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ABSTRACT. In this paper we study the stochastic homogenisation of free-discontinuity func-
tionals. Assuming stationarity for the random volume and surface integrands, we prove the
existence of a homogenised random free-discontinuity functional, which is deterministic in the
ergodic case. Moreover, by establishing a connection between the deterministic convergence
of the functionals at any fixed realisation and the pointwise Subadditive Ergodic Theorem by
Akcoglou and Krengel, we characterise the limit volume and surface integrands in terms of
asymptotic cell formulas.
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1. INTRODUCTION

In this article we prove a stochastic homogenisation result for sequences of free-discontinuity functionals
of the form

E.(w)(u) = /Af (w, E,Vu) da:—!—/s mAg (w, g,u+ —u_,zxu) dH" (1.1)

where f and g are random integrands, w is the random parameter, and € > 0 is a small scale parameter.
The functionals E. are defined in the space SBV(A,R™) of special R™-valued functions of bounded
variation on the open set A C R™. This space was introduced by De Giorgi and Ambrosio in [22] to deal
with deterministic problems - e.g. in fracture mechanics, image segmentation, or in the study of liquid
crystals - where the variable u can have discontinuities on a hypersurface which is not known a priori,
hence the name free-discontinuity functionals [21]. In (1.1), S, denotes the discontinuity set of u, v and
u~ are the “traces” of u on both sides of Sy, v, denotes the (generalised) normal to Sy, and Vu denotes
the approximate differential of u.

Our main result is that, in the macroscopic limit € — 0, the functionals E. homogenise to a stochastic
free-discontinuity functional of the same form, under the assumption that f and g are stationary with
respect to w, and that each of the realisations f(w,,-) and g(w, -, -, ) satisfies the hypotheses considered
in the deterministic case studied in [16] (see Section 3 for details). Moreover, we show that under the
additional assumption of ergodicity of f and g the homogenised limit of F. is deterministic. Therefore,
our qualitative homogenisation result extends to the SBV-setting the classical qualitative results by
Papanicolaou and Varadhan [31, 32], Kozlov [28], and Dal Maso and Modica [17, 18], which were formulated
in the more regular Sobolev setting.

1.1. A brief literature review. The study of variational limits of random free-discontinuity functionals
is very much at its infancy. To date, the only available results are limited to the special case of discrete
energies of spin systems [2, 14], where the authors consider purely surface integrals, and u is defined on a
discrete lattice and takes values in {£1}.

In the case of volume functionals in Sobolev spaces, classical qualitative results are provided by the work
by Papanicolaou and Varadhan [31, 32] and Kozlov [28] in the linear case, and by Dal Maso and Modica
[17, 18] in the nonlinear setting. The need to develop efficient methods to determine the homogenised
coefficients and to estimate the error in the homogenisation approximation, has recently motivated an
intense effort to build a quantitative theory of stochastic homogenisation in the regular Sobolev case.

The first results in this direction are due to Gloria and Otto in the discrete setting [26, 27]. In the
continuous setting, quantitative estimates for the convergence results are given by Armstrong and Smart
[8], who also study the regularity of the minimisers, and by Armstrong, Kuusi, and Mourrat [5, 6]. We also
mention [7], where Armstrong and Mourrat give Lipschitz regularity for the solutions of elliptic equations
with random coefficients, by directly studying certain functionals that are minimised by the solutions.
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The mathematical theory of deterministic homogenisation of free-discontinuity problems is well estab-
lished. When f and g are periodic in the spatial variable, the limit behaviour of E. can be determined
by classical homogenisation theory. In this case, under mild assumptions on f and g, the deterministic
functionals F. behave macroscopically like a homogeneous free-discontinuity functional. If, in addition,
the integrands f and ¢ satisfy some standard growth and coercivity conditions, the limit behaviour of
E. is given by the simple superposition of the limit behaviours of its volume and surface parts (see [13]).
This is, however, not always the case if f and g satisfy “degenerate” coercivity conditions. Indeed, while
in [10, 15, 25] the two terms in E. do not interact, in [9, 11, 20, 33, 34, 35| they do interact and produce
rather complex limit effects. The study of the deterministic homogenisation of free-discontinuity func-
tionals without any periodicity condition, and under general assumptions ensuring that the volume and
surface terms do “not mix” in the limit, has been recently carried out in [16].

1.2. Stationary random integrands. Before giving the precise statement of our results, we need to
recall some definitions. The random environment is modelled by a probability space (2, T, P) endowed
with a group 7 = (72).ez» (resp. 7 = (72)-ern ) of T-measurable P-preserving transformations on Q. That
is, the action of 7 on €2 satisfies

P(r(E))=P(E) forevery E€T.

We say that f: Q x R™ x R™*™ — [0, +00) and g: Q@ x R™ x (R™\ {0}) x S"~! — [0, +-c0) are stationary
random volume and surface integrands if they satisfy the assumptions introduced in the deterministic work
[16] (see Section 3 for the complete list of assumptions) for every realisation, and the following stationarity
condition with respect to 7: for every z € Z" (resp. z € R™) we have

f(w7x + Z:é) = f(Tz(W)7$7€) for every (‘T7 g) € Rn X Rmxn7
9w, +2,C,v) = g(ra(w),2,¢,v)  for every (,¢,v) € R x (R™\ {0}) x §" ",

When, in addition, 7 is ergodic, namely when any 7-invariant set £ € 7 has probability zero or one, we
say that f and g are ergodic.

1.3. The main result: Method of proof and comparison with previous works. Under the as-
sumption that f and g are stationary random integrands, we prove the convergence of E. to a random
homogenised functional Epom (Theorem 3.13), and we provide representation formulas for the limit volume
and surface integrands (Theorem 3.12). The combination of these two results shows, in particular, that
the limit functional Fhom is a free-discontinuity functional of the same form as F.. If, in addition, f and
g are ergodic, we show that Fhom is deterministic.

Our method of proof consists of two main steps: a purely deterministic step and a stochastic one, in the
spirit of the strategy introduced in [18] for integral functionals of volume type defined on Sobolev spaces.

In the deterministic step we fix w € Q and we study the asymptotic behaviour of E.(w). Our recent re-
sult [16, Theorem 3.11] ensures that F.(w) converges (in the sense of I-convergence) to a free-discontinuity
functional of the form

Ehom(w)(u) = / fhom (W7 V’U,) dx + / Jhom (UJ, [UL Vu) dHn_l,
A S.

WA
with
1,
from(@,€) == lim L inf / F(w,, Vu(y))dy, (12)
root T Qr(ra)
. 1. e
Ghom (w, (,v) i= lim —— mf/ 9(w,y, [ul(y), vu(y))dH" ' (y), (1.3)
r—0t T SuﬁQZ(TI)

provided the limits in (1.2)-(1.3) exist and are independent of z. In (1.2) the infimum is taken among
Sobolev functions attaining the linear boundary datum {z near 0Q.(rz) (see (1.4) below), where Q. (rz) =
rQ(z) is the blow-up by r of the unit cube centred at z. In (1.3) the infimum is taken among all Caccioppoli
partitions (namely u € SBV,(Qy (rz), R™), see (f) in Section 2) attaining a piecewise constant boundary
datum near 9Qy (rz) (see (1.5)), and Q7 (rz) is obtained by rotating Q-(rx) in such a way that one face
is perpendicular to v.

In the stochastic step we prove that the limits (1.2) and (1.3) exist almost surely and are independent
of x. To this end, it is crucial to show that we can apply the Subadditive Ergodic Theorem by Akcoglou
and Krengel [1]. Since our convergence result [16] ensures that there is no interaction between the volume
and surface terms in the limit, we can treat them separately.



More precisely, for the volume term, proceeding as in [18] (see also [30]), one can show that the map
(@ = int{ [ flo Vutdy: we WHQE), uy) = & near 0@ (1.4
Q

defines a subadditive stochastic process for every fixed £ € R™*™ (see Definition 3.10). Then the almost
sure existence of the limit of (1.2) and its independence of z directly follow from the n-dimensional
pointwise Subadditive Ergodic Theorem, which also ensures that the limit is deterministic if f is ergodic.

For the surface term, however, applying this general programme presents several difficulties. One of
the obstacles is due to a nontrivial “mismatch” of dimensions: On the one hand the minimisation problem

inf { /S g(w,y, [u], v)dH" ™ u € SBVpe(QY(raz), R™), U = Upy ¢, 00 SQZ(M:)} (1.5)

wNQY (rx)

appearing in (1.3) is defined on the n-dimensional set QY (rz); on the other hand the integration is
performed on the (n — 1)-dimensional set S, N QY (rx) and the integral rescales in r like a surface measure.
In other words, the surface term is an (n — 1)-dimensional measure which is naturally defined on n-
dimensional sets. Understanding how to match these different dimensions is a key preliminary step to
define a suitable subadditive stochastic process for the application of the Subadditive Ergodic Theorem in
dimension n — 1.

To this end we first set z = 0. We want to consider the infimum in (1.5) as a function of (w, I'), where
I belongs to the class Z,,—1 of (n — 1)-dimensional intervals (see (3.9)). To do so, we define a systematic
way to “complete” the missing dimension and to rotate the resulting n-dimensional interval. For this we
proceed as in [2], where the authors had to face a similar problem in the study of pure surface energies of
spin systems.

Once this preliminary problem is overcome, we prove in Proposition 5.3 that the infimum in (1.5)
with x = 0 and v with rational coordinates is related to an (n — 1)-dimensional subadditive stochastic
process fi¢,, on 2 x I, _1 with respect to a suitable group (7)) ,/czn-1 (resp. (7/),/cgn-1) of P-preserving
transformations (see Proposition 5.3). A key difficulty in the proof is to establish the measurability in
w of the infimum (1.5). Note that this is clearly not an issue in the case of volume integrals considered
in [17, 18]: The infimum in (1.4) is computed on a separable space, so it can be done over a countable
set of functions, and hence the measurability of the process follows directly from the measurability of f.
This is not an issue for the surface energies considered in [2] either: Since the problem is studied in a
discrete lattice, the minimisation is reduced to a countable collection of functions. The infimum in (1.5),
instead, cannot be reduced to a countable set, hence the proof of measurability is not straightforward (see
Proposition A.1 in the Appendix).

The next step is to apply the (n — 1)-dimensional Subadditive Ergodic Theorem to the subadditive
stochastic process p¢ ., for fixed ¢ and v. This ensures that the limit

() = tim oML (16)
exists for P-a.e. w € © and does not depend on I. The fact that the limit in (1.6) exists in a set of full
measure, common to every ¢ and v, requires some attention (see Proposition 5.1), and follows from the
continuity properties in ¢ and v of some auxiliary functions (see (5.10) and (5.11) in Lemma 5.5).

