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ABSTRACT

In this thesis we deal with various problems arising in Calculus of Variations, Geometric
Measure Theory and Geometric Analysis. Most of the variational problems treated here
will be set in the context of multiple-valued functions, a tool introduced by F. Almgren in
[Almoo] in order to study the regularity of generalized minimal surfaces (area minimiz-
ing integer rectifiable currents) in higher codimension. In recent years, C. De Lellis and
E. Spadaro have revisited Almgren’s work (cf. [DLS11, DS15, DLS14, DLS16a, DLS16b]),
thus not only providing a shorter proof of his celebrated partial regularity result, but also
renewing the interest towards multiple-valued functions and their strong interplay with the
theory of minimal surfaces.

The topics studied in this thesis can be gathered in four groups, each corresponding to
one of the parts of the thesis.

1. Multi-valued theory of the stability operator:
One of the most relevant questions in Geometric Measure Theory is whether the
class of tangent cones at each interior point of the support of an area minimizing
integral current consists of a unique element or not. The answer to this question
is known (and it is affirmative) only for few special classes of minimizing currents
(e.g. two-dimensional currents, cf. [Whi83]). The problem in its full generality is
instead widely open. In the cases when an isolated singularity of a minimizing cur-
rent admits one tangent cone whose cross-section is a minimal submanifold of the
sphere, uniqueness of the cone can be proved, provided the spectrum of the stability
operator and the Jacobi fields of such a minimal submanifold satisfy certain proper-
ties (cf. [AA81, Simg4]). Motivated by the desire to extend the Allard-Almgren and
Simon results to more general scenarios, we develop a multi-valued theory of the
stability operator. Specifically, for every positive integer Q, we define Jacobi Q-fields
as those Q-valued sections of the normal bundle of a minimal submanifold of a Rie-
mannian manifold which minimize an energy (the Jacobi energy Jac) obtained from
a multi-valued counterpart of the second variation formula. After studying sufficient
conditions such that the minimum problem for the Jac functional admits a solution
for any given boundary datum, we explore the regularity of the minimizers. In this
direction, we first show that Jacobi Q-fields are locally Holder continuous Q-valued
functions. Then, we prove that every Jacobi Q-field can be written as the superposition
of Q classical Jacobi fields in the neighborhood of every point except those belonging
to a singular set of codimension at least 2 in the submanifold. These results extend
analogous results of Almgren and De Lellis-Spadaro (cf. [Almoo, DLS11]) valid for
Dirichlet minimizing Q-valued functions to a more general class of functionals on
Sobolev spaces of multiple valued functions, and are contained in our paper [Stuiya].

2. Multiple-valued sections of vector bundles and applications:
Following some ideas of W. Allard [All13], we define multiple-valued sections of
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an abstract vector bundle over a Riemannian manifold, and we study some geomet-
ric properties which extend the concepts of continuity and Lipschitz continuity of
multiple-valued functions to the vector-bundle setting. With these theoretical tools,
we are able to provide a new geometric proof of the delicate reparametrization the-
orem for multiple-valued graphs contained in [DS15], which in turn is the key step
for producing the normal Lipschitz Q-valued approximations of a minimizing current
from the center manifold needed in the proof of Almgren’s partial regularity theorem
(cf. [DLS16a]). These results are contained in [Stu17b].

. Regularity and singularities of multiple-valued harmonic maps:

Minimizing harmonic maps are minimizers of the Dirichlet energy with respect to
boundary data under the constraint to take values in a given Riemannian manifold.
Unlike their unconstrained counterpart, minimizing harmonic maps need not be ev-
erywhere smooth. Nonetheless, it is a well known result (cf. [SU82]) that the set
where a minimizing harmonic map fails to be smooth is “small”, in the sense that it
has codimension at least 3 in the domain of the map. In [NV17], A. Naber and D. Val-
torta prove that if the domain of the map is m-dimensional then the singular set is in
fact (m — 3)-rectifiable with uniformly finite (m — 3)-dimensional Hausdorff measure.
In [Hir16b], J. Hirsch initiated the analysis of multiple-valued Dirichlet minimizing
harmonic maps, developing the basic continuity theory for these objects, analogous to
[SU82]. Here, we extend the results of [NV17] to the multiple-valued framework, thus
proving rectifiability and volume estimates of the singular set of multiple-valued min-
imizing harmonic maps. Moreover, we study the special case of non-positively curved
target manifolds. Specifically, we show that if the target is non-positively curved and
simply connected then any Q-valued minimizing harmonic map has empty singular
set. If Q = 1, this result holds under the weaker assumption that the target is merely
connected; we provide an example showing that this stronger theorem is false when-
ever Q > 1. These results, obtained in collaboration with J. Hirsch and D. Valtorta,
are contained in [HSV17].

. Results on real currents and currents with coefficients in groups:

In the paper [CDMSz17], in collaboration with M. Colombo, A. De Rosa and A. March-
ese, we study a general class of energies defined on real rectifiable currents via integra-
tion, over the rectifiable set supporting the current, of a function H of the multiplicity.
These energies are known in the literature as H-masses, and they are usually consid-
ered, with specific choices for H, to represent the “costs” of transportation networks
in branched transportation models. We prove that, under minimal assumptions on
H, the H-mass coincides, on rectifiable currents, with the lower semi-continuous enve-
lope of the H-mass functional defined on real polyhedral chains.

In the paper [MS17], in collaboration with A. Marchese, we focus instead on the struc-
ture of currents with coefficients in the group Z,, of integers mod(p). We show that
every equivalence class in the quotient group of integral 1-currents modulo p in Eu-
clidean space contains an integral current, with quantitative estimates on its mass and
the mass of its boundary. This affirmatively answers, at least in the simpler case of one-
dimensional currents, a long-standing open question of F. Almgren (cf. [ope86, Prob-



lem 3.3]). Moreover, we show that the validity of this statement for m-dimensional
integral currents modulo p implies that the family of (m — 1)-dimensional flat chains
of the form pT, with T a flat chain, is closed with respect to the flat norm. In particu-
lar, we deduce that such closedness property holds for 0-dimensional flat chains, and,
using a proposition from [Whiyg], also for flat chains of codimension 1.






ZUSAMMENFASSUNG

Diese Arbeit handelt von verschiedene Probleme der Variationsrechnung, geometrischer
Masstheorie und geometrischer Analysis. Die meisten Probleme der Variationsrechnung
hier behandelten sind im Zusammenhang mit mehrwertigen Funktionen beschrieben. Diese
Technik wurde von FE. Almgren in [Almoo] eingefiihrt, um die Regularitdt von verallgemein-
erten Minimalfldchen (flichenminimierende ganzzahlig rektifizierbare Strome) in hoherer
Codimension zu untersuchen. In den vergangenen Jahren haben C. De Lellis und E. Spadaro
die Arbeiten von F. Almgren wieder aufgegriffen (vgl. [DLS11, DS15, DLS14, DLS16a,
DLS16b]). Sie haben nicht nur einen kiirzeren Beweis von seinem berithmten Resultat tiber
partielle Regularitat erstellt, sondern auch die Wichtigkeit von mehrwertigen Funktionen
und ihren starken Zusammenhang zu der Minimalfldchen-Theorie aufgezeigt.

Die verschiedenen Themen dieser Arbeit sind auf die folgenden vier Kapitel aufgeteilt:

1. Mehrwertigkeits Theorie vom Stabilitatsoperator:

Eine der bedeutendsten Fragen in der geometrischen Masstheorie ist, ob an jedem in-
neren Punkt des Tragers eines flichenminimierenden integralen Stroms die Klasse der
Tangentialkegel aus einem eindeutigen Element besteht. Die dazugehorige Antwort
ist unbekannt. Nur in wenigen Spezialfdllen von Klassen von flachenminimieren-
den Stromen (z.B. zwei-dimensionale Strome, siehe [Whi83]) ist die Antwort beja-
hend. Jedoch ist das Problem in seiner ganzen Allgemeinheit noch vollig offen.
Die Eindeutigkeit des Kegels kann gezeigt werden, falls der flichenminimierender
Strom eine isolierte Singularitdt besitzt, die Schnittfliche eines zugeho¢rigen Tangen-
tialkegels mit der Sphédre eine minimale Untermannigfaltigkeit der Sphére ist und
das Spektrum des Stabilitdtsoperator und die Jacobi Felder der minimalen Unter-
mannigfaltigkeit gewisse Eigenschaften erfiillen (siehe [AA81, Simg4]). Mit dem
Ziel die Resultate von Allard-Almgren und Simon auf allgemeinere Situationen zu
erweitern, entwickeln wir eine Mehrwertigkeits Theorie fiir den Stabilitdtsoperator.
Genauer definieren wir zu jeder positiven ganzen Zahl Q ein Jacobi Q-Feld als ein Q-
wertiger Schnitt vom Normalenbiindel einer minimalen Untermannigfaltigkeit von
einer Riemannscher Mannigfaltigkeit, welcher eine Energie (die Jacobi Energie Jac)
minimiert. Diese (Jacobi) Energie kommt von dem mehrwertigen Gegenstiick der
zweiten Variationsformel. Nachdem wir die hinreichenden Bedingungen dafiir un-
tersuchen, dass das Minimierungsproblem fiir das Jac Funktional eine Losung fiir
jeden beliebigen Anfangswert besitzt, beschéftigen wir uns mit der Regularitdt der
minimierenden Schnitte. Dort zeigen wir zuerst, dass Jacobi Q-Felder Holder-stetige
mehrwertige Funktionen sind. Dann beweisen wir, dass ausser um Punkte, welche
zu einer singuldren Menge gehoren, deren Codimension in der Untermannigfaltigkeit
mindestens zwei betrédgt, jedes Jacobi Q-Feld in einer offenen Umgebung als Superpo-
sition von klassischen Jacobi Q-Felder dargestellt werden kann. Diese Resultate sind
Teile von unserem Artikel [Stu17a].
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2. Mehrwertige Schnitte von Vektorbiindel und Anwendungen:

Mit dhnlichen Ideen wie diesen von W. Allard in [All13] definieren wir mehrwertige
Schnitte von abstrakten Vektorbiindel von Riemannschen Mannigfaltigkeiten. Wir
untersuchen gewisse geometrische Eigenschaften, welche das Konzept von Stetigkeit
und Lipschitz-Stetigkeit von mehrwertigen Funktionen auf Vektorbiindel erweitern.
Mit diesen theoretischen Mitteln erschaffen wir einen neuen geometrischen Beweis fiir
das Umparametrisierungstheorem fiir Graphen von mehrwertigen Funktionen wie in
[DS15]. Dieser Beweis ist der entscheidende Schritt, um die Q-wertigen Lipschitz-
Funktionen zu konstruieren, welche normal zur zentralen Mannigfaltigkeit definiert
sind und den minimierenden Strom approximieren. Dies ist im Beweis von F. Alm-
grens partiellem Regularitdtstheorem notwendig (siehe [DLS16a]). Diese Resultate
sind in [Stu1yb] zu finden.

3. Regularitdt und Singularitdten von mehrwertigen harmonischen Abbildungen:
Minimierende harmonische Abbildungen sind Abbildungen, deren Wertebereiche in
einer gegebenen Riemannschen Mannigfaltigkeit liegen und welche die Dirichlet En-
ergie beziiglich den Randwerten minimieren. Im Gegensatz zu harmonischen Funk-
tionen sind die minimierenden harmonischen Abbildungen nicht zwingend iiberall
glatt. Allerdings ist bekannt (siehe [SU82]), dass die Menge der Punkte, bei denen die
minimierende harmonische Abbildung nicht glatt ist, "klein" ist in dem Sinne, dass
die Codimension dieser Menge im Definitionsbereich der Abbildung mindestens drei
betragt. In [NV17] haben A. Naber und D. Valtorta gezeigt, dass falls der Defini-
tionsbereich der Abbildung m-dimensional ist, dann ist die singuldre Menge (m — 3)-
rektifizierbar und ihr (m — 3)-Hausdorfmass ist gleichmassig endlich. In [Hir16b] hat
J. Hirsch die Analyse von mehrwertigen Dirichlet Energie minimierenden harmonis-
chen Abbildungen eingefiihrt. Er hat analog zu [SU82] die grundlegende Stetigkeit-
stheorie fiir solche Abbildungen entwickelt. Hier erweitern wir die Resultate von
[NV17] zum mehrwertigen Konstrukt. Das heisst, wir beweisen die Rektifizierbarkeit
der singuldren Menge und schédtzen ihr Volumen ab. Des Weiteren untersuchen wir
den Spezialfall, wenn die Mannigfaltigkeit, in welcher der Wertebereich der Abbil-
dung liegt, nicht-positiv gekriimmt ist. Genauer zeigen wir, dass falls diese Mannig-
faltigkeit nicht-positiv gekriimmt und einfach zusammenhingend ist, dann ist jede
Q-wertige minimierende harmonische Abbildung {iberall stetig. Dies ist auch wabhr,
falls Q = 1 und die Mannigfaltigkeit nur zusammenhangend ist. Wir zeigen anhand
eines Beispiels, dass diese stdrkere Aussage jedoch nicht mehr gilt, falls Q > 1. Diese
Resultate, welche in Zusammenarbeit mit J. Hirsch und D. Valtorta entstanden sind,
sind in [HSV17] aufgefiihrt.

4. Resultate tiber reelle Strome und Strome mit Koeffizienten in Gruppen:
In dem Artikel [CDMS17] untersuchen wir in Zusammenarbeit mit M. Colombo, A.
De Rosa und A. Marchese eine allgemeine Klasse von Energien, welche auf reellen
rektifizierbaren Stromen durch Integration einer Funktion H der Multiplizitat iiber
der rektifizierbaren Menge, welche der Trager des Stroms darstellt, definiert ist. Diese
Energien sind in der Literatur mit H-Massen bezeichnet und werden gewohnlich als
"Kosten" von Transport-Netzwerken in verzweigten Transportmodellen angesehen.



Wir zeigen, dass falls H gewisse Annahmen erfiillt, dann ist die H-Masse auf rekti-
tizierbaren Stromen die unterhalbstetige Hiille vom H-Mass-Funktional, welches auf
polyedrischen Stromen definiert ist.

Im Artikel [MS17] beschéftigen wir uns in Zusammenarbeit mit A. Marchese mit der
Struktur von Stromen mit Koeffizienten in der Gruppe Z, von den ganzen Zahlen
mod(p). Wir zeigen, dass jede Aquivalenzklasse in der Quotientengruppe von in-
tegralen 1-Stromen modulo p im Euklidischen Raum einen integralen Reprédsentan-
ten besitzt. Dies bejaht die lange offen gestandene Frage von F. Almgren (siehe
[ope86, Problem 3.3]) im einfacheren Fall von 1-dimensionalen Stromen. Des Weit-
eren zeigen wir, dass die Giiltigkeit dieser Aussage im Falle von m-dimensionalen
integralen Strome modulo p impliziert, dass die Familie der (m — 1)-dimensionalen
flat Chains der Form pT, wobei T ein flat Chain ist, abgeschlossen ist in der flat Norm.
Insbesondere folgern wir, dass diese Abgeschlossenheit auch fiir 0-dimensionale flat
Chains gilt. Zusammen mit einer Proposition von [Whiy9] leiten wir dies auch fiir
flat Chains mit Codimension 1 her.
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GENERAL CONVENTIONS ADOPTED IN
THIS THESIS

Natural, integer, rational and real numbers are canonically denoted by IN,Z,Q and R
respectively. Complex numbers are denoted C, and Z denotes the complex conjugate of the
complex number z. We will denote by [a, b] the closed interval in R, defined by a < x < b,
and by (a, b) the open interval, defined by a < x < b. The Euclidean space of dimension
d is canonically denoted R4. If v, w € RY, then their Euclidean scalar product is denoted

1
v,w) = Y& viw;. The Euclidean norm of v € R9 is [v| == ((v,v))"/? = (Zf:1 v%) /2.
The (d — 1)-dimensional sphere in R9, defined by the condition |x| = 1, is denoted gd—1.
The symbol B..(x) (or sometimes B(x,)) will denote the open ball centered at x € R¢ and
having radius r > 0. We will often simply write B, if the center is the origin, whereas we
will use the writing B4(x) to emphasize that the ambient space is R¢. If E C RY, then E,

intE, and OE denote its closure, its interior, and its boundary respectively. We will also set
E¢:=RI\E.

If (X, d) is a metric space and E C X then the diameter of E is the number
diam(E) :=sup{d(x,y): x,y € E}.
If diam(E) < oo, then we say that E is bounded. If E1,E, C X then their distance is
dist(Eq, Ez) :=inf{d(x,y): x € E1,y € Ex}.

The Lebesgue measure of a measurable set E C R¢ is denoted £4(E) or simply |E|. If m is
a non-negative real number, with the symbol H™ we denote the m-dimensional Hausdorff
measure on RY, i.e.

o > diam(Ep)\™ oo .
m — . <
H™(B) : glir})mf{Zwm< > ) .BCUEh,dmm(Eh)\é ,
h=1 h=1
2
i)
then w, is the volume of the unit m-dimensional ball.

with w, = , I denoting the usual Gamma function. In particular, if m is integer

If u is a positive Radon measure on R4, m > 0, and x € R4, we will denote by ©(u, x)
and ©™*(u, x) the lower and upper m-dimensional densities of u at x, respectively defined by
O (w, x) := liminf (B (x))

=0  WmTm

, O™ (u,x) = limsup

In case the two limits above coincide, we will let @™ (u, x) denote their common value. We
will then call @™ (, x) the m-dimensional density of p at x.
The restriction of a positive Radon measure p to a Borel set E is denoted pnlLE.



With a slight abuse of notation, we will identify a linear map L: R™ — R™ with its
representation matrix with respect to the standard bases of R™ and R™, and thus we will
write L € R™*™. The action of L € R™ ™ on a vector v € R™ is denoted L-v. If
LM € R™™™ then we will denote by (L: M) their Hilbert-Schmidt scalar product, given
by (L: M) := 33, LijMyj. The Hilbert-Schmidt norm of L € R™*™ is then simply
L= (L: L)'

We will use standard notations for the classical spaces of functions: Lebesgue spaces,
Sobolev spaces, and Holder spaces are denoted LP, W*P, and C** respectively. Spaces
CO'" of Lipschitz functions are denoted Lip. If T is a space of functions, then the writ-
ing f € F(A,B) means that f: A — B and that f € F. If X and Y are metric spaces and
f € Lip(X,Y) then Lip(f) denotes its Lipschitz constant. The support of a function f (or of a
measure ) is denoted spt(f) (or spt(u)). The writing f € C¥* means that f is a function in
C** and that spt(f) is a compact subset of its domain.

All manifolds appearing in this thesis are assumed to be second countable and Hausdorff.
The notation here used for classical objects in differential geometry is standard, and some
notions will be recalled when the need arises. The class of differentiability of a manifold is
either specified or assumed to be co. If I is a manifold then we will sometimes write ™
to underline that the dimension of £ is m. If Z™ is a manifold of class C' and x € £ then
T, L denotes the tangent space to L at x. If f: £ — R9 is a C! map and & is a tangent vector
field to Z, the symbol D¢ f will denote the directional derivative of f along &, that is

Def(x) = d

a(foV)

t=0

whenever vy = y(t) isa C' curve on X with y(0) = x and ¥(0) = &(x). The differential of f at
x € L will be denoted Df(x): we recall that this is the linear operator Df(x): TxZ — IR9 such
that Df(x) - £(x) = Dgf(x) for any tangent vector field &. The notation Df|, will sometimes
be used in place of Df(x). Moreover, the derivative along & of a scalar function f: £ — R
will be sometimes simply denoted by &(f).

We will assume that the reader is familiar with basic notions in multi-linear algebra (cf.
[Sim83b, Section 25]). The vector spaces of m-vectors and m-covectors in R¢ are denoted
Am(R%) and A™(RRY) respectively. The pairing between m-covectors and m-vectors is
denoted (-,-). If V=v1 A+ Avyy € A (RY) is a simple m-vector, then its Euclidean norm
is denoted [V]. If w € A™(RRY) is an m-covector, we will let ||w||. denote its comass norm,
that is the quantity

|lwlc :=sup{(w,V) : Vis asimple m-vector and [V| = 1}.
Let O C R4 be an open set. A smooth map
w: Q — A™(RY)

is called a smooth differential m-form in Q. We will denote D™(Q) := C®(Q, A™(RY)) the
space of smooth compactly supported differential m-forms in O, endowed with the usual



locally convex topology of uniform convergence on compact sets. If w € D™(Q) then
dw € D™*+1(Q) is its exterior differential.

Finally, constants will be usually denoted by C. The precise value of C may change from
line to line throughout a computation. Moreover, we will write C(a,b,...) or Cqp,... to
specify that C depends on previously introduced quantities a, b, . ...






INTRODUCTION

Understanding the structure of minimal surfaces has represented, and still represents, a
great, long-standing challenge to mathematicians.

The starting point of our discussion is the following very simple question, historically
attributed to the Belgian physicist J.A.F. Plateau (although it had been formulated much
earlier by Lagrange, Meusnier and others), who originally raised it for two-dimensional
surfaces in the three-dimensional Euclidean space.

Question 1.0.1 (Plateau’s problem). Given an (m — 1)-dimensional “contour” T' in R™*™
(or in an (m + n)-dimensional Riemannian manifold), is there an m-dimensional surface X
having minimal m-dimensional area among all those spanning I'?

The problem is deliberately stated in vague terms. The concepts “m-dimensional sur-
face”, “m-dimensional area” and “spanning” can be interpreted mathematically in many
different ways, and different theories can be consequently produced. During the nineteenth
century, Plateau’s problem was solved for many special contours T', but a sufficiently gen-
eral solution was only obtained in 1930 simultaneously by J. Douglas and T. Radé. Their
solution considered only two-dimensional surfaces in Euclidean space IR?, defined as im-
ages of mappings from the disc D := {u? +v? < 1} C R%. As soon as one tries to tackle
the problem in higher dimension (the number m in the statement of Plateau’s problem) and
codimension (the number n in the statement of Plateau’s problem), it becomes clear that
the “surface as a mapping” approach is not promising at all. The main reason being that
the natural topology lacks the necessary compactness properties to solve the problem by
direct methods. As it is often the case in the Calculus of Variations, in order to gain enough
compactness to guarantee convergence of a minimizing sequence, one has to enlarge the
class of competitors sacrificing some a priori regularity assumptions. Guided by this prin-
ciple, many generalizations of the classical notion of surface have been introduced in the
second half of the twentieth century: among others, we cite De Giorgi’s sets of finite perimeter,
Federer-Fleming's integer rectifiable currents, and Almgren-Allard’s integral varifolds.

In this thesis, we will work in the framework of integer rectifiable currents. Born in the
early 1960s after the foundational work [FF60] of H. Federer and W.H. Fleming, currents are
a very broad generalization of surfaces. Nonetheless, they are powerful enough not only to
produce a satisfactory analytical and topological formulation of “m-dimensional domains
of integration in a d-dimensional ambient space”, but also to provide a satisfactory and
extremely general (affirmative) answer to Plateau’s problem. Once that the solvability of
Plateau’s problem has been established in the framework of integer rectifiable currents,
and consequently the notion of area minimizing current has been introduced, one is left with
the regularity issue that was created when the class of competitors was enlarged. One
could hope that every area minimizing current is, eventually, everywhere regular. Maybe
surprisingly, it turns out that this is not the case, since there exist “minimal surfaces” with
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singularities. In turn, this information tells us that some generalization of the classical
notion of surface was, in fact, unavoidable.

Let us try to provide a glimpse to the (interior) regularity theory for area minimizing cur-
rents. In doing this, we will necessarily need to use some of the notation and terminology
which is typical of the theory of currents. The reader who is not familiar with it can refer
to Section 2.1 and, of course, to the references therein.

Let us assume that T is an area minimizing (locally) integer rectifiable m-dimensional
current in R4, Let n := d — m be the codimension of T. Also let Sing(T) denote the set
of points x € spt(T) \ spt(dT) for which there exists a neighborhood U of x in RY such
that spt(T) NU is a smooth embedded m-dimensional submanifold. Then, the problem is
to understand whether Sing(T) is empty and, in case it is not, to estimate its Hausdorff
dimension.

It turns out that the answer to the above question strongly depends on the codimension
n. If n = 1, then it is known that the singular set Sing(T) of an m-dimensional area
minimizing current T has Hausdorff dimension at most m —7 ([DG61, Fle62, DG65, AIm66,
S5im68, Fedyo]), and it is countably (m — 7)-rectifiable ([Simg5b], later improved in [NV15]);
furthermore, if m = 7 then Sing(T) consists of isolated points ([Fedyo]). In particular, m-
dimensional area minimizing currents in R™"! are classical submanifolds for every m <
6. On the other hand, if n > 2 then the current might exhibit singularities already in
dimension m = 2. Indeed, it is known that in this higher codimension case the singular set
Sing(T) of an m-dimensional area minimizing current T has Hausdorff dimension at most
m — 2 ([Almoo]), and consists of isolated points if m = 2 ([Cha88]). In fact, both results are
sharp (see [BDGG69] for the codimension one case and [Fed65] for the higher codimension
case).

Now, not only the singularities already appear in low dimensions when n > 2, but in fact
the degree of difficulty of the two problems is substantially different. It is fair to say that,
by now, the techniques leading to the regularity result in codimension one have been well
assimilated by the community of mathematicians working in Geometric Measure Theory
and Geometric Analysis. On the other hand, the proof of the result in the case n > 2 has
required the development of a whole range of new tools, in order to deal with the kind of
singularities that can arise.

A fundamental notion that is needed when addressing the problem of the regularity
of area minimizing currents is that of a tangent cone. A by now very standard monotonicity
formula (see [All72]) states that if T is area minimizing and m-dimensional, then the function
T % (where ||T||(By(x)) denotes the “area” of T in the ball B;(x)) is monotone
non-decreasing at every point x € spt(T) \ spt(0T). There are two main consequences of
this monotonicity result: first, that the m-density @™ (||T||,x) of the measure ||T|| associated
with T is well defined at every interior point x; second, that if we define, for any r > 0, the
function ty,: R — R4 by 1, +(y) := 1~ '(y —x), then for any sequence of radii 1y, | 0 the
rescalings Ty r, := (ix,r, )4 T obtained by push-forwarding T via 1y, (see § 2.1.2) converge,
up to subsequences, to a (locally) area minimizing current which is invariant with respect
to homotheties centered at the origin: such a limit current is called a tangent cone to T at x.

Now, one key idea that can be exploited in the regularity theory when n =1 is that if T is
area minimizing and if at least one tangent cone to T at a point x € spt(T) \ spt(dT) is (the
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current associated to) a flat plane 7, then, at a sufficiently small scale p, the current is close
to the graph of a harmonic function defined on 7. In particular, every point that admits at
least one flat tangent cone is regular. On the other hand, a careful analysis of minimizing
hypercones, together with the classical dimension reduction arqument by Federer implies that
the Hausdorff dimension of the set of points which do not admit any flat tangent cone
cannot exceed m —7.

Such an argument fails dramatically in the higher codimension case. As an example,
consider the holomorphic curve

M:={(z,w) € C?: z2 =w3}.

The curve T' is calibrated, and thus area-minimizing. Nonetheless, the origin is a singular
point for I, even though the (unique!) tangent cone to I' at (0,0) is the plane {z = 0}
(counted with multiplicity two). In fact, I' cannot be approximated with the graph of a
(single-valued!) function in any neighborhood of the origin.

This phenomenon, typical of the higher codimension, is called branching. In [Almoo],
Almgren introduces the notion of multiple-valued functions taking a fixed number Q of values
in order to approximate area minimizing currents in a neighborhood of a singular point of
branching type with multiplicity Q. Specifically, a Q-valued function is a function taking
values in the space Aq (IR™) of unordered Q-tuples of points in R™ (Q-points): each Q-point
S = ZEQ:, [pe] is naturally identified with the purely atomic measure of mass Q in R™
obtained by placing a Dirac delta at each pg, and Ag(R™) is endowed with the structure
of complete separable metric space when the distance between two Q-points is defined as
the [.2-based Wasserstein distance between the associated measures. A brief overview of
Almgren’s theory of multiple valued functions is the content of Section 2.2.

Almgren’s strategy to tackle the regularity problem in higher codimension can be very
broadly summarized in three main steps:

(1) develop a regularity theory for multiple-valued functions minimizing a suitable gen-
eralization of the Dirichlet energy (Dir-minimizers, the Q-valued counterpart of har-
monic functions), where suitable means that it appears as the first non-trivial term in
the Taylor expansion of the mass of (the rectifiable current associated to) a multiple-
valued graph;

(2) perform a delicate approximation of the rescalings Ty r, of an area minimizing current
T at a singular point x € spt(T) \ spt(dT) with multiple-valued functions converging,
in the limit, to a Dir-minimizer;

(3) argue by contradiction: if the singular set of T was too large, a large singular set
would also be inherited by the Dir-minimizer in the limit, thus contradicting the
“linear” regularity theory in (1).

7

This program was successfully implemented in the enormous Big Regularity Paper [Almoo].

In recent years, C. De Lellis and E. Spadaro have revisited Almgren’s program, giving a
much shorter version of it (cf. [DLS11, DS15, DLS14, DLS16a, DLS16b] and also [DL16a,
DL16b]). The new techniques developed in the last two decades to perform analysis in
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metric spaces allowed De Lellis and Spadaro to substantially reduce the complexity of sev-
eral arguments contained in [Almoo], thus getting more transparent proofs and achieving
stronger analytic estimates. Chang’s theorem [Cha88], according to which the singularities
of two-dimensional area minimizing currents are isolated, was also re-proved in the light
of the new techniques by the same authors and L. Spolaor (cf. [DSS15a, DSS15b, DSS15¢]).

The major role played by multiple-valued Dirichlet minimizers in the regularity theory
for higher codimension minimal surfaces suggests that a finer analysis of their properties
may be the starting point for solving some of the yet unanswered questions in the theory
of rectifiable currents minimizing the area functional. In this thesis, after some unavoidable
preliminaries aimed both at introducing the main objects of our study (Chapter 2), and at
presenting some technical tools which will be used in the next chapters (Chapter 3), we
will present the results of our investigations on multiple-valued functions, which go both
in the direction of studying the minimization of more general functionals than the Dirichlet
energy (coming from higher order Taylor expansions of the mass of graphs, cf. Part I,
Chapters 4 to 7), and in the sense of more general target spaces than R™ (Part II, Chapters
8-9, and Part III, Chapters 10-11). Part IV, the last of the thesis, will contain some results
on real currents (Chapter 12) and on currents with coefficients in the group Z,, of integers
modulo p (Chapter 13).

1.1 PART |: MULTI-VALUED THEORY OF THE STABILITY OPERATOR

In the above discussion we have introduced the fundamental notion of a tangent cone C
to an m-dimensional area minimizing integer rectifiable current T at a point x € spt(T) \
spt(0T). Now, if x is a regular point, and thus spt(T) is a classical m-dimensional mini-
mal submanifold in a neighborhood of x, then the cone C is certainly unique, and in fact
C = Q[n], where T = Tx(spt(T)) is the tangent space to spt(T) at x, the double brackets
roughly mean “the current associated to”, and Q = @™ (||T||, x) is the m-dimensional den-
sity of the measure ||T| at x. If, on the other hand, x happens to be singular, then not
only we have no information about the limit cone, but in fact it is still an open question
whether in general such a limit cone is unique (that is, independent of the approximating
sequence) or not. The problem of uniqueness of tangent cones at the singular points of area
minimizing currents of general dimension and codimension stands still today as one of the
most celebrated of the unsolved problems in Geometric Measure Theory (cf. [ope86, Prob-
lem 5.2]), and only a few partial answers corresponding to a limited number of particular
cases are available in literature. In [Whi83], B. White showed such uniqueness for two-
dimensional area minimizing currents in any codimension, building on a characterization
of two-dimensional area minimizing cones proved earlier on by F. Morgan in [Mor82]. In
general dimension, W. Allard and F. Almgren [AA81] were able to prove that uniqueness
holds under some additional requirements on the limit cone. Specifically, they have the
following theorem.

Theorem 1.1.1 ([AA81]). Let T be an m-dimensional area minimizing integer rectifiable current
in R™*™, and let x € spt(T) be an isolated singular point. Assume that there exists a tangent cone
C to T at x satisfying the following hypotheses:
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(H1) C is the cone over an (m — 1)-dimensional minimal submanifold L of smAn—1 1 and thus C
has an isolated singularity at 0 and ©™ (||C||,x) =1 for every x € spt(C) \ {0};

(H2) all normal Jacobi fields N of £ in S™ ™1 are integrable, that is for every normal Jacobi field
N there exists a one-parameter family of minimal submanifolds of S™+ ™1 having velocity N
at X.

Then, C is the unique tangent cone to T at x. Furthermore, the blow-up sequence Ty r = (tx )3T
converges to C as 1 |, O with rate ® for some p > 0.

The hypotheses (H1) and (H2) are however quite restrictive. Allard and Almgren were
able to show that (H2) holds in case X is the product of two lower dimensional standard
spheres (of appropriate radii to ensure minimality), since in this case all normal Jacobi
fields of £ in S™* "~ arise from isometric motions of S™*"~1. It seems however rather
unlikely that the condition can hold for any general & admitting normal Jacobi fields other
than those generated by rigid motions of the sphere. In [Sim83a], L. Simon was able to
prove Theorem 1.1.1 dropping the hypothesis (H2), with a quite different approach with
respect to [AA81] and purely PDE-based techniques. Not much has been done, instead, in
the direction of removing (or, at least, weakening) the hypothesis (H1): to our knowledge,
indeed, the only result concerning the case when a tangent cone C has more than one
isolated singularity at the origin is contained in L. Simon’s work [Sim94], where the author
proves uniqueness of tangent cones to any codimension one area minimizing m-current T
whenever one limit cone C is of the form C = Cp x R, with Cy a strictly stable, strictly
minimizing (m — 1)-dimensional cone in R™ with an isolated singularity at the origin, and
under additional assumptions on the Jacobi fields of C and on the spectrum of the Jacobi
normal operator of Co.

However, all the results discussed above do not cover the cases when a tangent cone has
higher multiplicity: it is remarkable that uniqueness is still open even under the strong
assumption that all tangent cones to an area minimizing m-current T (m > 2) at an interior
singular point x are of the form C = Q[n], where [n] is the rectifiable current associated
with an oriented m-dimensional linear subspace of R™*™ and Q > 1 (cf. [Almoo, Section
L11(2), p. 9]).

In Part I we will present our paper [Stuiya], where we develop a complete multi-valued
theory of the Jacobi normal operator: we believe that such a theory may facilitate the un-
derstanding of the qualitative behaviour of the area functional near a minimal submanifold
with multiplicity, and eventually lead to a generalization of Theorem 1.1.1 (and neighbouring
results) to relevant cases when the condition that ©™(||C||,x) = 1 for every x € spt(C) \ {0}
fails to hold.

As a byproduct, the theory of multiple-valued Jacobi fields will show that the regularity
theory for Dir-minimizing Q-valued functions developed in step (1) of Almgren’s program
(of which we will give an account in § 2.2.4) is robust enough to allow one to produce
analogous regularity results for minimizers of functionals defined on Sobolev spaces of Q-
valued functions other than the Dirichlet energy (see also [Mat83, DLFS11] for a discussion
about general integral functionals defined on spaces of multiple valued functions and their
semi-continuity properties).

1 See Section 2.1.2 for the definition of a cone over a current.

9
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1.1.1  Structure and main results

Let us first recall what is classically meant by Jacobi operator and Jacobi fields. Let X be
an m-dimensional compact oriented submanifold (with or without boundary) of an (m +k)-
dimensional Riemannian manifold M C RY, and assume that £ is stationary with respect
to the m-dimensional area functional. Then, a one-parameter family of normal variations
of X in M can be defined by setting X := F¢(Z), where F; is the flow generated by a smooth
cross-section N of the normal bundle NZ of £ in M which has compact support in Z. It is
known that the second variation formula corresponding to such a family of variations can
be expressed in terms of an elliptic differential operator £ defined on the space I'(NX) of the
cross-sections of the normal bundle. This operator, usually called the Jacobi normal operator,
is given by £ := —A{ — o/ — %, where A{ is the Laplacian on NI, and &/ and % are linear
transformations of NX defined in terms of the second fundamental form of the immersion
t: £ — M and of a partial Ricci tensor of the ambient manifold M, respectively. The notions
of Morse index, stability and Jacobi fields, central in the analysis of the properties of the class
of minimal submanifolds of a given Riemannian manifold, are all defined by means of the
Jacobi normal operator and its spectral properties (see Section 4.2 for the precise definitions
and for a discussion about the most relevant literature related to the topic). In particular,
Jacobi fields are defined as those sections N € I'(NX) lying in the kernel of the operator £,
and thus solving the system of partial differential equations £(N) = 0.

In Part I, we consider instead multi-valued normal variations in the following sense. Let
Z and M be as above, and consider, for a fixed integer Q > 1, a Lipschitz multiple valued
vector field N: £ — Aqg(R?) vanishing at 0L and having the form N = 28:1 [N¢], where
N¢(x) is tangent to M and orthogonal to I at every point x € £ and for every { = 1,..., Q.
The “flow” of such a multiple valued vector field generates a one-parameter family X of
m-dimensional integer rectifiable currents in M such that £y = Q[Z] and 09X = Q[0X] for
every t. The second variation

dZ

FIZIN) = 17 MI(Zy)

7

t=0

IM(T) denoting the mass of a current T, is a well-defined functional on the space Fgé’z(NZ)
of Q-valued W'-? sections of the normal bundle NX of £ in M. We will denote such Jacobi
functional by Jac. Explicitly, the Jac functional is given by

Q
Jac(N, Z) ::/ZZ (I7-NU2 = A N2 = RN, NG ) dae, (1.1)
(=1

where V= is the projection of the Levi-Civita connection of M onto NZ, |A - NY| is the
Hilbert-Schmidt norm of the projection of the second fundamental form of the embedding
Y~ < M onto N¢ and R(N!,NY) is a partial Ricci tensor of the ambient manifold M in the
direction of N! (see Section 4.2 for the precise definition of the notation used in (1.1)).

Unlike the classical case, it is not possible to characterize the stationary maps of the Jac
functional as the solutions of a certain Euler-Lagrange equation, and no PDE techniques
seem available to study their regularity. Therefore, we develop a completely variational
theory of multiple valued Jacobi fields. Hence, we give the following definition.
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Definition 4.2.11 Let QO C ¥ — M be a Lipschitz open set. A map N € FJQ'Z(NQ) is said to be a
Jac-minimizer, or a Jacobi Q-field in Q, if it minimizes the Jacobi functional among all Q-valued
W12 sections of the normal bundle of Q in M having the same trace at the boundary, that is

Jac(N, Q) <Jac(w, Q) forall w € T5*(NQ) such that uloq = Nlaq.

We are now ready to state the main theorems of this part. They develop the theory of
Jacobi Q-fields along three main directions, concerning existence, regqularity, and estimate of
the singular set.

Theorem 5.0.1 (Conditional existence). Let QO be an open and connected subset of ¥ — M
with C? boundary. Assume that the following strict stability condition is satisfied: the only
Q-valued Jacobi field N in Q such that Nlaq = Q[O] is the null field No = Q[0]. Then, for
any g € Fgg’z(fNQ) such that glaa € W]'Z(OO_,AQ(IRd)) there is a Jacobi Q-field N such that

Nloo = glao-

Note that the above result strongly resembles the classical Fredholm alternative condition
for solving linear elliptic boundary value problems: the solvability of the minimum prob-
lem for the Jac functional in FJQ’Z(NQ) for any given boundary datum g as in the statement
is guaranteed whenever () does not admit any non-trivial Jacobi Q-field vanishing at the
boundary.

Theorem 6.0.1 (Regularity). Let (O C X be an open subset, with £ — M as above. There exists
a universal constant o = a(m, Q) € (0,1) such that if N € F(]Q'Z(NQ) is Jac-minimizing then

N e CU*(Q, Aq(RY)).

loc

Theorem 6.0.3 (Estimate of the singular set). Let N be a Q-valued Jacobi field in (O C L™. Then,
there exists a relatively closed set sing(N) C Q of Hausdorff dimension dimg(sing(N)) < m —2
(and at most countable if m = 2) such that on the open set Q) \ sing(N) the vector field N can be
locally written as the superposition of Q classical Jacobi fields. Furthermore, either two Jacobi fields
of the local selection coincide, or they never cross.

Note that Theorems 5.0.1, 6.0.1 and 6.0.3 all have a counterpart in (and can in fact be con-
sidered a generalization of) Almgren’s theory of Dir-minimizing multiple valued functions
(cf. Theorems 2.2.20, 2.2.21 and 2.2.23). The existence result for Jacobi Q-field is natu-
rally more difficult than its Dir-minimizing counterpart, because in general the space of
Q-valued W2 sections of NI with bounded Jacobi energy is not weakly compact. There-
fore, the proof of Theorem 5.0.1 requires a suitable extension result (cf. Corollary 5.1.3)
for multiple valued Sobolev functions defined on the boundary of an open subset of X
to a tubular neighborhood, which eventually allows one to exploit the strict stability con-
dition in order to gain the desired compactness. In turn, such an extension theorem is
obtained as a corollary of a multi-valued version of the celebrated Luckhaus” Lemma, cf.
Proposition 5.1.1. The proof of Theorem 6.0.1 is obtained from the Holder regularity of
Dir-minimizing Q-valued functions by means of a perturbation argument. Finally, the es-
timate of the Hausdorff dimension of the singular set of a Jac-minimizer, Theorem 6.0.3,
relies on its Dir-minimizing counterpart once we have shown that the tangent maps to a

11
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Jacobi Q-field at a collapsed singularity p (obtained as uniform limits of suitable sequences
of rescalings of N in a neighborhood of p) are non-trivial homogeneous Dir-minimizing
functions, see Theorem 6.3.8. In turn, the proof of the Blow-up Theorem 6.3.8 is based on
a delicate asymptotic analysis of an Almgren’s type frequency function, which is shown
to be almost monotone and bounded at every collapsed point. This is done by providing
fairly general first variation integral identities satisfied by the Jac-minimizers.

Let us also remark that Theorem 6.3.8 does not guarantee that tangent maps to a Jacobi Q-
field at a collapsed singularity are unique. Similarly to what happens for tangent cones to
area minimizing currents (and for several other problems in Geometric Analysis), different
blow-up sequences may converge to different limit profiles. Whether this phenomenon
occurs or not is an open problem. On the other hand, if the dimension of the base manifold
ism = dim X~ = 2, then we are able to show that the limit profile must be a unigue non-trivial
Dirichlet minimizer. Indeed, we have the following theorem.

Theorem 7.0.1 (Uniqueness of tangent maps). Let m = dimZ = 2, and let N be a Q-valued
Jacobi field in Q C L2. Let p be a collapsed singular point, that is, assume that N(p) = Q[v] for
some v € TPLZ C TpM but there exists no neighborhood U of p such that Nl = Q[(] for some
single-valued section C. Then, there exists a unique tangent map Ay to N at p. A}, is a non-trivial
homogeneous Dir-minimizer N, : T, L = Aq(Ty L C T,M).

The key to prove Theorem 7.0.1 is to show that, in dimension m = 2, the rate of con-
vergence of the frequency function at a collapsed singularity to its limit is a small power
of the radius. In turn, this is achieved by exploiting one more time the variation formulae
satisfied by N.

The part is organized as follows. After a quick review of some classical notions in Differ-
ential Geometry, Chapter 4 contains the derivation of the second variation formula gener-
ated by a Q-valued section of NZ, which leads to the definition of the Jac functional and to
a first analysis of its properties: in particular, we show that the Jac functional is lower semi-
continuous with respect to W' weak convergence (cf. Proposition 4.3.1) and we study the
strict stability condition mentioned in the statement of Theorem 5.0.1 (cf. Lemma 4.3.4).
Chapter 5 contains the proof of Theorem 5.0.1. The regularity theory in general dimension
is instead developed in Chapter 6. In particular, the proof of Theorem 6.0.1 is contained
in Section 6.1. In Section 6.2 we prove the properties of the frequency function which are
needed to carry on the blow-up scheme, which is instead the content of Section 6.3. Theo-
rem 6.0.3 is finally proved in Section 6.4. Last, Chapter 7 contains the uniqueness of tangent
maps in dimension 2: the decay of the frequency function, Proposition 7.1.1, is proved in
Section 7.1; Theorem 7.0.1 is finally proved in Section 7.2.

1.2 PART |l: MULTIPLE-VALUED SECTIONS OF VECTOR BUNDLES
AND APPLICATIONS
Many natural problems in the Calculus of Variations require to minimize a given func-

tional among all functions in a certain functional space which not only attain a prescribed
boundary datum, but also satisfy an assigned geometric constraint. The harmonic maps
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problem, which is going to be the subject of Part III, can be naturally seen under this per-
spective: minimize the Dirichlet energy among all (single-valued or multi-valued) maps
which are constrained to take values into a prescribed target manifold N. The multi-valued
theory of the stability operator developed in Part I provides another instance of this class
of problems: Jacobi Q-fields are minimizers of the Jac functional among Q-valued maps
satisfying the additional requirement of taking values in the normal bundle NX of the min-
imal submanifold X in M. This last example in particular has driven our investigation
towards the possibility of developing a theory of multiple-valued sections of an abstract
vector bundle E over a Riemannian manifold X.

In part II we present our work [Stu17b], where we initiate this theory. First, in Chapter
8, building on some unpublished ideas of W. Allard [All13], we provide the elementary
definition of Q-multisection of the bundle E over X, and we establish how these multisec-
tions relate to Almgren’s multiple-valued functions and in which sense the former are a
generalization of the latter.

Then, in Chapter 9, we apply the theory of Q-multisections to provide an elementary
proof of a delicate “reparametrization statement” for multi-valued graphs, which in turn
plays an important role in the regularity theory a la Almgren-De Lellis-Spadaro for min-
imizing currents in codimension higher than one. Specifically, the problem we are going
to consider is the following: let f: O C R™ — Aqg(IR™) be a Lipschitz Q-valued function,
and let X be a regular m-dimensional manifold which is the graph of a sufficiently smooth
function @: Q' € O — R™. If the Lipschitz constant of f is small and X is sufficiently
flat, then is it possible to represent the graph of f also as the image of a Lipschitz multiple-
valued function F defined on X and taking values in its normal bundle? Furthermore, which
control do we have on the Lipschitz constant of F in terms of the Lipschitz constant of f?

In order to motivate the interest in the above problem, we need to go back to the regularity
theory for area-minimizing currents in high codimension, and in particular to steps (2)
and (3) of the Almgren-De Lellis-Spadaro program. When performing the approximation
procedure described in there, it is crucial, in order to close the contradiction argument, that
the limiting Dir-minimizer “inherits” the singularities of the current. In order to guarantee
that this happens, it is necessary to suitably construct a regular manifold (the center manifold)
which is an approximate “average” of the sheets of the current itself, and to approximate
with high degree of accuracy the current with Q-valued functions defined on the center
manifold and taking values in its normal bundle. Using the center manifold as reference
manifold from which the approximation is constructed is a way to prevent the sheets of the
approximating Q-valued functions from collapsing, in the limit, onto a single sheet, that is
a regular Dir-minimizer which would therefore fail in capturing the singular behavior of
the current. The center manifold construction and the related normal approximation are
performed in [DLS16a]. Solving the above reparametrization problem is a key step in the
construction of the approximation.

The reparametrization problem has been tackled and successfully solved in [DS15]. On
the other hand, the proof suggested by De Lellis and Spadaro makes use of the theory
of currents in metric spaces developed by Ambrosio-Kirchheim (see [AKoo]). It turns out,
instead, that the theory of Q-multisections developed in Chapter 8 contains all the tools
that are required to provide a completely elementary and purely geometric proof of the
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reparametrization theorem for Lipschitz multiple-valued graphs needed in [DLS16a]. In
turn, this new approach will also serve as an example of the fact that some a-priori elemen-
tary geometric concepts may turn out to be extremely powerful in proving deep analytical
results.

1.2.1  Structure and main results

In Chapter 8 we consider an m-dimensional Riemannian manifold £ of class C' and a
vector bundle TT: E — £ of rank n and class C' over L. For any fixed integer Q > 1, we give
the following definition.

Definition 8.1.1 (Q-valued sections) Given a vector bundle TI: E — X as above, and a subset
B C X, a Q-multisection over B is a map

M: E — INU{0}

with the property that
Z M(E) =Q for every p € B.

EeTT1({p})

It is immediate to observe that Q-multisections are a generalization of Almgren’s Q-
valued functions to vector bundle targets. In particular, if E = £ x R™ is the trivial bundle
of rank n over X then every multisection M over B C X defines a unique function upt: B —
Ag(R"™), and, vice versa, every Q-valued function u: B — Ag(IR™) induces a unique Q-
multisection over B. These preliminary notions are the content of Section 8.1. In Section
8.2, instead, we turn our attention to two properties of Q-multisections suggested by Allard
in [All13]: coherence and vertical boundedness. These properties are particularly relevant, as
they “mimic” the classical notion of Lipschitz continuity in the vector bundle-valued case.

Roughly speaking, a Q-multisection M over X is coherent if the following holds. For
every point p € L and for every disjoint family V of open sets V C E such that each V € V
contains one and only one of the points & € T~ ({p}) such that M(&) > 0, there exists
a neighborhood U of p in £ with the property that if ¢ € U and V contains the point
& € T '({p}) then the sum of the multiplicities M(() of the points ¢ € V with TT({) = q is
precisely equal to M(&).

The vertical boundedness property can be easily described for multisections M: Q x
R™ — INU{0}, O C R™ open, and then extended to general multisections by means of
charts and trivializations. A multisection M over the trivial bundle O x R™ is vertically
bounded if there exists T > 0 such that for any (x,v) € Q x R™ with M(x,v) > 0 there
exists a neighborhood U x V of (x,v) in Q x R™ such that the “graph” of M in U x V
is contained in a T-cone centered at (x,v). We have the following result on coherent and
vertically limited multisections.

Proposition 8.2.2 and Proposition 8.2.4 Let O C R™ be open, and let E = Q) x R™ be the trivial
bundle of rank n over Q0. A Q-multisection M: E — IN U{0} is coherent if and only if the associated
multiple-valued function u: Q — Aq (R™) is continuous. If M is also t-vertically bounded then u
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is Lipschitz with Lip(u) < /Qt. Vice versa, if u: Q — Aq(R™) is L-Lipschitz continuous then
the associated multisection M is coherent and L-vertically bounded.

The above theory is then applied in Chapter 9 to prove the following reparametrization
result.

Theorem 9.1.4 Let Q, m and n be positive integers, and 0 < s < v < 1. Suppose that L is an open
m-dimensional submanifold of R™*™ which is the graph of a C3 function @: Bs(0) ¢ R™ — R™,
and that f: B, (0) C R™ — Aq(R™) is a Lipschitz Q-valued function. If the norms ||@||c2, ||f||co
and Lip(f) are suitably small (depending on Q, m, n, v —s and ), then there exist a normal tubular
neighborhood U of £ in R™*™ and a Lipschitz Q-valued section N of the normal bundle of L such
that the graph of f in U coincides (as current) with the image of the map F(p) = 2&1 Ip + N¢p)].
Furthermore, Lip(N) < C(||D?@|| co, |[N||co, Lip(f)).

1.3 PART [Il: REGULARITY AND SINGULARITIES OF MULTIPLE-VALUED
HARMONIC MAPS

The Dirichlet energy is one of the simplest functionals studied in the framework of Calcu-
lus of Variations. Unconstrained (that is, IR™-valued) critical points of the Dirichlet energy
are harmonic functions, and as such they enjoy strong regularity properties. Harmonic
maps are maps taking values in a prescribed (compact) Riemannian manifold which are
critical for the Dirichlet energy with respect to variations preserving the constraint on the
target. The presence of the constraint gives rise to non-linear Euler-Lagrange equations for
its critical points; in turn, these non-linearities make it a challenge to study the regularity
of the solutions. In fact, it is not difficult to produce harmonic maps with singularities,
and thus the best one can hope for is a partial regularity theory. Such a theory has been
developed starting with the pioneering work [SU82] by Schoen and Uhlenbeck in the 1980s.
An account for the theory of harmonic maps is the content of § 2.3.1.

Some of the methods and techniques developed for the analysis of harmonic maps are
robust enough to be applicable in the study of even more general problems, such as the
regularity theory for minimizers of the Dirichlet energy taking values in a metric space.
Note, for instance, that Almgren’s Dir-minimizers are precisely minimizers of the Dirich-
let energy taking values in the very special metric space Ag(R™). As a matter of fact,
the “locally Euclidean” structure of Ag(R™) makes Dir-minimizers better behaved even
than classical energy minimizing harmonic maps into compact Riemannian manifolds (for
instance, energy minimizing harmonic maps, in general, fail to be continuous everywhere).

In [Hir16b], Hirsch started analyzing Dirichlet-minimizing Q-valued maps into compact
Riemannian manifolds, introducing the appropriate definitions and developing the basic
continuity theory for such objects, which we will summarize in § 2.3.3. In particular, the
partial regularity theory for multi-valued energy minimizing maps turns out to be com-
pletely equivalent to its classical single-valued counterpart. Motivated by this analogy, we
decided to investigate the possibility of deducing finer properties (rectifiability, Minkowski
estimates) of the singular set of Hirsch’s multiple valued energy minimizing maps in the
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spirit of the corresponding single-valued theory recently developed by Naber and Valtorta
in [NV17] (see § 2.3.2 for a quick overview of the results of [NV17]).

As a byproduct of these investigations, we have also discovered that some of the standard
results that are available in the single-valued situation fail to hold in the multiple-valued
case. This shows once more that the properties of Q-valued maps can be very different
from their single-valued counterparts.

Part III contains a presentation of our paper [HSV17], obtained in collaboration with J.
Hirsch and D. Valtorta, in which the results of the aforementioned studies are recorded.

1.3.1  Structure and main results

Part I1I is divided into two chapters. Chapter 10 contains a proof of the following result.

Theorem 10.0.1 Let m, n, Q be positive integers, let N — RY be a compact Riemannian manifold,
and set

Q
AQ(N) = {T = Z[[pg]] ceachpp e N } .

=1

Suppose that w: B2 (0) C R™ — Aq(N) is energy minimizing with energy bounded by A. If
sing,, (u) :={x € B2(0) : wis not Holder continuous in a neighborhood of x } ,

and
B.(sing,;(u)):= |J B.(x),

x€sing, (1)

then we have the uniform Minkowski estimate
L™ (B, (sing;, (W) NB1(0)) < C(m, N, A)r?.

Furthermore, sing,, (u) is countably (m — 3)-rectifiable.

The proof of Theorem 10.0.1 uses the techniques developed in [NV17] for the single-
valued case, which roughly speaking rely on a quantitative version of the Federer-Almgren
dimension reduction argument. In fact, as in [NV17] Theorem 10.0.1 will be obtained as a
corollary of a more general statement on the quantitative stratification of sing,,(u), cf. Theo-
rem 10.2.17. However, we present an alternative definition of the quantitative stratification
used in [NV17] (which was originally introduced by Cheeger and Naber, see § 2.3.2 and
the references therein). The new stratification turns out to be equivalent to the standard
one in the case of minimizing maps, but easier to handle.

In Chapter 11 we consider instead the special case when the target N is connected and
has non-positive sectional curvatures. For classical harmonic maps, this assumption implies
full-blown continuity of the map u everywhere. On the other hand, in the case of Q-valued
maps this is true only if N is assumed to be also simply connected. We will provide a
counterexample to show that this assumption is needed. Specifically, we have the following
result.
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Theorem 11.0.1 and Proposition 11.4.1 Let QO C R™ be an open set, and let N be a complete,
simply connected Riemannian manifold all of whose sectional curvatures are non-positive. Then,
every minimizing harmonic map uw € W12(Q, Aq (N)) satisfies

sing, (u) = 0.

If Q > 1, the result does not hold if N is merely connected. Indeed, there is a 2-valued Dirichlet
minimizing map w from B1(0) C R3 into the flat torus T? = C/Z? with the property that g, is
Lipschitz continuous, sing,,(u) € B1(0) and sing,, (u) # (.

1.4 PART |V: RESULTS ON REAL CURRENTS AND CURRENTS WITH
COEFFICIENTS IN GROUPS

It is often the case in Mathematics that new concepts and ideas not only contribute to
the solution of many long-standing problems, but also pose new questions and initiate new
lines of research. Following this line of thinking, it is not surprising that the theory of
currents is not limited solely to the solution of Plateau’s problem. On the contrary, many
generalizations of the classical theory of integer rectifiable currents have been studied, both
in the direction of considering more general functionals than the mass, and in the direction
of analyzing more general classes of currents. At the same time, currents have proven
themselves to be a powerful and versatile tool for tackling problems coming from different
areas of Analysis.

In particular, regarding the study of more general classes of currents, let us first mention
the work of Ziemer [Zie62], who introduced the notion of integral currents modulo 2 in order
to develop a theory concerning the existence of solutions to the Plateau’s problem among
non-orientable surfaces spanning a given boundary. Further generalizations, such as inte-
gral currents modulo p and flat chains modulo p, were considered in order to treat a wider class
of surfaces which can be realized, for instance, as soap films. An interesting property of
such surfaces is that they can develop singularities in low codimension, unlike the classical
solutions to Plateau’s problem (see, for instance, [Mor86] and [Whi86]). The occurrence, in
practical experiments, of two-dimensional soap films with a line of singularities (prohibited
in the classical theory of area minimizing integer rectifiable currents) justifies the interest
towards this kind of objects.

This line of research has in turn initiated the investigations on the more general classes
of currents with coefficients in a normed abelian group G, of which currents modulo p
represent the particular case when G = Z,,. Introduced by Fleming in the seminal paper
[Fle66], currents with coefficients in groups have been used in modelling immiscible fluids
and soap bubble clusters (see [Whig6]), in proving that various surfaces are area minimiz-
ing [LMo4], and in analyzing the properties of networks arising as solutions to classical
problems such as the Steiner or the Gilbert-Steiner problem (cf. [MM16b, MM16a]). The
interested reader can also see [AK11, DPH12, DPH14] for more on the topic.
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1.4.1  Structure and main results

Part IV is divided into two chapters. In Chapter 12 we present our work [CDMS17],
obtained in collaboration with M. Colombo, A. De Rosa and A. Marchese. We work in
the framework of real currents, and we deal with a more general class of functionals than
the mass. Specifically, consider any subadditive, lower semi-continuous and even function
H: R — [0,00) with H(0) = 0. Any such a function induces a functional @, on the space
of real polyhedral m-chains in R¢ (roughly speaking, finite unions of non-overlapping
oriented m-simplexes carrying real multiplicities) by setting, for any polyhedral m-chain
P = Z]i\]:, 0i[oi] associated to non-overlapping oriented m-simplexes o; with multiplicities
0; € (0,00,

N

@y (P) =) H(O)H™(o3).

i=1
Observe that the mass IM(P) coincides with ®@(P) corresponding with the choice H(0) :=
|8]. The functional @ extends to a functional My, the so-called H-mass, defined on all
real rectifiable m-currents (that is, currents supported on an m-rectifiable set E oriented by
a tangent m-vector field T and carrying a real multiplicity function 0) by setting, for every
R=[E, 7 6],

My (R) ::/EH(G(X))diHm(x).

H-mass functionals naturally arise in the context of branched transport problems, variants of
the optimal transport problem where the cost function not only depends on the spatial
distribution of the masses that one wants to move, but also on the paths along which the
flow takes place. These models have been proposed in order to describe a large variety
of natural phenomena as well as engineering problems, and other very interesting math-
ematical problems can be related with it, such as the analysis of topological singularities
for Ginzburg-Landau models (see the recent papers [MM16a, CDM17] and the references
therein).

It is easy to see that the above assumptions on H are necessary for the functional My
to be (well defined and) lower semi-continuous on rectifiable currents with respect to con-
vergence in an appropriate topology - the so called flat norm topology -. In Chapter 12, we
prove that they are also sufficient. Furthermore, we obtain the following theorem.

Theorem 12.2.4 The lower semi-continuous envelope of @y, namely the functional Fy defined on
any real flat chain T by

j—ro0

Fru(T) :=inf {lim inf ®1((P;) : Pj are polyhedral and converge to T in the flat topology} ,

coincides, on the class of rectifiable currents, with the functional Mp.

The validity of the representation Fy = My on rectifiable currents has recently attracted
some attention. For instance, it is clearly assumed in [Xiao3] for the choice H(0) = |6]%,
with « € (0,1) , in order to prove some regularity properties of minimizers of problems
related to branched transportation (see also [PSo6], [BCMog], [Peg16]), and in [CMF16] in
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order to define suitable approximations of the Steiner problem, with the choice H(0) =
(14 BIBl)1Rr\ (0}, Where B > 0 and 14 denotes the indicator function of the Borel set A.

The proof that we suggest is based on the aforementioned lower semi-continuity result
for My and on a polyhedral approximation of real rectifiable currents with real polyhe-
dral chains having H-mass arbitrarily close to the H-mass of the current they approximate.
We remark that in the last section of [Whigga] the author sketches a strategy to prove an
analogous version of Theorem 12.2.4 in the framework of flat chains with coefficients in
a normed abelian group G. Motivated by the relevance of such result for real valued flat
chains, the ultimate aim of Chapter 12 is to present a self-contained complete proof of it
when G = R.

In Chapter 13, instead, we present our paper [MS17], obtained in collaboration with A.
Marchese, where we work in the framework of currents modulo p. It has to be noted that,
despite the substantial interest in the subject, the very structure of flat chains and integral
currents modulo p is yet to be completely understood. The initial idea of defining flat
chains modulo p by identifying currents which differ by pT, where T is a “classical” flat
chain, fails because of one major drawback: the closedness of the classes with respect to
the flat norm is a-priori not guaranteed. Hence, it is more convenient to define the classes
of flat chains modulo p as the flat closure of the equivalence classes mentioned above. The
equivalence of the two definitions is still an open problem.

A second issue regards the structure of integral currents modulo p. They are defined as
flat chains modulo p with finite p-mass and finite p-mass of the boundary. It is not known
whether each equivalence class contains at least one classical integral current.

In Chapter 13, we specifically address these two problems. After introducing the basic
terminology and properties concerning flat chains and integral currents modulo p, we for-
mulate two questions related to the two above problems and collect some partial answers
from the literature. Then, we throw light on the connection between the two questions,
and we provide a positive answer to the second one in the case of 1-dimensional currents.
Specifically, we have the following theorem.

Theorem 13.2.5 Let [T] ) be an integral 1-current modulo p in RY. Then, there exists a 1-

mod (p
current To in RS such that Ty = Tmod(p) and Ty is integral. In particular, every integer rectifiable
1-current without boundary modulo p admits an integer rectifiable representative without boundary

in the classical sense.

Finally, we conclude the chapter with an example illustrating how it is possible to pro-
duce situations in which the answer to the second question is negative in higher dimension.
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This chapter is dedicated to give an overview of standard topics from the literature in
Geometric Measure Theory and Geometric Analysis in which the research presented in
this thesis has its roots. Nothing written in this chapter is original, and we will provide
references to standard textbooks or research papers where the material here included is
thoroughly developed. Clearly, our presentation is not supposed to be exhaustive: our
main goal is rather to fix the notation and recall some important background results for
further reference. The chapter is divided in three sections: Section 2.1 is dedicated to the
theory of currents, Section 2.2 contains an introduction to the theory of multiple-valued
functions, Section 2.3 deals with the theory of harmonic maps. Currents are ubiquitous
in this thesis, and thus the contents of Section 2.1 are a prerequisite to all other chapters;
multiple-valued functions do not appear in Part IV, so Section 2.2 is propaedeutic only to
parts I, II and III; the material presented in Section 2.3 will only be used in Part III.

2.1 AN OVERVIEW OF THE THEORY OF CURRENTS

We start with a tutorial on the theory of currents. For a thorough discussion of the topic,
the reader can refer to standard books in Geometric Measure Theory such as [Sim83b] and
[KPo8], to the monograph [GMSg8] or to the treatise [Fed69].

As anticipated in the Introduction, currents are a generalization of the notion of surface,
introduced in order to produce a general existence theory of solutions of Plateau’s problem.
The key idea motivating the definition of a current is the following. If X is an oriented m-
dimensional submanifold (possibly with boundary) of an open set QO C R4 (d > m) with
locally finite m-dimensional Hausdorff measure, and w € D™(Q) is a smooth differential
m-form on Q with compact support, then one can consider the quantity

[£](w) = /z w.

It is then easy to check that the functional w € D™(Q) — [Z](w) is linear and continuous
with respect to the standard locally convex topology of D™(Q). Moreover, the map * — [X]
is injective: thus, in a sense, the value of [Z] on all possible forms w € D™(Q) determines
the submanifold X itself.

The above discussion makes the following definition extremely natural.

Definition 2.1.1 (General currents). Given an open set Q C RY, an m-dimensional current
in Q is a linear and continuous functional

T: D™Q) - R.

21
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The space of m-currents in Q is therefore the topological dual space of D™(Q), and
will be denoted by D,,,(Q). Rephrasing the observation above, if £ C Q) is an oriented m-
dimensional submanifold, then there is a corresponding m-current [X] € D, (Q) defined
by integration of m-forms on X in the usual sense of differential geometry:

[Z](w) ::/ w YweDdDMQ).
b

The idea of “spanning” a given contour can be formalized by introducing the notion of
boundary of a current. If T € D,,,(Q), then its boundary is the (m — 1)-current 9T whose
action on any form w € D™~ 1(Q) is given by

0T(w) :=T(dw).

