homogeneous global solutions, the space of perturbations is very complex.

In this paper we establish a new constructive approach to the epiperimetric inequalities. We
provide a method to reduce the (log-)epiperimetric inequality (1.6 to a quantitative estimate
for a functional defined on the unit sphere, which in the case of Alt-Caffarelli depends on the
first eigenvalue and the measure of the associated spherical domain with boundary given by a
smooth graph over the limit cone. Using the second variation of this functional with respect
to perturbations of the free boundary and a Lyapunov-Schmidt decomposition, we define a flow
of spherical domains which by the Lojasiewicz inequality decreases the energy in a quantitative
way. We then construct the competitor slice by slice, defining it on each sphere of radius r as the
eigenfunction of the spherical domain at time 1 — r.

This approach offers a new perspective on epiperimetric inequalities and provides a general
method for the construction of a competitor through a flow on the sphere, which only depends on
understanding the functional and its second variation restricted to the sphere. We expect it to be
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flexible enough to apply to a wide variety of problems; this is evidenced by [10], in which we use
the ideas in this paper to prove an analogous (log-)epiperimetric inequality for multiplicity-one
stationary cones, from which we deduce uniqueness of the blow-up for almost area-minimizing
currents. This approach to (log-)epiperimetry also draws a precise relationship, heretofore not
understood, between the kernel of the second variation and the logarithmic decay term in the
epiperimetric inequality.

Finally, let us notice that, in the context of minimal surfaces, the logarithmic decay around
isolated singularities was obtained by L. Simon [22] using the Lojasiewicz inequality. Simon’s
results hinges on the convergence properties for solutions of certain parabolic PDEs. In the
contexts he is concerned with, e.g. minimal surfaces, this inequality is applied to a flow naturally
associated to the vanishing of the mean curvature: in our case, an analogous flow does not exist,
as stationarity is given by a combination of an external variation, which gives Au = 0 on the
positivity set, and an internal variation, which leads to |Vu| = 1 on the free-boundary. As such,
even though we also use the Lojasiewicz inequality, our approach is very different from that of
[22] in that we do not use any stationarity condition, but rather only the properties of the one-
homogeneous blow-up and the functional. Indeed, if not for a technical obstruction related to a
priori regularity, our approach would work for “almost-minimizers” to the Alt-Caffarelli function
in the sense of [§] and [7], which satisfy no PDE. We solve this issue in [10], where we prove an
analogous result for almost area-minimizers.

1.1. Sketch of the proof and plan of the paper. Before we introduce some additional termi-
nology and notation, let us briefly sketch the main ideas of the proof. Recall that the epiperimetric
inequality asks if, given a trace ¢ : 9B; — R™ on the sphere, which is sufficiently close to a one-
homogeneous minimizer b, one can construct a competitor h € H'(By), with h|sp, = ¢, whose
energy is quantitatively smaller than that of the one-homogenous extension of c.

We prove Theorem 3| in Section [3| The first step of the proof is to write the trace ¢ as a sum
of the Dirichlet eigenfunctions on the spherical domain {c¢ > 0}. In Subsection we show that
the epiperimetric inequality reduces to two separate estimates, one on the first eigenfunction of
{¢ > 0} and another on the higher modes (Proposition and Proposition . We deal with
the higher modes in Subsection by using a harmonic extension and a cut-off argument in the
spirit of [23]. The rest of Section |3|is dedicated to the proof of Proposition that is the case
when the trace is (a multiple of) the first eigenfunction on its support. We notice that in this
case replacing the one-homogeneous extension of the trace with the harmonic function on the
cone is not sufficient for the quantitative gain from the (log-)epiperimetric inequality since the
homogeneity of the harmonic function is very close to one. Thus, we need an “internal variation”
argument in order to smoothly move the trace ¢ towards the “closest” one-homogeneous global
solution b. Nevertheless, writing explicitly such an internal variation in dimension d > 3 is an
extremely difficult (not to say impossible) task since we have an infinite directions in which we
can perturb a spherical domain. In particular, we cannot exhibit an explicit competitor as in
123, 5L 4]. Thus, instead of trying to write down an explicit internal variation, we look at the
problem from another perspective. We briefly explain the main idea below.

We read the competitor h : By — R slice be slice, on each sphere 0B, as h(r,0) = r¢y,(0),
where {t — ¢1}>0 is a “flow” of functions on 0B;, which is then reparametrized over each
sphere 0B,. In particular, we ask that each ¢; is (up to a constantﬂ) the first eigenfunction
on the spherical set Q0 = {¢; > 0}, whose boundary is given by the spherical graph ((t) over
o{b > 0}, with A(((¢)) and m(((t)) being the first eigenvalue and the surface measure of the
spherical domain ;. The key observation is that the Weiss’ boundary adjusted energy can be

"n this brief discussion we completely omit the fact that the constant multiplying the first eigenfunction might
(and should) also change along the flow and, instead, set it to be a constant, ko. In fact, this constant appears in
all the functionals involved and represents a non trivial issue which interferes with definition of the competitor and
the notion of integrability.
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dis-integrated along the spheres (slices) of radius r as follows:

1
W(h)—/o [F(C@t(r)) + ET.(r)]r* dr, where F(¢) = kE(A¢) — (d—1)) + (m(¢) —m(0))

and E.T.(r) is an error term such that E.T.(r) ~ [t/(r)|?, which becomes a lower order term
once we choose the velocity of the parametrization, t(r), small enough. Thus, we reduce the
epiperimetric inequality to the study, in a neighborhood of zero, of the functional F(¢{) defined
on the functions ¢ : 9{b > 0} — R. The first variation of F vanishes in zero since the trace
of the global minimizer b on the sphere inherits the stationarity condition |Vb| = 1 on the free
boundary. Thus, starting from a trace determined by the graph of (, at second order we find

1
Wi = (1= W) ~ [ (FEH) = (1= FO)r dr
1
~ [ (BFO .o - 0 - arFoa) a0

The second variation 62 (0) is a non-local quadratic form over H'/2(9{b > 0}) and requires a
more careful analysis (we gather the main results in Lemma and carry out the proof in Appen-
dix . Indeed, the diagonalization of 627 (0) splits the space into: a finite dimensional “index”
containing the directions in which 62F(0) is negative; a finite dimensional kernel, ker(52F(0)); and
an infinite dimensional subspace of H'/? containing all the positive eigenspaces of §2F(0). Now,
we decompose the initial graph, ¢, as ¢ = (_ + (g + (4, where (_ is in the index, (g € ker(62F(0))
and ( is a positive direction. The precise definition of the flow requires a Lyapunov-Schmidt
reduction (see Appendix ; here, in order to simplify the presentation as much as possible, we
omit this technical step. The idea is to define the flow ((¢(r)) along each direction as follows:
along the negative directions the flow remains constant, since these directions have only negative
contribution to the energy F; along the positive direction the flow moves to zero at a small con-
stant speed, that is (4 (¢(r)) ~ (1 — (d + 1)e(1 — r))(4, which assures that the right-hand side
of is negative and that the error term E.T. is of lower order. Notice that at this point, if
we have the additional assumption of integrability through rotations (see Subsection , then
we can disregard elements in the kernel of the second variation and assume (o = 0, which will
conclude the proof.

When the cone is not integrable through rotations, we must address the kernel elements. In
this case, let us assume for simplicity that ( = (o and F((p) > 0, and define (y(¢) to be the
solution at time t of the (rescaled) gradient flow of F on the finite dimensional kernel ker(§27(0))

%Co(t) = V(G(®). where f = FLker(6%F(0)).

IVf(G@)]’
The fact that the gradient flow always gives a quantitative improvement follows from the Lojasiewicz
inequality, |f|*=7 < |V ], for v € (0,1/2], (see [18]) applied to the analytic function f and the
fact that f((o(t)) is decreasing in t:

FlGolt) - (1= )7 = () + [ Gols) - VF(Gols)) ds = e (o) — / VA (Gols))] ds

t
< eF(@) = [ PG ds < T (G) ~ HFG0)
Assuming that F((o(t)) > 27 (o) (otherwise the left-hand side is trivially negative), we obtain
F(Go(t(r) = (1 = ) F(o) < eF(Go) — 2~ 1(r)|F(Go)[' 7.

Setting #(r) = 6(1 — ), taking into account the error term E.T. ~ % and integrating in r, we get
that along the directions of the kernel

W(h) = (1= e)W(2) < el F(Go)l — 8| F(Co)' ™ + 62,
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which becomes negative if we choose § ~ |F((p)|*™" for the time of existence of the flow and
e~ | F ()12 ~ W(2)!=2 for the quantitative gain in the epiperimetric inequality.

In Section 4| we apply the (log-)epiperimetric inequality to obtain our main Theorems |1f and
Some of this is standard; once one gets the (log-)epiperimetric inequality, the decay of W(r)
and thus the power-rate (or logarithmic rate) of convergence to the blowup follows by purely
elementary considerations. However, there is an additional difficulty that our (log-)epiperimetric
inequality, Theorem [3| applies only to minimizers whose free boundary restricted to the sphere
is a smooth graph over the cone, b. To apply the theorem to arbitrary minimizers which are
close enough to a cone with isolated singularity, we employ a compactness argument and use the
e-regularity result of Alt-Caffarelli. Finally, combining this estimate with the (log-)epiperimetric
inequality, we show that the argument can be reiterated on a dyadic scale.

Finally, in Section [5 we finish the proof of Corollary by showing that b, g, € B is inte-
grable through rotations. First we produce, with spherical harmonics, an orthogonal basis of
HY 2(0{b,.9, > 0} N By) and, using the symmetries of the cone, show that this is an eigenbasis
for the second variation, around b, g,, of the Alt-Caffarelli functional restricted to the sphere.
Integrability follows after explicitly computing some of the associated eigenvalues.

2. NOTATIONS AND PRELIMINARY RESULTS

2.1. Notations. It will be convenient to split the Weiss energy into two pieces, one without the
measure term and one with it, so we set

Wawﬁiéyvm%m—[;iﬁwﬂ* and  W(u) := Wo(u) + | By 1 {u > 0}].

We will often work in spherical coordinates: a point x € R? can be written as (r,6), where r = ||
and # € S¥"! = 9B;. Given a function u:  — R (almost always a minimizer), a point xq (almost
always in O{u > 0}) and a radius r > 0 we can define the rescaled function

u(rz + o)
T

for 0 < r < dist(zg, 092). (2.1)

urzxo (IE) =

When z is clear from the context and r € {r;};cn we will write u; to mean Ur; zo-

Finally, let « be a minimizer to and zg € 0{u > 0}. Assume there is a sequence r; | 0 such
that up; 2y — Uoo uniformly on compacta as j — co. We then say that us is a blow-up of u at .
It follows by the convergence theorems of [I] and the work of [27] that us, is a one-homogenous,
globally-defined minimizer to .

2.2. Eigenvalues and eigenfunction on a spherical set S. Let S be an open subset of the
sphere dB; € R?. On S we consider the family of eigenfunctions {gbf }j>1 and the corresponding

sequence of eigenvalues
9

0<A <A< <A <

counted with their multiplicity. Each function ¢; is a solution of the the PDE
— Nop,#; =AJ¢5 in S, ¢ =0 on 985, /|@MW*:L (2.2)
0B1

where H9! is the (d — 1)-dimensional Hausdorff measure, Ayp, is the Laplace-Beltrami operator
on the unit sphere dB;. Thus, every function ¢ € H}(S) can be expressed in a unique way in
Fourier series as

o0

c(9) = chqﬁf(@), where, for every j > 1, ¢ = / c(@)gbf(ﬁ) dHL().
j=1 S

The harmonic extension h. of ¢ to the cone

Cs:={(r,0) eR* x0B; : r>0, § €S}, (2.3)
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is the solution of the equation
—Ah.=0 in Cg, he=c¢ on S, he=0 on B;NICs,

and can be written explicitly in polar coordinates as

o0

hc(ra 0) = Z erafgbf(e),

j=1
where for every j € N the homogeneity constant ozjs > 0 is uniquely determined by the equation
af(af—i—d—Q) :/\f.
In what follows we will often drop the index S and we simply use the notation ¢;, A; and «;.
Remark 2.1. [The case of 1-homogeneous minimizers|] Let b be a 1-homogeneous minimizer of the
Alt-Caffarelli functional (1.1]) and let us denote its trace on 0B7, with a slight abuse of notation,
still by b. In polar coordinates b(r,0) = rb(#). Let 2 := {b > 0} N OB; be the positivity set of b

on the unit sphere. Then, using (1.2)), it is easy to see that €2 is a connected open set and there
is a constant k¢ > 0 such that

b=roolt, ANl=d—1 and A} >d—1, (2.4)
where qﬁ? is the normalized eigenfunction given by with S = Q. Moreover, on (the regular
part of) the boundary of the spherical set €2 the following extremality condition is satisfied:

k0 0,0 (x) = Ab(x) = —1 for every z € O,
where v denotes the outward pointing normal to 9f).

