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ABSTRACT. In this paper we study a variant of the branched transportation problem, that we call multi-material
transport problem. This is a transportation problem, where distinct commodities are transported simultaneously along
a network. The cost of the transportation depends on the network used to move the masses, as it is common in models
studied in branched transportation. The main novelty is that in our model the cost per unit length of the network does
not depend only on the total flow, but on the actual quantity of each commodity. This allows to take into account
different interactions between the transported goods. We propose an Eulerian formulation of the discrete problem,
describing the flow of each commodity through every point of the network. We prove existence of solutions under
minimal assumptions on the cost. Moreover, we prove that, under mild additional assumptions, the problem can be
rephrased as a mass minimization problem in a class of rectifiable currents with coefficients in a group, allowing to
introduce a notion of calibration. The latter result is new even in the well studied framework of the “single-material”
branched transportation.
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INTRODUCTION

In this paper we study the multi-material transport problem (MMTP). Informally, given two arrays

,ui:(:ul_v"'?ﬂ:n)? :u‘Jr:(:u—li_a"":u‘:rn)
of discrete positive measures on R%, we study transportation networks between p~ and ut of the form
T = (Ty,...,T,), where each T; is a vector valued measure on R¢ (with values also in RY) having
distributional divergence
div(T}) = p; — pf Vi=1,...,m. (0.1)
More precisely, we will consider only transportation networks with a certain structure, namely we
require that there exists a l-rectifiable set £ C R? (endowed with a unit vectorfield 7, orienting the
approximate tangent of E) and for every ¢ = 1,...,m a subset E; C E and a multiplicity §; € Z such
that
T; = 0,7 L E;,
where the latter means that, for every continuous and compactly supported vectorfield v on R?, we
have
T = [ (o) vla))tu(e) ' @),
Then we associate to T":
o the multiplicity 8 = (01, ...,60,), which is a function on E with values in Z™,
o the vector valued measure on R? (with values in RZX™)

T:=(r®0)#"LE,
o and the energy
E(T) = / c(0)drr, 0.2)
E

where C : Z™ — [0, +00) is a cost function.

The MMTP consists in the minimization of the energy (0.2) under the constraint (0.1).

We briefly step back for a heuristic introduction to the problem. In optimal transport problems
one can focus on specific (concave) costs, which favor the aggregation of moved particles and generate
optimal structures with branching. The branched transport problem is named after this peculiar
phenomenon. A great interest has been devoted to branched transportation problems in the last
years, providing several results concerning existence of solutions [42, 30, 3, 2, 11, 37, 18], regularity
and stability [43, 7, 22, 21, 35, 44, 8, 10, 16, 15, 17] and strategies to compute minimizers or to prove
minimality of concrete configurations [36, 6, 14, 34, 5, 4, 32, 31, 29].
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Nonetheless, to our knowledge only problems involving the transport of one (homogeneous) material
have been studied and modeled as variational problems. These models do not apply in planning a
network for the transportation of different goods, whose mutual interactions require a formulation
which involves several variables. The easiest examples of natural multi-material transport problem
concern mixed-use roads (where vehicles of different size and pedestrians are allowed to circulate) and
the transport through vehicles for goods and passengers.

Another notable example is given by the power line communications technology (PLC, see [26, 23]),
which uses the electric power distribution network for data transmission. PLC has been introduced in
the United States of America more than a century ago and used for the communications on moving
trains or, more generally, for maintenance operations of the electric power network. Recently, a special
type of PLC, the broadband over power lines (BPL) is being studied and improved for high-speed
data transmission, being particularly convenient for isolated areas. Electric power and data signals
are impossible to be treated as a homogeneous “material” for several reasons the main one being the
fact that the electricity and the Internet supply are subject to different costs, depending on the users’
concentration and demands.

Similar problems, usually grouped under the name of multi-commodity flow problems, were studied
(see e.g. [28, 24]) as minimization problems on graphs, often considering also constraints on the
capacity of the network. Up to now, the aim of the research in this area was mainly devoted to study
the complexity of the problem and to improve the efficiency of algorithms for numerical solutions.

The main results of the present paper are the existence of solutions to the minimization of the energy
(0.2) under the constraint (0.1), with minimal assumptions on the cost C (Theorem 2.3) and, under
mild additional assumptions, the equivalence between the MMTP and a mass minimization problem
in a class of rectifiable currents with coefficients in a group (Theorem 2.4). The equivalence between
the two problems allows us to introduce the notion of calibrations in this context. This was initiated in
previous works ([32, 31]) for “single-material” branched transportation problems and for very special
choices of the cost functionals (i.e., the Steiner cost and the Gilbert-Steiner a-mass, respectively) and
the benefit of introducing calibrations in such contexts is witnessed e.g. by [34, 5, 12, 13]. Under our
general assumptions on the cost, the equivalence result is new even in the case of “single-material”
transportation problems.
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1. NOTATION AND PRELIMINARIES

Consider a norm || - || on R™ and its dual norm || - ||*. The Euclidean norm is instead denoted by
| - | and we will always denote an orthonormal basis of (R™,|-|) by {e1,...,e,}. The scalar product
between vectors v and w of R™ is denoted (v;w). Our aim is to define (1-dimensional) currents in
R? with coefficients in (R™, || - ||). Through the paper we will always use d for the dimension of the
ambient space. In Section 2, two quantities m and N will arise in our variational problem and we will
work with currents with coefficients in R™ and R¥, respectively. The letter n, used in this preliminary
section, stands for the dimension of the vector space of coefficients of our currents. In the sequel one
can refer to the definitions of this section replacing n =m or n = N.