As a final step, we need to show that the limit in (1.3) is independent of z, namely that the choice
x = 0 is not restrictive. We remark that the analogous result for (1.2) follows directly by I'-convergence
and by the Subadditive Ergodic Theorem (see also [18]). The surface case, however, is more subtle, since
the minimisation problem in (1.5) depends on z also through the boundary datum u,s¢,.. To prove
the z-independence of gnom Wwe proceed in three steps. First, we exploit the stationarity of g to show
that (1.6) is 7-invariant. Then, we prove the result when x is integer, by combinining the Subadditive
Ergodic Theorem and the Birkhoff Ergodic Theorem, in the spirit of [2, Proof of Theorem 5.5] (see also
[14, Proposition 2.10]). Finally, we conclude the proof with a careful approximation argument.

1.4. Outline of the paper. The paper is organised as follows. In Section 2 we introduce some notation
used throughout the paper. In the first part of Section 3 we state the assumptions on f and g and we
introduce the stochastic setting of the problem; the second part is devoted to the statement of the main
results of the paper. The behaviour of the volume term is studied in the short Section 4, while Sections 5
and 6, as well as the Appendix, deal with the surface term.



2. NOTATION

We introduce now some notation that will be used throughout the paper. For the convenience of the
reader we follow the ordering used in [16].

(a)

m and n are fixed positive integers, with n > 2, R is the set of real numbers, and Ry® := R™\ {0},
while Q is the set of rational numbers and Qg* := Q™ \ {0}. The canonical basis of R™ is denoted
by e1,...,en. For a,b € R", a - b denotes the Euclidean scalar product between a and b, and | - |
denotes the absolute value in R or the Euclidean norm in R™, R™, or R™*", depending on the
context.
St i={x = (x1,...,0) ER" s 2i+ -+ 22 =1}, ST = {z € S : +2, > 0}, and
g’j;l = {z € """ : £x;,) > 0}, where i(z) is the largest i € {1,...,n} such that z; # 0. Note
that S7~' € §771, and that §"~* = 8§~ uS" 1.
L™ denotes the Lebesgue measure on R™ and H"™~* the (n — 1)-dimensional Hausdorff measure
on R".
o/ denotes the collection of all bounded open subsets of R"; if A, B € &/, by A CC B we mean
that A is relatively compact in B.
For u € GSBV(A,R™) (see [4, Section 4.5]), with A € &/, the jump of u across S, is defined by
[u] :=ut —u™.
For A € &/ we define
SBVpe(A,R™) := {u € SBV(A,R™) : Vu =0 L a.e., H" ' (Su) < +o0}.
For A € &/ and p > 1 we define
SBVP(A,R™) := {u € SBV(A,R™) : Vu € LP(A,R™*™), H" (S.) < +00}.
For A € o/ and p > 1 we define
GSBVP(A,R™) := {u € GSBV(A,R™): Vu € L*(A,R™"™), H" ' (S,) < +oo};
it is known that GSBVP?(A,R™) is a vector space and that for every u € GSBVF(A,R™) and for
every 1 € CL(R™,R™) we have ¢)(u) € SBVP(A,R™) N L®(A,R™) (see, e.g., [19, page 172]).
For every L£L"-measurable set A C R™ let L°(A,R™) be the space of all (L™-equivalence classes
of) £"-measurable functions u: A — R™, endowed with the topology of convergence in measure
on bounded subsets of A; we observe that this topology is metrisable and separable.
For x € R™ and p > 0 we define

Bo(z) :={y €R": |y — x| < p},

Qo(z) ={yeR": [(y—z)-e|<p/2 fori=1,...,n}.
We omit the subscript p when p = 1.
For every v € S"~! let R, be an orthogonal nxn matrix such that R,e, = v; we assume that
the restrictions of the function v — R, to the sets gg’;l defined in (b) are continuous and that
R_,Q(0) = R,Q(0) for every v € S"~'; moreover, we assume that R, € O(n) N Q"*" for every
v € Q"NS™ . A map v — R, satisfying these properties is provided in [16, Example A.1 and
Remark A.2).
For z € R", p >0, and v € S"~! we set

Q,(z) := R,Q,(0) + x;
we omit the subscript p when p = 1.
For £ € R™*™ the linear function from R™ to R™ with gradient ¢ is denoted by £¢; i.e., £e(x) := £,

where x is considered as an nx1 matrix.
For x € R™, ¢ € Ry", and v € S”* we define the function u, ¢, as

¢ if (y—x)-v>0,
uz,(,u(y) = .
0 if (y—x)-v<DO0.
For z € R" and v € S"7!, we set
Mg :={yeR":y-v=0} and I, :={yeR":(y—2z) v=0}
For a given topological space X, (X) denotes the Borel o-algebra on X. In particular, for every
integer k > 1, " is the Borel o-algebra on R, while #%2 stands for the Borel o-algebra on S" 1.

For every t € R the integer part of ¢ is denoted by |¢]; i.e., |t] is the largest integer less than or
equal to t.



3. SETTING OF THE PROBLEM AND STATEMENTS OF THE MAIN RESULTS

This section consists of two parts: in Section 3.1 we introduce the stochastic free-discontinuity func-
tionals and recall the Ergodic Subadditive Theorem; in Section 3.2 we state the main results of the paper.

3.1. Setting of the problem. Throughout the paper we fix six constants p, c1,...,cs, with 1 < p < 400,
0<ci <c2<400,1<e3 <400,and 0 < ¢4 < 5 < +00, and two nondecreasing continuous functions
o1, 02: [0,400) — [0, +00) such that o1(0) = 02(0) = 0.

Definition 3.1 (Volume and surface integrands). Let F = F(p, c1, c2, 01) be the collection of all functions
fiR*xR™*™ — [0, +00) satisfying the following conditions:
(f1) (measurability) f is Borel measurable on R" xR™*";
(f2) (continuity in &) for every x € R™ we have
|f(@,&1) = f(@,&)] < 01(|& — &

for every &1, &2 € R™*™;
(f3) (lower bound) for every € R"™ and every £ € R™*"

alél” < f(x,€);
(f4) (upper bound) for every x € R™ and every £ € R™*"
f(@,8) < ca(L+[€]7).

Let G = G(cs,ca,c5,02) be the collection of all functions g: R™ xR xS™ ™! — [0, +00) satisfying the
following conditions:

YA+ f(z,&) + f(z,8))

(g1) (measurability) g is Borel measurable on R™xR{* xS™~!;
(¢2) (continuity in ¢) for every € R™ and every v € S™! we have

|g(£E,C2,l/) 79(1’,C1,l/)‘ < 0'2(‘(1 - C2D(g(maclvl/) +g($:<2’l/)>

for every (1, (2 € RyY;
(g3) (estimate for |¢1| < |Ca]) for every @ € R™ and every v € S"~! we have

g(iE,Chl/) <c3 9(%(271/)

for every (1, (2 € RG" with (1] < |¢2;
(g4) (estimate for c3|¢1| < |¢2]) for every € R™ and every v € S™! we have

g(z,C1,v) < g(=, (2, v)

for every (1, (2 € RG® with ¢3|¢i] < |¢2);
(g5) (lower bound) for every z € R”, ¢ € Ry, and v € S"™!

ca < g(x, G v);
(g6) (upper bound) for every x € R™, ¢ € Ry, and v € S"~!
g(z, ¢ v) < es(1+[¢]);
(¢7) (symmetry) for every z € R™, ¢ € RJ*, and v € S" !
9(z,¢v) = gz, =¢, —v).

Remark 3.2. As observed in [16, Remark 3.2], assumptions (¢3) and (g4) are strictly weaker than a
monotonicity condition in |¢|. Indeed, if g: R™xR{* xS~ — [0, +-00) satisfies

C1,¢ €RG with |G| <[] = g(z,G,v) < gz, G2, v)

for every € R™ and every v € S®7!, then g satisfies (g3) and (g4). On the other hand, (g3) and (g4) do
not imply monotonicity in |].

Given f € F and g € G, we consider the integral functionals F, G: L°(R™,R™)x./ — [0, 4+-00] defined

as
,Vu)dr ifula € WHP(A,R™),
F(u, A) = /Af("” wde ifula ( ) (3.1)
+00 otherwise in L°(R",R™).
g(@, [u],vu)dH"™" ifula € GSBVP(A,R™),
G(u, A) := /SumA fu].v) | ( ) (3.2)

+o0 otherwise in L°(R™,R™),



Remark 3.3. Since [u] is reversed when the orientation of v, is reversed, the functional G is well defined
thanks to (g7).

Let A € o/. For F as in (3.1), and w € L°(R™,R™) with w|a € W P(A,R™), we set

mp?(w, A) == inf {F(u, A) : u € L°(R",R™), ula € W'P(A,R™), u=w near DA} . (3.3)
Moreover, for G as in (3.2), and w € L°(R",R™) with w|a € SBVyc(A,R™), we set
mes (w, A) := inf {G(u, A) 1 u € L°(R™,R™), ula € SBVpe(A,R™), u = w near A} . (3.4)

In (3.3) and (3.4), by “u = w near OA” we mean that there exists a neighbourhood U of 9A such that
u=w L"-ae. inU.

If A is an arbitrary bounded subset of R", we set mp?(w, A) := mpP(w,intA) and mb(w, A) :=
me (w,intA), where int denotes the interior of A.

Remark 3.4. Let u € L°(R™,R™) be such that u|a € SBVpc(A4,R™), and let k € N. A careful inspection
of the proof of [16, Lemma 4.1] shows that there exist pr > k and vx € L°(R",R™) with vg|a €
SBVpe(A,R™) such that

n . 1
lvkllpoo(army < piry v =u L%-a.e. in {|Ju] <k}, G(vg, A) < (1—!— %)G(U,A).
As a consequence we may readily deduce the following. Let w € L°(R™ R™) be such that w|a €
SBVpc(A,R™) N L>™(A,R™) and let k € N, k > ||w|| oo (a,rm) be fixed. Then
pc _ k o k
my (w, A) = 112f mé(w, A) = kEToo meg(w, A), (3.5)
where
mé&(w, A) == inf {G(u, A): u € L°(R™,R™), ula € SBVpe(A,R™) N L™(A,R™),
lull oo (ammy < by, H' ' (SuNA) < @, u=w near A}, (3.6)
with o := c5/cs (14+2||w]| poo (apm)) H" ' (SwNA). The fact that the inequality H" ' (S.NA) < a in (3.6)

is not restrictive follows from assumption (g6) by using w as a competitor in the minimisation problem
defining mf (w, A) for k > ||w|| g a,pm).

We are now ready to introduce the probabilistic setting of our problem. In what follows (2,7, P)
denotes a fixed probability space.

Definition 3.5 (Random integrand). A function f: QX R" x R™*™ — [0, +00) is called a random volume
integrand if

(a) fis (T ® B" @ ™ ™)-measurable;

(b) f(w,-,-) € F for every w € Q.
A function g: Q@ x R™ x R* x S"! — [0, +00) is called a random surface integrand if

(c) gis (T @ B" ® B™ ® B)-measurable;

(d) g(w,-,-,-) €@ for every w € Q.