Notice that if two smooth connected open sets are close in C', then their spectra are also close.
Thus )\25 remains strictly greater than d — 1 for spherical sets S that are close to 2. We give the
precise statement in the following remark.

Remark 2.2. Suppose that 9 is smooth and that 95 is the graph of the function ¢ : 92 — R
with [|¢||c1.e < 0, where 6 > 0 is small enough depending only on the dimension and b. Then

A= (d=1)> (A3 = A9) + (X = (d=1)) 2 7(d. b)/2, (2.5)
where v(d,b) := A} — (d — 1) = A} — A > 0 depends only on b and the dimension d.
2.3. Internal variations on spherical domains and integrability. Given a smooth domain

Q C 0By, determined by a 1-homogeneous minimizer b as in Remark and a function, ¢ €
C?*2(09), we consider the functional

F(¢) = g AC) +m(C) — (w5 (d — 1) +m(0)),
where the various terms are defined in the following way:

e kg is the constant given by ;
e ()¢ is the domain in 0By whose boundary is the graph of ¢ over 92 in the sense of ;
e \(¢) is the first Dirichlet-Laplacian eigenvalue of )¢ and ¢¢ is the corresponding eigen-
function given by with § = Q;
e m(¢) == H Q) and in particular mg := H ().
Given two functions g, ¢ € C**(952), the first and the second variations of F are given by

2
SFQC = $| Flari)  amd  RFEA= S| Flori.

The most important properties of the functional F are listed in the following lemma, which is
essential for the proof of Theorem

Lemma 2.3. Let g,( € C*%(00Q). With the above definitions the following holds.
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(i) There is a constant C, depending only on d and b, such that if ; € C**(9Q), fori=1,...,n,
are such that [|gl|c2.aaq) < C and ||Gllc2.«a0) < O, then the function (t1,...,tn) — F(g+
Yo tiG) is analytic on ] — 2,2].

(i) The first variation vanishes at zero, that is F(0)[¢] = 0, for every ¢ € C*(99).

(tit) The function t — ¢gi4c is differentiable in t €] — 2,2[ and the derivative % t_0¢g+t< =:

dpgl(] € L%*(0By) satisfies the estimate

| 18,0R I < C < Ry (2.6)

where C' depends only on d, b and ||g[|c2.«(aq)-
(i) 82F(g) is a quadratic form on H'?(0Q) x H'?(99Q).
(v) There is a function w(t) : [0,1] — RT, satisfying lti&)lw(t) =0, such that

27 (), ¢] - EFO)IC ] < w(lgleraoa) 1K1 en- 27)
(vi) There exists an orthonormal basis (&;); of H'/?(0Q) such that & € C** (), fori € N, and
52 F(0)[&:, &) := Nidij for every i,j € N, (2.8)

where A; — 00 is a non-decreasing sequence of eigenvalues. In particular, there is a constant

C = C(d,b) > 0 such that
(d —1) < dimker(62F(0)) < C < oo, (2.9)

where the lower bound depends on the fact that the infinitesimal generators of rotations of
o) are in the kernel of 62F(0).

The proof of this Lemma is rather technical so we give it in Appendix [A]in order not to disrupt
the flow of the proof. We only remark here that (i) follows from [19, 20], (ii) and (iv) follow
by the general representation of the first two variations given in Subsection (iii) is proved

in Subsection (v) in Subsection and (vi) in Subsection Notice that (2.9) leads

naturally to the definition of integrability through rotations.

Definition 2.4 (Integrability). Let b € H'(By) be a 1-homogeneous minimizer of £. We say
that b is integrable through rotation if

dimker(6°F(0)) =d -1 and EdHY2 =0, for every negative eigenfunction & of 62F(0),
o0

that is, if all the eigenfunctions corresponding to the eigenvalue 0 are infinitesimal generators

of rotations of @ = {b > 0} and if the constant perturbation is orthogonal in L?(0Q) to all the

negative eigenfunctions.

This definition differs slightly from the usual one given in the context of minimal surfaces, in that
it requires orthogonality for the negative eigenfunctions that is, the eigenfunctions associated to
negative eigenvalues. This is due to the fact that F can be perturbed not only geometrically (i.e.
by changing the domain) but also by changing xo (the coefficient in front of the first eigenfunction

of the domain). We also notice that, by Subsection |A.1} / EAHT2 = 5N (0)[¢].

Q
We shall prove in Section [5| that the De Silva-Jerison cone is integrable through rotations by
explicitly finding the basis {¢;} and computing the associated eigenvalues.

3. PROOF OF THEOREM

This section is the core of the paper and deals with the proof of Theorem |3l We split it into
several parts. We first define the competitor and list several of its properties, from which Theorem
will follow. Then, in the subsequent subsections, we prove that these properties hold through
external and internal variations.
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3.1. Definition of the competitor and its main properties. Given a function c € H'(S;R,),
on the set S = {c > 0} C 9By, we consider its decomposition in Fourier series over S

oo

e(6) = c161(6) + 9(9), where g(6) == 3 c;5(6). (3.1)

Jj=2

In this notation, the one-homogeneous extension of ¢ in Bj is given by

z(r,0) = cir¢1(6) +rg(0). (3.2)
Our competitor h € H*(By;R,) will be defined as
h(r,0) = hi(r,0) + ¥,(r)hy(r,8), (3.3)
where
e 1, : By — R is the function defined by

Ay, =0 in DBo,\ B,, Y,=1 on B\ By, Yp,=0 on B,. (3.4)

In particular, 1, depends only on the variable r, ¢, = 1,(r).
The radius p € (0,1) depends only on the dimension d and is chosen in Proposition

e hy: By — R is the harmonic extension of g to the cone Cg := {(r,0) : r >0, o € S},
Ahy, =0 in Cg, hg=g on 0By, hg=0 on B;\Cs. (3.5)
e hi: B; — R is defined by
0) if 1
ha(r,) i= 7 1O e ol (3.6)
ph(/p,0) ifrel0,p],

where h is the competitor from Proposition corresponding to the trace cj¢.

The epiperimetric inequality (1.6 is then a consequence of the following two propositions. The
first deals with the terms corresponding to the higher eigenvalues, for which the energy can easily
be improved by taking the harmonic extension.

Proposition 3.1 (Homogeneity improvement of the higher modes: the external variation). Let
S C OBy be an open set and g € H&(S’) be a function, expressed in Fourier series over S as

g(0) = chxﬁf(@), where k >1 1is such that )\E >d—1.
j=k

Then, there are constants eg > 0 and pg > 0, depending only on the dimension and the gap
/\f — (d—1), such that for every 0 < e <eg and 0 < p < py we have

Wo(thuhy) — (1= £)Wo(zy) <0, (3.7
where z4(r,0) = rg(0), and 1, and hy satisfy (3.4) and (3.5)), respectively.

The second proposition deals with the projection of ¢ onto the first eigenfunction and is more
difficult. In this case, the energy term no longer dominates the measure term and the construction
of the competitor is more complicated.

Proposition 3.2 (Epiperimetric inequality for the first mode: the internal variation). Let b €
HY(B1,R,) be a one-homogeneous minimizer of the Alt-Caffarelli functional. There erists &€ =
e(b,d) >0,y =(b,d) € [0,1) and dp = do(b,d) > 0 such that the following holds. If

e {¢ >0} =S5 C 0By is a connected spherical set whose boundary is given as the (spherical)
graph of the function ¢ € C>*(0Q) satisfying ,

e c =Koy : OB — R (a multiple of the first Dirichlet eigenfunction of S), extended by
zero on OBy \ S, where k € R satisfies 0 < k < 2kg (defined in (2.4))),
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then there exists a function h € H'(By,R,) such that h = ¢ on OBy and

W (h) — W (b) < (1 — o |W(z) - W(b)w) (W(z) — W (b)) (3.8)

where z is the 1-homogeneous extension of ¢ to By. Moreover, for every r € (0,1), h(r,-) is a
positive multiple of the first Dirichlet eigenfunction on the spherical set S, := {h(r,-) > 0} C 0B,.
Furthermore, if b is integrable through rotations, then we can take v =0 in (3.8).
3.2. Proof of Theorem |3 We set for simplicity, in the notation of (3.1)-(3.2]),
21(r,0) := c1r$1(0) and 2¢(r,0) :==1g(6).
Since the eigenfunctions {¢;},>1 are orthogonal in L?(0B;) and H'(9By), we get that
Wo(z1 + zg) = Wo(21) + Wo(zg).
Moreover, since the set S = {c¢ > 0} is connected, we have that {¢; > 0} = {¢ > 0}. Thus
W(z) = W(z1 + 2z¢) = W(z1) + Wo(zg).
We notice that, for every r € (0,1), the functions hy(r,-) and hgy(r,-) are orthogonal in L?*(9By),
as well as in H'(0By). Indeed, hy(r,-) = 0 if 7 < po, while for r € [pg, 1] the claim follows by

the Fourier decomposition of h, (see Subsection [3.3) and the orthogonality of the eigenfunctions.
Thus,

Wo(h1 + phg) = Wo(h1) + Wo(¥,hyg).
Moreover, we have that
{h(r,) >0} C S ={hi(r,) >0} forevery r € [po,1],
{h(r,:) >0} = {hq(r,-) > 0} for every = €0, pol.
Thus,
W(h) = W(hy +phg) < W (h1) + Wo(phg) ,

and, for every 0 < & < g (g9 being the constant from Proposition [3.1]), we have

(W(h) — W (b)) — (1 - ) (W(z) — W (b))
+ Wo

< (W(h1) + Woldhphg) = W (b)) = (1 — &) (W(z1) + Wo(zg) — W (b))
=W(h1) = W(b) — (1 —e)(W(z1) — W(b)) + Wo(¢phg) — (1 — )Wo(z,)
<W(h) =W () — (1 —e)(W(z1) = W(b)) + (e — 0 Wo(zg) (3.9)

where the last inequality follows by Proposition Note that, since by the gap )\*29 —(d-1) >
~(d,b), the constant €y > 0 depends only on the dimension and the cone b. Also note that if
Wo(zg) > (W(z1) — W(b)), then we can let hy = z; and € = ¢9/2 and get the epiperimetric
inequality. Thus we can assume that Wo(zg) < (W (z1) — W (b)), so that

W(z) = W(b) <2(W(z1) — W(b)). (3.10)
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In order to conclude the proof, we notice that

W(h1)=/ IVh1|2—/ hi + [{h1 >0} N By
Bl aBl

:/ |v212—/ 24 {21 > 0} 1 (Bi\ By)| +/ Vil + [{hn > 0} N B,|
B1\B, 0B, B,
1
— / {/ (|V9z1|2 —(d—1)2? + ]l{z1>0}):| rd=1dr
p 0B

p
+/ \Vh1]2—d/ [/ z%] r®~tdr + |{h1 > 0} N B,|
Bﬂ 0 0B1
1
=(1- pd)/ {/ (]V9z1]2 —(d— l)z% + 1{z1>0})} ré=ldr
o LJoB:

—|—/ ‘Vh1|2—pd/ Z%—l—‘{hl >0}QBP‘
0B,

=(1- pd;W(Zl) + p"W (h1,p) = (1= p" )W (21) + p?W (R).
Let € > 0. By Proposition [3.2] we then have
(W(h1) =W (b)) — (1 = &)(W(z1) — W(b))
= (1= p)(W(z1) = W) +p"(W(h) = W (b)) = (1= &)(W(21) - W(b)
< (=W (z) = W) + o (1= W)~ WO ) (W)~ W)

- (s- — ey |W(z) — W(b)w) (W(z1) — W(b)). (3.11)

Note, all the assumptions of Proposition [3.2] are obviously satisfied except for the condition that
0 < ¢1 < 2r. This follows from the hypothesis in Theorem [3|that ||c—b|| ;2 < & and the fact that
b= ko ¢1 on OBy (see (2.4)). Note that by we can replace the term e1|W (z1) — W (b)|” by
the smaller 277¢1|W (z) — W (b)|?. Setting p = pp and

& = min {eo, pl2 771 |[W(2) - W(b)|"},

and using the estimates (3.9) and (3.11]), we obtain the epiperimetric inequality (1.6 with
€ = ,06[2*761, where €g, po,7v and e1 are the constants from Proposition and Proposition
depending only on b and the dimension d. O

We prove Proposition in Subsection using a general argument from [23]. The proof of
Proposition [3.2]is more involved and is contained in Subsections and

3.3. Homogeneity improvement for the higher modes: proof of Proposition In
this subsection we prove Proposition 3.1 The proof will be a consequence of the following two
Lemmas from [23] of which we recall the statements below. The first lemma shows how the
harmonic extension of the high modes has smaller energy than the 1-homogeneous extension.