Observe that the definition of boundary is obtained by enforcing Stokes” theorem: in partic-
ular, 0[X] = [0X] if £ is a smooth oriented m-dimensional submanifold in Q. Furthermore,
from the fact that d o d = 0 immediately follows that 9(0T) = 0 for every T € D, (Q).

The mass of T € D, (Q), denoted IM(T), is the (possibly infinite) supremum of the values
T(w) among all forms w € D™(Q) with ||w(x)||c < 1 everywhere. Again, for a submanifold
Z, computing M([Z]) produces the expected value H™(Z). Hence, M(T) can be thought of
as the “m-dimensional area” of T. The definition of mass can be localized to any W € Q
simply by restricting the class of competitors in the supremum only to those forms w with
spt(w) C W. We will use the notation My (T) for the localized mass in W. Both the mass
and the localized mass satisfy the triangle inequality M (T + T2) < Mw(Ty) + Mw/(T2).

The support spt(T) of the current T is the intersection of all closed subsets C such that
T(w) = 0 whenever spt(w) ¢ R4\ C.

A suitable notion of convergence of currents can be defined by endowing D, (Q) with the
weak-* topology induced by the topology on D™(Q). Hence, we will say that a sequence
(T € D (Q) converges to T € D (Q) in the sense of currents, and we will write T,, — T,
if Th(w) — T(w) for every w € D™(Q). It is clear that if T, — T then also 9T, — 0T.
Moreover, the mass is lower semi-continuous with respect to convergence in the sense of
currents.

Since the mass is lower semi-continuous with respect to the weak-* convergence of cur-
rents, using standard functional analytic methods to gain compactness it is easy to provide
an affirmative answer to the Plateau’s problem in the framework of general currents with
finite mass. Nonetheless, such a solution is highly unsatisfactory, because, for instance, the
resulting minimizing current might be a surface carrying real multiplicities. This issue was
overcome in [FF60], where the authors prove a highly non-trivial compactness result for a
subclass of the class of general currents, which goes under the name of integral currents and
is going to be defined in the next paragraph.

2.1.1 Integral currents and the solution of Plateau’s problem

A subset B C Q is (countably) m-rectifiable if B can be covered, up to a H™-null set,
by countably many m-dimensional embedded submanifolds of R¢ of class C'. If B is
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m-rectifiable, then to H{™-a.e. point x € B can be suitably associated an m-dimensional ap-
proximate tangent space, denoted Tan(B, x), in such a way that Tan(B, x) = T4 Z if B coincides
with a C! submanifold £ in a neighborhood of x (cf. [Sim83b, Theorem 11.6]).

Let B be m-rectifiable. An orientation of B is a H{™-measurable function T: B — A, (R9)
such that, for H{™-a.e. x € B, T(x) is a simple unit m-vector having the form T(x) =
T1(x) A+ Atm(x), where (t71(x),...,Tm(x)) is an orthonormal basis of Tan(B, x).

A multiplicity on B is a real-valued function 6 € L] _(H™L B).

To any triple (B, T,0) as above it is possible to associate a current T setting

T(w) ::/B<w(x),’?(x)>9(x) dH™(x) VweD™Q).

If the action of T is given by the above expression, we will write T = [B, T,0]. Moreover,
if 0(x) € Z for H™-a.e. x € B we will call T a locally integer rectifiable current. The set of
locally integer rectifiable m-currents in Q is denoted 210¢(Q). If T = [B, T, 0] € ZL°¢(Q),
we denote by ||T|| the Radon measure given by

ITII(A) == / 6] dH™  for every A C R¢ Borel.
ANB

One can check that My (T) = ||T||(W) for every W € Q and thus, in particular, locally
integer rectifiable currents have locally finite mass. For T € 2.°¢(Q) the m-dimensional
density @™ (||T||, x), when it exists, will be sometimes simply denoted O(||T||, x).

Locally integer rectifiable currents with locally integer rectifiable boundary are called
locally integral currents. We write T € .#°¢(Q) if T is a locally integral m-current in Q. One
of the cornerstones of the Federer-Fleming theory, known as the Boundary Rectifiability
Theorem, shows that for T € 2!°¢(Q) the condition My, (3T) < oo for every W € Q
suffices to conclude that T is actually locally integral.

Theorem 2.1.2 (Boundary Rectifiability, cf. [Fed69, Theorem 4.2.16] and [Sim83b, Theorem
30.3]). It holds:

FL(0) = (T e Z°¢(Q) : Mw(dT) < oo for every W € Q}. (2.1)

More importantly for our purposes, the class of locally integral currents enjoys good
compactness properties, as stated in the next, remarkable, Compactness Theorem.

Theorem 2.1.3 (Compactness, cf. [Sim83b, Theorem 27.3]). Let {Th}® ; C Z°¢(Q) be a
sequence of locally integral currents such that

sup (Mw (Th) +Mw/(0Th)) <o VW € Q. (2.2)
h>1

Then, there exist T € #°¢(Q) and a subsequence {Tw,} such that T, = T.

Theorem 2.1.3 allows to conclude that the Plateau’s problem does admit a positive answer
in the framework of locally integer rectifiable currents: in particular, for any locally integer
rectifiable (m — 1)-current S for which the class of locally integer rectifiable m-currents T
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having 0T = S is non-empty it is possible to find a locally integer rectifiable current Ty with
0Tp = S which satisfies the following minimality condition:

Mw (To) < Mw/(To +0R) for every W € Q, for every R € f&fﬁ (Q) with spt(R) € W.
(2.3)

Definition 2.1.4. A current T € Z1°¢(Q) satisfying (2.3) is said to be area minimizing in Q.

In § 2.1.5 we will record the main results available in literature concerning the regularity
of area minimizing locally integer rectifiable currents.

Remark 2.1.5. A remark on the terminology we have used in this paragraph is now in order.
The reader might indeed wonder why we have used the adverb “locally” when discussing
the notions of integer rectifiable and integral currents. The reason being that what we have
used is precisely the terminology adopted by Federer [Fed69], for which integer rectifiable
and integral currents all have compact support and finite mass. In particular, the m-current
[7] associated to an m-dimensional plane 1 C RY with multiplicity one is not a rectifiable
current in the sense of Federer, but rather a locally rectifiable current. On the other hand,
when presenting the notion of minimality for a current it is rather advisable to include
planes in the discussion. Anyway, as a matter of fact most of the integer rectifiable or
integral currents appearing in this thesis are going to have compact support and finite mass.
Hence, we have decided to stick to the notation of [Fed6g] and to reserve the notations
Fm(Q) and S (Q) for those (locally) integer rectifiable (resp. integral) currents with
compact support and finite mass. In particular, if K C Q is a compact set then we will
denote Zm k(Q) (resp. Fm k(Q)) the sets of currents T in Z2L9¢(Q) (resp. .#.1°¢(Q)) with
spt(T) C K. Further, we will set

Fm(Q) = | #m x(Q),
K

Im(Q) = Ufﬂm,K(—Q) ’
K

where the union is extended to all compact subsets K C Q. Currents in Z, (Q) and %1 (Q)
will be called integer rectifiable and integral m-dimensional currents respectively.

2.1.2 Some relevant constructions with currents

Let T € Dy (Q) and suppose f: Q — R™ is a C* map. If f is proper (i.e. ' (K) is compact
for any compact K C R™), then the push-forward of T through f is the current f;T € D, (R™)
defined by

f;T(w) = T(ffw) VYweD™(RY),

where fiw denotes the pull-back of the form w through f. The push-forward operator
fy is linear, and moreover an elementary computation shows that it commutes with the
boundary operator:

a(fﬁT) = fﬁ(aT). (2.4)
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Next, we recall the important homotopy formula for currents. Let f, g: O — R™ be smooth,
and let o: [0,1] x Q — R™ be a smooth function such that ¢(0) = f and o(1) = g. If
T € D (Q) and if o is proper, then o4([(0,1)] x T) * is a well defined current in D, 1 (R™),
and moreover (cf. [Sim83b, (26.22)])

003 ([(0, D] x T) = g4 T — ;T — 03 ([(0,1)] x AT). (2.5)

An important case of the above construction occurs when o is the affine homotopy
o(t,x) = (1 —=t)f(x) +tg(x). In this case, we have the following estimate on the mass
of oy([(0,1)] x T), which will be useful in the sequel (see [Sim83b, Section 26] for the proof):

Moy ([(0, D] x T)) < < sup )If(X)—g(X)) ( sup (IDf(X)|+ID9(X)|)> M(T).  (26)
T

xEspt( x€spt(T)

Next, we define the cone 0 x T over a current T € D, (Q). If Q is star-shaped with respect
to 0 and spt(T) is compact, we set

0x T:=hy([(0,N] xT),

where h: (0,1) x R4 — R4 is defined by h(t,x) := tx. Thus, 0 x T € Dy,41(Q), and by the
homotopy formula (2.5) one has

O xT)=T—0x (3.

Observe that if T = [X] is the current associated to an m-dimensional submanifold X of
Sd=1 c R4, then 0 x T = [Cx], where Cy = {tx: x € L,t € (0,1)}.

The following theorem is very useful.

Theorem 2.1.6 (Constancy Theorem, cf. [Sim83b, Theorem 26.27]). If Q) is open and connected
in R™ (ie. d =m), and if T € D (Q) has 0T = O then there is a constant ¢ € R such that
T =c[Q].

If T = [B,T,0] is a (locally) rectifiable current, and A C R4 is a Borel set, we denote the
restriction of T to A by setting TL A := [BN A, T,0]. The restriction operator analogously
extends to all currents which can be represented by integration.

Now, we introduce the notion of slicing a locally integer rectifiable current by a Lipschitz
function. Let T = [B,T,0] € Z/°¢(Q), and let f: B — R be Lipschitz. Denote by Df(x)
the tangent map of f at x, which exists at H™-a.e. x € B since B is rectifiable and f is
Lipschitz, and set B, := {x € B: [Df(x)| > 0}. Then, for a.e. t € R one has that the set
By := f 1({t}) N B, is countably (m — T)-rectifiable (cf. [Sim83b, Lemma 28.1]). Moreover,
at K™ '-a.e. x € By the approximate tangent spaces Tan(B,x) and Tan(B¢,x) both exist

Here, [(0,1)] x T denotes the cartesian product of the currents [(0,1)] and T. Of course, when T = [X] is the
current associated to a smooth submanifold X then [(0,1)] x T coincides with the current which is naturally
associated to the product manifold (0,1) x L. For the general definition of the cartesian product of currents,
the reader can refer to [Fed6g, 4.1.8] or [Sim83b, Section 26].
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and Tan(B¢,x) C Tan(B,x). For any such x there is £(x) € Am_1(Tan(By,x)) such that
1E(x) =1, E(x) is simple and Bi&%‘ AE(x) = T(x). For the (L'-almost all) t € R such
that B is rectifiable, one defines then the slice (T,f,t) of T by f at t by setting (T, f, t) =
[Bt, g 0] € %}T‘ff] (Q)), where 0 := SIBt. The properties of the slices are recorded in the
following proposition.

Proposition 2.1.7 (Slicing, cf. [Sim83b, Lemma 28.5]).

(i) For every W € Q it holds

+oo
Mw ((T,f,t)) dt = /WmBlDf(x)lle(x)IdiHm(x) < |IDA|[ oo (wing) Mw (T) ;

—0o0

(i) if Mw/(dT) < oo for every W € Q, then for L'-a.e. t € R one has

d(TL{f < t)) = (T)L{f < t} + (T, £,1);

(iil) if T € #toc(Q), then for L1-a.e. t € R it holds

(0T, f,t) = —0 ((T,f,1)).

The slicing theory can then be extended to slicing by R™-valued maps by iteratively
slicing by the (real-valued) components of the map (see [Fed6g, Section 4.3]).

2.1.3 Integral flat chains
Let K C Q) be a compact set. We set

Fmx(Q) ={T=R+0S: RE Zmr(Q) and S € B 1 x(Q)},

and we let .%,,,(Q) be the union of the sets .7, x (QQ) over all compact K C Q. Observe that
Fm(Q) C Fn(Q). Currents T € #,,,(Q) are called m-dimensional (integral) flat chains in
Q. On each set #1,, x(Q) one can define a metric as follows: for T € .7, x(Q), set

Fr(T) :=inf{M(R)+M(S): R € Zmk(Q),S € Zm+1,x(Q)such that T=R+0S},
and then let the distance between T; and T, (usually called flat distance) be given by
diy (T, T2) := Fx (Th — T2).

It turns out that the resulting metric space (% k (Q), dF, ) is complete. Moreover, the mass
functional is lower semi-continuous with respect to the flat convergence.

For every K, the class %1, x (QQ) is dense in % k (QQ) in mass, and consequently %, x (Q)
is dense in .# 1, k(Q) in flat norm. In particular, given T € %, k(Q) there exist sequences
{Ti} C I x(Q), {Rj} € Zimx(Q), {S5} C Zmi1,x(Q) such that

T:Tj—I-R)'—f—aS]'
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and
M(R;) +IM(S;) — 0.

If T has finite mass, then the 9S;’s have finite mass too, and thus S; € 1 x(Q) by
Theorem 2.1.2. Therefore, the currents T; + 0S5 € % k(Q) approximate T in mass, and
this suffices to conclude that T € %, x(Q) (cf. [Sim83b, Lemma 27.5]). We have shown the
following result:

Theorem 2.1.8 (Rectifiability of flat chains with finite mass, cf. [Fed69, Theorem 4.2.16]).
Omne has:
Fmx(Q) ={T € Fn x(Q): M(T) < oo} (2.7)

It is immediate to show that if a sequence {Ty} of flat chains converges to T with respect
to the flat distance then it also weakly converges to T. The two notions of convergence
are in fact equivalent if {T,} is a sequence of integral currents satisfying (2.2) (cf. [SIm83b,
Theorem 31.2]). Hence, in Theorem 2.1.3 the conclusion Th, — Tisin fact equivalent to
Fx (Th, —T) — 0 for every K C Q compact.

Finally, it is possible to show that the infimum in the definition of Fx(T) is, in fact, a
minimum (see [Fed69, Corollary 4.2.18]).

Proposition 2.1.9. If T € F,, x(Q), then there exists a current S € X1, (Q) such that
T—0S € Zmx(Q)and
Fy(T) = M(T—0S) +M(S). (2.8)

2.1.4 Approximation theorems

When working with integral currents or flat chains, it is sometimes extremely useful to
approximate such currents with more regular objects. Surprisingly enough, the “regular”
objects we are referring to are not the currents associated with smooth submanifolds, but
polyhedral chains.

Given an m-dimensional simplex o in RY with constant unit orientation T, we denote
by [o] the rectifiable current [o, T, 1]. Finite linear combinations of (the currents associated
with) oriented m-simplexes with integer coefficients are called (integral) polyhedral m-chains.
The set of polyhedral m-chains in R¢ will be denoted Z;,,(R9).

The following Deformation Theorem, first proved by Federer and Fleming in [FF60], is a
central result in the theory of currents.

Theorem 2.1.10 (Deformation, cf. [Fed6g, Theorem 4.2.9]). There exists a constanty = y(m, d)
with the following property. For any T € #n(RY) and ¢ > O there exist P € Z,(RY), R €
In(RY) and S € Sy 1(RY) such that the following holds:

(i) T=P+R+3S;

(il) M(P) <v (M(T)+eM(aT)), M(dP) < yM(aT),
M(R) < yeM(0T), M(S) < yeM(T);

(ii1) spt(P) Uspt(S) C {x: dist(x,spt(T)) < 2de}
spt(0P) Uspt(R) C {x: dist(x,spt(dT)) < 2de};
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(iv) if OT is an integral polyhedral chain, so is R;
(v) if T is an integral polyhedral chain, so is S.

A great variety of results concerning the approximation of currents with polyhedral
chains stem directly from the Deformation Theorem. In the sequel, we will mainly use
the following two “flat norm” approximation theorems, stated in the next two propositions
and concerning integral currents and flat chains respectively.

Proposition 2.1.11 (Polyhedral approximation of integral currents, cf. [Fed6g, Corollary
g4.2.21]). If T € I, (Q), p > 0 and K C Q is a compact subset such that spt(T) C intK, then there
exists P € 2, (RY) with spt(P) C K and

F(T—P) <p, M(P) <M(T)+p, M(0P) <M(3T)+p. (2.9)

Proposition 2.1.12 (Polyhedral approximation of flat chains, cf. [Fed69, Theorem 4.2.22]). If
T € .Zm(Q) and K C Q is a compact subset such that spt(T) C intK, then T € %, x(Q), and for
every ¢ > 0 there exists P € P (RY) with spt(P) C K and

Fx(T—P)<e, M(P)<M(T)+e. (2.10)

2.1.5 Area minimizing currents: interior reqgularity theory

Let Q C RRY be an open set, and let T € Z.°¢(Q) be area minimizing in Q. Define
Reg(T) to be the set of points x € spt(T) \ spt(0T) for which there exists r > 0 such that
spt(T) N B;(x) is a smoothly embedded m-dimensional submanifold, and set

Sing(T) := spt(T) \ (Reg(T) Uspt(dT)).

As anticipated in the Introduction, in order to discuss the regularity of T we have to distin-
guish two cases.

Theorem 2.1.13 (Regularity in codimension one). Let Q C R® be an open set, and let T €
R0 (Q) be area minimizing in Q. Suppose that n ;= d —m = 1. Then, the following holds:

(i) for m < 6, Sing(T) N Q is empty (Fleming and De Giorgi (m = 2), Almgren (m = 3),
Simons (4 < m < 6), see [DG61, Fle62, DG65, Alm66, Sim68]);

(i) for m =7, Sing(T) N Q consists of isolated points (Federer [Fed70]);

(ii1) for m > 8, Sing(T) N Q has Hausdorff dimension not larger than m — 7 (Federer [Fed7o0]),
and it is countably (m — 7)-rectifiable (Simon [Sim95bl, Naber and Valtorta [NV15]);

(iv) the above results are optimal: for every m > 7 there are area minimizing T in R™* for which
Sing(T) has positive ™~ measure (Bombieri-De Giorgi-Giusti [BDGG69]).

Theorem 2.1.14 (Regularity in higher codimension). Let Q C RY be an open set, and let
T € Z10°(Q) be area minimizing in Q. Suppose that n. := d —m > 2. Then, the following holds:

(i) for m =1, Sing(T) N Q is empty;



2.2 ALMGREN'S THEORY OF MULTIPLE-VALUED FUNCTIONS |

(ii) for m = 2, Sing(T) N Q consists of isolated points (Chang [Cha88]);

(ii1) for m > 3, Sing(T) N Q has Hausdorff dimension not larger than m — 2 (Almgren [Almoo],
De Lellis-Spadaro [DLS14, DLS16a, DLS16b]);

(iv) the above results are optimal: for every m > 2 there are area minimizing T in R™™™ (n > 2)
for which Sing(T) has positive H™ 2 measure (Federer [Fed65]).

The occurrence of branching-type singularities in the higher codimension case has made
necessary the development of a whole range of new tools. Central among them is Alm-
gren’s theory of multiple-valued functions, which is the topic of our next section.

2.2 ALMGREN'S THEORY OF MULTIPLE-VALUED FUNCTIONS

Here we briefly recall the relevant definitions and properties concerning Q-valued func-
tions. Our main reference is [DLS11].

2.2.1  The metric space of Q-points

From now on, let Q > 1 be a fixed positive integer. The set of Q-points in R™ is, roughly
speaking, the set of unordered Q-tuples of vectors in R™. More precisely, we have the
following definition.

Definition 2.2.1 (Q-points). The set of Q-points in the Euclidean space R™ is denoted
Ag(R"™) and defined as the quotient (IR™) Q/ ~ modulo the equivalence relation

(V],...,VQ)N(VO-“),...,VO-(Q)) VO'GfPQ,

where Pq is the group of permutations of {1,..., Q}. Equivalently, Aq(IR™) can be identi-
fied with the following set:

Q
Ag(R™) = {T = Z[[W]] : vg € R™ for every { = 1,...,Q} , (2.11)
0=1

where [v] is the Dirac mass 0, centered at the point v € R™. Hence, every Q-point T can in
fact be identified with a purely atomic non-negative measure of mass Q in R™ which is the
sum of Dirac deltas with integer multiplicities.

For the sake of notational simplicity, we will sometimes write Aq instead of Ag(R™) if
there is no chance of ambiguity.

Remark 2.2.2. Observe that the notation [v] to denote the Dirac delta &, is consistent with
that introduced in Section 2.1 for the current associated to a submanifold. Indeed, if v € R™
then the action of the 0-dimensional current associated to v is precisely given by

[V](f) = f(v) forevery f e DO(RM) = CX(R™).

Hence, [v] is in fact the restriction of 6, to C(R™).

29



30

| PRELIMINARIES

The identification of Q-points with measures plays a fundamental role in the develop-
ment of calculus on Ag(R™), as it allows one to define a distance between Q-points bor-
rowing one of the distances defined for measures with finite mass. In particular, it is
customary to use the Wasserstein distance of exponent two (cf. for instance [Vilo3, Section

7.1]).
Definition 2.2.3. If Ty = > _[v¢] and T, = }_[wy], then the distance between T; and T, is
denoted §(T;, T2) and given by

Q
Ty, T2)? := mi — 2, :
(M, T2) ;Iel‘g;;M We (o)l (2.12)

One can easily see that (Ag(IR™), §) is a complete, separable metric space.

If T € Ag(R™) can be written as T = k[v] + Z?;]k[[vi]] with each v; # v, then we
say that v has multiplicity k in T. Sometimes, when v has multiplicity k in T we will
write k = @°(T,v) = Ot(v), using a notation which is coherent with regarding T as a
O-dimensional integer rectifiable current in R™.

Also, to any point T = ) ,[v¢] € Aq(RR™) one can naturally associate two objects, of
which we will make use in the sequel: the diameter of T is the scalar

diam(T) := max |vi—vs|, 2.1
(T jamax Q}I i —Vjl (2.13)

whereas the center of mass of T is the vector

; Q
n(T) == ) ve (2.14)

2.2.2 (Q-valued functions

Let £ = ™ be an m-dimensional C' submanifold of RY. We will regard I as a Rie-
mannian manifold with the metric induced by the flat metric of the ambient space R¢. In
particular, given two points x,y € X we will let d(x,y) denote their Riemannian geodesic
distance. Furthermore, measures and integrals on X will always be computed with respect
to the m-dimensional Hausdorff measure H{™ defined in the ambient space (note that the
Hausdorff measure can be defined also intrinsically in terms of the distance d: however,
since X is isometrically embedded in RY, the intrinsic K™ measure coincides with the
restriction of the “Euclidean one”).

Any map u: £ — Ag(R™) will be called a Q-valued function on Z.

Continuous, Lipschitz, Holder and measurable functions u: & — Agq(IR™) can be straight-
forwardly defined taking advantage of the metric space structure of both the domain and
the target. As for the spaces L? (Z,AQ), 1 < p < o0, they consist of those measurable maps
u: & — Ag(R™) for which [Julrr == [|G(u, Q[O])||rr(x) is finite. We will systematically use
the notation |ul := G(u, Q[0]), so that

Il = [P ae™ when 1 <p <o,

[uf[re = esszsup lul.
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In spite of this notation, we remark here that, when Q > 1, Aq (R™) is not a linear space:
thus, in particular, the map T — |T| is not a norm.

Any measurable Q-valued function can be thought as coming together with a measurable
selection, as specified in the following proposition.

Proposition 2.2.4 (Measurable selection, cf. [DLS11, Proposition 0.4]). Let B C X be a H™-
measurable set and u: B — Aq(R™) be a measurable function. Then, there exist measurable
functions uq,...,uq: B — R™ such that

Q
u(x) = Z[[ug(x)]] for H™-a.e. x € B. (2.15)
(=1

It is possible to introduce a notion of differentiability for multiple-valued maps.

Definition 2.2.5 (Differentiable Q-valued functions). A map u: £ — Ag(R™) is said to be
differentiable at x € L if there exist Q linear maps A¢: T,X — R™ satisfying:

i) § (u(expx(i)),Txu(ﬁ)) = 0o(|&]) as [E] — O for any & € Ty Z, where exp is the exponen-
tial map on X and

Q
Tu(é) = Z[[ug(x) + A - &]; (2.16)
0=1

(11) )\e = 7\2/ if LLg(X) = U.g/(X).

We will use the notation Dug(x) for A¢, and formally set Du(x) = ) ,[Dug(x)]: observe
that one can regard Du(x) as an element of Ag(IR™*™) as soon as a basis of TyZ has
been fixed. For any & € T X, we define the directional derivative of u along & to be
D:u(x) := Y ,[Dug(x) - £], and establish the notation Dzu = Y ,[Dzu,].

Differentiable functions enjoy a chain rule formula.

Proposition 2.2.6 (Chain rules, cf. [DLS11, Proposition 1.12]). Let u: & — Agq(R™) be differ-
entiable at xo.

(i) Consider ®: &£ — X such that ®(yo) = xo, and assume that @ is differentiable at yo. Then,
wo @ is differentiable at yo and

Q

D(wo ®)(yo) = ) _[Due(xo) - DD (yo)]. (2.17)
=1

(ii) Consider ¥: Ly x Ry — RY such that V is differentiable at the point (xo,ue(xo)) for every
L. Then, the map ¥(x,u): x € Z?:] [¥(x, ue(x))] € Aq(IR9) fulfills (i) of Definition
2.2.5. Moreover, if also (ii) holds, then

Q
DY(x,u)(x0) = ) _[Dx¥(xo, ue(x0)) + Dy¥(x0,e(x0)) - Dute(x0)]- (2.18)
=1
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(iii) Consider a map F: (R™)Q — RY with the property that, for any choice of Q points (yi,...,Yq) €
(R™)Q, for any permutation o € Pq

Flyr,..-,yQ) =FYos(1), -+ Yo(q)):

Then, if F is differentiable at (uq(xo), ..., uq(xo)) the composition F o ? is differentiable at
X and

Q
D(Fou)(xo) = ) Dy Flur(xo),..., uq(xo0)) - Due(xo). (2.19)
=1

Rademacher’s theorem extends to the Q-valued setting, as shown in [DLS11, Theorem
1.13]: Lipschitz Q-valued functions are differentiable J{™-almost everywhere in the sense
of Definition 2.2.5. Moreover, for a Lipschitz Q-valued function the decomposition result
stated in Proposition 2.2.4 can be improved as follows.

Proposition 2.2.7 (Lipschitz selection, cf. [DS15, Lemma 1.1]). Let B C L be measurable, and
assume w: B — Aq(R™) is Lipschitz. Then, there are a countable partition of B in measurable
subsets B; (i € IN) and Lipschitz functions uf: Bi - R™ (¢ €{1,...,Q}) such that

(a) ulg, = 2821 [uf] for every i € N, and Lip(u}) < Lip(w) for every i, ¢;

(b) foreveryic Nand (,0' €{1,...,Q}, either u! = u! or ul(x) #ul'(x) Vx € By;

i
(c) for every i one has Du(x) = 2&1 [[Duf(x)]]for H™-a.e. x € B.
We conclude this paragraph with the following useful Lipschitz decomposition property.

Proposition 2.2.8 (Lipschitz decomposition, cf. [DLS11, Proposition 1.6]). Let u = ZeQ:1 Tee]
be a Lipschitz function, u: B C £ — Aq(IR™). Suppose that there exists xo € B and i,j €
{1,...,Q} such that

lui(x0) —uj(xo)l > 3(Q — 1)Lip(u)diam(B). (2.20)

Then, there are integers Q1 < Q and Q2 < Q with Q1 + Q2 = Q and Lipschitz functions uy: B —
Ag,(R™) and uz: B — Aq, (R™) such that u = [uq] + [uz], Lip(uq), Lip(uz) < Lip(u) and
spt(uq (x)) Nspt(uz(x)) = 0 for every x € B.

2.2.3 Q-valued Sobolev functions and their properties

Next, we study the Sobolev spaces WP (£, Aq), where £™ is compact (or it is an open
subset of R™). The definition that we use here was proposed by C. De Lellis and E. Spadaro
(cf. [DLS11, Definition 0.5 and Proposition 4.1]), and allowed the authors to develop an
alternative, intrinsic approach to the study of Q-valued Sobolev mappings, which does not
rely on Almgren’s embedding of the space Ag (IR™) in a larger Euclidean space (cf. [Almoo]
and [DLS11, Chapter 2]). Such an approach is close in spirit to the general theory of Sobolev
maps taking values in abstract metric spaces and started in the works of Ambrosio [Ambgo]
and Reshetnyak [Resg7, Resos, Reso6].

2 Observe that Fou is a well defined function = — RY, because F is, by hypothesis, a well defined map on the
quotient Ag (R™) = (]R“)Q/TPQ.
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Definition 2.2.9 (Sobolev Q-valued functions). A measurable function u: & — Agq(R™) is
in the Sobolev class WP, 1 < p < oo if and only if there exists a non-negative function
P € LP(Z) such that, for every Lipschitz function ¢: Ag(R™) — IR, the following two
properties hold:

(1) poueWHP(L)5;
(i1) ID(¢ ou)(x)| < Lip(p)p(x) for almost every x € X.

We also recall (cf. [DLS11, Proposition 4.2]) that if u € WP (£, Aq(R™)) and & is a
tangent vector field defined on %, there exists a non-negative function gz € LP(X) with the
following two properties:

(i) Dg(S(u, T)) < gg H™-ae. in Zforall T € Ag;
(i1) if hg € LP(X) satisfies [Dg(G(u, T))| < hg forall T € Ag, then gz < hg H™-a.e.

Such a function is clearly unique (up to sets of H™-measure zero), and will be denoted by
|Dgul. Moreover, chosen a countable dense subset {T;}{° , C A, it satisfies

[Deuf = sup [DeG(u, Ti)l (2.21)
ieN

almost everywhere in L.
As in the classical theory, Sobolev Q-valued maps can be approximated by Lipschitz
maps.

Proposition 2.2.10 (Lipschitz approximation, cf. [DLS11, Proposition 4.4]). There exists a
constant C = C(m, £, Q) with the following property. Let u be a function in WP (L, Aq). For
every A > O, there exists a Lipschitz Q-function uy such that Lip(u,) < CA and

H™({x e Z: ur(x) Zu(x)}) < }\% /z [Du|P dH™, (2.22)
where
m /2
= (ZIDaiuIZ>
i=1

for any choice of an orthonormal frame (&;){", of the tangent bundle TE.

As a corollary, Proposition 2.2.10 allows to prove that Sobolev Q-valued maps are approx-
imately differentiable almost everywhere.

3 Here, the Sobolev space W'P(£) is classically defined as the completion of C'(Z) with respect to the W' P-
norm

18 ) = [ P + IDTGIP) 3™ ()

for 1 <p < oo and
[fllw10 5y := esssup (If(x)]+[Df(x)]) .
b
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Corollary 2.2.11 (cf. [DLS11, Corollary 2.7]). Let u € WP (£, Aq). Then, u is approximately
differentiable H™-a.e. in X: precisely, for H™-a.e. x € X there exists a measurable set QO C L
containing x such that Q) has density 1 at x and ulq is differentiable at x.

The next proposition explores the link between the metric derivative defined in (2.21) and
the approximate differential of a Q-valued Sobolev function.

Proposition 2.2.12 (cf. [DLS11, Proposition 2.17]). Let u be a map in wi2 (Z,AQ (IR“)). Then,
for any vector field & defined on L and tangent to L the metric derivative |D zul defined in (2.21)
satisfies

Q
|D£u‘2 = Z |D£u£|2 H™-qge. in X, (2.23)
=1

where Y ,IDgut]? = §(Dgu, Q[0])? and Deu(x) € Ag(R™) is the approximate directional
derivative of w along & at the point x € L. In particular, it holds

m

m Q
Du(x))?:=) Dgux)l* =) ) Degul(x)? (2:24)

i=1 i=1¢=1

with (&;){~ any orthonormal frame of TL, at all points x of approximate differentiability for w in
I

Remark 2.2.13. Observe that by the above formula the definition of |[Du(x)| is indeed inde-
pendent of the choice of the frame (&;), as in fact one has

Q
Du(x)l* = Y IDut(x)?%,
=1

where [Du!(x)| is the Hilbert-Schmidt norm of the linear map Duf(x): TyX — R™ at every
point of approximate differentiability for u.

The main consequence of the above proposition is that essentially all the conclusions of
the usual Sobolev space theory for single-valued functions can be recovered in the multi-
valued setting modulo routine modifications of the usual arguments. Some of these con-
clusions will be useful in the coming chapters, thus we will list them here, again referring
the interested reader to [DLS11] for their proofs and other useful considerations. In what
follows, QO C X is an open set with Lipschitz boundary.

Definition 2.2.14 (Trace of Sobolev Q-functions). Let u € WP (Q, Ag(R™)). A function g
belonging to LP (00, Ag (IR™)) is said to be the trace of u at 90 (and we write g = ulyo) if
for any T € Aq the trace of the real-valued Sobolev function G (u, T) coincides with G (g, T).

Definition 2.2.15 (Weak convergence). Let {un}°_; be a sequence of maps in WP (Q, Aq).
We say that uy, converges weakly to u € wlp (Q,Aqg) for h — oo, and we write up — u, if

(1) Hmp_oo [ §(up, WP dH™ = 0;

(i1) there exists a constant C such that sup,, |, o IDupPdH™ < C.
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Proposition 2.2.16 (Weak sequential closure, cf. [DLS11, Proposition 2.10, Proposition 4.5]).

Let u € W! P(Q, Aq). Then, there is a unique function g € LP(0Q), Aq) such that g = ulaq in
the sense of Definition 2.2.14. Moreover, the set

WP (Q,Aq) ={ue W'P(Q,Aq) : ulba = g}

is sequentially closed with respect to the notion of weak convergence introduced in Definition 2.2.15.

Proposition 2.2.17 (Sobolev embeddings, cf. [DLS11, Proposition 2.11, Proposition 4.6]).

The following embeddings hold:

oy e 1, * * L
(i) z:fp <m, then W'P(Q, Aq) C LI(Q,Aq) for every q € [1,p*], p* := mm—j’p, and the
inclusion is compact when q < p*;

(il) if p =m, then W‘/P(Q,AQ) C L9(Q, Aq) for all q € [1, 00), with compact inclusion;

(ii1) ifp > m, then W"P(Q,AQ) C CO'“(Q,AQ)for all x € [O,] — %}, with compact inclusion

‘ m
if oo <1—

Proposition 2.2.18 (Poincaré inequality, cf. [DLS11, Proposition 2.12, Proposition 4.9]). Let
Q be a connected open subset of L with Lipschitz boundary, and let p < m. There exists a constant
C = C(p,m,n, Q, Q) with the following property: for every u € WP (Q, Aq(IR™)) there exists
a point U € Aq(R™) such that

1/p~ /p
</ S(u, )P dJ—Cm> <C (/ [DulP de{m) ) (2.25)
Q Q

Proposition 2.2.19 (Campanato-Morrey estimates, cf. [DLS11, Proposition 2.14]). Let u be a
W12(By, Aq) function, with By = B1(0) C R™, and assume o« € (0,1] is such that

/ IDuf? < AT™ 22 for every y € By and a.e. v € (0,1 —y|).
B:(y)

Then, for every 0 < & < 1 there is a constant C = C(m,n, Q, d) such that

§ (u(x), u(y))

o < CVA. (2.26)

[LL] Co.x(Bj) = SUE
x,yE€Bs

2.2.4 The Dirichlet energy. Dir-minimizers

A simple corollary of Proposition 2.2.12 and Remark 2.2.13 is that the Dirichlet energy of
amap u € W'? (Q,Aq(R™)) can be defined in a unique way by setting

m m Q
Dir(u, Q) = / D IDguffdH™ = / > ) DeufFdHm, (2.27)
Qi Q5

i=1{=1

for any choice of a (local) orthonormal frame (&1, ..., &) of the tangent bundle of .
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As already mentioned before, the first step of Almgren’s program towards the partial
regularity for area minimizing currents in codimension higher than one is to develop a
theory concerning existence and regularity properties of minimizers of the Dirichlet energy
in W2 (the so called Dir-minimizers). Such a theory, extensively studied by Almgren in
[Almoo] and revisited by De Lellis and Spadaro in [DLS11], can be summarized in four
main theorems.

Theorem 2.2.20 (Existence, cf. [DLS11, Theorem 0.8]). Let O C R™ be a bounded open subset
with Lipschitz boundary. Let g € W1'2(Q,AQ). Then, there exists a function u € W1'2(Q,AQ)
minimizing the Dirichlet energy (2.27) among all W12 Q-valued functions v such that vjpo =
glan-

Theorem 2.2.21 (Holder regularity, cf. [DLS11, Theorem o.9]). There exists a constant « =
a(m, Q) > 0 with the following property. If w € W'2(Q, Aq) is Dir-minimizing, then u €
CO*(Q!, Aq) for every Q' € Q.

The statement of the other two results requires the definition of regular and singular
points of a Dir-minimizer u.

Definition 2.2.22 (Regular and singular points of a Dir-minimizing map). A Q-valued Dir-
minimizer u is regular at a point x € Q) if there exist a neighborhood B of x in Q and Q
harmonic functions we: B — R™ such that

Q
uly) = Z [ue(y)]  for almost every y € B
0=1

and either ue(y) # ue (y) for every y € B or uy = uy. We will write x € reg(u) if x is
a regular point. The complement of reg(u) in Q is the singular set, and will be denoted

sing(u).

Theorem 2.2.23 (Estimate of the singular set, cf. [DLS11, Theorem o.11]). Let u be a Dir-
minimizer. Then, the Hausdorff dimension of sing(u) is at most m — 2. If m = 2, then sing(u) is
at most countable.

Theorem 2.2.24 (Improved estimate of the singular set for m = 2, cf. [DLS11, Theorem
0.12]). Let u be Dir-minimizing, and m = 2. Then, the singular set sing(u) consists of isolated
points.

Remark 2.2.25. It is worth observing that here we have only discussed those results in the
theory of Dir-minimizing multiple-valued functions which will be useful for our purposes
at a later stage of this thesis, and therefore our summary is far from being complete. Among
the results that we have not included in the above presentation, we mention the paper
[Hir16a], concerned with the problem of extending the Holder regularity in Theorem 2.2.21
up to the boundary of Q, and the recent result [DMSV16], where the authors prove that if
u is Dir-minimizing then sing (1) is actually countably (m — 2)-rectifiable (and hence H™ 2
o-finite), thus extending to general Q a previous result obtained for Q = 2 by Krummel
and Wickramasekera in [KW13] and considerably improving Almgren’s original theory.
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2.3 THE THEORY OF HARMONIC MAPS

After having studied the regularity theory of “IR™-valued” Sobolev functions minimizing
the Dirichlet energy, a natural question is whether the same regularity properties are shared
by functions minimizing the Dirichlet energy among those that are constrained to have
target in a given (compact) Riemannian manifold. The resulting theory is known in the
literature as harmonic maps theory. In this section we will first discuss the basic properties of
single-valued harmonic maps (§ 2.3.1), then we will move to more recent advances in the
theory (§ 2.3.2), and finally we will present the recent theory of multiple-valued harmonic
maps (§ 2.3.3). References for the first part are the standard books by Simon [Simg6], Moser
[Mosos] and Lin-Wang [LWo8]; for the second part, we will mainly refer to the beautiful
paper [NV17]; finally, for the third part our main reference is [Hir16b].

2.3.1  Harmonic maps: an overview

Suppose that Q) is an open subset of R™, where m > 2, and that N is a smooth compact
Riemannian manifold of dimension n > 2 which is isometrically embedded in some Eu-
clidean space R%. A map u of Q into N will always be thought of as a map u: Q — R¢
with the additional property that u(Q) C N. In particular, we set

W'2(Q,N) = {ue W2 (Q,R%): u(x) € Nforae x€Q},

and
w2 (Q,N) = {ue W!2(Q’,N) for every Q' € Q4.

loc

Ifue Wﬂ (')ZC(Q, N) and B.(x) € Q, then the (rescaled) Dirichlet energy of u in B, (x) is the
quantity
&, Be(x)) i=17"™ Du(y)* dy,
Br(x)
where Du(y) € R4*™ is the classical differential of u and |Du(y)| is its Hilbert-Schmidt
norm. A map u € w2 (Q,N) is a (local) minimizer of the Dirichlet energy if the following

loc

holds: for any ball B (x) € Q one has
&(u, Br(x)) < &(v, Br(x))

for every map v € WI12(B,(x),N) such that v=uin a neighborhood of 0B;(x). Observe
that energy minimizing maps with values in R™ solve the linear system of equations Au = 0
everywhere in Q. As it will be clear in a few lines, an energy minimizing map which is
constrained to take values in a manifold N solves a nonlinear version of the Laplace equation
in Q. It is therefore both extremely natural and very interesting to study the regularity for
such an object.

The first observation is that if u € Wﬂ (;ZC(Q, N) is energy minimizing and if B;(x) € Q
then one can test the minimality of u along suitably chosen families ue of competitors in
order to infer that u satisfies some integral equations, known as variational equations, which
turn out to be of fundamental importance for the regularity theory. Explicitly, if 5 > 0 and

{us}se(_s,5) is a one-parameter family of maps us € W'?(B,(x),N) having the properties
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that up = u in B+ (x) and us = u in a neighborhood of 9B (x) for every s € (=9, §), then the
minimizing property of u implies that

%é”(us,Br(x)) . =0. (2.28)

Equation (2.28) is the variational equation associated to the family {us}. There are two
important kinds of variations of w:

(OV)

outer variations are variations of the form
us :=1ITo (u+sY),

where Y = (Y',...,Y4) € Cl(B,(x),RY) is a vector field in the target, and where TT is
the nearest point projection map from a tubular neighborhood of N in R¢ onto N. For
such a kind of variations the variational equation (2.28) reads

/ S (D, DiY) — (Au(Dyw, Diw), ¥)) dy =0, (2.29)
By (x) i=1

where Dju € R? is the derivative of u in the direction e;, {ei}I™; being the standard
orthonormal basis of R™, and A is the second fundamental form of the embedding
N — R9. Notice that if u € C? then we can integrate by parts the left-hand side in
the above equation, and, using that the map Y is arbitrary, conclude that u solves

m
Au+ Z Au(Diju,Diju) =0 in Q, (2.30)
i=1

which is the nonlinear variant of the Laplace equation mentioned above. If u € C?
then equation (2.30) is in fact equivalent to

PT. N Au(y) =0 foreveryy € Q, (2.31)

where pr, o is the orthogonal projection of RY onto the tangent space Tuy)N at
every y;

inner variations are instead variations of the form
us(y) =uly +sX(y)),

where X € C l(BT(x),lRm) is a vector field in the domain. For such a kind of variation
the variational equation (2.28) reads

m
/ > (IDul?835 — 2(Dyu, Dju)) D; X7 =0. (2.32)
Br(x) ij=1

Maps u € W, 2 (Q,N) which satisfy both the variational equations (2.29) and (2.32) are

loc

called in the literature stationary harmonic maps. By the discussion above, every energy
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minimizing map is stationary harmonic. Maps satisfying only the outer variation formula
(2.29) are instead known as weakly harmonic maps. As a matter of fact, weakly harmonic
maps admit far worse singularities than energy minimizing or stationary harmonic maps

(see e.g. [Rivgz]), except in the case m = 2, when there are no singularities at all (cf.

[Hélg1]). In this thesis we are never going to work with weakly harmonic maps.
A fundamental consequence of the variational equations is that if u € Wf (’)ZC(Q, N) is

stationary harmonic then for any x € Q the function r € (0, dist(x,9Q)) — &(u, By(x)) is
monotone non-decreasing. Therefore, the quantity

Ou(x) == Llfg & (u, Br(x))

is well defined for every x € Q. We will call ©,,(x) the density of u at x. It is very easy
to check that ©,: QO — R is an upper semi-continuous function. The monotonicity of
the rescaled energy and the existence of the density at every point are key tools in the
study of energy minimizing and stationary harmonic maps. The breakthrough result in
the regularity theory is the following e-regularity theorem, which is due to Schoen and
Uhlenbeck [SU82] in the energy minimizing case.

Theorem 2.3.1 (e-regularity). There exist ¢g > 0, « > 0 and C > 1 depending on m, N with the
property that if u € W2 (Q, N) is energy minimizing in Br, (x0) with

loc

&(u, Br,(x0)) < €0,
then the following energy decay estimate holds:

T 2% Ro
£, B () < C(5) EwBr(x) ¥xeBrlxo) YO<T<RE .
In particular, u € CO""(BRTO (x0), N).

Observe that by standard elliptic regularity theory the Holder continuity of u in B, (xo)
upgrades to C*™ regularity in a smaller ball. Also note that it is now a simple conseqlzlence
of Theorem 2.3.1 that minimizing harmonic maps u in dimension m = 2 are smooth. On
the other hand, concrete examples indicate that minimizing harmonic maps in dimension
m > 3 may exhibit singularities. Indeed, it is known that for m > 3 the map up: By C
R™ — S™~! defined by ug(x) := 7] s a minimizing harmonic map. This was proved
first by Jager-Kaul [JK83] for m > 7, later by Brezis-Coron-Lieb [BCL86] for m = 3 and
finally by Lin [Lin87] and Coron-Gulliver [CG89] independently for all m > 3. Needless
to say, ug is singular at the origin. Furthermore, starting from wy it is easy to produce,
for any m > 3, minimizing harmonic maps u: R™ — S2 which are singular along an
(m — 3)-dimensional linear subspace of R™. By the following celebrated partial regularity
theorem by Schoen and Uhlenbeck [SUS82], these are, in a sense, the “worst” singularities
for minimizing harmonic maps.

Theorem 2.3.2 (Partial regularity for minimizing maps). For m > 3, let u € Wg (’)ZC (Q,N) bea
minimizing harmonic map, and set

sing(u) := {x € Q : wis discontinuous at x}.
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Then, sing(u) is a closed set which is discrete for m = 3 and has Hausdorff dimension dimg¢ (sing(u)) <
m — 3 for m > 4. Furthermore, u € C*(Q \ sing(u), N).

Let us now briefly comment on the strategy to prove Theorem 2.3.2. From the e-regularity
Theorem 2.3.1 it follows that

sing(u) ={x € Q: Ou(x) > eo} ={x € Q: Oy(x) > 0}.

Using this information, it is not difficult to prove that ﬂ{m_z(sing(u)) = 0. The refined
dimension estimate on sing(u) is based on a compactness theorem for minimizing harmonic
maps and on a variant of the Federer-Almgren dimension reduction argument. Let us first
state the compactness theorem.

Theorem 2.3.3 (Compactness). Let {unjyo_; C W12 (Q,N) be a sequence of minimizing har-
monic maps with SUPp 1 & (un, B+(x)) < oo for each ball B, (x) € Q. Then, there is a subsequence
Un, and a minimizing harmonic map w € W12(Q,N) such that up; — u strongly in W12 in
every Br(x) € Q.

Theorem 2.3.3 allows to prove the following proposition.

Proposition 2.3.4. Let u € w2 (Q, N) be energy minimizing, and let xo € Q.

loc

(1) For any sequence v of radii with ry, | O there exists a subsequence v, such that the maps
T . (Y) == ulxo + Th;y) converge strongly in Wf(’)zc(lRm, N) to a minimizing harmonic
)

map §;

(2) & is homogeneous of degree zero, and thus

Ou(xo) =B¢(0) = &(P,Bp(0))Vp >0;

(3)
O (0) = max O (y);

(4) The set
S($) :=={y e R™: O (y) =04 (0)}

is a linear subspace of R™. Moreover, ¢ is invariant under composition with translations by
elements in S(§), i.e. (x+y) = (x) for every x € R™, for every y € S(P).

Any map ¢ arising as in (1) as a limit of the maps T . for some sequence 7 | 0 is
called a tangent map to u at xo. Note that tangent maps to u at a given point xp may not
be unique. Nonetheless, every tangent map ¢ to u at xo is a zero-homogeneous minimizer
for which (2), (3), and (4) above hold. If ¢ is a tangent map, then S(¢) is called its
spine. The dimension of S(¢) is the number of independent directions along which ¢ is
invariant. Now, if xo € reg(u) := Q \ sing(u), then O, (xp) = 0, and thus, by (2) and (3),
u has a constant tangent map at xo. If instead xp € sing(u) then for every tangent map
¢ to u at x¢ it holds ©4(0) = Ou(xo) > 0, and thus 0 € sing(¢d) # (). Furthermore, the
spine S(¢) is a subset of the singular set sing(¢). Since S(¢) is a linear subspace, and since
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H™2(sing(¢dp)) = 0 because ¢ is minimizing, it immediately follows that dim S(¢) < m—3.
It is now possible to stratify the singular set sing(u) of the minimizing harmonic map u
we started with according to the number of symmetries a tangent map has at each point.
Specifically, for every 0 < k < m — 3 we set

Sk(u):={x e sing(u) : dim S(¢) < k for all tangent maps ¢ to u at x}
= {x € sing(u) : no tangent map to u at x is invariant along k + 1 directions}.
(2.33)

Then, one has
8%w) c 8M(w) ... c 8™ 3(u) = sing(u),

and the estimate on the Hausdorff dimension of sing(u) follows from the Federer-Almgren
dimension reduction argument:

Lemma 2.3.5 (Federer-Almgren dimension reduction argument). For 0 < k < m— 3, one has
dimsg(8*(u)) < k.

As for stationary harmonic maps, the situation is more involved, and we are not going
further into the details. Let us only mention that the e-regularity Theorem 2.3.1 was ex-
tended to stationary harmonic maps by Bethuel [Betg3] and later improved by Riviere and
Struwe in [RSo8]. As a consequence, the following theorem holds.

Theorem 2.3.6 (Partial regularity for stationary harmonic maps). For m > 3, ifu € Wl] (’)zc (Q,N)
is stationary harmonic then Hmfz(sing(u)) =0and u e C*°(Q \ sing(u),N).

2.3.2 Fine properties of the singular set

Beyond the dimension estimate in Lemma 2.3.5, little else was known about the structure
of the singular strata 8*(u) until very recently. In [Simgsa], Simon proved that if the target
N is analytic then the singular set sing(u) = §M—3(u) is countably (m — 3)-rectifiable. The
breakthrough in this direction was made by Naber and Valtorta in the pioneering work
[NV17], where they were able to prove that Sk (u) is countably k-rectifiable for any k when-
ever u is stationary harmonic and under minimal assumptions on the regularity of the
target manifold N.

Theorem 2.3.7 (Stratification for stationary harmonic maps, cf. [NV17, Theorem 1.5]). Let
u: B € R™ — N be a stationary harmonic map with &(u,B,) < A. Then for every k the
singular stratum 8¥(w) is k-rectifiable. Furthermore, for H*-a.e. x € 8¥(u) there exists a unique
k-dimensional linear subspace V¥ C R™ such that every tangent map to w at x is invariant with
respect to compositions with translations by vectors in V.

If u is energy minimizing, then the result can be improved: indeed, not only one has
that sing(u) = 8M—3(u) is countably (m — 3)-rectifiable, but also that it has uniformly finite
(m — 3)-dimensional Hausdorff measure. More precisely, the following theorem holds.
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Theorem 2.3.8 (Fine structure of the singular set, cf. [NV17, Theorem 1.6]). Let u: By C
R™ — N be a minimizing harmonic map with & (u, B2) < A. Then, sing(u) is countably (m — 3)-
rectifiable and there exists C = C(m, N, A) such that, denoting By (sing(u)) := Uyesing(w) Br(X)
the r-tubular neighborhood of sing(u) in R™, one has

L™ (By(sing(u))NBy) < Crd.
In particular, H™ 3 (sing(u) N By) < C.

Theorems 2.3.7 and 2.3.8 were in fact obtained as corollaries of more general statements
on the quantitative stratification for stationary harmonic maps, and not on the standard strat-
ification itself. A first version of the quantitative stratification can be found in [Almoo,
§2.25]; the concept was later developed by Cheeger and Naber first in [CN13a] in order to
prove new estimates on the singular set of Gromov-Hausdorff limits of non-collapsed mani-
folds with Ricci curvature bounded below, and then in [CN13b] to obtain new LP estimates
on the second derivatives of minimizing harmonic maps and on the second fundamental
form of area minimizing integral currents in codimension one. Since then, the quantitative
stratification has appeared in several works to obtain similar results in different contexts
of Geometric Analysis, including mean curvature flow, critical sets of elliptic equations,
harmonic map flow among others.

Before explaining what the quantitative stratification is, we need to discuss the notion of
symmetry associated to a harmonic map.

Notation 2.3.9. We will use the notation [CN]Slglr(u) to denote the standard quantitative
stratification a la Cheeger-Naber, in order to distinguish it from the new notion of quanti-
tative stratification S¥ .(u) that we will use in our discussion on multiple-valued harmonic
maps in Chapter 10. The notion of quantitative stratification we will propose, although nat-
urally inspired by the original Cheeger-Naber one, will allow us to obtain a slightly better
control on the different strata. A careful comparison between [CN]SET(LL) and 8¥ , is carried
onin § 10.2.

Notation 2.3.10. For any x € R™, we shall denote by . the radial unit vector field with
respect to x, defined by

x(y) := ﬁ for every y € R™\ {x}.

Definition 2.3.11 (k-symmetric maps, cf. [NV17, Definition 1.1]). A map h € Wll (’)ZC(]R‘“, N)
is said to be:

* homogeneous with respect to x € R™ if
h(x +Av) =h(x+v) forall A >0, for everyve R™,

or equivalently if
D, h=0 ae inR™.
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* k-symmetric if it is homogeneous with respect to the origin and there exists a linear
subspace L C R™ with dim(L) = k along which h is invariant, that is

h(x+v) =h(x) forevery x € R™, forallvel,
or, equivalently, such that

Dyh(x) =0 fora.e.x € R™, forallv e L.

Definition 2.3.12 ((k, ¢)-symmetric balls, cf. [NV17, Definition 1.1]). Let u € w2 (Q,N),

loc

and fix k € {0,..., m} and € > 0. A ball B;(x) C Q is said to be (k, ¢)-symmetric for u in
the sense of Cheeger-Naber, or briefly [CN] (k, ¢)-symmetric, if there exists some k-symmetric
map h € w2 (R™,N) such that

loc
][ fuy) Ry )Py < e (234)

Definition 2.3.13 ([CN] Quantitative stratification). Let u € WEOZC(Q N) be stationary har-
monic, and let ¢,7 > 0 and k € {0, ..., m}. We will set

[CN]SL‘,T( ):={x € Q: fornor <s <1 theball B4(x) is [CN] (k+ 1, ¢)-symmetric w.r.t. u}.
It is an immediate consequence of the definition that if k' <k, ¢’ > ¢ and r’ < r then
NISK, L (w) € NS (w)

Hence, we can set:

[CN] [CN]
Nk =[] sk, w),  Nskw= ) skw.

>0 e>0

Remark 2.3.14. It is of great importance to observe that the set (“N/8* (1) coincides with the
standard singular stratum §¥(u) as defined in (2.33), cf. [NV17, Section 9.3].

We are now ready to state the results of [NV17] concerning the quantitative stratification.

Theorem 2.3.15 (Quantitative stratification for stationary harmonic maps, cf. [NV17, The-
orems 1.3 and 1.4]). Let u: B, € R™ — N be a stationary harmonic map with &(u,B;) <
A. Then, for any ¢ > O there exists C = C(m, N, A, ¢) such that the following k-dimensional
Minkowski content estimates hold.:

( (CN SE ) mB1> Corm—k (2.35)
and

( <CN Sk(u ) ﬁB1) < Cer™ K, (2.36)
In particular, 3* (INI8¥ (1) N B1) < Ce. Moreover, “NIS¥(u) is countably k-rectifiable, and for

H*-ae. xeCNIk(u) there exists a unique k-dimensional linear subspace V¥ C R™ such that
every tangent map to u at x is invariant with respect to compositions with translations by vectors
in VX,
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The core of Theorem 2.3.15 is represented by the Minkowski bounds (2.35) and (2.36).
For the moment, let us just mention that the two new main ingredients exploited in [NV17]
in order to get the estimates above are new Reifenberg-type results and a new [2-subspace
approximation theorem for stationary harmonic maps. We will not enter further into the
details, since we will present these tools “directly in action” in the context of multiple-
valued minimizing harmonic maps when we need them. Let us also point out that the
tools introduced in [NV17] are so robust that they have been already fruitfully applied in
several different areas: we mention here the recent preprints [NV15], dealing with the quan-
titative stratification of integral varifolds with bounded mean curvature, [NV16], which ex-
tends (and simplifies) the theory of [NV17] to approximate harmonic maps, and [DMSV16],
where the rectifiability of the singular set of multiple-valued Dir-minimizers is discussed.
A Reifenberg-type result for general non-negative Borel measures can be instead found in
[ENV16].

2.3.3 Multiple-valued harmonic maps

As anticipated, in this paragraph, the last containing preparatory material, we are going
to provide a brief overview of the notion and properties of multiple-valued harmonic maps.
The main reference is [Hir16b], where Hirsch introduces the notion of multiple-valued
harmonic maps and develops a parallel theory to the one presented in § 2.3.1.

For Q € R™ open, N™ < RY compact Riemannian manifold and Q > 1 integer, we
define

W2 (Q,Aq(N)) == {u e W(Q,Aq(RY)) : spt(u(x)) C N forae x € Q},

and W,/ (Q, Aq(N)) accordingly. If u € w2

loc loc

(Q,Aq(N)) and B, (x) € Q, we set
&, Br(x)) = > ™Dir(w, By (x)) = 2™ / Du(y)P dy.
Br(x)

Definition 2.3.16 (Q-valued energy minimizers, cf. [Hir16b, Definition 1.1]). A map u €
Wl](’)ZC(Q,AQ(N)) is a local minimizer, or simply minimizer, of the Dirichlet energy if for any

B:(x) € Q it holds
&(u, Br(x)) < &(v, Br(x)) (2.37)

for every v € w2 (Q, Aq(N)) such that v = u in a neighborhood of 9B (x).

loc
As a consequence of the minimality condition, Q-valued minimizers satisfy inner varia-

tion and outer variation formulae, which we record in the following proposition.

Proposition 2.3.17 (Variational equations, cf. [Hir16b, Equations (2.2) and (2.5)]). Let u =
> olwe] € Wﬂ (’)ZC (Q, Aq(N)) be energy minimizing, and assume B, (x) € Q. Then, for every vector
jeld X = (X1,...,X™) € C!(B+(x),R™) the following inner variation formula holds:

c 8

m Q
rix =1

ij=1
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Moreover, for any vector field Y € C' (B, (x) x R, R%) such that Y(y,p) = 0 for y in a neighbor-
hood of 0B(x) we have the following outer variation formula:

/Br(x)

In analogy with the classical case, we will call stationary Q-harmonic any map u in
Wf(’)zc(Q,AQ(N)) for which both equations (2.38) and (2.39) hold. As a consequence of
the inner variation formula (2.38), one classically recovers the monotonicity of the function

r € (0,dist(x,9Q))) — &(u, Br(x)) and, therefore, the existence of the density

m Q
Z Z ((Diug, Di(Y(y,ue))) — (A, (Diug, Diug), Y(y,ue))) dy =0. (2.39)
i1 =1

Ou(x) := lrlg)l &(u, Br(x))

at every x € ) whenever u is a stationary Q-harmonic map. Furthermore, Q-valued
minimizers enjoy the following compactness theorem, which extends Theorem 2.3.3 to the
multiple-valued context.

Theorem 2.3.18 (Compactness, cf. [Hiri6b, Lemma 4.1]). Let {unj5o_; C W1'2(Q,AQ(N))

be a sequence of Q-valued minimizing harmonic maps with supy -, & (un, B+(x)) < oo for each ball

By (x) € Q. Then, there is a subsequence un; and a minimizing harmonic map w € wl2(Q, Ag(N))
such that

(1) Hmj_e0 [y S(un, w)?dy =0;
(i1) limj e & (un;, Br(x)) = &(u, By (x)) for every ball B+(x) € Q.

As a consequence, Proposition 2.3.4 holds modulo replacing the target N with Ag(N)
whenever it occurs. If xo € Q then every tangent map to u at xo is a Q-valued map
b € Wﬂc’)zc(]Rm,AQ(N)) which is homogeneous of degree zero with respect to 0 € R™.
Further, ©4(0) = Oy (xo), and the (upper semi-continuous) map y € R™ — O (y) attains
its maximum at y = 0. The spine S(¢) is a linear subspace of R™ with respect to which ¢
is invariant. Extending the terminology introduced in § 2.3.2, if dim S(¢$) = k then ¢ is a
k-symmetric map with invariance space given by S(¢).

Before proceeding with the regularity theory for Q-valued minimizing harmonic maps,
we need to discuss the different notions of singularities that can be taken into consideration
in this context.

Definition 2.3.19 (Regular and singular sets, cf. [Hiri6b, Definitions 1.2 and 1.4]). An
energy minimizing map u € Wﬂ (’)ZC(Q,AQ(N)) is reqular at a point x € Q if there exist a
neighborhood U of x in Q and Q smooth minimizing harmonic maps ue: U — N such that

Q
uly) = Z[[ug(y)ﬂ fora.e.yeU.
0=1

If u is regular at x then we write x € reg(u). The singular set of u is the set sing(u) :=
Q\reg(u).
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If x € reg(u), then a fortiori u is Holder continuous in a neighborhood of x. Hence, one
can regard reg(u) as a subset of a larger set, called the Holder regqular set of u and defined

by
reg,,(u) :={x € Q: uis Holder continuous in a neighborhood of y} D reg(u).

The Holder singular set of u is then defined by sing,,(u) := Q\reg,,(u). Observe that
sing,,(u) C sing(u).

Remark 2.3.20. Note that trivially one has reg,,(u) = reg(u) and sing;, (u) = sing(u) if
Q = 1. Also observe that for Dir-minimizers, i.e. for Q-valued energy minimizers with
target R™, one has sing;, (1) = () and dimg(sing(u)) < m —2 by Theorems 2.2.21 and 2.2.23
respectively. Of course, if the target is a manifold then in general sing,, (u) is not empty, as
it is not empty even in the classical Q = 1 case.

The results about tangent maps described above allow to apply the standard stratification
to the set sing,, (1), and classically define, for 0 < k < m,

Sk(u) = {X € sing,,(u) : dimS(¢$) < k for all tangent maps ¢ to u at x} .

The last ingredient to complete the regularity theory for Q-valued minimizers is then clearly
only the Schoen-Uhlenbeck e-regularity result, which is indeed the core of [Hir16b].

Theorem 2.3.21 (Q-valued e-regularity, cf. [Hir16b, Lemma 5.2]). There exist g > 0, o¢ >
0 and C > 1 depending on m, N, Q with the property that if u € WféZC(Q,AQ(N)) is energy
minimizing in B, (xo) with

&(u, Bry(xo)) < ¢o,

then the following energy decay estimate holds:

T 20( RO
éa(u,Br(x))<C<§) £, Br(x)) Vx € By (xo) VO<T <R =

In particular, uw € CO%(Bg,
2

(x0), AQ(N)).

Theorem 2.3.21 implies that sing;, (1) = {Oy(x) > 0}, and thus that J{mfz(singH (u)) =0.
The condition x € reg, (u) is equivalent to u having a constant tangent map at x. On the
other hand, if x € sing,,(u) then every tangent map ¢ to u at x has a non-empty Holder
singular set sing,,(¢) D S(¢p). Since S(¢) is a linear subspace and ﬂ{mfz(singH(d))) =0
it is necessarily dim S($) < m — 3, and thus sing,, (u) = 8§M—3(u). The Federer-Almgren
dimension reduction argument then allows to conclude the following theorem.

Theorem 2.3.22 (Partial regularity for Q-valued minimizers, cf. [Hir16b, Theorem o.1]).
Ifu e w2 (Q, Aq(N)) is energy minimizing then sing,,(u) is a closed set having Hausdorff

loc
dimension dimg (sing,, (u)) < m—3.



3 A TECHNICAL TOOL: MULTIPLE-VALUED
PUSH-FORWARDS

In this chapter we study an important technical tool, of which we will often make use
in the coming chapters: the extension of the push-forward operator introduced in § 2.1.2
to multiple-valued functions. Multiple-valued push-forwards were already considered by
Almgren in his monumental Big Regularity Paper [Almoo], and later revisited by De Lellis
and Spadaro in [DS15], and most of the results here presented have a counterpart in there.
Our contribution is mainly to present a homogeneous treatment of the subject and to sim-
plify the arguments. In particular, in Section 3.1 we quote some elementary definitions and
results from [DS15] in order to fix notation and terminology related to the subject. In Section
3.2 we provide a slightly simplified proof of the fact that the multi-valued push-forward
operator acting on Lipschitz manifolds commutes with the boundary operator. Finally, in
Section 3.3 we extend the multi-valued push-forward operator to integral flat chains. This is
the most original part of the chapter: indeed, in order to extend the push-forward operator
to the class %, (R%) Almgren relies on the intersection theory of flat chains. Our approach,
instead, makes use only of the polyhedral approximation results discussed in § 2.1.4. The
material covered in this chapter is taken from our paper [Stu17b].

31 THE PUSH-FORWARD OF RECTIFIABLE CURRENTS. GRAPHS

Let Q C IRY be an open set, and let f: Q — R™ be smooth and proper. We have seen in §
2.1.2 thatif T € D, (Q) then the push-forward of T through f is the current f;T € D, (R™)
defined by

fyT(w) == T(ffw) for every w € D™(R™).