Let f be a random volume integrand. For w € Q the integral functional F(w): L°(R™, R™) x & —
[0, +00] is defined by (3.1), with f(-,-) replaced by f(w,-,-). Let g be a random surface integrand. For
w € Q the integral functional G(w): L°(R™,R™) x & — [0, 4+-0o0] is defined by (3.2), with g(-, -, ) replaced
by g(w,-,-,-). Finally, for every € > 0 we consider the free-discontinuity functional E.(w): L°(R™,R™) x
o/ — [0, 400] defined by

x xT n—1 .
w, —, Vu dx—|—/ w, —, [u], vy |dH ifula€e GSBVP(A,R™),
B (w)(u, A) = /Af( = V) smﬂ( 2 ) 4 (A.R™)
400 otherwise in L° (R™, R™).

(3.7)

In the study of stochastic homogenisation an important role is played by the notions introduced by the
following definitions.

Definition 3.6 (P-preserving transformation). A P-preserving transformation on (2,7, P) is a map
T: Q — Q satisfying the following properties:

(a) (measurability) 7" is T-measurable;

(b) (bijectivity) T is bijective;

(¢) (invariance) P(T(E)) = P(E), for every E € T.



If, in addition, every set E € T which satisfies P(T(E)AFE) = 0 (called T-invariant set according to [24])
has probability 0 or 1, then T is called ergodic. Here and henceforth A denotes the symmetric difference
of sets.
Definition 3.7 (Group of P-preserving transformations). Let k be a positive integer. A group of P-
preserving transformations on (Q,7, P) is a family (7.),czx (resp. (7:),cgr) of mappings 7.: Q@ —
satisfying the following properties:

(a) (measurability) 7. is T-measurable for every z € Z* (resp. z € R¥);

(b) (bijectivity) 7. is bijective for every z € Z* (resp. z € R¥);

(c) (invariance) P(r.(E)) = P(E), for every E € T and every z € Z* (resp. z € RF);

(d) (group property) 7o = ido (the identity map on Q) and 7.,/ = 7, o7,s for every z,2’ € ZF (resp.

2,7 € RF);

If, in addition, every set E € T which satisfies P(7,(E)AE) = 0 for every z € Z* (resp. z € R¥) has
probability 0 or 1, then (72),czx (resp. (72),cgrr) is called ergodic.
Remark 3.8. In the case k = 1 a group of P-preserving transformations (7.).ez has the form (77).ez,
where T := 7y is a P-preserving transformation.

We are now in a position to define the notion of stationary random integrand.

Definition 3.9 (Stationary random integrand). A random volume integrand f is stationary with respect
to a group (7:).ezn (resp. (7:).ern) of P-preserving transformations on (2,7, P) if
f(w,x + 275) = f(TZ(w)7x7§)
for every w € Q, x € R", 2 € Z" (resp. z € R"), and £ € R"™*™.
Similarly, a random surface integrand g is stationary with respect to (7:).ezn (resp. (72)zern) if

g(w,x—l—z,(,l/) :g(TZ(w)7$7C7y) (38)
for every w € Q, x € R™, z € Z" (resp. z € R"), ( € Ry, and v € S" 7.

We now recall the notion of subadditive stochastic processes as well as the Subadditive Ergodic Theorem
by Akcoglu and Krengel [1, Theorem 2.7].

Let k be a positive integer. For every a,b € R*, with a; < b; for i = 1,..., k, we define
[a,b) == {x € R¥ :a; <y <b; fori=1,...,k},

and we set
Iy = {[a,b):a,bE]Rk,ai<bi fori=1,...,k}. (3.9)

Definition 3.10 (Subadditive process). A subadditive process with respect to a group (7:),eczr (resp.
(72).err), k > 1, of P-preserving transformations on (€2, 7, P) is a function p: Q x Zj, — R satisfying the
following properties:
(a) (measurability) for every A € Zj, the function w — u(w, A) is T-measurable;
(b) (covariance) for every w € Q, A € Ty, and z € ZF (resp. z € R¥) we have p(w, A+2) = pu(7.(w), A);
(¢) (subadditivity) for every A € Zy, and for every finite family (A;)ier C Zi of pairwise disjoint sets
such that A = U;er A;, we have

plw, A) < Zu(a),Ai) for every w € £
i€l
(d) (boundedness) there exists ¢ > 0 such that 0 < u(w,A) < cLF(A) for every w € Q and every
A€ T.

We now state a variant of the Pointwise Ergodic Theorem which is suitable for our purposes.

Theorem 3.11 (Subadditive Ergodic Theorem). Let k be a positive integer and let (7.),czn (resp.
(T2).err ) be a group of P-preserving transformations on (2, T, P). Let p: QxZ — R be a subadditive pro-
cess with respect to (7z),ezr (Tesp. (T=),crr ). Then there exist a T-measurable function ¢: Q — [0, +00)
and a set Q' € T with P(Q')=1 such that
L W, Q)

o A (3.10)
for every w € Q' and for every cube Q € Iy. If in addition (72),czx (resp. (72),crr) is ergodic, then ¢ is
constant P-a.e.
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Proof. If the set of indices is ZF, the proof can be found in [1, Theorem 2.7 and Remark p. 59] (see, e.g.,
[18, Proposition 1]). If the set of indices is R, the existence of ¢ and Q' satisfying (3.10) can be proved
by considering the restriction of the group to Z*. Since ergodicity for (72) ,err does not imply ergodicity
for (72),eczx, we have to prove the last sentence of the theorem when the set of indices is R*.

Let O be the set of all cubes @ € Z), with vertices in Qk, let Q" be the set of all w € € such that the

limit (@.1Q)
. plw,
lim ———= (3.11)
~ [k
)

exists for every Q € Q, and let Q be the set of all w € Q” such that the above limits do not depend on
Q € Q. Since w — p(w, Q) is T-measurable, we have Q" € T and the limit in (3.11) is a 7T-measurable
function of w. This implies that 2 € 7 and that there exists a T-measurable function ¢: Q@ — R such

that ( Q)
. w,t X
for every w € Q and Q € Q. By (3.10) we have
P@)=1 and ¢(w)= p(w) for P-a.e. w € Q. (3.13)

Fix w € Q, z € R¥, and Q € Q. By covariance (condition (b) of Definition 3.10) we have
W (@), Q) = j(w, H(Q + 2)) (3.14)
for every t > 0. Given Q’, Q" € Q, with Q' CC intQ C Q CC Q”, for t large enough we have
QCQ+2 and Q+2CQ".
By subadditivity and boundedness (conditions (¢) and (d) of Definition 3.10) we have
pw, HQ + 2)) < plw, Q') + et L5(Q + 2)\ Q),
p(w, Q") < plw, H(Q + 2)) + ct*LXQ" \ (Q + 2)),

hence
o @+ 7)) - plw,tQ) L@+ H\Q)
oeQ) LR L£H(Q) ’
plo Q")  pw HQ+ 7)) LNQ\(@Q+3))
LE@EQT) —  LRQ) £EQ) '
Therefore by (3.12) and (3.14) we obtain
: w(r=(w), Q) _ . LR\ Q)
11?;@‘:3’ Q) P T e g
L(@).1Q) | LQN\Q)

p(T
Plw) < léﬂg.lf CF(1Q)

TR Q)

Taking the limit as Q" @ and Q" \, Q we obtain

¢ 17 (), 1Q) p(re(w), 1Q) _ 5(w),

< <1 —_—
At L ) RS A (7 B
teQ teQ

which implies that 7. (w) € Q" and

Lo (T (W), tQ)
lim Y20 = g(w). (3.15)
. k
e L£MQ)
Since the limit does not depend on @ € Q we have also m.(w) € Q. By (3.12) and (3.15) we have
@(72(w)) = p(w) for every w € Q) and every z € R*. This implies that, for every ¢ € R, the superlevel sets
of ¢,
E.:={weQ:pw)>c},
are invariant for 7, for every z € R*. Therefore, if (T2).err is ergodic, we can only have
P(E.)=0 or P(E;.)=1. (3.16)

Since E.; D E., for ¢1 < ¢z, by (3.16) there exists ¢ € R such that P(E.) =0 for ¢ > ¢ and P(E.) =1
for ¢ < ¢cg. It then follows that ¢ is constant P-a.e., and so is ¢ by (3.13).
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3.2. Statement of the main results. In this section we state the main result of the paper, Theorem 3.13,
which provides a I'-convergence and integral representation result for the random functionals (E:(w))e>0
introduced in (3.7), under the assumption that the volume and surface integrands f and g are stationary.
The volume and surface integrands of the I'-limit are given in terms of separate asymptotic cell formulas,
showing that there is no interaction between volume and surface densities by stochastic I'-convergence.

The next theorem proves the existence of the limits in the asymptotic cell formulas that will be used
in the statement of the main result. The proof will be given in Sections 4-6.

Theorem 3.12 (Homogenisation formulas). Let f be a stationary random volume integrand and let g be
a stationary random surface integrand with respect to a group (7:)sczn (resp. (7z).ern) of P-preserving
transformations on (Q, T, P). For every w € Q let F(w) and G(w) be defined by (3.1) and (3.2), with
f(,) and g(-,-,-) replaced by f(w,-,-) and g(w,-, -, ), respectively. Finally, let m}’ﬁ’w) and mf;(w) be defined
by (3.3) and (3.4), respectively. Then there exists Q' € T, with P(Q') = 1, such that for every w € €/,
z €R™, £ e R™*", ¢ € RY, and v € S"~! the limits

ity (b Qult)) M) (Mt . Qi (82))
lim ————————  and

t—+o00 tn t—+o00 tn—1

ezist and are independent of x. More precisely, there exist a random volume integrand fhom: QX R™*™ —
[0,400), and a random surface integrand gnom: Q2 X RY* x "' — [0, +00) such that for every w € ',
z€R™, £ e R™*" ¢ €RY, and v € S"!

1,p 1,p
mF(w) (Zg, Qi(tx)) T mF(w) (657 Qt(O))
fhorn(w 6) == tl}+oo n = t£+moo tni’ (317)
M () (Ut ¢, QF (E2)) M) (to.c.0, Q7 (0))
5 (w) s _ Gw)\ D6
ghom(w, ¢ V) - tl}?—,loo tn—1 - t—lig—noo fn—1 : (318)

If, in addition, (72)zczn (Tesp. (7z):crn ) is ergodic, then fuom and gnom are independent of w and

from(€) = lim / W (e, Qu(0)) dP(w),

t—+oo t™

(€)= Jim_ oy [ w0 Q1 (0) dP).

t——+oo tT

We are now ready to state the main result of this paper, namely the almost sure I'-convergence of the
sequence of random functionals (F:(w))e>0 introduced in (3.7).