Lemma 3.3 (Harmonic extension [23, Lemma 2.5]). Let S C 0B; be an open subset of the unit
sphere and g, hy and z, be as in Proposition . Then Wy(z4) > 0 and

-1
Wolhg) — (1 —e)Wo(zg) <0 for every 0<e< Tk

_ 12
_d+ak71’ (3 )

where ai = a;g is the exponent from Subsection .

The second lemma shows that properly cutting-off the harmonic competitor near the origin pre-
serves the energy improvement. This is needed to preserve the orthogonality between h, and
hi.
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Lemma 3.4 (Truncation of the harmonic extension [23, Lemma 2.6]). Let S C 0B; be an open
subset of the unit sphere and g, hy and z4 be as in Proposition . Let p > 0 and ¢ :== 9, be
given by (3.4). Then, there is a dimensional constant Cy > 0 such that

2 2(ak—1)+d
14 Caak (20)
o — 1

) < ) ot 313

where q, = ag s the homogeneity exponent corresponding to the eigenvalue )\f (see Subsection

.

Proof of Proposition We only consider the case Wy(z4) > 0 since otherwise the statement
is trivial. Thus, it is sufficient to prove (3.7 for € = 9. By Lemma and Lemma we have

WO(¢ph9) < (1 + Cacu fk.p)_ 1 > Wo(hg)

Cy ay, (2p0)2(0‘k_1)+d ap —1
< _ ST\ w, < (1 —eo) W,
= (1 + an—1 1 d+an—1 0(zg) < (1 —e0)Wol(zg),

Q(Qk—l)-‘rd

for some constants €y > 0 and pg > 0 depending only on the dimension and the gap ap—1 > 0. O

3.4. Internal variation and slicing. This subsection contains a preliminary result for the proof
of Proposition We treat it separately since it offers a new perspective on the epiperimetric
inequality. Suppose that u : B; — R™ is a minimizer of the Alt-Caffarelli functional £ in By such
that 0 € 0{u > 0} and b is a blow-up of u at 0. By definition, u is the best choice for a test
function in the left-hand side in the epiperimetric inequality

W(u) — W(b) < (1—2)(W(z) — W(b)).

The Lipschitz continuity of u implies that using the coordinates (r,8) € Rt x S¥1, the function
u can be written in the form u(r,6) = r¢,(0), for some ¢, € L?(0B;). Thus u can be identified
with the flow r — ¢, € L?(0B1) and so, given a trace ¢ : 9B; — RT, it is not restrictive to search
for a competitor h, written directly in the form h(r,0) = r¢, ().

We introduce the following functional, which will be helpful in our analysis. For every function
c € H'(0B;) on the (d — 1)-dimensional sphere 9B; C R?, we define

E(c) = /83 (|v9c|2 —(d— 1)c2) dH 4 1 ({e > 0} N OBy). (3.14)

Remark 3.5. We notice that for the one-homogeneous function z(r,0) = r c¢(f) we have

W(z) = /01 [/83 (]V96|2 —(d—-1)*+ ]l{c>0}) d?—[d_l(ﬂ)} rdtdr = éE(C)

In particular, E(c) = dW(b) if ¢ is the trace of the one-homogeneous solution b on the cone

{b > 0} N 9B;. Moreover, if ¢ is the first eigenfunction, ¢ = qﬁ?g, for some domain Q C 9B
whose boundary 02 is the graph of ¢ over d€1, then in the notation of Subsection we have

E(c) = A(¢) = (d = 1) + m(C) = F(C) +m(0).
The following lemma relates the energy, W, of a function, u, to the energy, FE, of its slices, ¢,.

Lemma 3.6 (Slicing Lemma). Let v : Rt x 9By 3 (t,0) — v:(0) be such that v(t,0) € H'([0,1] x
0By), vy € HY(OBy) for every t € RT and t — v is Lipschitz continuous as a function with
values in L*(0B1). Let n:[0,1] — R be Lipschitz continuous. We set

u(p, 0) = pvy(0) and  2(p,0) = pvya)(0).
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Then, for every e > 0, we have

1
W(u) — (1 —e)W(z) = /O (E(vn(r)) —(1- g)E(Un(l)))rdq dr

1 (3.15)
[l @R [ ol ar
0 0By
Moreover, the same inequality holds with Wy and Eq in place of W and E.
Proof. We first calculate the energy of u.
Wo(u) = / |Vu\2d:v—/ u® df
0By
1
d—1 2 2
r (1)) + =5 (r[Vevy, d@dr—/ v2y db
= [ (e 0D+ S a0 [ 2
d—1 20 10.1\2 2 2 2
+r8 )T 7)) 0cvn | + [Vovy der—/ viqy do
/ /83 ( <>> (' ()7 0rvon | + [V ovy )] > o, 1V

/ a1 / 1212|050, |2 + Vot |2 — (d — 1w (T)) d9 dr,
0B1
where in the last step we integrated by parts in r. Thus, we get
W (u) = Wo(u) + | By N {u > 0}

1
=1 (00620000 4 Fav = (0= 102 a
1
+ It (631 N {Un(r) > O})} rd=1 dr.

Analogously, the energy of the one-homogeneous extension z is given by

1
W(z) = /0 [ /8 . (|v9v,,<1)|2 —(d— 1)ug(1)) df +H (0B N {v) > 0})} rd=tdr, O

The identity (3.15)) suggests that in order to obtain the epiperimetric inequality (3.8) we have
to construct a ﬂow t — vy, that decreases the energy 3 LE(v;) = W(b). To do this we Wlll look at
the spectrum of the bilinear form that corresponds to the second variation of 7. On the other
hand, changing the initial trace ¢ = v, (1) has a cost due to the last term in . The balance
between this last term and the energy E will be the main subject of the following subsection.

3.5. Proof of Proposition Let K := ker(62F(0)), N := dim K and px, px+ be the L?(99)-
projections on K and K=, respectively. Let ¢ € C*(9€) be given (as in (1.5)) and

N
¢=¢T¢t = Zﬂjbﬂ‘CL’ where ¢t =pgi¢ and {u1,...,un} is an orthonormal basis of K.

Moreover, slightly abusing the notation, we will write p° := Z;V: L ujg € K CH /2 (092), and also

0= (m,. ., i) € RY, so that [60] = €7 gegon)
Let T: KX R — K+ be the map of Lemmaand let ¢ := ¢t — T (u0 5% € K. Then we can
decompose ( = (1 + (2, where (1, (s are defined by

G=> pm& and  Gi= ) pi&,
Ai>0 Ai<0
where (&); is the orthonormal basis of K given by Lemma (so (&)ien U (Lj)j-vzl is an

orthonormal basis of H'/?(92)) and ); is the eigenvalue of 62F(0) relative to &;.
Finally recall the function G : C*%(9€)) ® R — R defined in (B.1)

G(¢,s) = (kg + s*)(A(C) = (d = 1)) + m(¢) — m(0).
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Definition of the competitor. We will define the competitor h(r,0) in such a way that, for
each r > 0, the positivity set {h(r,-) > 0} C dB; will be given by the spherical set €, , whose
boundary is the graph of g, : 02 — R, where

9:(6) = g(r.8) = ()1 (0) + ma(r) Go0) + (ms(r)) + X (). sCsr))) ) . (3.16)
where the function R > ¢ ~ (u(t), s(t)) € RY @ R is defined through the gradient flow
/ / —VG(M(W S(t)>

wi(t),s(t)) =

WO = 9600, s(0) (3.17

(1(0), 5(0)) = (1°, s°),
the function G: RN @ R — R is the analytic function of Lemma defined as G(u,s) =
G+ Y (i, s),s) and s will be defined below. If [VG(u,s)| = 0, then we set (i/,s’) = 0. The

functions, 11, 72, n3, will be chosen later, with the properties that 71 (1) =1 = (1) and n3(1) = 0,
so that

g(1,) =G+ Gt (1 + () = ¢F = () + (¢ + 0 (") = - +¢T =

For every r € (0,1), we denote the first Dirichlet eigenfunction, the first eigenvalue and the
measure of (), by

bg, = gb?” , Agr) = )\?W and m(gr) == H"H(9Q,) .
We define the competitor A in polar coordinates as
h(r,0) = rrrdg,(0), (3.18)
Where 2 = k3 + s3(n3(r)), and s(t) is given by (3.17), where s(0) = s € R is chosen such that
+ (80 ) = /{2 Recall that the one-homogeneous extension z of the trace ¢ = Kk ¢ = K ¢g, is

g1ven by z(r,0) = rk¢g, (#). We notice that, by the Slicing Lemma we have
1
‘(W(ﬁ(r, 0)) — (1—e)W(z) + 8W(b)) - /0 [g(gr, s(ns(r)) — (1 — £)G(¢, SO)}Tdfl dr‘

b a1 9s(ms(r)* 21 o . i (3.19)
5/0 r [' (s (X)) [ (r))” d +/0 2 /aBl 166,19/ ()] dod

Ky
Setting for simplicity s = s(n3(r)), u = u(ns3(r)) and g = g(r), we can write
Q(g,s)—(l—s) (Cv ) (97 ) g(ﬂ+T(ﬂvs)a5)+g(”+T(ﬂvs)a5)
~ (1= 2)(9(¢,5°) = G+ T(u, %), 5°) + G (4° +T<u°,s°>,s°>)

Zg(g,s)fg(,uvLT(,u,s),s)—(1—6)( (¢,8%) =G (u° + 1 (O, s°), 30))
— Rt
+G(p,s) — (1—e)G(u° ") . (3.20)
=ET
We will estimate separately E+, ET and the two error terms in the right-hand side of .
Estimate of E. For what concerns E, we first notice that, by ,

g(r) = u(ns(r)) — L (u(ns(r), s(ms(r)) = m(r)G + m(r) G =: ((r) € K.
Using the identity

1
f(l)zf(0)+f'(0)+;A+/0(1t)(f”(t)A)dt, for A€R,
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for the function f(t) := G(u+ Y(k,s) + tC, s) and A = §>F(0) [€,¢] we get
1 o

(9(9.9)-G (1 +T(1,9),5) ) = 582F O

< 3w [P+ X) +1.) = FO| Gl = S1ICpe (321

where we used the fact that 62G(0,0) = §F(0) and, by m,
F1(0) = 6G (n+ Y, 5),8)[(C,0)] = P (3G (1 + Y(p, ), 5)) [, 0)] =

Moreover, since f(r) =n1(r)(1 + n2(r)C2 and (3 and (o are sums of orthogonal eigenfunctions of
§2F(0), we get that

2F(0)[C, ¢ = 6 F(0)[m + m2la, m + m2Ca] = 17 6> F(0)[Cr, ] + 3 62 F(0)[Ca, Cal-
Analogously, since ¢ = u® + T (u°, s%) + ¢ we have

(906 80)-G(1" + 0", ), 8)) = 5 (PFONG, Gl + PFO), Gl )|

< sup ]52g(ﬂ0+’r<u°,s°>+t&s”>—62f<0>]H§Hzm = S [(ll3pe (3:22)

Choosing 1m1(r) = 1—(d+1)e(1 —r) and n2(r) = 1 we get that ||é(r)\|2 e < ||C1HH1/2 + ”<2||§{1/2 =
IIC ||i[1 .- Thus, combining the inequalities (3.21) and (3.22)), we get that there is a dimensional
constant Cy > 0 such that for every ¢ < 1/4 we have

1 1 1
| Bt < S F00G) [ 6R) - -yt ar
0

0

1 1 1 .
+ 52}-(0)[@,@]/ (m3(r) — (L —e))r*~tdr + / (IS1] +1S2]) 4=V dr [IC]13;12
2 0 0

s Cas (- A ) Gl + M) llGa 2 / S1] + 1S5]) v dr 1812,
< ds( <{|I§11n} >||C1H <{n&1ax} >||C2|>r-|- (1S1| + |Sa|) = r11€)12

1
< (~Cae+ [ s+ 152D 7 ) e
0
In order to bound S; and So, we notice that the second variation of G is given by
52G(9,9)[(¢,0), (¢, 0)] = 6°F(9)[¢, ] + s°0%A(9)[¢, ¢],  for every s €R, g,( € CH*(9Q).