Now, if T = [B, 7, 0] is rectifiable then it is straightforward to verify that the push-forward
4T is given explicitly by

fyT(w) = /B<w(f(x)),Df(x)ﬂ’E’(x)>G(X) dH™(x) VweD™(RM),

where
Df(x)3T(x) := (Df(x) - t1 (%)) A= - A (DFf(x) - T (X)).

The hypotheses on f can in fact be relaxed, as the above formula makes sense whenever
f: B — R™is Lipschitz and proper. In this case, Df(x) has to be regarded as the tangent map
of f at x, which exists at H{™-a.e. x € B since B is rectifiable and f is Lipschitz. Furthermore,
since |Df(x)4T(x)| coincides with the Jacobian determinant

Ji(x) = \/det (DF(x))T - Df(x)),
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from the area formula it follows that

B Df(x)4T(x) m
fT(w) = | (B><‘”(‘”’ Y 9(")|Df(x)mx)|>d“ )

x€By: f(x)=y

with B, := {x € B: Jf(x) > 0}. Moreover, f(B) is an m-rectifiable subset of R™, and for
H™-a.e. y € f(B) one has
Df(x)T(x)
IDf(x)yT(x)l
for all x € B such that f(x) =y, where 1(y) = n1(y) A--- Anm(y) is a simple unit m-
vector orienting Tan(f(B),y). It follows that f;T is a rectifiable m-current in R™, and in fact
= [f(B), 1, ©], with

= +1(y)

Df(x)T(x) >

o= T o (i) By

x€EB,: f(x)=y

We discuss now how to extend the above results to the context of multiple-valued func-
tions. The Lipschitz selection property, already recalled in Proposition 2.2.7, plays a funda-
mental role in achieving the goal.

The first step is to define the push-forward of C' submanifolds. Hence, in what follows
we will assume that £ is an m-dimensional C' submanifold of R4, and B ¢ I is H™-
measurable. We will also assume that X is oriented with orientation 7.

Definition 3.1.1 (Proper Q-valued functions, cf. [DS15, Definition 1.2]). A measurable func-
tionu: B C & — Aq(R™) is proper if there exists a measurable selection u = Z?:] [ue] such

that the set U?:1 u, '(K) is compact for any compact K € R™. If such a selection exists,
then clearly the same property is indeed satisfied by every measurable selection.

Definition 3.1.2 (Q-valued push-forward, cf. [DS15, Definition 1.3]). Let B C X be as above,
and let u: B — Aq(RR"™) be L1psch1tz and proper. Then, the push-forward of B through u is
the current Ty, == ) ;. y R o (uh)4[Bi], where B; and u! are as in Proposition 2.2.7: that
is,

ZZ/ ), Duf(x);T(x)) dH™(x) VYw e D™R™).  (3.1)

ieN ¢=1
Using the classical results concerning the push-forward of integer rectifiable currents
through (single valued) proper Lipschitz functions recalled above and the properties of
Lipschitz selections, it is not difficult to conclude the validity of the following proposition.

Proposition 3.1.3 (Representation of the push-forward, cf. [DS1i5, Proposition 1.4]). The
definition of the action of Ty, in (3.1) does not depend on the chosen partition By, nor on the chosen
decomposition {ut}. Ifu =3 ,[u¢], we are allowed to write

/BZ<w we(x)), Dug(x)yT(x)) dH™(x) Vw € D™(R™). (3.2)

=1
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Thus, Ty, is a (well-defined) locally integer rectifiable m-current in R™ given by T,, = [Im(u), 1, O],
where:

(R1) Im(u) = Uyep sptu(x)) = Uien U?:1 uf(Bi) is an m-rectifiable set in R™;

(R2) 1 is a Borel unit m-vector field orienting Im(u); moreover, for H™-a.e. y € Im(u), we have
Dut(x)yT(x) # 0 for every i, ¢, x such that ut(x) =y and

Duf (x)pT(x)

= Dut (), 7)) G-3)

f(y)

(R3) for H™-a.e. y € Im(u), the (Borel) multiplicity function © equals

- Dul(x)E(x)
Oy = Ze ) <n(y), |Du$(x)ﬁ(x)|> : (3-4)
i,6x: ui(x)=y

Remark 3.1.4. The definition of push-forward can be easily extended to the case when the
domain X is a Lipschitz oriented m-dimensional submanifold. In this case, indeed, there
are countably many submanifolds Z; of class C! which cover H™-a.a. £, and such that the
orientations of Z; and X coincide on their intersection (see [Sim83b, Theorem 5.3]). Hence,
if B C X is a measurable subset and u: B — Aq (IR™) is Lipschitz and proper, then the push-
forward of [B] through u can be defined to be the integer rectifiable current T,, := Z]oi] Ty,
where u; = ulgn 55 All the conclusions of Proposition 3.1.3 remain valid in this context (cf.
[DS15, Lemma 1.7]). Furthermore, the push-forward is invariant with respect to bi-Lipschitz
homeomorphisms: if u: £ — Aq(IR™) is Lipschitz and proper, ¢: £ — X is bi-Lipschitz and
{L:=uo ¢, then Ty = Ty,.

The following Q-valued area formula is a fundamental tool to compute the mass of Ty,.
If u =) ,Jue] is Lipschitz, we will denote by Ju(x) the Jacobian determinant of Duy, i.e.
the number

Jue(x) := [Dug (x)yT(x)| = \/det ((Due(x))T - Dug(x)). (3.5)

Proposition 3.1.5 (Q-valued area formula, cf. [DS15, Lemma 1.9]). Let B be a measurable
subset of a Lipschitz oriented m-dimensional submanifold £ C RY, and let w = Y ,[ue]: B —
AQ(R™) be a Lipschitz and proper Q-valued function. Then, for every Borel function h: R™ —
[0, 00), we have

Q
[ R ATl ) < [ 3 hluex)uex) 43¢ ) (6)
=1

Equality holds in (3.6) if there is a set B’ C B of full H™-measure for which
(Dug(x)yT(x), Dug/(y)yT(y)) =0  Vx,y € B and £, ¢’ with ug(x) = ug (y). (3.7)

The notion of push-forward allows one to associate a rectifiable current to the graph of a
multiple-valued function. Here and in the sequel, if £ C R¢ is an m-dimensional Lipschitz
submanifold and u: B € £ — Ag(R"™) is a Q-valued map we will denote by Gr(u) the
set-theoretical graph of u, given by

Gr(u) ={(x,v) e R*xR": x e B, v e spt(u(x))}.
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Definition 3.1.6. Let u = ) ,[u¢]: B € £ — AgQ(R™) be a proper Lipschitz Q-valued map,
and define the map

Q
Id x u: XEBHZ[[XU,({ )] € Ag(R* x R™).
=1

Then, the push-forward Tigx., is the locally integer rectifiable current associated to Gr(u),
and will be denoted by G,.

Using similar arguments to those carried in Remark 3.1.4, it is not difficult to extend the
above results to multi-valued push-forwards of general integer rectifiable currents. This
was already observed by De Lellis and Spadaro in [DS15], without going further into the
details. Indeed, if Q ¢ RY is open and if T € %, (Q) then there exist a sequence of
C' oriented m-dimensional submanifolds £; C RY, a sequence of pairwise disjoint closed
subsets Kj C Lj, and a sequence of positive integers k; such that 3 * ; k; 3™ (K;) < co and

T=> KK (3-8)
j=1

Now, if u: Q — Aq(R™) is Lipschitz and proper, we define the push-forward of T through
u by setting

w T = Z ki Ty, (3.9)
j=1
where u; := ulg;. We record the properties of u;T in the following proposition.
Proposition 3.1.7 (Q-valued push-forward of rectifiable currents.). The integer rectifiable cur-

rent uﬁT € Zm(R™) defined in (3.9) is independent of the particular representation (3.8) of T. If
= [B, T, 0], then uy T acts on forms w € D™(R™) as follows:

(uyT)(w / ), Dug (x)4T(x)) O(x) dFH™ (x). (3.10)
B = 1

Moreover, uy T can be represented by uy T = [Im(ulg), 7, O], where
(R1)! Im(ulg) = U;’L Im(wy) is an m-rectifiable set in R™;

(R2)" 1 is a Borel unit m-vector field orienting Im(ulg); moreover, if Kj = U;cn K} is a count-
able partition of K; C Xj in measurable subsets associated to a szschztz selection uly: =
)

Zg[[(u]?)z]] of was in Proposition 2.2.7, then for H™-a.e. y € Im(ulg) one has that

= +1i(y) (3.11)

forall j,i,{,x such that (u})e(x) =y,
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(R3)" for H™-a.e. y € Im(ulg), the (Borel) multiplicity function © equals

B L D)t ()tlx)
Oy) = Ze(x)y 0(x) <n(y), |D(u})€(x)ﬁf(x)|> : (3.12)

jx s (uf)

Notation 3.1.8. In the sequel, we will use the symbol u; T to denote the push-forward of a
current T € D, (Q) through a multiple-valued function u: O — Ag(R™) whenever such a
push-forward is defined. The symbol T,, will be still used when it is understood that the
push-forward operator is acting on the whole domain of u. In particular, if £ ¢ R¢ is an
m-dimensional Lipschitz submanifold and u: & — Ag(IR™) then the writings T,, and u[X]
are equivalent.

As already anticipated, in Section 3.3, we will take advantage of the polyhedral approxi-
mation of flat chains, Theorem 2.1.12, to give a meaning to usT when T € .%,,,(Q). Before
doing that, we have to investigate the behaviour of the multi-valued push forward with
respect to the boundary operator.

3.2 PUSH-FORWARD AND BOUNDARY

An important feature of the notion of push-forward of Lipschitz manifolds through
multiple-valued functions is that, exactly as in the single valued context (cf. (2.4)), it be-
haves nicely with respect to the boundary operator. The first instance of such a result
appears already in [Almoo, Section 1.6], where Almgren relies on the intersection theory of
flat chains to define a multi-valued push-forward operator acting on flat chains and study
its properties. A more elementary proof was then suggested by De Lellis and Spadaro in
[DS15, Theorem 2.1]. Here we provide a slightly simplified version of their proof, relying
on a double inductive process, both on the number Q of values that the function takes and
on the dimension m of the domain.

Theorem 3.2.1 (Boundary of the push-forward). Let £ C RY be an m-dimensional Lipschitz
manifold with Lipschitz boundary, and let w: L — Aq(IR™) be a proper Lipschitz map. Then,
oT, =T

ulox:

Proof. First observe that since every Lipschitz manifold can be triangulated, and since the
statement is invariant under bi-Lipschitz homeomorphisms, it is enough to prove the theo-
rem with £ = [0, 1]™. Furthermore, it suffices to show that the theorem holds in the case
of the currents associated to graphs. Indeed, suppose to know that 0G,, = G,,),,, and let
p: R4 x R™ — R™ be the orthogonal projection onto the second components. Then, it is
immediate to see that

P:Gu = Pt Tidxu = Tpodxu) = Tu,

where, for given Lipschitz F: R — Ag(R™) and ¢: R™ — R, we have used the notation
¢ o F for the Q-valued function ¢ o F(x) := ZEQ:1 [b(Fe(x))] € AQ(]Rk). Then, using that
push-forward and boundary do commute in the case of single valued Lipschitz functions,
one readily concludes

0T = 0pyGu = P3Gy = pﬁGulaz = Tu\az'
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Hence, we show that 0G,, = G,,|,,. The proof is by induction on both m and Q. If
Q =1, the result is classical. On the other hand, the case m = 1 is a consequence of [DLS11,
Proposition 1.2]: if u: [0,1] — Ag(R™) is Lipschitz, then there exist Lipschitz functions
uq,...,uq: [0,1 — R™ such that u = Z?:1ﬂud]. Therefore, T, = } ,(u)s[(0,1)], and
thus

OTw =) d(we)s[(0, N =D (udy (N—1[0]) =D ([we(N] — [we(0)]) = Ty,
[4

¢ 4

Then, we make the following inductive hypotheses:
(H1) the theorem is true when dim(X) < m—1,

(H2) the theorem is true for dim(X) = m when the function u takes Q* values for every
Q*<Q,

and we show that the theorem is true for (m, Q). In order to do this, we consider a dyadic
decomposition of £ = [0, 1]™ in m-cubes of side length 2~ ™ with h € IN, and for any integer
vector k € {0,1,...,2" — 1}™ we let Cy, . be the cube Cy, . := 27 (k+ [0, 11™).

Now, for fixed h, let %}, be the set of all k € {0,1,...,2" — 1™ such that on the corre-
sponding cube Cy, x one has

max diam(u(x)) > 3(Q — 1)Lip(u)2~""v/m. (3.13)

xXe Ch,k

By Proposition 2.2.8, if k € %y, then on the cube Cy, i the function u is well separated into
the sum

u|Ch,k = [[Uk,Q1]] + [[Uk,Qzﬂ/ (3-14)

where uy g, € Lip(Cpx, Ag, (R™)), uk,q, € Lip(Chx, Ag,(R™)) and Qq,Q2 < Q. There-
fore, by the inductive hypothesis (H2) we can conclude that

aGulch,k - Gulach,k (3.15)

for every k € %.
If on the other hand k ¢ %, consider the affine homotopy o: [0,1] x Cx x R™ —
R% x R™ defined by
o(t,x,v) = (x, (1 —=t)nou(x) +tv), (3.16)

and define the current

Ric = QG nou)c, , T ([0, D] X Gy, ). (3.17)

Here, 1 o u denotes the (single valued) Lipschitz function nou: £ — R™ given by

Q
o) = nfulx) = & 3 wlx)
=1

Since n o u is a classical Lipschitz function, the classical commutation rule of push-forward
and boundary gives

QG mou)c,,, ) = QG mowac,,, - (3.18)

ley, i
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On the other hand, the homotopy formula (2.5) yields

ao—ﬁ(ﬂ(()/])]] X G = Gu‘ach/k - QG(nou”aCh’k - O—ﬁ([[(ol]”] X aGulaCh’k)' (3'19)

u\ach,k)

Since 0Cp x is the union of (m — T)-dimensional cubes, the inductive hypothesis (H1) en-
sures that in fact 0G,,, Cn = 0, and thus the last addendum in the rh.s. of equation (3.19)
vanishes. Combining (3.18) and (3.19) therefore yields

ORy = Gu\ach/k‘ (3.20)
For every h € IN, define the current
Th = Z Gu|ch,k + Z Ry, (3.21)
ke A k& PBn
and notice that by (3.15) and (3.20) one has

0Th =) Gujye,, = Gulos (3.22)
k

because the common faces to adjacent cubes have opposite orientations. Furthermore, it is
easy to see that for every h € N and for every k € %}, one has

M(Guy, ) < C(T+Lip(w) ™3™ (Cyx) < C27M™, (3.23)

whereas

M(Re) < C2M™+ CM(Gup,, ) sup Iy — (x,m ou()

(xv)€Cr(ulac, , )

<CM™Mmyc ™M™ sup max }Iug(x) —1nou(x)]

x€dChy LE{1--.Q (3.24)
<CMmyc2 ™M™ sup diam(u(x))
xeaCh,k
<cmm
if k ¢ %y, for a constant C = C(m, Q, Lip(u)).
By equations (3.21), (3.22), (3.23) and (3.24) we immediately conclude that
M(Th) + M(0Th) < C, (3-25)

where C = C(m, Q,Lip(u)) is a constant independent of h. It then follows from the Com-
pactness Theorem 2.1.3 that when h 1 oo a subsequence of the Ty,’s converges to an integral
current T such that 0T = G, .

We are only left to prove that in fact T = Gy. Since clearly spt(T) C Gr(u) and T is
integral, we have that T = [Gr(u),7,©7] and G, = [Gr(u), 1], Og,]. We only need to show
that ©1(x,v) = BOg,(x,v) at H™-a.e. (x,v) € Gr(u). Let x € L, and denote by Dg (u) the
closed set

Dq(u) :={x € Z: u(x) = Q[v] for some v € R"}
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of multiplicity Q points of the function u. If x ¢ Dg (1), then there exists a suitably large h
such that for every h > h one has x € Cy x for some k € %}, and thus it follows naturally
that O7(x,ue(x)) = Og,(x,ue(x)) for every {. Hence, if H™(Dg(u)) = 0 then we are
done. Otherwise, consider the 1-Lipschitz orthogonal projection on the first components
p: R4 x R™ — R%. One has that p;T = ©7[Z] and p;G., = Og, [Z], with

Or(x) = Z Or(x,v) and Og,(x) = Z Og,(x,v) forH™-a.e. x € L.
(x,v)eGr(u) (x,v)eGr(u)

In particular, for H™-a.e. x € Dg(u), if u(x) = Q[v(x)] then O (x) = O1(x,v(x)) and
Og, (x) = Bg,(x,v(x)). On the other hand, by the definitions of u and Ty, it also holds
PiGu = Q[X] = pyTn for every h. Since T is the limit of (a subsequence of) the Ty, then
necessarily g, (x) = Q = O7(x) H™-a.e. on X, and thus finally Og_(x,v(x)) = Q =
O7(x,v(x)) for H™-a.e. x € Dg(u). This completes the proof. O

3.3 THE PUSH-FORWARD OF FLAT CHAINS

The goal of this section is to extend the definition of multiple-valued push-forward to
the class of integral flat chains. As mentioned before, the existence of a multi-valued push-
forward operator acting on flat chains has already been investigated by Almgren in [Almoo,
Section 1.6]. In what follows, we deduce it as a rather immediate consequence of Theorem
3.2.1 and of the polyhedral approximation of flat chains, Proposition 2.1.12.

We fix the following hypotheses.

Assumption 3.3.1. We will consider:
¢ a Lipschitz Q-valued function u: Q — Aq(R™) defined in an open subset Q C RY;
e a compact subset K C Q;
o an integral flat m-chain T € .%,,,(R%) with spt(T) C intK.

Given K and T as in Assumptions 3.3.1, by Proposition 2.1.12 there exists a sequence
{P;j}52; of integral polyhedral m-chains supported in K such that

1 and M(P;) < IM(T) + 1 (3.26)

Fy (T —Pj) < ;

—.

Now, integral polyhedral chains are a subclass of the class of integer rectifiable currents,
as any P; can be written as the linear combination P; = Z]:’:] Bji[oji] of a finite number of
oriented simplexes [oj;] with coefficients 3;; € Z. Since we have a well defined notion of

multi-valued push-forward of an integer rectifiable current, we can consider the currents

k;
WPy =) Bjiugfoyil. (3-27)
i=1
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We also know that the mass of u;P; can be estimated by
M(u;P;) < CIM(P5), (3.28)
where C is a constant depending on Lip(u), and Theorem 3.2.1 guarantees that
0(uyP;y) = uy(0P;). (3.29)

Clearly, {P;} is a Cauchy sequence with respect to the flat distance Fx. Indeed, for any
j,h € N one can explicitly estimate

1.1

Fy (P; —Pn) < Fx(Pj —T) + Fx(T—Pn) < - + . (3-30)

—

Now, we have the following

Theorem 3.3.2 (Push-forward of a flat chain). Let u, K and T be as in Assumptions 3.3.1. Then,
for any open subset W € Q with K C W, for any compact K’ C R™ containing Im(ulw/) =
Uxew spt(u(x)), and for any sequence {P;}5°; of integral polyhedral m-chains converging to T
with respect to dg,, the sequence {uyP;}52  is Cauchy with respect to dg,,. Therefore, there exists
an integral flat m-chain Z € Fy x/(R™) such that Fx,(Z —uyP;) — 0 as j 1 oo. Such a Z does
not depend on the approximating sequence P; converging to T.

Definition 3.3.3. The current Z € .%,,,(R"™) given by Theorem 3.3.2 is the push-forward of
T through u. Coherently with Notation 3.1.8, we will set Z = uyT.

The proof of Theorem 3.3.2 is a simple consequence of the following lemma, which is
proved for real polyhedral chains in [Fed6g, Lemma 4.2.23]. For the reader’s convenience,
we provide here also the proof.

Lemma 3.3.4. If K ¢ W C R% with K compact, W open, and P € Z.,(R%) with spt(P) C K,
then the quantity

G(P) := inf {M(P —3S) + M(S) : S € L1 (RY) with spt(S) C W} (3.31)
does not exceed Fy (P).
Proof. Preliminarly, we show that
G(P) < ¥FFk(P) (3.32)

for some constant ¥ = ¥(m, d). In order to do this, first use Proposition 2.1.9 to determine
a current N € Jm“,K(]Rd) such that

Fy (P) =M(P—0N)+M(N). (3-33)

Observe that 9(P —0N) = 9P € £, 1(R%). Therefore, we can apply the Deformation
Theorem 2.1.10 with T = P — ON and small ¢, to conclude the existence of R; € Z,(R9)
and S1 € S 11 (RY) with spt(Ry) Uspt(S1) € W such that

P—0N =Ry + 05y, (3-34)
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and furthermore satisfying the estimates

M(R1) < v (M(P—0N) + eM(aP)),

M(S1) < veM(P —2N), (3.35)

for a constant y = y(m, d). Again, since d(N +S7) = P—R; € Z,(R?) from (3.34), another
application of the Deformation Theorem with T = N + S; and ¢ suitably small implies that
there exist R, € Z+1(RY) and S, € #,,2(RY) with spt(R2) Uspt(S2) C W such that

N+S; =R, +0S>2 (3-36)
and furthermore satisfying
M(Rz) < v (M(N+351) +eM(P —Ry)). (3-37)
Combining (3.34) and (3.36), we see that
P =Ry +0(N+S7) =Ry +0Ry, (3:38)
with Ry € 2, (RY), Ry € P 11(RY), spt(Rq) Uspt(R2) C W satisfying

(3-35),(3-37)
G(P) <M(Ry)+M(R2) < v(1+2ey) (Fx(P)+e(IM(P) +M(3P))). (3-39)

The preliminary estimate (3.32), then, follows from (3.39) by letting ¢ — 0.

Next, in order to complete the proof of the lemma, fix p > 0, let N be as above and select a
compact K; C W such that K C intK;. Apply Proposition 2.1.11 twice, first with T = P — 0N
and then with T = N to conclude the existence of P; € Z,,(R9) and P, € Z,,,.1(RY) with
spt(P1) Uspt(P2) C Ky such that

Fg,(P=0N—-P1)<p and Fx,(N—P2)<p (3-40)
and satisfying
M(P7) <M(P—-0N)+p and M(Pz) <IM(N)+p. (3-41)

Observe now that the current P — P; — 9P, € £, (R9) satisfies

Fx,(P—Py —0P2) < Fx,(P—0N—Py) +Fg, (0N —0P3)
< Fg, (P—=0N —P;7) +Fg, (N —=P2) (3-42)
(3-40)
< 2p

because Fy (0T) < Fy(T) for any T € %, k(RY). Applying the estimate (3.32) with P and
K replaced by P — P; — 0P, and K; respectively, we finally conclude
G(P) < G(P; +0P2) + G(P—P; —0P,)

< M(Py) +M(P;) +¥Fx, (P —P; —0P;)

(3:41),(3.42) (3-43)
< M(P—0N)+M(N)+2p(1+7%)

=TFx(P)+2p(1+7¥).

The conclusion follows by letting p ™\, 0. O
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Proof of Theorem 3.3.2. Fix any open set W € Q with K ¢ W, let K’ C R™ be any compact
set containing Im(ulw/), and let {P; }jo‘;] be any sequence of integral polyhedral m-chains
supported in K and satisfying (3.26). For any j,h € IN, consider the current P; — Py, €
Zm(RY), and notice that spt(P; — P,) C K. For any choice of polyhedral currents R €
Pm(RY), S € P 1(RY) with spt(R) Uspt(S) € W such that

Theorem 3.2.1 guarantees that
ugPj —uPr = wR+0(wyS). (3-45)
Since uyR and uy$S are rectifiable currents supported in K’, one has

IFK/(uﬁPj —uﬁPh) < ]M(uﬁR) +M(Uﬁ5)

< C(M(R) + M(S)), (3.46)

for some constant C depending on Lip(u). Taking the infimum among all integral poly-
hedral currents R and S supported in W such that (3.44) holds, we immediately conclude
from Lemma 3.3.4 that

| O

Fy:(ugPj —usPrn) < CG(Pj — Pp) < CFx(Pj — Pp) < ; +
This proves that the sequence {uyP;};?, is Cauchy with respect to dg,, and, thus, has a
limit Z € # 1, x/(R™). In order to see that the limit does not depend on the approximating
sequence {P;}, consider two sequences of integral polyhedral m-currents {P;} and {l5j} both
approximating T in the Fx distance, and assume that u;P; and uyP; flat converge to Z and
Z respectively. For any & > 0, let jo € N be such that both Fy (T — P, ) + Fx (T — f’jo) <€
and Fyx/(Z —wP;,) + Fx/(Z —uﬁf’jo) < ¢. Then, we can estimate:

(3-47)

=10

Fyx/(Z— Z) < IFK/(Z*LLﬂPjO) +IFK/(U~ijjO —uﬁf’jo) +]FK/(uﬁ15jo — Z)

< (3.48)
<e+ ]FK/(uttPjo —uﬁPjo)

On the other hand, applying the same argument that we have used above to prove (3.47) to
Pj, — Pj, € Zm(RY) shows that

Ficr (ugPjo —ugPso) < CF (Pj, —Pjo) < Ce. (3-49)
Combining (3.48) and (3.49), and letting ¢ | 0 yields that Z = Z. O

Corollary 3.3.5. Let u, K and T be as in Assumption 3.3.1. If Z = wT, then it also holds
0Z =uy(aT).

Proof. Let W € Q and K’ C R™ be as in Theorem 3.3.2, and let {P;}{2; be any sequence of
integral polyhedral m-chains Fx-converging to T. Then, by Theorem 3.3.2 Z is the Fy/-limit
of the currents uyP;. Hence, since in general Fx (0T) < IFx(T), we also have that 9Z is the
Fx -limit of the currents d(uyP;) = uy(9P;) by Theorem 3.2.1. On the other hand, since the
0Pj’s are a sequence of integral polyhedral (m — 1)-chains which [Fx-approximates 0T, the
sequence uy(0P;) necessarily IFx/-converges to uy(0T). The claim follows by uniqueness of
the limit. O
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Multi-valued theory of the stability
operator
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In this chapter we initiate the study of the multi-valued theory for the stability operator.
After a preliminary section in which we introduce the main geometric objects and the ter-
minology that we are going to use throughout the whole Part I, we will turn to Section 4.2,
where we compute the second variation formula corresponding to Q-valued normal defor-
mations of a minimal submanifold £ of an ambient Riemannian manifold M (cf. Theorem
4.2.4 below). This will naturally lead us to the definition of the Jac functional on the space
of Q-valued W2 sections of the normal bundle of £ in M. Multiple-valued Jacobi fields
are then defined as the minimizers of Jac with respect to boundary data. We conclude the
chapter with the analysis of the first elementary properties of Jacobi Q-fields and with the
proof of Proposition 4.3.1, which establishes the weak lower semi-continuity of Jac in the
aforementioned space of sections. This is the first step towards the developments of the
existence theory to be carried on in Chapter 5.

4.1 GEOMETRIC PRELIMINARIES

Throughout the whole Part I, we will work under the following assumptions.
Assumption 4.1.1. We will consider:

(M) a closed (i.e. compact with empty boundary) Riemannian manifold M of dimension
m+ k and class C3P for some f € (0,1);

(S) a compact oriented minimal submanifold X of the ambient manifold M of dimension
dim(Z) = m and class C3P.

Without loss of generality, we will regard M as an isometrically embedded submanifold
of some Euclidean space R4, We will let n := d—m and K := d — (m + k) be the codimen-
sions of £ and M in R¢ respectively.

Let I™ — M™** C RRY be as in Assumption 4.1.1. Since the metric on M and £ is
induced by the flat metric in R¢, the symbol (-, -) adopted for the Euclidean scalar product
in R4 will also denote the scalar product between tangent vectors to M or to L.

If z € M, then the maps pt: R¢ — T,M and p)**+: RY — T}M denote orthogonal
projections of R¢ onto the tangent space to M at z and its orthogonal complement in R4
respectively. If x € I, the tangent space TyM can be decomposed into the direct sum

TM=T,IaTL,

where TXLZ is the orthogonal complement of TyX in T,M. At each point x € X, we define
orthogonal projections py: TeM — T, L and pi: T,M — T
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This decomposition at the level of the tangent spaces induces an orthogonal decomposi-
tion at the level of the tangent bundle, namely

TM =T B NL,

where NI denotes the normal bundle of ~ in M.

We will use D to denote the standard flat connection in RY. The symbol V will instead
identify the Levi-Civita connection on M. If & and X are tangent vector fields to L, then for
every x € £ we have

VeX(x) = px - VeX(x) + pyx - VeX(x) = VEX(x) + Ax (§(x), X(x)),

where V* is the Levi-Civita connection on L and A is the 2-covariant tensor with values
in NI defined by Ay(X,Y) := py - VxY for any x € L, for any X,Y € TyZ. A is called the
second fundamental form of the embedding ~ — M by some authors (cf. [Sim83b, Section 7],
where the tensor is denoted B, or [Leegy, Chapter 8], where the author uses the notation II)
and we will use the same terminology, although in the literature in differential geometry
(above all when working with embedded hypersurfaces, that is in case the codimension of
the submanifold is k = 1) it is sometimes more customary to call A “shape operator” and
to use “second fundamental form” for scalar products h(X,Y) = (A(X,Y),n) with a fixed
normal vector field 1 (cf. [dCg2, Chapter 6, Section 2]).

Observe that, since we have assumed X to be minimal in M, the mean curvature H :=
tr(A) is everywhere vanishing on X.

The curvature endomorphism of the ambient manifold M is denoted by R: we recall that
this is a tensor field on M of type (3, 1), whose action on vector fields is defined by

R(X,Y)Z:=VxVyZ—-VyVxZ—Vxy|Z,

where [X, Y] is the Lie bracket of the vector fields X and Y.
Recall also that the Riemann tensor can be defined by setting

Rm(X,Y,Z,W) = (R(X,Y)Z,W)

for any choice of the vector fields X,Y,Z, W, and that the Ricci tensor is the trace of the
curvature endomorphism with respect to its first and last indices, that is Ric(X,Y) is the
trace of the linear map

Z— R(Z,X)Y.

For any pair of points x,y € Z, d(x,y) will be their Riemannian geodesic distance, while
measures and integrals will be computed with respect to the m-dimensional Hausdorff
measure H™ defined in the ambient space R9. Boldface characters will be used to denote
quantities which are related to the Riemannian geodesic distance: for instance, if x € £ and
1 is a positive number, B, (x) is the geodesic ball with center x and radius r, namely the set
of points y € X such that d(y,x) < r. In the same fashion, if U and V are two subsets of
we will set

dist(U, V) :=inf{d(x,y): x € U,y € VL

In this part we will work with multi-valued functions u: ¥ — AQ(IRd), where Q > 1
is a fixed integer. Together with the notions introduced in Section 2.2, we will need the
following definition of Dirichlet energy of a tangent vector field to the manifold M.
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Definition 4.1.2 (Dirichlet energy of a tangent Q-field). Let Z < M be as in Assumption
4.1.1, and let Q C £ be an open set. Let u = Y ,[u’] € W2 (Q, Aq(R?)) be a Sobolev

Q-valued tangent vector field to M: that is, assume that spt(u(x)) C T, M for H™-a.e. x € Q.

Then, for any point x of approximate differentiability for u in ), and for any tangent vector
field &, we set

Q

Veu(x Z -Deu(x)]- (4-1)

The Dirichlet energy of the vector field u in Q is thus given by
m
Dir’™(u, Q) = / Z |Vgiu‘2 dH™ (4.2)
Qi

for any (local) orthonormal frame (&;,...,&m) of TX.

Remark 4.1.3. Observe that, when u is Lipschitz continuous and ulg, = Z?:1 [uf] is a local
Lipschitz selection of u as in Proposition 2.2.7, one has

IV eu(x) Z IVgu )2 for H™ —a.e. x € By, for all vector fields &,

where the V on the right-hand side has to be intended as the classical covariant derivative
(which can be extended to Lipschitz maps by means of Rademacher’s theorem).

The functional Dir”™ defined in (4.2) is the “right” geometric quantity to consider when
dealing with tangent vector fields, since it does not involve any geometric structure which
is external to the manifold M. In particular, it does not depend on the isometric embedding
of the Riemannian manifold M in the Euclidean space R¢.

4.2 Q—VALUED SECOND VARIATION OF THE AREA FUNCTIONAL

Let M and X be as in Assumption 4.1.1. The goal of this section is to define the admissible
Q-valued normal variations of X in M and to compute the associated second variation
functional. In what follows, we will denote by Aq (M) the space of Q-points T =} ,[p¢] €
AQ(]Rd) with each pg in M.

Definition 4.2.1. An admissible variational Q-field of X in M is a Lipschitz map
Q
Ni=> [N: £ = Aq(RY)
=1
satisfying the following assumptions:
(H1) N¥(x) € TLZ € TuM for every € € {1,...,Q}, for every x € Z;

(H2) N¢vanishes in a neighborhood of 3% for every € € {1,..., QL
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Definition 4.2.2. Given an admissible variational Q-field N, the one-parameter family of
Q-valued deformations of £ in M induced by N is the map

F: Zx(=9,8) = Ag(M)
defined by

Q
)= [exp (tN*(x))], (4-3)
=1

where exp denotes the exponential map on M.

Observe that, for any given N as in Definition 4.2.1, the induced one-parameter family
of Q-valued deformations is always well defined for a positive 4 which depends on the L*°
norm of N and on the injectivity radius of M. Note, furthermore, that F(x,0) = Q[x] for
every x € X, and that F(x, t) = Q[x] for all t if x € 9X.

If F is an admissible one-parameter family of Q-valued deformations, we will often write
Fi(x) instead of F(x,t). Moreover, we will set Ff(x) = expx(tNe(x)).

In what follows, we will always assume to have fixed an orthonormal frame (&1, ..., &m)
of the tangent bundle TZ, so that & = &; A--- A&y, is a continuous simple unit m-vector
field orienting ~. Given any admissible variational Q-field N, we can now apply the results
of Chapter 3, and consider the push-forward of X through the family F; induced by N. An
immediate consequence of Proposition 3.1.3 is that the resulting object is a one-parameter
family of integer rectifiable m-currents, denoted L := Tf, = (F¢)3[Z] with spt(Zy) C M.
From (3.2), we have also the explicit representation formula

/Z (), DR (x),E0)) dOC™() Vo € D™(RY).  (44)
=1

We will denote p(t) the mass M(X) of the current L.

Definition 4.2.3. Let £ C M, and let N be an admissible variational Q-field. For any integer
j > 1, the j'" order variation of £ generated by N is the quantity
diu

SN = G| - (4:5)

§'[Z] is usually denoted 5[Z], and called first variation. 62[Z] is called second variation.

For every j, 8 [Z] is a functional defined on the space of admissible variational Q-fields.
In the following theorem we show that the first variation functional 5[] is identically zero
under the assumption that X is minimal in M. Furthermore, and more importantly for our
purposes, we provide an explicit representation formula for 8%[Z].

Theorem 4.2.4. Let X — M be as in Assumption 4.1.1. If N is an admissible variational Q-field of
X inM, then

S[Z](N) =0, (46)
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and
§2[Z](N) = Dirm™ (N, L) — / ZlA N2 dH™ — / ZZR (N, NG dH™, (4.7)
T =1
where
AN = Z| (&, &), NO2 (4-8)
i,j=1
and o
RN, NG =) (RING £1)&;, NY). (4.9)
i=1

Remark 4.2.5. Observe that formula (4.7) makes sense because the quantity on the right-
hand side does not depend on the particular selection chosen for N, nor on the orthonormal
frame chosen for the tangent bundle TX.

The first addendum in the sum is the Dirichlet energy of the multi-valued vector field N
on the manifold M as defined in (4.2).

The second term in the sum can as well be given an intrinsic formulation, once we observe
that |A - N¢| is the Hilbert-Schmidt norm of the symmetric bilinear form A - NG TE X T -
R defined by A - N¢(&,1) := (A(&,m), Nb).

Regarding the third term, the symmetry properties of the Riemann tensor allow to write

(RINY, £:)&;, N) = (R(&:, NN, &) = (p- R(£1, NN, &),
which in turn implies that R(N¢,N*) coincides with the trace of the endomorphism
£ pR(ENON

of the tangent bundle TX. In other words, this term is a partial Ricci curvature in the
direction of the vector field N¢.

Proof of Theorem 4.2.4. Let N be an admissible variational Q-field of X in M, and let F =
F(x, t) denote the induced one-parameter family of Q-valued deformations. The proof of
the representation formulae (4.6) and (4.7) will be obtained by direct computation.

The starting point is the Q-valued area formula, Proposition 3.1.5, which yields an explicit
formula for the function p(t). Indeed, we may write

/ ZJF“ ) dH™(x), (4.10)

provided condition (3.7) is satisfied: that is, provided there is a set B C L of full measure for
which

(DF{(x)3E(x), DFY (y)s€(y)) = 0 Vx,y € B and ¢, ¢’ with Fi(x) = F!' (y). (4.11)

Now, it is not difficult to show that in fact condition (4.11) holds with B = X: to see this,

first observe that since Z is compact there exists a number € > 0 such that (£(x), &(y)) > .
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for all points x,y € I such that d(x,y) < &. On the other hand, the very definition
of F implies that for any x € X one may write F{(x) = x+tN¥(x) +o(t) for t — 0.
Therefore, if [t| is chosen small enough, depending on X, ¢ and on the L* norm of N
in Z, the condition F{(x) = Ffﬁ/(y) implies d(x,y) < ¢ and consequently the condition
(g(x),é(yb > % But now, since DF{(x) = Id + tDN!(x) + o(t), we easily infer that
(DFf(x)ﬁg(x),DFfl(y)ﬁg(yD > % for all x,y € L and (¢’ with F{(x) = Ff/(y) provided
It] < 8¢ for some 8o = 8o (L, €, |[N|| L= (s5), Lip(N)).

Thus, we can work on each component F* of the decomposition of F separately: in the
end, we will just apply (4.10) to obtain the desired variation formulae. Moreover, since the
coming arguments are local, we will assume in what follows that the frame {&;}I", is C?
and that the selection N = 5~ ,[N] is Lipschitz in a neighborhood of any given point x.

With that being said, let us now consider a fixed value of £ € {1, ..., Q} and introduce the
following quantities. For any x point of differentiability for N in £, let Z¢(x) := 9F*(x,0)
denote the initial acceleration of the ¢t sheet at the point x, so that the second order Taylor
expansion of FY(x,-) around t = 0 is

Fo(x,t) = x + tNE(x) + %tzze(x) +o(t?)

in a suitable 5-neighborhood of t = 0. Then, for any i € {1,..., m}, define

1
ef = ef(x,t) :== Dg, F(x) = &i(x) +tDg, N (x) + EtzDaiZ?’(X) +o(t?) (4.12)
and
Vi = V%, t) = 3.F(x, t). (4.13)
Observe that e! and V! are tangent vector fields to M.
Next, for i,j € {1,..., m} denote

gf] = gf] (X/ t) = <€f (X/ t)/ e]g (X/ t)) (414)

and
g’ = g'(x, 1) := det(g}; (x, 1)). (4.15)

Using the above notation, we readily see that the Jacobian determinant JF{ can be written
as follows:

JE=Tx 1) =TFi(x) = /gl (x 1), (4.16)

so that, finally, the mass of the push-forwarded current is given by

u(t) => u), (4.17)

=1

where

Muwz/ﬁ%nﬂd%muy (4.18)
>
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Thus, we conclude that the first and second variation of £ under the deformation generated
by N can be represented in the following way:

Q

14
S[EI(N) =) ddi (4.19)
=1 t=0
and o
2.0
PN =Y S (4.20)

In what follows, in order to simplify the notation, we will drop the superscript £ when
carrying on the computation.
One has:

dt s /at} x,0) dH™(x). (4.21)

Now, since
1

2]
and since gi; = 8; at time t = 0, easy computations show that

at] = atg,

at”t:O Zatgu‘t 0 Z el/atei>|t:0, (4-22)
i=1

and thus

m

Q m
5[[2]](1\1):/222 £, Dg,N d}cm—/zz (E1, Ve, NO) dIH™ = /Zdlvz ) A,

0=11i=1 0=11i=1

In particular, recalling the definition of the map n in (2.14), we deduce from the linearity
of the divergence operator that

SIZIN) = Q [ divs(noN) ™, (4.23)

where noN: L — RY, the “average” of the sheets of the vector field N, is a classical
single-valued Lipschitz map. Note that if N is single-valued then no N = N, and we
recover the usual formulation of the first variation formula in terms of the divergence
of the variational vector field. Observe now that the average n o N vanishes in a neigh-
borhood of L and satisfies 1o N(x) € TLZ C T,M for every x € X. Hence, for every
i € {1,...,m} the scalar product (£;,m o N) is everywhere vanishing, and we have that
(&, Ve, moN)) = —(Vg &, moN) = —(A(&, &i),n o N). Therefore, recalling the definition
of the mean curvature vector H as the trace of the second fundamental form, one can also
write

SIEINI =Q [ Y (60, Ve (noN)aI™ = —Q [(HnoNjdk™ =0 (42
i=1

because X is minimal in M. This proves (4.6).
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Next, we go further and we compute the second variation of the mass. We first write, for
every t and for every x € I of differentiability for the variational field:

1
2V8

where in the last identity we have used Jacobi’s formula

1.1 1 T4
at] — atg = Elgatg = Zlat (log(g)) = z]gl] atgji/

dclogdetA(t) =tr (A(t)" ' - dA(t))

for any invertible matrix A(t) with positive determinant. Moreover, (g”) is the inverse
matrix of (gi;j), and Einstein’s convention on the summation of repeated indices has been
used. Now, since

0:8ji = 0+ ((ej, e1)) = (Orej, ei) + (ej, Oreq),
and using the fact that the matrix (g) is symmetric, we can conclude the following iden-
tity: 3
0¢) =Jg" (ei, 0tej).
In turn, this produces:

dte] = (3e]) gV (ei, 0vej) +] (018Y) (e, drej) + JgHdr ((ei, duey)) . (4.25)
=:1 =:11 =111

Now, we evaluate equation (4.25) at time t = 0. Regarding the first term in the sum,
we use (4.22), the orthonormality condition gij{ t0 = 5Y and the fact that ei‘t:O = &,

atei| t—o = D& N (here, of course, we are writing N instead of NY) to conclude

m 2
I‘t:o = (Z(Ei/v&]\D) . (4.26)

i=1

Since N = N¥ is Lipschitz, and since (&, N) = 0, we have (&;, Vi, N) = —(A(&4, &), N), and
thus
I|,_o = (H,N))* =0 (4.27)

due to the minimality of Z.
In order to derive a formula for II|, _, we first differentiate the identity

g'gin =8},
to obtain that
digY = —g™* (digrn) g™,

whence
08" |,_o = —08ij|,_o = — (V&N &) + (&, Vg, N)) . (4.28)

Since (Vg N, &) = —(A (&, &;) , N), the symmetry of the second fundamental form implies

08l |,_o = 2(A (&1, &) ,N). (4-29)
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Again, since
<ei/ atej>‘t:O — <Evi/ VEJN> — _<A (gvi/ a]) /N>I

we can finally obtain

l,_, = ZZ| (&, &), N)J2. (4.30)

i,j=1

Finally, we compute III| 1—o- I'he simplest way to do it is to regard the operator 90 as the
covariant derivative along the vector field V = V*. One therefore has:

at (<€i, ate]->) = V(ei, Vve]'>
= (Vvei, Vvej) +(ei, Vv Vvej)
= <Veiv, Vejv> + <ei, Vvvejv>,

where in the last identity we have used the fact that the vector fields e; and V commute,
and, of course, that the Riemannian connection on M is torsion-free. Now, using again that
[V, e)-] = 0 and the definition of the curvature tensor R, we may write

VyVe,V = Ve, VvV +R(V, )V,
so that, finally, the evaluation of 9 ((e;, O¢e;)) at time t = 0 yields
at (<ei/ ate]>) ‘t:O = <VE,1N/ VE,JN> + <Evi/v£j Z> + <((—vi/ R(N/ Ew))N>/

with Z = Z%. Since ]| (o =1and gV | (o = 04, we conclude the following identity:

I ZW&N‘Z“‘leZZ Z R(N, &)&;, N (4.31)

Observe that, in deriving formula (4.31), we have used that (R(X, Y)U, W) = —(R(X, Y)W, U)
for any choice of X, Y, U, W vector fields on M.
We have now all the tools to conclude: from the Q-valued area formula (4.10) it follows

that
/Zattl (x,0) dH™ ()

thus it suffices to plug equations (4.27), (4.30), (4.31) in (4.25) to get

52[Z](N /Z (ZVaN * -2 Z| (&5, &), NOP? Z<R(N“,ai)ai,N“>) dH™

i,j=1 i=1

dt2

+Q /z divs(noZ)dH™,
(4.32)

where Z := 5 ,[Z]. Now, we decompose

noZ=p-MoZ)+pt-MmoZ)=Mmo2)" +(mo2)*, (4-33)



70

| THE JACOBI FUNCTIONAL

and we see that, since (&;, (n o Z)L> =0 for all 1,

m m

divs((noZ)t) =) (&, Ve, moZ)t) == ) (A(&,&),noZ)=—(HnoZ)=0. (434)

i=1 i=1

On the other hand, Stokes’” theorem and the fact that N is vanishing in a neighborhood of
0X readily imply that

/Z divs(moz)T)dH™ =0, (4.35)

and thus the last addendum on the right-hand side of (4.32) vanishes. This completes the
proof of formula (4.7). O

We note now that the quantity appearing on the right-hand side of formula (4.32) is in
fact well defined for any Q-valued vector field tangent to M and belonging to the class
W12 (£, Aq(RY)). This motivates the following definitions.

Definition 4.2.6 (W'? sections of the normal bundle). Let £ < M be as above, and let
Q C I be open. We define the class of W'?2 sections of the normal bundle of Q in M,
denoted rgz,z (NQ), as follows:

F(S’Z(NQ) = {N ew'? (Q,AQ(]Rd)) : spt(N(x)) C TXLZ C TeM for H™-a.e. x € Q}.
(4.36)

Definition 4.2.7 (Jacobi functional). For a section N € FJQ’Z(NQ), the Jacobi functional, or
stability functional, is defined by:

Q Q
Jac(N, Q) ::DirTM(N,Q)—Z/QZIA-Nelzd%m—/QZiR(Nz,Ne)dem. (4.37)
=1 =1

Our first observation is that the classical theory of the Jacobi normal operator can be
recovered within the above framework by simply setting Q = 1.

Remark 4.2.8. Consider the classical single-valued setting, corresponding to Q = 1, let
Q = X and recall that

m
Dir’ (N, %) = / D Ve, NP dH™
i

for any orthonormal frame (&3,...,&m) of TZ. Assume also that N is Lipschitz continuous
for convenience. Let (vq,..., Vi) be local sections of the normal bundle NZ of £ in M such

that, at each point x € Z, the system <(£j (x))j”; 1 (V“(X))§:]> is an orthonormal basis of
TxM. Then, for every point of differentiability for N and for every i = 1,..., m we have:

m k
Ve NP =Y (Ve NENE+ Y (Ve N, vl
j=1 a=1
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Now, the usual considerations about the orthogonality of N and &; imply that (V¢ N, &;) =
—(A(&4,&;), N). We therefore obtain that

m m m k
/Z D VNP = Y [A(E, &), N)P | dH™ = /Z Y D Ve N vl dxe™,
i=1 i

i,j=1 i=1 =1
and finally conclude the identity

m m m

Jac(N, 1) = / D UVeNvlP = D [A(ELE), NP =) (R(N, &)E;, N) | dF™.

i=1a=1 ij=1 =

(4.38)

It is immediately seen that the Euler-Lagrange operator associated to the second variation

functional (4.38) is the linear elliptic operator £ defined on the space of sections of NZ and
given by

L=—Af — o — 2, (4.39)

where A% is the Laplacian on the normal bundle of £, .7 is Simons’ operator, defined by

(N = > (A&, &), N)A(L, &), (4.40)
i,j=1
and Z is given by
Z(N) =) p" RN, &) (4.41)
i=1

As already anticipated in the Introduction, the operator £ is classically called Jacobi normal
operator, and the solutions of the differential equation £(N) = 0 (that is, the normal vector
fields that are in its kernel) are known in the literature as Jacobi fields. The importance of
studying the second variation operator of minimal submanifolds into Riemannian mani-
folds is well justified by the arguments given earlier on in this section: in the single valued
case Q = 1, the Jacobi operator £ carries the information about the stability properties of
the submanifold itself, when it is thought of as a stationary point for the m-dimensional
volume. In particular, non-trivial Jacobi fields vanishing on 90X are, when they exist, the in-
finitesimal normal deformations of £ which preserve the volume up to second order. From
a functional analytic point of view, £ is a second-order strongly elliptic operator. When
diagonalized on the space of sections of NX vanishing on 0~ with respect to the standard
inner product, it exhibits distinct, real eigenvalues {An}5°_; (counted with multiplicities)
such that
M<A< - <Ap<--+— Ho00.

Moreover, the dimension of each eigenspace is finite. The sum of the dimensions of the
eigenspaces corresponding to negative eigenvalues is called the Morse index of : it accounts
for the number of independent infinitesimal normal deformations of £ which do decrease
the volume at second order. If A = 0 is an eigenvalue, then the dimension of ker(£) is called
nullity. We recall that X is called stable if its Morse index is 0, and strictly stable if there exist
no non-trivial Jacobi fields vanishing at the boundary;, i.e. if index(X) + nullity(X) = 0.
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A systematic study of the Jacobi normal operator was initiated by J. Simons in [Sim68].
One of Simons’ main results was to prove that if M = S™*! and ™ is a closed minimal
hypersurface immersed in S™*! which is not totally geodesic then the first eigenvalue of
the operator £ satisfies the upper bound Ay < —m. As a consequence of this, he was
able to show that no non-trivial stable minimal hypercones exist in R™*! for m < 6. In
turn, this led to the proof of the Bernstein conjecture, stating that the only entire solutions
u: R™ — R of the minimal surface equation are linear, for every m < 7. The result is sharp,
as the Bernstein conjecture was proved to be false for m > 7 by E. Bombieri, E. De Giorgi
and E. Giusti in [BDGG69)].

The considerations leading to formula (4.38) can be repeated in the Q-valued setting,
thus showing that the Definition 4.2.7 of the Jacobi functional agrees with the one given
in formula (1.1). This equivalence is recorded in Lemma 4.2.10 below. We first need a
definition.

Definition 4.2.9 (Normal Dirichlet energy of a section). Let N € F(B’Z(NQ). For any point
x € O where N is approximately differentiable, and for any tangent vector field &, set

VEN(x Z[[p“ DeN‘(x)], (4-42)

where pZ+ = pi o p! is the orthogonal projection of RY onto T L. Then, the normal
Dirichlet energy of N in Q) is the quantity

m
DirE (N, Q) := /Q S IVENE g™, (443)
i=1

for any choice of a (local) orthonormal frame {&;}I" ; of TZ.

Lemma 4.2.10 (Equivalence of the definitions of the Jac functional). For any N = Y ,[N*] €
ro2(NQ) it holds

Jac(N, Q) = Dir* (N, Q) /ZlA N2 dH™ — /ZfR (NG N dHm™

m ok m m
/ D D DNyl — ) [A(EL &), NP =) (R(E, NING &) | d3™,
Qo1 \i=1 a=1 ij=1 i=1

(4-44)
where {&; 11" ; and {v“}§:1 are (local) orthonormal frames of TL and NX respectively.

Proof. 1t is a straightforward consequence of the arguments contained in Remark 4.2.8
combined with the Lipschitz approximation theorem, Proposition 2.2.10 (cf. also [DLS14,
Lemma 4.5]) and the Lipschitz selection property in Proposition 2.2.7. O]

On the other hand, unlike the single-valued case, the lack of linear structure of F(]g’z (NQ)
in the multi-valued case Q > 1 does not allow one to associate an operator to the Jacobi
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functional, nor to characterize multiple valued Jacobi fields as the solutions of a certain
(Euler-Lagrange) PDE. Nonetheless, the variational structure of the problem suggests that
the minimizers of the Jacobi functional for a given boundary datum have the right to be
considered the multi-valued counterpart of the classical Jacobi fields. This justifies the
following definition.

Definition 4.2.11. Let £ — M be as in Assumption 4.1.1, and let QO C X be a Lipschitz open
set. Amap N € rgg,z (NQ) is said to be a Jac-minimizer, or a Jacobi Q-field in Q, if it minimizes
the Jacobi functional among all Q-valued W'? sections of the normal bundle of Q in M
having the same trace at the boundary, that is

Jac(N, Q) <Jac(u,Q) forallu e FJQ'Z(NQ) such that ulao = Nlsa. (4-45)

4.3 1AcoBI Q-FIELDS

The goal of this section is to provide the two fundamental tools which will be used in
Chapter 5 to address the question of the existence of Jacobi Q-fields N in () with prescribed
boundary value N|;45 = glyn for some fixed g € F(]Q’Z(NQ), and ultimately to prove Theo-
rem 5.0.1. These tools are encoded in Proposition 4.3.1 and Lemma 4.3.4 below. The proof
of Theorem 5.0.1 will be obtained by direct methods in the Calculus of Variations, and
therefore it is natural to analyze the properties of lower semi-continuity and compactness of
the stability functional. The proof of the weak lower semi-continuity is rather simple, and
it is the content of the following proposition.

Proposition 4.3.1. The Jacobi functional is lower semi-continuous with respect to the weak topology
of rgf (NQ).

Before coming to the proof, it will be useful to make some further considerations about
the structure of the Jacobi functional, in order to simplify the notation and to express it as
a perturbation of the Dirichlet functional Dir(u, Q).

Remark 4.3.2. Given any Q-valued Lipschitz map u = 3 _,[u'] satisfying u(x) € T{Z C
T.M for all x € Q, the orthogonal decomposition

Dgue(x) = pXM . Dguz(x) + p,JZU‘ . Dgue(x) = Vgue(x) +A, (E(x),ue(x))

holds for any tangent vector field & at any point x of differentiability for u, hence H{™-a.e.
in Q. Here, A denotes the second fundamental form of the embedding M — R4. Hence, at
any such point we may write

Veu'? = Deu')? — AL, u)P,

These considerations are extended in the obvious way to all sections u € Fé’z(NQ) at all
points of approximate differentiability. Ultimately, we will write

Jac(u, Q) = Dir(u, Q) — B (u), (4.46)
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where B is the functional on F(S’z (NQ) defined by

/Z(ZAEU |2+2Z| (&1, &), u |2+Z (u, )&, u >) dH™.

i,j=1

Observe that B satisfies an estimate of the form 47
B (w)] < Collullf, (4.48)

where Cy is a geometric constant, depending on A, A, R, where
= [|Al|L> = r}{leagmax {IAX(X, Y): X,Yyesm!c TXZ} , (4-49)
= | AL~ = max max {AX V) X, Y es™ T c v}, (4.50)

R = [|R|| 1 = maxmax {|p§L R V)Z: XETLE, YV,ZeTis, X =V =]z = 1} .
X
(4.51)

Proof of Proposition 4.3.1. Consider Q-valued sections unp,u € F(]g’z(NQ) and assume that
up — u weakly in W]'Z(Q;AQ) as in Definition 2.2.15. Now, use (4.46) in order to write

Jac(upn, Q) = Dir(up, Q) — Ba (un).

The weak lower semi-continuity of the Dirichlet energy was proved by De Lellis and
Spadaro in [DLS11, Proof of Theorem 0.8, p.30]. On the other hand, the condition

lim [ G(up,w)? dH™ =0

h—oo JO
is enough to show that in fact
lim Bg(un) =Ba(u). (4.52)
h—o0
To see this, just write (4.52) as
lim/ bpdH™ = / bdH™, (4-53)
h Ja Q

with

3

bp(x) = Z (

=

REubP+2 Y HAEL &) ub)P + Y (R, ai)ai,ufg)
:

ij=1 i=1

—_

and

=1 i,j=1

Z(ZMU |2+ZZ\ (&, &) u |2+Z (uf, &) &, u >),

and observe that the strong convergence up — u in L2 (Q, Aq) suffices to prove that along
a subsequence (not relabeled) by (x) — b(x) pointwise H™-a.e. in Q. Equation (4.53) then
follows by standard techniques in integration theory. O
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As for compactness, the situation is much more involved. Indeed, as already anticipated,
the existence of a solution of the minimum problem for the Jacobi functional with any
boundary datum g is strictly related with showing that No = Q[0] is in fact the only
minimizer under Q[0] boundary conditions.

Remark 4.3.3. If N € T;?(NQ) is a Jacobi Q-field with Nlao = Q[0], then Jac(N, Q) = 0.
This is a consequence of the homogeneity properties of the functional: in this case, indeed,
for any t € R the Q-field tN := 5 ,[tN!] is a suitable competitor, and

Jac(tN, Q) = t%Jac(N, Q).

Hence, were Jac(N, Q) < 0 *, one would obtain that lim_, Jac(tN, Q) = —oo, thus contra-
dicting the definition of N.

We are then able to conclude that if the minimum problem for the Jacobi functional with
Q[0] boundary data does admit a solution, then for any minimizer N one has Jac(N, Q) = 0.
In particular, No = Q[0] is a minimizer.

The condition that No = Q[0] is the only minimizer for its boundary value will be
referred to as strict stability condition, as it characterizes the strictly stable submanifolds in
the Q = 1 case. In the following lemma we provide an equivalent condition to the strict
stability.

Lemma 4.3.4. There exists a unique solution No = Q[0] of the problem
min {]ac(u,Q) : we THANQ) such that ula = Q[[Oﬂ}

if and only if there exists a positive constant ¢ = c(Q) such that
Jac(u,0) > ¢ [ u2ds, (459

forallu e F]Q’Z(NQ) with ulaa = Q[O].

Remark 4.3.5. If Q =1 and X is strictly stable, then the largest positive constant c(Q) such
that (4.54) holds for every W2 section u of NQ with uao = 0 is the first eigenvalue A of
the Jacobi normal operator £.

Proof. Assume first that (4.54) holds. Then, the Jacobi functional is non-negative on the
space of W12 sections of NQ with vanishing trace at the boundary. It is then clear that
No = Q[0] is a minimizer. Moreover, it is the only one. Indeed, if u is a minimizer, then
Jac(u, Q) =0, and therefore (4.54) forces

/ G(u, QO])2dH™ = 0.
Q

For the converse, assume that the minimum problem for the Jacobi functional with vanish-
ing boundary condition admits No = Q[0] as the only solution. In particular, this implies

Observe that if N[y = Q[0], then the null Q-field No = Q[0] is a competitor, whence Jac(N, Q) < Jac(Np, Q) =
0 if N is a minimizer.
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that Jac(u, Q) > 0 for all sections u € Fgg'z(NQ) such that ulpo = Q[0], and in fact that
Jac(u, Q) > 0 for all such sections except the trivial one Nyo. Now, assume by contradiction
that (4.54) does not hold. Then, for any h € IN there is a competitor uy, € F(S’Z(NQ) such
that unlao = Q[O], |[unll{2 =1 and

1

]aC(uh,Q) < E

In particular, as a consequence of (4.48), we conclude that

/Q Dupl? d™ < C. (4.55)

By the compact embedding theorem for Q-valued maps, Proposition 2.2.17, and by Propo-
sition 2.2.16, we infer that there exist a subsequence {un'} of {up} and a section u,, €

ré’z(NQ), Usolan = Q[0], such that

Hm [ §(uns, Ue)? dH™ =0,
h/—oo JO
that is 1, — U weakly in W2, Then, from the semi-continuity of the Jacobi functional

follows:

0 < Jac(ug, Q) < l}ilm infJac(uyps, Q) = 0.
'—00

Hence, Jac(u, Q) = 0, and thus u., is a minimizer. By hypothesis, u,, = Q[0], which
contradicts ||uxl/{2 =1. O
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In this chapter we provide a proof of the following (conditional) existence theorem for
Jacobi Q-fields.

Theorem 5.0.1 (Conditional existence). Let ¥ — M be as in Assumption 4.1.1, and let O C X
be an open and connected subset with C? boundary. Assume that the strict stability condition is
satisfied: the only Q-valued Jacobi field N in Q such that N|aq = Q[O0] is the null field Ny = Q[O0].
Then, for any g € F(S’Z(NQ) such that glaqa € W! 'Z(GQ;AQ(]Rd)) there is a Jacobi Q-field N such

that Nloa = gloa.

The proof of Theorem 5.0.1 will be obtained by direct methods. Since we know that the
Jac functional is weakly lower semi-continuous in Fclz’z (NQ), there are only two other pieces
of information that we need in order to achieve the result. First, we need to know that for
any fixed boundary datum g the Jacobi functional is bounded below in the space of sections
u € FJQ’Z(NQ) with ulyo = glyn. Second, we need to prove a compactness theorem for
sections in F&Z(NQ) with Jac bounded above. Both these two results will follow from the
strict stability condition, but in order to obtain them we first need to derive an extension
theorem for Q-valued W12 maps. In turn, the extension theorem will follow as a corollary
of a Luckhaus type result for multiple-valued maps.

5.1 Q—VALUED LUCKHAUS LEMMA AND THE EXTENSION THEOREM

Proposition 5.1.1. Let N be a d-dimensional closed Riemannian manifold of class C2. Assume
O0< A< landf,f2: N — AQ(]R“) are two maps in W12 Then, there exist a constant C =
C(N,d,q,Q) and a map h € W% (N x [0,A], Aq(R9)) such that

h(-,0)=f" and h(,A)=f> inN, (5.1)
satisfying
/ Ih? < C?\/ (IF'2 +1£21%), (5.2)
Nx[0,A] N
C
/ IDh|? < C?\/ (IDf'1? +|Df??) +/ S(f',£4)%. (5.3)
Nx[0,A] N A Jx

Such a result adapts to the Q-valued setting a classical result by S. Luckhaus, concerning
the extension of a Sobolev map defined on the boundary of an annulus 9(B7 \ By_3) in its
interior with control on the L? norm of the gradient of the extension map (for the precise
statement and the proof, see the original paper [Luc88, Lemma 1], or the nice presentations
given by L. Simon in [Simg6, Section 2.12.2] or by R. Moser in [Mosos, Lemma 4.4]).
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A version of this result in the Q-valued setting was given by C. De Lellis in [DL13],
where the author interpolates between two functions defined on flat cubes, and by ]J. Hirsch
in [Hir16b, Lemma C.1] in the original Luckhaus setting of functions defined on the bound-
ary of an annulus. The proof of the interpolation between maps defined over a closed
Riemannian manifold presented here is based on De Lellis” result and on a decomposition
of the manifold that is bi-Lipschitz to a d-dimensional cubic complex, following ideas al-
ready contained in [Whi88] and [Hanos]. We will make an extensive use of the following
Lemma, which provides the elementary step in the construction of the interpolation.

Lemma 5.1.2. There is a constant C depending only on j and Q with the following property.
Assume that 0 < A < 1, L = [0,AD + z is a j-dimensional cube of side length A, and ¢ €
W12 (3L, Aq(RY)). Then, there is an extension \ of @ to L such that

/L W2 d30 < CA /a o2 g~ (5.4)

and

Proof. First observe that, since the inequalities (5.4) and (5.5) are invariant with respect to
translations and dilations, it suffices to prove the lemma when L = [0, 1. Moreover, since
L is bi-Lipschitz equivalent to the unit ball, it is enough to show the claim for L = By C RJ.

For reasons that will soon become clear, the proof when working in dimension j = 2 is
different with respect to the one in the higher dimensional case (j > 3): for this reason, we
will distinguish between these two scenarios.

The higher dimensional case (j > 3). This is the easiest situation: indeed, it suffices to define
U as the zero-degree homogeneous extension of @. That is, if @ = Y ,[¢‘] on 0By, then
one just sets

Q
P(x) = Z |[(pe (@)H for x € B7 \ {0}. (5.6)

=1
A simple computation in radial coordinates shows that both estimates (5.4) and (5.5) hold
with C =max{j~',(j—2)" "} = (j —2)~'. Observe that this proof breaks down when j = 2,
because the zero-degree homogeneous extension of ¢ has infinite Dirichlet energy in two
dimensions.

The planar case (j = 2). For this proof, it will be useful to introduce a suitable notation.
We identify R? with the complex plane C, and the unit ball By C R? with the disk ID, as
usual defined as

D:={zeC:lzl<1}={re!®: 0<r< 1,0 eR}.

The boundary of D is the unit circle S', described by
S':={zeC: lzl=1}={e": 0 eR}.