Theorem 3.13 (I-convergence). Let f and g be stationary random volume and surface integrands with
respect to a group (7:).czn (resp. (72).crn) of P-preserving transformations on (0, T, P), let Ec(w) be
as in (3.7), let ' € T (with P(Y) = 1), from, and ghom be as in Theorem 8.12, and let Enom(w) :
LY(R™,R™) x o — [0, +00] be the free-discontinuity functional defined by

/ Shom(w, Vu) dm+/ Ghom (W, [u], v )dH" ™" if ula € GSBVP(A,R™),

SunA

“+oo otherwise in L°(R™,R™).
(R™,R™)xo of E-(w) and Enom(w), respec-

Ehom (w)(u, A)

Let moreover E(w) and E} (w) be the restrictions to LY,
tively. Then

E.(w)(-, A) T-converge to Enom(w)(-, A) in L°(R™,R™),
and

E?(w)(-, A) T-converge to Ef__(w)(-, A) in LE

loc (Rn? Rm)7
for every w € Q' and every A € .
Further, if (72)zezn (resp. (T:)zern ) is ergodic, then Eywom (resp. ET_ . ) is a deterministic functional;

i.e., it does not depend on w.

Proof. Let Q' € T be the set with P(€') = 1 whose existence is established in Theorem 3.12 and let
w € ' be fixed. Then, the functionals F(w) and G(w) defined by (3.1) and (3.2), respectively (with f(,-)
replaced by f(w,-,-) and g(-,,) replaced by g(w,-,-,-)) satisfy all the assumptions of [16, Theorem 3.8].
Therefore, by combining Theorem 3.12 and [16, Theorem 3.8] the conclusion follows. O

Thanks to Theorem 3.13 we can also characterise the asymptotic behaviour of some minimisation
problems involving E.(w). An example is shown in the corollary below.
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Corollary 3.14 (Convergence of minimisation problems). Let f and g be stationary random volume and
surface integrands with respect to a group (7:).ezn (resp. (T:):ern) of P-preserving transformations on
(Q,T,P), let Q' € T (with P(Q') = 1), fhom, and gnhom be as in Theorem 3.12. Letw € Q', A € o,
h e LP(A,R™), and let (ue)eso C GSBVP(A,R™) N LP(A,R™) be a sequence such that

/f(w,E,Vua)d:r—i-/ g(w7£’[u5]7yug)d7{nil+/ |u8_h|pdx
A € SucNA € A
. x x n—1
< inf - d — w | d — hl|"d .
<int ([ s(efvu)ass [ gloZpln)an !+ [ u—hras) <y

for some n. — 0+, where the infimum is taken over all u € GSBVP(A,R™) N LP(A,R™). Then there
exists a sequence €, — 0+ such that (ue, )ren converges in LP(A,R™) to a minimiser uo of

/ fhom(w, Vu) dzx + / Ghom (W, [u], v )dH" " +/ |u — h|Pdz
A SunA A
on GSBVP(A,R™)N LP(A,R™). Moreover

/Af(w,g,VuE)d:c—F/SusmAg(w,g,[ug],yus)d}["—l_|_/A|u5—h‘17dm

/ Shom (w, Vug) dz +/ Gom (W, [wo], Vg )dH™ ! +/ |ug — h|Pdx
A SugnA A

converges to

as € — 0+.

Proof. The proof follows from Theorem 3.13, arguing as in the proof of [16, Corollary 6.1]. O

4. PROOF OF THE CELL-FORMULA FOR THE VOLUME INTEGRAND
In this section we prove (3.17).

Proposition 4.1 (Homogenised volume integrand). Let f be a stationary random volume integrand with
respect to a group (7:).czn (resp. (7z):ern) of P-preserving transformations on (Q,T,P). Then there
exists Q' € T, with P(Q') = 1, such that for every w € ', for every x € R™, and £ € R™*" the limit
Mt (e, Qu(t))
t—+oo tm

exists and is independent of x. More precisely, there exists a random volume integrand from: QX R™*™ —
[0, +00), independent of x, such that

1,p 1,p
—_ mF(w)(zf’Qt(tx)) s mF(w)(£§7Qt(0))
From(@0,) =l =5 =l
If, in addition, (72).czn (Tesp. (7z)zcrn ) is ergodic, then fuom is independent of w and
. 1
from(€) = lim — [ myf  (fe, Q+(0)) dP(w) = inf / my? (e, Qu(0) dP(w).
Q

t—-foo N keN km

The proof of Proposition 4.1 relies on the application of the Subadditive Ergodic Theorem 3.11 to the
function (w, A) — m};?w)(ég, A), which is a subadditive process as shown below.

Proposition 4.2. Let f be a stationary random volume integrand with respect to a group (7;).czn (Tesp.
(12)2ern ) of P-preserving transformations on (2,7, P) and let F(w) be as in (3.1) with f(-,-) replaced by
flw,- ). Let £ € R™*™ and set

pe(w, A) == m;’(pw)(ég,A) for everyw € Q, A€ I,,

where mF( ) is as in (3.3) and In as in (3.9). Then pe is a subadditive process with respect to (7z)zczn

(resp. (7:)zcrn) and
0 < pe(w, A) < ca(1+[£|P)L"(A)  for every w € Q.

Proof. See [18] and also [30, Proposition 3.2]. O
We can now give the proof of Proposition 4.1.

Proof of Proposition 4.1. The existence of fiom and its independence of x follow from Proposition 4.2 and
[18, Theorem 1] (see also [30, Corollary 3.3]). The fact that fnom is a random volume integrand can be
shown arguing as in [16, Lemma A.5 and Lemma A.6], and this concludes the proof. O
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T, (A")

FIGURE 1. Construction of the oriented n-dimensional interval T),(A’).

5. PROOF OF THE CELL-FORMULA FOR THE SURFACE INTEGRAND: A SPECIAL CASE

This section is devoted to the proof of (3.18) in the the special case x = 0. Namely, we prove the
following result.

Theorem 5.1. Let g be a stationary random surface integrand with respect to a group (7:).czn (resp.
(72)zern ) of P-preserving transformations on (2, T, P) and let Q be the set of all w € Q such that the

limit .
. mg(w) (UO,(,V7 Qt (O))
lim ,
t—+o0 tn—1
teQ

exists for every ¢ € QF', and v € Q" NS"~ L. Then there exist Qe T, with QcQ and P(ﬁ) =1, and a
random surface integrand ghom: 2 X RY* x S"™1 — R such that

ghom (w, ¢, v) = lim MG (0.0 @ (0)

t—+o0 tn—1 ’

(5.1)

for every w € Q, CERY, and v e "L
Remark 5.2. We observe that in general the set Q defined in Theorem 5.1 is not 7-measurable.

The proof of Theorem 5.1 will need several preliminary results. A key ingredient will be the application
of the Subadditive Ergodic Theorem 3.11 with k£ = n — 1. This is a nontrivial task, since it requires to
define an (n — 1)-dimensional subadditive process starting from the n-dimensional set function A —
mgc(w)(uo,(,,,,A). To this end, we are now going to illustrate a systematic way to transform (n — 1)-
dimensional intervals (see (3.9)) into n-dimensional intervals oriented along a prescribed direction v €
s

For every v € S™* let R, be the orthogonal n x n matrix defined in point (k) of Section 2 (see also
[16, Example A.1]). Then, the following properties are satisfied:

e Rye, = v for every v € S"fl;

e the restrictions of the function v — R, to the sets S’;_l are continuous;

e R_,Q(0) = R,Q(0) for every v € S"™1.
Moreover, R, € O(n) N Q™*" for every v € Q" N S™*. Since R,e, = v, we have that {R.e;}j=1,.. n—1
is an orthonormal basis of II§. Let now M, be a positive integer such that M, R, € Z"*™. Note that, in
particular, for every 2’ € Z""! we have that M, R,(2’,0) € TI§ N Z", namely M, R, maps integer vectors
perpendicular to e, into integer vectors perpendicular to v.

Let A’ € Z,—1; we define the (rotated) n-dimensional interval T} (A4’) as
AN !/ . 1 nxn
T,(A") := MyR, (A" x [-¢,c)), c:= 3 1SIJI1S&7}I{_1(bj —aj), (M, R, e€Z"""), (5.2)

see Figure 1.
The next proposition is the analogue of Proposition 4.2 for the surface energy, and will be crucial in the
proof Theorem 5.1.

Proposition 5.3. Let g be a stationary surface integrand with respect to a group (7.)zczn (resp. (72)zcrn)
of P-preserving transformations on (Q, T, P), let G(w) be as in (3.2), with g(-,-,) replaced by g(w,-,-, "),
let C€QF, and let v € Q" NS"™ L. For every A' € T,_1 and w € Q set

1 c
pew(w, A" == T mg(w)(u()’g,,,,Tu(A/)), (5.3)
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where mgC(m is as in (3.4), while M, and T,(A") are as in (5.2). Let (Q, T, P) denote the completion of

the probability space (Q T, P) Then there exists a group (T2)) 1 czn—1 (resp ( ")zt ern—1) of ﬁ—preserving
transformations on (€2, T, P) such that ¢, is a subadditive process on (2, 7T, P) with respect to (1) .1 czn—1
(resp. (72),repn—1). Moreover

0 < peo(W)(A) < ea(1+[C)L 1A for P-a.e. w € Q. (5.4)

Proof. The ?—measurability of the function w +— p¢ . (w, A’) follows from the 'f'—measurability of w —
rrL}[C’;c(m(ug,Ql,7 A) for every A € o/. This is a delicate issue, which will be postponed to the Appendix.

Let now ¢ € QF, and let v € Q" NS™'. By Proposition A.1, for every A’ € Z,_; the function
w > e, (w, A) is T-measurable. We are now going to prove that there exists a group (7),/¢zn—1 (resp.
(72) .7 ern—1) of P-preserving transformations on (£2, 7, P) such that

pew(w, A+ 2') = peo (7 (W), A'),  for every w € Q, 2’ € Z" (resp. 2 € R"'),and A’ € T,,_1.

We first consider the case of g stationary with respect to a discrete group (7).ezn. To this end fix
2 € Z" " and A’ € Z,,_1. Note that, by (5.2),

TV(A' + z') = MVRV((A/ + z') X [—¢,¢)) = My R, (A/ X [—e, c)) + MVRV(Z,7 0) = T,,(A') + 2,
where z;, := M, R, (2',0) € Z". Then, by (5.3)

1 1
Mt M) (W0,C v T, (A" +2) = M

Given u € L°(R™,R™), let v € L°(R™,R™) be defined by v(z) := u(x + z,) for every € R™. By a change

of variables we have

/ o,z [u], ) dH" " (z) = / 9w,y + 2 [o], vo)dH ™ (3).
SuN(Ty (A")+2]) SyNTy, (A7)

e (w, A+ 2) = ¥ (e T(A) ). (55)

Since z;, € Z"™, by the stationarity of g we have also g(w,y + z,,, [v], ) = 9(721 (W), v, [v], ). From these
equalities we obtain

G(w)(u, intT, (A") + z,) = G(7, (w)) (v, intT,, (A")). (5.6)
Since z;, is perpendicular to v, we have ug ¢, (z) = uo,c,o(x + 2,,) for every z € R™. Therefore, from (3.4),
(5.5), and (5.6) we obtain that ¢, (w, A" +2") = pc,u (72 (w), A"). Thus, p¢,. is covariant with respect to
the group (T;/)z,ezn_l of P-preserving transformations on (Q, 7T, ﬁ) defined by

(TZ/)Z/€Z7L71 = (TZ,’,)Z’EZ”*L (5.7)

Note that if g is stationary with respect to a continuous group (7 ).crn, then the same construction as
above provides, for fixed 2’ € R"™!, a vector 2, € R™ such that yuc,, is covariant with respect to the group
of P-preserving transformations defined as in (5.7), with Z™ ! replaced by R™~!. Moreover, in this case
one can simply define 2, := R, (2’,0), namely the multiplication by the positive integer M, is not needed.