Applying this formula to the second variation §2G (,u + Y, 8) +tC, s) in the directions (¢,0) and

(¢,0), then using (2.7) and the estimate 62\(g)[(, ¢] < C’HCHHI/2 (see Subsection , we get that
there is a modulus of continuity w such that

1S1] + [Sa| < Cap(w(p+ I¢]lcze) + w(p® + [|¢]lc2a) + °).

Recall that ¢ = (1 + (2, where (5 is a finite linear combination of eigenfunctions of the operator
T (see Lemma [2.3) with coefficients which are bounded by ||(|[;1/2. In particular, there is a
constant Cgp, depending only on the C?“ norms of the eigenfunctions in the index of the cone
and in the kernel of 62F(0), such that

[Cillcza + [[G2llcza < [[Clleza + (1o + L(po, s0) + Callc2e + [[C2llc2e < CapllC]coza-
Thus, we get
[S1]+ 12| < Cap (w(lI¢lleza) + 7).
so that, up to choosing the ||(||c2.« and s small enough, we have

1
/ Etr®hdr < —CapellClpe- (3.23)
0
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Estlrnate of ET We can assume without loss of generality that G(u°,s%) > 0, otherwise set
p = p® and s = s°, and the conclusion holds for all sufficiently small ¢ depending only on b
and 6 > 0. By the LOJa51eV1cz inequality for the analytic function G (see [18]), there exist a
neighborhood U of (0,0) € RY x R and constants C,~ > 0, depending on b and the dimension d,
with v € (0, 1/2], such that

G, 8)|7™7 < C|VG(,8)|, for every (u,s) € U. (3.24)

Therefore, as long as 0 < G(u(t), s(t)), we can use the flow (3.17)) to estimate,
Glitt) (6)) = G(u".s") = [ L-Glp(r).s(r)dr = / VG (u(r), s(r)) - (4 (7). 8 (7)) dr
/ VG (u(r), s(7)] dr < 0,

so that the function ¢t — G(p( ) is non increasing to 0, and therefore there exists a first time
t1 > 0 such that

9 >0 if0<t<ty

ift >4 .

SN
Q Q
=

—
=
o O

VS
o
~

G(u(t), s(t))
If n3(r) < t1 then using (3.25)) we get

3(r)
G (u(n3(r)); s(n3(r)) — (1 = e)G(p°,s°) = /77 VG (p(r), (7)) dr + & G(1°, s°)

{G(u@, s(t)) >
<

< C/ |G (u(7), s(T)|* 7 dr + e G(u, s°)

—C |G (u(ns(r)), s(ns(r))' " ms(r) + € G(u°, 5°)
—C|G(H SO ma(r) + e G(n, 5°)
— (Cns(r) — G, s ) ) G(n’, 50)1 7, (3.26)

where in the first inequality we used the Lojasiewicz inequality (3.24] , the second follows by the
monotonicity of g and the third by the assumption n3(r) < ;.

2
eG(u®,s")(1 —7) , we have

_|_

C
0o .0 1 0o .0

Glum()es() — (1 = G0, < = (5 =< ) Glu,s)

—(Cm3(r) —eG(p®,s°)) G(u°, s%) 7.

Therefore, for every r € [0, 1], we have the estimate

/ BTl - / (Gt stm(r) — (1 - )G, ) )=

If n3(r) > t1, then choosing n3(r) :=

< -G, %) V/1 (Cna(r) = eG(u®, s°)7) r®= 1 dr (3.27)
0
' G(u°, s
=—eG(u’, 80)/0 ((d+1) = (d+2)r)r®tdr = _gd((du_}_,l))'

Estimating the two error terms in the right-hand side of (3.19)). For the radial term, we
notice that since s is 1-Lipschitz, for xg/2 < so < 2kg and ¢ and G(u?, s%) small enough, we have

ZD < 0 —ma(r) < s(n3(r)) < s® +n3(r) < 4ro.

Using this estimate in the x direction we get

[ )P e < a2 G0 (3.28)

52
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We now estimate the second term in the right-hand side of (3.19)). By (3.16|) we have
g'(r) = 0,9(r,0) = 1 (1)G(8) + (1) (1 (ns(r)) + (1 (ms(r)), ' (ns(r))) - VL (pams(r), 55 (1))) ) -
Since [|C1 |z @0) < Cap, [1'] <1 and [VY] < Cyy in a neighborhood of (0,0), we get
lg' (M)l z2@0) < Cap(lICillzlm ()] + [n5(r)]) |
so, using Lemma (iii) and the definition of 73, we conclude that
1
[ttt [ 6oy g0 dodr < Can(2alfs + £G00). (3:29)
0 0B

Conclusion of the proof. In order to conclude the proof, we consider two cases.
Case 1: |[C[|gr2 > C71G(u, s°)1/2 for some universal constant C' > 0 depending only on b and
d. In this scenario, let 73 = 0 and combine (3.19)), (3.20)), (3.23)), (3.28)) and (3.29) to get

W) =W (0) ~ (1) OV () - W (0) < ~Cael Iy 2G00) < (~Cane 4 ;) €1 <0,

where we used the fact that 75 = 0 so that no error term come from the flow. Therefore, the
epiperimetric inequality holds for € > 0 small but universal.

Case 2: Otherwise, we need to chose ¢ > 0 depending on G(u", s°) so that we can absorb the

errors in (3.29)), (3.28)), into the gain (3.27). Letting ¢ = £1G(u°, s°)1=27 for some g1 > 0 small
(but universal) and combining (3.23)), (3.27)), (3.28) and (3.29)), we get

h x eG (0, s°
W (h(r,0)) = (1 =)W (2) +eW () < =Cupe [<llpr(o0) — d((d+1))
+ Cap (52”5”%1/2(69) +2G (Y, 50)%)
< —Caper G(p°,8°)*7%7. (3.30)

Finally, writing W (z) — W (b) as in (3.20) and using the estimate (3.22)), we obtain
1
1
W) = W) = [ G0 dr = (66,5 = (1 + X (1,0, °) + G 0)

<Cayp (HfH?{W +G(n, 80)) < CapG(u°, sY),
so that
—e < —Caper (W(2) —W(b)'™*
and the conclusion follows by replacing this in (3.30) with 4/ =1 —2v € [0,1).
3.6. Proof of Proposition the integrable case. Before starting with the proof of Propo-
sition [3.2] in the case when b is integrable, we need a preliminary Lemma, which will allow us

to kill rotations, that is to choose a parametrization for which the kernel of §2F(0) is trivial.
Throughout this subsection we assume that b is integrable through rotations (Definition [2.4]).

Lemma 3.7 (Killing the linear part). There exists a dimensional constant § > 0 such that if
(: 0Q — R satisfies ||C||c2.a(a0) < 6, then there exists a rotation U of the coordinate azes such

that graphyq(¢) = graphU(aQ)(f), where  satisfies
(i) ”5”02,a(U(aQ)) < C[¢llc2.a(aq), for a dimensional constant C';

(i) if & is such that 62F(0)[&;, ] = 0, then / C&dAH™2 = 0.
U(99)

Proof. Consider the family of functions defined by
R = {u: 0N =R :u:= a1+ +ag1&4-1, ar,..., 041 ER}

where &, i = 1,...,(d — 1), are the eigenfunctions of §2F(0) relative to the eigenvalue 0 with
1€ill 12(00) = 1. Since by Lemma [2.3 rotations are always in the kernel of 62F(0), it follows that
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the infinitesimal generators of rotations of 9€) are all and the only elements of R. For any u € R,
let U, be the rotation generated by u of magnitude Zf:_ll |a;|. By the integrability of 9, there
is a neighborhood U of 0 in R such that, for any u € U, the functions (£})i=1,.. 4—1, defined by
graphyq (&) = graphy, (s0)(£}), are a basis for the kernel of §2F(0).

We consider the functional ¥: C%%(9Q) x R — R?~!, defined in a neighborhood of (0, 0), by

U(f,u):= WELAHY 2 L EY L dH 2
(f.w) ( /U o fu /U o fuie )

where, as above, f, satisfies graphyo(f) = graphy, sa)(fu). Notice that, since graphyn(0) =
graphy;,. (aq)(—t&i), we have with u = t¢; that

\1’07 i) = T ;—LU7”.7 ;Lu—
(0,1¢) <t/u(69)§51 t/Uu(m)s m)

so that, identifying R with R~! using the basis (&;);, we compute ¥(0,0) = 0 and VR ¥(0,0) =
—Id. By the implicit function theorem, the conclusion immediately follows. O

Proof of Proposition for integrable cones. We first notice that by Lemma [3.7| we can assume

that 4% = 0. Thus, in the notation of Subsection we are left with ¢ = ¢+ =¢ = G + G.
The positivity set of our competitor will be determined by g(r,0) = n1(r)C1(0) + (2(f), while the
competitor itself is given by h(r,0) = rk, ¢y, (0), where

2

Ky = KZ% + ?73(7’)(80)3 , (30)3 =r2 - /ﬁ% , n3(r) =1—ea(l —r),

and a € R is given by a = sign(sp) dA(0)[¢] = sign(so) IA(0)[C1], since by the integrability assump-
tion 6A(0)[¢2] = 0. Note that x2 = w2, which means that h(r,6) satisfies the boundary condition

h(1,0) = kpc(0) = c(6). As above, the slicing lemma gives
1
(¥ 00 = 0= W)+ W) = [ [olaray ) - (1= 9]

1 1 (3.31)
<3(50)362a2/ rdt s (r)? dr—l—/ Hzrdﬂ/ ‘6¢gT[g;]‘2d«9dr.
0B1

0 0
For simplicity let g = g, and s = s%3(r)"/3. As in (3-20), we write:
g(gv 5)_(1_5)Q(C7 SO) = g(gv 0) - (1 - e)g(C70) + (g(ga 5) - g(g,O)) - (1 - 8)(g(c’ SO) - g(Cv O)) .

:El =ET
To estimate EL we proceed as for the term E-+ above, so that by (3.23) with T = 0 we get
E*=G(g,0) - (1= )G((,0) = F(g) — (1 - ) F(Q)

< % (62 F(0)g, 9] = (1 = )6* F(0)[¢, ¢]) + wlllglloz) lglFpre + w(liC ) € F e
. % (ni(r) = (1 =€) S*F(0)[¢r, Cu] + %52f(0)[C2, Gl +wlGlieza + Icllcza)llC 7.

Integrating in r, and choosing again n1(r) =1 — (d + 1)e(1 — r), we get

1 ~
/ ESr®ldr < —Cype|IC)131- (3.32)
0

Moreover, again as in (3.29) without the G term, we have

1 1
[ttt [ Jsen g dvdr = [t h)? [ ooyl odr < CaslGle (333
0 0B1 0 0B,
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To estimate ET we write
ET = (8° (ms(r) (Mg) = (d— 1) = (1 =) A(Q) — (d = 1))
< () (m()6AO)s] ~ (L= 2EXOL) +1°° sup ([8°ACto)l. a1l + 15222 <]

t€l0,1
< (s°)° (m(r)ns(r) — (1 = €))aN0)[¢1] + CIs° P11,
(3.34)
where in the last line we used the continuity of 62\ and that the eigenfunctions of §2F(0) with
negative eigenvalues do not change A to first order. Now, by the definition of 7, and n3 we have

1 3 ca 2:2a ae 1 2e
/0 (m(r)ns(r) = (1= &))r® " dr = Tdd+ 1) ddre) . d <d+1 - d+2> '

Since a = sign(sp) dA(0)[(1], choosing € > 0 small enough depending only on d, we get

1 o~
/ ETr®™ dr < —Cyls"P(0A0)[G1]) e + Ol PlIC - (3.35)
0

Putting (3.31)), (3.32)), (3.33)), (3.35) and together, we get that
(W(h(r,0) = (1= )W (2) + eW (1)) < = Ca (<1 + |8 PONO) (1))
+e%Cap (1G 17 + s° P (GAO0)[G])?) + ClsPlIC e

Letting € > 0 be small enough and then perhaps shrinking 6 > |lu — b”2L2(8B1) > [s°? so that
0 << g, we get the desired result. (|

4. PROOF OF THEOREM [

Theorem [I] will follow by applying Theorem [3Jon dyadic annuli thanks to a suitable parametriza-
tion lemma. The Smooth Parametrization Lemma uses the strong convergence of minimizers
and the fundamental regularity result of Alt and Caffarelli [I], to show that if the trace of a
minimizer is sufficiently close to that of a cone with isolated singularity, then we can parametrize
the free boundary of the minimizer on an annulus over that of the cone. Then in Lemma [£.2] we
show that the condition from Lemma [£.]] remains uniform in the annuli away from the origin.
Theorem [ can then be applied in the annulus to show that the closeness decades and so the
procedure can be iterated.