Consider now a function ¢ € W]'Z(S1,AQ). By [DLS11, Proposition 1.5], there exists a
decomposition ¢ = ZE:] [@¢], where each @ is an irreducible map in WLZ(S],AM). This
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means that ZL] k¢ = Q, and furthermore that for every { = 1,..., P there exists a w2
map y¢: S' — RY such that

= ) )] (57)

zKe=x

and with v¢(z1) # ve(z2) if 21 # 2, are two distinct k™ roots of x. In other words, if we
identify the point x = €' € §! with the phase 0 € [0, 271) we have that

ke—T

ool = Y Jve (T, G8)

m=0
with 012 012
+2mm + 2tm -
Ye <k ) # Yt <k > for m # .
¢ e

The idea, now, is to consider the harmonic extension to the disk D of the function yy: if
o0
Yl Z agn cos(nd) + by, sin(nod)) (5.9)
n=1
is the Fourier series of v, we let

Celr,

(agn cos(nB) 4 by, sin(no)) (5.10)

uMg

denote its harmonic extension to the whole disk. Then, for each { = 1,..., P, we consider
the k¢-valued function 1\, obtained “rolling” back the g, that is

= Y [e(2)] (5.11)

zZKe=x

for x € D, and, finally, we set 1) = 25:1 [We]. We claim now that ¢ is a W1'2(]D,AQ)
extension of ¢ satisfying the estimates (5.4) and (5.5). To see this, fix £ € {1,...,P} and
define the following subsets of the unit disk,

) 2 2 1
D = 1et?: O<T<1,ﬂ<9<M
ke ke

form=0,...,k¢—1, and
C:={re!®: 0<r<1,0£0)

One immediately sees that P ¢|ec = ZE{;(]) [C¢ © om], where o : € — Dy, are the k¢ determi-
nations of the k™ root, that is

Similarly, if the arcs 8., are defined by

Sm::{eie: 27T|11<e<27'[(‘nl—i-])},
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we have that @¢lgi\(1) = Z‘;f;g) [ye o tm], where T : ST\ {1} — 8, is given by Tm := Omlg1.
Thus, we can immediately compute

ke—T

Lo =3 [ vomm?
5! s

ke—1

= k¢ Z/ yel? (5.12)
m=0 Sm

lagol?
— ke / yel? =Ko [ 12990 0 S (lag 2 + [beal?)
s! 2 n=1

by Plancherel’s theorem. On the other hand, we can use polar coordinates to compute the
integral of the extension 1, to the disk and see that

ke—T
pel? = /|Ceo€7 2
Jyo = X [ ieeon
ke—1 01 27 ; 2
1 x+2mm
E (e (o) )
/0 \Jo ¢

k(_] 27t(m+1)

1
-k Yy | (/ T el 0P de)rz’“—‘dr
m=0"0 leim

¢

1 27
-1 [ ( | e de> P2k gr 513

" agel? | w
=kin / < o+ D M (lagnl? +lbenl?) | 1P dr
0

n=1

(5.12) 1
< ke </ |<Pe|2) </ 2] dT)
g 0
1 2
=5 [ o

Summing over ¢ € {1,..., P}, we finally conclude that

1
[ R <3 | 1eR, (514)
D g1

that is, (5.4) holds with C = % Concerning (5.5), we exploit the invariance of the Dirichlet
energy under conformal mappings in order to infer that, forany { =1,...,P,

ke—1 ke—1

Dir(tpe,€) = Y Dir(¢00m €)= Y Dirlce, D) = | DGP. (513
m=0 m=0

Now, by a simple computation on planar harmonic functions, it is easy to see that

/ DGR < / Povel, (5.16)
D gl
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where 0¢ is the tangential derivative along the circle. On the other hand, for every { =
1,...,P,
k( 1
Dir(¢¢,8') = / 106 (Ve o Tm)l

k@ 1 :
=) /51 gmew 0 T
m=0

ke—1

1
=Y [ loaves
m—0"Sm 4

1
— [ eyl
k(}//5]|ew|

Finally, summing on {, the above arguments produce

Dir(1p, D) = Z/mcaz Z/ davel? 2 7’Zk Dir(¢¢,8) < QDir(e,S"),

(5.18)
whence (5.5) holds with C = Q. O

(5.17)

Proof of Proposition 5.1.1. Without loss of generality, we assume that N is an embedded sub-
manifold of some Euclidean space RN. We shall divide the proof into steps.

Step 1. We first consider a Lipschitz cubic decomposition of the manifold N, that is a pair
(X, o), where X is a d-dimensional cubic complex, and o: |X| — N is a bi-Lipschitz map, |X]|
denoting the union of all cells of K. Without loss of generality, we may assume that each cell
in X has unit d-dimensional volume. Set m := | 1|+ 1. Using that [0,1] = U, [1m] , L],
we can divide each cell in K into m9 smaller d-dimensional cubes, whose side length
is at most A. We will denote the resulting cubic complex by X, and regard o as a bi-
Lipschitz map o: [Km| — N: observe that if L is any cell in X,, then the image o(L)
is a domain in N with diameter (computed with respect to the geodesic distance on N)
diam(o(L)) < VdLip(o

For each jed{o,..., d}, Jdn will denote the j-skeleton of the complex X, that is the
family of all j-dimensional faces, and Ifldnl will be their union.

Step 2. Let now 1 = n(N) > 0 be so small that the set U = U (N) :={x € RN: dist(x, N) <
2n} is a tubular neighborhood of N, with (unique) differentiable nearest point projection
IT: Uy (N) = N. Fori=1,2, we extend fl toamap F': U — Aqg(RY) by setting Fl:=floTl.

One has that
/ F12 < / [£42, (5.19)
U N

/ DFP < ¢y / DFIP, (5.20)
U N

/ S(F',F2)2 < ¢ / 5(F,12)2, (5.21)
U N

and
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where the constant c; depends only on the retraction IT (and, thus, on the dimensions d
and N and on the width n of the tubular neighborhood).

Furthermore, for every z € |X,,| and for every vector v € B%\’ , we define o,(z) =
IT(o(z) +v). Assume that n is so small that all o,’s are bi-Lipschitz maps [Km| — N,
and set f := f' o 0y, that is fi(z) = F* (0(z) +v). By Fubini’s theorem, for all j = 1,...,d
and for a.e. v € B%\‘ one has that f}, € W12 (F, Aq(R9)) for all faces F € oy

Consider now any non-negative function o € L' (U). It is easily seen that there exists a
constant c; = c2(N, d, N,n) such that for any j =0, ..., d and for every 0 € (0,1)

/ ~a(o(z)+v) dHI(2) < czelhjd/ o (5.22)
e U

forallv e B};‘ with the exception of a set E of LN_-measure [E| < GIB%\' |. To prove this, first
note that

/K];“' a(o(z) +v) dH) (z) € e“;# By </|9<1n o (o(z) +v) dJ—Cj(z)> dv (5.23)

forallv e Bl?‘ \E, |E| < GIBEI |. Then, conclude by estimating:

j — ]'
/By </K1TL|°‘(G(Z)+V) d¥ (Z)> dv /Iﬂdnl (/By « (o(z) +v) dv) d30 (z)
=/ . (/ o(w) dw) d7 (z)
15l \/BY (0(2))

< 3K, /U x (5-24)

< Cmd?\j/ o
U

< C?\jd/ o,
U

where the constant C appearing in the last line depends only on the number of cells in the
original cubic complex X and on the dimension d.

Now, it suffices to apply (5.22) with ¢ = [F2, « = IDFY? and « = G(F',F2)2, and, say,
0= %, and to plug in equations (5.19), (5.20) and (5.21) to finally show the following: there
exists v € 8111\‘ such that for all j € {1,..., d} the following inequalities

[ RRIgR) < ov [ (R iR, (529)
19| N
and
[, (DAP+DRR i, 212) < A4 [ (DIR 4D 45,2 (526)
[ | N
hold true with a constant C = C(cy, ¢, Lip(0)). Furthermore, for j = 0:

Z (1312 (2) + 1317 (2)) < C7\_d/N (112 + 1£21%), (5.27)

z€|K9, |
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Z S (fl(l)/fé(l))z < C7\d/ S (f1,f2)2. (5.28)

N
z€|K9, |

From now on, we will then assume to have fixed a v € B%\] such that the corresponding
maps f),: K| = Ag(RY) satisfy equations (5.25), (5.26), (5.27), (5.28) and the following
condition: for every j > 1, for each T € Jdn and for all y € innI] with vy C 7, the restrictions
fi|. and f},ly are all W'2, and moreover the trace of fi|. aty is precisely f},ly.

Step 3. Consider now the (d + 1)-dimensional cubic complex X = K, x [0,A] whose
(d + 1)-dimensional cells are cubes of the form L x [0,A] for some L € JCT‘}I. A face T € K,
j < d+1,is said to be horizontal if it is contained in X, x {0} (lower horizontal) or X, x {A}
(upper horizontal), vertical otherwise. The collection of j-dimensional faces of X is hence
given by

K =L uwuy, (5.29)

where ¥, %) and ¥ are the lower horizontal, upper horizontal and vertical j-dimensional
faces respectively. Observe that #° = (), #° consists of points (z,0), while % ° consists of
points (z,A) with z € 9(21 ; note, furthermore, that all (d + 1)-dimensional cells are vertical.

We are now in the position to define a map h: K| — Ag(RY). First of all, we set

hlg = flls if B is a lower horizontal face, and h|. = f2|; if T is an upper horizontal face.

Consider next any vertical segment y € ¥ Its two endpoints are given by (z,0) and (z,A)
for some z € X%,. Now, if fl(z) = Y ,[(f})e(2)] and f2(z) = 3 ,[(f2)¢(z)] are ordered
in such a way that (fl(z),f%(z))z =), I(f1)¢(z) — (f2)¢(2)]?, then a natural extension is
obtained by setting

Q
iz, 0) = 3 (e + 5 ((#eta) — (1et2)] (5:30

=1

for all © € [0, A]. In this way, we obtain the bounds
/ RI2 < 2 (If2(2) + 12P(2)) (5.31)
v

and
/ IDRIZ < A7'G (f1(2), 2(2) . (5.32)
y

If we carry on this procedure for all vertical segments, we obtain a well defined Q-valued
map h on all the vertical 1-skeleton ¥ !, which, thanks to (5.27) and (5.28), satisfies

/ A2 <cal-d / (7P + 172P) (533)
|71 N

and

/W IDR? < cx‘d/ g (f',12)°. (5.34)

N
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e ~
s 7

E‘ﬂzfﬂﬁ

Figure 1: The cubic complex X and the first step in the construction of h.

Pick next a vertical 2-dimensional face . Its boundary consists of two horizontal seg-
ments f € .Z! and 5 € ', and two vertical segments joining the points (z,0), (w,0) to the
points (z,A), (w,A) respectively. Using our assumptions on v, we can conclude that h|a- is
in W'2, whence Lemma 5.1.2 yields an extension of h to T with estimates

/ P < CA ( / £ + / |f%|2) CON (R 41222 + (2 4122 w)  (5.35)
T B 13
and
[one<on( [ o+ [IDRR) +c (5 (e, R+ 5 (i, £m)). 639
T B S

Summing over the 2-skeleton 72, from the estimates (5.25) and (5.27) we deduce

[ RE<end [ (rpsiep), (537)
|72 N
whereas (5.26) and (5.28) imply
[, pRE <ot [ (DA DR +ex - [ 5(, )%, (5.38)
[v2] N N

We then proceed inductively over 77, iteratively applying Lemma 5.1.2 and using the
inequalities (5.25) to (5.28) at each step. At the final iteration, namely for j = d +1, we
construct a map h which is W12 on each (d + 1)-dimensional cell L x [0,2], coinciding
with fl on L x {0} and with f% on L x {A}. Furthermore, if two cells H = L x [0,A] and
K = L, x [0,A] have a common face S € ¥4, the traces of h|i; and h|x at S coincide. Thus,
we can regard hasa W2 map defined on the whole cubic complex XK. Moreover, since
K| = 794+ =[#9+7], the inductive step provides the following estimates:

/| M2 < CA /N (PP +1P2P), (5.39)

Xl
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/ DR < C?\/ (IDf'12 +Df22) +§/ 5 (). (5.40)
| N

x| N

Step 4. Finally, we simply define a map h € W2 (N x [0,A], Aq (IR9)) by setting

h(x,0) :=h (o}, (x),0). (5.41)

It is immediate to check that such a map indeed satisfies (5.1), (5.2) and (5.3) in the statement.

O

Corollary 5.1.3. Let L™ < RY be a regular compact submanifold, and let Ao := inj(Z) > 0 be the
injectivity radius of L. Then, for any 0 < A < Ao, for any V C £ connected, open subset with C2
boundary and such that

dist(x,0X) > A for every x € 9V,

and for any o € W12 (9V, Aq(R9Y)) there exist an open set Vx C L with V € V, dist(V,9V,) <
A and a map gy € W2 (VA\V, Aq(RY)) satisfying:

g)\|av = go ﬂnd g)\|aV)\ = Q[[O]]r (542)
/ _[gaFd3™ < CA / |Gol* dFH™, (5.43)
VAV v
. - o C - _
Dir(g, Va \ V) < CADir(go,0V) + 5 [ lgol? asc™, (544)

for a constant C = C(V, m, d, Q).

Proof. Let V and §o be as in the statement. Then, by the very definition of injectivity radius,
for any 0 < A < A¢ the exponential map, restricted to 9V, is injective in a ball of radius A
around the zero section of the normal bundle of 0V in X. In turn, this allows one to define,
for any such A, a A-tubular neighborhood U, of 0V in L by setting

Uy = {exp, (On(m)) : me AV, [0] <A}, (5-45)

where for every point m € 9V we have denoted n(7) € TrX the unit outer co-normal vector
to 0V at .
Note that it is well defined a differentiable parametrization x € Uy — (7(x),0(x)) €
0V x (—A,A) such that eXP(x) (B0(x)n(7(x))) = x for all x € U,.
Next, the positive and negative A-tubular neighborhoods of 9V in X are respectively defined
by
Uy = {exp, (On(m)) : m€dV,0<6 <A, (5.46)

U, :={exp (6n(m)) : m€dV, —A < 0 < 0} (5.47)

We set V), := VUU,. The claimed result is then simply obtained by applying Proposition
5.1.1 with N = 3V, f1 = §o, 2 = Q[0] and setting gy (x) := h(7(x),0(x)) for x € VA \V =
Uy O
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5.2 THE COMPACTNESS THEOREM

Here we go back to our original setting, in order to finally prove Theorem 5.0.1. Let
Q be an open and connected subset of £ — M in which we wish to solve the minimum
problem for the Jac functional. We will assume C? regularity for 0Q. Let A := inj(X). For
0< A< A, setV:={xe Q: dist(x,00Q) > A}, so that Q coincides with the set V), = VU U,
which was obtained in the proof of Corollary 5.1.3. Using the same notations introduced in
the proof of Corollary 5.1.3, we parametrize U, with coordinates (7,0) € 0V x (—A, A).

Let us now define ®5: V — Q to be the diffeomorphism given by:

B () = {expm) (@A(B()(m(x)) if x € Uy (5.4
X otherwise ,

where @, is any monotone increasing diffeomorphism @,: (—A,0) — (—A,A) such that
@A(0) =0 for 0 € (—7\, —%) From this moment on, we will assume that such a family of
diffeomorphisms ¢ has been fixed, and satisfies a bound of the form

c ' <lpyl<c (5-49)

for a positive constant ¢ which does not depend on A.
Furthermore, if u =) ,[u,] is any map in W' (Q, Ag(RY)), we set:

Q
wh(x) =) [prTwex)], (5.50)
=1

where pZ is the normal bundle projection defined in Definition 4.2.9. Observe that ut €
Fé’z (NQ). The following Lemma yields a useful formula to relate the Dirchlet energy of u
with the Dirichlet energy of ut.

Lemma 5.2.1. For every € > 0 there exists a positive constant C. such that the following estimate
holds true:

Dir(ut, Q) < (1 +¢)Dir(u, Q) + Ce/ [ul? dH™. (5.51)
Q

Proof. Write p>+(x,v) := pZ+ v forx € Q,v € R4 If v =v(x) is a (single valued) Lipschitz
map defined in Q, then for any tangent vector field & one has

Dep™t(x,v(x) = dxp™L(x,v(x)) - &(x) + dp™L (x,v(x)) - Dev(x).

Since, for fixed x, the map v € R ~ p*+(x,v) € T{ L is linear with Lipschitz constant
not larger than 1, we conclude that for any v: Q — R¢ Lipschitz one has

Dir(vt, Q) < Dir(v, Q) + C/ V]2 dH™ + C/ [v||Dv|dH™,
Q Q

where C is a constant depending on maxg, ga 1 0xpEtl.

Formula (5.51) is then a consequence of Young’s inequality. The formula is then ex-
tended to Lipschitz Q-valued maps via decomposition into Q Lipschitz functions (Proposi-
tion 2.2.7), and finally to Sobolev Q-maps via approximation (Proposition 2.2.10). O
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We are now ready to state and prove the proposition that will provide the key towards
Theorem 5.0.1.

Proposition 5.2.2. Let Q C X be open, connected with C? boundary. Assume the strict stability
condition (4.54) holds for every u € F(]Q’Z(NQ) such that ulp = Q[O]. Then, if g € F(S'Z(NQ) has
boundary trace go := glaq € W1'2(aQ,AQ(Rd)), the following estimate

Jac(N, Q) > / NP 3™ — C(Q, o) (5.52)

holds true for any N € F(]Q’Z(NQ) such that N|ao = go.

Proof. Fix A < Ao to be chosen, and let V € Q be such that O = V), as above. For any
N ¢ F(]g’z(fNQ) such that N|ao = go, consider the map N := No ®) € W2(V, Aq(RY)),
and observe that N|yy = §o, where §o(m) = go(exp,(An(m))) for 7 € OV.

Now, apply Corollary 5.1.3 with this choice of V, §o and A in order to extend N to the
map u € W'2(Q, Aq(R?)) given by

) = N(x) ifxeV (5.53)
YT e ifxe0\v=ug, >3

Observe that the normal bundle projection u' satisfies ut € F(]Q’Z(NQ) and the boundary
condition ut|3q = Q[0]. From the hypothesis, we are therefore able to conclude that

Jac(ut, Q) > ¢(0) /Q wh? dgem, (5.54)

Now, note that ut = N in Q \ Ux. Combining this observation with (5.54), we trivially
deduce

Jac (N, Q\ Uy) + Jac (uL,U;\) > c(Q) (/Q\U IN]Z dH™ + g lut]? di}{m> . (5.55)

In order to prove our result, we then clearly have to provide suitable estimates for
i 12
Jac (ut,Uy) anfi fUA lut|?.
We observe first that

wh = / P+ / Wt > / . (5.56)
U, A Uy A
Recall that
Q k
uJ‘IUf Z[[pZJ‘ (Ngo®@y)] :Z (Ngo @y, vp)ve
=1 =1 |[p=1
whence

Q k
fo = 2 S N0 v ) 45 ) (557

1p=1
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Now, changing variable y = ®,(x), integrating along geodesics and using (5.49) one easily
proves that from this follows

J

where the error term & g\” satisfies the estimate

w2 >cC ( INP dH™ — 8&”) , (5.58)

x U

1
eI 5 | INFasem, (5:59)
A

provided A satisfies some suitable smallness conditions which are not depending on N. Com-
bining (5.55), (5.56), (5.58) and (5.59), we conclude that for suitably small A
Jac [N, Q\Up) +Jac (w4, Uy ) = cl0) [ NP dxc™, (5.60)
Q

up to possibly changing the value of ¢(Q).
Now, we work on Jac (u*, Uy, ). As before, decompose

Jac (ul,UA> = Jac (uL,U}T) +Jac (u%U?{) ) (5.61)
Concerning the first addendum, one shows that
Jac (ul,U;) < CJac(N,Uy) + &, (5.62)

where the error & ;\2) satisfies

e < e (Dirv U+ [ N ascn) (563)

Ui

for any choice of ¢ > 0, provided A is smaller than some A, depending on ¢ and on the
geometry of the problem, but, again, not on the map N. In particular, this allows to absorb
the error term and conclude, under the previously considered smallness assumptions on A,
that

Jac (N, Q) > ¢(Q) (/Q INP dH™ — Jac (ui,U;)> (5.64)

after possibly having redefined c(Q).
Now we are able to conclude: following the same strategy as before, it is not difficult to
estimate

Jac (ul,U;\L) |<C (Dir (g, Uy) + /U+ e df}{m> , (5.65)
A

where A is small, but fixed, and does not depend on N. Our result, equation (5.52), is then
an immediate consequence of Corollary 5.1.3 and of the definition of §o. O

We are now ready to prove the Conditional Existence Theorem 5.0.1.
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Proof of Theorem 5.0.1. The proof is an application of the direct methods in the Calculus of
Variations. Fix any g € F(IQ’Z(NQ) with boundary trace go := glan € W1'2(6Q;AQ(R‘1)).
Then, the inequality (5.52) implies that for any N € Fgg’z (NQ) with N|ao = go one has

]aC(N/ Q) 2 _C(Q/ 90)/

thus the Jacobi functional is bounded from below in the class of competitors.
Set
A= inf{Jac(N, Q) : N € T5*(NQ), Nlog = go} > —oo,

and consider a minimizing sequence {N}3°_; C F(S’z (NQ), Nnlaa = go, limp o Jac(Np, Q) =
A. Then, for h > hg sufficiently large, one has

Jac(Np, Q) < A+1,
from which we deduce
Dir(Np, Q) < c/ INR |2 dH™ 4+ |A] 4 1.
Q

On the other hand, (5.52) immediately implies that

/ NR2 dH™ < C(IA]Q, go).
Q

Putting all together, we conclude that
Dir(Np, Q) + / INR[ZdH™ < C, (5.66)
Q

where C is a constant depending only on |A|, O, go and the geometry of the embeddings
L« M — R Hence, up to extracting a subsequence, Ny, converges weakly in W12,
strongly in L2, to a map N € F(S’Z (NQ) with N|yo = go. The lower semi-continuity of the
Jacobi functional with respect to weak convergence, Proposition 4.3.1, allows us to conclude
that N is the desired minimizer. O






6 REGULARITY THEORY

In this chapter we develop the regularity theory for Jacobi Q-fields. First, we show that
any Jac-minimizing map N € F(lg’z (NQ) is locally Holder continuous in Q).

Theorem 6.0.1 (Holder regularity of Jacobi multi-fields). Let Q be an open subset of & — M as
in Assumption 4.1.1. There exist universal constants « = «(m, Q) € (0,1) and A = A(m,Q) >0
and a radius 0 < 19 = vo(m, Q) < inj(X) with the following property. If N € F(S'Z(NQ) is
Jac-minimizing, then for every 0 < © < 1 there exists a constant C = C(m, d, Q, L, 0) such that

G(N(x1),N(x2))
d(x7,x2)%

NJcow(By, (p)) = SUP
x1,%2€Be: (P) 6.1)

1/2
<C <r2m2°‘ <Dir(N,BT(p)) +A Iledﬂ{m)>
B (p)

for every p € Q and for every v < min{ro, dist(p, 0Q)}. In particular, N € coe (Q.,AQ(]Rd)).

loc

Then, we turn our attention to finer regularity properties. Let us give the following
definition of regular and singular points.

Definition 6.0.2 (Regular and singular set). Let N & F(]Q’Z(NQ) be Jac-minimizing. A point
p € Q is reqular for N (and we write p € reg(N)) if there exists a neighborhood B of p in Q
and Q classical Jacobi fields N*: B — IR¢ such that

Q
N(x) =) [N'(x] Vx B
=1

and either Nt = N or N¢(x) # N¥(x) for all x € B, for any (¢’ €{1,...,Q}. The singular
set of N is defined by
sing(N) := Q \ reg(N).

We have the following theorem.

Theorem 6.0.3 (Estimate of the singular set). Let N be a Q-valued Jacobi field in (O C L™. Then,
the singular set sing(N) is relatively closed in Q. Furthermore, if m = 2, then sing(N) is at most
countable; if m > 3, then the Hausdorff dimension dimg¢ sing(N) does not exceed m — 2.

Starting from Section 6.2, the chapter will be devoted to the proof of Theorem 6.0.3,
which will eventually be obtained in Section 6.4 as a consequence of the analogous theorem
valid for Dir-minimizing Q-valued functions, after we have shown the key fact that at
any multiplicity Q point for N every tangent map is a non trivial homogeneous Dirichlet
minimizer. This is the content of Theorem 6.3.8. A careful analysis of Almgren’s frequency
function will be indispensable to prove Theorem 6.3.8.
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6.1 HOLDER REGULARITY OF JACOBI Q—FIELDS

The proof of Theorem 6.0.1 is a fairly easy consequence of Proposition 6.1.1 below. Before
stating it, we need to introduce some further notation.

Let us fix a point p € Q, and a radius r < min{inj(X), dist(p, 9Q))}, in such a way that the
exponential map exp,, defines a diffeomorphism

exp,,: B.(0) C ToX — B:(p) C Q.

Denote by y = (y',...,y™) coordinates in TpZ corresponding to the choice of an or-
thonormal basis (eq,...,em), and set u ;= No exp,,. Observe that for any y € B, the
differential d(exp )|y realizes a linear isomorphism between T,X and Texpp (y)X- Fix an
orthonormal frame (&1, ..., &) of the tangent bundle T Z|B,(p) extending (e1,...,em) (i.e.
such that &i|, = e; fori=1,...,m), and define, fory € B,

eily) = (alexpy)ly) - &ilexp, (y) (6.2
Then, an elementary computation shows that
/ NP = [ el ey ) dy ®
(P T
and
Dir(N, B, ( / Z|D£1u ]expp( y)dy, (6.4)
B

ri=1
where Jexp,, is the Jacobian determinant of the exponential map. From this it is immediate
to deduce that the following asymptotic behaviors are satisfied for r — 0 uniformly in p:

/ NI dFH™(x) = (1+0(r)) [ [u(y)l* dy, (6.5)

r(p) N

Dir(N, B (p)) = (1+O(r ZID u(y)l*dy = (14+0(r))Dir(w,B,).  (6.6)
Brioq

We can now state the key result from which we will conclude the Holder regularity of
Jacobi Q-fields.

Proposition 6.1.1. There exist a universal positive constant A = A(m, Q) and a radius 0 < ro =
To(m, Q) < inj(X) with the following property. Let N € F(S’Z(NQ) be Jac-minimizing and p € Q.
Then, for a.e. radius v < min{ro, dist(p, 9Q)} one has

Dir(u,B:)+ A lul? dy < C(m)r <Dir(u, 0B;)+ A

hul? dﬁm]) , (6.7)
B,

B,
where w:=Noexp, |p, € W12 (B,, Aq(R%)) and C(m) < (m—2)"" when m > 3.

In order to prove Proposition 6.1.1, we will need the following simple result on classical
Sobolev functions in the Euclidean space.
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Lemma 6.1.2. For every e > O there exists a constant C = C > 0 such that the inequality

/ |g|2dy<(1+e>r / gRdH™ 4 Cor? / Dyl dy 6.8)
B, m 0B, B,

holds for any function g € W1-2(B™™).

Proof. First observe that, by a simple scaling argument, it is enough to prove the lemma for
T = 1. Assume the lemma is false: suppose, by contradiction, that there exists ¢g > 0 such
that for any h € N there is gn, € W'2(BT"), with ||gn|| 2 = 1, such that

1 _
1> (—i—eo)/ lgnl? dH™ ‘+h/ IDgn|? dy. (6.9)
m 0B, B

The inequality (6.9) readily implies that

lim / IDgn|?dy =0, (6.10)
B4

h—oo

whence, by Rellich’s compactness theorem, the sequence gn converges up to a subsequence
(not relabeled) weakly in W2, strongly in L2, to a constant function g = c. The condition
llglli2 = 1 forces the constant to satisfy |c|? = w},!, where wy, is the volume of the unit ball
in R™. Hence, it suffices to pass to the limit the inequality

1
1> ( + £0> / Ighl2 dgmT (6.11)
m 0B
to obtain the desired contradiction:
1
1> < + so> m. (6.12)
m
O

Corollary 6.1.3. For every ¢ > 0 there exists a constant C. > 0 such that for any function
v e W2 (B,, Aq(R?)) one has:

1
2 dy < ( + a) T/ W2 dH™ ! + C.r?Dir(v, By). (6.13)
B: m 9B,

Proof. Fix ¢ > 0 and v € W'?(B,, Ag(R%)), and apply Lemma 6.1.2 to the function g =
vl = G(v, Q[0]) € W'?(B,). The inequality (6.13) then follows immediately, because glag, =
Vlag, | and [05g| < [9;V] for every j =1,...,m. O

Proof of Proposition 6.1.1. Let N € F(E’Z(NQ) be Jac-minimizing, and fix any point p € Q.

For every radius r < min{inj(X), dist(p, 0Q))} the exponential map exp,, maps the Euclidean
ball B (0) C T, X diffeomorphically onto the geodesic ball B.(p) C Z, and the composition
u:=Noexp,isa W2 Q-valued map defined in B,.
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Letnow f € W2 (B,, Ag(R%)) be Dir-minimizing in B, such that flog, = ulss, *, and set
h:="fo exp, 1. Then, the normal bundle projection h'- € F(]Q’Z(NBT(p)) satisfies hLIaBr(p) =
N8, (p) and is therefore a competitor for the Jacobi functional. Hence, using minimality,
the definition of the Jacobi functional and (4.48), we deduce:

Jac(N, B, (p)) <Jac(h', B, (p)) < Dir(h*,B,(p)) + Co / ( )|h|2d%m, (6.14)
r\P

which in turn produces

Dir(N, B, (p)) < Dir(h*,B.(p)) + Co (/ Ih/? diHer/ |N|2d9{m). (6.15)

+(p) +(p)

Hence, combining Lemma 5.2.1 with (6.5) and (6.6), we can conclude that for any &7 €
(0, 1) there exists a radius 0 < ¢, < inj(X) such that the estimate

Dir(u, B,) < (14 &7) Dir(f, B;) + Cq, (/ If2dy + [ u? dy), (6.16)
B, B,

holds true whenever r < ¢, .
Now we apply [DLS11, Proposition 3.10]: since f is Dir-minimizing in B, the estimate

Dir(f,B;) < C(m)rDir(u, 0B,) (6.17)

holds with constants C(2) = Q and C(m) < (m—2)~' for m > 3 whenever Dir(u, 0B,)
is finite, and thus for a.e. r. Combining (6.16) with (6.17), we deduce that we can choose
e1 = €1(m, Q) so small that the inequality

Dir(u, By) < C(m)rDir(u, 9B,) + C ( / 12 dy + / huf? dy) (6.18)
B, B,

holds with, say, C(2) = 2Q and again C(m) < (m—2)"! when m > 3 for a.e. T < Tm,Q-
Now, fix ¢ > 0 and apply the result of Corollary 6.1.3 first with v = f and then with v = v,

and plug the resulting inequalities in (6.18). Using the fact that f and u have the same

boundary value and that Dir(f, B;) < Dir(u, B;), we obtain the following key inequality:

1
Dir(u, B;) < C(m)rDir(u, dB,) + C <m + s) r/ u[2dH™ ' + C.r?Dir(u, B,). (6.19)
0B,

This implies the following: for every A > 0 one has
Dir(u, By) + A / lu/?2 dy < C(m)rDir(u, 9B,)
B,

+ (C+A) <1 + 8) T/ |u|2 dg_cm—] (6.20)
m 0B,

+ CE,/\rzDir(u, B.).

1 Recall that the existence of such a map f is guaranteed by Theorem 2.2.20.
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For a suitable choice of A = Ay ¢ > 1 this yields:

1
(1- Cm,arz) Dir(u, B;) +A/ lul? dy < C(m)rDir(u, 9B, ) +A (m + 25) r/ w2 dHm T,
B, d

B
(6.21)

Finally, we divide the whole inequality by 1 — Cy, .7 and conclude that if T is sufficiently
small, say 1 < 11, ¢,@ then the inequality

Dir(u, By) + /\/ hul? dy < C(m)rDir(u, 0B;) + A <]11 +4£> r/ 2 dH™ ! (6.22)

B, 9B,
holds with a possible new choice of C(m), say C(2) = 4Q and still C(m) < (m — 2)~! for
m > 3. The conclusion immediately follows, by choosing ¢ = ¢(m, Q) in such a way that

%+4£<4Qwhenm:2and]ﬁ+4a<mlzwhenm>3. O

We have now all the ingredients that are needed to prove Theorem 6.0.1: as announced at
the beginning of the section, the proof can be easily achieved by combining our Proposition
6.1.1 with the Campanato-Morrey estimates 2.2.19.

Proof of Theorem 6.0.1. Let 1o be the radius given in Proposition 6.1.1. Fix any point p €
Q, and assume without loss of generality that B, (p) € Q. Consider the corresponding
exponential map exp,,: Br,(0) C ToX — By (p) C L, and set u:= N oexp,. By Proposition
6.1.1, for a.e. radius r < rp the inequality (6.7) is satisfied with universal constants A and
C(m), with C(m) < (m—2)~" when m > 3. We set:

(m) C(m)~! ifm=2 (6.23)
m) = .
Y Clm)'—m+2 ifm3>3 ?
and we denote by ¢ = ¢(r) the absolutely continuous function

¢(r) :=Dir(w,B,)+A [ |u*dy (6.24)

B,
for r € (0,7o]. By (6.7), ¢ satisfies the differential inequality
(Mm—=2+v)d <7¢’ (6.25)

almost everywhere in the interval (0, o). Integrating (6.25) we obtain:

Dir(w, By) < (1) < ﬁf";jy P2 o A2y (6.26)
To

As a consequence of the Campanato - Morrey estimates, Proposition 2.2.19, we conclude
that u is Holder continuous with exponent « := ¥, with

Wongy, )= sup  Soadub) oo 627)

— — X
Y1,Y2€Bor, Y1 —yal

for any 0 < 0 < 1 and for a constant C = C(m, d, Q, 0).
The estimate (6.1) is an immediate consequence of (6.27) and the properties of the expo-
nential map. O
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6.2 FIRST VARIATION FORMULAE AND THE ANALYSIS OF THE FRE-
QUENCY FUNCTION

In this section we start the machinery that will eventually lead us, in Section 6.4, to the
proof of Theorem 6.0.3.

The first step towards this result consists of deriving some Euler-Lagrange conditions
for Jac-minimizing multi-valued maps. Throughout the whole section, we will assume, as
usual, that N is a Q-valued section of the normal bundle of X in M defined in an open set
Q, where it minimizes the Jacobi functional as specified in Definition 4.2.11.

6.2.1 First variations

Suppose that for some 6 > 0 we have a 1-parameter family {Ns}sc(_s55) C F(]Q’Z(NQ)
such that No = N and Ng = N in a neighborhood of 9Q for all s. Then, the minimization
property of N implies that the map s — Jac(Ns, Q) takes its minimum at s = 0, and thus

i]ac(Ns, Q) =0 (6.28)
ds s=0
whenever the derivative on the left exists. The family {N;} is called an (admissible) 1-
parameter family of variations of N in (), and formula (6.28) is the first variation formula
corresponding to the given variation.

We will consider two natural types of variations in order to perturb the map N. The inner
variations are generated by right compositions with diffeomorphisms of the domain and
by a suitable “orthogonalization procedure”; the outer variations correspond instead to “left
compositions”. The relevant definition is the following.

Definition 6.2.1. Let N = 5 ,[NY] € F]Q’Z(NQ) be Jac-minimizing in Q.

(OV) Given ¥ € C'(Q x R4, RY) such that spt(p) € Q' x R4 for some Q' € Q and
P(x,u) € THE € TuM for all (x,u) € Q x TLE, an admissible variation of N in Q
can be defined by Ng(x) := Z?:] IN¢(x) + s (x, N¢(x))]. Such a family is called outer
variation (OV);

(IV) Given a C' vector field X of TZ compactly supported in Q, for s sufficiently small the
map x — D (x) = exp, (sX(x)) is a diffeomorphism of Q which leaves 00 fixed. As
a consequence, the family {N;} defined by Ng := (N o @ )L is an admissible variation
of N in QO, which we call inner variation (IV).

In the next proposition, we obtain an explicit formulation of (6.28) in the case of outer
variations induced by maps 1 as above. Consistently with the notation introduced for
multi-fields in Definition 4.2.9, given (x,u) € Q x R¢ we will denote by Vt1(x,u) the
linear operator T~ — TXLZ obtained by projecting Dx\(x, u) onto TXLZ at every x. Also,
recall the definitions of A - u, u being a (single-valued) section of NQ, and of the quadratic
form R. Finally, recall that the symbol (L: M) denotes the usual Hilbert-Schmidt scalar
product of two matrices L and M.
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Proposition 6.2.2 (Outer variation formula). Let \ be as in (OV) and such that
Dyl < C< oo and [+ [Dxpl < C(1+ ful). (6.29)

Then, the first variation formula corresponding to the outer variation Ny defined by \ is

/Q Z VAN ) 1 (0 NY (X)) + Dutb(x, NE(x)) - DNY(x))) d3™ (x) = Eov (), (6:30)
=1
where
Eov(W /QZ ((A-N*(x) s A (x, NE (%)) + RINE(x), b (x, N (x)))) dH™(x).  (6.31)
=1

Proof. The proof is straightforward: using (4.44) with N in place of u, it suffices to differ-
entiate in s and recall that R is a symmetric quadratic form on the normal bundle of ¥ in
M (the hypotheses in (6.29) ensure the summability of the various integrands involved in
the computation). O

An explicit formula for (6.28) in the case of inner variations induced by vector fields X
as in Definition 6.2.1 is the content of the following proposition. Recall that A denotes the
second fundamental form of the embedding M — R4.

Proposition 6.2.3 (Inner variation formula). Let X be as in (IV). Then, the first variation formula
corresponding to the inner variation Ny defined by the family @ of diffeomorphisms induced by X
is

/ IVAN[2divs (X )dg{m+2/ Z (VENE: VAN VEX)dH™ = ev(X),  (6.32)
Qg1

where
ev(X) = &) (X) + e (X) + &5 (X)

is defined by

Q
eV (X) =2 /Q > (tex (AN, A VENDY) — trz (RO NG, AL, T NY)) ) dae,

=1

(6.33)

, Q
e x) =2 A D> (AN AL TN dH™, (6.34)

e=1

and
Q

eXNx) =2 D R(NG, VENYdH™. (6.35)

Qo
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Proof. Fix the vector field X, and consider the associated variation {Ng}, with Ny = 3 ,[N!]

defined by
k

NE(x) = (No @)t (x) = ) (NY(@4(x)),vp(x))vp(x), (6:36)
p=1

(VB)E:] being a (local) orthonormal frame of NQ. Recall that @y = Id and that %QJS (x) ‘ se0 =
X(x). Now, using (4.44), we write the first variation formula as

d
= Jac(Ns, Q)
ds

s=0

ds

Dir™ (Ng, Q) + <
ds

2 m _i
ZIANId}C) (ds

s=0/0 g_g

Q
/ Zm(Ni,Nﬁ)d:Hm>,
Q

s=0 s=0 =1

=:I; — =:1I3

(6.37)

and we will work on the three terms separately.
Step 1: computing 1;. Write I; = Y, 1§, where

d k
_ 4 / ZZ (DeNG va)l? d™, (6.38)
s=0 Q‘i. x=1

Using the representation formula (6.36), one immediately computes

(De, N ve) (%) = (DN o, () - D@y - £i(x), Ve (X))

+ <NE(CDS (x)), DE,iVoc(X»
(6.39)

k
+ ) (NYD4(x)), vp (x))(De v (%), Vo (X))
B_

Now, since (v, vg) = d«p, we have that (D¢, vg, Vo) = —(vp, D¢, V«), so that the last term
in formula (6.39) becomes

k
=Y (NY@(x)), vg () (D, Va(x), v (%)) = —(NY(@4(x)), VE, Va(X)), (6.40)
=1

and we can write

(DN va) (X)) = (DN g, () - DDl - £i(x), va (X))

6.
+(NY(D4(x)), (De, Vo — VE Vo) (X)) (649

For small values of the parameter s, the map @ is a diffeomorphism of Q, and we will
denote by @ its inverse. Then, we can change variable x = ®;'(y) in the integral, and
finally write

ds

o/ Z Z |910¢ s,Y) |ZJ(D (y)dH™(y), (6.42)

i=1 x=1
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where JO ;! is the Jacobian determinant of D@ ' and

gials,y) = (DN - Gils, 1), va (@3 (y)) + (NY(y), (De, v — VE VL) (@S (W), (6.43)

with (i(s,y) == D(DSI(Dq . Ei(d)j (y)). Hence, we have:
/ ZZIngy )[2divs (X di]-Cm—l—Z/ Zng“Oy 0505, (0,y) dH™
i=1 =1 i=1 =1
d m k
--/ 55 ot 0,y Rdiv (X) 5™ 4 5 (ZZ 9t ls,9) ) do™(y).
i=1 a=1 i=1 a=1 s=0
(6.44)
Now, since

m k
D D lgials, Y = VNG (@] (y),

i=1 a=1

its value is independent of the orthonormal frame chosen: thus, having fixed a pointy € Q,

we can impose V&; = Vv, =0 aty.
We can now proceed computing explicitly (6.44). Clearly, gt (0,y) = (Dg,NY, vq)(y), so
we are only left with the computation of 9 gf’ «(0,1y). We start observing that

from which we easily deduce
Osls—0 (<DNe|y : Ci(S/U)/Va(q)s_] (U))>) = _<D[X,£i]Ne/Voc> - <D£1Ne/ DXch>

= (Dyz xN% Vo) — (AlE N, AX,vg)), 649

where we have used that Vx&; = Vxv, = 0 at y (and, therefore, [X, &l (y) = —VéX(y)
and Dxvy = A(X,vy)).

On the other hand,
Osls=0 (<Nz(y)/ (Déivoc - vé_i'voc)(q):] (y)))) = _<N€1 DX(DE,iVoc - vé_ivoc»
= (DxN D, Vo — VE Vo) (6.47)
= <K(X/NE)/K(‘(~1/V“)>

because the fields N! and D¢, vy — Vé\/“ are mutually orthogonal and, again, because
Vv =0aty.
This allows to conclude:

Q
—/ IVAN[divs (X) dJ{m+2/ D (VENE: VENEVEX) dH™
Q Q-

+2 Z trs ({ ),K(.,v(%]N’fm—trz(ﬁ(-,N‘Z),K(x,vﬁ)N"m) dx™
Q1

/|le|2d1vz( JAH™ +2 ZVLN@ VNG TEX) dH™ — e[ (X).

Q1
(6.48)
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Step 2: computing 1,. Write I, = Ze 1§, where

¢ —
27 ds

/ A N2 doem, (6.49)
s=0

Since the tensor A takes values in the normal bundle of £, clearly A -N{ = A - (N'o @),
whence

[N asem - /Z| C(E400, 85 00), NYOL ()P dH™(x).  (6:50)
i,j=1

We can now differentiate in s and evaluate for s = 0 in formula (6.50) to obtain:

=—2/ Z £ (%)), N (X)) {Ax(&i(x), & (x)), DxN*(x)), (6.51)

i,j=1

which readily yields

:—2/ Z (A-NY: A VENYdH™ = —(2)(X). (6.52)
Q1

Step 3: computing 13. As before, write I3 = Y, I$, where

L / R(Ng, NE) dH™. (6.53)
dS S:O (0]
Now, it suffices to differentiate in s and evaluate at s = 0 inside the integral keeping in
mind that R is a symmetric 2-tensor to get

-2 ZR (NG VNG dH™ = —e13)(X). (6.54)
Q=1
Conclusion. The statement, formula (6.32), is immediately obtained by plugging equations

(6.48), (6.52) and (6.54) into (6.37).
O

The first variation formulae (6.30) and (6.32) will play a fundamental role in the next
section to discuss the almost monotonicity properties of the frequency function. Before pro-
ceeding, we apply the outer variation formula to show that minimizers of the Jac functional
enjoy a Caccioppoli type inequality.

Proposition 6.2.4 (Caccioppoli inequality). There exists a geometric constant C > O such that
for any Jac-minimizing Q-valued map N = Y_,[N'] € FLZ (NQ) the inequality

[ nRIVANGOR 9™ ) < 4 [ IDnEORINGOR 9™ 00+ € | mix) NG ™
(6.55)
holds for any choice of n € CL(Q). In particular, for every p € Q and for every v < min {inj(X), dist(p, 0Q)}
one has

J

VAN dH™ < % / INJZ dH™. (6.56)
= JB.(p)

%(P)
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Proof. Fix N and 1 as in the statement, and apply the outer variation formula (6.30) with
P(x,u) == n(x)?u. Since DxP(x,u) = 2n(x)u ® Dn(x) and Dy (x,u) = n(x)%Id, for this
choice of \ the outer variation formula reads

Q Q
/ nVANE 2 (vNe: N8®Dn>d9{m:/ N2> (A-NY2+R(NENG) dgm,
Q (=1 (=1
(6.57)
Applying Young’s inequality we immediately deduce that for any 6 > 0 one has
/ N2 VAN dH™ < 5/ nZVLNdeHT’%L]/ IDnllelzde{m+C/ n?INJZ d™,
Q Q 4 Ja Q

(6.58)
for a constant C = C(A,R), where, we recall, A = ||A|[t~ and R = ||R||~ are defined in
(4.49) and (4.51). Choose 6 = % to obtain (6.55). In order to deduce (6.56), apply (6.55) with

nx) = o¢ (M) where d(x) := d(x,p) and ¢ is a cut-off function 0 < ¢ < 1 such that
¢(t) =1for0 < 2,cl)(t):()fort>1ar1d|<1)’|<2. O

6.2.2 Almost monotonicity of the frequency function and its consequences

The next step towards the proof of Theorem 6.0.3 consists of a careful asymptotic analysis
of the celebrated frequency function.

Definition 6.2.5 (Frequency function). Fix any point p € Q. For any radius 0 < r <
min{inj(X), dist(p, 0Q)}, define the energy function

Drp(r)i= [ [VENE(x) 43 (9 (6.59)
B (p)
and the height function
Hn p (1) = / INI2(x) dH™ T (x). (6.60)
3B, (p)

The frequency function is then defined by

DN p (T)
HN,p (T‘)

for all r such that Hn , (t) > 0. When the Q-field N and the point p are fixed and there is
no ambiguity, we will drop the subscripts and simply write D(r), H(r) and I(r).

Inp (1) = (6.61)

Remark 6.2.6. Observe that D(r) = DirV* (N, B, (p)); D is an absolutely continuous function
with derivative

D'(r) :/ VAN dgm—!
0B (p)

almost everywhere. As for H(r), note that |N| is the composition of N with the Lipschitz
function §(-, Q[0]), thus it belongs to W'2. Hence, |N|? is a W' function, and also H €
w1,
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Remark 6.2.7. It is an easy consequence of the Holder regularity of N that the frequency
function I(r) is well defined and bounded for suitably small radii at any point p € Q such
that N(p) # Q[O0]. Indeed, if such assumption is satisfied then

1

. N2 _ 2
rlirf)‘+ U{m*1(6Br(p))H(T)_|N| (p) = G(N(p), Q[0])* >0,

which in turn implies that H(r) > 0 for small values of r. Furthermore, from the proof of
Theorem 6.0.1 (cf. in particular formula (6.26)) we can also infer that if r is sufficiently small
then

D(T) g CTTTL—Z-O—ZO(,

where « is the Holder exponent of N. In particular, from this one immediately concludes
that there exists the limit
lim I(r) =0

r—0
at every point p such that N(p) # Q[0].
As we shall see, we will obtain as a byproduct of the improved regularity theory developed
in this section that the frequency function is well defined and bounded also in a suitable
neighborhood of r = 0 at every point p such that N(p) = Q[0], and that also at such points
the limit lim,_, o+ I(r) exists, but it is strictly positive.

The main analytic feature of the frequency function is the following almost monotonicity
property.
Theorem 6.2.8 (Almost monotonicity of the frequency). There exist a geometric constant Cg
and a radius 0 < ro < min{inj(X), dist(p, 0Q)} such that for all 0 < s < t < 1o with H‘ st > 0

one has
I(s) < Co(1+1I(t)). (6.62)

Propositions 6.2.9 and 6.2.10 below contain the most relevant consequences of Theorem
6.2.8. Both these results will be derived under the additional assumption that p € Q has
been fixed in such a way that N(p) = Q[0]. As already observed in Remark 6.2.7 above,
these are exactly the points where we lack a precise description of the behavior of the
frequency function. The arguments contained in the next sections will illustrate the reason
why an analysis of the Jacobi multi-field N in a neighborhood of such a point is indeed
crucial in order to obtain the proof of Theorem 6.0.3.

The first result we are interested in is the following dichotomy: if N(p) = Q[0], then
either there exists a neighborhood of p where the map N is identically vanishing, and thus
where the frequency function is not defined at all, or, conversely, there is a neighborhood
of p where the frequency function is well defined everywhere and bounded.

Proposition 6.2.9. Let N € F(]Q’Z(NQ) be Jac-minimizing. Assume p € Q is such that N(p) =
QIO]. Then, the following dichotomy holds:

(i) either N = Q[O] in a neighborhood of p;
(i1) or there exists a radius vy > 0 such that

H(r) > 0 forall r € (0,10] and  limsupI(r) < oco.
r—0
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As it is natural, the most interesting situation is when condition (ii) in the above Proposi-
tion 6.2.9 is observed. As a first remark, we observe that the fact that the frequency function
is bounded in a neighborhood of a point p allows to improve the almost monotonicity prop-
erty itself.

Proposition 6.2.10 (Improved almost monotonicity of the frequency). Let N & F(]Q’Z(NQ) be
Jac-minimizing. Assume p € Q is such that N(p) = Q[O] but N does not vanish in a neighborhood
of p. Then, there exist vo > 0 and a constant X = A(I(ro)) > 0 such that the function

r e (0,10 — e MI(r) (6.63)
is monotone non-decreasing. The limit

lim I(r) =: Io(p) (6.64)

r—0

exists and is strictly positive.

The rest of the section will be devoted to the proofs of Theorem 6.2.8, Proposition 6.2.9
and Proposition 6.2.10.

6.2.3 First variation estimates and the proof of Theorem 6.2.8

The proof of Theorem 6.2.8 is a consequence of some estimates involving the functions
D and H and their derivatives, which in turn can be obtained by testing the first variations
formulae (6.30) and (6.32) with a suitable choice of the maps 1 and X. The derivation of
these estimates is the content of Lemma 6.2.13 below. We need to define the following
auxiliary functions.

Definition 6.2.11. We denote by % the vector field which is tangent to geodesic arcs
parametrized by arc length and emanating from p. We will set Vs :=V 2, the directional

derivative along 2, and we will let Vi be its projection onto the normal bundle of X in M.
We set:

Q
B(r) = Explr) = [ D NG, TN ) @ ), (6.:65)
G(r) =G p(r) = /a o )|V$N|2(x) dH™ 1 (x), (6.66)
v (p
and
E(r) = Fap(r) == /B INF K™, (6.67)
v (p

Remark 6.2.12. Note that F(r) = ||N H%z (B.(p)) 15 a0 absolutely continuous function, and for

a.e. T

)

F'(r) = / IN]ZdH™ " = H(r). (6.68)
0B:(p)
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Lemma 6.2.13 (First variation estimates). There exist a geometric constant Cy > 0 and a radius
0 < 1o < min{inj(X), dist(p, 0Q)} such that the following inequalities hold true for a.e. 0 < r < 19

ID(r) — E(r)| < CoF(r), (6.69)
ID’(r) — 2G(r) — mr_ 2D (1) < CorD(r) + Co(D(E(r)' /2, (6.70)
H'(r) — quH(r) — 2E(r)| < CorH(r). (6.71)
Furthermore, if I(r) > 1 then
ID(r) — E(1)] < Cor?D(r), (6.72)
and
m—2

ID’(r) — 2G(r) —

—=D(r)] < CorD(). ©73)

Proof. Step 1: proof of (6.69). We test the outer variation formula (6.30) with the map \ given

by
Plou) = 0 (d(")) u, (6.7)

T

where d(-) :=d(-,p), and ¢ = P(t) € C*([0, 00)) is a cut-off function such that:
0<$ <1, ¢=1inaneighborhoodoft=0, ¢=0fort>1. (6.75)

Observe first that this choice of 1p induces an admissible family of outer variations: indeed,
one clearly sees that spt(1) C B;(p), the geodesic ball centered at p and of radius r, which
is compactly supported in (), and that the orthogonality conditions and the assumptions in
(6.29) are satisfied. We compute:

Dplxw) =1 ¢/ (‘”ﬂ) we vd,

which yields
(VENY (%) : VA (x, N (%)) =11/ (d(:c)) (VEN'(x), N (x)). (6.76)
On the other hand, D, {(x,u) = ¢ <@> Id, whence

(VAN Dbl N) - DN = (T ) N, 677

Analogously, we can compute explicitly the right-hand side of (6.30) corresponding to
our choice of 1 and get:

Q
oviw) = [0 (T0) 3 (AN + RN, NEGD) a0 (679
=1
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By a standard approximation procedure, the details of which are left to the reader, it is
easy to see that we can test with

1 for0<t<1—4
d(t) = dn(t) = {h(1—t) for1—4 <t<1 (6.79)
0 fort>1

Inserting into (6.76), (6.77) and (6.78), the outer variation formula (6.30) becomes

_h L . (()) L
1n/()\B{‘ (;VN ))d:H()/cbh IVEN(x)2 dH™ (x)

Q
:/ ( )Z (IA - NY2(x) + RN (x), NE(x))) dH™ (x).
=1
(6.80)

Now, let h 1 co. The left-hand side of (6.80) converges to D(r) — E(r), whereas the right-
hand side converges to

Q
/ 3 (A< N2+ RN NG)) dgm™.
B:(p) =1

In particular, the inequality (6.69) readily follows with a constant Cy depending on A =
HAHLOO and R = ”R||L°°

Step 2: proof of (6.70). We test now the inner variation formula (6.32) with the vector field

X defined by
X( ) : (X) ( (X)) g

— ¢ (d(")) L 9dw?),

T 2r

(6.81)

with ¢ as in (6.75).
Standard computations lead to

VEX(x) = ¢’ <dm> d(x)ar ® % +¢ (d(x)> %Hessz(d(x)z)

T r2 of = of T
= ¢’ <d(x)> 10262 1o (d X)> Id+0(r)>
T r< 0of  Of T T

for r — 0, and consequently

divs X(x) = ¢’
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Choosing again tests of the form ¢ = ¢n as in (6.79), plugging into (6.32) and taking the
limit h 1 oo, we see that the left-hand side of the inner variation formula reads

m-—2

D'(v) —2G(r) — D(r) +O(r)D(r) (6.82)

T

forr — 0.
We proceed with the analysis of the error term &y (X). Straightforward computations
imply the following estimates:

el < C1/B( )|N(X)|IVLN(X)|d9{m(x),
r\P

€2 4163 < Cas /B - INGIITENG) A9 ),
v (p

where C; is a geometric constant depending on A = ||A||1~, and C33 depends on A and R.
Applying the Cauchy-Schwarz inequality we conclude

v (X)| < Co (D(r)E(r)) /2. (6.83)
Combining (6.82) and (6.83), we deduce the inequality (6.70) whenever r is small enough.

Step 3: proof of (6.71). Let exp,: V C T, L — I be the exponential map with pole p. Since
B.(0) € V for every r < inj(X), we can use the change of coordinates x = exp,, (y) to write:

HO) = | INPlexpy (y))Texp, (y) 426" (y)
= pm-] / IN? (exp,, (r2)) Jexp,, (rz) AH™ ! ().
9B
Thus, we differentiate under the integral sign and compute

H'(r) = (m—1)rm2 /a ) IN? (exp,, (r2)) Jexp,, (rz) dH™ ' (2)

Q
+2rm-] /a ) D (NY(exp,(r2)), ViN*(exp, (r2))) J exp,, (rz) dH™ ' ()
Te=1

d
+m] /6131 INIZ(expp(Tz))g (]expp(rz)) dH™ 1 (2).

Since % (] exp,, (TZ)) = O(r) for r — 0, we are able to conclude

H'(r) = quH(r) + 2E(r) + O(r)H(), (6.84)

from which (6.71) readily follows.
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Step 4: proof of (6.72) and (6.73). It suffices to exploit the inequality
F(r) < CorH(r) + Cor?D(r), (6.85)

which can be easily deduced from the Poincaré inequality (note also that the same inequal-
ity has been already proved in the Euclidean setting earlier on, cf. Corollary 6.13). In the
regime I(r) > 1, that is H(r) < rD(r), (6.85) simply reads

F(r) < Cor?D(r). (6.86)
Then, (6.72) and (6.73) are an immediate consequence of (6.69) and (6.70) respectively. [
We can now proceed with the proof of the almost monotonicity property of the frequency.

Proof of Theorem 6.2.8. Set Q(r) := log(max{I(r),1}). In order to prove the theorem, it suf-
fices to show that
Qs) < C+Qft) (6.87)

for some positive geometric constant C. If £(s) = 0 there is nothing to prove. Thus, we
assume that Q(s) > 0. Define

T:=supfr e (s, t] : Q(r) >0on (s,1)}

If T < t, then by continuity it must be (1) = 0: hence, in this case we would have
Q(t) =0 < Qt), and therefore proving that Q(s) < C+ Q(1) would imply (6.87). Thus,
we can assume without loss of generality that Q(r) > 0 in (s,t): in other words, I(r) > 1,
and Q(r) =log(I(r)). Then, as a consequence of (6.72), if 1o is taken small enough one has

P < B < 2p(), (658)
that is the quantity E(r) is positive and comparable to D(r) at small scales.
Guided by this principle, we compute:

d _H'(r) D'(r) 1
CHW D] (659
“Hr  Ew P 0Z0 -
where Z(r) := D](r) — Egr) satisfies
_ ID(r) —E(r)| ©&89) _|D(r) —E(r)| ©% _  F(r)
1Z(r)| = W < ZTT)Z < OD(T)Z' (6.90)
Now, by (6.71) one has that
H'(v) m—1 E(r)
Hi < Cr+7r +2H(r)' (6.91)
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whereas the inner variation formula (6.73) yields

D’(r) < G(r) m-—2D(r)
" E(r) T E(M) E(r) T
(6.88) Gr) m-2
< -2 —

X

(1=D(r)Z(r))

E(r) T
(6.92)
(6.90) G(r) -2 _1 F(r)
S Oy Y b
G(r) m-2
< Cr—2 50 .

because of (6.86).
Plugging (6.91) and (6.92) into (6.89), and using the estimate on the error term Z(r) given
by (6.90), we obtain the following:
d E(r)  G(r)
_ < _
dr(logl(r)) <Cr+42 (H(r) E(r) +C

Now, by the Cauchy-Schwarz inequality one has

E(r). (6.93)

E(r)? < G(r)H(r),

E(r) G(r) . o .
whence the term Hr) B0 is non-positive and (6.93) yields
d D’(r)
_a(log I(r)) <Cr+ CD(r)ZFm' (6.94)

Integrating for r € (s,t), we obtain

dr<C, (6.95)

Qwrxuu<C+C<F@ HU)+C CE(r)

D(S) B m s D(T)

where the last inequality follows from the above observation that, in the regime I > 1, the
inequalities
F(r) < Cor*D(r), F'(r) =H(r) < tD(r)

hold almost everywhere. This completes the proof. O

6.2.4 Proof of Propositions 6.2.9 and 6.2.10

We will need the following version of the Poincaré inequality.

Lemma 6.2.14. There exist a radius 0 < o = 19(m, Q) < inj(X) and a geometric constant C > 0
with the following property. Let N &€ F(]Q’Z(NQ) be a multiple valued section of N Jac-minimizing
in Q. Assume p € Q is such that N(p) = Q[O]. Then, the inequality

INII B, () < Cr?Dir™*(N, By (p)) (6.96)

holds true for every 0 < r < min{ro, dist(p, 9Q)}.
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Proof. Letry = 1o(m, Q) be the radius given by Theorem 6.0.1, and let r < min{ry, dist(p, 0Q)}
be arbitrary. Let p € (0, %] be a radius to be chosen later and split ||N"%Z(BT (p)) Into the
sum
/ INZdH™ = / INJZdH™ +/ INJZ dFH™. (6.97)
+(p) By (p) B (p)\Bo(p)
In order to estimate the first term in the sum, we recall that [N|*(x) = G(N(x), Q[0])? =
G(N(x),N(p))? and exploit the a-Holder continuity of N to conclude

/ NI < P NI, ) By )
o

(6.1) 2 . 5
< Cp” | Dir(N, B2, (p)) + A N[~ dH™
BZD(P)
6.98
< Cp?Dir(N, B, (p)) + CAp? / INJZ dH™ (©99)

+(p)

< CPDIr"E (N, B, (p)) + C(A + Co)p? / NP2 dH™,
B:(p)

:II1

=:1

where Cy depends on A and A.
As for the second addendum in (6.97), we integrate in normal polar coordinates with
pole p to write

/ INZdH™ = / ( / IN|? dJ{m‘> dr. (6.99)
B: (p)\Bo(p) p 0B (p)

Now, fix any T € (p,r), and for every x € 0B<(p) let yx = v«x(s), s € [0,1], be the unique
geodesic parametrized by arclength joining p to x. Also denote by X the point where vy
intersects 0B, (p). Then, the fundamental theorem of calculus immediately yields

INR(x) < [NP(X) +2 / (INIIVNI) (x(s)) ds. (6.100)
P

Integrate the above inequality in x € 0B(p) to get

T

m—1
/ INZdH™ T < C <) / INZdH™ ! +2 IN|IVAN|dH™ | .
9B (p) p B, (p) B (p)\By(p)
(6.101)

Using once again the Holder estimate (6.1) and recalling that p < 7, we are able to control

T

m—1 R 1 . 1 , , 1
<p) /aB iy N BETS <p) P INJCoa (g (p)) 7™ (0Bo (P))
P

< Ctm 1 p2op—m—2x <Dir(N,Br(p)) +A IN|? dJ{m> .
B (p)
(6.102)
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We can now integrate in T € (p, 1), so that using the estimates in (6.101) and (6.102) we can
easily deduce from (6.99) the following inequality:

2
/ NEasem < ¢ (2) 7 PDirE (N B (p)
B (p)\Bo(p) T
=:J1

+C(A+ co)pZ“/ IN|Z dH™
B (p) (6.103)
=J2

T m—1
+C () r/ IN|IVEN|dFH™,
Y B.(p)

=J3

where C and Cy are geometric constants. Now we can sum up the contributions coming
from the ball B, (p) and from the annulus B+ (p) \ B, (p) and choose p = p(A, C, Cp) so small
that the terms I, and ], are absorbed in the left-hand side of the equation, thus ultimately
providing

/ ( )|N|2 dH™ < crzDirNZ(N,Br(p))+Cr/ ( )|N||viN|dJ{m. (6.104)
r P (P

Finally, use Young’s inequality: for any choice of the parameter n > 0, (6.104) implies
that

1
/ IN]ZdH™ < Cr?DirM* (N, B (p)) + Cr (n/ INIZdJ-Cm—i—nDirNZ(N,BT(p))).
+(p)

(6.105)
The conclusion immediately follows by choosing 1 such that Crn = 7. O

+(P)

Proof of Proposition 6.2.9. First observe that if N does not vanish identically in a neighbor-
hood of p, then there exists 1y > 0 such that H(rg) > 0. Clearly, without loss of generality
we can suppose that (6.96) holds for every 0 < r < 7, and also that (6.62) holds in any
interval [s,t] C (0, 1] such that H‘ 5] > 0. We claim that in fact H(r) > 0 for all 0 < r < 1p.
Indeed, if this is not true, let p > 0 be given by p := sup{r € (0,710} : H(r) = 0}. By definition
H(r) > 0 for p < r < 1o, whence for such 1’s we can take advantage of Theorem 6.2.8 and
write
I(r) < Co(1+1(ro)).

By letting r | p we conclude
pD(p) < Co(1+1I(ro))H(p) =0,

which in turn produces DirNZ(N,Bp(p)) = 0. Then, by Lemma 6.2.14, N vanishes identi-
cally in B, (p), contradiction.
It is now a simple consequence of Theorem 6.2.8 that

limsup I(r) < Co(1+1(r0)),

r—0

which completes the proof. O
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Proof of Proposition 6.2.10. Under the assumptions in the statement, case (ii) in Proposition
6.2.9 must hold, and thus the frequency function is well defined and bounded in an interval
(0,To]. Moreover, the Poincaré inequality (6.96) implies that, modulo possibly taking a
smaller value of 7, the first variation estimates of Lemma 6.2.13 can be again re-written as
in (6.72) and (6.73), and that (6.88) holds. Thus, we can compute:

;. D(r) rD'(r) rD(r)H'(r)
B T R R (F.
= EE:; + HET) (zc(r) + D) + & (r)) - ;]?T()Tg (m_ "H(r) + 2B + 52(r)>
_ H?:)Z (G(MH(r) —E(1)?) + H?r) & (r) - ;{D(Sg &2(r) + &3(r),
(6.106)
where
(6.73)
l€1(r)] < CorD(r), (6.107)
(6.71)
|€2(r)] < CorH(r), (6.108)
and
es(m) = 2B g0y 7L o D (6.100)

H(r)? H(r)? ’

if 1o is chosen small enough. Since G(r)H(r) —E(r)? > 0 by the Cauchy-Schwartz inequality,
the above arguments show the existence of a radius 1o > 0 and a geometric constant Cy > 0
such that

I'(r) > —Corl(r) — CorI(r)? (6.110)

for all r € (0,19]. On the other hand, for such 1’s one has I(r) < Co(1 +1I(ro)) by Theorem
6.2.8. Thus, this allows to conclude that

I'(r) > —AI(r), (6.111)

for some positive A depending only on ro and I(ro). The monotonicity of the function
T+ e I(r) is now a simple consequence of (6.111).
Next, we conclude the proof showing that the limit

Ip := lim e*I(r) = lim I(r) (6.112)
r—0 r—0

is positive. To see this, we show that the Poincaré inequality (6.96) allows to bound the
frequency function from below with a positive constant. Indeed, arguing as in the proof of
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Lemma 6.2.14 (cf. in particular the equations (6.101) and (6.102)), it is easily seen that one
can estimate

H(r) :/ INZdH™ ' < C / IN|Z dFH™ ! +/ IN|IVEN|dH™
0B:(p) 635(1)) Br(p)\B%(p)

< Cr (Dir(N,BT(p)) +A INJ? d:}cm> + c/ IN[IVAN|dH™
B:(p) B:(p)

< CrD(r) 4 CrF(r) + c/ IN[[VAEN]dH™.
B (p)

(6.113)

In turn, applying Young’s inequality to the last addendum in the right-hand side of
(6.113) yields

/T(p) INIVENdH™ < SD(1) + leF(r). (6.114)

Plugging (6.114) in (6.113) and using the Poincaré inequality (6.96) finally gives
H(r) < C(1+71*)rD(r) < C(1+13)rD(r), (6.115)
thus completing the proof. O

63 REVERSE POINCARE AND ANALYSIS OF BLOW-UPS FOR THE TOP
STRATUM

The final goal of this section is to perform the key step in the proof of Theorem 6.0.3,
namely the blow-up procedure, see Theorem 6.3.8 below. In doing this, we will clarify the
importance of the results obtained in the previous paragraph.