We now show that ¢, is subadditive. To this end let A" € Z,_1 and let (A})i<i<ny C Zn—1 be
a finite family of pairwise disjoint sets such that A" = |J, Ai. For fixed n > 0 and ¢ = 1,..., N, let
u; € SBVpo(intT, (A})) be such that u; = uo,¢,, in a neighbourhood of 97, (A4;) and

G() (s, kT, (A1) < mES, (0,0, Tu(AD) + 1. (5.8)

Note that T, (A") can differ from |J; 1%, (A7) but, by construction, we always have J; 10, (A7) C T, (A’) (see
Figure 2).
Now we define
W) u; (y) ifyeT,(A)), i=1,...,N,
u(y) == ]
uo,cu(y) ify € T,(A)\U; To(A7);

then u € SBV,e(intT, (A’)) and u = uo,¢,, in a neighbourhood of 97T, (A’). Moreover, by the additivity
and the locality of G(w) we have

N

G(w)(u, intT,,(A')) = Z G(w)(ui, intTl,(Aé)) + G(w) (uo ¢, int (T, (A" \U; T (A ))), (5.9)

=1

where we have also used the fact that S, N 0T, (A;) = @ for every i = 1,..., N. Note that the last term
in (5.9) is equal to zero because the jump set of ug,¢,. is the hyperplane IIg, which does not intersect
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/
O Y [F L
o

FIGURE 2. An example with N = 2 in which T, (A4") # T, (A]) U T, (A%).

T, (A \ U, Tv (Aj); therefore
N
G(w)(u, intT, (A")) = G(w)(us, intT, (A})).
=1
As a consequence, by (5.8),
N

My Wo.c.0, Tu(A")) <Y mEs,) (uoc, T (A7) + Nop,

i=1
thus the subadditivity of pc . follows from (5.3) and from the arbitrariness of 7.
Finally, in view of (g6) for every A’ € Z,,_1 we have

‘U,C,,/(CA.),A/) S M;L*l
es(1+1¢)
My
= cs(1+ (¢ (A,
and thus (5.4). O

G(w)(uo,¢,v, intTy, (A'))

IN

H' (I N T, (A7)

To conclude the proof of Proposition 5.1 we need two preliminary lemmas.

Lemma 5.4. Let g € G, let G be as in (3.2), and let my be as in (3.4). Let g, g: Ry’ xS = [—o0, +09)
be the functions defined by

pc v pc v
g(¢,v) :=lim inf mg (uo.c.v, Q¢ (0)) and g(¢,v) := limsup m (oc, Qi (O))

t—+o00 pn—1 s too gn—1
Then 9,9 € g.
Proof. Tt is enough to adapt the proof of [16, Lemma A.7]. O
We will also need the following result.

Lemma 5.5. Let g € G, let G be as in (3.2), and let mYy be as in (3.4). Let g,9: R" x Rg" x sht
[—00, +00] be the functions defined by

me (Uiz,c.v, QF (1))

T G
g(x, ¢ v) = ltlinﬁ{.lof pr (5.10)
and pe .
9(z,¢,v) := limsup mg (Ui ¢, Qi (t:r)) (5.11)

t—+oo tn-1

Then g and g satisfy (g2). Moreover for every x € R™ and ¢ € R{" the restriction of the functions

v g(z,(,v) and v = g(x,(,v) to the sets /S\ZL:I and S™™* are continuous.



14

Proof. The proof of (g2) can be obtained by adapting the proof of [16, Lemma A.7].

To prove the continuity of v g(:v, ¢,v) on S:Lfl, we fix x € R", ( € Ry*, v € Sifl, and a sequence
(vj) C @};1 such that v; — v as j — 4o00. Since the function v — R, is continuous on glfl, for every
6 € (0, 3) there exists an integer js such that

Q(V{;é)t(tm) CC Q¢(tx) CC Q(V{Jr(;)t(tx), (5.12)
for every j > js and every t > 0. Fix j > js, t > 0, and n > 0. Let u € SBV,o(Qf (tz), R™) be such that
U = Utz,c,v in a neighbourhood of 8QY (tx), and

G(u, Q¢ (tx)) < mg (e c.v, Q¢ (1)) + 1.

We set
o [P0 ifveQin)
Utz cw; (y) iy € Q’(l”Jr&)t(tm) \ QF (tz).

Then v € SBVpc(Q?fH)t(tgr:),]RM)7 U = Uy, in a neighbourhood of 8Qf{+5)t(tx), and S, C S, UX,
where

S = {y € 9Q! (ta) : ((y — te)-v) ((y — ta) -v;) < O} UL N (QL1, 5, (t2) \ QF (t2)).

By (5.12) there exists (&) > 0, independent of j and ¢, with ¢(§) — 0 as § — 0+, such that H" (%) <
¢(6)t"~ . Thanks to (g6) we then have

M (W ey Q1 457, (1)) < G0, Q(Y ), (1)) < Glu, QY (tx)) + <(8)es (1 + [¢)e"
< M (uta e, Q7 (t2)) + 0+ <(8)es (1 + [¢)E"

By dividing the terms of the above estimate by ¢"~* and passing to the liminf as t — +oco, from (5.10)
we obtain that

9(@, Cv) (1 +8)""" < glx,¢,v) +<(8)es(1+[C))

Letting j — 400 and then § — 0+ we deduce that

limsupg(x,C,Vj) < Q(MQ v).

Jj—+oo
An analogous argument, now using the cube Q?{_ 5yt (@), yields

g(x,¢,v) <liminf g(w, ¢, v5),
-~ Jj—+oo ~

and hence the continuity of g(m, ¢,+) in gi_l. The proof of the continuity in /S\’i_l, as well as that of the
continuity of g are similar. O

‘We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let (Q,'f‘, ]3) be the completion of the probability space (2,7, P). By Proposi-
tion A.1 for ¢ € Q" and v € Q" NS" ! fixed
the function w — mgy  (vo.c.v, QF(0)) is T-measurable for every t > 0, hence 2 € 7. We apply the

Subadditive Ergodic Theorem 3.11 to the subadditive process p¢ ,, defined on (2,7, P) by (5.3). Choosing

Q = [—%, %)"71, we obtain the existence of a set &'A)C’V I 7A', with ﬁ(ﬁ(u) =1, and of a T-measurable
function g¢,,: €@ — R such that
e (W) Q)
Jim =T = 9w () (5.13)

for every w € €¢.,. Then, by the properties of the completion there exist a set ¢, € T, with P(€¢.,) = 1,
and a 7T-measurable function, which we still denote by g¢ ., such that (5.13) holds for every w € Q¢ ..
Using the definition of p¢,, we then have

)= i (0 QY mE (g EMLQ(0)
() = _

t—+oo0 Mp—tgn-1 t—+oo0 (tM, )1

for every w € Q¢,,. Let Q be the intersection of the sets Q¢ for ¢ € Q7 and v € Q" NS™™!. Clearly
Qe T and P(Q) =1.
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We now consider the auxiliary functions g,g: Q x Ry* x S"~' — [0, +o00] defined as

M) (U0,¢,v, Q7 (0))

9(w,¢,v) = lim inf pr ) (5.14)
MG (Uo,¢,v5 Q7 (0))
3(w, ¢, v) = limsup —2 e (5.15)

and note that g(w, ¢, v) = g(w, {,v) = g¢ v (w) for every w € ﬁ, CeQp,and v € Q"NS™ !, hence QcQ.
By Lemma 5.4 for every w € € and every v € S*~! the functions ¢ — g(w,¢,v) and ¢ — g(w, ¢, v) are
continuous on Rg*, and their modulus of continuity does not depend on w and v. This implies that

g(w, ¢, v) =g(w,(,v) for every w € Q, CERY, and v e Q"NS" 1, (5.16)

and that the function w +— g(w, ¢, v) is T-measurable on Q for every ( € RY* and v € Q" NS L.

Let S7~' and /S\l_l be the sets defined in (b), Section 2. Tt is known that Q™ N'S"™' is dense in
S""!(see, e.g., [16, Remark A.2]). Since S7' is open in the relative topology of S"~* and is dense in
gi_l, we conclude that Q" NS}~ is dense in /S\i_l.

Since, for fixed w € €, the function g in (5.14) coincides with g in (5.10) (for G = G(w)) evaluated at
z = 0, while g in (5.15) coincides with g in (5.11) (for G = G(w))~evaluated at = 0, by Lemma 5.5, for
every w € Q and ¢ € R the restrictions of the functions v — g(w,¢,v) and v — g(w,(,v) to the sets
/S\?:l and §"~! are continuous. Therefore (5.16) and the density of Q" NS} ™" in §Z:1 imply that

g(w, ¢, v) =g(w,¢,v) for every w € Q, CERY, and v e S" 7, (5.17)

and that the function w +— g(w, {,v) is T-measurable on Q for every ( € RY® and v € S" L.
For every w € , ¢ € RY*, and v € S"~* we define

gw,Cv) ifwe,

N 5.18
ca ifweQ)\Q (5.18)

By (5.17) we may deduce (5.1) for every w € Q, ¢ € Ry, and v € S"~ 1. Moreover, we have proved that
w — g(w, ¢, v) is T-measurable in Q for every ¢ € RJ" and v € S"~*,
(¢,v) — §(w, ¢, v) is continuous in R x 771 for every w € €.

Therefore the T-measurability of the function w — g(w,(,v) in Q for every ( € R?* and v € S*!
implies that the restriction of g to Q x Ry x gi_l is measurable with respect to the o-algebra induced in
QxRY xSt by T@A™ 2%, This implies the (T © Z™ ® 2%)-measurability of ghom on QxR x "1,
thus showing that gnom satisfies property (c) of Definition 3.5.

Note now that for every w € Q the function (x,{,v) > ghom(w,(,v) defined in (5.18) belongs to the
class G. Indeed, for w € Q this follows from Lemma 5.4 while for w € Q \ Q this follows from the definition
of ghom- Thus, gnhom satisfies property (d) of Definition 3.5, and this concludes the proof. O

6. PROOF OF THE FORMULA FOR THE SURFACE INTEGRAND: THE GENERAL CASE

In this section we extend Theorem 5.1 to the case of arbitrary x € R™, thus concluding the proof of
(3.18). More precisely, we prove the following result.