4.1. Smooth parametrization lemma. We start by proving our main parametrization lemma.

Lemma 4.1 (Smooth parametrization lemma). Let b be a 1-homogeneous minimizer of € with
isolated singularity in zero and let T > 0. For every € > 0, there exists 51 = d1(g,7,b) > 0 such
that if uw € H'(By) is a minimizer of € satisfying 0 € O{u > 0}

©.,(0) := W(u,0) = W(b), lu = bllz2(aB,) < 61 and Wi(u,1) = W(b) <dé1, (4.1)
then there exists a function ((0,7) € C*>*(d{b > 0}) (indeed analytic) such that
d{u > 0} N 9B, = graphg({(—,r)) and IC(=, ) ||c2e <&, Vre(r,1—1). (4.2)

Proof. Suppose the claim is not true, then there are sequences of minimizers u; € H Y(By) and of
numbers d§; — 0, such that 0 € 9{u; > 0},

0,0 = W),  luy—blzep) <6 and W) —WE) <5, (43)
but such that 0{u; > 0} N (Bi—- \ B;) does not satisfy (4.2)). The condition (4.3) implies that

/B \Vui|* de < 6; + W (b) +/
1

w3+ 2wq < 365 + W(b) + 2/ b + 2w < C(d,b).
0B

0B

Therefore the sequence (u;); is uniformly bounded in H'(Bj) and so up to subsequences it
converges weakly in H(B;1) N L?(0Bi) to a function v € H'(By). Moreover, the minimality of
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u; implies that the convergence is H'(B;)-strong and |{u; > 0} N By| — |{v > 0} N By| (see for
instance [8, Theorem 9.1] or [I]). Then we have

v —0bllr20m,) = Jlggo |uj —bllr20m,) =0 W(v,1) = W(b) = lim (W(u;,1) — W(b)) =0,

Jj—o0

and ©,(0) = W(b), so that v = b on B;. Furthermore, by the uniform Lipschitz norm and
non-degeneracy of u;, it follows that 9{u; > 0} converges to 9{b > 0} in the Hausdorff sense in
By (see for instance [7]), and so by Alt-Caffarelli improvement of flatness (see for instance [7,
Section 7]), we can conclude that for every j sufficiently large there exists an analytic function ¢
such that 0{u; > 0} N (Bi—- \ B;) = graph((;). The same argument proves the smallness of the
C? norm of the graph. Finally using the smallness of the C*® norm, a simple reparametrization
implies that, for every j big enough, 0{u; > 0}N(B1—_-\ B;) = graphg({;) and ||(j||c2e« — 0. O

Before proving the main theorem we also need a preliminary lemma about blow-up sequences
at comparable scales.

Lemma 4.2 (Blow-ups at comparable scales). Let u € H'(B1,Ry) be a minimizer of £ such that
0 € 9{u > 0}. Then for every da > 0, there exists ro = ro(d2) > 0 such that for every 0 < r < rg
the following inequality holds

”
|up — urllz2(amy) < 02 for every p € [g,r} . (4.4)

r
Proof. Suppose, by contradiction, that there are sequences r,, | 0 and p,, € {gn, rn} such that
/ up, — tn, |* > 53 for every m € N.
0B,

T T T
In particular, notice that 1 < - < 8 for every n < N, so that 1 < liminf 2 < lim sup <8,

Pn n—00  Pp n—oo  Pn
Now let b € H'(R?) be a 1-homogeneous minimizer of £ such that wu,, (z) := % — b locally
uniformly in RY. Now since lim [, — b]* = 0, we can compute
n—oo 837»” Jom
P d—1
lim luy, —b> = lim (”) / up, — b2 =0, (4.5)
n—00 9B, n—oo \ Tp 3Bm/p”

where we used the 1-homogeneity of b. This means that b is the blow up associated to the sequence
Ty, and so by the triangular inequality

0 <62 < lim up, — up, |* < lim <2/ |upn—b|2—|—2/ |b—urn|2) =0,
n—o0 B, n—oo OB, OB,
which gives the desired contradiction. (|

4.2. Proof of Theorem We first recall the Weiss’ monotonicity formula

d 1 _
— W (up) = =[W(2p) — W(u,)] + / |2 - Vi, —u,|> dH, (4.6)
dp p P Jo
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where z, is the 1-homogeneous extension of the trace ¢, := u,|gp,. In particular, r — W (u,) is
increasing, lim,_,o W(u,) = W(b) and for every 0 < s < ¢t < 1, we have the estimate

t 1 2
/ |ut—us\2 dH*! §/ (/ — |z - Vu, — up dr) dH*!
9B 8B; \Js T
t t
< / (/ rt dr> </ |z - YV, — ug]? dr) dH* !
0B1 s s

t
< (log(t) — log(s))/ 7"_1/ |z - Vu, — u,|* dH " dr
s 0B,

<log(t/s) [ 4 W (ur) = WO dr < log(t/s) (W(u) = W) (4.7
Moreover, if the logarithmic epiperimetric inequality
W () — W(b) < (1— 2 [W(z) — W) (W(2,) — W), (48)

holds for every p € [s, t], then we can estimate

i o) - gl Zp) — - U 1 -V, —u |2 dyd1!
de (W(u,) — W(b))””f 1 )
= gl_g(ygf(up)_w(b))v p/69B1 ]x-Vup—udeHd 1

d 1
> © (W) — W)+ L / & Vi — a2 M (4.9)
p P JoB,
which in particular gives that
d
i ( — (W(u,) — W)™ — yde 1og(p)) >0, forevery pelsi]. (4.10)

Thus, setting e(r) = W (u,) =W (b) and f(r) = [|ur —b| 12(9p,), and using the triangular inequality
f(s) < f(t) + llug — usl|L2(9,), we obtain that if (4.8) holds on the interval [s, ], then

< log(t n < e(t) . 411

f(s) <log(t/s)e(t) + f(t)  and  e(s) < (L 1 erdlog(t/)e() ) (4.11)

We next show that using Lemma Lemma [4:2] and Theorem [3] we can iterate the above

estimate up to zero. Let 69 > 0,7 € (0,1) and € > 0 be the constants of Theorem |3, and let

91 = 61(00,1/8,b) > 0 and 3 > 0 be the constants of Lemma and Lemma Thanks to the

assumption that b is a blow-up of u at 0, we can choose 0 < dy < §1/2 and 19 = 79(d1,d2,7y) > 0
in such a way that

1— 1—
(W(um) — W(b))Tﬂ/ + 209 + ||Ur0 — b||L2(8B1) = 6(’/“())TAY + 209 + f(?"o) <. (4.12)
We will first show that
e(r)l_TW + 0+ f(r) <6 forall 0<r <rg, (4.13)

which means that we can apply Theorem [3|to all u, for 0 < r < rg. Vacuously, (4.13)) is true for
ro so the assumption (4.1)) is satisfied with u = u,,. Thus, by Lemma there exists a function
¢ € C*({b > 0}) such that

OH{ury > 0} N (Brs \ Bijg) = graphg(¢)  and  [[([lcza < do.

It follows that the condition ([1.5)) is satisfied for the trace ¢, := u,|ap, , for every p € [%0, %0], and
so we can apply Theorem [3 and the minimality of u, to deduce that (4.8 holds for p € [%2,%2].
Thus, for every ro/8 < s <t < ry/2, we have log(t/s) < log(4) and by choosing e(rg) sufficiently

small we get

(1+ <€7d10g;(7f/s)e(25)7)_12;77 <1—Clog(t/s)e(t)”, where C = ied (1—7).
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Thus, gives that
F(5) + e(s)'F < Tog(tf)e(t) + F(8) + e(0)'T (1= Clog(t)et))
< F() +e(t) = +log(th) (e(t) = Ce(®) ) < F(1) +e(t) 7,

where for the last inequality we choose 7y such that e(t)l_Tv < e(ro)l_T7 < C. This proves
for p € [ro/8,70/2]. But now it is clear that u,, s satisfies the conditions (4.1}, so we can run
the argument again and get that applies for all p € [ro/32,79/2]. Continuing to repeat the
argument we obtain that holds for all 0 < p < rg. In particular, applied to t = r(/2
and s = p < ro/4, we get that there is a constant C, depending on W (u,,) — W (b), such that

e(p) = W(u,) — W(b) < C(—log(p)) ™7 for every 0< p<ro/2. (4.14)

Now we are ready to conclude the proof of the theorem: to prove the uniqueness of blowup we
will prove that (u,), is a Cauchy sequence in L?(0B1). Let 0 < s <t < rg/2. Let i < j be such

that s € 272,272 ) and t € 272" ,272"). Then, using (£.14) and [&.7), we calculate

j—1
lus — uell r2omy) <lts — tysillr2(0m) + 1ue = vysist l20m) + D Ity ses1 — tty o [l12(98,)
k=i+1
4.7 .
< e(s) + 2le( Z k(22"
k=i+1
@19 , .
< C2(—log(s)) M7 + C2(—log(t)) T+ C D 2hah
k=i+1
Y€(0,1) _

<020 <0 (—log(t) T

Since (— log(t))wT1 1 0 as t | 0 we have proven the uniqueness of blowups.

Finally, Lemma the decay of the L? norm and the Weiss’ boundary adjusted energy W (u,.)
imply that 0{u > 0} N B, is a graph over 9{b > 0} N B,. Moreover, again by Lemma we
have that {u > 0} N B, is a C! graph over 8{b > 0} N B, that is the graph over 8{b > 0} N By
associated to d{u, > 0} N By \ By converges to zero in C! norm as r — 0. This convergence
can be improved to C™1°8 by a standard argument that we sketch for the readers’ convenience.
Indeed, since d{u, > 0} N By \ By/g is a smooth graph with controlled C?*% norm, the (log-)
epiperimetric inequality holds at a uniform scale at every point zo € d{u, > 0} N By /5 \ By /4-
Thus, the oscillation of the normals |vy,, — vy, |, where 29 € O{u, > 0} N By)p \ Byy and
Yo € 0{us > 0} N Byjp \ Byyy is controlled by a power of 7y (for some 0 < rg < 1) and the
L2-distance ||(tr)zg,ro — (Us)yo.rollL2(55,)- Now this last distance has a logarithmic decay due to
the logarithmic decay of |lu, — bl 2(g5,) proved above, which implies the C'°8 convergence of
the graphs d{u, > 0} N By 5 \ By 4. O

The proof of Theorem the integrable case, follows similarly, but is simpler and mostly
standard so we will omit it. Let us just remark out that we must still take care to show that the
“closeness” assumptions of Theorem [3| are satisfied on all scales. However, this argument works
in essentially the same way in the integrable and non-integrable setting.

5. THE INDEX OF THE DE SILVA-JERISON CONE IN THE SPHERE

In this section we prove that the De Silva-Jerison cone C, g, satisfies the conditions of Definition
namely that the dimension of the kernel of 62 (0) is d — 1 and that each perturbation in
index(62F(0)) integrates to zero along 9y, - This completes the proof of Corollary

To do so, we will produce an eigenbasis of deformations and show that, except for the deforma-
tions infinitesimally generated by rotations, each associated eigenvalue is non-zero. Furthermore,
the perturbation generated by a constant will be an element of the eigenbasis and we will check
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that it is associated to a positive eigenvalue. This implies that all the other elements of the
eigenbasis (including those in the index) integrate to zero on 8(21,”700. We note that the positivity
of the constant perturbation requires a computational check, which we do explicitly for d = 7.
A more general argument verifies the inequality for d > 21 and one can check the numerics for
8 < d < 20 via the procedure outlined below for d = 7.

Throughout this section we will write the points of the sphere B; = S?! in the spherical
coordinates (6, ¢), where ¢ € S¥=2 and 6 € [0, 71]. Thus, the trace of the De Silva-Jerison cone on

the sphere is simply given by Qby,eo = {(6, ®) € st . g —fh< < g + 90} .

5.1. A basis of eigenfunctions. Let {¢;} be the eigenfunctions of the Laplace-Beltrami oper-
ator on S?2 (i.e. the spherical harmonics in dimension d — 1). Then (]i is an orthogonal basis

of L2(8Qbyygo) and Hl/z(aﬂbyveo), where

(f(m/2£00,0) =—¥i(p)  and ¢ (/2% 00,0) = Fj(p). (5.1)
For j > 1, we define

+ + + + + _
—Auy =(d—-1u; in Qy,,, uj =—¢ on 0, , / buj = 0. (5.2)
Qbu,QO
The case j = 1 is slightly more complicated, as the variation in the direction of {;L (which can

be geometrically interpreted as increasing the opening of the cone), changes the measure and the
first eigenvalue of the domain to first order. Therefore, we define

— Auf =(d—1)uf +nb in Db, 0, uf = —¢ on 0y, 4 /Q buf =0, (5.3)
b

v,00

—Aup =(d—-1u; in Qy,,, up =—¢  on O, /Q buy =0,  (5.4)
b

v,00
where
1 HI2(00, ,.)