6.3.1  Reverse Poincaré inequalities

The proof of the blow-up theorem will heavily rely on an important technical tool, a
reverse Poincaré inequality for Jac-minimizers. In Proposition 6.2.4, we have already shown
that Jac-minimizers enjoy a Caccioppoli type inequality: the L?-norm of a Jacobi Q-field
N in a ball B, (p) controls the Dirichlet energy in the ball with half the radius. As an
immediate consequence of the boundedness of the frequency function, one can actually
show that the Dirichlet energy in B: (p) can be controlled with the [2-norm of N in the
annulus B;(p) \B% (p), provided that we allow the constant to depend on the value of the
frequency at a given scale.

Proposition 6.3.1. Let N € F]Q’Z(NQ) be Jac-minimizing. Then, there exists vo > 0 such that for
any v € (0,7o] one has

)< &

Dir"I (N, B <=
-
B.(p)\By (p

NI

INJ? d™ (6.116)
)

for some positive C = C(I(rop)).
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Proof. If N is vanishing identically in a neighborhood of p there is nothing to prove. There-
fore, we can assume that either N(p) # Q[0] or N(p) = Q[O] but N does not vanish
identically in any neighborhood of p. In any of the two cases, either by the arguments
contained in Remark 6.2.7 or by Proposition 6.2.9, there exists a positive radius 1o such that
the frequency function is well defined and bounded for all r € (0,1o]. Thus, there exists
a positive constant C = C(I(rp)) such that, for fixed r < 1o, TD(7) < CH(7) for 7 in the
interval [%,7]. Integrate with respect to T to get (6.116):

3 2y NE 3 00(T /T
= r == -] < D(T) dt
r“Dir (N,Bj(p)) 8T D( ) < . D(1)d

.
< c/ H(t)dt = c/ IN|Z dH™.
3 B:(p)\By (p)

O]

The Caccioppoli inequality can in fact be improved further under the assumption that
N(p) = Q[O]: indeed, at small scales the inequality (6.56) holds without having to increase
the support of the ball on the right-hand side. Again, for this to be true we need to allow
the constant to depend on the value of the frequency at scale 7.

Proposition 6.3.2 (Reverse Poincaré Inequality). Let N € F(S’z (NQ) be Jac-minimizing. Assume
N(p) = Q[O]. Then, there exists ro > 0 such that for any r € (0, 7] the following inequality

C

Dir™ (N, B, (p)) < 5 / INEas (6.117)
(P

holds for some positive C = C(I(ro)).

Proof. Once again, we observe that (6.117) is trivial when N = Q[0] in a neighborhood of p.
We assume then that case (ii) in Proposition 6.2.9 holds, and we let 1 be the radius given
in there. Since the frequency function is well defined and bounded in (0, o], there exists
C = C(I(rp)) > 0 such that

/ IVENP dH™ < C/ INJZdH™ T, (6.118)
B (p) T JoB.(p)

for all r’s in the above interval. Arguing once again as in the proof of Lemma 6.2.14, we
have that for every p € (0,%] it holds

m—1
/ INPdH™ 1 < C <T> / IN2 dgem— +z/ INIVEN[dF™ |
9B (p) p 9B, (p) B (p)\B,(p)

(6.119)
Furthermore, by the Holder continuity of N and since p < 5 we also have

™ 2 (6:96) P22 2 2
<) / INPdgm—! < c(f) r(/ VLN dﬂfm+(Co+/\)/ IN| dg{m>.
p aBp(P) T Br(p) r(P)

(6.120)



114

| REGULARITY THEORY

Combining (6.118), (6.119) and (6.120) gives
2
/ VAN Az < (8) </ |viN|2d:Hm+/ INP dz}cm>
B.(p) T B.(p) B.(p)

+ = <) / IN||VEN|dH™.
T \P +(p)

Now, if we choose p so small that C (%)20c < % then from (6.121) follows

(6.121)

/ |viN|2d9cm</ |N|2d%m+c/ ININ] dgem
+(p) +(p) T JB.(p)

C C
g/ |N|2d9{m+n/ IVLledJ{er/ IN]Z dFH™,
L (p) 2r - /B, (p) B, (p)

2m
(6.122)
by the Young’s inequality. Choose n = ¢ to obtain
LN gem C 2
/ [VEN[FdH™ < <2 +2) / IN|4, (6.123)
+(p) T +(p)
which immediately implies (6.117). O

Now that we have the Reverse Poincaré inequality at our disposal, we can enter the core
of the blow-up scheme.

6.3.2 The top-multiplicity sinqular stratum. Blow-up

The main difficulty in the proof of Theorem 6.0.3 consists of estimating the Hausdorff
dimension of the set of singular points with multiplicity exactly equal to Q. The proof of
the general result then follows in a relatively easy way by an induction argument on Q.
Therefore, it is fundamental to study the structure of the top-multiplicity singular stratum of
N, denoted sing, (N) and defined as follows.

Definition 6.3.3 (Top-multiplicity points). Let N € F(]g’z(fNQ) be Jac-minimizing. A point
P € Q has multiplicity Q, or simply is a Q-point for N, and we will write p € Dg(N), if
there exists v € T X such that N(p) = Q[v]. We will define the top-multiplicity regular and
singular strata of N by

regQ(N) =reg(N)NDgqg(N), singQ (N) :=sing(N) N Dgq(N),
respectively.

From this point onward, we will assume to have fixed a point p € Dg(N). The first step
is to show that without loss of generality we can always assume that N(p) = Q[0]. Recall
the definition of the map n given in (2.14).

Lemma 6.3.4. Let N € F]Q’Z(NQ) be Jac-minimizing. Then:
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(i) the map noN: Q — RY is a classical Jacobi field;
(ii) if ¢: Q — RY is a classical Jacobi field, then the Q-valued map w = Y [N+ ] is Jac-
minimizing.
Proof. Recall (cf. Remark 4.2.8 and the notation therein) that a normal vector field ¢ €
r'-2(NQ) = F; ’Z(NZ) is a Jacobi field if it is a weak solution of the linear elliptic PDE on

the normal bundle NX
(—Af —ﬂ—%) (=0,

that is, if the identity
[ (19 VHoh = (A G A 0) - R 9)) @3 =0 (6.124)

holds for all test functions ¢ € C' (Q,R?) with spt($p) C Q' € Q and ¢(x) € TLE C TLM
for every x € Q.

In order to prove (i), first observe that the map n preserves the fibers of the normal
bundle, so that n o N(x) € T Z for a.e. x € Q and thusnoN € I'?(NQ) = F11'2(NQ). Now,
fix any vector field ¢ as above. It is immediate to see that we can test the outer variation
formula (6.30) with P(x,u) := ¢d(x), and that the resulting equation is precisely

/Q ((Vl(n oN): Vi) —(A-(moN): A-d)—R(n oN,d))> dH™ =0,
that is 1 o N solves (6.124) and the proof of (i) is complete.
In order to prove (ii), we take any h € F(]Q’Z(NQ) such that hlso = N|ga and we show

that
Jac(u, Q) < Jac(h, Q),

with h = 5 ,[h* + ]. We compute:
Q
Jac(u, @) = [ 5~ (IFH(N*+ OF A- (N'+ OF = RIN'+ L N+ 0)) de™
Q=1

=Jac(N, Q) +Q (/ (Ve —1A - 2P —R(C, Q) d%m)
Q
20 ([ (TN TEG = (Ao N) s ALD) - Ko, ) 5.
Using that Jac(N, Q) < Jac(h, Q) and recalling the definition of h, we see that
Jac(u, Q) —Jac(h, Q) < ZQ/ (VEmoN—noh): V1)
Q
~2Q [ (A-tmoN=nah): A-Q
-2Q [ ’tneN-nong =0,

because ( is a Jacobi field and the function @ =1 oN —noh isa W2 section of the normal
bundle vanishing at 0Q). This completes the proof. O
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Remark 6.3.5. As a simple corollary of Lemma 6.3.4, if N is Jac-minimizing then the Q-
valued map N = 3 ,[N! — 1 o NJ is a Jac-minimizer with n o N = 0 and the same singular
set as N. Therefore, there is no loss of generality in assuming that n o N = 0, and, thus,
that every Q-point p satisfies N(p) = Q[0]. In particular, when p € Dg(N) we can apply
all the results of the previous section that were proved under the above assumption. Fur-
thermore, the content of Proposition 6.2.9 becomes more apparent in this context. Indeed,
the dichotomy stated in there discriminates perfectly between regular and singular top-
multiplicity points: p € reg (N) if and only if the condition (i) is observed; on the other
hand, p € sing (N) if and only if the frequency function is well defined and bounded in a
neighborhood of p.

In view of the above remark, we assume from this point onwards that N is Jac-minimizing
and such that no N = 0. We fix a point p € singQ (N), and an orthonormal basis

(61/"-/em/em+1/'"/em—l—krem—l—k—l—]r--'/ed)

of the euclidean space R with the property that T,Z = span(es,...,em) and TPLZ =
span(em-1,--.,em+k). Choose local orthonormal frames (&;){"; and (v“)];:1 of TX and
NZ respectively which extend the basis at p, that is, such that &;(p) = e fori=1,...,m
and v (p) = em+o for @« = 1,..., k. With a slight abuse of notation, we will sometimes
denote the linear subspace R™ x {0} x {0} by R™ and {0} x R¥ x {0} by R¥.

Let o > 0 be such that all the conclusions from the previous paragraphs hold. For every
T € (0,10], translate and rescale the manifolds M and %, setting

that is M; = 1, r(M) and Z, = p +(Z), where

X—p
.

bp,r(x) ==

The manifolds M, and X, will be regarded as Riemannian submanifolds of R9Y with the
induced euclidean metric. We will let

ex;: B CToly ~R™ = X,
be the exponential map, and we will use the symbol 1\, » to denote the map
Yp,r = L;,]T 0 eXy.

Observe that 1\, » maps the euclidean ball B; (0) ¢ R™ diffeomorphically onto the geodesic
ball B, (p) C L.

Remark 6.3.6. Observe that, since ToM, = T,M = span(e,...,em4k) for every r, the
ambient manifolds M, converge, as r | 0, to R™*K x {0} in C3B. For the same reason, the
I,’s converge to R™ x {0} x {0} in C>P and the exponential maps ex, converge in C>P to
the identity map of the ball By C R™ (cf. [DLS16b, Proposition A.4]).
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Definition 6.3.7. We define the blow-ups of N at p as the one-parameter family of maps
Npq: B1 C ToZy = Ag(R?) indexed by r € (0, 70] and given by

_TIN@Wpr(y)) _ v N(ptrexi(y))

Npr(y) = =
pr N[l 2B, (p)) INI[L2(B, (p))

(6.125)

Observe that the maps N, ;- are well defined because N is not vanishing in any ball B (p)
with 0 <1 < 7p.
The next theorem is the anticipated convergence result for the blow-up maps.

Theorem 6.3.8. Let N € F(S’Z(NQ) be Jac-minimizing with no N = 0. Assume p € singQ(N).
Then, for any sequence Nop, 1 with v; | 0, a subsequence, not relabeled, converges weakly in w2
strongly in L? and locally uniformly to a continuous Q-valued function Np: By C R™ — Ag(R¥)
such that:

(a) A(0) = QO] and mo A, = 0, but || A28,y = 1, and thus, in particular, Ny is
non-trivial;

(b) A3 is locally Dir-minimizing in By;
(c) Ap is u-homogeneous, with w = Lo (p), the frequency of N at p defined in (6.64).

Remark 6.3.9. Any map .4}, which is the limit of a blow-up sequence Ny v, in the sense
specified above will be called a tangent map to N at p.

Proof. Let N and p be as in the statement. For any sequence r; | 0, let us denote M; := My,
L= ZT)., exj 1= eXy;, Pj = Il)‘p,T,' and Nj := Np,rj in order to simplify the notation. We will
divide the proof into steps.

Step 1: boundedness in W'?. Assume for the moment that j € IN is fixed. We start esti-
mating ||Nj|[r2(g,). Changing coordinates x = 1;(y) in the integral, we compute explicitly

INIE2 s, (o) :/ IN(x)? dH™ (x)
) B:. (p)

: (6.126)
— INIE2a, . NS R Texy(y)d,
1
and thus
. N (y)I? Jex;j(y) dy =1 (6.127)
:
for every j. By the considerations in Remark 6.3.6, we can deduce that necessarily
1 2
E < ”Nj”[_z(gﬂ <2 (6.128)

when j is large enough.
Next, we bound the Dirichlet energy of the blow-up maps in B;. For any y € By C ToZ;,
and for alli=1,...,m, let &; = ¢;(y) be the vector in ToZ; defined by

d(exj)ly - €i(y) = &ilp +rjex;(y)).

117



118 | REGULARITY THEORY

We note that, when j 1 oo, €; converges to e; = &;(p) uniformly in Bj.
Again by changing variable x = 1;(y) in the integral, we compute:

Dir(N, By, / Z D, N(x)> dH™ (x)
’NH (6.129)

—— S ID,Ny ()2 Jexy () dy.

Ti=1
On the other hand, using that N takes values in the normal bundle, we have the usual

estimate
Dir(N, By, (p)) < Dir’*(N, B, (p)) + Co|IN llﬁzwﬁ_ () (6.130)

for some positive geometric constant Co = Co(A, A). From (6.129) and (6.130) we conclude
that for any j

2 Dir™* (N, By, (p))
3 10N ()2 Jex; (y) dy < !
/B ‘ j NI

1i=1

+Corf <C(1+7§),  (6.131)
By ()

because of the reverse Poincaré inequality (6.117). Thus, we conclude that the Dirichlet
energy of the blow-up maps in B; is bounded:

Dir(N;,By) : /Z|DQIN 1> dy < C. (6.132)
B

1i=1

Step 2: convergence. The W12 bounds given by estimates (6.128) and (6.132), together
with Proposition 2.2.17, clearly imply the W'-2-weak and L2-strong convergence of a sub-
sequence in By. We claim now that the Nj’s are locally Holder equi-continuous. This is
an easy consequence of the Holder estimate in (6.1) and of the reverse Poincaré inequality.
Indeed, for any 0 < 8 < 1 and for any points y1,y2 € Bg one has the following:

T

IN[[r28 [(p)

S(N;(y1),N;(y2)) = S(N(p +15ex5(y1)), N(p +T15ex;(y2)))

-
”NHLZ ;(P))
< 5 /2
IN[[L2 (B, (p)) L 1 (P)) 4 (A Co)l HLZ(Brj(P)) Y1 —yal
)

(6.117) o
< C(T+T15)yr —y2l*™.

CERE AR

(NI cow (B, (p)) AP +T5€X5 (Y1), P+ 1jex1 (y2))*

Hence, for every 0 < 0 < 1 there exists C = C(0) > 0 such that

N; N
[N cox(By) = SUP S( |J (91_) fo((yz))
ylryzeﬁe Y1 Y2

<C (6.133)
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for all j. Since N;j(0) = Q[O0], the Nj’s are also locally uniformly bounded, hence the
Ascoli-Arzela theorem implies that, up to extracting another subsequence if necessary, the
convergence is locally uniform, and the limit is a continuous Q-valued function .4},: By C
R™ — Ag(RY).

Step 3: properties of the limit: proof of (a). It is immediate to see that no.4;, = 0. Indeed,
from the assumption that n o N = 0 and the definition of the blow-up maps, we deduce
that n o Nj = 0 for every j. Now, the N;’s converge to .4, locally uniformly, and thus

noAply) = lim noN;(y) =0
for all y € By. With the same argument, using the pointwise convergence of N; to .4}, and
the fact that N;j(0) = Q[0] for every j we conclude that .4, (0) = Q[O0].

Nonetheless, the map .#;, is non-trivial. Indeed, since Nj — .4}, strongly in L?, estimate
(6.1277) guarantees that:

A5 oy = i [Ny () e ) dy = 1. (6134)
1

Next, we see that .4}, (y) € AQ(]Rk) for every y € B1. Indeed, considering the projection
%(1) of .4, onto the subspace R™ x {0} x {0} we easily infer that

Py = [ 33 Aty e dy
1

1(7, 1i=1
Q m
= lim [ 33 INS(w), o+ mexs () dy =,

because of the definition of Nj. Analogously, the projection %(3) onto {0} x {0} x R¥ satis-
fies

K
PRy = [ ZZ U, em i p) P dy
1

‘El

Q K
= lim Z Z (NS (y),mp (p+ Tjex;(y)))I* dy =0,

j—o00 By n

where the 1p’s are a local orthonormal frame of the normal bundle of M in R¢ extending
the e 414 ’s in a neighborhood of p.

Step 4: harmonicity of the limit: proof of (b). We show now that .4}, is locally Dir-minimizing
in By and, moreover, that for every 0 < p < 1 the following identity holds true:

Dir(.45,By) = liminf Dir(N;, B,). (6.135)

)—0o0

In order to obtain the proof of the above claim, we need to exploit the minimizing prop-
erty of the Jacobi Q-valued field N in order to deduce some crucial information on the
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blow-up sequence Nj. Fix j € N, and let u: By C ToZj; ~ R™ — Ag(RY) be any W2 map
such that ulpg, = Njlag,. Then, the map @t € W' (B+;(p), Aq(RY)) defined by

a0 =15 Nl (o) (wowy ™) (x
m Q k
:T;THNHLZ(Br Z (u' Oll) vp(x)vp(x)

=1 || p=1

is a section of NX in By, (p) such that iy, (p) = Nlas,, (p). By minimality, it follows then
) )
that
]aC(N/BTj (P)) g ]ac(ﬁ, BT‘j (P)) (6136)

Standard computations show that (6.136) is equivalent to the condition
F5(Nj) < F(u), (6.137)

where .7j(u) is the functional defined by

Q m k 5
%(u):/B ZZ|<Deiue(y),vaowj(y)>+rj<uf(y),(Daiv“—v§va)owj(y)( Jex; (y) dy
T{=1i=1 =1
Q
—rf/ Z(\Aow](y) (uty mow)((u“)”ﬂyn(ue)”i“”)>Jexl(y)dy
Big—1

(6.138)

on the space of u € W'? (By, Aq(RY)) such that ulsg, = Njlop,. Note that the following

notation has been adopted in formula (6.128): (ul) ") is the orthogonal projection of the
vector u‘(y) onto Tltj (y)& given by

p=1

Hence, one has

2 m k 2

Ao;(y) - (w7t w Z Z AP (W5 () W (y), ve (W (v)]
iL,h=1|p=1

with Af’h = (A&, &n),vp), and

m k
Rops((ub) ), (uh ) = Z Z Fay (05 (00) (), v (5 (9))) (u (y), vy (W5 (y)),

with Rig = (R(&i,vp)Vy, &)
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Now, for every 0 < p < 1, set

D, := liminf Dir(Nj, B) _11m1nf/ ZlDelN 2 dy,
B

j— —
)—0o0 )—0o0 0im1

and suppose by contradiction that either .4}, is not Dir-minimizing in B, or Dir(.4},B,) <
o > for some p. In any of the two situations, there exists a pp > 0 such that for any p > po
there exists a multiple valued map g € W]'Z(BP,AQ (R*)) with

glos, = Aplos, and vy, : =D, —Dir(g,B,) > 0. (6.139)

A simple application of Fatou’s lemma shows that for almost every p € (0,1) both the
quantities lim inf; Dir(Nj, 0B, ) and liminfj ||N; ||Lz oB,) are finite:

1 1
liminf Dir(Nj, 0B, ) dp < liminf [ Dir(Nj, 0B,)dp = liminf Dir(N;, B) < M < oo,

1 1
. . . 2 . . . 2 _1: . 2 _ 2
/o hgglf”N]”Lz(aBp) dp < hjfgg}f/o IN;l[2(a8,) dp = )15{}0 IN; IT2¢8,) = l-4pllT2(8,) < 1

Therefore, passing if necessary to a subsequence, we can fix a radius p > po such that

Dir(45,0B,) < lim Dir(Nj,0B,) <M < o0 (6.140)
j—o0
and
H%H%Z(agp) < ],ILIEOHN;'H%z(@Bp) <1 (6.141)

This allows us also to fix the corresponding map g satisfying the conditions in (6.139). The
strategy to complete the proof is now the following: we will use the map g to construct, for
every j, a competitor u; for the functional .%;, that is a map u; € W12 (B, SAQ (R9)) with
ujloB, = Njlag,. Then, we will show that if j is chosen sufficiently large then .%;(u;) <
Z3(Nj), thus contradicting (6.137) and, in turn, the minimality of N in B, (p).

The construction of the maps u; is analogous to the one presented in [DLS11, Proposition
3.20]: we fix a number 0 < § < § to be suitably chosen later, and for every j € N we define
u;j on By as follows:

g (pﬁj‘%) fory e B,_s,

uj(y) = h;(y) fory € B, \ Bp—s,
N;(y) fory € By \ By,
where the maps h; interpolate between g (ﬁ) = M (%) € W'2(dB,_5,Aq) and
N; € W12(3B,, Aq). Observe that the existence of the hy’s is guaranteed by Proposition
5.1.1 (also cf. [DLS11, Lemma 2.15]).

Observe that the inequality
Dir(.#p,Bp) < Dy

is guaranteed for every p because the Dirichlet functional is lower semi-continuous with respect to weak con-
vergence in W2,
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As anticipated, the goal is now to show that this map u; has less .%; energy than N;
when j is big enough (and thus rj is suitably close to 0). We first note that u; differs
from Nj only on B, therefore our analysis will be carried on this smaller ball only. Then,
fix a small number 6 > 0, and recall that, in the limit as j 1 oo, the exponential maps
ex; converge uniformly to the identity map of the unit ball in R™, whereas the maps ;
converge uniformly to the constant map identically equal to p. Hence, the first line in the
definition of .%;(u;) can be estimated by

ﬁjm(uj)\Bp < (1+0)Dir(u;, By) + 0] ”52(39) (6.142)
for all j > jo(6). On the other hand, the definition of u; together with the estimate (5.3)
imply that
Dir(u;, By) < Dir(uj, Bp—s) + C5(Dir(u, 3B, _s) + Dir(N;,3B,)) + % S(uj, Nj)?
0B,
C
< Dir(g, By) + C8Dir(4;, 8B, ) + C8Dir(N;, 3B,,) + 3 S(A5,Nj)2
G):
(6.143)
whereas
2 2 2
||ui”L2(Bp) = ||uj”L2(Bpfé) + Hu)’HLZ(Bp\Bp,é)
2 2
< HgHLZ(Bp) + ”thLZ(Bp\Bpfé)
(6.144)

(5-2)
2 2 2
< lgliZgs,) + €8 (145017208, + IN3 12z 05,

G141
< HQHLZ(BP) +3Cb.

Concerning the second term in the functional .7, it is easy to compute that

1

3 3
.(2](11].)]39gyj(z)(Nj)}BpJFCrf (/B |N)-|2dy> (/B 9(uj,Nj)2dy> —|—er2/8 S(u;,Nj)? dy

[
<7 )(Ni)}sp +Cry,
(6.145)

because the L? norms of both the maps 1; and N; are uniformly bounded in j.

We can finally close the argument. Choose 6 such that 4C5(M + 1) < y,, where M and v,
are the constants in (6.140) and (6.139) respectively. Invoking (6.140) and using the uniform
convergence of Nj to .4}, from (6.143) follows

C
Dir(u]-,Bp)gDp—yp+czszvl+czs(1\/1+1)+g . S(Ap,Nj)2
v, C py (6.146)

<D A T N:)? < _ e
P 2 + 5 aBpg(‘/%’ )) P 4
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whenever j is sufficiently large. A suitable choice of the parameter 6 in (6.142) depending
onyp, Dy and [|g|[r2(g,) allows to conclude that for j big enough (depending on the same
quantities):

() Y
7 )y, <Dy — 22
< Dir(Nj,Bp)—% (6.147)
(1) Yo
<g\) (Nj)‘Bp_ﬁ-

Observe that in the last inequality we have used again that the manifolds X; are becoming
more and more flat in the limit j 1 oo, and also that the projection of the Nj’s on the
orthogonal complement to IR¥ is vanishing in an L? sense in the same limit. Now, summing
(6.145) and (6.147), we conclude:

_ Yo

] + CT]-Z. (6.148)
The desired contradiction is immediately obtained by choosing j so big that Csz < L.

Step 5: homogeneity of the limit: proof of (c). We conclude the proof of the theorem showing
that the limit map .4}, admits a homogeneous extension to the whole R™. In other words,

the goal is to show that
w
Py p
Ml =) =) M
v <|y|> <|y|> o)

forally € By \ {0}, for all 0 < p < 1, and with u = I5(p).

The strategy is to take advantage of [DLS11, Corollary 3.16]: since .4}, is Dir-minimizing,
in order to prove that it is homogeneous it suffices to show that its frequency function at
the origin y = 0 is constant. Hence, we set for 0 < p < 1:

S(p) = () (6.149)
where
Q m k
7(p) = Dir( 47, B) = [ Dy = / 233 DekiemiPay, (6150
and
H(p) = /aBprlz dy. (6.151)

We first observe that .7 (p) is well defined for all p € (0, 1). Indeed, if there is py such that
J(po) = 0, then by minimality it must be .45, = Q[0] in B,,. On the other hand, the unique
continuation property of Dir-minimizers (cf. [DLS16a, Lemma 7.1]) would then imply that
p = Q[O0] in the whole By, which in turn contradicts the fact that |45/ 2(5,) = 1. In
other words, this shows that the origin is singular for .4;,.

123



124

| REGULARITY THEORY

Extract, if necessary, a subsequence such that the liminf in (6.135) can be replaced by a
lim, and compute:

k
_ prp ZEQ:1 221 Zoc:] |<D€i‘%el em+oc>|2 dy

J(p)

faBp | Ap 1> dy
0, T T T DN v ) e ) dy
j=>o0 Jow, IN;I*Jex; (y) dy (6.152)
_ i PP (N, Bor, (p))
j—oo faBm]. (») INJ2 dFem—!
= Jim w = Jim 1(pry) = Io,

where we have used (modifications of) formulae (6.126), (6.129) and finally (6.112).
As already anticipated, [DLS11, Corollary 3.16] implies now that .4}, is a pi-homogeneous
Q-valued function, with u = Ip(p) > 0. O

Remark 6.3.10. Note that from the proof of Theorem 6.3.8 it follows that the convergence
of (a subsequence of) the Ny, ;; to .4}, is actually strong in W' in any ball B, C B; (cf.
formula (6.135)). This stronger convergence has been in fact tacitly used in deriving (6.152).

6.4 THE CLOSING ARGUMENT: PROOF OF THEOREM 6.0.3

Proposition 6.4.1. Let N € F(S'Z(NQ) be Jac-minimizing. Assume () C L™ is connected. Then:
(i) either N = Q[ with ¢: Q — RY a classical Jacobi field,

(il) or the set Dq(N) of multiplicity Q points is a relatively closed proper subset of Q) consisting
of isolated points if m = 2 and with dims(Dg(N)) < m—2ifm > 3.

Proof. Assume without loss of generality that noN = 0, so that p € Dg(N) if and only if
N(p) = Q[0]. We first observe the following fact: the set Dg(N) is relatively closed in Q.
This can be rapidly seen writing Do (N) = o~ ' ({Q}), where o: Q — IN is the function given
by

o(x) := card(spt(N(x))), (6.153)

and noticing that, since N is continuous, ¢ is lower semi-continuous.

We will now treat the two cases m = 2 and m > 3 separately.

Case 1: dimension m = 2. In this case, we claim that the points p € singQ (N) are isolated in
D@ (N). Assume by contradiction that this is not the case, and let p € singQ (N) be the limit
of a sequence {xj};?i1 of points in Dg(N). Set 7j := d(x;,p). Since 7; | 0, by Theorem 6.3.8
the corresponding blow-up family N, », converges uniformly, up to a subsequence, to a Dir-
minimizing, u-homogeneous tangent map .45 : By C R? — Ag(R*) with Apll2g,) =1
and n o .4}, = 0. Moreover, since each x; € Dg(N), the points y; := Lb;,}j (x;) are a sequence
of multiplicity Q points for the corresponding Ny, +; in S! = 9B;: from this, we conclude
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that there exists w € S! such that .4, (w) = Q[0]. Up to rotations, we can assume that
w = eq. Denote z := %e1 , and observe that, since .4}, is homogeneous, necessarily .4} (z) =
Q[0]. Consider now the blow-up of .4}, at z: by [DLS11, Lemma 3.24], any tangent map h
to .4, at z is a non-trivial 3-homogeneous Dir-minimizer, with 3 equal to the frequency of
A at z, and such that h(x1,x3) = h(x2), for some function h: R — AQ(IRk) which is Dir-
minimizing on every interval. Moreover, since Dir(h, B7) > 0, it must also be Dir(h,I) > 0,
where I := [—1,1]. On the other hand, every 1-dimensional Dir-minimizer h is affine, that
is it has the form h(x) = Z?: 1 [Li(x)], where the Li’s are affine functions such that either
L; = L or Li(x) # Lj(x) for every x € IR, for any 1i,j. Now, since h(0) = Q[0], we deduce
that h = Q[L]; on the other hand, n o h = 0, and thus necessarily L = 0. This contradicts
Dir(h, 1) > 0.

Hence, if p € Dg (N) then either p is isolated or, in case p is a regular multiplicity Q point,
there exists an open neighborhood V of p such that V. C Dg(N). From this we deduce that
regQ(N) is both open and closed in Q. Since Q is connected, then either regQ(N) =0,
and N = QJ0], or regQ(N) = (), and Do (N) = singQ(N) consists of isolated points. This
completes the proof in the dimension m = 2 case.

Case 2: dimension m > 3. In this case, the goal is to show that }{*(Dg(N)) = 0 for every
s > m—2,unless N = Q[0]. Consider the set singQ (N). We first claim that H* (singQ (N)) =
0 for every s > m — 2. Suppose by contradiction that this is not the case. Then, by [Sim83b,
Theorem 3.6 (2)], there exist s > m — 2 and a subset F C singQ(N) with J*(F) > 0 such that
every point p € Fis a point of positive upper s-density for the measure H$ , that is

905, (sing o (N) N B, (p))

TS

lim sup
T—0

>0 foreverypeF. (6.154)

Here, the symbol H5, denotes as usual the s-dimensional Hausdorff pre-measure, defined
by
00 . s o]
diam(Ey,)
S . 1 .
3E(A) ._mf{Zws (2 A JEny,
h=1 h=1
n3

r(s+1)’
HS,, it is worth recalling now that it is upper semi-continuous with respect to Hausdorff
convergence of compact sets: in other words, if K; is a sequence of compact sets converging
to K in the sense of Hausdorff, then

with wg = where I'(s) is the usual Gamma function. Among the properties of

lim sup 33 (Kj5) < HZ (K). (6.155)

j—o0

Now, (6.154) together with Theorem 6.3.8 imply the existence of a point p € singQ (N) and
a sequence of radii rj | 0 such that the blow-up maps Nj = Ny, 2, converge uniformly to a
Dir-minimizing homogeneous Q-valued function .4;,: By C R™ — AQ(]Rk) withno 4}, =
0 and [|-4%][r2(g,) = 1, and furthermore such that

) %go(singQ(N) N By (p))
lim sup S
j—o0 B

>0, (6.156)
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or, equivalently,
lim sup J{go(singQ(Nj) N B%) >0, (6.157)
j—00
where B 1 C ToZ; ~ R™. Set Kj := singQ(Nj) N B1, and observe that, since N; converge
to .4}, uniformly, the compact sets K converge in the sense of Hausdorff to a compact set
K C Dq(4%). From the semi-continuity property (6.155), we can therefore deduce that:

FH*(Dq(Ap)) = HZ(Dq(Ap)) = HE(K)
> limsup K3, (K;) > limsup i}{go(singQ(Nj) NB

j—o0 j—o0

N—=

Since s > m — 2, [DLS11, Proposition 3.22] implies that this can happen only if .4, = Q[(],
where ¢: By — R¥ is a harmonic function. Since 1o .4;, = 0, then it must be .4, = Q[0],
which in turns contradicts the fact that |4} 2(g,) = 1

We can therefore conclude that necessarily H*(sing,(N)) = 0 for every s > m — 2. Since
singQ(N) = 0Dg(N)NQ, either Dg(N) = QO and N = Q[0], or Dg(N) = singQ(N). The
proof is complete. O

Remark 6.4.2. As a corollary of Proposition 6.4.1, one easily deduces the following: if N is
a Jac-minimizing Q-valued vector field in the open and connected subset (O C X which is
not of the form N = Q[(] for some classical Jacobi field ¢, then Dg(N) = singQ (N), that is
all multiplicity Q points are singular.

We have now all the tools that are needed to prove Theorem 6.0.3.

Proof of Theorem 6.0.3. Since our manifolds are always assumed to be second-countable spaces,
Q can have at most countably many connected components, and these connected compo-
nents are open. Hence, there is no loss of generality in assuming that Q) itself is connected:
in the general case, we would just work on each connected component separately.

The fact that sing(N) is a relatively closed set in Q) (whereas reg(N) is open) is an imme-
diate consequence of Definition 6.0.2. Let o be the function defined in (6.153). If x € Q is
a regular point, then it is clear that o is continuous at x. On the other hand, assume x is a
point of continuity for o, and write N(x) = Z)J:1 k;[P'], where the k;’s are integers such
that Zj}:] kj = Q, each PP € TLL and P' # P if i  j. Since the target of o is discrete,
the fact that o is continuous at x implies that in fact o(z) = ] for all z in a neighborhood
U of x. Hence, since N is continuous, there exists a neighborhood x € V C U such that
the map N[y admits a continuous decomposition N(z) = Zj]:1 K; [N (z)], where each map
NJ): V — NI is a classical Jacobi field. Therefore, x € reg(N).

The above argument implies that sing(N) coincides with the set of points where o is dis-
continuous. The proof that its Hausdorff dimension cannot exceed m — 2 will be obtained
via induction on Q. If Q = 1, there is nothing to prove, since single-valued Jac-minimizers
are classical Jacobi fields. Assume now that the theorem holds for every Q*-valued Jac-
minimizer with Q* < Q and we prove it for N. If N = Q[{] with ¢ a classical Jacobi field,
then sing(N) is empty, and the theorem follows. Assume, therefore, this is not the case.
By Proposition 6.4.1, the set Dg(N) = singQ(N) is a closed subset of O which is at most
countable if m = 2 and has Hausdorff dimension at most m — 2 if m > 3. Consider now
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the open set Q' := O\ Do (N). Since N is continuous, we can find countably many open
geodesic balls B; such that Q' = Uj B; and NIBj can be written as the superposition of two
multiple-valued functions:

Nig; = [Nj,0, ] +[Nj@.] withQ1 <Q,Q2<Q (6.159)

and
spt(Nj,q, (x)) Nspt(Nj,q,(x)) =0  for every x € B;. (6.160)

From this last condition, it follows that
sing(N) N Bj = sing(N; o, ) Using(N; o, ). (6.161)

The maps Nj o, and Nj g, are both Jac-minimizing, and thus, by inductive hypothesis,
their singular set has Hausdorff dimension at most m — 2, and is at most countable if
m = 2. Finally:

sing(N) = sing, (N) U U (sing(Nj,q,) Using(Nj,0,)) (6.162)
j=

—_

also has Hausdorff dimension at most m — 2 and is at most countable if m = 2. O
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7 UNIQUENESS OF TANGENT MAPS IN
DIMENSION 2

This last chapter dedicated to the theory of multiple-valued Jacobi fields is devoted to
the proof of the following result.

Theorem 7.0.1 (Uniqueness of the tangent map at collapsed singularities). Let & — M be
as in Assumption 4.1.1, with m = dimX = 2. Let N € F(S’Z(NQ) be Jac-minimizing in the open
set Q C X2, and assume, without loss of generality, that noN = 0. Let p € Q be such that
N(p) = Q[O] but N does not vanish in a neighborhood of p. Then, there is a unique tangent map
Np to N at p (that is, the blow-up family Ny, ; defined in (6.125) converges locally uniformly to
Hp).

Theorem 7.0.1 has the following natural corollary.

Corollary 7.0.2. Let Q be an open subset of the two-dimensional manifold £? < M as in Assump-
tion 4.1.1, and let N € F1Q’2(NQ) be Jac-minimizing. Then, for every p € Q there exists a unique
tangent map A, to N at p.

Proof. The proof is by induction on Q > 1. If Q = 1 then the result is trivial, since N is a
classical Jacobi field. Let us then assume that the claim holds true for every Q' < Q, and
we prove that it holds true for Q as well. Let N € F]Q’Z(NQ) be Jac-minimizing, and let
p € Q. Without loss of generality, assume that 1 o N = 0. If diam(N(p)) > 0, then, since N
is continuous, there exists a neighborhood U of p in Q such that NJ;; = [N'] +[N?], where
each Nt e F(]g’_lz(NU) is Jac-minimizing, Q; < Q for i = 1,2 and spt(N' (x)) Nspt(N?(x)) = 0
for every x € U. By induction hypothesis, N and N2 have unique tangent maps %1 and
%2 at p respectively. Hence, .4}, = [[‘/Vp]]] + [[%2]] is the unique tangent map to N at p.

If, on the other hand, diam(N(p)) = 0, N(p) = Q[0] because of the hypotheses on N. If
N = Q[0] in a neighborhood of p, then the unique tangent map to N at p is .4, = Q[0]. If
N does not vanish identically in any neighborhood of p, then the tangent map .4}, is unique
by Theorem 7.0.1. In either case, this completes the proof of the corollary. O

It only remains to prove Theorem 7.0.1. The plan is the following: first, in Section 7.1
we show that under the assumptions of Theorem 7.0.1 the frequency function I, = In (1)
converges, as 1 | 0, to its limit Iy = Ip(p) > 0 with rate P for some p > 0 (cf. Proposition
7.1.1 below). Then, we will use this key fact to deduce Theorem 7.0.1 in Section 7.2.

7.1 DECAY OF THE FREQUENCY FUNCTION

The main result of this section is the following proposition. Recall the definitions of the
energy function D(r), the height function H(r) and the frequency function I(r).
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Proposition 7.1.1. Let N € F(E’Z(NQ) be Jac-minimizing in Q C L2, and let p be such that

= Q[O] but N does not vanish in a neighborhood of p. Let 1y := Io(p) > 0 be the frequency of
N at p (which exists and is strictly positive by Proposition 6.2.10). Then, there are 3, C,Do, Ho > 0
such that for every r sufficiently small one has

< CrP. (7.1)

We will need a preliminary lemma.

Lemma 7.1.2. Let N and p be as in Proposition 7.1.1. For every u > O there exists Bo = Bo(p)
and C = C(u) such that for every 0 < 3 < o the inequality

T p mip+B)

PO S s m P " T rzn s p)

H(r) + CurD(7) (7.2)

holds true for every r small enough.

Proof. Let 1o < inj(Z) be a radius such that I(r) = Iy, (7) is well defined and bounded in
B (p) for every 0 < r < min{ro, dist(p, 0Q)}. Recall that for every 0 < r < min{ro, dist(p, 0Q)}
the exponential map exp,, defines a diffeomorphism exp,,: D; — B;(p), where D, is the
disk of radius rin R? ~ C. Let g := N oexp,,: D, — AQ(IRd), and let f € W1'2(]DT,AQ(IR‘1))
be the “harmonic extension” of gl,q1 already considered in Section 5.1. In particular, let
©(0) = g(re'?), and let ¢ = 2521 [@¢] be an irreducible decomposition of ¢ in maps
Q¢ € WLZ(S],AQZ(IRd)) such that for some vy, € W'2(S!,R9)

Such an irreducible decomposition exists by [DLS11, Proposition 1.5]. Then, if the Fourier
expansions of the y,’s are given by

o0
Z (agn cos(nB) + by sin(nd)) ,
we consider their harmonic extensions to ID,, namely the functions defined by

Ce(p,0) := % + Z p" (agn cos(nB) + by, sin(nd)) forevery 0 <p <r

n=1

and finally we let

P Qe
0+2 :
E H (VQ“ +Q7Tm>ﬂ for pe'® e D,.
¢

=1 m=0
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Recalling [DLS11, Lemma 3.12], one can explicitly compute the following quantities:

|D1°|2 ZDIT Ce, D) = WZ Z ™ (Jagnl® +[benl?) , (7-3)

{=1n=1
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/S1|6Tf|2:ZDir((pg,rS ZQe/ o) dov = ”ZZ Q Iaen|2+|ben|2)
T =1

=1 n=1
(7.4)
/|f|2rZQe/ yele)? doc = nZQ (‘”'“30' +Zr2““ |aen|2+|ben|2))
(7.5)

where 9. denotes the tangential derivative along S'.
Now, it is an elementary fact (cf. [DLS11, proof of Proposition 5.2]) that for any u > 0
there exists o = Bo(p) > 0 such that for every 0 < 3 < 3¢ it holds

2

2u+pn < g— +u(n+pB)Qe forevery n € N and for every Q. (7.6)
¢

Multiplying (7.6) by mr2m (|c1g,n|2 + |be,n|2) and summing over n and {, we obtain from
(7.3), (7.4), and (7.5) that for every p > 0 there exists 3¢ > 0 such that for every 0 < 3 < B¢

e I 7)

Now, let u:=fo expg] : By (p) — Aq(RY), so that the orthogonal projection u' is a map

in F(S’Z(NBT(p)) with ul‘ NJ,.g1. The minimality of N then implies that

rsl =
Jac(N, B, (p)) < Jac(ut, B.(p))

gDir(uL,BT(p))JrCo/ ( )|u|2
(P

(5.51) . C >
< (14 7)Dir(u, By (p)) + r/ lul=,
+(p)

from which in turn follows
: C 2 2
D(r) < (1+7)Dir(u, B:(p)) + ul“+ Co IN|=.
T JB.(p) +(p)

Using that the metric of £ in B, (p) is almost euclidean when r — 0, we conclude that for
small r’s

D(r) < (1+Cr) [(1+r)Dir(f,lDT)+$/ |f|2]+c0/ INJ?.

T B.(p)
Now, by definition of f one has

/ 2 < Cr / g2 < Cr(1 +Cn) / N2 (7.8)
D, 5! 0B, (p)
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Combining (7.8) with (7.7), we deduce that for every u > 0 there exists o = Bo(n) such
that for every 0 < 3 < B¢

T
D(r) < (1+Cr) [ZH +B JoB(p) T2u+p)

H(r)] T CLH(r) 4+ Co /B INE.@9)
P

Next, observe that the inner variation formula (6.70) together with the Poincaré inequality
(6.96) imply that in dimension m = 2

Dl
A
3B (p) 2

and thus, since, again by the Poincaré inequality

/ N2 < Cr2D(r),
+(p)

< CrD(r),

equation (7.9) reads

D(r) < (1+Cr) [TD/(rH re+B)

— 2
2(2p+B) vt gy A |+ GHN + Cur’Dl). (7.10)

Finally, divide by T+ Cr and use that H(r) < IZ—OTD(T) for small 1’s to finally conclude the
validity of (7.2). O

Proof of Proposition 7.1.1. Let N and p be as in the statement, and fix a suitably small ra-
dius ro > 0. In particular, take vy < min{inj(X), dist(p, 0Q)} such that the conclusions of
Proposition 6.2.10 hold. Recall from the aforementioned proposition that there exists A > 0
such that the function v € (0,79) — e "I(r) is monotone non-decreasing. As an immediate
corollary we deduce that when 1 is small enough

I(r)— Iy > —Cr. (7.11)

The goal now is to get the upper bound. In order to do this, first we exploit the variation
estimates deduced in Lemma 6.2.13 to compute again the derivative

/ D(r) tD'(r) rD(r)H'(r)
PO=8m ™ a/m a2
rD’(r) 2 D(T)E(r) _ rD(T) e ()
H(r) H(r)2  H(r)2 07

_ tD’(r) rD(r)2 rD( )
" H(r) “H()? H@r)?

(8(6 71) ( )+2€(6.69)(r)) s

where

(6.71)
1€6(r)] < CorH(r), (7.12)

(6.69),(6.96) 5
1€6.60) (1) =ID(r) —E(r)] <  Cor"D(r). (7.13)
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Now, apply the estimate (7.2) from the previous lemma with p = Iy to deduce that for
every 0 < 3 < Bo(Ip) one has
rD’(1) D(r)? _ 2

H(T) H(r)2 ? 7

(Io + B —1I(r)) (I(r) — Ip) — 2Cy, (2Io + B)I(7),

so that, recalling that I(r) < C, we can finally estimate

() > 2 (o + B — 1) (1(r) L) — CL(r). (714)

Hence, if we fix 0 < B < Bo(Ip) we easily conclude

d [I(r)—Ip] TI'(r) I(r)—1Ip
dr TP T B b TB+1
| c c (7.15)
Z BT (2o + B —2I(r)) (I(r) — Lo) — B > B
for all radii 0 < r < vo(B).
Integrating in [r, 7o] we conclude
I(ro) —Io I(r)—Io 1-B
_ > —Cr , .16
rg, T'ﬁ 0 (7 )
that is
I(r)—Io < CrP. (7.17)
This concludes the proof of
[1(r) —Io| < CrP (7.18)
To get the other estimates, compute
d 1 H(r) _ H'(r) 2[p+1 _ 2E(r) N 1 E (1) — 2l
dr r2lo+1 H(r) T H(r) ' H(r) ©7 T

2 1

= (I{(r) —Io) + ") (€70 (1) +2E660) (1))

with €.y (1) and & 6q) () satisfying the same bounds as in (7.12), (7.13). Using that I(r) <
C, this allows to conclude that

2 d H(r)
R (I(r) —Ip) = Cr < T [log <r21011>]

After applying (7.18), integrating on 0 < s < r < 1¢ and taking exponentials, we therefore
obtain the estimate

N

% (I(r)—1Ip)+Cr. (7.19)

21p+1
eColrt—sp) ¢ M) 77 co(ro—st).
rZIoJr] H(S)

(7.20)

In particular, (7.20) implies that the map

H(r)e*Cf”[5

re (0,70) — 2051
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is monotone non-increasing. In turn, from this immediately follows the existence of the
limit

. H(r)
Ho := limy 77 -
The rate of convergence
H
rﬂ% —Ho| < CrP for v small enough

is also a standard consequence of (7.20).
Finally, we set Dy := I - Hp and immediately obtain

D(r)
210

H(r)

= ’I(T)r210+1 H(T)

H(r)
< |I(T) - IO| T210+1 + IO

(7.18),(7.20)
2+1 0 <

—Do —IO‘HO S CTB.

(7.21)
O

7.2 UNIQUENESS OF THE TANGENT MAP AT COLLAPSED SINGULAR-
ITIES

We are now ready to prove Theorem 7.0.1.

Proof of Theorem 7.0.1. Let N and p be as in the statement, and recall the definition of the
blow-up maps N, = Ny, . given in (6.125) (together with the definitions of the maps ex;
and P, = Pp, used in there). We first remark that by the Poincaré inequality (6.96) and
the reverse Poincaré inequality (6.117) any convergence result for the maps N, as r | 0 is
equivalent to the same result obtained for the maps

TN ()

Nr(y) = D(T)

Let us assume without loss of generality that Dy = 1. Then, in dimension m = 2 the
decay estimate (7.21) implies that for r | 0

No(z) = PN, (2)) (1+0(*/2)) (7.22)

and therefore in order to show the existence of a uniform limit for the maps N, in D
it suffices to show the existence of a uniform limit for the maps i, (z) := v~ 1ON(,(z)).
Furthermore, if we write z = pe'® € ID; we see immediately that

ar(peie) = TﬁION(‘br(peie)) = plo(pr)iloN(wpr(eie)) = ploapr(eie) ’

and thus our goal will be achieved if we show uniform convergence of the maps fti,|g:. For
the sake of notational simplicity we will then remove the tilde, call w = ¢*® the variable on
S! and consider the one-parameter family of maps u,: S' — Aq(R4) given by

Ur (W) =1 N (w)).
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We then fix 5 <'s < rand compute

2
9(ur/us)2 dj{] _ / 9 (N(U)r(W)), N(ll)s(W))> dg'f] (W)
Sl gl

1o slo
2 d (N (w) 2
</s;(/ dt( T )‘dt) a3 (w) (7.23)
2 NE(p () 2
r=s) gl dt( tlto > dtd9{1(w),

Note that in the above computation we have used [DLS11, Proposition 1.2] and the fact that
themap t € (s,7) — Mlsmw]zforae wes!.
Now, we have

N (e (w))

tIo+] 4

N

d /NCP(w))\  DNCbe(w) 'dexPp‘tW (w)
dt ( tlo ) - 1o

and thus

d (Nf(%(w)))
dt tlo

where

IVLN"'(%( )2 Iz|N (P (w))? o (VEN (W), N (w))
1210 +210+2 Y $2To+1

\

+ Err,

Err < Ct'20)VEN (W (w))]2 + Ct 210N (P (w)) 2
for small t.

Inserting in (7.23) and changing variable x = ¢ (w) we easily obtain from the variation
estimates in Lemma 6.2.13:

T G(t) H(t) E(t)
2 3,1 2
oL G(ur, us)7dH" <(r—s)(1 +CT)/5 t2Io+1 I tZI +3 Zlomdt
"G(t) H(t)
+ C(r—s) 2L Wdt
T D'(t) ., H(t) D(t)
=(r—s)(1+Cr) s 2t21o+T +10t210+3 _ZIOtZI +2 dt
) =A (7-24)
G(t) | H(t)
+C(r—s) 2 T2l dt
S

:iE]

" E€670)(t) @)t
(6.70) (6-69)
+(r—=s)(1+ CT)/S 2o + 21012 dt .

=:E>
Now, we have
"1 /D ! H(t D(t
A:(Ts)(1+Cr)/ 2t(tz(lto)) +12t215+)3 I t21(+)2 dt
. , (7.25)
:(T—S)U—l—Cr)/ L(?}fj) Iy (1o~ 1(1) dt,
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so that, for s = 3

D(r) D(*/2)
12l (1/2)2L

A<C (7.26)

T I —I(t (7.21),(7.18)
/ Ot() dt < CcrP .
T/2

For what concerns the error terms, we can use the variation estimates (6.69) and (6.70)
together with the Poincaré inequality (6.96) to control

Eal<c | rz P at <’ er?, (7.27)
and
"y
Erl<C3 y ‘Lij) '8(13‘;)0(”' +;£t+)1 dt
< Cr1=2D(r) — D(7/2)| + Cr / " oW dt+cr / r B a2
v/2 v/2
(7-21é7-20) Cpl+B

Plugging (7.26), (7.27) and (7.28) in (7.24) we conclude that

S(ur,ug)?dH’ < CrP. (7.29)

gl
With an elementary dyadic argument analogous to [DLS11, proof of Theorem 5.3], we

conclude that the family u, is L?-Cauchy. Since the w,’s are equi-Holder (cf. (6.133)), this

suffices to conclude uniform convergence to a unique limit.

O
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8 MULTIPLE-VALUED SECTIONS OF VECTOR
BUNDLES

In this chapter we introduce the notion of Q-multisection of an abstract vector bundle
over a Riemannian manifold, developing some ideas contained in the unpublished note
[All13] by W. Allard. The techniques contained in this chapter will be then applied in
Chapter 9 to provide a new proof of the reparametrization theorem for Lipschitz Q-valued
functions.

8.1 PRELIMINARY DEFINITIONS

In what follows, £ = ™ denotes an m-dimensional Riemannian manifold of class C’,
and E is an (m +n)-dimensional manifold which is the total space of a vector bundle IT: E —
T of rank n and class C' over the base manifold . Following standard notations, we will
denote by E, = T ({p}) the fiber over the base point p € X. We will let {(Uy, Y« )}xc1 be
a locally finite family of local trivializations of the bundle: thus, {U4} is a locally finite open
covering of the manifold Z, and

Yo T T (Uy) = Uy x R™
are differentiable maps satisfying:
(1) p1o¥Ya =TMlg-1(1,), where p1: Ug x R™ — Ug is the projection on the first factor;
(i1) for any «, p € I with Uy NUp # 0, there exists a differentiable map
Tap: Ux NUpg — GL(N, R)
with the property that
Yo oWs'(p,v) = (p, Tap(p) V) Vp e UsaNUp, Vv ER™

Without loss of generality, we can assume that each open set U is also the domain of a
local chart {P: Uy — R™ on .

Let now Q be an integer, Q > 1. We adopt the convention that the set IN of natural
numbers contains zero.

Definition 8.1.1 (Q-valued sections, Allard [All13]). Given a vector bundle TT: E — X as
above, and a subset B C L, a Q-multisection over B is a map

M:E - N (8.1)

with the property that

Z M(E) =Q for every p € B. (8.2)
E€E,
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Remark 8.1.2. If s: B — E is a classical local section, then the map M: E — IN defined by

M(E) ==

{1, if there exists p € B such that & = s(p), (8:3)

0, otherwise

is evidently a 1-multisection over B, according to Definition 8.1.1. On the other hand, given
a T-multisection M, condition (8.2) ensures that for every p € B there exists a unique ¢ € E,
such that M(&) > 0. If such an element & is denoted s(p), then the map p — s(p) defines
a classical section of the bundle E over B. Hence, 1-multisections over a subset B are just
(possibly rough) sections over B in the classical sense.

The above Remark justifies the name that was adopted for the objects introduced in
Definition 8.1.1: Q-multisections are simply the Q-valued counterpart of classical sections of
a vector bundle. From a different point of view, we may say that Q-multisections generalize
Almgren’s Q-valued functions to vector bundle targets. Indeed, Q-valued functions defined
on a manifold £ might be seen as Q-multisections of a trivial bundle over Z, as specified in
the following remark.

Remark 8.1.3. Assume E is the trivial bundle of rank n over Z, that is E = £ x R™ and TT
is the projection on the first factor. Then, to any Q-multisection M over L it is possible to
associate the multiple-valued function up: £ — Ag(IR™) defined by

um(p) == > Mi(p,v)[]. (8.4)

veR"

Conversely, if u: & — Aqg(IR™) is a multiple-valued function then one can define the Q-
multisection M, induced by u simply setting

Mu(p,v) := Oy (p)(v), (8.5)

where ©,, () (V) is the multiplicity of the vector v in u(p).

8.2 COHERENT AND VERTICALLY LIMITED MULTISECTIONS

Definition 8.2.1 (Coherence, Allard [All13]). A Q-multisection M of the vector bundle
IT: E — X over X is said to be coherent if the following holds. For every p € X and for
every disjoint family V of open sets V C E such that each member V € V contains exactly
one element of M, :={& € E,, : M(&) > 0}, there is an open neighborhood U of p in £ such
that forany q € U
> M@ =M(E) if&eMpNnV. (8.6)
ceMynv

The following proposition motivates the necessity of introducing the notion of coherence:
it is a way of generalizing the continuity of Q-valued functions in the vector bundle-valued
context.
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Proposition 8.2.2. Let E = L x R™ be the trivial bundle of rank n. over L. Then, a Q-multisection
M is coherent if and only if the associated multiple-valued function up : L — Aq(IR™) is continu-
ous.

Proof. Letu: & — Ag(R™) be a continuous Q-valued function, and let M: £ x R™ — IN be
the induced multisection defined by (8.5). In order to show that M is coherent, fix a point
p in the base manifold X, and decompose u(p) = Z]-]:1 m;[v;] so that v; # v;; when j # j’
and m; := M(p,v;). Now, let V = {V7,...,V}} be a disjoint family of open sets V; C R™
with the property that if M, :={v € R™: M(p,v) > 0} then M, NV; = {v;}. Lete > 0be a
radius such that B (v;) C Vj for every j =1,...,]. Then, since u is continuous, there exists
a neighborhood U of p in X such that

£

u(q) € B (u(p)) = {T € Ag(R™) : (T, ulp)) < 5},

for every q € U. From the definition of the metric §(-,-) in Ag(IR™), it follows naturally
that for every q € U it has to be

Z M(q,w) = m; foreveryje{1,...,]},
WEV]'

and thus M is coherent.

Conversely, suppose M is a coherent Q-multisection of the trivial bundle £ x R™, and
let u be the associated multiple-valued function as defined in (8.4). The goal is to prove
that u is continuous. Fix any point p € Z, and let {pn}Y_; C I be any sequence such
that py, — p. Since M is coherent, for any ball Bg C R™ such that spt(u(p)) C Bg there
exists hop € IN such that spt(u(pn)) C Bgr for every h > hp. In particular, u(pn)l? =
S(u(pn), Q[O])? < QR? for every h > hy, and thus the measures {u(py)} have uniformly
finite second moment. Therefore, since the metric § on Ag(R™) coincides with the L2-
based Wasserstein distance on the space of positive measures with finite second moment,
from [AGS08, Proposition 7.1.5] immediately follows that G(u(pn), u(p)) — 0 if and only if
the sequence u(py) narrowly converges to u(p), that is if and only if

dim (ulpn), f) = (u(p),f)  Vfe Co(R"), (87)
that is, explicitly,
*352%6% M(pn, VIf(v) = ;R M(pV)flv)  VfeCp(R™), (8.8)

where Cy(IR™) denotes the space of bounded continuous functions on R™. So, in order
to prove this, fix f € C,(R™) and ¢ > 0. Let vy,...,vj be distinct points in M,,, and let
n =mn(e) > 0 be a number chosen in such a way that

v—vjl <n = [f(v) —flvj)l < e foreveryj=1,...,]. (8.9)

Choose now radii r1,...,7y such that rj; < %, the balls B; = By (vj) are pairwise disjoint
and M(p,v) = 0 for any v € Bj \ {vj}. Since M is coherent, in correspondence with the
choice of the family {B;} there is an open neighborhood U of p in £ with the property that

Z M(q,v) = M(p,vj) for every q € U. (8.10)
Vij
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Since 3 j_; M(p,v;) = Q, equation (8.10) implies that

J
Z Z M(q,v) =Q for every q € U, (8.11)
]:1 VEB]'

and thus, whenever q € U, M(q,v) = 0ifv ¢ U)]:1 B;. Therefore, only the balls B; are
relevant, namely

~—

Z M(q,v) = Z Z M(q,V) for every q € U. (8.12)

vER™ j=1vEB;

We can now finally conclude the validity of (8.8): Let N € IN be such that py, € U for every
h > N and estimate, for such h’s:

J
Z M ph/ Z M pr (812) Z Z M Phr ZM p/VJ
j=1

veR™ veR™ j=1veB;

which completes the proof. O

The next step will be to define a suitable property of Q-multisections that is equivalent
to Lipschitz continuity of the associated multiple-valued function whenever such an asso-
ciation is possible. We start from a definition in the easy case when the vector bundle E
coincides with the trivial bundle Q x R™ over an open subset O C R™.

Definition 8.2.3 (T-cone condition, Allard [All13]). Let T > 0 be a real number. We say that
a Q-multisection M: Q x R™ — IN satisfies the t-cone condition if the following holds. For
any x € Q, forany v € My ={v € R™": M(x,v) > 0}, there exist neighborhoods U of x in O
and V of v in R™ such that

{(yw)eUxV: M(y,w) >0} C UCXV, (8.13)

where
Ky ={yw) e R™" xR": jw—v[ < tly —x[} (8.14)

is the T-cone centered at (x,v) in R™ x R™,

Proposition 8.2.4. Let O C R™ be open and convex. If wis an L-Lipschitz Q-valued function, then
the induced multisection My, : QO x R™ — IN is coherent and satisfies a t-cone condition with T = L.
Conwversely, if a Q-multisection of the bundle QO x R™ is coherent and satisfies the T-cone condition,
then the associated Q-valued function up: Q — Ag(R™) is Lipschitz with Lip(um) < +/QT.
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Proof. The first part of the statement is immediate. Indeed, first observe that the continuity
of u implies that M = M, is coherent by Proposition 8.2.2. Then, fix x € (), and suppose
that u(x) = Z)-Izl m;[V;], with the ¥;’s all distinct and m; := M(x,¥;). Let ¢ > 0 be such
that the balls B¢ (V;) C R™ are a disjoint family of open sets such that M, N B¢ (V;) = {¥;}.
Since M is coherent, there exists an open neighborhood U of x in Q such that the following
two properties are satisfied for any y € U:

(1) ZWGBE(\"),-) M(y,w) = m;;
(1) ifu(x) = 2‘921 [ve] with the first m of the v,’s all identically equal to ¥, the next m;
all identically equal to ¥, and so on, and if u(y) = 2821 [w¢] with the w; (not nec-

1/
essarily all distinct) ordered in such a way that G(u(x), u(y)) = (Z?:] [ve —W¢|2> 2,
then wy € B¢ (v¢) for every € € {1,...,Q}.

Thus, for such y’s it is evident that the Lipschitz condition G(u(y), u(x)) < Lly — x| forces
we — vl < Ly — x| for every £ = 1,...,Q, which is to say that for everyj=1,...,]

{(y,w) € UxBe(¥5) : M(y,w) >0} C Ky,

as we wanted.

For the converse, consider a Q-multisection M, and assume it is coherent and satisfies
the T-cone condition. Define u: Q — Ag(IR™) as in (8.4). We will first prove the following
claim, from which the Lipschitz continuity of u will easily follow:

Claim. For every x € Q) there exists an open neighborhood U, of x in Q such that

G(u(y), ulx)) < \/éle — x| for every y € Uy. (8.15)

In order to show this, fix a point x € Q, and let {vy,...,v;} be distinct vectors in M.
Since M satisfies the T-cone condition, there exist open neighborhoods U of x in O and V;
of v; in R™ for every j = 1,...,] such that

{lyw) eUxVj: M(y,w) >0} C iK;V], Vi=1,...,]. (8.16)

In particular, condition (8.16) implies that My N'V; = {v;} for every j. Up to shrinking the
Vj’s if necessary, we can also assume that they are pairwise disjoint. Hence, since M is also
coherent, we can conclude the existence of a (possibly smaller) neighborhood of x, which
we will still denote U, with the property that not only (8.16) is satisfied but also

> My, w) =M(x,vj) Vi=1,...,],Vy el (8.17)
WEVJ'

Therefore, if y € U we can write
uy) =) > Myw)wl, (8.18)

whereas

J
u(x) = Z M(x,v;)[v;]. (8.19)
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Using (8.17), (8.18), (8.19) and the fact that if (y,w) € U x Vj then M(y,w) > 0 =
w —vj;| < 1ly — x|, we immediately conclude that

J
S(uly), u(x))? < Z M(x,v;) | Ty —xI? for every y € U, (8.20)
j=1

which proves our claim.

Next, we prove that u is Lipschitz continuous with Lip(u) < v/Qt. To achieve this, fix
two distinct points p,q € Q. Since Q is convex, the segment [p, q] is contained in Q, and
let e denote the unit vector orienting the segment [p, q] in the direction from p to q. By the
claim, for every x € [p, q] there exists a radius rx > 0 such that

G(u(y), ulx)) < \FQTlg —x] for every y € I := (x —1xe,x +1xe). (8.21)

The open intervals I, are clearly an open covering of [p, q]. Since the segment is compact,
it admits a finite subcovering, which will be denoted {I,,}}' ;. We may assume, refining
the subcovering if necessary, that an interval I, is not completely contained in an interval
Iy; if 1 # j. If we relabel the indices of the points x; in a non-decreasing order along the
segment, we can now choose an auxiliary point yi 41 in I, N Ly, , N (xi,xi41) for each
i=0,...,N—1. We can finally conclude:

S(ulp),ulq)) <S(u(p), ulxo))

N—1
+ ) (Slulxi), wlyien)) + Gulyyir), wixiz))) + Sulxn), u(q))
izo

(8.21) N-—]
< V/Qr <|Xo —pl+ Y (i —xil+ i1 —yii) +1q —XN|>
i=0
:\/6T|q _p|/

(8.22)

which completes the proof. O

Definition 8.2.5 (Allard, [All13]). Let TT: E — X be a vector bundle, M a Q-multisection
over L and T > 0. We say that M is t-vertically limited if for any coordinate domain Uy
on X with associated chart P4 : Uy — R™ and trivialization Wo: T (Uy) — Uy x R™ the
multisection

My i=MoVW'o (Pg' xidrn) : Ya(Us) x R™ = N

satisfies the T-cone condition.



9 REPARAMETRIZATION OF
MULTIPLE-VALUED GRAPHS

Here we revisit the proof of the reparametrization theorem for multiple-valued Lipschitz
graphs [DS15, Theorem 5.1], a fundamental tool for the construction of the normal approx-
imation of an area minimizing current from the center manifold performed in [DLS16a].
In the proof that we are going to suggest, we deduce the Lipschitz continuity of the
reparametrization from a simple geometric argument which is completely given in terms
of the Q-multisections introduced in Chapter 8, rather than from an application of the
Ambrosio-Kirchheim theory of currents in metric spaces [AKoo] as in [DS15].