Theorem 6.1. Let g be a stationary random surface integrand with respect to a group (7:)zezn (resp.
(72)2ern ) of P-preserving transformations on (Q, T, P). Then there exist Q' € T, with P(Q') =1, and a
random surface integrand gnom: & X RY* x S"~1 — R, independent of x, such that

pc v
X Mg )(ut17(7V7Qr(t)(tm))
ghom(wa C? V) = tlggloo = T‘(t)"_l ’

(6.1)

for every w € ', x € R™, ¢ € Ry, v € "7, and for every function r: (0,400) — (0, +00) with r(t) >t
fort > 0. Moreover, if (72)zczn (resp. (72)zern ) is ergodic, then ghom does not depend on w and
. 1 c v
ghom (G, v) = lim @t /Q M0y (10,6, Qr(1) (0) dP(w). (6.2)

The first step in the proof of the above statement is the following invariance result. In the ergodic case
this implies that the function gnom does not depend on w (see Corollary 6.3).
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Theorem 6.2. Let g be a stationary random surface integrand with respect to a group (7:).czn (resp.
(12)zern ) of P-preserving transformations on (2, T, P), and let Q, Q, and ghom be as in Theorem 5.1.
Then for every z € Z" (resp. z € R") we have .(2) = Q, P(QN7_2.(Q)) =1, and

ghom(Tz (w)v Ca V) = ghom(w, Cv V) (63)
for every w € QN7_.(Q), C €RY, and v € S" L.
Proof. We prove the theorem when the set of indices is R", the other case being easier. To obtain the
equality 7. (£2) = Q it is enough to prove the inclusion 7.(2) C Q. The opposite one can be obtained by
using the group properties of (72).ern.

Let z€ R™, w e Q, ¢ € R, and v € S be fixed. Since g is stationary, using (3.8) and a change of
variables for every ¢t > 0 we obtain

mpGC(Tz(w)) (u0757V7 Q;/(O)) = mléc(w) (uz,C,ua Qty (Z)) (64)

For every t > 3|z|, let uy € SBV,e(Qf (0), R™) be such that u; = ug,¢,, in a neighbourhood of 9Q¥ (0),
and

(@) (ur, QY (0)) < mES (0.c.s QY (0)) + 1. (6.5)

We now modify u: to obtain a competitor for a minimisation problem related to the right-hand side of
(6.4). Noting that Q7 (0) CC Q7,3 (2) we define

w@y_{“@) if y € Q(0),
uzcw(y) if y € QYps,(2) \ QF(0).

Clearly ve € SBV,o(Qf131,)(2), R™) and vt = u. ¢, in a neighbourhood of 9QY, 5, (2). It is easy to see
that Sy, = Sy, U X1 U X2, where

S1={y €0Q/(0): (y-v)((y—2)-v) <0} and p:=1I7N(Qfry:(2) \ Q(0)).

Moreover |[v:]] = |[¢| H™ *-a.e. on ¥y U X, Since 3|z| < t, we have H™ H(X1) = 2(n — 1)|z - v|t" 2 and
H'H(E2) = (E+3]2)" 7t — "7 < 3(n — 1)|2|(t + 3|z])" % < 2™(n — 1)|2|t" 2. Therefore (g6) gives

G(w)(ve, Qiys1z(2)) < G(w)(ue, QF(0)) + M2 "%,

where M¢ . = ¢s(n — 1)(2+2")|2|(1 4 [¢]). This inequality, combined with (6.5) and with the definition
of mgc(w), gives

mPC);C(w) (UZ,CW? Qty+3\z\ (Z)) < mgc(w) (UOKJM Qtu(o)) +1+ MC,Z tn72'
Using (6.4), with ¢ replaced by t + 3|z|, from the inequality above we obtain
v v n—2
m%C(Tz(w))(UO,C,V’ Qry312(0)) < mpcc(w)(UO,C,ua Qr(0)) + 14 M. t" "
The same inequality, with w replaced by 7.(w) and z replaced by —z, gives
m%iw)(uo,g,m Q4312(0)) < m‘éc(fz (w))(UO,C,w Q7 (0)) +1+ M- "2
Since t"71/(t +3|2|)" "t — 1 as t — +oo, dividing by t" ! we obtain

mE:C(TZ(w))(UO,C,WQ?(O)) mpcc(w)(UO,C,V:Qg(O))

lim su < limsu
t~>+oop tn-1 - t%+oop tn—1 ’
teQ teQ
M) (Wo,c.vs Q7 (0)) me, (wo,¢,v, Q7(0))
lim inf —S&> > < lim inf — 2= 2o .
t—+oo tn—1 t— 400 tn—1
teQ teQ

By the definition of Q (see Theorem 5.1), from these inequalities we deduce that, if w € Q, then 7. (w) € Q
and
lim mIZ;C(.,.z (w)) (UO,C,Vy Qty (0)) — lim mgc(w) (UO,C,IM Qtu(o)) )

t—+4o0 tnfl t—+oo tnfl
teQ teQ

(6.6)

This gives the desired inclusion 7.(Q) C Q.
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The equality P(QN7_.(Q)) = 1 follows from the fact that 7_, is measure perserving. If w € QN7_.(Q),
then w, 7 (w) € Q and, by (5.1),

MGy (W0,¢,v, Q7 (0))

ghom(wa C? l/) = tlig»noo pn—1 )
M (o) (0,60, Q7 (0))
_ G(r(w) \ P56
ghom(Tz( ) ¢ ) t~>+oo g1 .
By (6.6) this implies (6.3) for every w € QN 7_.(Q). O

The next result shows that, in the ergodic case, the function ghom is independent of w.

Corollary 6.3. In addition to the assumptions of Theorem 6.2, suppose that the group (7:).czn (resp.
(72)zern ) of P-preserving transformations on (0, T, P) is ergodic. Then there exist a set Qo € T with
Qo C Q and P(ﬁo) = 1, and a surface integrand gnom € G, independent of x, such that ghom(w,(,v) =
Ghom (C, V) for every w € Qo, CERY, and v e S" L.

Proof. We start by showing that for every ¢ € Q" and v € Q" NS™™! there exist fhom(¢,7) € R and a
set Q%Y € T, with Q% € Q and P(Q°") = 1, such that

Ghom (W, {, V) = Jhom(¢,v)  for every w € Q.
To this end we fix ¢ € Qp* and v € Q" NS™" ! and for every ¢ € R we define
ESY = {w € Q: gnom(w, ¢, v) > c}.

We now show that P(7,(E$)AESY) = 0 for every z € Z" (resp. z € R™). Note that the invariance
follows by showing that w € 7,(ES") for P-a.e. w € E$Y, the other inclusion being analogous. To see
this, we first observe that for P-a.e. w € E$"” we have that w € ESY N7, (ﬁ) Hence, by (6.3), we have
that 7_.w € E%", and equivalently that w € 7, (Ef”) Since (7:)zezn (resp. (72)zern) is ergodic, we can
only have

P(E$Y)=0 or P(ESY)=1. (6.7)
Since ESY D ESY for ¢1 < c2, by (6.7) there exists co(¢,) € R such that P(ES") = 0 for ¢ > co(¢,v)
and P(ES") =1 for ¢ < ¢o(¢,v). Tt follows that there exists Q¢ C Q, with P(Q%") = 1, such that

Ghom (w, (V) = co(C,v) for every w € Qo (6.8)

We define Qo as the intersection of all sets QS for CeQrand v € Q"NS" ! Then Qo C Q and
P(Q0) = 1. We now fix wyg € Qo and define Ghom((,v) := ghom(wo, (,v) for every ¢ € Rf* and every
v €QmNS™ L By (6.8) we have

Ghom (@, €, V) = Jnom(C,v)  for every w € Qo, ¢ € QY, v e Q" NS" L.

The conclusion now follows from the continuity of (¢,7) — ghom(w,(,v) on Ry X gl_l obtained in the
proof of Theorem 5.1. O

We now state some classical results from Probability Theory, which will be crucial for the proof of
Theorem 6.1. For every ¢ € L' (9, T, P) and for every o-algebra 77 C T, we will denote by E[|7”] the
conditional expectation of ¢ with respect to 7’. This is the unique random variable in L*(Q, 77, P) with
the property that

/ E[y|T")(w / P(w)dP(w) for every E € T'.
We start by stating Birkhoff’s Ergodic Theorem (for a proof, see, e.g., [29, Theorem 2.1.5]).

Theorem 6.4 (Birkhoff’s Ergodic Theorem). Let (2, T,P) be a probability space, let T: Q —  be
a P-preserving transformation, and let Sp(T) be the o-algebra of T-invariants sets. Then for every
¥ € LYQ, T, P) we have

k
Jim = > U(T @) = B (7))
for P-a.e. w e Q. B

We also recall the Conditional Dominated Convergence Theorem, whose proof can be found in [12,
Theorem 2.7].
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Theorem 6.5 (Conditional Dominated Convergence). Let 7' C T be a o-algebra and let (pr) be a
sequence of random wvariables in (Q, T, P) converging pointwise P-a.e. in Q to a random variable ¢.
Suppose that there exists € L* (0, T, P) such that x| < 1 P-a.e. in Q for every k. Then Elpg|T’|(w) —
E[p|T'|(w) for P-a.e. w € Q.

We are now ready to prove the main result of this section.

Proof of Theorem 6.1. Let ghom and € be as in Theorem 5.1. We will prove the existence of a set Q' € T,
with ' C Q and P(Q') = 1, such that (6.1) holds for every w € Q'.
We only prove (6.1) in the case of a discrete group (7:).ezn. If the set of indices is R", the existence
of Q' such that (6.1) holds in €' can be proved by considering the restriction of the group to Z".
In the following, for every z € Z" the sub-o-algebra of invariant sets for the measure-preserving map
T, is denoted by #, C T ; i.e., S = {E € T : P(1.(E)AE) = 0}. Also, for given ¢ € R*, v € "7,
n > 0, we define the sequence of events (Ef’”’n)jEN as
~ |G (0,¢,v, @F(0))
G . RO N
E; =qweQ: ’ 1
We divide the proof into several steps. We use the notation for the integer part introduced in (q),
Section 2.

Step 1. Let usfix z € Z", ( € R, v € S"~1. and > 0. We prove that there exists a set Qv e T,
with Q9" € Q and P(Q$"") = 1, satisfying the following property:
for every § > 0 and every w € Q%" there exists an integer jo = jo(C,v, 7, z,w, §) such that

E[Xpg v 72)() > 1 =6, (6.9)

— ghom (w, (,v)| < n for every integer k > j}.

To prove (6.9) we apply Theorem 5.1 and we obtain

lim wvn(w) =1 for ever w e Q.
5 oo XES n(@) Y

By the Conditional Dominated Convergence Theorem 6.5 there exists a set QS e T, with Q9" C Q
and P(Q$"") = 1, such that

lim E[xcn|2](w) = E[1]2](w) =1 for every w € Q9. (6.10)
J

Jj——+oco
Given w € Q9" and § > 0, the existence of jo satisfying (6.9) follows from (6.10).