= ,?g Hd—Q(Sd—2)'

Recall from Appendix Subsection that solutions to (5.2)), (5.3), (5.4) exist and are unique.

In particular, we can write ujc explicitly for j > 1 (this formula also holds for u;) by separating

the variables as u; (6, ) = 1;(¢) f;(6), where f;~() are defined by

1 off A2
0 (Siﬂd_29 f]>:(_ L—+(d-1) fj+ for g—90<9<ﬁ+90a

 sind=20 06 00 sin® @ 2
£ (G s (5 -

(5.5)
10 (a0 (N i T ™
_sind_2059<sm GW = —Sin29—|—(d—1) f; for 5—90<9<§+90,
oy _m
17 (5=0) =47 (50) =1
(5.6)

Above, and throughout, )\?_2 refers to the j-th eigenvalue of the Laplace-Beltrami operator on

S92, counted with multiplicity. Note that solutions to (5.5) and (5.6) are unique and in fact
minimize (under the respective boundary conditions) the functionals

/2460 )\gl—Z
Ji(f) = /ﬂ (yf’(e)y2 + Si;—Zefz(a) —(d— 1>f2(9)> sin®2 6 0.

/200
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In order to show that the deformations ¢; = diagonalize 62F(0) (and thus satisfy (2.8))) we recall

that by (A.13]) we have
82F(0)[€1, &) = —2(d — 2) tan(fy) / €169 dHIT2 4+ 2 / & TE dHT2, (5.7)
o0

bu,6¢ bu,00

Applying (5.7)) to Cji and C,;t and integrating by parts we get

1 _ -
SOCFOG Gl = /a b uOyuy dHY? — (d — 2) tan(6p) / GGy dH?

Q v,0q 8Qbu,00 (5 8)

= (it uf) - (@2 tan(on) [ GRGE an,

bu,GO

where for simplicity we have set <uji, u,f> = /Q (VuiE . Vuf — (d—1)u; uk) dHL.
by.0,

We now claim that the family of functions {Cji}jeN is orthogonal with respect to §2F(0).
Indeed, as Cji are orthogonal in L%(0, , ) by it suffices to establish that the u;t are
orthogonal in H 1(wa90)' Indeed, that <u ,uy, ) = 0 is trivial; the u;r are even functions of 6
across the equator, whereas the u, are odd functions of § across the equator (this can be seen in
, ,). Then <u;r, u:> =0 and <u]_, u,:> = 0 follow from the separation of variables;
each is equal to a function in # times a function in ¢ and for k& # j the functions in ¢ are orthogonal
in H'(S%2). Since the integrals split, we get the desired orthogonality. Moreover, a standard
density argument gives that the family {C;E}jEN is complete that is, it generates H/2 (8Qby,90).

5.2. Integrability through rotations: proof of Corollary [I.1} In order to prove the inte-
grability trough rotatlons of the De Silva-Jerison type cones, and so Corollary [I.1] it suffices to
estimate §2F (0 )[ Ci] and show that (;" is a positive dlrectlon since it is the only one that
changes A at first order

We start by proving that there are d perturbations which correspond to negative eigenvalues
(i.e. that the De Silva-Jerison cone has index d in the sphere).

Proposition 5.1 (Index of De Silva-Jerison cone). The eigenvalues associated to the eigenfunc-
tions C;r, for 2 <j <d, and (i are strictly negative.
Proof. To compute the energy of u;r, for 2 < j < d, note that

uf (0,¢) = ¥i(p) Cs(ilsl((gz), 2<j<d (5.9)

satisfies (5.2)) (to see this, recall that )\]S.d_z = (d—2), for 2 < j < d, and that —Asin(f) =
(d—1)sin(6) — ﬂ#;(%) sin(#)). Plugging this into (5.8)), we get

S2F(0)] f,gr] =4 cos?2(0p) (/S uja,,uj do — (d — 2) tan(00)>

d—2 (5.10)

=4cos?%(6y) (—tan(6p) — (d — 2) tan(fp)) < 0, for 2<j <d.
To see that §2F(0)[¢; ,¢;] < 0, note that u] = — e é(gd > ;is((ao)) Then a simple computation
gives the result. O

To show that (; is a negative direction one could also use a more general principle, which will
simplify the rest of the proof. Note that (except for ()

PFO)G ¢ =2J;(f;7) — 4(d — 2) cos? () tan(by), (5.11)
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By the definition of J; (and the fact that /\Sd_2 increases as j — oo) for any function w € H*
we have that Jj1(w) > Jj(w) (with strict 1nequahty if AS +1 > )\Sd ). Since fJjE minimizes J;
with the respective boundary conditions, we get JJ+1(fJ+1) > Ji( ]—‘,—1) > Jj(fji), which gives

FO)¢ 1, ¢l = S F O ¢f1, forall j>2,
52?( 0)[¢31 Gl = 52/7(0)[5,(] for all j >1,

Sd2

(5.12)

where the strict inequalities hold if and only if A +1 > Aj
As a consequence of | - the following proposition w1ll conclude the proof of Corollary

Proposition 5.2 (Kernel of De Silva-Jerison cone). Let £ € {Cf}i,jeN- Then 82 F(0)[¢,€] = 0 if
and only if £ is a linear combination of (; for 2 < j < d. Furthermore, S2F(0)[¢, ¢ >0

Proof. We divide the proof of the Theorem in two steps dealing respectively with the dilation Cf
and the rotations C;, for 2 <j <d.

Step 1. The dilation (;". Our first claim is that u] minimizes IVf|? = (d—1)f2dH41
Qbu,go
amongst all f equal to —Cf = W on 89;,”790 and which are L? orthogonal to b in wao

Taking the first variation of the energy, subject to the orthogonality constraint, such a min-
imizer must satisfy an equation of the foorm —Af = (d —1)f + kb, where k is some constant.
However, if there exists an f with the same boundary values as uf and which solves the above
equation for some k # 7, then it must be the case that f is either a super or sub solution of the
equation that uf solves, and thus must lie either below or above uf on all of Qbu,BO (we have a
maximum principle because both functions are orthogonal to b). However it is not possible that
both f > uj and f,u] L b, a positive function. Similarly if f < u]. Thus, given the boundary
values C the only solution is uf

Consider the function .

f= W (1+cdo),
where ¢g = b/ko, c = — be , ¢o so that f is L? orthogonal to ¢ on Qby,eo' We have that
v,0p

2FO)¢G G+ B =2 / IVul > — (d—1)(uf)? dHY2 — 4(d — 2) tan(6p) cos?2(0p) +

Qbu,eo

_2/ VF2 = (d—1)(f)2 dHY2 — 4(d — 2) tan(8o) cos2(6o)
Dy,

2 2
T HIT2(ST 2)/ [Veol® = (d = 1)(¢)* dH"™!

2

T (2(d —1)e? = (d = DHN(@,,,,)) — 4(d — 2) tan(6) cos’*(6)
:m (2~ 1)) — 4(d — 2) tan(By) cos™ > (60),

(5.13)
where E > 0 is some error which reflects how far f is from minimizing.
To estimate E we first use that uf minimizes to get

E =2 / VIR - (d—1)(f)? dHi? 2 / VUt — (d— 1)(f)? dH?
Q Q

bu,@o bu,90

- /ob V(i = P = ([d=D((uf = f)?dH? =2 a3\ - (d - 1)),

v,0q J
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where a; = <uT - f, ¢j> and ¢; is the j Dirichlet eigenfunction of ), , with eigenvalue A;.

Let us consider the Dirichlet eigenfunctions of 2y, 60 by separation of variables we can write any
eigenfunction ¢;(6, ¢) = g;(0)1;(p) where v; is a spherical harmonic on S¥~2 and g;(7/2 — 6p) =
g;(7/2 4 609) = 0. In order for ¢; £ 1,u] but for ¢; L ¢ it must be the case that v; is constant
and g; is an even function with at least two interior zeroes. As such g; as two local critical points,
at /2 —n,m/2+n (for n < 6p) and Oypg; satisfies

d—2

—039(00g;(0)) — (d — 2) cot(6)Dg(Dpg;(0)) = (Aj - s:1112w)> (D0g;(0)),
009;(7/2 —n) =0pgj(m/2+n) =0,

where )\; is the eigenvalue associated to ¢; = g;. But note that if h(ﬁ)wgd_Q is an eigenfunction
(d—2)
sin?(6)
but over Dirichlet boundary conditions on a larger integral. Thus the eigenvalue associated to
h(0)¢§d72 is smaller than A; (as \; is a Dirichlet eigenvalue, but not necessarily the first, associated

(and it is for some h), then h minimizes the energy associated to the equation L = —A +

to the same L on a smaller domain). The Rayleigh quotient of h(@)w§d72 is simply the Rayleigh
quotient of h(#) times the Raleigh quotient of ¢§d72 (the latter being equal to d —2). The former

Q
is bounded below by A, 0 — g — 1. Therefore, a; # 0= \; > (d — 2)(d — 1). We claim that
J /fHd—Q(Sd—Q) Aj — (d—1) ’
Indeed <uf - f, ¢j> = <uf’,qﬁj> — \/W [ ¢;. We also know that <uf,¢j> =0, forall j >0
as ¢; has zero Dirichlet data and is orthogonal to ¢g. Integrating by parts we get

(A = (d=1) (uf,¢;) =

for every j such that a; # 0.

= ),
- By
HA=2(8772) Jou,,
_ L / —Ag; = Aj / b
’Hd—Q(Sd—Z) Qby,eo J Hd—Q(Sd—Q) Qbu,eo J

Putting everything together we get the claim. Also note that the above argument implies that
uf L ¢; (&1L ¢;)aslongasj>0. So

E:Hdg?ng) > </¢j>2m

Jjla;j#0
H2E 2D 7-;;(38:2) > </ ¢j>2 _ Hd_Q?Sd_Q) <%d71<9by’90) _62)’ (5.14)
a0}
where we assume that d > 7 so that 9= < 3. Putting together with yields
PFOI > g (26 - H(O,,)) ~ 4(d - 2 tan(ep) cos (6
- Hd_j()’gd_% (K )~ ) (5.15)
- W (14— 1) — (2 -+ 1YHI(,.,.)) — 4~ 2) tan(B) cos™(6y).

The case d = 7. We will now verify that the right hand side of is positive when d = 7
via a numerical calculation. We use Mathematica, though, since these special functions are well
known, one could do this by hand. In order to minimize the effect of rounding errors by the
computer, we will round up negative terms and round down positive terms. As the calculation is
delicate, we will have to go to four places right of the decimal.
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When d = 7, 0y ~ sin~*(.517331) ~ .54372 (see [9]), and we have
d—1
HEL () ) /.5438
HI2(8972) —.5438
4(d — 2) cos?%(6p) tan(fp) < 20 cos®(.5437) tan(.5438) < 5.5509
(2d + DHH (D, 5,)
Hd72(8d72)
Now we calculate [ ¢o. Following [9],

cos(#)°df < .8650

+4(d — 2) tan(6p) cos®2(6) < 15 * .8650 + 5.5609 = 18.5359.

3 d=3
60 = co(1 — co?(0)) T Q2 (cos(0)),
=
where cg is the L? normalizing constant and @ is the associated Legendre function of the second
kind (when d is even we work with P}’ the associated Legendre function of the first kind). We
define these functions following the convention of Mathematica (which is the same convention
used in [9] and [11]), namely that,

QU (t dQb(t
1-ATEO g 0O s Qe =0
In the case d = 7, we can use Mathematica to calculate
; . 5174 ) 1699
(1 —cos®(6)) Q3 (cos(8))]|72 < HY2(S 2)/ (Q3())" dt < 34.6188 = cp > ———
— 5174 HI-2(Sd-2)

Then we have (using Mathematica again)

1699*Hd 2(Sd 2) /2460 . ‘
/¢0 VHIT2(S4-2) //2 o sin(6)° Q3 (cos(6))do

5173
>.1699 % |/ Hd—2(S4-2) / Q2(t)dt > .8326 % |/ HI-2(Sd-2).