9.1 THE REPARAMETRIZATION THEOREM

Before stating the precise result we are aiming at, we need to introduce some notation
and terminology, which will be used throughout the whole chapter.

Assumption 9.1.1. Let m, n and Q denote fixed positive integers. Let also 0 < s <1 < 1.
We will consider the following:

(A1) an open m-dimensional submanifold X of the Euclidean space R™*™ with H™(X) < oo
which is the graph of a function @: Bg C R™ — R™ with ||@|c3 < ¢;

(A2) aregular tubular neighborhood U of %, that is the set of points
U={&=p+v:peL veT L |v|<co}CR™™, (9.1)

where the thickness c( is small enough to guarantee that the nearest point projection
IM: U — £ is well defined and CZ;

(A3) a proper Lipschitz Q-valued function f: B, C R™ — Ag(R™).

Some comments about the objects introduced in Assumptions 9.1.1 are now in order. First
observe that the map ¢ induces a parametrization of the manifold X, which we denote by

D:xeBs CR™ = D(x) := (x, p(x)) € R™™, (9.2)

The inverse of @ can be used as a global chart on L. If p € X, then 7, and sz, will denote
the tangent space T, Z and its orthogonal complement in R™*™ respectively. The symbols
o and T[(J)‘, instead, will be reserved for the planes R™ x {0} ~ R™ and {0} x R™ ~ R"
respectively. In general, if 7t is a linear subspace of R™*™, the symbol p, will denote
orthogonal projection onto it.

Concerning the tubular neighborhood U, we will denote by {vy,..., vy} the standard
orthonormal frame of the normal bundle of ¥ described in [DS15, Appendix A]. Such a
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frame is simply obtained by applying, at every point p € %, the Gram-Schmidt orthogo-
nalization algorithm to the vectors p..,(em11),...,Ps, (€min), where {em 1,...,emin}is
the standard orthonormal basis of {0} x R™ € R™*™. The analytic properties of the frame
v1,...Vn are recorded in the following lemma.

Lemma 9.1.2 (cf. [DS15, Lemma A.1]). If ||De|| co is smaller than a geometric constant, then
V1, ...Vn is an orthonormal frame spanning s, at every p € L. Consider v; as functions of x € B
using the inverse of ® as a chart. For every y +k > O, there is a constant C = C(m,n,vy, k) such
that if || @l cxsny < 1, then [[DVilcr < CD@]croy.

Recall that, for any Q-valued function f as in assumption (A3), Gr(f) and G¢ denote
the set-theoretical graph of f and the integral m-current associated to it respectively. The
concept of reparametrization of f is introduced next.

Definition 9.1.3. Given ¥, U and f as in Assumptions 9.1.1, we call a Lipschitz normal
reparametrization of the Q-function f in the tubular neighborhood U any Q-valued function
F: X — Aq(R™*™) such that the following conditions are satisfied:

(i) for every p € X, F(p) = Z?:][[p—l-Ng(p)]], with N: T — Aqg(R™"™) a Lipschitz
continuous Q-valued function;

(i1) p+ Ne(p) € Uand Ng(p) € 5, = TPLZ forevery £ € {1,...,Q}, forevery p € L;
(iii) Tr = G¢LLU.
We are now ready to state the main theorem we are aiming at.

Theorem 9.1.4 (Existence of the reparametrization). Let Q, m and n be positive integers, and
0 < s <1 < 1. Then, there are constants co, C > 0 (depending on m, n, Q, v — s and ) with the
following property. For any @, L, U and f as in Assumptions 9.1.1 such that

lellc2 +Lip(f) <co,  ll@llco + [Iflco < cos, 9:3)

there exists a Lipschitz normal reparametrization F of the Q-valued function f in U. Furthermore,
the associated normal multi-valued vector field N satisfies:

Lip(N) < C (IN[lcol|D2@] co + [Dellco + Lip(f)), (0.4)
Z}Qm(@(xm < 5((x), QLo ()]) < 2V/QIN(®(x))| Vx € By, (9.5)
o N(@(x))| < Cln o f(x) — @(x)| + CLip()D@(x)IN(@(x))| Yx €Bs.  (06)

Finally, assume x € Bs and (x,nof(x)) =p+v forsomep € Zand v € TPLZ. Then,

S(N(p), Qv]) < 2¢/QS(f(x), Qn o f(x)]). (9.7)
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9.2 THE PROOF OF THEOREM Q.1.4

The argument will be divided into two parts: in the first part, we will suppose to be given
2, Uand f as in Assumptions 9.1.1, and we will associate in an extremely natural way to the
Q-valued function f a Q-multisection M of the tubular neighborhood U, regarded as (the
diffeomorphic image of) an open subset of a rank n vector bundle of class C2 over L. Under
suitable smallness assumptions on the universal constant ¢y which controls the relevant
norms of the functions ¢ and f as in (9.3), we will be able to show that the multisection
M so defined enjoys good properties of coherence and vertical boundedness. In the second
part of the argument, we will produce the reparametrization F using the multisection M
previously analyzed, and we will prove that the aforementioned geometric properties of M
do suffice to conclude the proof of Theorem 9.1.4, using techniques that have been already
introduced in the proofs of Propositions 8.2.2 and 8.2.4.

We start with the first part of our program. Assume, therefore, that the manifold X, the
tubular neighborhood U and the Q-valued function f are given, and that the functions ¢
and f satisfy the bounds in (9.3). Suitable restrictions on the size of the constant co will
appear throughout the argument. Let

M¢: R™ x R™ — IN (9.8)

be the Q-multisection over B, associated to f. Observe that, setting L := Lip(f), Proposition
8.2.4 guarantees that My is coherent and satisfies an L-cone condition.
Now, we define a Q-multisection M of the tubular neighborhood U as follows: for any

& € U, M(§) coincides with the multiplicity of the “vertical coordinate” p_. L (&) in f(pr, (&)).

In symbols, we set:

M(E) = Ot(p, (£)) (Pt (&) = M (Pro (£), Py (£)),  forevery & € U. (9-9)

The following Proposition shows that, under suitable smallness conditions on co, M is
indeed a coherent Q-multisection over the base manifold X.

Proposition 9.2.1. If co is small enough, depending on m, n, v — s and ¢, then the identity

> M(E)=Q (9-10)

gemm-1({p})

holds for every p € X, and thus M is a Q-multisection over X. Moreover, M is coherent.

Proof. First, we claim the following: the current T := G¢L (TT=1(X)) satisfies T = Q[X].

In order to see this, fix a point & € spt(T). By definition, & = (y,f¢(y)) for some y € B,
and for some £ € {1,...,Q}; furthermore, there exist a point p = (x, @(x)) € £ and a vector
v E TPLZ with [v] < ¢g such that & = p + v. Hence, we can easily estimate

Yl = pr, (p + V) < X[+ v < s+co.

This implies that if we choose c¢ suitably small, say

—_

co < E(T—s), (9.11)
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then the current (pﬂo)ﬁ T is compactly supported in B, and thus (0G+) LT 1%) = (GﬂaBT )|
M- 1(Z) = 0. Now, we estimate more carefully the quantity |v| = [ —p| = dist(&, ). Decom-
pose

V12 = [pr, (V)% + IpﬁoL(V)lz, (9-12)

and observe that the hypothesis (9.3) readily implies that

Pt (V17 = Ife(y) — @)1 < cgs. (9-13)
As for the “horizontal” component of the vector v, write
n .
V= Z vivi(x), (9.14)
i=1

where v = (v1 P ,v“) € R™, {v1,...,vn}is the standard orthonormal frame on the normal
bundle of X previously introduced, and where, with a slight abuse of notation, we are
writing vi(x) instead of v; (®@(x)). In this way,

n 2
Py (V)P < (Z vinpno(vi(x)n) . (9.15)
i=1

Clearly, in doing this we are tacitly assuming that cy is chosen so small that all the conclu-
sions of Lemma 9.1.2 hold (in particular, we will always assume co < 1). Now, the quantity
Ipr, (Vi(x))| can be estimated by

Py (vi(x))] < |cos (5 —0i(x))

, (9.16)

where 0;(x) is the angle between v;(x) and Pt (vi(x)). In turn, this angle is controlled by
CIDe(x)|, with C a geometric constant, because vi(x) is orthogonal to Tg ()Z. Thus, one
has

Ipro (Vi(x))] < Isin(0;(x))| < C[D@(x)]. (9-17)
Further estimating [D@(x)| < [[D@||co < co by (9.3) and inserting into (9.15) yields:

n 2 n
[P (V)I* < Ccj (Z |vi|> <Cc ) WP =Ccjiv?, (9-18)
i=1 i=1

with C = C(m,n). Combining (9.12), (9.13) and (9.18) produces

V]2 < Ce3lvi? + c3s2. (9:19)

c% < C! (1 — C)z) , (9.20)

then the term CC(Z)|V|2 on the right-hand side can be absorbed on the left-hand side, and in
turn (9.19) leads to

If

dist(&, Z)z < c(z)rz, (9.21)
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which shows that the current T is in fact compactly supported in U. Together with the
fact that G¢ has no boundary in TT~'(£), such a result implies that the boundary of T
is actually supported in TT~'(9Z) as soon as the constant ¢y is chosen in agreement with
(9.11) and (9.20). Hence, under these conditions we can deduce that dTT;T is supported
in 0X. Thus, we are allowed to apply the Constancy Theorem 2.1.6, and consequently
conclude that TTyT = k[X] for some k € Z. In order to show that k = Q, we consider
the functions @ = te for t € [0,1], the corresponding manifolds X := Gr(¢¢) with the
associated projections TT¢: Uy — Z¢. Also in this case, the constancy theorem produces
(TT)s(Ge L (ﬂt_] (Z¢))) = k(t)[Z¢]. On the other hand, since the map

t€ 0,1+ (M)y(Ge L (TT71(Z0)))

is continuous in the space of currents, one infers that t — k(t) is a continuous integer-
valued function, and thus is constant. Since k(0) = Q, then necessarily also k = k(1) = Q,
and the claim is proved.

Now, the fact that TT; T = Q[X] does not immediately imply that 3 ;y, M(&) = Q, since
there could in principle be cancellations and the total mass on the fiber could in principle be
larger than Q. To see that this is not the case, consider, for every p € %, the 0-dimensional
current T, := (Gy, T1,p) supported on the intersection Gr(f) N " ({p}). By the slicing theory
(cf. § 2.1.2 or [Fed6g, Section 4.3]), one has that there exists a set Z C £ with H™(Z) =0
such that the following holds for every p € £\ Z:

(i) T, consists of a finite sum of Dirac masses 25111 m;[&;] with coefficients m; € Z;

(ii) for every j € {1,...]p}, & € Gr(f) ﬂﬂ_1({p}) and |m;| = Mf(pﬂo(({j),pﬂé(&j)) =
M(&;);

(iii) if v is the continuous unit n-vector orienting m! ({p}) compatibly with the orien-
tation of X, then the sign of m; is sgn <<T(£)~)/\\7(£j),é'>>, where € := e; A--- A
em /\ - /\emin, with {ej,..., en} the standard orthonormal basis of R™ x {0} and
{em41,-..,emens the standard orthonormal basis of {0} x R™.

Since ||@||c1 + Lip(f) < co, if ¢o is suitably small then every "I_"(Ej) is close to €, := e7 A
---/\ em, whereas every V(&;) is close to &, := em 1 /\---/A\emin, and therefore every m;
is positive. Since Z].I”:1 m; = Q because TI;T = Q[Z], we conclude that (9.10) holds for
every p € L\ Z.

Therefore, if Z denotes the set of points p € X such that (9.10) does not hold (and hence
> £EM, M(&) > Q) then one has Z ¢ Z. Now, we claim that in fact Z = ). This will be
an easy consequence of the fact that M is coherent. Indeed, the coherence of M would
immediately imply that Z is open in £, and thus empty, since {™(Z) = 0. Hence, we only
have to prove that M is coherent. Fix p € L, and assume that M, = {&;,...,&;}, with
m; = M(§;). Let V = {Vj,...V]} denote a collection of disjoint bounded open sets in U
such that M, NV; = {&;} for every j = 1,...,]. We will show that for every j there is an
open neighborhood U; of p in £ such that

Z M(C) =m; for every q € Uj, (9.22)
ceMqnV;
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so that the coherence condition will hold in U := ); U;. Consider the current T; := TTy(G¢ L
Vj). We claim the following: there exists U; C £ open neighborhood of p such that

spt (3(T;LUy)) C dU;. (9.23)

If (9.23) holds, the proof is finished. Indeed, the constancy theorem would imply the ex-
istence of a constant k; € Z such that T;LU; = k;[U;]. On the other hand, it would
necessarily be k; = m;, because (G¢L Vj,TT,p) = m;[&;]. Then, since no cancellations are
allowed, if q € U; the slice (G¢L Vj,TT, q) must be necessarily supported in a set of points
{C1,..., ¢} C Gr(f) NV with Zj]i] M((;) = m;, which concludes the proof of (9.22).
Therefore, we just have to prove (9.23). By contradiction, assume that there exists a
sequence {pnjj_; C X with p,, — p and such that py, € spt(dT;) for every h. Since the
push-forward and boundary operators commute, and since G has no boundary in Vj, this
would imply the existence of a sequence of points (y, € Gr(f) N dVj such that T1((y) = pn.
By the compactness of 0V; and the continuity of the projection, a subsequence of the (y’s
would converge to a point = 0Vj such that () = p. Furthermore, since f is continuous
Gr(f) is closed, and thus ¢ € Gr(f). But this is an evident contradiction, since by assumption
G is supported outside of TT~"({p}) N 0Vj. This shows the validity of (9.23), and concludes
the proof of the Proposition. O

As an immediate consequence, the above result allows us to define the required reparametriza-
tion F: if £, U and f are such that (9.3) holds with the constant cy given by Proposition 9.2.1,
we set

F(p) = Z M(&)[E] foreveryp € L. (9.24)
&= ({p})

Gr(/f)

Figure 2: The reparametrization F. The black points are the support of id x f(x); the blue points are
the support of F(D(x)).
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By Proposition 9.2.1, F is a well defined Q-valued function on X. By construction, the
associated map N: L — Aq(R™*™) given by

Np):= Y  MEE—7] (9-25)

Eemi—1({p}h

is a well defined Q-valued vector field with values in the normal bundle, and hence it
satisfies property (ii) in Definition 9.1.3. Furthermore, it is evident from the very definition
of M that property (iii) in Definition 9.1.3 is satisfied as well.

Hence, we are only left with proving that N is Lipschitz continuous and that properties
(9-4)-(9.7) are satisfied.

Proposition 9.2.2. If co is small enough, depending on m, n, v — s and %, then there exists T > 0
such that the multisection M is T-vertically limited. Furthermore,

< C(INfcollD2@]lco + [Depllco +Lip(F)) , (9.26)

where C = C(m,n) and [[N| co :=sup, .5 IN(p)| = sup, s S(N(p), Q[O]).

Proof. First, let us exploit again the orthonormal frame {vj,...,vn} in order to introduce
coordinates on U. Precisely, we let ¥ denote the map & € U — (T1(&),v(E)) € £ x R™, where
p :=TI(&) is the base point of & on X, and v(§) = (v1 (&),... ,v“(i)) is the set of coordinates
of the vector v := & —p € s, with respect to the basis v1(p), ..., vn(p), explicitly given by
vi(E) = (E—p,vi(p)) fori =1,...,n. The map V¥ is a global trivialization of the bundle
U; moreover, since ® ! is a global chart on Z, then, in order to show that M is t-vertically
limited, it suffices to prove that the Q-multisection

M:=Mo¥ 'o(d xidgn): Bs x R* - N

satisfies the T-cone condition. In order to see this, fix (x,v) € Bs x R™, and denote by
& = &(x,v) the corresponding point in U, given by

n
Exv) = @)+ ) vivi(x). (927)
i=1
Assume that M(x,v) = M(§&) > 0: the goal is then to prove that there exists a positive
number ¢ such that if (y,w) € B{*(x) x B}*(v) satisties M(y, w) > 0, then necessarily
w —v| < Ty —x|. (9-28)

Let (x/,v’) denote the coordinates of & in the standard reference frame on R™ "™, that is
x" = pr, (&) and v/ := pﬂé(é). Observe that the condition M(&) > 0 is equivalent to say
that v/ € spt(f(x’)), and in fact M(&) = M¢(x/,v’). Now, since the Q-valued function f is
L-Lipschitz continuous, My satisfies the L-cone condition, and thus there exists 6 > 0 such
that if (y’,w’) € Bf*(x’) x B¢ (v’) is such that M¢(y’,w') > 0 then

w —v'| < Ly" —x/). (9.29)
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We first claim the following: there exists 0 < ¢ = ¢(§, m,n) with the property that if
n .
+) whvily)  with (y,w) € BI'(x) x BY(v),

then
Ipro (Q) — X[ <3, P (C) -V <é.

This can be immediately seen by estimating:

(- & <D |+Z|wv1 —v'vi(x)|

S (T+[Deffco) ly —x[+ Z (IwHvi(y) = vi ()] + vE —wi) (9:30)

i=1

(1+[De|c1) ly—x/+Cw—v|,

where C = C(m,n) is a geometric constant. The conclusion immediately follows, since
P (O =X = P (C— E) < IC— & and [P (O) = V[ = [P, (C—E) < [C—E.

Now, let (y,w) be any point in B{*(x) x BZ}*(v) such that for the corresponding ¢ € U
one has M({) > 0. By the above claim, if we set y’ := px,(¢) and w' = pné(C), then
(y',w’) € Bi*(x') x B§(v’), and thus the condition M¢(y’, w’) > 0 implies that (9.29) holds.
Hence, we proceed with the proof of (9.28). For any i =1,...,n, one has:

wh =i = (C— ®(y), vily)) — (& — @(x), vi(x))]

< lE— @), ) — )]+ HE— L vily )]+ (@00 — D) vily)l O
Now, since & € Mg (x), the vector £ — ®@(x) is in the support of N(®(x)), and thus
& — @ (x)] < IN(D(x))I-
Therefore, if we apply Lemma 9.1.2 we easily estimate
(&= @(x), vi(x) = vi(y))| < C[N]lcorzyID? @ coly —x. (932)

In order to estimate the second and third term of (9.31), instead, we first decompose both
& — Cand @(x) — @ (y) by projecting them onto the planes 7 and 7g. Then, we use (9.17)
to conclude that

(&= vily)l < [y =%, pro (Vi) [+ [(W" =V, s (vi(y))]
<

CDeWly" —x'[+w"—Vv'| (9.33)
(9-29)
< (CDellco+ L) ly"—x/|,

and analogously

(@ (x) = ®(y),vi(y))l < CID@(yY)lly — x|+ o (y) — @ (x)|
C

(9:34)
IDe||coly —x|.

<
<
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Inserting (9.32), (9.33) and (9.34) into (9.31), we then conclude the following estimate:
Wt = < C(IN[lcoD? @]l co + D]l co) ly — X+ (C[Depllce + L)y =%l (9:35)
Therefore, in order to conclude, we need to bound:
[y = x| = [Py (C) = Pro ()]
n . n )
= [+ ) Wipn(vily)) —x =Y vipg,(vi(x)
i=1

= ' (9-36)
<hy—x1+) (Wivily) = vi(x)l + W' = vHIpa, (vi(x)])

i=1

< (1+C|D?@||co) ly — x| + C|D@|| colw — V.
If we combine (9.35) and (9.36), after standard algebraic computations we obtain:
w—vl < C (N oD%l co + [De@llco + Lip(f) Iy — x| + Cc3w—v],  (9.37)

where the constant C appearing on the right-hand side of the inequality is purely geometric,
and, in particular, does not depend on c¢. This allows us to conclude that if cg is such that

1
Ccd < 5 (938)
then a cone condition for M holds in the form
W —v| < Ty — x| (9-39)

with T as in (9.26) for any (y, w) in a suitable neighborhood of (x,v) such that M(y,w) > 0.
Since the choice of the point (x,v) was arbitrary, the proof is complete. O

Proof of Theorem 9.1.4. We start proving that N is Lipschitz continuous. Let co be such that
Proposition 9.2.1 and Proposition 9.2.2 both hold. We make the following
Claim. For every p € X there exists an open neighborhood U, of p in £ such that

G(N(q),N(p)) < /Qt'd(q,p) forevery q e Uy, (9.40)

where T’ satisfies the same estimate as in equation (9.26) and d(-, -) is the geodesic distance
function on . In order to see this, fix a point p € £ and let M, denote, as usual, the set of
points & € U such that TT(£) = p and M(&) > 0. Assume that M, = {&;,... &5} If p = @ (x),
then forany j =1,...,] one has

E=®x)+) vivi(x). (9-41)
i=1

By Proposition 9.2.2, there exist neighborhoods U; of x in Bs and Vj of vj = (v]], .. .,v}‘)
in R™ such that if

C=C(y,w):=@y)+ ) whvily) with (y,w) € Uj x V; (9-42)
i=1
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is such that M(¢) > 0 then necessarily

w —v;l < Ty —xl. (9-43)
Let (x(¢),v(C)) denote the inverse mapping of ((x,Vv), given by

X(C) = P o TT(0),  VH(C) := (C—TI(C), vi(TT(C))), (9-44)
and let
Vi :={CeU: (x(q),v(C)) € Uj x Vj}. (9-45)

Each Vj is an open neighborhood of &;, and moreover the cone condition (9.43) forces
V; N M, = {&;}. We can also assume without loss of generality that the V;’s are pairwise
disjoint. By Proposition 9.2.1, since M is coherent there exists a neighborhood U, of p in £
such that

> M =M(g) forevery q € Up. (9.46)
Cem1({ghnV

Since

]
> M(g)=Q, (9-47)
j=1

it is evident that when q is chosen in U, then any ¢ € ' ({q}) with M({) > 0 must be an
element of one and only one V;, and thus we can write

Z Z MO - ql, (9.48)

j=1¢cerm—"1({qHnVvV

whereas

j
=> M(g)[& —pl- (9-49)
j=1

We can now estimate, for any ¢ € T "{qhn V; with M({) >0 and q = ®(y) € Uy:

n

(C—q)— =|>_whvily ZV vilx
i=1
Z] (IWHlvi(y) — vi(x)] + w — i) (9.50)

< C|INJlcolID2el|coly — x|+ Chw — vy

(9.43)
< C(IN[collD@llco +%) [y — x| = &'ly —xI.

Observe that the constant C appearing in (9.50) is purely geometric, and that ¥/ also satisfies
the bound in (9.26). It is now evident that

G(N(q),N(p))?* < Qt"ly —xI?, (9.51)

from which the claim follows because [y — x| < |q —p| < d(q,p).
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Now, we show how from the claim one can easily conclude the Lipschitz continuity of N
with the required estimates. Fix two distinct points p,q € £, and let y: [a,b] — Z be any
(piecewise) smooth curve such that y(a) = p and y(b) = q. By the claim, for every t € [a, b]
there exists a neighborhood U, () such that

S(N(z),N(y(t))) < /QT'd(z,v(t)) for every z € Uy (4). (9-52)

Since vy is continuous, there exist numbers &; such that

It = (t*ét,t+6t) C'Y_1 (uy(t)) (953)

The family {I;} is an open covering of the interval [a, b], and thus by compactness we can
extract a finite subcovering {I;,}X_,. We may assume, refining the subcovering if necessary,
that an interval Iy, is not completely contained in an interval I, if i # j. If we relabel
the indices of the points t; in a non-decreasing order, and thus in such a way that y(t;)
precedes y(ti11), we can now choose an auxiliary point s; ;41 in Iy, N 1¢,, N (tg, tiyq) for
eachi=0,...,K—1. We can finally conclude:

S(N(q),N(p)) < S(N(p), N(v(to)))

K—1
+ D (SIN(y(t:)), N(v(si,i41))) + G(N(v(si,:11)), N(y(ti41)))) + G(N(v(tk)), N(q))
i=0

(9-53)

< VQEZ(y),
(9-54)

where Z(y) is the length of the curve y. Minimizing among all the piecewise smooth
curves 7y joining p to g, one finally obtains

S(N(q),N(p)) < v/QF'd(q,p), (9.55)

that is
Lip(N) < /Q%". (9.56)
The estimate (9.4) is now just a consequence of (9.26).

In order to complete the proof, we are left with showing the validity of (9.5), (9.6) and
(9.7). This can be done by reproducing verbatim the proof suggested by De Lellis and
Spadaro in [DS15]; the arguments will be presented here only for completeness.

We start with the proof of (9.5) and (9.6). Fix a point x € B, and let p := ®(x) € L.
Observe that, by (9.9) and (9.25), the definition of the value of N(p) does not change if we
replace ¢ with its first order Taylor expansion at x, since this operation preserves the fiber
T~ ({p}). Furthermore, we can assume without loss of generality that x = 0 and ¢(0) = 0.
We will still use the symbols 71y and 7ty to denote the planes R™ x {0} ~ R™ and {0} x R™ ~
R™ respectively, whereas the tangent space ToZL and its orthogonal complement T5-Z will
be denoted 7t and s. Now, concerning the estimate (9.5), assume that f(0) = Z?:] [ve], set
& = (0,v¢) € 1o X né and q¢ := pr(&e). If N(q¢) = Z)Q:1 [Ce;], then there is an index j({)
such that (g 5(¢) = &¢. If the point (g (¢) has coordinates (q g,\)é) in the frame 7t x s, we get
< Iqel + vel < lgel+IN(0)[+ G(N(0), N(qe)) 0.57)
< IN(O)]+ (1 -+ Lip(N)) lqel < IN(0)| +C (1 + Lip(N)) [Depl|colvel,

el
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where we have used that q; = |[px(&¢)| < C[D@(0)[l&¢| = C||D@||colvel. Now, we use (9.4)
with ¢ linear to estimate

Lip(N) < C([|Del|co + Lip(f)) < Ceo. (9.58)

Thus, we conclude
vel < IN(0)]+ C(1 4 Ceo)eolvel. (9-59)

Since the constant C is purely geometric and does not depend on cp, we deduce that if
co is sufficiently small then |v¢| < 2IN(0)]. Summing over { € {1,...Q} we obtain [f(0)| <
2/QIN(0)|. The proof of the other inequality, namely [N(0)| < 24/QIf(0)|, is analogous,
reversing the roles of the systems of coordinates o x 7y and 7t x ». This concludes the
proof of (9.5).

We proceed with the proof of (9.6). Assume once again that f(0) = 2&1 [ve], and write
N(0) = Z(?:][[Ed]. For every ¢ € {1,...,Q}, we set xy = pr, (&), We = pné(&g) and
Wy = psx(&¢), so that the point &, is represented by coordinates (x¢, w¢) in the standard
reference frame 7y x 7y and by coordinates (0, w;) in the frame 7t x ». As usual, we have:

x¢l = |pro (£e)] < CID@(0)[IEe] < CID@(0)[IN(0)| =: p. (9.60)

Using these notations, one has [n o N(0)| = Q' ‘Z ¢ wé‘ On the other hand, under our
usual smallness assumptions on the size of ¢y, we can also assume that the operator norm
of the linear and invertible transformation L: ﬂé — 2 is bounded by 2. Thus, we can
further estimate [ o N(0)] < 2Q~! ‘2&1 Wy
to prove the following:

, so that in order to get (9.6) it would suffice

Q
2V

=1

Q
Zwe < + CLip(f)p. (9.61)
=1

In order to show the validity of (9.61), we notice that if we set h := Lip(f)p, then we
can decompose f(0) = 21121 [T;], where each T; € Aq,(R™), Zj}:] Q; = Q and with the

property that:

(i) diam(T;) <4Qh;
(i1) [y —zl > 4hfor all y € spt(T;) and z € spt(T;) when i # j.

This claim can be justified with the following simple argument. First, we order the vectors
V¢, and then we partition them in subcollections T; according to the following algorithm:
Ty contains vi and any other vector v, for which there exists a chain vy(7),...v¢) with
1) = 1, €(k) = € and |vg(i11) — Ve(i)l < 4h for every i = 0,...,k— 1. By construction,
diam(Tq) < 4Qh, and if spt(T;) = spt(f(0)) then we are finished. Otherwise, we construct
T, applying the same algorithm to the vectors in spt(f(0)) \ spt(Tq). The construction of the
algorithm guarantees that also property (ii) is satisfied.

Given the above decomposition of f(0), we observe that from the choice of the constants
it follows that in the ball B, the function f decomposes into the sum f = Z]I _1[f'] of J Lips-
chitz functions f': B, — Aq, (R™) with Lip(f’) < Lip(f) for every j. In agreement with this
decomposition, also the graph Gr(f|g ) separates into the union U]] _, Gr(f)). By the defini-
tion of the vector field N (cf. again (9.9) and (9.25)), the support of N(0) contains points from
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each of these sets; furthermore, if & € spt(N(0)) N Gr(f}) then M(&) = My (P (&), Pt 1(&)).

It follows that also N(0) can be decomposed into N(0) = Z 1 Z 2 [[EJ]] with the property
that E,{ e Gr(f)) for everyi=1,...,Q;.
Now, by the definition of the distance G, for each &{ € spt(N(0)) there exists a point

: 5 . . . (9.60)
Vi(,i) € spt(f(0)) such that [w] —vi ()] < G(F(x}),F(0)) < Lip(f)lxi| < Lip(f)p = h.

Hence, we conclude:

Q
> i -
=1

Q;
w

I\/la

\

] Q
PIDIY
j=11i=1

] Q9 _
+ E E w] —v]|
Tiz1 i=11i=1

j
Q

1
J ) ) Q
+) ) <|W]i — Vil + kg —v{l) <
i1 =1

ji=11i=1

A
Mo

Ve +-Ch7

4

—_

where we used that diam(f/(0)) < 4Qh. This proves (9.61) and concludes the proof of (9.6).

Finally, we show that (9.7) holds. Let x € B, and assume that (x,nof(x)) = p+v
for some p € L and v € TplZ. Now, if v = 0 then the above assumption implies that
nof(x) = @(x), and thus (9.7) reduces to the first inequality in (9.5). On the other hand, if
v # 0 then we shift £ to £ := v+ . Then, if we apply Theorem 9.1.4 with £ in place of Z we
obtain a vector field N which satisfies N(p +v) = 3_,[N¢(p) — v]. Hence, G(N(p), Q[v]) =
S(N(p + v), Q[0]), which reduces the problem again to the case v = 0. This completes the
proof of Theorem 9.1.4. O
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1 O RECTIFIABILITY OF THE HOLDER
SINGULAR STRATA

Let O C R™ be an open set, and let N™ be a smooth compact Riemannian manifold,
smoothly embedded in R9. In this chapter we study the fine properties of the Holder
singular set sing;, (u) of Dirichlet-minimizing Q-valued maps u: Q — Agq(N). In particular,
we prove the following theorem.

Theorem 10.0.1. Given a Dirichlet-minimizing Q-valued map wu: B2(0) € R™ — Aq(N) with
energy &(u,B2(0)) < A, if we denote B, (sing,, (u)) = Uxesing,, (w) Br(x) then we have

Lm (Br (singH(u)) N B (O)) <Cr?
for some constant C = C(m, N, Q, A). Moreover, sing,,(u) is countably (m — 3)-rectifiable.

The plan of the chapter is the following. In Section 10.1 we consider a slightly modified
version of the rescaled Dirichlet energy &(u, B;(x)) in a ball B+(x) € Q, and we prove its
monotonicity with respect to the radius r of the ball. With section 10.2 we enter the core
of the chapter. First, we provide an alternative definition of the quantitative singular strata
8% .(u): as in the classical Cheeger-Naber quantitative stratification (cf. Definitions 2.3.12
and 2.3.13), 8¥ | is, roughly speaking, the set of points x € Q for which u on By(x) is e-far
away from being homogeneous and invariant with respect to a k-dimensional subspace.
While the notion of closeness employed by Cheeger and Naber relies on the L? distance
of the map u from some k-symmetric model map h, we propose a notion that focuses on
the L? norm of the gradient of u along arbitrary k-subspaces. Once we have the notion of
quantitative stratification at our disposal, we can state the main theorem of this chapter, that
is Theorem 10.2.17, concerning Minkowski estimates and rectifiability of the quantitative
strata: Theorem 10.0.1, in fact, is essentially a simple corollary of Theorem 10.2.17 and (a
slightly refined version of) the e-regularity theorem. After discussing some quantitative
versions of the e-regularity theorem in Section 10.3, we start the machinery which will
eventually lead us to the proof of Theorem 10.2.17. Sections 10.4 and 10.5 contain the most
important technical tools needed for the proof, which is instead completed in Section 10.6
with a double inductive covering argument in the spirit of Naber-Valtorta [NV17].

101 THE MOLLIFIED DIRICHLET ENERGY AND ITS MONOTONICITY

From now on, we fix an open subset O C RR™, a smooth compact Riemannian man-
ifold N™ — R4 and an integer Q > 1. Recall from § 2.3.3 the definition of the space
Wf(’)z (Q,Ag(N)) and the notions of stationary and minimizing Q-harmonic maps u €
W1’2C(Q,AQ(N)).

loc
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Definition 10.1.1 (Mollified energy). Let ¢ = @(t) be any non-negative function in C!([0, 1))
which is constant in a neighborhood of t = 0.
Then, for any u € w2 (Q, Ag(N)) and for any B, (x) C Q we define the quantity

loc

Ou(x, 1) = rz_m/(p (Ix;yl) IDu(y)l* dy. (10.1)

When the map u is fixed, we will simply write 8(x, r) for the sake of notational simplicity.
In what follows, we show that, under suitable assumptions on ¢, the function r — 6(x, 1) is
monotone non-decreasing for fixed x, and we explicitly compute its derivative. Recall that

for any x € R™ the radial unit vector field with respect to x is denoted v« (y) = ﬁ:—zl

Lemma 10.1.2. Let u € W (Q AQ(N)) be a stationary Q-harmonic map, and let x € Q. For
any @ as in Definition 10.1.1, the following identity holds true for all v such that B+(x) C Q:

se( _2r2- m/ ('X ”') "‘T Y D, wy)? dy. (10.2)

In particular, if we let \p = \p(t) denote a primitive function of @' (t)t™ 2, then foro<s<r<
dist(x, 0Q)) we have:

o) =003 = [ (0 (X52) < (B8 ) ko mDuiyE dy (ro3)

T

In case we choose @ to be non-increasing, we have that r — 0(x, r) is non-decreasing; furthermore,
if —@’'( (1 —1t)* then it holds

80x, 1) — 8(x,1/2) > X5, wy)? dy (10.4)
B%(X) T

for some positive constant C = C(m).

Proof. The identity (10.2) follows from the inner variation formula, equation (2.38). Indeed,
for any fixed x € Q and 0 < r < dist(x, Q) define the vector field X(y) := ¢ (lx yl) (y —x).
If we plug this choice of X in (2.38), we easily deduce the identity

m-2) [0 (") uwirdy + o () B (Duw)R - 205 uw)R) dy o,

To conclude, we can differentiate the quantity 0(x, ) in r and obtain the differential identity
(10.2).
Now, let 1 be a primitive function of ¢’ (t)t™ 2. We have

di‘l’ <|x—y|> _ 1y <|x—y|> (x—y|)m‘,
T T T T T

and thus we can rewrite (10.2) as

d
ot =20 [ (P ) ey D, R
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Integrating immediately leads to (10.3).
If we choose ¢’(t) < 0, then (10.2) implies that r — 6(x, 1) is non-decreasing. In case
—@'(t) > (1—1)", we have for 0 < a < %

2a am-t_1 am_

@' (M2 > gm! < —a ) >Cpma™ . (105)

m—1 m

V(@) —$(2a) =—/

a

Hence, the estimate (10.4) can be deduced from (10.3) by using the fact that { is non-
increasing to estimate

O(x, 1) —0(x,1/2) > /

B T

(x) <¢ (Ix—y> v <2|Xr_y|>> x—yl2 ™ Dy u(y)l* dy, (10.6)

2
and then using the inequality in (10.5) with a = @ fory € By (x). O

Assumption 10.1.3. For the rest of the chapter, we will assume that ¢ has been fixed, and
that it satisfies the condition —¢’(t) > (1 —1t)7, so that the inequality (10.4) holds.

10.2 QUANTITATIVE STRATIFICATION

The first step towards the definition of the quantitative singular strata is to introduce the
notion of “model maps” having a given number of symmetries. This definition is analogous
to Definition 2.3.11.

Definition 10.2.1 (k-symmetric maps). A map h € w2 (R™, Ag(N)) is said to be:

loc

* homogeneous with respect to x € R™ if
h(x+Av) =h(x+v) forall A >0, for every ve R™,

or equivalently if
D, h=Q[0] a.e. in R™.

* k-symmetric if it is homogeneous with respect to the origin and there exists a linear
subspace L C R™ with dim(L) = k along which h is invariant, that is

h(x+v) =h(x) foreveryx € R™, forallvel,
or, equivalently, such that

Dyh(x) = Q[0], forae.x e R™, forallve L.

Observe that if h € Wllc’,zc(IRm,AQ(N)) is stationary and homogeneous with respect to
x then 0y (x,s) = On(x,7) for every 0 < s < 1 by (10.3). Also, if h is k-symmetric with
invariance subspace L then the energy of h in the direction of any v € L vanishes. Hence, it
is very natural to give the following definition, which is the starting point for introducing

the quantitative stratification.
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Definition 10.2.2. Given a stationary Q-harmonic map u € Wll ézc (Q,Aq(N)), we say that a
ball B (x) with B, (x) C Q is (k, ¢)-symmetric for u if and only if the following conditions
hold:

(a) Bu(x,2r) —0u(x, 1) <¢;

(b) there exists a linear subspace L C R™ with dim(L) = k such that

2o / Dru(y)Pdy < e,
B (x)

/ IDru(y)? dy ::/
Br(x) r(x)i

for any orthonormal basis {ei}‘fﬁ of L.

where
k

IDe,u(y)* dy,
1

Remark 10.2.3. Observe that the conditions (a) and (b) above are scale-invariant in the
following sense. For x € Q) and r > 0 such that B,,(x) C Q, consider the blow-up map T,
given by

T&(y) =ulx +ry).
Then, B, (x) is (k, €)-symmetric with respect to u if and only if B;(0) is (k, ¢)-symmetric
with respect to T¢',.

Definition 10.2.4 (Quantitative stratification). Let u € W:(’)ZC(Q,AQ(N)) be stationary Q-
harmonic, and let ¢,7 > 0 and k € {0, ..., m}. We will set

S’;T(u) ={x € Q: forno r <s < 1 theball B5(x) is (k+ 1, ¢)-symmetric with respect to u}.
It is an immediate consequence of the definition that if k’ <k, ¢’ > ¢ and r’ < r then
8 . (u) C 85 (u).

Hence, we can set:

SEu) = 8k, (w),  8%u):= [ J sk

>0 e>0

Remark 10.2.5. Note that from Theorem 2.3.21 one easily deduces thatif u € Wg (’)ZC (Q, Aq(N))
is energy minimizing and a ball B (x) is (m, ¢o)-symmetric for u, with the ¢y given in there,
then u is Holder continuous in B%(x), and thus in particular 8¥(u) N B (x) = 0 for every
k < m—1. In fact, we can also conclude that §™(u)\ 8™ '(u) coincides with the set
reg,, (u) := Q\ sing;, (u) of points of Holder continuity for u, and sing,,(u) = Sm—T(u).

The first important property of the quantitative stratification is that the sets §*(u) coin-
cide with the classical singular k-strata defined by means of the number of symmetries of
the tangent maps (cf. § 2.3.3).

Proposition 10.2.6. Let u € W' 'Z(Q,AQ (N)) be energy minimizing. Then

Sk(u) ={x: no tangent map to w at x is (k + 1)-symmetric}.
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Proof. First recall that for any x € Q) there exists at least one tangent map ¢ € W: ézc (R™, Aq(N))
to u at x, and that all tangent maps are energy minimizing and 0-symmetric.

Now, let x be a point such that there exists a tangent map ¢ to u at x which is (k+ 1)-
symmetric. Then, there is a sequence 1; “\, 0 of radii such that the corresponding sequence

of blow-up maps u; := T;fr], satisfies G(u;j, ¢) — 0 in L%O (R™) as j — oo and furthermore

04(0,p) = lim 0,,(0,p) Vp>0.
) — 0

In particular, since ¢ is homogeneous with respect to the origin, and thus 04(0,2) —
04(0,1) =0 by (10.3), for any & > 0 there exists jo = jo(¢) such that

01,(0,2) —0.,(0,1) < ¢ Yij = jo- (10.7)

Moreover, since ¢ is (k + 1)-symmetric there exists a linear subspace L C R™ with dim(L) =
k+ 1 such that D1 ¢ = Q[0] a.e. in R™. Hence, from the convergence of energy for
minimizers we deduce that if jo is chosen suitably large then also

[ pufdy<e  viz (10.8)
B1(0)

Together, equations (10.7) and (10.8) imply that By, (x) is (k + 1, €)-symmetric for u if j >
jo(e), and thus x ¢ 8%(u). This proves the first inclusion, namely

$¥(u) C{xeQ: no tangent map to u at x is (k + 1)-symmetric}.

In order to prove the other inclusion, assume that x ¢ 8%(u). Then, for every j € IN there
exist a radius r; > 0 and a (k + 1)-dimensional linear subspace L; C R™ such that if we set
uj =T, then
1
01,(0,2) —0,;(0,1) < f (10.9)
and :
/ ID[_J.ujl2 dy < —. (10.10)
B1(0) )

Modulo a simple right composition of each u; with a rotation, we can assume that the
invariant subspace is a fixed (k + 1)-dimensional subspace L C R™. By the compactness
theorem for Q-valued energy minimizing maps, a subsequence (not relabeled) of the 1u;’s
converges in L# _ and in energy to an energy minimizing map ¢. From (10.9) together
with (10.4) we deduce that the limit map ¢ is homogeneous with respect to the origin.
Furthermore, (10.10) implies that ¢ is invariant along the subspace L, and thus ¢ is (k + 1)-
symmetric. Now, if a subsequence of the 7;’s converges to 0 then ¢ is by definition a tangent
map to u at x. If, on the other hand, the r;’s are bounded away from 0 then u = ¢ on a ball
of positive radius centered at x, and thus, in particular, all tangent maps to u at x coincide

with ¢. In either case, this completes the proof. O

Corollary 10.2.7. Let u € W1'2(Q,AQ (N)) be energy minimizing. Then

S™ T w) \ 8™ 3 (u) = 0.
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Proof. This is a direct consequence of the Proposition 10.2.6, since the identity §™~'(u) =
8™ ~3(u) holds for the standard stratification. O

The definition of quantitative stratification that we have proposed differs from the origi-
nal one introduced by Cheeger and Naber in [CN13a, CN13b] and then used by Naber and
Valtorta in [NV17]. Of course, the Cheeger-Naber quantitative stratification can be without
any difficulties extended to the Q-valued context. We recall the definition here, in order to
compare it with Definition 10.2.4.

Definition 10.2.8. Let u € W[22(Q,Ag(N)), and fix k € {0,...,m} and ¢ > 0. A ball B(x)
with By, (x) C Q is said to be (k, ¢)-symmetric for u in the sense of Cheeger-Naber, or briefly
[CN] (k, €)-symmetric, if there exists some k-symmetric map h € w2 (R™, Aq(N)) such

loc
that
f()SWWLMy—Mdeéa (10.11)
B (x

The definitions of [CN] (¢, r)-singular strata [CN}SEr(u) and [CN] e-singular strata [CN}SL_‘(u)
can be then straightforwardly obtained according to the definition of [CN] (k, ¢)-symmetry
precisely as in Definition 2.3.13. In particular, “NI§¥ (1) classically consists of all points
x € ) having the property that there exists ¢ > 0 such that no ball B, (x) is [CN] (k+ 1, ¢)-
symmetric with respect to .

The following simple proposition shows that if u is a minimizing Q-valued map then
Definition 10.2.2 and Definition 10.2.8 are equivalent, in the sense that they generate the
same stratification. In order to fix the ideas, for the vast majority of the following results
we will work under the following assumption.

Assumption 10.2.9. Assume that u € W1'2(B10(0),AQ (N)) is a Q-valued energy minimiz-
ing map, and that &(u, B10(0)) < A.

Proposition 10.2.10. For every ¢ > 0O there exists 6 = d(m, N, Q, A, ) > 0 such that for any u
satisfying Assumption 10.2.9:

(1) if Br(x) is (k, 8)-symmetric for u, then it is [CN] (k, €)-symmetric for u;
(ii) if B+(x) is [CN] (k, 8)-symmetric for u, then it is (k, €)-symmetric for .

Proof. Since both the definitions of symmetry are scale-invariant, modulo translations and
dilations it suffices to show the validity of the proposition for x = 0 and r = 1. We start
proving the first claim. Assume by contradiction that there exist ¢o > 0 and a sequence
{uj}jen of maps as in Assumption 10.2.9 for which the ball By is (k,j! )-symmetric but
such that

S(uj(y), h(y))?dy > eo for every k-symmetric function h, for every j € N. (10.12)
B4

Modulo rotations, we can assume that the k-dimensional linear subspace L such that condi-
tion (b) in Definition 10.2.2 is satisfied is fixed along the sequence: namely, we can assume
without loss of generality that

0., (0,2) —0y,(0,1) <~
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and that
[ PPy <5
1

for some fixed k-dimensional plane L C R™. Now, the compactness theorem for Q-valued
energy minimizing maps implies that a subsequence of the u;’s (not relabeled) converges
in L%(B1o (0),Aq (RM)) and in energy to a Q-valued energy minimizing map h for which

On(0,2) —0n(0,1) =0

and
Drh=Q[0] a.e. in By.

Hence, by (10.4) the map h|g, can be extended to a k-symmetric map (which we still denote
by h), and the fact that §(u;, h) — 0 in L2(B1) contradicts (10.12).

For the converse, assume again by contradiction that there exist ¢¢, a sequence {u;}jen of
maps as in Assumption 10.2.9 and a sequence {h;}jen C Wﬂ (’)ZC (R™, Ag(N)) of k-symmetric
maps such that

S(u(u) hily)*dy <57 (10.13)

1

and such that the ball B; is not (k, €o)-symmetric. Again, after applying suitable rotations
we can assume that the invariant subspace for the maps h; is a fixed k-dimensional plane
L € R™. By compactness, the maps u; converge, up to subsequences, to an energy mini-
mizing u € W1'2(B10(0),AQ(N)). By (10.13), also hj — u strongly in LZ(B1,AQ(N)). Since
the space of k-symmetric maps is L?-closed, we deduce that u is k-symmetric. Since the u;’s
converge to u also in energy, the ball By must be (k, eg)-symmetric for u; if j is sufficiently
large, which is the required contradiction. O

Corollary 10.2.11. Let u satisfy Assumption 10.2.9. Then, for every k € {0, ..., m} one has
Sk (u) = NIk (y). (10.14)

Using more quantitative estimates, the comparison between the two notions of quantita-
tive symmetry can be carried to the case of stationary Q-harmonic maps.

Proposition 10.2.12. There exists a constant C = C(m, N, Q) > 0 with the following property. Let
u e W:(;ZC(Q,AQ(N)) be a stationary Q-harmonic map. If a ball B+(x) € Q is (k, €)-symmetric

for u, then B: (x) is (k, Cle In(e)|)-symmetric for w in the sense of Cheeger-Naber.

Proof. Without loss of generality, we prove the claim for x = 0 and v = 1. The idea of
the proof is to explicitly construct from u a k-symmetric map in B 1. Modulo a rotation,
we can assume that the k-dimensional plane L of ¢-almost symmetry is L = {x; =0: i >
k} = R* x {0}. For convenience, we will denote the variables of R* with y,y’ and the
variables of R™ ¥ with z,z’. The point x € R™ will be therefore given coordinates x =
(y,z) € R¥ x R™~k, With a slight abuse of notation, we will also sometimes regard y and
z as vectors in R™, thus avoiding the cumbersome, although more correct, writings (y, 0)
and (0, z). Finally, when we integrate a function with respect to the variable y over a ball
B C R* we will use the notation BY as domain of integration (and analogously for the
variables y’, z,z’).

167
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In order to construct the k-symmetric map, we need to prove two simple inequalities for
multiple-valued functions.

Claim 1: there exists a constant C = C(k, d, Q) with the following property. For any function
f =f(y,z) in W2 (BX x B|" %, Aq(RY)), one has

/ / S(f(y,2),f(y’,2)? < C Dy f|%. (10.15)
By J/BYxB? B} xBZ

Claim 2: Let 0 <sp<ac< 1. There exists a constant C = C(j, a, Q) such that fpr any f €
W12(B) C R,Aq(RY)) and every a < t < 1 such that ﬂaB{ € W2(9B}, Ag(RY))
the following holds:

2
/ | .9(f(x),f<t">) <Cn(so)l [ DFX)-xP.  (10.6)
BJ\Bl, ] BI\Bl,

Proof of Claim 1: The proof is a consequence of the Poincaré inequality for multiple valued
functions, Proposition 2.2.18. Indeed, first observe that for a.e. z € B}“‘k the map y —
f(y,z) is in WI2(B¥X, Aq(RY)). Hence, by the aforementioned Poincaré inequality, for any
such a z there exists a point f(z) € Aq (R4) such that

L, 9(u2), f@)° < € | IDity,2),

where C = C(k, d, Q). Hence, by triangle inequality we infer that

/ ,S(f(y,2), f(y',2))? < 2H%(BY) < (fy,2), f(2))? +/ ,S(f(y/IZ)IF(Z))Z)
B} /BY BY

S
By

<C [ IDif(y,2)P.
BY

Integrating now this inequality in z € B]*™* gives (10.15).
Proof of Claim 2: First note that for 30~ '-a.e. w € aB% the map v — g™ (r) = f(rw) is
in W1-2((0,1) ,AQ(]Rd)). By the W2 selection theorem for multiple-valued functions of
one variable (cf. [DLS11, Proposition 1.2]), there exist W2 functions gr: (0,1) = R¢ for
¢=1,...,Q such that }%g{”(r)‘ < IDwf(rw)| for a.e. v € (0,1). Now, fix t € (a,1). Then,

by one-dimensional calculus, we have for so < s <t and for every { € {1,...,Q} that

w W2 R fld o] i1
1g¢"(s) — g7’ (V)° < )7 dr 9 (r)] P dr
S S T
=j 1 .
< bl IDf(rw) - w? PH1dr

] So
s ! 2 -1
= / IDf(rw) - rw|” 7 ' dr.
] So
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For t < s < 1 the same computation holds true interchanging t and s: in this case, we

j I .
estimate tT < C‘Ts J. Hence in both cases we have

]
19 (s) — gV (t)]* < Cs ™) / IDf(rw) - tw|?> 1~ 1dr.
50
Summing over ¢ € {1,..., Q} and recalling the definition of the metric G this produces

1
9(1‘(51/\1),1“(t1/v))2 < Csj/ [Df(rw) -TWI2 P=1dr for every s € (so, 1),

So

where C = C(j, a, Q). Multiply by s’~! and integrate in s between sy and 1 to obtain

1 1
/ S(f(sw), f(tw))?s)1ds < Clln(so)|/ IDf(rw) - Tw|? 1~ 1dr.
So So
Integrating now in w € 0B gives inequality (10.16).

We are now ready to prove the proposition. Let u € W'2(Q, Ag(N)) be a stationary
Q-harmonic map, and assume that B is (k, ¢)-symmetric for u. By (b) in Definition 10.2.2,
we can fix % <t < % such that x € 0By — u(x) is in W"Z(aBt,AQ(N)) and satisfies
Jos, DLl < C [ IDrul®.

For a.e. y’' € BY we have that the map z — vy/(z) := u(y’,z) is in W' Z(Bm*k Ag(N)).
Hence, by the scaled version of (10.16) with j = m —k we have for any 0 < so < 7 ! that

2
/ S <vy/(z),vyr <tz>> < ClIn(sp)| ’Du y',z)- ‘2 ,
BF\BZ, k2

where C = C(m, Q). Integrating this now in y’ € B¥ we obtain

vy (2), vy < ClIn sg] Du(y, z) -zl2 dydz.
BY JB:\Bz, | | BEx B *

Adding the scaled version of (10.15), since Bf x B{* ™ * C By we obtain

2
2 z
/Bg/ (flggxsf(“(”’”’v‘”z” +/B%\B§O S (vy/(z),vy/ <t|2|)> )

<C < DruP +[in(so)l [ Du(x) -x|2) .
B, B,
Hence there exists y} € B¥ such that
2 z ?
Ly, St 2+ . (vuetzlvng ()
< W(CBE) < [ D s intso)l [ 1Duty -x|2>

< C(1+In(so)le,
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where in the last inequality we have used that the ball B is, by assumption, (k, ¢)-symmetric
for u together with (10.4).

Set h(x) = h(y,z) := vy, (té) € W1'2(Bt,AQ(N)). Note that, by definition, h is homo-
geneous with respect to 0. Furthermore, h is k-symmetric. An application of the triangle
inequality gives

[, stutyzlhx? <2 [ gluy,a), vyl +2 [ Glvyy (2), ()2
BY x B? BY xB? BY x (B\BZ,)

+z/ByXBZ S(vy;(2), h(x)?.

As we have shown above, the first two integrals can be bounded by C(1 + |In(s¢)|)e. As for
the last integral, we estimate it brutally by fixing a point p € N and computing

[, Sy (21, n0x)? < 2 sup Slae), QIpIIHN(BFI3C™ 4B ) < CQeiam(N)sp ¥
BY xBz x€B;

Hence choosing sy = ¢ proves the proposition, since we get

S(u(x), h(x))?* < CleIn(e)l.
B

Corollary 10.2.13. Let u € w2 (Q, Aq(N)) be a stationary Q-harmonic map. Then

loc

[CNIgk (1) < 8% (w).

We conclude the section with two propositions about the characterization of the singular
set for minimizing and stationary maps. The first one is the following effective version of
Corollary 10.2.7.

Proposition 10.2.14. There exists ¢ = ¢(m, N, Q, A) such that for any map  satisfying Assump-
tion 10.2.9 the following holds:

By N (8™ (w)\ 8™ 3 (u) = 0.

Proof. The proof is by contradiction. Assume, therefore, that for every j € IN there exists
U as in Assumption 10.2.9 with a point x; € By N (Sm_1 (uy) \8?273(uj)>. Since x; ¢
S;}rg(u)—), there exists 0 < 7; < 1 and a linear subspace [; C R™ with dim(L;) = m —2
such that

O (x5, 215) — Oy (x5, 75) <77, (10.17)

r2—m IDLjuJI2 g] . (10.18)

)
Br]- (Xj)
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As usual, without loss of generality we assume that the (m — 2)-planes of j~'-almost
symmetry are a fixed subspace L along the sequence. Set v;(y) := u;(x; +1;y), and re-write
the equations (10.17) and (10.18) in terms of vj:

e\)j (012) _6\1]‘(0/]) < jil ’ (10.19)

Drv;l? <t (10.20)
B4
Now, by an elementary computation it is immediate to see that for every p € (0,8) one
has

o2 / D2 = (pry) 2™ / D2 < CoA.
Bo Bpr]-(xj)

Hence, by the Compactness Theorem 2.3.18, the sequence {vj}jen converges up to subse-
quences in L?(Bs, Ag(RN)) and in energy to a Q-valued energy minimizing map v for
which

0,(0,2)—06,(0,1) =0, (10.21)

/ IDyvl? =0. (10.22)
B4

In particular, vl can be extended to an (m — 2)-symmetric energy minimizer. This implies
that a fortiori 0 € reg;,(v). Thus, 0 ¢ gm—1 (v;) for j large, which contradicts the fact that
x; € 8™ (). O

In the single-valued case Q = 1, we have the following result on the quantitative stratifi-
cation for stationary harmonic maps.

Proposition 10.2.15. There exists ¢ = €(m, N) such that for any single-valued stationary har-
monic map w € W, 7% (Q, N) the following holds:

loc
$™ W)\ 8T 2 (w) = .

Proof. Proposition 10.2.15 is a consequence of the inner variation formula. First we derive
a general estimate and show afterwards how it implies the proposition.

Let us consider a single-valued harmonic map u in B that satisfies the inner variation
formula (2.32). We fix two non-negative, non-increasing functions b, ¢ € C! ( {O, %)) and
a k-dimensional subspace L C R™. After a rotation, we may assume that L = {x; =0:1 =
k+1,...,m}. To make the notation a bit simpler we will write x = (y,z) € L x L1, and by
a slight abuse of notation we shall again consider z = (0, z) as a vector in R™. Consider the
vector field X(y,z) = P(jy|)@(zl)z = P@z. We have DX = Pt + qgf/zéi)z—i- %z@y,
where P denotes the orthogonal projection onto L. We use this vector field in the inner
variation formula (2.32) and obtain

0= / Duf ((m— Ko +e’lzl) —2 <1P<PDLML|2 +mp<p/|l||Du 2P ) <Du-z, Du- |3|>) :

Observe that

(m—k)beIDul> = 2Dy ul* = (m—k—2)eb|Dul* + 2be|Drul’.
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Furthermore, we can write z = x —y to estimate

IDu-z|* < 2|Du- x|? —I—ZIDu‘y|2

1 1 2
<Du‘z,Du- y> < -|Du-x*+ = ‘Du‘ Y .
Iyl 2 2 [yl

Combining all together, and recalling that ¢/, {’ < 0, we obtain the inequality

/ — ((m—%—2)bg +$e'l) IDuP

2 —hpo’ 2 2 / 2 Y
< [ 20 |Drul” + Z (IDu-xl + [Du - y| )—1l)(p [Du- x|+ Du~|y—|

)
(10.23)

We are ready to prove the proposition. Fix ¢ > 0 to be determined later, and suppose
by contradiction that there is a point x € 8™~ '(u) \ 8™ 2(u). Since x ¢ S™2, there exists
r=71(¢) > 0and an (m — 1)-dimensional subspace L = L(¢) such that r2—m fBr(X)|DLuI2 <e
and 0(x,2r) — 0(x,7) < e. By translation and scaling, i.e. passing to T}',, we may assume
that x = 0 and r = 1. However, for notational convenience, we will still write u for T.,.
After a further rotation we may assume that L = {x,, = 0}. Now, we have B 1 C B%*] X
(—%,%) C By. Fix a functionn € C! withn/ < 0O and n(t) = 1 for t < %, nt) =0
for t > % Set @ = ¢ := 1 in (10.23). Recall that in our situation k = m — 1, and thus

4’|
|z|

,IW’¢| are bounded and

—(m —k—2) = 1. Furthermore, we have ¢ > 13,, and
2

supported in By. Hence (10.23) reads in our case

[ pur<c [ (Mo + k),
B B,
2
where 1(x) = 19(x) = \%I By (10.4), we deduce that fB] IDul? < Ce. If ¢ > 0 is chosen

2
sufficient small, i.e. Ce < eo where ¢g = eo(m,N) is the threshold in the e-regularity
theorem for stationary harmonic maps (cf. [Betg3, RSo08]), this allows to infer that u is
Holder continuous in B 1 and hence 0 is a regular point. This contradicts the assumption

that 0 € S™ 1. O

Remark 10.2.16. Note that the above proposition could be extended (with exactly the same
proof) to the case of stationary Q-harmonic maps if an e-regularity theorem was available
in that case.

10.2.1  Main theorem on the quantitative strata

Since the relevant terminology has been introduced now, we can finally state the main
estimates that we are going to prove on the singular strata.
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Theorem 10.2.17. Given a Dirichlet-minimizing Q-valued map u : B (0) € R™ — Ag(N)
with &(u,B2(0)) < A, let 8¥ (u) be its quantitative singular strata. Then, if By (8 .(u)) =
Uxesgr(u) B (x), we have

Lm (Br (Ssr(u) N B, (O))) < C(m,N,Q,A, e)yrmk, (10.24)
Moreover, 8% () is k-rectifiable for all € > 0.

Remark 10.2.18. This theorem is similar in spirit to [NV17y, Theorem 1.3].

Note that this and the e-regularity theorem immediately imply Theorem 10.0.1 as a corol-
lary.

Proof of Theorem 10.0.1. By remark 10.2.5 and proposition 10.2.14, there exists an ¢ such that

82“_3(u) N By (0) = sing,,(u) N By (0) . (10.25)
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Thus Theorem 10.2.17 immediately proves the volume estimates and rectifiability for sing,  (u).

O

We postpone the proof of Theorem 10.2.17 to Section 10.6, after having discussed a few
technical tools needed to complete it.

10.3 QUANTITATIVE €-REGULARITY THEOREMS

In this section we are going to present the proof of a quantitative version of the e-
regularity theorem for Q-valued minimizers, cf. Theorem 10.3.3 below, which in turn im-
plies Corollary 10.3.4, providing sufficient conditions under which the singular set sing;, (u)
is constrained to live in the tubular neighborhood of an affine subspace of R™ of appro-
priate dimension. We start with the following definition, analogous to [NV17, Definition

4.5

Definition 10.3.1. Let yo,ys,...,yx be (k+ 1) points in B1(0) C R™, and let p > 0. We say
that these points p-effectively span a k-dimensional affine subspace if

dist(yi,yo +spanly1 —yo,...,Yi—1 —Yol) = 2p foreveryi=1,..., k. (10.26)

A set F C B1(0) p-effectively spans a k-dimensional subspace if there exist points {y i}]f:o CcF
which p-effectively span a k-dimensional subspace.

Remark 10.3.2. It is easy to see that if the points {y;}}_, p-effectively span a k-dimensional
affine subspace then for every point

X € Yo +spanfyr —yo, ..., Yk — Yol

there exists a unique set of numbers {oci}f:1 such that

k
x=yo+ ) «i(yi—yo), lil < C(m,p)x—yol.
i=1
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Furthermore, the notion of p-effectively spanning a k-dimensional affine subspace passes to
the limit: if for every j € IN the points {yi}‘fzo p-effectively span a k-dimensional subspace
and there exist the limits y; = lim;_, y]%, then also the points {y i}]f:o p-effectively span a
k-dimensional subspace.

We can now state the main theorem of this section.

Theorem 10.3.3. Let ¢,p > O be fixed. There exist 5,7 > 0, depending on m,p, A\, e, with the
following property. Let w € W'2(B14(0), Aq(N)) be a stationary Q-harmonic map with energy
bounded by A, let v < 1, and let

F:={y € B+(0): 0(y,4r) —0(y,2r) < &}

If F (p - v)-effectively spans a k-dimensional subspace L, then

(Slgﬁ(u) N B%(O)> \ Brp(L) = 0. (10.27)

Corollary 10.3.4. For every p > 0, there exists &6 = 6(m,N,Q, A, p) > 0 with the following
property. Let u: B1o(0) C R™ — Aq(N) be a W2 map with energy bounded by A, and let
r<1.

(1) In case u is energy minimizing, if there exist m — 2 points {yi}i";f C B+ (0) which (p - 1)-
effectively span an (m — 3)-dimensional affine subspace L C R™ and such that

O(yi,4r) —0(yi,2r) <& foreveryi=0,..., m—3,
then
(singH (W) NB: (0)) \Bor(L) =0;

(1) in case w is single-valued and stationary harmonic, if there exist m — 1 points {yi}"5? C

B+ (0) which (p - v)-effectively span an (m — 2)-dimensional affine subspace L C R™ and
such that
O(yi,4r) —0(yi,2r) <& foreveryi=0,..., m—2,

then
(singH (W) NB: (O)) \ Bor(L) =0.

In particular, if m = 3 and w is a Q-valued energy minimizer, and if ©(yo,4r) —0(yo, 2r) < 8
then

B%(UO) \Bpr(UO) C regH(u) .

The same holds if m = 2 and w is single-valued and stationary.

Proof of Corollary 10.3.4. It follows immediately from Theorem 10.3.3 and Propositions 10.2.14
for the minimizing case and 10.2.15 for the stationary harmonic case. O

For the proof of Theorem 10.3.3 we will need the following lemma.
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Lemma 10.3.5. Let u € W‘fz(Bm(O),AQ(N)) be a stationary Q-harmonic map, and let v < 1. If
{yi}]fzo C B+(0) (p - v)-effectively span a k-dimensional affine subspace L C R™, then

(e(yi/ 4T) - 9(91,21‘)) s (10'28)

M~

™ [ (?Dgulz)P + Dyulz)P) dz < Clm, p)

B.(0) =

where L is the linear part of L and v is the vector field v(z) := D (%distz(z, L)).

Proof. It is an immediate consequence of (10.4) that there exists a constant C = C(m) such
that

T‘m/ IDu(z) - (z—x)|? dzg/ |Zm_7§| Du
B (x) Br(x) T
(10.29)

whenever B, (x) C B1o(0). Now, assume that yo,y1,...,yx are as in the statement, and
observe that for every unit vector e in the linear part [ of L there exists a unique set of
numbers {oci}‘f:] such that

2

27X dz < C(m) (8(x,21) —B(x, 7))

|z — x|

(z) -

-1 Zocl Yi—Yo), |l < C(m,p).

Hence, we get

k
r2om IDeu(z)|* dz < C(m, p)r ™ Z/ IDu(z) - (ys —yo)I* dz
B, (0) = /8.0y
k
<Clmpr ™Y [ Dulzl- -y dz
= /B.(0)
‘“Z/ Du(z) - (z—y:)l” dz
B2 (Y1)
(10.29) k
< C(ml p)Z (9(91;47’)—9(91/21'))
i=0

Summing over an orthonormal basis ey, ..., ex of L produces

k
rem / IDiu(z)|® dz < Clm,p) Y (8(ys,4r) —O(ys, 21). (10.30)
B+(0 i=0

As for the second term, let z € B»(0), and let 7t := 7 (z) be the orthogonal projection of z
onto L. Of course,

v(z):=D <;dist2(z,l_)> =z—T.