Step 2. Let z, ¢, v, and 5 be as in Step 1 and let 0 < § < %. We prove that there exist a set Q" € T,
with Q57 C Q9" and P(Q$*") = 1, and an integer mo = mo({, v, 7, z,w, §) > + satisfying the following
property:

for every w € Q" and for every integer m > myq there exists i = i(C,v,m, z,w,0,m) € {m+1,...,m+
£}, with £ := |5md], such that

MGy (Wiz ¢, QF(i2))
kn—l

where jo = jo(¢,v, 1, z,w, d) is the integer introduced in Step 1.

To prove (6.11) we apply Birkhoff Ergodic Theorem 6.4 with ¢ := X .¢.v.n and T := 7;, and we obtain

J

— ghom(w, C, V)| <n for every k > jo, (6.11)

that there exists a set Q57 € T, with Q5" ¢ Q%" and P(Q$"") = 1, such that
1 m

li — von (Tiz =E o | 6.12

DS X () = Bl | £1(0) (6.12)

for every j € N and every w € Q5. In particular, for a given w € Q%" equality (6.12) holds for the
index jo = jo(¢, v, 1, z,w,d) introduced in Step 1. Therefore, there exists an integer m = m(¢, v, n, z,w,d)
such that

1 m
— Z X géovn (Tiz (W) > E[X ge.van|F2](w) — 6 for every m > . (6.13)
m =1 Jo Jo

Fix now an integer m > mo := max{2m, 2jo, | 3] + 1} and set £ := [5md|. We claim that
there exists ¢ = i(¢,v, 1, z,w,0,m) € {m +1,...,m + £} such that ;. (w) € E]%”’". (6.14)
Suppose, by contradiction, that (6.14) fails. Then, we have
Fim (i € N1 Sm i xpen(mew)) = 1) = i € N1 <0 S+ £ xpe o (7)) = 1.
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So, (6.13) with m replaced by m + £ gives

7 1
— T e— v Zz v, g _ . .1
m+l m+l ; Xggovon (Tiz (W) > ElX e vn | F2] () — 0 (6.15)

Therefore, using (6.9) and (6.15) we obtain

‘ b4m—0 _L+m—1
—— = Elx | L] (W) — 1 -
m+ 0 [XE]%"‘ji(w) + m+ £ > m+ 0

Since m — ¢ > 0, from (6.16) we deduce that £(1 — 20) < 2mé. This, using the fact that § < i, gives
£ < 4md. On the other hand, by definition ¢ = |5md| > 5md — 1 > 4md, since m > %. This contradicts

the inequality ¢ < 4mé and proves (6.14). As a consequence, by the definition of E]go’"’",

6> lE[xch,éu,n |7:)(w) — 6. (6.16)

MG i ) (M0:60 QK (0))
kn—1

- ghom(Tiz (w)a ¢ V) <n
for every integer k > jo. Since w € Q5" C €, and 742 (w) € Ef(;”’" C Q, thanks to (6.3) and (6.4) we get
(6.11).

Step 3. We show that the result we want to prove is true along integers. More precisely, we prove that
there exists Q' € T, with Q' C Q and P(Q') = 1, such that

MG ) (Ukz ¢ 5 Qi (K2))

kEToo mz 1 = ghom(w7<7u) (617)
keN

for every w € ', z € Z", ¢ € QF', v € Q" NS" !, and for every sequence of integers (my) such that
my > k for every k.

To prove this property, we define €’ as the intersection of the sets Q$*7 (introduced in Step 2) for
CeqQr,veqQrnsS™ !, neQ, withn >0,and z € Z". Tt is clear that Q' C Q and P(Q') = 1. Let us fix
w, z, ¢, v and (my) as required. Moreover, let us fix § > 0, with 200 (|z| + 1) < 1, and € Q, with n > 0.
Let mo = mo(¢,v,m, 2,w, d) be as in Step 2. For every k > 2mg let m,, My € Z be defined as

my, = my — 2(ix — k)| |2| + 1] and my = my + 20k — k)| |2] + 1],
where i, = i(¢, v, 7, z,w, 0, k) is the index introduced in Step 2 corresponding to m = k. Clearly m, <
my < M. Moreover, since |z| < ||z| + 1], we have that
Q”mk (ikz) CC Qm, (kz) CC Qi (ir2). (6.18)

Let us now compare the minimisation problems for G(w) relative to the cubes in (6.18). For every k

let ux, € SBVpe(Qm,,, (kz),R™) be such that with ur = uk.,¢. in a neighbourhood of 9Qy,, (kz) and
Gk, Qi (1)) < M (ks Qi (2)) + 7 (6.19)

thanks to (6.18) the extension of uy defined as

U if ye @, (kz),
vk (y) = o) Y Q,, k(. : v
Uiz cw(y) i Y € Qm, (in2) \ Qg (k2),
belongs to SBV,c(Q7, (ikz), R™) and satisfies vk = w4, z,¢,» in a neighbourhood of dQ%, (ixz). By the
definition of vy it follows that S,, C Sy, U E,lC U 22 where

Y= {ye@Q,”nk(kz):(y kz) )(y 1k2) )<O},
Sk =10 0 (Qi, (i82) \ Qi (K2)).
Moreover |[vg]| = |¢| H™ '-a.e. on X} U X2, Since 200(|z| + 1) < 1, k < mg, and ix, — k < 5k§ by (6.14),

we obtain |kz —ixz| < (ix — k)|2| < 5kd|z| < Smgd|z| < 3£, Moreover, My, — my = 2(ir, — k) ||2| + 1] <
10k6[|z| + 1] < 10mid||z| + 1] < Tk, hence My < 2mg. From the previous inequalities we obtain
H (L) <10(n—1)8|zlmp~ " and H™H(Z3) =mp "t —mp =t < 5(n—1)2"71§||2| + 1] mP~'. Then by
the growth condition (g6) we have

G(w)(vk, Qi (ir2)) < G(w)(uk, Qum, (kz)) + C¢,z0 my~ t

where C¢ . := c55(n — 1)(2 42" ") ||z| 4+ 1/ (1 4 |¢|). This inequality, combined with (6.19) and with the
definition of mgy,,, gives

My Wiz ¢y Qi (182)) < M (Whz ¢y @y, (K2)) + 1+ C 26my ™ (6.20)
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Thus, dividing all terms in (6.20) by m, " and recalling that 7, > my, we get

MGy (Uigz,¢vs Qrm (162)) M) (Ukz e, @y, (K2))
SC AL < Gl TR T D4 Ce.6. (6.21)
my my, my,
By the definition of m, and since my > m,, a similar argument yields
MGy (Ukz,¢vs Qo (k2)) Mgy (Wi z.cvs Qmy (162))
Slo), 5 T < Gl R T 11 9c, 0. (6.22)
my, my my

Since m,, — 400 as k — +oo and my > m, for every k, we have my > m, > jo for k large enough,
where jo = jo(¢, v, 7, z,w, 8) is the integer introduced in Step 1. As w € Q""" | gathering (6.11), (6.21),
and (6.22) gives

MGy (Ukz vy Qi (F2))
R e Y R ON )| EP R SR
my my
for k large enough. We conclude that
myy oy (Ukz,cv, Qi (K2
limsup‘ G Cn_l e (h2)) = ghom(w, ¢, V)| < m+2C¢,:0.

Since this inequality holds for every 6 > 0, with 204(|z| + 1) < 1, and every n € Q, with 1 > 0, we obtain
(6.17).

Step 4. We show that (6.1) holds when ¢, and v have rational coordinates. Namely, given w € Q' (the
set introduced in Step 3), z € R™, ¢ € QF*, v € Q" NS™ !, and a function r: (0,400) — (0, +0c0), with
r(t) > t for every t > 0, we prove that (6.1) holds.

To this aim, we fix 7 > 0. Then there exist ¢ € Q" such that |¢ — | < n and h € N such that
z:=hqeZ".

Let (tx) be a sequence of real numbers with ¢, — +o00 and let s := tx/h. By the definition of m‘c’f(w) for
every k there exists U € SBV,e(QY () (tkz), R™), With @x = usz.c,v in a neighbourhood of 0Q7,,  (tkz),
such that

G(w) (ks Q) (tem)) < M) Uty cvs Qriay) (te)) + 1. (6.23)
We fix an integer j > 2|z| + 1 and define r := |r(tx) + 20tk | + j. It is easy to check that
Qe (tew) CC Qr (Lsk]2).
As usual, we can extend @ to Qy, (|sk]z) as
uLskJZ,C,V(y) ifye Q:k (Lsk]2) \Q:(tk)(th)'

Then o, € SBVpe(QF, ([sk]2),R™) and Ox = u|s, |2, in a neighbourhood of 0QY, (|sx]z). By the
definition of ¥y, it follows that S;, = S, U 2i U ii, where

Sko={y € 0Q 1, (k) : ((y — tex) - v) ((y — sk]2) -v) < 0},

S5 = I, 12 N(QF (Lsk]2) \ Qi) (tr)).-
Moreover |[0x]| = |[¢| H" -a.e. on SLUDE. Since |(tpx — sk 2) - v| < |t — trg| +|skz — sk 2| < tin+ 2|
we have H" 1 (2}) < 2(n—1)r(te)" 2 (ten+|2]) and H* 1 (33) = 727" —r(te)" ' < (n—1)(r(tx) +2nts +
§)""2(2ntx, + 7). Then by the growth conditions (g6) we have

G(w)(0k, Q7 (Lsk]2)) < Glw) (@, ey (tew)) + Cc(r(tr) + 20t + )" (2t + j),
where C¢ := 2(n — 1)c5(1 + [¢]). This inequality, combined with (6.23) and with the definition of mgy,,
gives
MGy (Usg 2,005 @y (L8] 2) < M) (Ut ¢y Qi) (te)) + 1 + Ce(1 4 3m)" 307 (te)" ",

for k large enough so that 2nt), + j < 3nr(tx). Dividing all terms of the previous inequality by r(t;)™*
and recalling that r > r(tx) we get

M) UL 2,600 Q7 (LSk]2) MGy (Wtpa g vy Qrey) (ErT))

n n—2
Ce(1+3 3n.
7"271 — T(tk)nfl T(tk)n71 + (( + 77) n
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Finally, since w € Q', 7, € N, 2 € Z", and ry > r(ty) > tx > sk > |sk], we can apply (6.17): By taking
first the limit as £k — +oc0 and then as n — 04 we obtain

mPy | (ue Q7 (1, (tk))
L. G(w ENSAR G k
ghom(wz Ca V) < lklglilolf ©) I;(tk)nfl )

(6.24)

A similar argument leads to

. m‘éc(w) (Utw,¢.vs Q:@k) (tkz))
lim sup

k—+o00 r(ty)" 1

< ghom(wy <7 V):

which, combined with (6.24), proves that (6.1) holds for every w € ', z € R™, ¢ € Qp*, and v € Q"NS"~*.