5173

Putting everything together we finally get

4d —1 2

HI2 (50T (/ ¢0> > 27(.685) >18.7170  and  &*F(0)[¢;, ] > 18.7170 — 18.5359 > 0.
An asymptotic argument in higher dimension. Let us briefly sketch an asymptotic argu-
ment, which proves that the deformation corresponding to Cf“ is positive for all d > 21. This
completes the proof as 7 < d < 20 can be verified by hand in the manner outlined above. The
first key observation is that

62 < 0pVd < .65, Vd > 20. (5.16)
The proof of (5.16)) is relatively straightforward: the lower bound follows from the fact that

2007_[(172(8(172) > /del(QbV’eO) > %f}_[dfl(gclfl)7

the Gamma function formulas for the surface area of the sphere and Sterling approximation.
The upper bound of (5.16]) is a bit harder; the sharp isoperimetric inequality tells us that the
perimeter of Qbuﬂo is larger than the half sphere’s perimeter. So we have

2cos?2(Hp)HI2(ST72) > HA2(S472).
Approximating cos by its Taylor series and doing some elementary estimates yields the result.
Now, from (5.16) it is easy to get

\/af]_[d—l Q d—1 d—1
() _ VAHTI(STYH  Vor (5.17)

1.3 > 2Vdfy > HA-2(Sd-2) 2 HI2(Sd-2) 2
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Furthermore, we can also estimate

Vdc? < 4 cos?@=4(6y)
HA=2(S4-2) — 1.3

, Vd > 20. (5.18)

This is a little bit trickier, but it follows once one observes that

1 HI2 (0, ,)) HE () 2
= = — — - : > = — 1.
c /¢0 T / Ady = Do and 2 > / Vol =d—1

Plugging (5.17) and (5.16)) into (5.15) we find that 627 (0)[¢;", ] > 0 for all d > 20.
Step 2. Rotations and the kernel of §27(0). In order to conclude the proof of Proposition
and to prove that (52.7:(0)[C]-_, ¢; 1> 0 for j > d, it suffices to show that

FF0)[¢,¢1=0,2<j<d.

There are two ways to see this; the first is to notice that u; for 2 < 5 < d corresponds to
deforming the cone by rotation and thus has zero eigenvalue. However, due to the symmetries of
the De Silva-Jerison cone, we can verify this fact explicitly in this scenario.

-2
Using the commutator relation [0y, —A] = —5——0p, we get that
s

in?(0)
uj (0,¢) = —rotj(p)dgdo, 2 < j < d.
It is then easy to compute (after observing —dggpo(m/2 + 0y) = —(d — 2) tan(6y)ppo(7/2 + 6p))
S F(0)[¢;,¢;] = 4(d — 2) cos? (o) (tan(fo) — tan(fo)) =0, V2 < j < d.

As we stated above, invoking (5.12), this proves that 52.7-"(0)[9—, Cj_] > 0 for all 7 > d and that
RFOC ¢ <0,
In the same manner, to prove that §2F(0) [C;r, C;r] > 0 for all j > d it suffices to prove that

52-7:(0)[C;+1;C;+1] > 0.

To do so, we observe that the function

Wi (0 9) = 73y tangany Va1 () (Baco(0) + 0(0) (5.19)

Sd_2

satisfies (5.2)), for j = d + 1. To see this, note that \; ;" = 2(d — 1) and that

2(d—1)
sin?(9)

2(d — 1)

—Adgah0 = ((d -1)— Sn2(0)

> g0 — ®o-

We can then compute that

Sd

52]:(0)[Cd++p (il = 4 cos™*(6p) (/ L Ug 1 Ovtigyy do—(d —2) tan(90)>

= 4cos2(0p) ((d — 1) tan(fy) — (d — 2) tan(6y)) > 0.

(5.20)

APPENDIX A. PROOF OF LEMMA 2.3

We derive the first and second variation of the Alt-Caffarelli functional restricted to the sphere.
We show that the second variation is continuous at zero and that at zero it is diagonalizable. The
notation is the same as in Subsection 2.3l O
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A.l1. First and second variation of F. The following Lemma contains the explicit formulas
for the variations of F around a domain Q := {b > 0} N 9By C 0By, where b is a 1-homogeneous
minimizer of £ with isolated singularity, so that, by [1], 992 := 9{b > 0} N 9B is smooth; we
denote by v the exterior normal to 02 in the sphere. Keeping the notation from Subsection [2.3
b is given by ko¢ := b, where ¢q is the first eigenfunction on the spherical set 2

—A¢og=(d—1)¢y in Q, /¢3d%d1—1, bo=0 and koOypyg=—1 on ON.
Q

For every g € C%%(99), ¢ € C**(99) and t € R we define the function ¥, : 9Q — S given
through the spherical exponential map

Wy () = exp, ((9(x) + £C(2)) 1)) = cos (g(x) + £¢(x)a + sin (9(a) + () von ().

We notice that the exponential map R > 0 3 (s,z) — exp, (sv(z)) is a diffeomorphism in a
neighbourhood of 9. Then, for ||g||c2.90) and [|(]|c2.«(an) small enough, the map
[—2,2] x 9Q 3 (t,x) > ¥, (),

is injective and smooth (and also a diffeomorphism from | —2,2[x{¢ # 0} onto the image of ¥)
and so, the derivative

Oy (x) = ((x)&(z), where &(a) = cos (g(z) + () voa(z) — sin (g(z) + t((2)) =,
defines a vector field X on the closed set W ([—2,2] x 012) such that
X(Wye(x)) =((x)&(x), forevery x € 0Q, (A.1)

which can be extended to the entire sphere by the Whitney’s extension Theorem. Moreover, the
map Vg : 02 — 0, is a diffecomorphism, where 0€),; is the boundary of a spherical set €2 ;.
Setting, €1, := g0, we notice that the flow associated to this vector field X is an extension of
the map W, ;0 \119—1 : 080y — OBy, that is we have

Vg (U, () == X (Vgu (¥, (2))) and Wy o(V ' (z)) =2 for € Q.
In the next lemma we calculate the first and the second variations of F.

Lemma A.1. Let Q, ko and X be as above. Then, for every ¢,g € C**(09), we have

OF(g)le] = /m (X - vg) dH? — i /6  Dx0 00,09 HT,

FPF@I.Cl= [  divX (X vg)dH"™ + kg / (= Oxxdy — 20X, )0y g AH' 2,
a9, 08y

where div denotes the divergence in S, vy is the outward unit normal to 08y, Haq, is the

scalar mean curvature of 08y, ¢4 is the first eigenfunction of 1y and (;S’g is the solution of

—A(;S; = Agd); — g /89 Ox¢gOu, g in g, $g=0 on 09, /Q gi)fq g = 0.

Remark A.2. We notice that the function qb’g depends linearly on ¢. A more precise (but heavier)
notation would be ¢y = d¢(g)[C]-

Proof. Recall the following Hadamard formula, whose proof can be found in [16, Section 5.2]

d
— | flta)dHT (@) = O f(t,x) de_l(fﬂH/ F(t2)(X (2)-ve(x)) dHI2(x), (A.2)
dt Jo,, Qq.t 992 4

where v; denotes the outward pointing normal to a domain €2, ; in the sphere. Applying this law
we see immediately that

Ly-1(9, ) = Smlg + tQ)[¢] = /

(X -1y) dHI2 = / divX dH4 1. (A.3)
dt 9.0

Qg
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Then we can apply (A.2) again to get
5*m(g)[¢, (] = / Ay (divX) dH™! + / divX (X -vy) dH? 2 = / divX (X - vy) dHI™2
Q o 00y
(A.4)

where we used the fact that X is autonomous to conclude that 0;(divX) = div(9;X) = 0. In
particular, when g = 0, we have that X = (v on 9f2 and so

Qg

sm(0)[¢] = aﬂg dH?  and  *m(0)[¢,¢] = /8 . Hpq ¢2dHY2. (A.5)

We now calculate the first and the second variation of the functional A : C%%(9Q)) — R. We
first notice that by [16, Theorem 5.7.4], the map ¢ — A(g + ¢¢) is C* in a neighborhood of
zero and the first and the second derivatives have been computed in [I6, Theorem 5.7.1] and [16),
Section 5.9.6] for sets in RY. We also notice that the C? regularity condition from [I6, Section
5.9.6] can be replaced by C?“ as it was shown in [6] and [2]. Below, we formally derive the exact
expressions of §\ and 62\ on the sphere. For the sake of simplicity we set

¢t = ¢g+t< ) Qt = Qg,t y At = A(g + tC) ) \I]t = \I/g,t-
Using (A.2)) once again and the fact that ¢, = 0 on 0€, we obtain

o=o [ =2 [ s+ [ Gixw=2 . (A6)
Q4 Q4 o Q
By definition of ¢; and ¥; we have
0= (Ty(x)) = ¢t(cos(g(x) + t((z)) z + sin(g(x) + t {(x)) V(x)) for every x € 992
so that differentiating we get for every z € 92
¢ (V) = ((sin(g +t¢) x — cos(g +t Q) v) - Dy (V) = —C& - Dy (Wy) (A7)
2’(\1115) = —{2(sin(g +t¢)x —cos(g+1tQ) 1/) . D2¢>t(\llt) [sin(g +t¢)x —cos(g+1t() l/]
+2((sin(g + t¢) x — cos(g + t ) v) - Dy (Vy)
— (*(cos(g +t¢) x +sin(g +t{)v) - Doy (Ty)
= —C*& - D?¢y(Wy) & — 20 & - D(y), (A.8)
where, we used that ¥, - D¢y (¥;) = 0. Differentiating formally the equation for ¢;, we obtain
DGy =X+ Xyd in
—AG =N 2N G N e in
where X, = SA(g + t¢)[¢] and N/ = 62X(g + t¢)[¢,¢]. Multiplying the first equation by ¢,
integrating by parts and using and , we get

kG ONg +t)[C) =K | & O e dH? = K] / O, (Vy) Oy, (V) JU, dH2 (A.9)
o0 o0

= —Kp / C& - Doy(Vy) Dy, (W) JU dHT2 = —k3 [ Ox by Dy, e AH 2,
o0 04

where 14 is the normal to 0€2;. Using the definition of kg, for g = 0 and ¢ = 0 yields
KEON0)[¢] = —rE / C |0, do)? dHIT? = — / CdHI2. (A.10)
o0 onN

In a similar way, multiplying the equation for ¢} by ¢;, integrating by parts and using (A.6]) and
(A.7), we get

K2 0% Mg + tO)[¢, ¢] = K2 / ¢l By, pr dHI? = K2 / &1 (W) By s (W) JU; dHI2,
o o0
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By (A8) we get

kG 0°A(g + tQ)[¢, ¢] = K§ /69 {* (P& Doy (Wy) & —2C & - DQSQ(‘I’t)] Oy $t (W) Ty dH2
(A.11)

= ’f%/ (— Oxxdr — 20x8}) Oy, pr AH 2.
o0

Evaluating the above expression at ¢ = 0 and ¢ = 0 and using the definition of kg, we conclude

5 6 A(0)[¢ ] = /a ¢ Ho ™™ + 215 /8 0 0uddH (A.12)
Combining (A.4), (A.5), (A.7), (A.10), (A.11) and (A.12), and setting u¢ := Ko@), we conclude
the proof of the lemma. O

A.2. The first and the second variation in zero. Let ( € C%(9f2). We first notice that, by

Lemma[A.1] equations (A.F), (A.10) and (A.12), we have
SF(O)¢=0 and  §2F(0)[¢,¢] =2 / C?HopqdH*™ +2 / CTCAHT™,  (A.13)
oN oN

where T': H'2(0Q) — H~'/*(9Q) is the Dirichlet to Neumann operator defined by T¢ = d,uc,
where u¢ is the solution of

~Au; = (d—l)u<—12( Cd?—td2>b in Q
Fo \Joq (A.14)
uc = —¢ on 09 and /bu<d7-[d1:0.
Q

Remark A.3. In the notation of Lemma we have u¢ == Koy

In this subsection we prove by diagonalizing the bilinear form 62F(0). To this aim we
first notice that the linear operator T' is well defined. Indeed, the solution of is unique
since if there were two solutions u; and ue, then the difference v := u; — uo would be a solution
of the eigenvalue problem

—Av=(d—1)v in £, v=0 on O

Thus, v = C'b for some constant. Now, the orthogonality condition / vb = 0 implies that the

Q
constant is zero. The existence of a solution of ({A.14) now follows by the Fredholm alternative.
Therefore we can consider the linear operator

H'2(09) 5 ¢ = B(C) := T¢ + (Hon + A) ¢ € H7(09)

where A := ||[Hpql|r~ + Cq (Cq > 0 is a constant which depends only on 2; it is proportional to
the sum of the norm of the trace operator and to the bounds given by elliptic regularity for the
Laplacian on 2). B is a self-adjoint, positive linear operator, with compact inverse. Indeed, it is
sufficient to notice that

/ T(G) G dH 2 = / (Aug, ug, + Vug, - Vug,) dH*?
o0 Q

= / (_(d - 1)“(1 u¢, + vu(l ) VUCQ) de_2>
Q

where in the last equality we used the orthogonality of u¢ and b. The theory of compact operators

now implies that there exists a sequence of positive eigenvalues ()\;); accumulating to co and of
eigenfunctions (¢;); which form an orthonormal basis of L?(952) satisfying

B& =\ & for every i € N.
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In particular the sequence \; := A; — A and the functions (&), for i € N, satisfy . We also
note that elliptic regularity tells us that the eigenfunctions of T'+ Hyq are as regular as Hyq;
since 05 is locally analytic, we can conclude that & € C%<.