On the other hand, we have as usual that

= yo+Zoc1 —yo), ol < C(m, p)lm—yol < C(m, p)r,
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and thus .
v(z) =z— (yo +) ailyi —yo)) :
i=1

Arguing as above, one concludes that also

K
m 5 o
T /Br(o) IDyu(z)[” dz < C(m, p) ;} (0(y1,471) — 0(yy,27)), (10.31)

which together with (10.30) completes the proof of (10.29).
O

For k = m — 2, the conclusions of the previous lemma can be improved using again the
inner variation formula.

Lemma 10.3.6. Let u € W2 (B, 0(0), AQ(N)) be a stationary Q-harmonic map, and let v < 1. If
{yl}l‘lo C B+(0) (p - 7)-effectively span an (m — 2)-dimensional affine subspace L C R™, then

m—

Fm -, (v 2|DLU.|2 —|—|DLLu\ |v| Z 0(yi, 8r) — 0(yi,41)), (10.32)

where T is the linear part of 1, L+ is its orthogonal complement in R™ and v is the vector field
v(x) =D (%distz (x,L)).

Proof. The proof is very similar to the one of Proposition 10.2.15: also in this case, we will
make use of the stationary equation with a suitable choice of the vector field X. Without loss
of generality, we can assume that r = 1. Furthermore, modulo translations and rotations
we can assume that L = {x; = 0: i = m—1,m}. As usual, coordinates on L and L+
will be denoted by y and z respectively, and in order to simplify our notation the vectors
(y,0) and (0,z) in L x L+ will be simply denoted by y and z. Observe that under these
assumptions one has v(x) = z for every x = (y,z) € By. Now, let P = (y) be a cut-off
function of the variable y € L, with{ =1 in B}“_z, spt() C B?‘_Z and |Dy| < 1. Let also
@(t) :== max{1 —t,0}, and consider the vector field X(y,z) := P (y)@(|zl?)z = V@z. We can
immediately compute DX = PP + ¢z @ DY + 2 ¢’z ® z. With this choice of X, the inner
variation formula (2.38) reads

= / IDul? (24 +2$@’zI*) =2 (WD 1ul* + @(Du -z, Du- DY) + 2o’ Du - zJ?)
~2 [ 4oIDLuP + o DU — (p(Du-2 Du- D) + 2 IDu- ).

In particular, since ¢’(|z]*) = —X{21<1}, Yljyi<1p = Tand By C B}nfz x BZ C By, we
immediately deduce

/|Du|2|z|2<c (IDLul® +[Du-z?).
B] BZ

The estimate (10.32) then follows from Lemma 10.3.5. O
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We are now ready to prove Theorem 10.3.3.

Proof of Theorem 10.3.3. Since the statement is scale-invariant, there is no loss of generality
in proving it only in the case r = 1. Let {yi}{_, C F p-effectively span the k-dimensional
subspace L, and let x be any point in B 1 (0)\ Bo(L). The goal is to prove that x ¢ 8¥.(u)
for some T > 0, and thus that there exists ¥ > 0 and a radius v € [, 1) such that the ball
By, (x) is (k + 1, ¢)-symmetric for u. Let 0 < & < 1 to be chosen later. Since x € B%(O),

Bs(x) C B1(0) for every 0 < 0 < % Hence, we deduce from Lemma 10.3.5 that
/ Diuf? < Clm, p)d
Bs(x)
for any such o. In order to gain another direction along which the energy is small, we let
v(x)

NI Note that [v(x)| = dist(x,L) > p. Again by
Lemma 10.3.5 and by the monotonicity of the function r — & (u, B;(x)), we have

v(z) :=D (%distz(z,l_)), and we set e :=

/ Deul? < p2 / Dulz) -vi)P
Bo‘(x)

Bo(x)

-2 . 2 ) — 2
<20 < /B CTCRE /B IDula)- vz v(xm)

<C Dyul? + Co? / |Du/?
B4 (0) Bo(x)

< Co+ CAo™,

where C = C(m, p). Hence, if V := [ @ span(e) then
/ IDyvul? < C5+ CAc™ (10.33)
Bo(x)

for every 0 < 0 < % Note that dim(V) =k + 1.
Fix now ¢ > 0, and let 0 = 6(m, p, A, &) < % be such that CAG? < 5. We claim that for
any 0 < T < 1 there exists 70 < vy < 0 such that

2¢ci (M)A

— <.
e(xrzrx) e(X/rX) X —IOgZ(ZT)

(10.34)

Indeed, otherwise for any integer M € (3 log, (5=) ,log, (3=)) we would get

M
i (MA>0(x,0) > ) 0(x,2 ) —0(x,2 g >M
i=0

2c1 (M)A 3
B At S
—logz(z’t) = 2C1 (m)/\/

2¢ci(m)A
—log, (27)
argument allows to conclude that if we set T := 10 then there is a radius r« € (¥,0) such

that

which is impossible. Hence, if we fix T = t(m, A, ¢) so small that < ¢, the above

O(x,2ryx) —0(x,1¢) < €. (10.35)
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Furthermore, formula (10.33) with ry in place of o implies that

r2m IDyul?> < C672 ™ + CAG2. (10.36)
Brx (x)

We can finally chose = 8(m, p, AA, €) such that Cot2 ™ L 5. From equations (10.35) and
(10.36) we infer that B, (x) is (k + 1, ¢)-symmetric for u.
d

We conclude the section with the following proposition, according to which if the molli-
fied energy is pinched enough at k points spanning a k-plane L, then it is almost constant
along this L.

Proposition 10.3.7. Let u satisfy Assumption 10.2.9. Let 0 < p < 1 and n > 0 be fixed, and
assume that ©(y,8) < E for every y € B1(0). There exists 6o = do(m, N, Q, A, p,n) > O such that
if the set F:={y € B1(0) : O(y, p) > E— 00} (2p)-effectively spans a k-dimensional affine subspace
L C R™ then

0(x,p) —El <n forevery x € LNB1(0).

Proof. The proof is by contradiction. Assume that there are 0 < pg < 1,10 > 0 and a
sequence u; of maps satisfying Assumptions 10.2.9 and the condition 0,,,(y,8) < E every-

i

where in By, and with the property that for every i € IN there are points {y;}_, C B1(0)
with 0y, (y}, po) > E—iT (2po)-effectively spanning a k-dimensional affine subspace L; C
R™ but with 8(xi, po) < E—1p for some x; € LN B1(0). As usual, without loss of gen-
erality we can assume that the subspace L = L; is fixed along the sequence. By the usual
compactness for energy minimizers, modulo passing to a subsequence (not relabeled) the
u;’s converge in L2 and in energy to a minimizer 1. Up to further extracting another sub-
sequence, we can also assume that y]? — y; and x; — x. By Remark 10.3.2, also the y;’s
(2po)-effectively span L. Moreover, 0., (y;, po) = E, and thus 0., (yj,8) — 0w (yj, po) < 0. By

monotonicity, then it has to be

eu(y]/8) - eu(U]/ pO) - O/

and hence, by Lemma 10.3.5, u is invariant along L in B;(0). Since 0. (yj, po) = E, it has to
be 0., (y, po) = E everywhere on L N B (0), which contradicts the existence of x. ]

10.4 REIFENBERG THEOREM

This section is dedicated to Reifenberg-type results needed for the proof of the main
theorem. The results will only be quoted without proof, and they are in some sense a
quantitative generalization of Reifenberg’s topological disk theorem (see [Rei60]). Many
generalizations of this landmark theorem are available in literature, we limit ourselves to
citing [Torgs, DT12] among the various present. Here we will need two versions of this
theorem originally proved in [NV17].

Before quoting the theorems, we need the following definition of the the so-called Jones’
32 numbers.
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Definition 10.4.1. Given a positive Borel measure pu defined in R™, for all positive radii
T > 0 and dimensions k € IN, we define

c 42
DE(X, T) := min {/ dist T(zy,V) dkiy) : V.C R™ is an affine subspace with dim(V) = k} )
By (x)

(10.37)

Usually in literature this quantity is referred to as Jones” 3-2 number Blz‘/u(x, T)2.

D captures in a scale invariant way the distance between the support of pu and some k-
dimensional subspace V. Indeed, the factor r—2 in the distance term makes the integrand
scale-invariant, while r—*p is scale invariant if we assume that p is Ahlfors upper k-regular,
in the sense p(B; (x)) < Cr¥ for some constant C. For example, this is the case if y is the
k-dimensional Hausdorff measure on a k-dimensional subspace V C R™.

Here we mention two easy and crucial properties of D.

Lemma 10.4.2 (Bounds on D). Given two measures w, w' such that @’ <, for all x, v and k € N
we can bound

k k
Di/(x, 1) <Dg(x,7). (10.38)
Also, for all x,y,  such that x —y| < r:
k k+21k
D(x, 1) <257°Di(y, 2r). (10.39)
Proof. The proof follows immediately from the definition. O

10.4.1  Quantitative Reifenberg Theorems

Assuming a sort of integral Carleson-type condition on the D numbers, we can obtain
uniform scale invariant properties on the measure pu. For the reader’s convenience, here
we quote two key theorems that we are going to use in order to get the final estimates on
the singular set of Q-valued minimizers. The first one is about upper Ahlfors bounds for
discrete measures, and is quoted from [NV17, Theorem 3.4]. This theorem is enough for
our purposes, but we mention that some generalizations have been obtained in [ENV16].
The second important theorem is about rectifiability properties for general p, and is quoted
from [AT15, Theorem 1.1].

Theorem 10.4.3. [NV17, Theorem 3.4] For some constants dg(m) and Cgr(m) depending only
on the dimension m, the following holds. Let {B, /10 (X)}xep € B3 (0) C R™ be a collection of
pairwise disjoint balls with their centers x € By (0), and let w = Y o5 TX0x be the associated
measure. Assume that for each B,.(x) C B,

"pk ds) 2k
/Br(x) </o Duly,s) =~ ) duly) < 8k (10.40)

Then, we have the uniform estimate

Z ™ < Cr(m). (10.41)
xeD
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Condition (10.40) prescribes some integral Carleson-type control over the quantity D(x, r).
If the measure p is the k-dimensional Hausdorff measure restricted to some S, this bound
is enough to guarantee also the rectifiability of S, as seen in the following theorem. Note
that in [AT15] the theorem is presented in a more general form.

Theorem 10.4.4 ([AT15, Corollary 1.3]). Given a Borel measurable subset S of R™, let n :=
H* S be the k-dimensional Hausdorff measure restricted to S. The set S is countably k-rectifiable
if and only if

]
/ Dh(x,s)is < oo forp-ae. x. (10.42)
0

10.5 BEST APPROXIMATING PLANE

In this section, we record the main technical lemma needed for the final proof of Theorem
10.2.17. Although several technical points need to be addressed, this lemma contains most
of the important estimates in the paper and provides an estimate on the D numbers using
the normalized energy 0(x, 1).

The basic ideas behind the estimates in this section are similar to the ones in [NV17,
Theorem 7.1], however the new definition of (k, ¢)-symmetries allows for more quantitative
and easier proofs.

For any f € W' 'Z(Q,AQ (N)), and for all B, (x) C Q, we introduce the following quantity

Prix,1)i=r ™ [ DAy (y - )P dy. (10.43)
B (x)
Note that in the case u is a Dirichlet minimizing Q-valued harmonic map we have by
(10.29):
Pulx, 1) < C(m)[O(x,2r)—0(x,7)] . (10.44)

However, here we carry out the estimates in a very general setting, and we will exploit this
bound only at the very last step in our main proof.

Theorem 10.5.1. Let u € W'?(B; (0) ,AQ(N)), and fix e > 0,0 < v < 1 and some x € By (0).
Let also . be any positive Radon measure supported on By (0). Assuming that

inf {sz/ IDyul? : V. R™ linear with dim(V) =k + 1} >e, (10.45)
B (x)

we conclude

(m—k)(k+1)2™
erk

D (1) < [ Puly 2 duty). (10.46)
B (x)

Remark 10.5.2. We remark that (10.46) does not change if p is multiplied by a positive

constant, thus for convenience for the rest of this section we are going to assume without

loss of generality that u is a probability measure. Moreover, we can also assume without

loss of generality that x =0 and r = 1.
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Note that for this theorem we will not exploit any property specific to Dirichlet-minimizers.
For future convenience, we record a simple corollary that rephrases the previous theorem
with the language of Dirichlet-minimizers and quantitative stratification.

Corollary 10.5.3. Under Assumption 10.2.9, fix ¢ > 0,0 < r < 1 and some x € By (0). Let also p
be any positive Radon measure supported on By (0). Assuming that B, (x) is (k, €)-symmetric but
NOT (k + 1, e)-symmetric, we conclude

C(m)
ek

DG < S [ 180,40~ 00y, 20)] duly). (10.47)
B (x)

Proof. The proof follows immediately from the definition of (k + 1, ¢)-symmetric and the
bound in (10.44). O
10.5.1 Properties of the best approximating plane

For fixed k, and given any probability measure p, for all (x,r) we set V(x,r) to be the
k-dimensional affine subspace minimizing

/ dist?(y, V) duly), (10.48)
B (x)
so that, in particular,
k _ —(k+2 s 42
DX (x, 1) =~ (+2) /B  distly Vi ) duly). (10.49)

Since in this section we focus on x = 0 and r = 1, we will in fact mostly consider only the
k-dimensional subspace V(0, 1).

First of all, note that necessarily V(x, r) will pass through the center of mass of p in B, (x),
defined as

o (%, T) = Xim = / xdu(x). (10.50)
B:(x)

It will be convenient to phrase some of the estimates needed for theorem 10.5.1 in terms
of a suitable quadratic form on R™, defined as

R(w) = / [ — %o, W) dp(x) (10.51)
B1(0)

By standard linear algebra, there exists an orthonormal basis {e1,--- ,em} of eigenvectors
for R with non-negative eigenvalues A1,---, Ay, which we will take for convenience in
decreasing order. Note that by the variational characterization of Ay we have that

ey € argmax {/ [(X — X1, e>|2 du(x) s.t. lef* =1 and (e,e;) =0 Vi< k} , (10.52)
B1(0)

Ak = / [(x — Xm, ex)|* du(x), (10.53)
B1(0)
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and so
DX(0,1) = / dist?(x, V(0,1)) Z Ai. (10.54)
B1(0) i=k+1

Indeed, by minimality of V, V(0,1) = xn +span|es,-- -, ex], and thus

/ dist*(x, V(0,1)) Z / |(x — X, eq)|* du(x Z Ai.  (10.55)
B1(0) B

i=k+1 i=k+1
Using simple geometry, it is possible to prove that for any map f € W2 we have the
following estimate involving Ay and Ps.

Lemma 10.5.4. Let f = Z?:1 [f] € W2(B3, (x) ,AQ(N)), and let u be a probability measure
on By (x). Then

Ak/ IDf(z) - eklzdz<2m/ Pe(y,2r)duly) foreveryk=1,...,m. (10.56)
By (x)

Proof. For simplicity, we assume x = 0 and r = 1. Moreover, note that evidently we can
assume Ay > 0, otherwise there is nothing to prove. Fix some z € B; (0). By definition of
eigenvectors ey, we have for every £ € {1, ..., Q} that

/ o e @) DF(2) - (=) du) = MDA e (10.57)
1
By definition of center of mass, we can write
/ (X —Xm,ex) (z—xm) du(x) =0, (10.58)
B4 (0)

and so

ADfe(z) - ex = /B o) (x —xm, ex) (Dfe(z) - (x —2z)) du(x). (10.59)

1

By Cauchy-Schwartz and by (10.53), we have

A2IDFe(2) - el < A / Dfe(2) - (x— 2 du(x), (10.60)

and thus, summing over ¢,

ADF(z) - exl? < / Df(2) - (x — 2)P dulx). (1061)

Taking the integral of this inequality in By (0) with respect to the volume measure in z,
we obtain the estimate

2 2
7\1</B1 |IDf(z) - ex|“dz < //131 XB1(O)IDf( z) - (x —z)|" dzdp(x)

/ / Df(z)- (x—2)Pdzdut) <2™ [ Prx,2) dulx).
B] Bz B](O)

(10.62)



10.06 PROOF OF THE MAIN THEOREM VIA COVERING ARGUMENTS

From this proposition, the proof of Theorem 10.5.1 follows as a simple corollary.

Proof of theorem 10.5.1. As before, we assume without loss of generality that x =0 and r = 1.

Moreover, by (10.54) it is sufficient to prove that

Mo < S gy, 2)duty). (1063
B4 (0)

By the previous lemma, we have

k+1 k+1

)\k+1Z/ Du-¢j* < Z / IDu-¢j* < C(m )/B(O)fPu(x,Z)du(x). (10.64)

By the lower bound in (10.45), we must have

k+1

Z /B [Du - e] > €, (10.65)

and this concludes the proof. ]

10.06 PROOF OF THE MAIN THEOREM VIA COVERING ARGUMENTS

This section is dedicated to the proof of the Theorem 10.2.17. We split it into two pieces,

one containing the uniform Minkowski bounds and one with the rectifiability part. Once
the Minkowski bounds are obtained, the rectifiability is almost an immediate corollary.

The Minkowski bounds will be obtained with a covering argument similar to the one in
[NV16].

Proposition 10.6.1. There exist a small constant & = 6(m,N,Q, A, ¢) > 0 and Crri(m) such
that the following holds. Let w satisfy assumption 10.2.9, let ¢ > 0, p € B1(0), and 0 < v <
R, 0 < R < 1 be chosen in an arbitrary fashion. For any subset § C 55 sy(u), setting E =
SUP, . (p)ns O (%, 3R), there exists a covering

SNBgr(p) C U By, (x), with r«>1r and Z Ty < 2Cqrr(m)R R¥. (10.66)
x€D x€D

Moreover, for all x € D, either v =1, or for all y € Boy, (x):

O(y,3rx) <E—5. (10.67)

10.6.1  Proof of Theorem 10.2.17

Before we move to the proof of the proposition, we use it to prove the main theorem. This
proof is basically a corollary of the covering proposition 10.6.1. We will use this proposition
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inductively to produce a family of coverings of § = 8%

c s+(1) N By (0) indexed by a parameter
i € IN of the form

SC | Bn(x), Y rE<(c(m)Cr(m)t. (10.68)

xeDt xeDt

Moreover, if E = SUPyesk, (w)nB,(0) 0(x, 3), we have for all i

«<1r or Yye8nBy, (x), O(y,3ry) <E—15. (10.69)

Evidently, for i > |E/8| + 1, the second condition cannot be verified, and so all the radii in
the covering are going to be equal to r. As a consequence, we have the Minkowski bound

L™ (B, (8% 5, (w) NBy (0)) < (c(m)Cp(m))L BT pm—tk, (10.70)

Since 6 = 8(m, A), it is clear that, up to enlarging the constant in the estimate, the same
bound holds also for Slglr(u) in the place of 8¥ . s+(1), and this concludes the proof of the
Minkowski bounds in (10.24).

In order to produce the covering in (10.68), we will apply inductively the covering propo-
sition 10.6.1. For i = 1, we can apply this proposition to B (0) and obtain the desired
covering. Inductively, consider all the balls {B, (x)},c5: and apply proposition 10.6.1 to
these balls. For each x € D', we obtain a covering of the form

$SNBy, (x)C |J Br, (), D> 7tk <2Cm(m)rk, (10.71)
969 yeDy
Ty <1t or VzedNBar, (y), 0(z3ry) <E—(i+1)3. (10.72)
Set
DT = U Dy, (10.73)
xeDt

and the induction step is completed.

Proof of the rectifiability of S¥

As for the rectifiability, this is going to be a corollary of Theorem 10.4.4, the uniform
Minkowski bound (10.24) and the approximation theorem 10.5.1.
In particular, let p = H*L {8¥(u) N By (0)}. From (10.24) we deduce that this measure is
finite, as
1(B1(0)) < C(m, A, €).

In turn, by scaling this implies that for all x € B1(0) and r > 0
1 (By (x)) < C(m, A, e)r*, (10.74)

and thus p is Ahlfors upper k-regular.
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Now by the best approximation theorem 10.5.1 and a simple change of variables we can
write

/131 /Der —dp(x) < C(m, ¢ / /B] _k/rx Puly, 2r)du(y)du(x )dT
“”//Bl 20 (v k/ |t ) duty)
ms/\/B] /iP fy,20) S dp(x)

< Clm, e, A)A
(10.75)
where the last inequality follows from
1 (10.44) 1
[ o fy,2n 3 < / 0(y,47) — 00y, 2] 5" = lim [ 0(y,47) 0y, 2] (1076)
0 0

T t—0 t

1 1/2 1 2t
dr dr dr dr
= 0(y,4r)— + lim 0(y,4r)— — 0(y,2r)— — lim 0(y,2r)— < C(m)A.
/1 (y,4r) . tl O/t (y,47) . /2 (y,2r) . tl O/t (y,2r) . (m)

/2 t

=0

The rectifiability of §¥(1t) is now a consequence of theorem 10.4.4.

By countable additivity, the rectifiability of §*(u) is a corollary of the rectifiability of
8¥(u) for all € > 0.

It is worth remarking that the uniform Ahlfors upper estimates obtained a priori for the
measure p = H*L {8¥(u) N By (0)} are essential to carry out this computation, and actually
they are the most difficult part of the estimate. This is why the proof of the rectifiability
property is so easy.

0

10.6.2  Proof of Proposition 10.6.1

Now we turn to the proof of the covering proposition. We split this proof in two pieces
by introducing a secondary covering proposition.

Proposition 10.6.2. Under the assumptions of proposition 10.6.1, for all 0 < p < 1/100, there
exist 8 = 6(m, N, Q, A, ¢,p) > 0 and Ci1(m) such that the following is true.
There exists a finite covering of 8§ = 8% 5 (w) N By (p) of the form

£,0T

8§ C U By, (x), with r«>1r and Z e < Crp(m JR¥. (10.77)
x€eD xeD

Moreover, for each x € D, either there exists a (k — 1)-dimensional space W such that
xrx {y €edn Ber ( ) with 9(9, pT‘X/ZO) = E— 6} g Bprx/10 (WX) s (1078)

or Ty =T.
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Assuming this proposition, we prove proposition 10.6.1. The idea is simple: we consider
this second covering, and refine it inductively on each ball with vy > r and no uniform
energy drop.

Proof of proposition 10.6.1. Let 0 < p < 1/100 to be fixed later, and let A € IN be the first
integer such that p* < r. Also assume without loss of generality p =0 and R = 1.
Foralli=1,---,A, we construct a covering of § of the form

$NBy(0)C |J B-(xJu |J Bry U |J By (%), (10.79)

XER; xEF; xXEB;

where R; are the balls of radius 1 in the covering, JF; are the balls where the uniform
energy drop condition (10.67) is satisfied, and B; are the bad balls, where none of the
two conditions is verified. We want to obtain uniform packing bounds on X; and J;, and
exponentially small packing bounds on B;. We will refine our covering only on bad balls
by re-applying the second covering lemma on those, and this is why we need smallness on
their packing bounds. In detail, we want

> < Ce(m) i7"' ;Y Te<Th (10.80)
j=0

XERUTF; xEB;

Induction step

Pick a generic ball B (p), and apply the second covering in Proposition 10.6.2 to it. We
obtain a covering of the form

SNBr(p) C U By, (x), with r,>1 and Z r],j < Crr(m)RK. (10.81)
xeD x€D

We split D into two disjoint sets: D = D, U D, where the first set is the one with r, <
60p~'r. Observe that if x is in the second set then (10.78) is valid. For all x € D,., consider a
simple covering of B, (x) by balls of radius r with number bounded by c(m)p~™, and let
Rp be the union of all centers in these coverings. Note that if r, = 1, we can keep this ball
unchanged.

For all x € D, consider a covering of B, (x) made of balls of radius pry /60 > r centered
inside this ball and such that the family of balls with half the radius are pairwise disjoint.
In particular, let

B, (x) C U Bor, /60 () U U Bor, /60 (Y) , (10.82)
yeBy yeFx
where
Fx,rx N U BZ-(prx/6O) (U) = Q)/ Bx - BprX (WX) . (10-83)
yeTx

Thus, the balls in Fx will have a uniform energy drop, in particular we have that for all
yeTFxandz € By (pr s60) (Y) = Bar, (y),

0(z,3ry) <E—5. (10.84)
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Moreover, the number of balls in By is well controlled. Indeed, since Bx C By, (W),
{Bprx /40 (y)}y cp. are pairwise disjoint and Wy is a k-dimensional subspace, then

#{FJ <clmp™™, #{Bx) <c(m)p'*. (10.85)

Set By = UxepBx and Fp = UxepFx. We have

Y rE<cem)pT ™R Y rk <e(m)p ™ TRC (MR, (10.86)
z€RHUT) xeD
Z rlz‘ < c(m)p1 Z r',f < c(m)pCH(m)Rk. (10.87)
z€Byp x€D

We choose p = p(m) < 1/100 sufficiently small so that

c(m)pCrri(m) < 1/7. (10.88)
In this way, we have the estimates
Z rlg < Crrr(m)R¥ Z le< < 77 TRk, (10.89)
z€RpUTF) z€By

Finishing the proof

With the induction step, the proof follows easily. For i = 1, apply the induction step to
B; (0) and we obtain (10.79) for i = 1 with (10.80).
For generic i, we have by induction

$NB1(0)C | B-x)Ju [ Br,x)U | B, (%) . (10.90)
xXER; xeF; x€B;
Apply the induction step on all the balls {B+, (x)}, .5, separately, and define
Rip1=RiU | R, Fin=F0 J F, B = | Bx. (10.91)
xEB; xEB; xXEB;

By construction, we have the estimates

i
Z rlz‘ < Crrr(m) Z 773 Z T‘]; <7740 (10.92)
s=0

z€Ri11UT i z€Bi

Note that at the step i = A all the balls in our covering will either have energy drop (if
they are in J4) or have radius = r (if they are in R ). Equation (10.92) for i = A gives the
desired bound on the final covering.

O

Now we turn our attention to the proof of proposition 10.6.2, which is the last one needed
to complete the main theorem.
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10.6.3 Proof of Proposition 10.6.2

For convenience, we assume p = 0 and R = 1. Fix ¢,p > 0, and let A be such that

pA < 1 < pA~ 1. The proof is based on an inductive covering by balls, where the discrete

Reifenberg is applied in order to control the number of these balls.

Construction of the covering

We split the inductive covering in two parts: at first we simply construct the covering
inductively, and then we prove the packing bounds using Reifenberg’s theorem. Specifically,
we start by looking for an inductive (for i =0,1,---, A) covering of the form

sC |J Br.xuU [ Br,(x), (10.93)

XEBi XES«;

where the elements of B; are the centers of the bad balls in our covering, and G; are the
centers of the good balls. In particular, we want :

1. for all i and x € B;, rx > p! and there exists a (k — 1)-dimensional subspace Wy such
that

Fxr, ={y € 8N B2y, (x) such that 6(y, prx/20) > E -8} C Bor /10 (W), (10.94)
where 6 > 0 is fixed, to be determined later;

2. foralli=1,--- ,A and x € G;, 7x = p' and the set F, . defined above (pry/20)-
effectively spans some k-dimensional affine subspace Vy;

3. for i = A, we have the bound

> ok <cnm). (10.95)
XEBAUSGA

Moreover, we request some extra properties of the centers of the covering in order to apply
the discrete-Reifenberg theorem:

4. for all i, the balls in the collection {BTX /10 (x)} are pairwise disjoint;

x€Gi{UB;

5. for all i > 1 and x € G;, we have the energy bound

O(x,Tx) > E—1n forsomemn >0; (10.96)

6. there exists a constant c(m) such that for all i, the balls in the collection {B; (x)}
are not (k+1,¢/c(m))-symmetric.

XESi, Seh‘x,‘”

At each induction step, we will refine our covering on the good balls, while leaving the bad
balls untouched.

For i = 0, consider the set Fy . If this set does NOT p/20-effectively span something
k-dimensional, then we call B;(0) a bad ball, set §; = ) for all 1 and {0} = By = Ba with
1o = 1. This covering immediately satisfies all the properties of proposition 10.6.2.

In the other case, set Gy = {0} with 7o = 1.
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INDUCTION STEP  Assuming by induction that all the properties listed above are valid up
to the index i, we want to produce the covering for i+ 1. In order to do so, we want to
refine our covering on good balls, and leave the previous bad balls intact.

Fix an arbitrary x € G, and consider the set Fx . . Since B (x) is a good ball, by defi-
nition this set [p'*!/20]-effectively spans a k-dimensional affine subspace V. By applying
theorem 10.3.3 to the ball B, (x), we find that there exists a 5(m, A, ¢, p) sufficiently small
so that

S]é,ér(u) NBapi (X) C By 1o (Vi) (10.97)
Consider the set
K= J BuxnV)\ | Br, (x). (10.98)
x€9; xXEB;

Given the inclusion (10.97), and since we have chosen p < 1/100, we have

S\ [J B, (x) € Bpinr 5 (K) . (10.99)
xEB;

Let Dk C K be a maximal subset of points at least pit1/5 apart, so that the balls {Bpm /10 (x)} 5
xeDk

are pairwise disjoint. Note that these balls are also disjoint from {B,_,3 (x)}X cx, by con-
struction. Moreover, by maximality of the subset
S\ U B, (x) C U B,yit1 /s (%) (10.100)

x€B; x€Dyg

We can discard from this collection all the balls B, 1,5 (x) that have empty intersection
with 8. Now consider the collection

{Bpis1 (X)}XEDK , (10.101)

and classify these points into good and bad balls according to whether or not (10.94) is
satisfied. In particular, if F, ;i pit2 /20-effectively spans a k-dimensional subspace V,
then we say that x € Gii1, and x € Bi 1 otherwise. We set

Biv1 =BiUBit1, Giv1 =Git1. (10.102)

This takes care of properties 1 and 2 in the induction.

Now fix any x € Dg. By construction, there exists an x’ € §; such that x € VN
B. , (x’). Hence, we can apply proposition 10.3.7, and prove that for all n > 0 there exists a
d(m, N, Q, A, p,n) sufficiently small so that

0 (x,p""'/40) > E—n. (10.103)

Moreover, there also exists some x’ € SN B 2pi+1/5 (x). By definition of 8, this implies that
for every (k + 1)-dimensional subspace T = Ty:

c(m)p(z_m)(iﬂ)/B IDruf? > (2()”1/5)2_’“/B Drul? >e.  (10.104)

pi+] (X) 2p1'.+1/5(x,)

In other words, Bi+1 (x) is not (k +1,¢/c(m))-symmetric. Thus all the properties of our
inductive covering are satisfied.
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I=A Fori= A, one can use the same construction as above, but with radius r instead of
radius p”. At this stage, one also does not need to make any distinction between good and
bad balls.

At this stage, we also set
D=BarUGa. (10.105)

We are left to prove the packing estimates (10.77).

Volume estimates
We will apply the discrete Reifenberg theorem to the measure
Wy = Z ™8y . (10.106)
xeD

In order to do so, we need to check that (10.40) is satisfied for this p, and we exploit the
best approximation theorem 10.5.1.

However, as it will be evident later on, we cannot apply this theorem directly. Instead,
we will prove the volume estimate with an upwards induction.

Inductive statement

For convenience, we define the one-parameter family of measures p; by setting
Di=DN{ry <t}, pwe=uLDy <. (10.107)

Let T be such that 2T Tr < 1/70 < 2Tr. We will prove by inductionon j =0,1,---,T that
there exists a constant C1(m) such that for all x € By (0) and s = 271

s (Bs (x)) = > ry < Cr(m)s®. (10.108)
yeDNBs(x) s.t. r1y<s

Once this has been proved, with a simple covering argument we can turn the estimates for
j = T into the estimates (10.77), replacing Ci(m) with Cy;(m) = ¢(m)C;(m) if necessary.

BASE STEP IN THE INDUCTION, j = 0 . The first step of the induction is easy. Since by
construction ry > r for all x € D, and since the balls {BTX /10 (x)} are pairwise disjoint,
a standard covering argument shows that for all x € By (0),

x€D

Hr (Br (x)) < Co(m)r*. (10.109)

Induction step

The induction step is divided into two parts: first we are going to prove a weak packing
bound for balls of radius 2J*'r. With this estimate, we will be able to apply the discrete
Reifenberg theorem, which gives us a uniform scale invariant upper bound for the measure
that lets us complete the induction.
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COARSE BOUNDS Assuming that the induction step j is proved, we can easily obtain a
rough bound for j + 1. Indeed, let x € By (0) be arbitrary, and consider the ball B;:1,. (x).
By covering this ball with c(m) balls of half the radius, and using the induction hypothesis,
we can estimate

Mair (Boiiy (x)) < c¢(m)Cy(m)(2F 1)k, (10.110)

ith a similar coveri reument, we can estimate the “new contributions” i i+1.. To be
With 1 ng a t, wi timate the “n ntributions” in pyj+1,.. Tob

precise, since {BTX /10 (%) }X cp are all pairwise disjoint, we have

D ={x € DNBy1, (x) withry € (21,2711]} > k< Com) @k (10.111)
xeD

Thus, choosing Ci(m) > Co(m), we have

Moy (Byyry (X)) < c(m)Cr(m)(27F )%, (10.112)

REFINED ESTIMATE In order to refine this last estimate, we need to apply the discrete
Reifenberg 10.4.3. An essential tool is given by the estimates in corollary 10.5.3. Fix any
B,j+1, (x) for x € D. For convenience, hereafter we will denote

Hoj+1p L Bojiry (x) = . (10.113)
Set also fory € D:
O(y,4s) —0(y,2s) fors >r1y,/10,
Wop(y,s) = Y b Y (10.114)
0 for s <ry/10.

By construction, and in particular by the estimate in (10.104) and (10.96), for 1 sufficiently
small we can apply Corollary 10.5.3 to p and any ball B (x) with x € D and s € [ry, 1], and
obtain

Dt(x,s) < C1s_k/B ( )Wp(y,s)du(y). (10.115)

As a corollary of this and (10.39), we can extend this relation for all s € [ry/10,1], up to
enlarging Cy by c(m):

Dt(x,s) < c(m)C1s_k/ Wop(y,10s) duly). (10.116)
B1os(x)

Note that this relation is trivially true also for s < 1, /10, because in this case the support of
the measure u inside the ball B,. ;1o (x) is an isolated point.

We can use this estimate to prove (10.40) for the measure . Indeed, fix any y € Byj+2,. (x),
t € (0,22117], and in turn choose any s € [0, t]. For these parameters, we can bound:

(10.116)
/ Dt(z,s) du(z) < C1sk/ [/ Wo(p,10s)du(p) | du(z).  (10.117)
B (y) Bi(y) L/ B1os(z)
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Considering that

{(p,z)st. z—yl<t and [p—z| < T10s} C{(p,z) s.t. [p—yl<t+10s and [p—z[ < 10s},

(10.118)
we can exchange the variables of integration and estimate
B
[ opkesdua e [ PP 100 dulp)
Bi(y) Bi1t(y) § (10.119)

e(m)C1 Ciy / Wo (p, 10s) du(p).
Bi1t(y)

Recall that by (10.113), u(A) = u(ANB,,j+1, (x). Note that the induction hypothesis and
the coarse estimates have been used to obtain the last inequality.
By integrating this inequality on fo < we get

t d d
/Bt(y) (/0 D (z,s) Ss> dp(z) < c(m )QCH/BHt [/ Wo (z,10s)— ]du (10.120)

Note that for all x € D, 0(0,1) —0(0, 1) < n. Thus for t < 1/70 we have

t t
/ w@(x,ms)% - / [0(x,40s) — 6(x, zos)]is (10.121)
0 Tx
t t/2 t/2 27y
:/ 6(x,40s)ds~|—/ 0(x, 40s)ds—/ 0(x, ZOs)ds—/ G(X,ZOS)% (10.122)
t/2 S Tx S 21y S Tx S
=0
t
_ _ ™xo)] 98
= /t/z [9(7(,405) 0 <X,4O " s)} S <cn. (10.123)
This in turn implies
t ds
/ </ Dk(z s) > du(z) < ¢(m)Cq(m, €)Crmtk. (10.124)
Bi(y) 0

By picking 1 sufficiently small (in turn: by picking 6(m, N, Q, A, ¢,m) sufficiently small),
we can apply the discrete Reifenberg theorem to p and prove that

Hojety (Bojiry (%)) < Cr(m) (2T 1)k, (10.125)

By picking Cyr(m) = max{Co(m), Cr(m)}, we complete the induction step, and in turn the
proof of this proposition.



1 1 CONTINUITY IN NON-POSITIVELY
CURVED SPACES

This chapter is devoted to the proof of the following result.

Theorem 11.0.1. Let N < RY be a complete, simply connected manifold all of whose sectional
curvatures are non-positive. Then, every minimizing harmonic map w € W'2(Q, Aq(N)) satisfies

sing,, (u) = 0.

The proof will be split into two parts. In the first part of the argument we will show a
general lemma, Lemma 11.1.1. Then, in Section 11.2 we will show how the lemma implies
the theorem.

Observe that in the single-valued case Q = 1 the hypothesis that 711 (N) = {0} is not
necessary: indeed, in Section 11.3 we will show how the same result holds when Q =1
under the weaker assumption that N is connected. The proof will follow from the simply
connected situation by means of lifting of Lipschitz continuous functions into covering
spaces. The hypothesis that N is simply connected, instead, is indispensable when Q > 1:
in Section 11.4 we will provide an example of a singular Q-valued minimizing harmonic
map in a flat target manifold N (cf. Proposition 11.4.1).

111 A TECHNICAL LEMMA

Lemma 11.1.1. Let f: N — R bea Cz—regularfunction such that V2t > 0 on ToN forall p € N.

Then
Q

fou= Z f(ug) = const.
0=1

for any O-homogeneous Dirichlet minimizer u: R™ — Ag (N).
Proof. We will split the proof of the lemma into two steps:

claim 1: for any Dirichlet minimizer u: Q — Ag(N), Q C R™ open, we have that fou: Q —
R is subharmonic in the sense of distributions i.e.

A(fou) >0; (11.1)

claim 2: any 0-homogeneous subharmonic function is constant.

The lemma is an immediate consequence of claim 1 and claim 2.

Proof of claim 1: Let f be any extension of f to RY such that f is C? (for instance, take
f(p) == &(p)f(TI(p)), where TI(p) : Us(N) — N is the nearest point projection from a o-
tubular neighborhood Us(N) and ¢ is a non-negative smooth bump function supported in

193
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Us(N) and constantly equal to 1 in a small neighborhood of N). Observe that for every
p € N we have V2f = (D(Df)™)™, where v'» denotes the orthogonal projection of v onto
TpN. In order to deduce the claim, let ¢ = @(x) € C l(Q) non-negative be given and define
the vector field

Y(x,p) == @(x)Vi(p) = @(x)(Df(p)) T .

The outer variation formula (2.39) provides now

m Q
0= /Q > > ((Dig, VE(ue))Di@ + (Diwe, DVF - Diue) @)
i1 =1

m Q
:/QZ (Di(fou)Di(p+Zsz(ug)(Diug,Diu(g)(p>.
i=1

=1

In the last line we have used that Dyu, € Ty, N and so (Djuy, DVf- Diwg) = VZf(ue)(Diug, Diwg).
Since the last term is non-negative we deduce the claim:

/Q<D(fou),D(p> <0 forall p € Cl(Q),(p > 0.

Proof of claim 2: Let h € W12(R™) be 0-homogeneous and subharmonic in the sense of
distributions i.e.

/(Dh,D(p> <0 forall g € CL(R™), @ > 0. (11.2)

Suppose h is not constant. Then there exists a > 0 such that h is not constant on the
super-level set {x: h(x) > —a}, which in turn implies (h+ a)* is not constant. Take any non-
negative1(t),n(t) = 0 for t > R (possibly a smooth approximation of (R—t)"), and consider
the test function @(x) =n(|x|*)(h+ a)t in (11.2). Observe that Di@ = n(|x|?)Di(h +a)t +
n'(x|2)2x'(h + a)*. But > . Dih(x)x! = 0 for a.e. x in R™ because h is homogeneous.
Hence we deduce

0> /|D(h+a)+|2n(|x|2y

But this contradicts the assumption that (h+ a)* is not constant. O

11.2 PROOF OF THEOREM 11.0.1

In this section we conclude the proof of Theorem 11.0.1. Recall that the hypotheses on N
imply by the Cartan-Hadamard Theorem that exp,, : T,N — N is a covering map for every
p € N. Furthermore, since N is assumed to be smooth we have distx(q,p) = Iexp];1 (q)l.
As a further consequence we deduce that for each p the map q — d% (q) := distx(q,p)? is
smooth. By the second variation formula for length we deduce that VzdlzJ > 0.

Proof of theorem 11.0.1. Again we split the proof in two parts:

claim 1: every 0-homogeneous and locally minimizing u: R™ — Aq(N) is constant;
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claim 2: claim 1 implies that every locally minimizing map u € W'2(Q, Aq(N)) is continuous.

Obviously claim 2 is equivalent to the theorem. Let us first show how claim 2 follows from
claim 1:

Proof of claim 2: Let u € W'2(Q, Ag(N)) be locally energy minimizing, and suppose by
contradiction that sing, (u) # (. Due to the characterization of the Holder regular set by
means of the tangent maps [Hir16b, Lemma 6.1], there is y € sing;,(u) with a non-constant
tangent map Tj at y. But every tangent map is 0-homogeneous and locally minimizing,
and thus constant by claim 1. This is the required contradiction.

Proof of claim 1: Let u € W2(R™, Aq(N)) be any 0-homogeneous locally minimizing map.
As a consequence of the previous discussion, for every k > 1 and p € N the function
qe N~ f(q) = (dp(q)z)k is C2 regular and satisfying V2f > 0 on TgN since t tk is
convex. Hence, we can apply lemma 11.1.1 and deduce that forallp € N, k > 1

Q
df)k ou= Z df,k(ug) (11.3)
=1

is constant. To conclude we need the following small algebraic fact, whose proof we post-
pone and first show the end of the argument.

Lemma 11.2.1. Let {ag}?:1 b z}?:1 be two families of non-negative real numbers. Suppose that for
some sequence ki — oo we have

Then, {ag), = (b2,

In order to conclude the proof, fix any x,y € R™ and let u(x) = Z(?:] [pel, uly) =
Z?:] [q¢]. For a fixed p; we have by (11.3) that for all k > 1

Q Q

> dist(pe, pj)?* =) dista(qe, pj) .
=1 =1

But so the lemma 11.2.1 implies that the number of zeros of the left- and right-hand side
are the same. So we conclude that #{¢ : p = p;} = #{{: q¢ = p;}. Since p; was arbitrary we
have u(x) = u(y), that is u is constant.

It remains to give the proof of the lemma.

Proof of lemma 11.2.1. This lemma follows by induction on Q. For Q = 1 the claim is obvi-
ous.

Suppose the claim is proven for Q’ < Q. We may assume that the families are ordered, i.e.
a; > az > --- > ag and by > by > ---bg. If a; = 0 the claim follows. Hence we may
assume aj > 0. The hypothesis implies that for all k;

Be-fe

a
=1 1 =1
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If we consider the limits for ki — oo we deduce that the LHS converges to #{{: ap = a;}. If
by > aj, the RHS converges to +o0. If by < aj, on the other hand, the RHS converges to
0. Hence, b1 = aj. Furthermore the RHS converges therefore to #{{: by = b; = a;} which
must be the same number as for the family {a, }gQ:1 . Hence we conclude that the assumption
can now be written as

> o+ Y afi= ) b+ > by

e: ag=aj g: ag;écu £: b@:a] g: be;ﬁﬂ]

As we have just shown the first sum on the left agrees with the first sum on the right, hence
we deduce equality for the second sums for all k;. The lemma follows now by induction
hypothesis. O

O]

11.3 THE IMPROVED RESULT WHEN Q =1

Although it is a known result we want to give a short proof of how the previous implies
the following theorem. The important fact to remark is that for the single-valued case the
topology of the target does not play a role.

Theorem 11.3.1. Let N be a complete, connected manifold all of whose sectional curvatures are
non-positive. Then, every locally energy minimizing map w € W1-2(Q, N) is smooth.

Proof. 1t is classical that every continuous harmonic map is smooth (cf. § 2.3.1), hence it is
sufficient to prove the continuity of the harmonic map. We will show it by induction on the
dimension m of the base space QO C R™. In fact, we will proceed similarly to the simply
connected situation:

claim 1: every 0-homogeneous locally energy minimizer u: R™ — N is constant;

claim 2: every locally energy minimizing map u € W12(Q,N) is continuous.

Proof of claim 1: Assume claim 1 is proven for m’ < m. In a first step we want to show that
the map ulgm 1 is continuous. For m < 3 this holds true since J—Cmfz(sing(u)) = 0. Now
let u: R™ — N be 0-homogeneous and energy minimizing, but suppose by contradiction
that when restricted to the sphere S™~! u is not continuous, i.e. sing(u)NS™ 1 # (.
Hence we can find y € sing(u) NS™~'. Since u is singular at both 0 and y, there is a
tangent map T to u at y with at least one line of symmetry, i.e. there is z € R™ such
that T(x +Az) = T(x) for all A € R, for all x. But this implies that T is a locally energy
minimizing 0-homogeneous map from R™~! to N. By induction hypothesis T must be
constant. Hence sing(u) N gm—1 — ¢,

We have thus concluded that v := ulgm 1 : gm—T 5 N is continuous and so smooth. Let
P : N — N be an isometric covering map e.g. we can take P = exp, : ToN — N by the
Cartan-Hadamard Theorem. Since S™ ! is simply connected we have that w, (7 (S™ 1)) C
P.(m; (R™)) and hence there exists a lift ¥ : S™~! — N of v, that is with Pov =v, compare
[Hatoz, Proposition 1.33]. The 0-homogeneous extension {i(x) = \")(ﬁ) must be locally
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energy minimizing since P is isometric (indeed, if W is a local competitor for it then w := Po
W is a local competitor for u, and |, a Dw|? = f Q|D17v|2 ; hence, i must be locally minimizing
if u is). But as proven in the simply connected situation every 0-homogeneous locally
energy minimizing map i : R™ — XN is constant, compare claim 1 in Section 11.2 with
Q = 1. This shows the claim.

Proof of claim 2: Assume sing(u) # (. Hence we can find y € sing(u) at which there is a
non-trivial tangent map T. But the existence of T is ruled out by claim 1. O

11.4 Q—VALUED COUNTEREXAMPLE

In this section we want to present an example that the continuity fails for Q-valued
functions if the target is not simply connected. Due to the results in Section 11.2 we already
know that the reason must be of topological nature.

Proposition 11.4.1. There is a 2-valued Dirichlet minimizing map w from B3 C R3 into the
flat torus T? = C/Z? with the property that uls: is Lipschitz continuous, sing,, (1) € B3 and
sing,, (u) # 0.

Proof. The construction of the example proceeds as follows:

1. we present an explicit example of a branched covering 7t: V — $2, where V is a torus.
V is constructed as a complex variety in C x C;

2. using 7 we construct a 2-valued, Lipschitz continuous map v from S? into the flat
torus T? = C/Z? with finite energy;

3. let u be a minimizer of the Dirichlet energy with respect to g(x) = v(";—l). We will
show that u cannot be continuous.

Let us now present the details to the outlined steps:

step 1: Let C be the Riemann sphere. We fix two non zero, unequal complex numbers a, b

and define the meromorphic function m(z) := zZ=¢. Consider the complex variety

Ao z—a
V::{(W,Z)ECXC:WZZZ }
z—b
Consider the projection 7t : € x € — € onto the second component. Restricted to V, we

obtain a ramified covering map
n:V—C.

The map 7 by definition is a two valued covering with ramification points in P; = (0,0),
P, = (0,a), P3 = (00,b) and P4 = (00, 00). We claim that 7 takes the form 71(¢) = ¢ at each
of the ramifications points P;. Furthermore this implies that V is smoothly embedded, i.e.
does not have any singular points.

Setp1 =0=p},p2=a,p; = (p3=b =5, ps=+o0o= 7).
At Py, P2 we have m(z) = (z—pi)hi(z —pi) with hy holomorphic in a neighborhood U;
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of 0 and hi(0) # 0. We deduce that ¢i(z) := (z—pi)hi(z—pi) = m(z) is locally a holo-
morphic diffeomorphism between p; + U; and a neighborhood Vi C C of 0. Now it is
straightforward to check that

D€ Vi (¢ o7 (2P),

is a local parametrization of V around P;, i.e. @;omo ®;(() = (*. Changing U; we may
assume that V; = D, for each i = 1,2, where DD, is the disc centered at 0 € C with radius
r. Furthermore since @; is a smooth regular map P; is not a singular point of V.

To analyze the ramification points P3, P4 we use the inversion I : C — € with I(z) = %
Observe that (w,z) € V if and only if (W’ = I(w),z’ = 1(z)) is a solution of (w’)? = m/(z’

—

. z/'—1
with m/(z) =lomol=222"% or
a 2T

2

r_ 1
Z a

r_ 1
I(V):{(W/,Z,)GCXC: ’Zzgzlz b}.
Now we can argue for P3, P4 as for Py, P, interchanging p1, p> with p} and p} (and denote
with U{, i = 3,4 the related neighborhoods of 0). As a conclusion we can apply the Riemann-

Hurwitz formula, and obtain

4
X(V)=—4+) (2—-1)=0.
i=1
Hence V is a torus.

step 2: In the following we equip V with the pullback metric g := 1*$ of its immersion

t:V < CxC. Observe that the metric g is compatible with the conformal structure
considered in step 1.
The construction of v will be done in two steps. First, since 7t : V — C is a branched
conformal covering of degree two there is a natural way to define 2-valued maps with finite
energy. These maps are not Lipschitz continuous, in fact only CO2, but we are able to find
a Lipschitz continuous map with similar properties nearby.

Let f : V — N be any smooth function from the Riemann surface V into a manifold N. We
define a two valued map u = us: € — A, (N) using the branched covering map : V — C
as follows

u(z) = Z [f(P)],
Pen—1(z)
counting multiplicities i.e. u(pi) = 2[f(Pi)] fori=1,---,4.
We claim that u € W'2(82, 4, (N)) with

/IVuIZ:/IVflz. (11.4)
2 v

Let v be a smooth path connecting p1,p2,p3,pa. We obtain a simply connected domain
Q C C setting

Q:=C\ U (pi+Uy)U U I(pi +Uj)) Uy
i=1,2 i=3,4
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Hence there exist two holomorphic maps {; : Q — 1 (Q) with P (Q) U, (Q) =7 1(Q)
such that
u(z) =[fopi]+[fopy] foreveryze Q.

Since the Dirichlet energy is conformally invariant (cf. [DLS11, Lemma 3.12]), we have

/ Vu? = / VAR,
Q = 1(Q)

Now we consider a ramification point, for instance Py and the related neighborhood p; +
U;. Using the previously introduced parameterization ®; we have

wopy!(0) = [ro@(c)] + [ro@r(—ch)].

The maps ¢ € D> — iC% both together parametrize ID,,. Hence, as before, due to the
conformal invariance of Dirichlet energy we obtain

/ Vu? = / VA2,
(p?l (IDT%] (OF} (DT] )

Summing up all the pieces and using that H?(y) = 0 we obtain (11.4).
By step 1 V is a smoothly embedded torus in € x C; hence, there exists a smooth diffeo-
morphism @ : V — T2. Apply the above construction with the specific choice f = @ to
obtain
V2= ) [0(P)] e WHE, A(T?)).
Pen—1(z)

It remains to show that there is v € Lip(C,.A,(T?)) nearby. This will be a consequence of
the following approximation lemma:

Lemma 11.4.2. Given w € W1'2(Q,AQ(N)) N CO(Q,AQ(N)), for every Q' € Q there exists
wj € WI2(Q,Aq(N)) N CO(Q, Ag(N)) with

wj € Lip(Q', Aq(N)); wj =w in a neighborhood of 0Q

1Sw5, W)l Lo () = O / IDw;? —>/ IDw|? as j — oo.
Q Q

Before coming to the proof of this lemma let us present how to conclude. Apply the
lemma to the 0-homogeneous extension of ¥ in () := B%(O) \le (0) to obtain an approxi-
4

mating sequence vj € W1'2(B§(O) \Bi(O),Az(Tz)) N Lip(Bg(O) \ Bi (0),A2(T?)). Choosing
4 2 2

j sufficiently large we can guarantee that for every p € T2\ U?ﬂ B,-2017(®(Pi)) there is
precisely one z € C ~ aB$(O) with p € spt(vj(z)). Now fix such j sufficiently large and
set v = vj |C' The 0-homogeneous extension of v i.e. g(x) := v(ﬁ) for x € By € R3 is an
element of W'2(By,A,(T?)) and Lipschitz continuous outside of 0. Now we may apply
the direct method to obtain a Dirichlet minimizing map u: By — A (T?) with uls2 = gls2,
compare [DLS11, Theorem 0.8].
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Proof of Lemma 11.4.2. Since N — RY smooth isometrically there exists a smooth nearest
point projection TT : Us(N) — N for some & > 0. Let &g : AQ(]Rd) — RM be the lo-
cally isometric "improved" Almgren/B. White embedding of AQ(]Rd), cf. [DLS11, Section
2]. We will denote with pgy : RM — Ag (RY) the related Lipschitz retraction, satisfying
pew °&pw = id on AQ(IRd), [DLS11, Corollary 2.2].
Since w is assumed to be continuous, there exists W; with W; — &gw ow in [*°(Q,RM) N
W12(Q,RM), w; € Lip(Q’,RM) for every Q' € Q, and W; = £gw ow in a neighborhood
of 0Q). For instance, one may take w; = (1 —0) Egw ow + 0 n¢; * (Egw o w), for an appro-
priate cut-of-function 6 and a sequence of mollifiers ne;.
Since ppw is a Lipschitz-retraction and &g is a local isometry we conclude that the se-
quence

Wj == ppw o Wj : Q — Ag(RY)

has the claimed properties up to the fact that W; does not necessarily take values in N. But
for sufficient large j we have §(Wj(x), w(x)) < %6 for all x € Q hence

Q
wi(x) == Tow;(x) = > [T((W;(x))e)]
=1

is well-defined and has all the claimed properties. It is clearly Lipschitz continuous on Q'
since TT is smooth and Lipschitz. The sequence wj converges uniformly to w since IT is the
identity on N and finally

Vs |2

szgliminf/ Vw;|? < liminf — :/ Vw2
J v < timint [ 9wy < timant | g e = [

In the first inequality we used the lower-semicontinuity of the Dirichlet energy, in the sec-
ond an estimate on the derivative of the nearest point projection IT, compare [Hir16b, Re-
mark 2.1 (iv)]. O

step 3: That sing,,(u) € B3 follows from the fact that ulg, is Lipschitz continuous and
a boundary regularity result for Q-valued locally energy minimizing maps, which can be
obtained from the analogous result of [Hiri6a] for “classical” R9-valued Dir-minimizers
modulo slight modifications of the arguments: precisely, this is how to proceed in order to
obtain the boundary regularity result [Hir16a, Theorem o.1] in the manifold valued setting
for s = 1. Only in the proof of Proposition 3.3, one replaces the application of Lemma
B.2. to obtain the interpolation ¢ (k’) by the application of the Q-valued Luckhaus lemma,
[Hir16b, Lemma 3.1] to obtain @(k’). Due to the L*-bound in the Luckhaus lemma one
can apply the nearest point projection TT: Us(N) — N and obtain an interpolation function
Mo @(k’) that satisfies the same bounds.

To show that sing,,(u) # () the idea is to use the "degree" of uls> to show that u cannot
be continuous. We will use the notion of "degree" suggested by the theory of Cartesian
currents. We will need the tools developed in Chapter 3 about push-forwards of integral
currents by Q-valued proper Lipschitz continuous functions. In particular, let O C R™
be open (non necessarily connected) with smooth boundary 0Q), ¥ C Q any smooth k-
dimensional surface, and f: QO — Aq(N) Lipschitz and proper. Then, the following holds:



11.5 CONCLUDING REMARKS: AN EXAMPLE OF A "NON-CLASSICAL" TANGENT MAP |

o T := f3 [Q] is an m-dimensional integer rectifiable current in N, S := f; [Z] is a k-
dimensional integer rectifiable current in N;

e itholds oT = f; [0Q)].

In case Q is 3-dimensional, £ and N are 2-dimensional without boundary, the constancy
theorem for integral currents, Theorem 2.1.6, implies that

i T = f;[Q] = 0 since T is a 3-dimensional current supported in a 2-dimensional
manifold;

(i) S = fy [£] = 05 [N] for some 05 € Z since S is a 2-dimensional integer rectifiable
current without boundary supported in a 2-dimensional manifold;

(iii) the following identity holds true
J
0=0T=*f[0Q] =) 05 [N (11.5)

where Z; are the different components of 0Q i.e. 0Q = U)]:1 L.

Now we can conclude step 3. Assume by contradiction that u is continuous. First extend
u to By setting u(x) = u(7;) for [x| > 1. Apply the approximation lemma 11.4.2 to u with

Q= 133 and Q' = B; to obtain a sequence u; € wl 2(Bs A (T?)) with u]|aB3 = uIaB3
for all j. Since u is Lipschitz continuous on B, \ By we have that W € L1p(Bs AZ(TZ))

Modifying u; slightly we can assume that u; is constant in a small ball B (0). Thls can be
achieved for instance by composing u; with a Lipschitz function of the form

X for x| >
P(x) = M%rx for r < |x| <2r
0 for |x| < .

Now consider the set QO = B 3 \B% with smooth boundary components X1,X; given by

[Z:] = HE)B 3 H and [Z;] = — [[OB%]] in the sense of currents. Since u; is constant on B, we

have (u;)y [Z;] = 0 by the very definition of push-forward. The identity (11.5) implies that
0= (u)‘)ﬁ [[Z]]] =y [{GB%H = Uy [[881]] .

We used that u; = u on 0B 3 for all j and u is 0-homogeneous on B, \ By. But this is a
contradiction since uy [0B] # 0 by the way u was constructed, compare the choice of the
boundary datum in the approximation above. O

11.5 CONCLUDING REMARKS: AN EXAMPLE OF A "NON-CLASSICAL'
TANGENT MAP

We want to conclude the chapter observing that tangent maps of Q-valued locally Dirich-
let minimizing maps may have different structures than "classical" one-valued tangent
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maps.
Following the classical scheme we make the following definition:

Definition 11.5.1. Let u € W1'2(Q,AQ (N)) be energy minimizing. A point x € sing;,(u) is
called a regular-singular point if for every tangent map T at x there are classical one-valued
tangent maps Ty : R™ — N, i.e. 0-homogeneous locally energy minimizing maps, such that

Q
T=) [T
=1

It is worth noting that every continuity point of a locally energy minimizing map has the
property above, by the identification of regular points by the existence of a constant tangent
map, [Hir16b, Lemma 6.1 (iii)].

We will show the following

Proposition 11.5.2. Let w: B1(0) € R® — A, (T?) be the Dirichlet minimizing map constructed
in the previous section. Then, sing,, (u) does not contain any regular-singular point.

Proof. It was shown in step 3 of the previous section that sing,, (1) # () and sing,, (1) € B3,
hence at every point x € sing;,(u) a tangent map exists. Let T : R®> — A;(T?) be an
arbitrary tangent map at some some y € sing;,(u). Assume by contradiction that there are
"classical" tangent maps Ty, T : R3 — T2 such that

T=[N]+[T2].

Each T; is 0-homogeneous and locally energy minimizing. Since T? is flat each T; satisfies
the assumptions of claim 1 in the proof of Theorem 11.3.1, hence T; must be constant.
But this contradicts that T is a non-constant tangent map and concludes the proof of the
proposition. ]



Part IV

Results on real currents and currents
with coefficients in groups
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1 z RELAXATION OF FUNCTIONALS ON
REAL POLYHEDRAL CHAINS

In this chapter we present the proof of the representation formula for the lower semi-
continuous envelope of a general class of functionals defined on real polyhedral chains
obtained in [CDMS17]. After a brief introduction to real currents in Section 12.1, we present
the main results of the chapter. The main theorem is Theorem 12.2.4, which is a simple
corollary of Proposition 12.2.6 and Proposition 12.2.7. The former is proved in Section
12.3, the latter in Section 12.4. Finally, in the last section we present a simple necessary
and sufficient condition on the function H so that the lower semi-continuous envelope Fy
cannot be finite on a real flat chain T with finite mass if T is not rectifiable.

12.1 REAL CURRENTS

Let 0 < m < d be integers, and assume that E € RY is a (countably) m-rectifiable set
oriented by T and carrying a multiplicity © € L' (™ L E). We know from § 2.1.1 that there
exists a current R = [[E, T,0] € D (R9Y) which is naturally associated to the triple (E,7,0),
whose action on forms is given by

R(w) ::A<w(x),f(x)>6(x) dH™(x) VYwe D™(RY). (12.1)

We have called integer rectifiable all currents R which admit a representation formula as
above under the additional hypothesis that the multiplicity function 0 is integer-valued. We
will simply call rectifiable any current R = [E, T, 0] as above, even when the last assumption
on the target of the multiplicity function © fails to hold. Hence, rectifiable currents are
simply currents of finite mass which can be represented via integration over a rectifiable
set with orientation T and (possibly) real-valued multiplicity 0 according to formula (12.1).
Observe that the set of rectifiable m-currents in R¢, denoted Ry, (IR%), can be naturally
endowed with the structure of real vector space, and that %y, (R%) is a Z-submodule of
R, (RY). Also note that if R = [E, T, 0] is rectifiable then we can assume without loss of
generality, modulo changing the orientation T, that 6 > 0 H{™-a.e. on E. We will apply this
convention in this chapter.

An important subspace of Ry, (R4) consists of the real polyhedral m-chains P, (RY). Anal-
ogously to the integral case, but obviously allowing real multiplicities, we say that P €
P..(R9) if P can be written as a linear combination

N
P— Z 0:[o3], (12.2)
i=1
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where 0; € (0, ), the 0;’s are non-overlapping, oriented, m-dimensional, convex polytopes
(finite unions of m-simplexes) in RY and [oi] = [0, T, 1], T being a constant m-vector
orienting o;. If P € Py (RY), then its flat norm is defined by

F(P) := inf{M(S) + M(P —9S) : S € Py g (RY)).

The F-completion of P (RY) in &, (RY) = {T € D (RY): spt(T) is compact } is the
space of real flat m-chains in R¢, denoted F, (R9).

We remark that for the spaces of currents considered above the following chain of inclu-
sions holds:

Pr(RY) € R (RY) € Fn(RY) N{T € &n(RY) : M(T) < ook (12.3)

The flat norm F extends to a functional (still denoted FF) on &, (R%), which coincides on
Fn(RY) with the completion of the flat norm on P, (R%), by setting:

F(T) := inf{M(S) + M(T—29S): S € &my1 (R (12.4)

In the sequel, we will also use the following equivalent characterization of the flat norm
of a flat chain (cf. [Fed69, 4.1.12] and [Moroo, 4.5]). If T € F;,,(R?%) and K c R¢ is a ball
such that spt(T) C K, then

F(T) = sup{(T, w) : @ € D™(RY) with [wllcokamray < 1, [[dw]copam+ (ray) < 11
(12.5)
Many of the results that we have presented in Section 2.1 in the context of currents with
integer multiplicities are still valid in the real multiplicities case, and in fact some of them
have way simpler proofs. For instance, the Compactness Theorem 2.1.3 for real currents
with finite mass and finite mass of the boundary (the so called normal currents) is evidently
a simple exercise in Functional Analysis. The slicing theory can be extended to normal
currents and real flat chains (see [Fed69, Sections 4.2.1 and 4.3]), and a deformation result
analogous to Theorem 2.1.10 is available in this context (see [Fed69, Theorem 4.2.9]). There
are as well some striking differences. For instance, we remark that a “real coefficients”
version of Theorem 2.1.8 does not hold: hence, real flat chains with finite mass need not be
rectifiable, and hence the last inclusion in (12.3) is strict. In the more general framework of
currents with coefficients in a normed abelian group G the remarkable work [Whiggb] by
White establishes a simple necessary and sufficient condition on the group G (which, by the
discussion above, is not satisfied when G = RR) in order for every flat chain with finite mass
to be rectifiable: the condition being that G does not contain any non-constant continuous
path of finite length.

12.2 SETTING AND MAIN RESULTS

Assumption 12.2.1. We will consider a Borel function H: R — [0, o) satisfying the follow-
ing hypotheses:

(H1) H(0) =0 and H is even, namely H(—0) = H(0) for every 6 € RR;
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(H2) H is subadditive, namely H(67 +0,) < H(07) + H(02) for every 01,0, € R;

(H3) H is lower semi-continuous, namely H(0) < liminfj_,,, H(0;) whenever 0; is a se-
quence of real numbers such that [0 — 05 \, 0 when j 1 co.

Remark 12.2.2. Observe that the hypotheses (H2) and (H3) imply that H is in fact countably
subadditive, namely

j=1

H(Oo ej) < ) H(ey),
j=1

for any sequence {0;}52; C R such that 2521 6; converges.
Remark 12.2.3. Let H: [0,00) — [0, 00) be any Borel function satisfying:
(H1) H(0) =0;

(A2) H is subadditive and monotone non-decreasing, i.e. H(81) < H(0,) for any 0 < 07 <
02;

(H3) H is lower semi-continuous,

and let H: R — [0, 00) be the even extension of H, that is set H(0) := H(|0]) for every 0 € R.
Then, the function H satisfies Assumption 12.2.1.