Step 5. We conclude the proof. We now extend this result to the general case ¢ € R§* and v € S™™*. To
this end we fix w € Q' and consider the functions g(w,-, ) and g(w,-,, ) defined on R™ x Rg" x S"L by
(5.10) and (5.11), with g(-, -, -) replaced by g(w,-,-,-). In view of Step 4 we have

g(w7w7<7y) zg(w,x,g,u) :ghOm(w,C7l/) (625)

for every € R™, ¢ € QF', and v € Q" NS"~!. By Lemma 5.5 and arguing as in the last part of the proof
of Theorem 5.1, we obtain that (6.25) holds for every z € R™, ¢ € RS, and v € S®~'. This proves (6.1)
for every w € ', z € R", ¢ € RY’, and v € S" 1.

Moreover, if (7.)zezn (resp. (72):ern) is ergodic, then by Corollary 6.3 the function ghom does not
depend on w and (6.2) can be obtained by integrating (5.1) on 2, and using the Dominated Convergence
Theorem thanks to (5.4). O

APPENDIX. MEASURABILITY ISSUES

The main result of this section is the following proposition, which gives the measurability of the function
w m‘c’f(w)(w, A). This property was crucial in the proof of Proposition 5.3.
Proposition A.1. Let (Q,7A’, ﬁ) be the completion of the probability space (Q, T, P), let g be a random
surface integrand, and let A € o/ . Let G(w) be as in (3.2), with g(-,-) replaced by g(w,-,-,-). Let w €
LO(R™,R™) be such that w|a € SBVpe(A,R™) N L®(A,R™), and for every w € Q let M (W0, A) be as

in (3.4), with G replaced by G(w). Then the function w — mgc(w)(w7 A) is T -measurable.

The main difficulty in the proof of Proposition A.1 is that, although w — G(w)(u, A) is clearly T-
measurable, m‘éc(w)(w, A) is defined as an infimum on an uncountable set. This difficulty is usually solved
by means of the Projection Theorem, which requires the completeness of the probability space. It also
requires joint measurability in (w,u) and some topological properties of the space on which the infimum
is taken, like separability and metrisability. In our case (see (3.4)) the infimum is taken on the space of
all functions v € L°(R™,R™) such that u|a € SBVpc(A,R™) and v = w near A, and it is not easy to
find a topology on this space with the above mentioned properties and such that (w,u) — G(w)(u, A) is
jointly measurable. Therefore we have to attack the measurability problem in an indirect way, extending
(an approximation of) G(w)(u, A) to a suitable subset of the space of bounded Radon measures, which
turns out to be compact and metrisable in the weak™ topology.

We start by introducing some notation that will be used later. For every every A € &/ we denote by
My(A,R™*™) the Banach space of all R™*"-valued Radon measures on A. This space is identified with
the dual of the space Co(A4, R™*™) of all R™*"-valued continuous functions on A vanishing on dA. For
every R > 0 we set

M = {p € My(AR™™): |u|(A) < RY,

where || denotes the variation of p with respect to the Euclidean norm on R™*™. On M% we consider the
topology induced by the weak® topology of M, (A, R™*™). Before starting the proof of Proposition A.1,
we need two preliminary results.

Lemma A.2. Let (A,S) be a measurable space, let A € o7, let R > 0, and let h: Ax A — R be a bounded
and S ® B(A)-measurable function. Let H: A x ME S R be defined by

HOWp) = /A O 2) dll (2). (A.26)

Then H is S @ B(ME)-measurable.
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Proof. Let H be the set of all bounded, S ® Z(A)-measurable functions h such that the function H
defined by (A.26) is S ® B(MP%)-measurable. Clearly H is a monotone class (see, e.g., [3, Definition 4.12])
which contains all the functions of the form h(\, z) = p(A)y(x) with ¢ bounded and S-measurable and
¥ € C2(A). Then the functional form of the Monotone Class Theorem (see, e.g., [23, Chapter I, Theorem
21]) implies that H coincides with the class of all bounded and S ® Z(A)-measurable functions and this
concludes the proof. O

Corollary A.3. Let A€ o/, let R > 0, and let h: Qx Ax ME — R be a bounded and T @ B(A) @ B(ME)-
measurable function. Let H: @ x ME — R be defined by

) 1= [ B dll(@).
Then H is T @ B(ME)-measurable.

Proof. As a preliminary step, we consider the augmented functional H:Q x ME x M%E — R defined by

ﬁwWww=Ahw@me@>

By applying Lemma A.2 to H, with A = Q x M&, X\ = (w,v), and S = T ® B(ME), we deduce that H
is T ® BME) @ B(ME)-measurable.
The claim then follows by noting that H(w, ) = H(w, u, u) and by observing that (w, p) — (w, u, 1)
is measurable for the o-algebras T @ B(MPE) and T @ B(ME) @ B(ME). O
We are now ready to give the proof of Proposition A.1.

Proof of Proposition A.1. For every k € N let mg(w)(w,A) be as in (3.6), with G replaced by G(w). In
view of (3.5), the function w — meg(w)(w, A) is T-measurable if

w mg(w)(w, A) is T-measurable (A.27)
for k sufficiently large. To prove this property we fix k > [|w||poo(4,rm) and observe that there is a one-
to-one correspondence between the space of rank one mxn matrices and the quotient of RZ® x S~ ! with
respect to the equivalence relation (¢,v) ~ (—(, —v). Therefore, thanks to (¢g6) and (g7), for every k € N
we can define a bounded 7 ® #(A) ® B> ™"-measurable function gr: 2 x A x R™*™ — R such that

Gr(w,z,(®v) = glw,z,C,v)  for every w € Q,z € A, € Ry with |¢| < 2k, v € S"7".
This implies that
G(w)(u, A) = / g(w, z, [u),v,) dH" " = / Gr(w, z, [u] @ vy) dH" " (A.28)
SunA SunA
for every u € SBV(A,R™) N L*(A,R™) with ||| poc(arm) < k.
Let a:= c5/ca (L+2[|w||poo(a,rm)) H" ' (SwNA) as in Remark 3.4. Given an increasing sequence (A;)
of open sets, with A; CC A and A; A, we define

AF = {u e L°(R",R™): ula € SBVpc(A,R™) N L™ (A,R™), |jullrsarm) <k,
H N (SuNA)<a, u=win A\ Aj}.

By (3.6) we have
lim inf G(w)(u,A) :m’é(w)(w,A).

Jj—+oo ueXf
Therefore, to prove (A.27), and hence the ?—measurability of w— mgc(w>(w, A) it is enough to show that

w infk G(w)(u, A) is T-measurable. (A.29)
uGX].
This will be obtained by using the Projection Theorem. To this end we consider Xf as a topological
space, with the topology induced by the weak*-topology of BV (A, R™), which is metrisable on X]k. Indeed
BV (A,R™) is the dual of a separable space (see [4, Remark 3.12]), and X} is bounded with respect to
the BV (A, R™)-norm, since every u € Xf satisfies

llull Bv (army = llullprarm) + [Dul(A) < EL™(A) + 2ko.

Further, by virtue of Ambrosio’s Compactness Theorem for SBV(A,R™) (see [4, Theorem 4.8]), the
topological space Xf is compact.
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Let mq : Q X Xf — € be the canonical projection of Q X Xf onto 2. For every t € R we have

{w € Q: inf G(w)(u,A) < t} =g ({(w7u) €QxXF: Gw)(u, A) < t}) .

uEX;“
By the Projection Theorem (see, e.g., [23, Theorem I11.13 and 33(a)]), (A.29) follows if we show that
(w,u) = G(w)(u, A) is T® ,%’(Xf)-measurable, (A.30)

hence 7 ® B(X))-measurable.

To prove this property we shall use (A.28). By a Monotone Class argument (see the proof of Lemma A.2)
we can assume, without loss of generality, that for every w € © and every z € R™ the function & +—
gk (w, z, &) is continuous.

In (A.28) it is convenient to express [u] ® v, and the restriction of H" ™! to S, by means of the measure
w = Du. By [4, Theorems 3.77 and 3.78] for every B € %B(A) we have

pB) = [ plovan ™ awd @)= [ e, (A31)
hence
H”—l(B):/S ﬁBﬁdw. (A.32)

To write (A.28) as a limit of measurable functions, for every p € My (A, R™*™) and p > 0 we consider
the measure p” € My(A,R™*™) defined by

n(B)
Wn—lpn_l

where w,,_1 is the measure of the unit ball in R* ™!, If u € SBVpc(A,R™) and p = Du, by the Besicovich
Derivation Theorem and by the rectifiability of S, (see [4, Theorems 2.22, 2.83, and 3.78]) we deduce from
(A.31) that, when p — 0+,

1 (By(z) N A) = ([u] @ va)(z) for H" '-ae. z €S, NA, (A.33)
|1?|(By(z) N A) — |[u](z)] for H" '-ae.z€ S, NA. (A.34)

w’(B) := for every B € #(A),

Since & — gr(w,x,&) is continuous and bounded uniformly with respect to x, by the Dominated
Convergence Theorem it follows from (A.32), (A.33), and (A.34) that for every u € X} we have

T . gk(w,m,,u”(AﬁBp(x)))
Gl 4) = lim . | max(w (AN By@),n)

d|ul (), (A.35)

with g := Du. Let R := 2ka. Since the map u +— Du from BV (A,R™) into M;(A, R™*"™) is continuous
for the weak™ topologies and the image of X]k under this map is contained in ME, the claim in (A.30) is
an obvious consequence of (A.35) and of the following property: for every n > 0 and p > 0 the function

9k (w7 €z, /J'p(A N BP('T)))
4 max{|p|(AN Bpy(x)),n}

To prove this property we observe that

(w, 1) — dlp|(z) is T ® B(M%)-measurable. (A.36)

(z, 1) — |u’|(AN By(z)) is (jointly) lower semicontinuous on A x MK . (A.37)

This is a consequence of the equality
|ul(By(x) N A) = sup {/A oy — 2)dp(y) : ¢ € Ca(B,y(0),R™™), |p| < 1}

and of the (joint) continuity of (z,p) — [, ¢(y — z)du(y) on A x ME.
We also observe that the R™*"-valued function

(z, 1) = p” (AN By(z)) is B(A) @ B(ME)-measurable. (A.38)

Indeed, given a nondecreasing sequence (¢;) of nonnegative functions in C2(B,(0)) converging to 1, we

have

1

w (AN B,(z)) = m jlg_noo N ©;(y — x)du(y)
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and each function (z, ) — [, ¢;(y — z)du(y) is (jointly) continuous on A x M%. Since gi is T ® B(A) ®
P "-measurable, from (A.37) and (A.38) we obtain that

gk (w, @, p” (AN B, (x)))
max{|p’|(AN By(x)),n}

(w,z, 1) — is T® AB(A) @ B(ME)-measurable,

and (A.36) follows from Corollary A.3. This concludes the proof. O
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