To conclude the proof of it is enough to observe that if ¢ is the infinitesimal generator
of a rotation of 952, then it must preserve F to second order, so that ¢ € ker(62F(0)) (one can
see this by taking the Taylor series expansion of F around zero, and writing the boundary of
a rotated copy of  as the graph of t¢ + O(t?) over 9f2). Since 90 is a smooth codimension 1
submanifold, it is invariant for at most one rotation, so that there are (d — 1) nontrivial elements
in the kernel. The upper bound follows from the previous spectral analysis.

A.3. Uniform bounds on ¢4. Recall that ¢, satisfies the elliptic equation
(A = Agtc)bgric =0 in Qgu, dgric =0 on gy, /Q Ggric =1
g,t

The spherical domain €2, is C*® smooth and the C%® norm depends only on |g||c2.«. Thus by
classical elliptic regularity /Schauder estimates (see [15]), there is a universal constant C' such that

169l 2.,y < Clllgllcze +1). (A.15)

A.4. Bounds on (;5;. In this subsection we prove (2.6)), which in the notation of this section
reads as [|¢ || z2(q,) < Cll¢Ilr2(a0)- We first prove a bound on dA(g)[¢]. Recall that by (A.9)

N, =M@ =~ [ 00, 01,0, a1,
09,
This, together with (A.15)), implies that
OXDIC] < 16glIEn @, 1SNz HE2(099) < €2 (llglEza + 1) IS 22, (A.16)
where C' is the constant from (A.15). Recall that by (A.7) ¢ is a solution of the equation
(CA-A)dh = No, n Q. & =—Oxd, on 09, / 8 6 AHI = 0.
Qg
Thus, qﬁfq can be decomposed as
d)’g =hg+ g — (;SQ/Q hgog, (A.17)
g

where hy and 9, are the solutions of the problems

Ahy =0 in Qg hg = =0x¢y, on 0f).
(A = N)hg = Aghg + Nypy in Qg hg=0 on 09y, /Q Yepg dHITH = 0. (A.18)
g

Notice that A, is the lowest eigenvalue on {2, and its eigenspace is one-dimensional and generated

by ¢4. Thus, the orthogonality /Q g4 = 0 implies that there is some constant ¢; > 0 such that
g

o [ (T0 ) ant < [ (19 - ) an,

9 g9

Thus, multiplying by v, and integrating by parts in (A.18]), we get
CwagH}zﬁll(Qg) < /Q Pg(Aghg + Xybg) dx = /\g/Q VYghg dz < Agllvgll 20, 1Pl L2 0,)
g g

which in turn gives

A
I6gll2,) < Wgllr2a,) + 2llhgllL2,) < (Cj + 2> gl z2(0,)-
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Now notice that by the maximum principle we have ||| (q,) < C|C]|L=(aq) and, by [6, Lemma
10}, [lhgllLr(,) < Cli¢llL1a)- Thus, by interpolation, we get [|hg|[12(q,) < C|[¢l[12(n) and finally
1'

we obtain

A.5. Proof of (2.7). The continuity of 62F(g)[¢, ¢] at zero follows by the continuity of §?A(g)[¢, ¢]
and 0%2m(g)[¢, ¢]. We give the details for 62\ (the more complicated case) but the arguments for
§2m are in the same vein. By (A.11]) we have

F*A(9)[¢, ] = 6*A0)[¢, <] = /8 . | = G- D, (Wy)[&] —2C &5 - Dy (Wy)| 01, 8,(,) ¥, A2

- /m [~ v D*oly) ~2¢v - DY .00 a2,

which in turn can be split into

I + I+ 13 := /asz CQ { - & D2¢g(‘llg)[§g] Dy bg(Ug) JUy + v DZ%M 31/%} dH42
2 /@Q (€& D (Wy) D, 69(W) = Cg(Wy) - Dy (W) B, 0g(Wy) | Ty dH

_ 2/89 [C vg(Wy) - D¢;(‘lfg) 3§g¢g(\lig) JU, —Cv- D¢6 a,,¢0] a2,

We first notice that there is a universal constant C such that for every z € 9Q and g € C*<(99)
€ —vI <Clgl  and  |yy(¥y) —v| < C(|IVg| +1g]).

Moreover, the uniform Schauder estimates on the boundary of {1, give that for some universal
modulus of continuity w we have

1D%¢4(¥g) — Dol ooy < wlllglloza)  and  [[Dg(Ty) = Deoll 1< () < w(llgllcze)-
Thus, we get that
1] < 11612200 w(lgllcze).

In order to estimate the third integral I3, we notice that (A.7)), a change of variables and an
integration by parts give

1
= - / C[vo( W) - DS (Wy) 0, 64(Wy) JUy — v - Dy 0,60 a2
o0

= / vg(¥y) - D¢;(\Pg) ¢lg(\1’g) Ty dH? — / v - Doy g A
o0 o0N

= / Oy Gy by dH ™2 — / By b dH ™ = / Vo[> dH™" — / V| dH ™.
09, o0 Qg Q
Using the decomposition (A.17) and the fact that h4 is harmonic on g, we get

| vsant=t = [P ant s |90, = 6y thg 0 P,
g

g9 QQ

where (hy, ¢g) = / hg¢g. Next we notice that by [2, Lemma A.2, eq. (A.20)] we have

g
[ 1vng = [ 9kl
Q Q

Thus, it is sufficient to prove that

< w(llglloze) I 2.

/Q IV (1hg — pg(hg, dg))|? dHI — /Q IV (%0 — ¢o(ho, ¢0))|? dH | < w(llgllcza)[[C]1F 2,

g
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which follows by a simple argument by contradiction, which we sketch for completeness. Indeed,
we notice that the functions |[|¢ HEQI% have uniformly bounded H'-norm and so are converg-
ing weakly in H! (and since they are solutions of a PDE they converge strongly in H') to
||<|]2211/10 as ||g][c2.« — 0. On the other hand, HCHZzlhg have uniformly bounded L? norm and
converge weakly in L? to [|¢ HZQIhO. Finally, the strong H' convergence of ¢ to ¢ gives that
||C||221¢g<hg, bg) — H(Hzglgbo(h(), ¢o) strongly in H!. This concludes the estimate of I3.

We now estimate Io. Since De, is parallel to v, on 9, we get that

Bo= =2 [ (06~ Do, (80) 81, 0,(W) = Cry(B,) - Dl (W) 06,0, (Wy)]| 9, ar'=
= =2 [ [ Do) 1y 04(0) = Cry(W) - DUT,) (€ v,(8,))0,00(W)]| T, =
— 2 /8 o= (& (B (W4)) - D) By (V) g 2

We first notice that we have the pointwise estimates
€= (& v (W )g(W)| < C(IVgl +1gl)  and (9, 0,(¥,)] < C.
and that {5 — (& - v4(¥4))ve(¥,) is parallel to 0€,. Then, on 0, we define
z = C(‘I’;) ;o V= §g<¢’_¢; ) and W =V —(V-vy)vg,

so we obtain

2/ (W - D),) Oy, g dH* 2 —2/ 2 (W - D(2V - Dgy)) 0y, g dH>
a0y )

—2 2(W - D(V - Dég)) Dy, g dH* % — W - D(22) (V - Dég) Oy, g dH* 2

an 9y,

2(W . D(V - Doy)) 8y, g MO + / 2div (W(V - Doy) By, d) dH*
o0

\

-2

\

agg
=— / 22 (W - D(V - D)) Oy, g dH 2 + / 22 divW ((V - D) Oy, ¢g) dH 2,
o0 ! a0 !

where for the second equality we used the boundary condition ¢g(¥,) = —(§; - Doy(¥,) and in
the fourth one we integrated by parts. Thus, we get that

1) < w(llgllezeon) /a ICR an,

which concludes the proof of Lemma

B. LYAPUNOV-SCHMIDT REDUCTION FOR F

We prove the following lemma, inspired by [22]. We shall denote by K := ker(62(F(0))) and
by N :=dim K, its dimension (see Subsection . We introduce an auxiliary functional

G:C*ODxR=R,  G(¢s) = (K5 +5°)(AC) = (d = 1)) +m(¢) —m(0), (B.1)

where kg is the constant from Subsection Thus, the variable s accounts for the possibility
that the coefficient x, from Proposition in front of ¢; may not be equal to kg. It is easy to
check that the first and the second variation of G are given by

g(07 0) =0, 5g(07 0) [57 T] =0, (SQQ(O, O)[(§7 ’f‘), (777 t)] = 52;(0) [57 77]' (BQ)

In particular, we have that ker 62G(0,0) = ker 62F(0) @ R. In the lemma below, we let Pyx and
Py. be the (L?(99Q) @ R)-projections on K @ R and K+ @ {0}, respectively.
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Lemma B.1 (Lyapunov-Schmidt decomposition). There exists a neighborhood U of 0 in C1* @R
and an analytic map Y: UN (K ®R) — K+ C C?>*(0N) such that

1(0,0) =0, 0Y(0,0) =0, (B.3)
and moreover
Py1 (6G(C+T(¢,8),8) =0 (¢,s) e (KR NU (B.4)
Pr (0G(C+Y(¢,9),s)) ==VG((,s) ((,s) e (KdR)NU, ’

where G(C,s) = G(C+ Y (¢, s),s) for every (¢,s) € (K ®R)NU. Moreover, all the critical points
of G in U are given by

C:={((+7T(s),5) : ((,s)e(KaR)NU and VG((,s) =0}
which is an analytic submanifold of the N + 1-dimensional analytic manifold
M= {(C+T(,5),8) : ((,5) € (KSR NU} .
Proof. Consider the operator
N(C, ) := Prei(0G(C,8)) + Pi(C,8) : L2(09Q) @R — L2(0Q) @ R
and notice that N'(0,0) = 0, since 6G(0,0) = 0. Moreover,

SN0,0)[(¢,9)] = |, N(1¢,89) = (FFOIC1,0) + Pi(c.5).

where we used that Py and §2F(0) are linear (and that 62F(0)[¢, PrrC] = 62F(0)[¢,¢]). In
particular SA(0,0) has trivial kernel on C%(9Q) @ R by construction. By standard elliptic
theory and Schauder estimates, we conclude that the operator N'(0,0) = (62F(0) + Pk, 1) =
(T+ Hpo + Pk, 1) is an isomorphism of C>*@R to CL* @R, for every a € (0, 1), and therefore we
can apply the inverse function theorem to the C*“ operator N': C>* @R — CH* @ R, producing
U := N ~! which is a bijection from a neighborhood W of 0 in C® @ R to a neighborhood U of
0in C** @ R.

Now the map we are looking for is simply given by T := Pp1 o¥: K @R — K+ @ {0}. Indeed
notice that the first conclusion of (B.3)) is obvious since ¥(0,0) = ¥(N(0,0)) = (0,0), while the
second one follows from the more general observation that for every ¢ € K,s € R we have

6T (¢, 8)[(n,7)] = 0(Prr (¢, 5))[(n,7)] = PgL(6¥(C, 5))[n, 7] = 0, for every n € K,r € R, (B.5)
by the linearity of Pr-. .
For what concerns (B.4) for every (¢,s) € C** @ R we have
P (C,r) + Preo(C,r) = (¢r) = N(V(C, 7)) = PgdG(¥(C, 7)) + P (¥(C,7))
which implies, by applying Px and Py1 respectively on both sides, that
PK(C7T) = PK(II/(Cvr)) and PKL(Car) :PKL(;Q(\I/(Cvr))
In particular, using the first identity in the second one we get
Pri(C,r) = Pr1dG(PrW(C,7) + P W(C, 7)) = P0G (P + T(C,7),7),
so that, if ( € K NU,r € R, we conclude
Pr10G(C+Y(¢,r),r)=0.
The second conclusion of (B.4]) follows by differentiating the function G((,r) as follows. Let
n € K, then we have

<VG(<7 T)’ (77’ S)> = 5Q(C + T(C) T)’ 7")[77 + 5T(<7 7“)[777 5]7 5]

(B.5)
B 56(c+0(¢r) Ml s) = PreoG(¢+ (¢ ), 7)),
where the last equality follows from the first one in (B.4]). O
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