Let H be as in Assumptions 12.2.1. We define a functional ®y: P (R9) — [0,00) as
follows. Assume P € P, (R9) is as in (12.2). Then, we set

N
Oy (P) =) H(O;)H™(03). (12.6)
i=1

The functional @ naturally extends to a functional My, called the H-mass, defined on
R (R9) by

Mpu(R) := /E H(0(x))dH™(x), for every R = [E, 7, 0] € Rin(RY). (12.7)

We also define the functional Fii: Fim(R9) — [0,00] to be the lower semi-continuous
envelope of @1. More precisely, for every T Fin(R9) we set

Fu(T) :=inf { liminf ®((P;) : P; € P (RY) with F(T — Pi) N\ 0}. (12.8)
j—ro0

The main result of this chapter is the following theorem.
Theorem 12.2.4. Let H satisfy Assumption 12.2.1. Then, Fyy = My on R (R9).

Remark 12.2.5. The hypotheses in Assumption 12.2.1 are also necessary. Indeed, without
(H1) the functional ®y would not be well-defined; moreover, without (H2) and (H3) Theo-
rem 12.2.4 would fail, in view of the following counterexamples.
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e Assume that (H2) is not satisfied, and let 01,0, be such that H(0; +65) > H(07) +
H(02). Let o be a line segment of unit length in R¢ and

P := (01 +62)[0]; Pj:=01[0] +62[0+vi],

where 0 # v; € RY, v; is not parallel to o and [vj| — 0. Then, since IF(P; —Py,) — 0,
we have

My (Poo) = H(O1 +02) > H(071) +H(02) = Oy (P;j) = Fry(Poo).

o Assume that (H3) is not satisfied, and let 0,0; be such that 8; — 0 and H(0) >
liminf; H(0;). Let o be as above and

Py :=0[c]; P;:=65[o].
Then, since F(Pj — P) — 0, we have

MH(Poo) = H(e) > hmme(e]) = liminfCDH(Pj) > FH(Poo)-
j j
In order to prove Theorem 12.2.4, we adopt the following strategy. First, we show that
the functional My is lower semi-continuous on rectifiable currents with respect to the flat
convergence, as in the following proposition with A = R4,

Proposition 12.2.6. Let H satisfy Assumption 12.2.1, and let A C RY be open. Let T;, T €
R (RY) be rectifiable m-currents such that (T — T;) \(0asj — oo. Then
My (TLA) < liminfMy (T L A). (12.9)
J—0o0
Next, we observe that, as an immediate consequence of Proposition 12.2.6 and of the
properties of the lower semi-continuous envelope, it holds

Mp(R) < Fy(R) for every R R (RY). (12.10)

The opposite inequality, which completes the proof of Theorem 12.2.4, is obtained as
a consequence of the following proposition, which provides the anticipated polyhedral
approximation in flat norm of any rectifiable m-current R with a real polyhedral chain
having H-mass and mass close to those of the given R.

Proposition 12.2.7. Let H be any Borel function satisfying (H1) in Assumption 12.2.1, and let
R € R (RY) be rectifiable. For every € > 0 there exists a polyhedral m-chain P € Py (R?) such
that

F(R—P) <eg, On(P) <Mpu(R)+¢  and  M(P) < M(R) +e. (12.11)

Theorem 12.2.4 characterizes the lower semi-continuous envelope Fy on rectifiable cur-
rents to be the (possibly infinite) H-mass M. Without further assumptions on H, the lower
semi-continuous envelope Fy can have finite values on flat chains which are non-rectifiable
(for instance, the choice H(0) := |0] induces the mass functional Fy = M). If instead we
add the natural hypothesis that H is monotone non-decreasing on [0, c0), then there is a
simple necessary and sufficient condition which prevents this to happen in the case of flat
chains with finite mass, thus allowing us to obtain an explicit representation for Fy on all
flat chains with finite mass.
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Proposition 12.2.8. Let H be as in Assumption 12.2.1 and monotone non-decreasing on [0, co).
The condition (e
lim L = +o00. (12.12)
oo+ O

holds if and only if

d
FoulT) = {]MH(T) for T € Ry (RY),

too forT e (Fm(RY) (T € 6m(RY) : M(T) < oo}) \ R (RY). 2%

12.3 PROOF OF THE LOWER SEMI-CONTINUITY

This section is devoted to the proof of Proposition 12.2.6. It is carried out by slicing the
rectifiable currents T; and T and reducing the proposition to the lower semi-continuity of
0-dimensional currents. Some of the techniques here adopted are borrowed from [DPHos,
Lemma 3.2.14].

Given 1 < m < d, let I(d, m) be the set of m-tuples (iy,...,im) with

1< <. <im <d

Let {e1,...,eq} be an orthonormal basis of R4. For any I = (i1,...,im) € I(d,m), let
V1 be the m-plane spanned by {ei,,..., e, }. Given an m-plane V, we will denote py the
orthogonal projection onto V. If V = V| for some I, we write p; in place of py,. Given a
current T € Fy (RY), a Lipschitz function f : RY — R¥ for some k < m and y € R¥, recall
the notation (T, f,y) for the (m — k)-dimensional slice of T in f~'(y) (cf. § 2.1.2).

Let us denote by Gr(d, m) the Grassmannian of m-dimensional planes in R¢, and by
Ya,m the Haar measure on Gr(d, m) (see [KPo8, Section 2.1.4]).

In the following lemma, we prove a version of the integral-geometric equality for the
H-mass, which is a consequence of [Fed69g, 3.2.26; 2.10.15] (see also [DPHo3, (21)]). We
observe that the hypotheses (H2) and (H3) on the function H are not needed here, and
indeed Lemma 12.3.1 below is valid for any Borel function H for which the H-mass My is
well defined.

Lemma 12.3.1. Let E C RY be m-rectifiable. Then there exists ¢ = c(d, m) such that the following
integral-geometric equality holds:

H™(E) = C/ H(py!' ({y) NE)dH™(y) dya,m (V). (12.14)
Gr(d,m) JR™
In particular, if R € Ry (RY),

]MH(R):(:/G . ]Rm]MH(<R,pV,y))d(yd,m®9—Cm)(V,y). (12.15)

Proof. The equality (12.14) is proved in [Fed69, 3.2.26; 2.10.15]. For any Borel set A C RY,
denoting f = 14, (12.14) implies that

/Ef(x) dH™(x) :C/Gr(d,m)/m/Ef(X) 1,00 ({y})(x) dHO(x) dH™(y)dyam(V). (12.16)
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Since the previous equality is linear in f, it holds also when f is piecewise constant. Since
the measure H™ L E is o-finite, the equality can be extended to any measurable function f €
LT(H™LE). The case f ¢ L'(H™L E) follows from the Monotone Convergence Theorem
via a simple truncation argument.

Taking R = [E, 7, 0], and applying (12.16) with f(x) = H(8(x)), we deduce that

nR=e [, RO I I ) dya (V)

We observe that the right-hand side coincides with the right-hand side in (12.15) since for
H™-a.e. y € R™ the 0-dimensional current (R, py,y) is concentrated on the set EN p\_/1 (y)
and its density at any x € EN p\_,1 (y) is O(x). O

We prove the lower semi-continuity in (12.9) by an explicit computation in the case m = 0.
Then, by slicing, we get the proof for m > 0, too.

Proof of Proposition 12.2.6. Step 1: the case m = 0. Let Tj := [E;, 15,0;], T := [E, 7,0] € Ro(R4Y)
be such that IF(T —T;) N\, 0 as j — oo. Since TL_A is a signed, atomic measure, we write

TLA =) T(x:)0(xi)8y,

ielN

for distinct points {xi}ien € EN A, orientations t(xi) € {—1,1}, and for 6(x;) > 0. Fix e > 0
and let N = N(¢) € N be such that

H(TLA)— ZH (xi)) <e ifMpy(TLA)< (12.17)

and

A 1

Z H(0(xi)) > " otherwise. (12.18)
Since H is positive, even, and lower semi-continuous, for every i € {1,...,N} it is possible
to determine 1; = ni(g, 0(xi)) > 0 such that

H(B) > (1 —¢)H(B(xi)) for every [0 —T(xi)0(xi)| < Mi. (12.19)

Moreover, for every i € {1,..., N} there exists 0 < r; < min{dist(x;,0A), 1} such that the
balls B(x;, ;) are pairwise disjoint, and moreover such that for every p < r; it holds

T(xi)0(xy) — Z T(x)0(x)| < ULy (12.20)
x€ENB (x4,p)

Our next aim is to prove that in sufficiently small balls and for j large enough, the sum of
the multiplicities of T; (with sign) is close to the sum of the multiplicities of T. In order
to do this, we would like to test the current T —T; with the indicator function of each ball.
Since this test is not admissible, we have to consider a smooth and compactly supported
extension of it outside the ball, provided we can prove that the flat convergence of Tj to T
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localizes to the ball. From this, our claimed convergence of the signed multiplicities follows
by the characterization of the flat norm in (12.5).
To make this formal, we define 1y := minj<i<nNi and 1o := minj¢i<n Ti. Let jo be such

that
NoTo

16
By the definition (12.4) of flat norm, there exist R; € & (R9), S;e&H (R4) such that T — T; =
R;j 4+ 0S; with M(R;) +IM(S;) < 34 for every j > jo. Observe that the mass and the mass of
the boundary of both R; and S; are finite, and thus by [Fed69, 4.1.12] it holds R; € Fo(RY)
and §; € Fy (RY). We want to deduce that for every i € {1,...,N} there exists p; € (%O,To)
such that

F(T—Tj) < for every j > jo.

o
5

Indeed, for any fixed i € {1,..., N} one has that for a.e. p € (%, 7o)

F((T—T)LB(xi,p1)) <

(T—T;)LB(xi,p) = Rj L B(xy, p) + (9S5) L B(xy, p)

(12.21)
=Ry L B(xi,p) — (Sj,d(xi,), p) + 3 (S; - B(xi, p)) ,

where d(xi,z) = [xi —z| and where the last identity holds by the definition of slicing
for normal currents (cf. [Fed69g, 4.2.1] and observe that it is analogous to the identity in
Proposition 2.1.7 (ii)). On the other hand, by [Fed69, 4.2.1] we have

To

T T
. MU(S;,d(xi,), 0)) dp < M(S; L (B(xi,mo) \ B(xi, 2))) < 5%,
2
Hence, there exists p; € (%O,ro) such that
o
M((S;,d(xi,-),p1)) < —. (12.22)

4
We conclude from (12.21) that
F((T—T;) L B(xi,p1)) < M(Rj L B(xi, p1)) +M((S;,d(xi,-), pi)) +M(S; L B(xi, p1))

(12.22)
< Mfo fo o
4 472

(12.23)

Using the characterization of the flat norm in (12.5), and testing the currents (T —T;)
B(xi, pi) with any smooth and compactly supported function ¢j: RY — R which is identi-
cally 1 on B(xi, pi), we obtain

< = (12.24)

Yo - Y mye;y)

xEENB (x4,0p1) YyEE;NB(xi,01)

Combining (12.24) with (12.20), we deduce by triangle inequality that

< Mie (12.25)

T(xi)0(xi) — Z 7i(y)9;(y)

Yy€E;NB(x4,p1)
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Finally, using (12.19) and the fact that H is countably subadditive (cf. Remark 12.2.2), we
conclude that for every j > jo

H(0(x1)) < ]]:H ( > Ty)e (y)>

ST > H(6;())

YEE;NB(x4i,p1)

1
= iMH(Tj L B(xi, pi)).

Summing over 1i, since the balls B(xi, p;) are pairwise disjoint, we get that

N

D H(B(x1)) <

i=1

hmmfZIMH (L B(xy, pi)) < ; 1 liminf My (T L A).

1—¢ jooo i — & j—oo
By (12.17) (or (12.18) in the case that M (T A) = 0o) and since ¢ is arbitrary, we find (12.9).

Step 2 (Reduction to m = 0 through integral-geometric equality). We prove now Proposi-
tion 12.2.6 for m > 0. Up to subsequences, we can assume

lim My (TjLA) = liminf My (T; L A).

)—)OO )—)OO

By [Fed69, 4.3.1], for every V € Gr(d, m) it holds

/mJF(<Tj —T,pv,y))dy <FE(T; —T), (12.26)

Integrating the inequality (12.26) in V € Gr(d, m) and using that y4,m is a probability
measure on Gr(d, m) we get

lim F((T = T,pv,y))d(yam @ H™)(V,y) < lim F(T; —T) = 0.

)70 JGr(d,m)xRm j—oo
Since the integrand F((T; — T, pv, y)) is converging to 0 in L', up to subsequences, we get

lim F((T; = T,pv,y)) =0 for yqm ® H™-a.e. (V,y) € Gr(d,m) x R™.

]—)OO

We conclude from Step 1 that

My (T, pv,y)LA) <liminf My ((Tj, pv,y)LA)  for ygm ® H™-ae. (V,y) € Gr(d, m) x R™.
j—ro0
(12.27)
By [AKoo, (5.15)], for every V € Gr(d, m) one has (T,pv,y)LA = (TLA,pv,y) for
H™-ae.ye R™.



12.4 PROOF OF THE POLYHEDRAL APPROXIMATION \

In order to conclude, we apply twice the integral-geometric equality (12.15). Indeed,
using (12.27) and Fatou’s lemma, we get

My(TLA) = ¢ / My ((TLA, pv,y)) d(vam © H™)(V, y)
Gr(d,m)xRm™

<e / lim inf My (T LA, pv,u)) d(vam @ H™)(V,y)
Gr(d,m)xRm J—0o0 (12.28)

< climinf Mu (LA, pv,y)) dlvam @ H™)(V,y)

d—oo JGr(d,m)xRm

j—ro0

This concludes the proof of Step 2, so the proof of Proposition 12.2.6 is complete. ]

12.4 PROOF OF THE POLYHEDRAL APPROXIMATION

In order to prove Proposition 12.2.7, we will consider a family of pairwise disjoint balls
containing the entire mass of the current R, up to a small error. Then, we replace in every
ball the current R with an m-dimensional disc with constant multiplicity. Afterwards, we
further approximate each disc with polyhedral chains.

We begin with the following lemma, where we prove that, at many points x in the m-
rectifiable set supporting the current R and at sufficiently small scales (depending on the
point), R is close in the flat norm to the tangent m-plane at x weighted with the multiplicity
of R at x.

In this section, given the m-current R = [E, T, 0], for a.e. x € E we denote with 7, the
affine m-plane through x spanned by the (simple) m-vector T(x) and with Sy , the m-current

Sx,p == [B(x, p) N7y, T(x), 0(x)].

Lemma 12.4.1. Let ¢ > 0, and let R = [E, T, 0] be a rectifiable m-current in R4, There exists a
subset €' C E such that the following holds:

(1) M(RL(E\E')) <¢
(ii) for every x € ' there exists v = v(x) > 0 such that forany 0 < p < r
F(RL (E'NB(x,p)) — Sx,p) < eM(RLB(x,p)). (12.29)

Proof. Since E is countably m-rectifiable, there exist countably many linear m-dimensional
planes TT; and C' and globally Lipschitz maps f;: IT; — TTi- such that

E C Eo U | Graph(f;),

i=1
with H™(Eo) = 0. We will denote L; := Graph(f;) C RY. For every x € |J$*; Z;, we let
i(x) be the first index such that x € Z;. Then, for every i > 1, we define R; := [EN X, T, 03],

where
O(x) ifi=1(x)
0;(x) == 12.30
() {0 otherwise. (1230)
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Clearly, R = Y 2, Ry and M(R) = 3 2 ; M(Ry). Hence, there exists N = N(¢) such that

Z M(R;) < e. (12.31)

i>N+1

Now, recall that x is a Lebesgue point of the function 6; with respect to the Radon
measure H™|_X; if

1

lim / 91 — 61'_ x)| dFH™ =0.
r—0 H™(ZiNB(x, 7)) J5,nB(xr) 0:y) () )

We define the set E’ C E by

N
E = {x €eEn U Z; such that x is a Lebesgue point of 0;
i=1 (12.32)

with respect to H™ L Z; for every i € {1, ... ,N}},

and we observe that (i) follows from (12.31) and [AFPoo, Corollary 2.23].
Let us set

L :=max{Lip(f;): i=1,...,NL (12.33)

Fix i€ {1,...,N}. For every x € X; there exists r > 0 such that whenever j € {1,...,N}is
such that Z; N B(x, Vdr) # 0, then x € ;.

Now, fix any point x € E’, and fix an index j € {1,..., N} such that x € Z;. If j = i(x),
then 6;(x) = 6(x) > 0. Since by the definition of E’

lim M(Rj (I (Z)' NB(x,1)))
r—0  H™(Z;NB(x,1))

= 0j(x), (12.34)

then there exists T > 0 such that for any 0 < p < Vdr

M(R; L (5;NB(x,0))) _ 6;(x)
T NBe) 2 (12.35)

Again by [AFPoo, Corollary 2.23] applied with p = H™L Z; and f = 6;, there exists a
radius r > 0 (depending on x) such that

[ et ool asciy) < 25z 0B, o)
Z;NB(x,p)
M(R; L (£5;NB(x, p)))
= H™(Z;NB(x, p))
< eM(R; L B(x,0)),

K™ (5, NB(yp) (1230

for every 0 < p < Var.
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If, instead, j # i(x), then 6;(x) = 0 and therefore there exists a radius r > 0 (depending
on x) such that for every 0 < p < Vdr

€0 (x)(x)

/ZOB(xp)ej(y)dj{ (y)<mﬂf (Z;NB(x,p))

< %Gi(x)(x)wmpm (12-37)

(1235) ¢
< ZNM(Ri(X) L B(x, p)),
where w,, denotes the volume of the unit ball in R™.
Fix any point x € E’ and let i = i(x). By possibly reparametrizing filr,np(x,) from
the m-plane tangent to X; at x, translating and tilting such a plane, we can assume that

x =0, ={Xmy41 =+ =xgq =0} and Vfi(x) = 0. By possibly choosing a smaller radius
r =1(x) > 0, we may also assume that
IVfil <e inTl; N B(x,1). (12.38)

With these conventions, the current Sy ;, in the statement reads Sx,, = [B(0, p) NTT;, T(0), 6:(0)].
We let Fi: TT; x I—liL — RY be given by Fi(z,w) := (z,fi(z)), and we set Ri = (Fi)#Sx,p €
R (R9).

By (12.38) and the homotopy formula (cf. formulae (2.5) and (2.6)) applied with g = F;
and f(z,w) := (z,0), we have, denoting C(x, p) := (B(x, p) NTT;) x ﬂ%,

F(Ri — Sx,0) < Cllg—fllLoo(c(x,0)) M(Sx,0) + M(3Sx,p))
Cep (M(Sx,p) + M(asx,p))

CeblxJwmp™ (12.39)

Ced(x)H™(Z;NB(x, p))

(12.35)
< CeM(R;LB(x,p)).

Now, observe that, if we denote by &; the orientation of X; induced by the orientation
of TT; x TI via F;, the rectifiable current R; reads R; = = [E£: N C(x, p), &, 0:(x)] (cf. [Sim83b,
27.2] or Sectlon 3.1). Therefore, we can compute

M(R; L B(x, p) = Ri) < M(R{ L B(x,p) = Ri L B(x, p)) + M(R; L (C(x, p) \ B(x, p)))

"7 eM(RLB(x, 0)) + M(R. L (C(x, ) \ B(x, 0)))
(1238) (12.40)
27 eM(R.L B(x, p)) + Ce0i (x)H™ (£, M B(x, p))

(12.35)

< CeM(RiLB(x,p)).

//\ //\ N

Hence, we conclude:

N
F(RLENB(x, p) = Sxp) < F(Ryx) LB(x,p) =Sx,0)+ ) M(R;LB(x,p))

J=1
(12.37) o (12.41)
< F(Rix) L B(x, p) = Ri) + F(Ri — Sy p) +2eM(Ry () L B(x, p))

(12.39),(12.40)
< CeM(RL B(x,p)).
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This proves (12.29). O
A straightforward iteration argument yields the following corollary.

Corollary 12.4.2. Let R = [E, T, 0] be a rectifiable m-current in R, Then, for H™-a.e. x € E

lim F(RLB(x,1) — Sx,p)

I MERLBxT) (12.42)

Proof. For every i € IN define the set E; to be the set E’ given by Lemma 12.4.1 applied
to R with ¢ = 27%1, and let F; C E; be the set of Lebesgue points of 1g, (inside E;) with
respect to 0™ L E. By [AFPoo, Corollary 2.23], the set F; equals the set E; up to a set of
H™-measure 0 and for every x € F; and for p sufficiently small (possibly depending on x)
it holds

M(RLB(x,p) —RL (E; N B(x, p))) :/ OdH™
(E\E{)NB(x,p)

<2 / 0dH™ =2 TM(RL B(x, p)).
ENB(x,p)

Hence by Lemma 12.4.1 for every x € F; there exists ri(x) > 0 such that for every 0 < p <
ri(x)
F(RLB(x,p) = Sx,p) < M(RLB(x,p) —RL (Ei N B(x,p))) +F(RL (EL N B(x, p)) — Sx,p)
<27'M(RLB(x,p))
and
M(RL (E\F)) <27+

Denoting F := U;en (i Fj, and noticing that ENF = ENFC = ENcn Uj»i Fj is con-
tained in {J;; F{ for every i € N, we have

M(RL (E\F)) < lim ZIM (RL(E\F)) 11mZz)

i—o00 1—00

and this implies that H™(E\ F) = 0. Since every x € F belongs definitively to every F;
(namely, for every x € F there exists ip(x) € IN such that x € F; for every i > ip(x)), we
obtain (12.42). O

Proof of Proposition 12.2.7. Let R be represented by R = [E, T, 0] with 0 € L' (K™ L_E; (0, o0)).
We denote
w:=0H™LE.

Moreover, if My (R) < +o00, we define the positive finite measure
v:=H(O)H™LE.

Fix ¢ > 0. We make the following
Claim: There exists a finite family of mutually disjoint balls {Bi}]i\]:1 with B := B(xy, 11),
such that the following properties are satisfied:
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Y i <e vi=1,...,N and u(]Rd\(UF:]Bi))gs;
(ii) if we denote R; := RLB; and S; := Sy, r,, then
F(Ri —Si) < en(Bi);
(1it)
I(Bi) —O(xi)wmr{"| < eu(Bi),  Vi=T1,...,N;
(iv) if My (R) < 400, then
H(O(xi))wmri™ < (1+¢)v(Byi), VYi=1,...,N.
Let us for the moment assume the validity of the claim and see how to conclude the proof

of the proposition.
By point (iii) in the claim we deduce

M(Si) < (1+¢e)M(Ry). (12.43)
and by point (iv) we get
MH(Si) < (1 + €)MH(R1). (12.44)
On the other hand, we can find a polyhedral chain P; € Py, (R%) (supported on 7; N B,
Ui i= Ty, ), such that

F(P; —Si) < en(By), My (Pi) < Mu(Si) and  M(P;) < M(Sy). (12.45)

Indeed, it is enough to approximate the m-dimensional current S; with simplexes with
constant multiplicity and supported in B; N ;.
To conclude, we denote P := 5N, P; and we estimate

N
F(R—P) < ) F(Ri—Pi) + M(RL (R\ (UL, B1)))
i=1

SN A (1),
<e+) FRi=Si)+) F(Si—Pi) < e+2) eu(Bi) <e+2eM(R).

i=1 i=1 i=1

Moreover
(12.44)

N (12.45) N
Mu(P) =Y Mp(P) < Y Mu(S) < (1+6) Y Mu(R) < (1+Mu(R) (12.47)

i=1 i=1 i=1
and

12. N
0 Y MRI<O+OMERL (1249

i=1

N (1245) O
M(P)=> M(P) < > M(S)
i=1 i=1

Proof of the Claim: Consider the set F of points x € E such that the following properties
hold:
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1. x satisfies

. F(RLB(x,1) —Sx )
lim

I MERLBxT)

2. denoting 1y : R4 — RY the map y — ¥, we have the following convergences of
measures for v — 0:

M =T "(Mxr)#(LB(x, 1)) = 0(x)H™L ((x +span(T(x))) N B(0,1)), (12.49)
and

Vo =1 " (Mxr)#(VLB(x, 1)) = H(O(x))H™L ((x +span(T(x))) N B(0,1)). (12.50)

We observe that properties (1) and (2) hold for p-a.e. point. Indeed the fact that (1) holds
for p-a.e. x follows from Corollary 12.4.2, while the fact that (2) holds for p-a.e. x is a
consequence of [DLo8, Theorem 4.8]. Moreover, by (12.49) and by (12.50), for every x € F
there exists a radius r(x) < ¢ such that

Ity +(B(0,1)) —0(x)wm| < ge(x)wm, for a.e. r < r(x).
This inequality implies that
[L(B(x, 1)) — 0(x)wmr™| < ge(x)wmrm, fora.e. r < r(x), (12.51)
so that in particular
€
0(x) (1 — §> W™ < u(B(x, 1)), for a.e. T < 1(x).

Plugging the last inequality in the right-hand side of (12.51), we get

Iu(B(x, 1)) —0(x)wmr™| < w(B(x, 1)) < en(B(x, 1)), for a.e. T < 1(x).

3

2—c¢

which gives condition (iii) of the Claim.
Analogously, we get that

[v(B(x, 1)) —H(O(x))wmr™| < ev(B(x, 1)), for a.e. T < r(x).

The validity of the claim is then obtained via the Vitali-Besicovitch covering theorem
([AFPoo, Theorem 2.19]).
O

12.5 PROOF OF PROPOSITION 12.2.8

We first observe that the condition (12.12) is necessary for the validity of (12.13). Indeed,
consider a map H as in Assumption 12.2.1 for which (12.12) does not hold. It means that
there exists a constant C > 0 and a sequence {6; }icn converging to 0 such that H(8;) < C6;
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for every i € IN. We consider now the sequence of polyhedral m-chains {P;}icN supported
in the unit cube [0, 1]9 and defined as

N
Pii=) [mnlo, 1764,
j=1

where for i fixed, ﬁ{ are m-planes parallel to {x;n41 = ... = xq = 0} whose last (d —m)
coordinates are “uniformly distributed” in [0, 1]9=™ ¥ is a fixed orientation for all the m-
planes 711 not depending on i or j and Nj := min{N € IN : N6; > 1}. Since 6; — 0, then
N;i — oo. For i large enough, so that 6;N; < 2, we can compute

N;
O (P) =Y @n([m) N0, 11%,7,0:]) = NiH(6;) < CN;0; < 2C.
j=1

Nevertheless, since 8;N; — 1, then the sequence {Pi}icn converges in flat norm to the
m-current T, acting on m-forms as

Ty = [ b, 9 ded),
[0,1]¢
which belongs to (Fy, (RY) N{T € &m (RY) : M(T) < 00}) \ Rip (R9Y). Clearly, Fy(T) < 2C.

We show now that, if H is also monotone non-decreasing on [0, co), then condition (12.12)
is also sufficient to the validity of (12.13). The proof is a consequence of the definition of
Fr in (12.8) and the following Lemma (see also [CDM17, Lemma 4.5]):

Lemma 12.5.1. Assume H is as in Assumption 12.2.1, is monotone non-decreasing on [0, co), and
satisfies (12.12). Let {Rj}jen C R (RY) and let us assume that

sup My (R;) < C < +oo.
jEN

Iflimj_o F(Rj — T) = 0 for some T € Fr (RY) with finite mass, then T is in fact rectifiable.

Proof. Step 1. We prove the lemma for m = 0, recalling that a 0-dimensional rectifiable
current R = [E, 7, 0], with t(x) = +1 and 6 > 0, is an atomic signed measure (i.e. a measure
supported on a countable set).

We observe that (12.12) implies that there exists 9 > 0 such that H(8) > 0 for every
0 € (0,80). We define the monotone non-decreasing function f : [0,80) — [0, +00) given by

t
su —— f0< 0 <y,
£(0) = Pte(o,01 H(t) 0

0 if0=0.

By assumption (12.12), f is continuous in 0 and H(0)f(6) > 6. Fix any 6 € (0, 8¢). For any
jeNN

M(RjL{x : 65 (x) < &}) :/

0; (x) d3HO(x) < / (85 () H(8; () dHO ()
E;n{0;<5)

< 1(5) / H(0; (x)) d3H(x) < F(8)Mpi(R;) < CF(5).
E;n{0;<5)
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Therefore, up to subsequences the sequence {R; L {x : 05(x) < 8}}jen converges to a signed
measure R, of mass less than or equal to Cf(5). On the other hand, using the upper bound
on My(R;) and the monotonicity of H, we deduce that the measures R; L_{x : 0;(x) > 8}
are supported on a uniformly (with respect to j) bounded number of points, and converge
to a discrete measure Ry. Hence, for any ¢ > 0, the limit T can be written as the sum of a
discrete measure Ry and of an error R, with mass less than or equal to €. Since ¢ is arbitrary,
the statement follows.

Step 2. We prove the claim for m > 0.

We apply [Fed69, 4.3.1] to the sequence {R;};cn to deduce that for any I € I(d, m)

lim F((Rj —T,pr,y))dy < lim F(R; —T) =0.
j—oo JRm j—o0

Since the sequence of non-negative functions {IF((R; — T, p1, -))}jen converges in L'(R™) to

0, up to a (not relabeled) subsequence, we get the pointwise convergence

lim F((Rj — T,p1,y)) =0 for H™-a.e. y € R™, for every I € I(d, m).

j—ro0
We apply the Fatou lemma and [DPHo3, Corollary 3.2.5(5)] to the sequence {Rj}jen to
deduce

lim inf My ((R;, p1,y)) dy < liminf My ((Rj, p1,y)) dy < liminf My (R;) < C.
j—so00

RM™ Jj—o0 j—oo  JRm

(12.52)
Hence the integrand in the left-hand side is finite a.e., namely lim inf;_, o M1 ((R;, p1,Yy)) <
oo for H™-a.e.y € R™, for every I € I(d, m). Hence we are can apply Step 1 to a.e. slice
(Rj, p1,y) to a y-dependent subsequence and deduce that

T,p1,y) is O-rectifiable for K™-a.e. y € R™, for every I € I(d, m). (12.53)
p y

To conclude the proof we employ Theorem [Whiggb, Rectifiable slices theorem, pp. 166-
167], which ensures that a finite mass flat chain T is rectifiable if and only if property (12.53)
holds. O



1 3 THE STRUCTURE OF FLAT CHAINS
MODULO p

In this chapter, we turn our attention to the structure of flat chains and integral currents
modulo p. In Section 13.1 we provide an introduction to currents modulo p, and, most
importantly, we identify two open questions related to their structure. After collecting the
known partial answers from the literature, we present in Section 13.2 our contribution to
the solution of the aforementioned questions.

13.1  FLAT CHAINS MODULO P

In this section, we recall the definitions of the sets of currents with coefficients in Z,, and
collect some of the most relevant open questions regarding their structure.

13.1.1  Definitions and basic properties

Let p > 2 be a positive integer. Assume 0 < m < d, and let K C RY be a compact set. For
any T € Z k(RY), we define

FR (T) := inf(M(R) + M(S) : R € Zmk(RY),S € Zrmi1x(R?) s.t.

d (13.1)
T=R+0S+pQ for some Q € .Fp,, x(R)}.

Observe that, since %, x(R?) is flat-dense in .7y, k (R%), the infimum is unchanged if
we let Q run in %, x(R9). Also notice that the inequality F¥ (T) < Fk(T) holds for any
T € Fmx(RY).

Now, we introduce the equivalence relation mod(p) in %, k (R9): given T, T € %, k(RY),
we say that T = Tmod(p) in F k(RY) if and only if FR (T —T) = 0. The corresponding
quotient group will be denoted ﬂT‘fLK(Rd). As in the classical case, F{ induces a distance
d]Fﬁ which makes ﬁﬁllK (RY) a complete metric space.

It is evident that if T— T = pQ for some Q € .#,,, kK(R%), then T = Tmod(p) in .F i, x(RY),
but the converse implication is not known (see Question 13.1.5 below).

We say that two flat m-chains T, T € %1, (R9) are equivalent mod(p) in %, (RY), and we
write T = Tmod(p) in % (R9) if there exists a compact K C RY such that FR(T— T =0.
The elements of the corresponding quotient group .7 (R4) are called flat m-chains modulo
p and they will be denoted by [T].

Remark 13.1.1. (i) Note that if T € .%,,,(R%) and spt(T) C K, then it is false in general
that T € Z, k(RY). The simplest counterexample being the 0-dimensional current
obtained as the boundary of (the rectifiable 1-current associated to) a countable union
of disjoint intervals S; contained in [0, 1] and clustering only at the origin, when
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K = {0} U J; 0Si. Nevertheless, it is a consequence of the polyhedral approximation
theorem 2.1.12 that if spt(T) C intK, then indeed T € F,, k(RY) (see also [Fed6g,
Theorem 4.2.22]).

(i1) One would expect that the following property holds. If T = Tmod(p) in F(R9),
then T = Tmod(p) in %, k(RY), whenever K is a compact set which contains spt(T)
and spt(T), and T,T € F, k(RY). Nevertheless, the validity of this property does
not appear to be obvious for a general compact set K. On the other hand, if K is also
convex, the validity of the property is immediate. Indeed, let K’ be a compact set such
thatT—T = Rj +6Sj —|—ij with R)' S %mlk/(Rd),Sj < %er],Kl(]Rd), Qj S eg}l,](/URd)
and M(R;) +IM(S;) < % Then, denoting by 7 the (1-Lipschitz) closest-point projection
on K, and by 7t the push-forward operator through 7, we have that

T-T= 7TﬁT — T[ﬁT = T[ﬁRj + aT[ﬁSj +’p7’tﬂQ]‘,
where m;R; € %m,KURd),TEﬁSj € Zmi1x(RY) and Q5 € Fmx(RY). Moreover
M(7t3R;) + M (73S;5) < M(R;) +IM(S;), hence T = Tmod(p) in Fm k(RY).

(iii) Observe that, using the same argument as in (ii), we are able to conclude that if
T € Zm(RY) and spt(T) C K then T € %, k(R%) when K is convex (or, more in
general, whenever there exists a Lipschitz projection onto K).

13.1.2 Boundary, mass and support modulo p

It is immediate to see that if T = Tmod(p) in Fm(RY) (resp. in Fm k(RY)), then also
dT = 3T mod(p) in Fm_1(RY) (resp. in F_1x(RY)), and therefore a boundary operator
9 can be defined also in the quotient groups .#h (R%) (resp. in yi/K(JRd)) in such a way
that

d[TI =[dT] forevery T € Fn(RY). (13.2)

For T € Fn(R%), we also define its mass modulo p, or simply p-mass MP (T), as the least
t € RU{+o0} such that for every ¢ > 0 there exists a compact K C R4 and a rectifiable
current R € %Zm k (RY) satisfying

FR(T—R)<e and M(R) <t+e. (13.3)

One has that MP(T; +T,) < MP(T7) 4+ MP(T;) and MP(T) = MP(T) if T = Tmod(p) in
Fm(RY). This allows to regard IMP as a functional on the quotient group .# P (RY). Such
functional is lower semi-continuous with respect to the IF}-convergence for every K.

Finally, we denote by sptP ([T]) the support modulo p of [T] € FF (RY), given by

sptP ([T]) == ﬂ{spt(T) :Te Zn(RY, T=Tmod(p) in Fm (RY)). (13.4)

13.1.3 Rectifiable and integral currents modulo p

We define now the group %h (R?) of the integer rectifiable currents modulo p by setting
K (RY) ={[Tl € P (RY): T € B x(RY). (13.5)
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As usual, %% (R9) is the union over K compact of %’ELK(]Rd). Clearly, not all the ele-
ments in a class [T] € %ELK(IRd) are classical rectifiable currents, but whenever we write
[T] € %ELK(]Rd) we will always implicitly intend that T is a rectifiable representative of its
class.

A current R = [E, T, 0] € Zm k(R?) is called representative modulo p if and only if
IIR|[(A) < gf}{m(E NA) for every Borel set A C RY.
Evidently, this condition is equivalent to ask that

0(x)] < g for ||R|]-a.e. x.
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Since obviously for any integer z there exists a (unique) integer —5 < zZ < § with z = Z (mod p),

then for any T € %, (R?) there exists an integer rectifiable current R € %, k(R%) such
that R = Tmod(p) in F k(RY) and R is representative modulo p. We immediately con-
clude that any T € %, k(R%) can be written as

T=R+pQ, (13.6)

where R, Q € % k(R%) and R is representative modulo p. It is proved in [Fed69, 4.2.26, p.
430] that
MP(T) =M(R), sptP([T]) =spt(R), (13.7)

if R is representative modulo p of the current T.
A modulo p version of Theorem 2.1.8 is contained in [Fed69, (4.2.16)", p. 431]:

Theorem 13.1.2 (Rectifiability of flat chains modulo p).
A (RY) ={[T] € F ((RY) : MP([T]) < o). (13.8)

Hence, if [T] € ﬁﬁllK(Rd) has finite MP mass, then there exists R € %Z, x(R%) such that
R =Tmod(p) in ﬂm,K(]Rd), M(R) = MP([T]), and spt(R) = sptP ([T]).

Next, we define the group . (R%) of the integral currents modulo p as the union of the
groups
TP (R ={T e # (RY): d[TI € P ((RY).

The conclusions about integer rectifiable currents modulo p deriving from the above
discussion allow us to say that if [T] € f:i/K(]Rd) then MP ([T]) < oo, MP (0 [T]) < co and
that there are currents R € %, k(RY) and S € Z,_1 x(RY) such that R = Tmod(p) in
Fmk(RY) and S = dTmod(p) in Fm_1 k(RY). In particular, R and S may be chosen to
be representative modulo p, so that M(R) = MP(T) and M(S) = MP(T). It is not known
whether it is possible to choose I € %, x(R%) such that T = Imod(p) in F k(R?) (see
Question 13.1.7 below).

A modulo p version of the Boundary Rectifiability Theorem can be straightforwardly
deduced from Theorem 13.1.2, as we have:
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Theorem 13.1.3 (Boundary Rectifiability modulo p, cf. [Fed69, (4.2.16)"]).
TP (RY) ={[T] € #F ((RY): MP(3[T]) < oo}. (13.9)

We conclude with the following modulo p version of the Polyhedral approximation The-
orem 2.1.11, which can be deduced from [Fed69, (4.2.20)Y]. Since the statement does not
appear in [Fed69], for the reader’s convenience we include here the proof.

Theorem 13.1.4 (Polyhedral approximation modulo p). If [T] € #h (R%), ¢ >0, K € R% is
a compact set such that sptP ([T]) C intK, then there exists P € P (RY), with spt(P) C K, such
that

FR(T—P)<e, MP(P)<MP(T)+¢, MP(AP) < MP(AT) +e. (13.10)

Proof. Let T € #m(RY) be a (rectifiable) representative modulo p of [T]. In particular, by
formula (13.7), T satisfies spt(T) = sptP([T]) C intK and M(T) = MP(T). Fix ¢ > 0, and let
0 < & < ¢ be such that {x € R¢: dist(x,spt(T)) < 8} C K. By [Fed69, Theorem (4.2.20)"],
there exist P € £, (R%) with spt(P) C K and a diffeomorphism f € C T(R4,R4) such that:

(i) MP(P —f4T)+IMP (0P —f,0T) < o;
(ii) Lip(f) < 1+6,and Lip(f 1) < 1+¢;
(iii) [f(x) —x| < & for x € R¢, and f(x) = x if dist(x, spt(T)) > .
From (i) it readily follows that
MP(P) < 5+ MP(f3T) <8+ (1+8)™MP(T), (13.11)
and analogously
IMP (3P) < &+ MP (£;0T) < 8+ (1+6)™ 'MP(T). (13.12)

In order to prove the estimate on the F} distance, let h be the affine homotopy from the
identity map to f, i.e. h(t,x) := (1 —1t)x + tf(x), and observe that the homotopy formula
(2.5) yields

P—T=P—fT+0 (hy([(0,1)] x T)) +hy([(0,1)] x oT). (13.13)

Now, since MP (dT) < oo, there exists a rectifiable current Z € %, 1 x(R%) such that
FR(OT—2Z) <& and M(Z) < MP(JT) + 6. (13.14)

In particular, this implies the existence of R € %’m_LK(]Rd), S € %m,K(le) and Q €
Im—1x(RY) with M(R) + M(S) < 28 such that 3T — Z = R+ 3S +pQ. If combined with
(13.13), this gives

P—T=P—f;T+0hy([(0,1)] x T) +hy([(0,1)] x Z) +hy([(0,1)] x (R+03S+pQ)). (13.15)
Since, again by the homotopy formula,

Ry ([(0,1)] x 38) = .S — S — dhy([(0, )] x ),
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we can finally re-write equation (13.15) as follows:

P—T=P—fT

+hﬁ([[(0,])]] X (Z+ R)) +fﬁS —-S
(13.16)

+0hy([(0,1)] x (T—S))

+phy([(0,1)] x Q).

Therefore, we can finally estimate
FR(P—T) <FER(P—1f;T)
+M(hy([(0,1)] x (Z4R))) +M(f;S) +IM(S)

(13.17)

+M(hy([(0,1)] x (T—S5)))
<304+28(14+8)™+6(2+8)(MP(T) +MP(dT) + 35),
where we have used (2.6) to estimate the first and last addenda in the second line.

The conclusion, formula (13.10), clearly follows from (13.11), (13.12) and (13.17) for a
suitable choice of & = 6(e, m,IMP (T),IMP (0T)). O

13.1.4 Questions on the structure of flat chains and integral currents modulo p

As already anticipated, two very natural questions arise about the structure of flat chains
and integral currents modulo p (see [Fed6g, 4.2.26]).
We fix a compact subset K C R4.

Question 13.1.5. Given T,T € .#, k(RY), is it true that T = Tmod(p) in F k(RY) if
and only if T — T = pQ for some Q € F, k(R%)? In other words, using the density

of Zmk(RY) in Fp, k(RY), the problem is to prove or disprove the following statement.

Given three sequences {R;} C Kk (RY), S5} c Rk (RY), {Q;} C Ik (RY) such that

T-T=R+035+pQ; Vj (13.18)
and
jli)rgo (M(R;) +M(S;)) =0, (13.19)

then T—T = pQ for some Q € F, k(R9).

Remark 13.1.6. As we shall soon see, the answer to the above question is affirmative if the
class Fm k (RY) is replaced by the class %, k (R9): in other words, given integer rectifiable
currents T, T one has that T = Tmod(p) in %, k(RY) if and only if T—T = pQ for some
Q € Zm k(R?). As a corollary, Question 13.1.5 admits affirmative answer for m = d, since
Fax(RY) = Z4(R?). For 0 < m < d— 1, the question is widely open.

Question 13.1.7. Given [T] € fglK(Rd), does there exist an integral current I € 7y, kK (RY)
such that I = Tmod(p) in #, k(R4)? In other words: is it true that

IP R ={[T] : T € I k(R

225
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Remark 13.1.8. The answer is trivial for m = 0, since integral and integer rectifiable 0-
dimensional currents are the same class. In [Fed69, 4.2.26, p. 426], Federer does not really
present this issue as a “question”, but he rather claims that the answer is negative, in
general dimension and codimension. Nevertheless, the counterexample he suggests (an
infinite sum of disjoint RP? in R® with the property that the sum of the areas is finite but
the sum of the lengths of the bounding projective lines is infinite) is not fully satisfactory
(cf. [ope86, Problem 3.3]). Indeed, it allows one to negatively answer the question only
for very special choices of the set K (in particular, the question remains open when K is a
convex set).

13.1.5 Some partial answers from the literature

An immediate consequence of (13.7) is the following: if T, T € % k(R?Y) are such that
T = Tmod(p) in F k(RY), then evidently MP (T —T) = MP(0) = 0, and hence the rep-
resentative modulo p of T —T is R = 0 because of (13.7). Therefore, equation (13.6) yields
T—T = pQ for some integer rectifiable current Q € %, x(R%). In conclusion, we have the
following

Proposition 13.1.9. The answer to Question 13.1.5 is affirmative in the class of integer rectifiable
currents. Therefore:

P k(R NT € i k(RY) : T =0mod(p) in Fm (R4} ={pR : R € Zp k(RY)}.
(13.20)

In particular, the following corollary holds true:

Corollary 13.1.10. Let T,T € % (RY). Then, T = Tmod(p) in Fm(RY) if and only if T =
Tmod(p) in Finx(RY) for every K compact with spt(T) Uspt(T) C K.

Proof. The “if” implication is trivial. For the converse, assume T = Tmod(p) in %, (RY)
and fix any compact set K such that spt(T) Uspt(T) C K. By definition, there exists a
compact set K’ such that F}, (T —T) = 0, which, by the above proposition, implies

T-T=pQ

for some Q € %Zmx/(RY). Note that since T—T is supported in K, so is Q, and thus
Fx(T—T)=0,ie. T=Tmod(p) in F k(R?). O

From now on, by virtue of the previous corollary, for rectifiable currents T and T in
Fm(R?) which are equivalent modulo p we will just write T = T mod(p) without specify-
ing in which class the equivalence relation is meant.

In codimension 0, B. White [Whi7g] gave an affirmative answer to Question 13.1.7.

Theorem 13.1.11 (cf. [Whiyg, Proposition 2.3]). Let T € %Z4x(R%). Then, [T] € JEK(]Rd) if
and only if the select representative modulo p of T is an integral current.
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The select representative modulo p of a rectifiable current T = [E, T,0] is the unique
T’ = [E, T,0'] representative modulo p of T with multiplicity 6’ € (=5, §].
White’s proof relies on the following:

Proposition 13.1.12. If T € Z4x(RY) is a select representative modulo p, then
M(0T) < (p—1)IMP(0T). (13.21)

We sketch the proof of Theorem 13.1.11, having shown Proposition 13.1.12. Take [T] €
54 (]f’ K (RY), and let T’ be the unique select representative modulo p of T. A priori, T’ is just
an integer rectifiable current. On the other hand, since [T] is integral, IMP (9T) is finite by
(13.8). Then Proposition 13.1.12 implies that M (9T’) is finite. Hence, T is integral because
of (2.1).

Unfortunately, in order to carry on the argument that White uses to prove Proposition
13.1.12, the codimension 0 assumption is indispensable. The idea is the following. Firstly,
Theorem 13.1.4 allows one to reduce the problem to the case of polyhedral chains. Now,
for any given polyhedral chain T which is a select representative modulo p one writes
T = [RY,&4,0], where &q is the constant standard orientation of R4 and 0 is a summable,
piecewise constant, integer-valued function with values in (—121, 121] . Then, White makes the
following key observation: since the codimension is 0, if Z is a polyhedron in 9T then for
H9 1-ae. x € Z the multiplicity at x is the difference of the values that the function 0 takes
on the two sides of Z (with the correct sign), whose absolute value is in fact bounded by
p — 1 (because T is a select representative modulo p).

In the next section, we will show that the validity of a statement like the one in Proposi-
tion 13.1.12 is in fact the key not only for giving an affirmative answer to Question 13.1.7,
but also for positively answering Question 13.1.5. Furthermore, we will answer Question
13.1.7 in dimension m = 1.

13.2 MAIN RESULTS

In this section, we will further analyze Questions 13.1.5 and 13.1.7. First, we point out
that the two questions are, in fact, connected.

13.2.1  Connection between Questions 13.1.5 and 13.1.7

For every K C RY compact, consider the following family of statements 8,, for m =
1,...,d

Statement S,,,. There exists a constant C = C(m, d,p, K) with the following property. For any
[S] € %, «(R9) there exists a current S € B (RY) with S = Smod(p) and such that

M(35) < CMP(3S).
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Using Theorem 13.1.4, it is easy to see that the validity of Statement §,,, follows from
the validity of a slightly stronger property for polyhedral chains, which, on the other hand,
might be easier to check.

Statement P.,. There exists a constant C = C(m, d,p) independent of K with the following
property. For any P € P (RY) with spt(P) C K, there exists a current P € P, (RY), with
P = Pmod(p) and spt(P) C K such that

M(dP) < CMP(dP); M(P) < CMP(P).
Proposition 13.2.1. The validity of Statement Py, implies that of Statement 8,.

Proof. Let [S] € %ELK (RY). We can assume that IMP ([0S]) is finite, otherwise the conclusion
of Statement 8, is trivial. By Theorem 13.1.4, for every j = 1,2,... there exists P; ¢
P (RY) such that, denoting

| —

Kj = {x e RY : dist(x, K) < - },

—

one has spt(P;) C Kj and

1 1 1
]Fﬁj(S —P5) < 7 MP(P;) < MP(S) + 7 IMP (0P;) < MP(0S) + i (13.22)
Now, by Statement P, there exist a constant C (which does not depend on j) and a sequence
{P;} of polyhedral chains with P; = Py mod(p) and spt(P;) C K;j such that

]1\/[(6]5]) < CMp(an); M(]SJ) < CMP(PJ').
Combining this with (13.22), we get

sup{M(P;) +M(dP;)} < C(MP(S) + MP(3S) +2) < oo.
j=1

Then, by the Compactness Theorem 2.1.3 there exist S € K, (RY) and a subsequence
{P;,} such that

lim Fy,(S—P

h—oo

i) = 0. (13.23)
Moreover by the lower semi-continuity of the mass, it holds
M(23S) < CMP(3S);  M(S) < CMP(S)

and we claim that spt(g) C K. Indeed, take x € R4\ K. We will prove that there exists
a closed set C such that x ¢ C and (S, w) = 0 whenever w = 0 on C, which implies that
x & spt(S). Fix £ such that x ¢ K;, and let C := Kj,. Let w be an m-form with w = 0 on C.
Since for every h > { it holds spt(P;, ) C C, we have

i, w) =0, foreveryh >U{. (13.24)
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On the other hand, by (13.23), for every ¢ > 0 there exists h > { such that we can write
S—P;, =R+0Q for some R € Zmx, (R?) and Q € Zm 1, (RY) with M(R) + M(Q) < «.
Hence it holds

(S=Pj, ) = R,w) +(3Q, w) < MR)[[w]loc + M(Q)[ldew o < &(l|wlloo + [|dev]loo)-

Hence by (13.24) (§, w) =0, which completes the proof of the claim.

Finally, we show that S = Smod(p). To this aim, for every h=1,2,..., we compute

]Fﬁ1 (§—S) < ]Fﬁl (S—P;)+ ]Fﬂl (P;, —S) <Fy,(S—P;,) + IF%h (P;,. —S),
which by (13.22) and (13.23) tends to 0 when h tends to co. O

Remark 13.2.2. It follows from the above proof that if the Statement P,,, holds true then the
Statement 8;, holds true with the same constant C. In particular, the constant would not
depend on the compact set K.

Clearly, if the Statement S, is true then every m-dimensional integral current modulo p
in K has an integral representative in K, and thus the answer to Question 13.1.7 is affirmative
in dimension m. The next theorem shows that, in fact, the validity of 8, has important
consequences on Question 13.1.5 as well.

Theorem 13.2.3. If 8, holds true, then Question 13.1.5 has affirmative answer in Fm_1 x (R9).

Proof. 1t is sufficient to prove that if T Fm_1x(R%) is a flat (m — 1)-chain such that T =
0mod(p) in Fm_1k(RY), then T = pQ for some Q € F,_1 (R?). Let Ry} C Rm—1x(RY),
e %’m,K(]Rd) and {Q;} C Jm,1,K(Rd) be such that

T=Rj+055+pQ; V) (13.25)
and
.li)m (M(R;) +M(S;)) = 0. (13.26)
j—o0

Conditions (13.25) and (13.26) are equivalent to say that the currents pQ; converge to T in
flat norm Fx. We want to conclude from this that T = pQ for some Q € F, 1 k(R9).
In other words, we are looking for a result of closedness of the currents of the form pQ
with respect to flat convergence. Now, observe the following. For every j, the current R; is
rectifiable. Therefore, we can write

Rj =R +pV;, (13.27)
with Vj € Zm_1x(R?) and R; representative modulo p. In particular, this implies that
M(R;) = MP(R;) < M(R;) — 0. (13.28)

Also the currents §; are rectifiable, and of dimension m. Since 8y, holds true, for every j
we can let S; be the representative of [S;] given in there, so that

S =35j+pZ; (13.29)
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with §]~,Z]- € ;@le (Rd), and
M(3S;) < C(m, d, p, K)MP(3S;). (13.30)

Now, since MP (T —pQ);) = MP(T) = 0 for every j and IMP(R;) — 0, we deduce from (13.25)
that also MP(9S;) — 0, and therefore also M(asj) — 0.

Thus, the above argument produces the following: modulo replacing Q; € Fn_1,x(R%)
with Qj := Q; +Vj +0Z; € Fm_1 x(RY), we can replace (13.25) with

T=Rj+095+pQ; Vj, (13.31)
and (13.26) with the stronger
_ILm (M(R;) +M(dS5)) =0, (13.32)
j—00

that is the currents pQ; are now approximating T in mass.

The problem, now, reduces to proving that the subset of flat chains in %, 1 (R9) of the
form pQ is closed with respect to convergence in mass: this question, though, is evidently
much easier than the previous one, and it turns out to always have affirmative answer.
Indeed, let {Qj}?‘;1 C Fm_1k(R%) be a sequence of flat chains such that M(T —pQ;) — 0.
In particular, this would imply that the sequence {pQ;} is a Cauchy sequence in mass.
Therefore, the sequence {Qj;} is also a Cauchy sequence in mass, and in fact also in the flat
norm Fy, since Fx(T) < IM(T) for any T € Fm_1x(RI)." So, by completeness there is
Q € Fm_1x(RY) such that Fx(Q — Qj) — 0. This also implies Fx (pQ —pQ;) — 0, since
Fyx(nT) < nFg(T) in general. So, pQ is a flat limit of the sequence pQ;. By uniqueness of
the limit, one therefore has to conclude T = pQ. O

Corollary 13.2.4. The answer to Question 13.1.5 is positive for m = d — 1.

Proof. It immediately follows from Theorem 13.2.3, since 84 is Proposition 13.1.12. ]

13.2.2 Answer to Question 13.1.7 in dimension m =1
Theorem 13.2.5. The answer to Question 13.1.7 is positive for m = 1.
In the proof, we will use the following elementary fact.

Lemma 13.2.6. Let P € 21(R9) have positive multiplicities. Let z be a point in spt(dP). Then
one can select a finite sequence of oriented segments Sy, ..., SN supported in the support of P such
that:

1. the orientation of each segment S; coincides with the orientation of P on Si;

2. the second extreme of S coincides with the first extreme of Siy1, fori=1,..., N—1;

If M(T) = oo there is of course nothing to prove. On the other hand, if M(T) < oo then T is integer rectifiable,
and hence it is a competitor for the decomposition in the definition of the flat norm.
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3. If the multiplicity of OP at z is negative, then the first extreme of Sy is z and the second
extreme of Sw is a point x of the support of 0P with positive multiplicity. Vice versa, if the
multiplicity of OP at z is positive, then the first extreme of Sy is a point x of the support of OP
with negative multiplicity and the second extreme of SN is z;

4. Si # S5 for i #j.
Proof. Assume without loss of generality that the multiplicity of 0P at z is negative. Since

the multiplicities on P are all positive, then among the (finitely many) segments defining
the support of P there is at least a segment S; whose first extreme is z such that

M(P) = M(P —[S+1]) + M([S4]), (13-33)

If the second extreme y of S is not a point with positive multiplicity of oP, it is a point of
negative multiplicity of 9(P — [S1]), hence the procedure can be repeated with P —[S;] in
place of P and y in place of z. The procedure has to terminate in a finite number of steps,
because of (13.33) and the fact that the mass of each [Si] is bounded from below. When
the procedure ends, one can easily see that the ordered sequence of segments collected
satisfies properties (1) — (3). Property (4) is not necessarily satisfied. If a certain segment
S’ is repeated in the procedure, it is sufficient to eliminate from the sequence one copy of
S’ and all the segments appearing between two repetitions of S’. After this elimination, the
sequence satisfies also property (4). O

Proof of Theorem 13.2.5. By Proposition 13.2.1 it is sufficient to prove Statement P;. Con-
sider P € 22;(R9). Firstly we choose a representative Q € % (R4) modulo p of P with
multiplicities in {1,...,p — 1}. Clearly we have M(Q) < (p — 1)IMP(P), but at the moment
we have no control on M(0Q). Hence, we want to replace Q with another representative
P € 22,(R9) of P, for which we can control both the mass and the mass of the boundary.
More precisely, we want to find a representative P with multiplicities in {1,...,p — 1} and
with the multiplicities of Pin{—(p—1),...,p—1}

Consider a point z € spt(0Q) with multiplicity 8, such that [6,| > p. Without loss of
generality, we can assume 0, < 0. Given that the multiplicities on Q are all positive, we can
use Lemma 13.2.6 to select a finite sequence of oriented segments Sy, ..., SN supported in
the support of Q, satisfying properties (1) — (4) (with Q in place of P).

Once we have found such a sequence of segments, denote by Q' the polyhedral current
obtained from Q by changing on every segment S; both the orientation and the multiplicity
from 0; to 92 = (p —0i). Clearly Q' has still multiplicities in {1,...,p — 1}. Moreover, if
0] denotes the multiplicity of 0Q!" at z then one has IG;I = |0,| —p. On the other hand, if
x denotes the other endpoint of the chain of segments as in (3) of Lemma 13.2.6 and 0y,
Gl are the multiplicities of 9Q and aQ1 at x respectively, then it holds Gl = 0x —p. Now,
since by Lemma 13.2.6(3) it holds 6y > 1, it follows that 9,1( = (0x —p) € [1 —p, 6x]. Hence,
101] < 0x/+p—2.

Therefore, one has

M(dQ") < M(3Q) —2. (13.34)
If possible, we repeat the procedure above with Q' in place of Q, producing a new poly-
hedral current Q2. By formula (13.34), the procedure can be iterated only a finite number
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M of times. The corresponding P := QM has the required property, because any point
z € spt(dQM) has multiplicity |8, < p — 1. Obviously we have

M(P) < (p—1)MP(P) and M(3P) < (p—1)MP(dP),
and the proof is complete. O

Since we have actually proved the Statement P1, it follows from Proposition 13.2.1 that
the Statement 87 holds true. By virtue of Theorem 13.2.3, we can therefore deduce the
following

Corollary 13.2.7. The answer to Question 13.1.5 is positive for m = 0.

13.2.3 Negative answer to Question 13.1.7 in general dimension

It is evident that the choice of the compact set K could be crucial for establishing an
answer to Question 13.1.7. In the spirit of the counterexample suggested by Federer in
[Fed69, 4.2.26, p. 426] (see Remark 13.1.6 above), we provide a negative answer to the
question, proving the existence of a compact subset K C R® and a current [T] € fz%K(RS)
with 9T = 0mod(2) such that there exists no I € .%; i (R”) with I = Tmod(2). Nevertheless,
for a different choice of a compact K’ O K we can exhibit an integral current I’ € .%; x/(R®)
with I’ =0 and I’ = Tmod(2).

In what follows, we will let K be the embedded Klein bottle in R* (in particular, X
is a non-orientable compact two dimensional surface without boundary in R*). There
exist a closed curve y and an integral current S = [X, T, 1] € ]2/3{(R4) such that the
set of discontinuity points of T coincides with y. In particular, 9S is the integral current
[v,Ty,2], Ty being the orientation of y naturally induced by T. We let [S] € JZZ,K(IR“) be
the associated current mod(2). In particular, d [S] = 0 and M?([S]) = H?(XK). We have the
following, elementary

Lemma 13.2.8. There exists a constant ¢ = c(X) with the following property. If R € %3 5c(R*) is
such that R € [S], one has
M(0OR) > c.

Proof. By contradiction, let {aj};2; be a sequence of positive numbers with & *\, 0, and
{R; };?‘;] C S 5 (R*) be such that
and
M(aR)') < .
We write R; = [X, T,0;], and we observe that, since Rj = Smod(2), from (13.20) and from
the definition of S it follows that
0;(x) =1(mod2) for H%-aexeX. (13.35)

We replace every R; with the integral current R; = [X, T, 0;], where 0; := sign(6;). Clearly,
by (13.35) and the definition of 8;, R; = Rymod(2), and thus R; € [S] for every j. Notice,
furthermore, that M(ﬁj) = H2(X) for every j, and that

M(aﬁj) <M(0R;) < «;. (13.36)
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In order to show (13.36), let U be any open set in X homeomorphic to a two-dimensional
disc. Let also & be a fixed continuous orientation on U. We have that R; LU = [U, &, 05],
where ©j is the function defined by

;%) i 0;(x) %f T(x) = 6(x)
—0j(x) if T(x) = —0(x).
As a consequence of [Sim83b, Remark 27.7], it holds
M((9R;) L U) = |Dejs|(U),
where |DOj| is the variation of the BV function ©;. Analogously, ﬁj LU=[u,c, @5]], where
©j is the function defined by
if T(x) = 0(x)

—05(x) if T(x) = —0(x).

@™
®
Il
——
uCDl
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Observe that ©; = sign(©;), and hence
M((dR;) L U) = |DE;|(U) < [DO;|(U) = M((3R;) 1),

which completes the proof of (13.36).
Now, by the Compactness Theorem 2.1.3 there exists a current R € % 4(R*) and a
subsequence (not relabeled) such that

j—o0
Moreover, by the lower semi-continuity of the mass one has R = 0. Since the equivalence

classes mod(2) are closed with respect to the flat convergence, R € [S], which contradicts
the fact that X is not orientable. ]

Remark 13.2.9. Observe that if K, is a homothetic copy of X with homothety ratio A, then
c(XKa) = Ac(X).

We finally define the compact set K C R® and the current [T] € fZZ,K(lRS) as follows.
For every i = 1,2,..., we let A; be the homothety on R* defined by Ai(x) := %, and

1
mi: R* — R> be the isometry 7 (x) := (i,x). We set

K:={0}U | mi 0 Au(X),
i=1
which is evidently compact, and

T:= Z(T[i o /\l)us
i=1

We let [T] denote the equivalence class of T modulo 2. Since M2 ((7; o Aq)S) = J—ZJ{Z (X),

then [T] is well defined, and in particular 0 [T] = 0. In the following proposition, we show
that the choice of K and [T] provides a negative answer to Question 13.1.7.
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Proposition 13.2.10. In general, the answer to Question 13.1.7 is negative.

Proof. Let K and [T] be as above, and assume by contradiction that there exists I € .# i (R”)

1
with I € [T]. Then, the restriction of I to each plane x; = 7 belongs to the class [(m o /\i)ﬁS] ,
and thus by Lemma 13.2.8 and Remark 13.2.9 one has
=1
M(0I) = c¢(X — =00,
(1) = (%) )+ = o0

i=1
which gives the desired contradiction. O

Remark 13.2.11. Observe that if we replace X with X’ := X UD, where D is a suitable two-
dimensional disc, then Lemma 13.2.8 fails, as there exists R € .%5 5c/(R*) such that R € [S]
and 0R = 0. Hence, it is possible to construct an integral representative of [T] with support
in -

K" :={0}u [ 7 o AL(K).

i=1

13.2.4 Concluding remarks

Ambrosio and Wenger proved in [AW11, Theorem 4.1] a statement similar to our Theo-
rem 13.2.5, under the hypothesis that 0 [T] = 0. They were motivated by the will to prove
the analogue of Theorem 13.1.2 above when the ambient space is a compact convex sub-
set of a Banach space with mild additional assumptions. Even though our theorem covers
also the case with boundary, our proof is considerably simpler than theirs, essentially be-
cause we can rely on the polyhedral approximation theorem, which is not available in their
context. Actually, our result would follow directly from theirs if one could independently
guarantee the validity of the following proposition. However, we were not able to devise a
proof independent of Theorem 13.2.5.

Proposition 13.2.12. Let [T] € ffK(IRd). Then, for any R =Y | 0:0x, € Zox(RY) such that
R =0T mod(p) one has:

0; = 0 (mod p). (13-37)

q
=1

1

Assume the validity of the Proposition. An alternative proof of our Theorem 13.2.5 can
be obtained as follows. Let [T] € fﬁK(JRm) and let R = S':] 0i0x, € %o x(RY) be such
that R = 0T mod(p). Fix xo & {x1,...,Xq} and consider the cone C with vertex x¢ over R, i.e.
the integral 1-current

q
C:=) [Si,7, 6], (13.38)
i=1

X0 —X{

where S; is the segment joining x; to xp and T := . By (13.37), the multiplicity of

Ixo — xil
oC at x¢ is an integer multiple of p, and thus via a simple computation d(T + C) = Omod(p).
Applying the result of Ambrosio and Wenger, we finally obtain that there exists an integral
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current ] € . x(R9) such that ] = T+ Cmod(p). Hence, I := ] — C is an integral current
with I = T mod(p).

Although the analogue of Proposition 13.2.12 for classical currents is a well known fact
(i.e. the sum of the multiplicities in the boundary of an integral 1-current is zero), the
validity of Proposition 13.2.12 does not follow trivially. Nevertheless, it can in fact be
deduced as a consequence of our Corollary 13.2.7.

Proof of Proposition 13.2.12. Let T and R be as in the statement. Then, since F} (0T —R) =0,
Corollary 13.2.7 implies the existence of currents Q € %o k(R%) and S € % k(R%) such
that

0T —R=p(Q+0S),

that is
o(T—pS) =R+pQ.

In particular, T —pS is a classical integral current, and thus the sum of the multiplicities in
R must equal that of —pQ, which concludes the proof. O
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