I

Currents with coefficients in a normed (abelian) group (G, |- |g) have been introduced in [27]
and already studied by several authors (see [40, 41, 20]). Our interest is restricted to the case
(G,]-|a) = R™, | -]), and we follow a “non-standard” approach, defining currents by duality with
R™-valued differential forms in R? (instead of completing the space of polyhedral R™-chains). With
this approach we obtain an integral representation of currents, (see (1.1)) which allows to introduce
calibrations in a natural way.

We introduce now some notation about currents with coefficients in (R™, || - ||). For the rest of this
section, we will often drop the norm || - ||, meaning that we will write R”-valued 1-covector/differential
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form or 1-current with coefficients in R™ instead of (R™, || - ||)-valued 1-covector/differential 1-form or
1-currents with coefficients in (R™, || - ||). We limit ourselves to define what is strictly necessary for
the purposes of our paper. To begin with, we give the following definitions.
Definition 1.1 (R"-valued 1-covector). A map « :R? x R"® — R is an R™-valued 1-covector in RY if

(i) VT e RY, a(r,-) € (R

(i) VO € R™, a(-,0) : R = R is a “classical” 1-covector.
The evaluation of a on the pair (7, 6) is also denoted by {«; 7,6). The space of R"-valued 1-covectors
in R? is denoted by A'(R%;R"™).

Observe that the space A'(R% R™) is a normed vector space when endowed with the comass norm
lodl = sup{fla(r, )"+ 7| < 1,7 € RT}.

We can write the action of an R™-valued 1-covector « as
n
a(r,0) = a;(7)(e;:0),
j=1

where, for j =1,...,n, oj := (-, e;) are the components of a.

Fix now a convex open set U C R%. It is clear that such assumption is not restrictive for most of
the reasonable cases, nonetheless we remark that other choices of U could change the homology class
in which we set the variational problem.

Definition 1.2 (R"-valued differential 1-form). An R"-valued differential 1-form in U is a map
w: U — AYR%R™). We say that w is smooth if and only if every component w; belongs to
C>=(U; AY(R%;R)), where the components of an R™-valued differential 1-form are defined similarly
to the components of an R"-valued 1-covectors. We denote by C>°(U; A'(R%;R™)) the vector space
of smooth, R"-valued differential 1-forms, with compact support in U.

Finally, we define the comass norm of the R™-valued differential 1-form w as
[wlle := sup [lw(@)]c-
zeU
The exterior derivative of an R™-valued function (0-form) is once again defined using the components.

Definition 1.3 (Exterior derivative of an R™-valued 0-form). Let n € C°(U;R™) be an R™-valued
O-form, and, for j = 1,...,n, denote with n; its components (i.e., n; := (n;e;)). Then the exterior
derivative of n is the R™-valued differential 1-form which is defined componentwise by

(dn); :==d(n;), j=1,...,n.
We are now ready to define 1-currents with coefficients in R™.

Definition 1.4 (1-currents with coefficients in R™). Let T be a linear functional on C2°(U; A (R4, R™)).
By definition, T is continuous if T'(w?) — 0 for every sequence of R"-valued differential 1-forms
w' € C®(U; A*(R4,R™)) such that
(i) spt(w') C K, for some compact set K C U;
(ii) every component of w! converges uniformly to 0 with all its derivatives when i — oc.
The space of linear, continuous functionals on C°(U; A*(R%, R"™)) is the space of 1-currents in U with
coefficients in R™. We write T% -~ T when the sequence of currents (T )i>1 with coefficients in R™ is
weakly*-converging to T, i.e. when
T (w) = T(w) Yw e CXU;AY(RER™)).
Furthermore, if T is a 1-current with coefficients in R™, we define its mass as
M(T) := sup{|T'(w)| : [lw][c <1}.
The boundary of T is the R™-valued distribution 0T which fulfills the relation
OT(n):=T(dn) VYne CF(U;R™).
Finally, when we mention the components of the current 7', we refer to the “classical” currents 77},
j=1,...,n, defined as
Ty(w) = T(we;) Vwe CF(U; A (RER)),
where we denoted by we; the R"-valued differential 1-form whose j-th component coincides with w

and all other components are all null.
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Remark 1.5. Analogously, the definitions of R™-valued k-covectors, R™-valued differential k-forms,
and k-currents with coefficients in R™ are given by specifying their components, i.e. an array made of
n “classical” k-covectors, differential k-forms, and k-currents, respectively. Similarly, the definitions
of the exterior derivative of an R"-valued differential k-form and of the boundary of a k-current with
coefficients in R™ are understood.

Remark 1.6. Notice that, if T is a current with coefficients in R™ with at most one non-trivial
component T}, then the mass M(T') differs from the classical mass of T; by a multiplicative constant:
namely, the ratio between the Euclidean norm on R and the restriction of the norm || - || on span(e;).
Therefore, to avoid a possibly misleading abuse of notation, we denote M the mass of classical currents.

We are going to consider the following special class of currents. We recall that a 1-rectifiable set
E C U is an ##'-measurable set which can be covered, up to an #'-null subset, with the images of
countably many curves of class C'. A l-rectifiable set E has a well defined notion of tangent line at
H'-a.e. point z € E, which is denoted Tan(FE, z).

Definition 1.7 (Rectifiable 1-currents with coefficients in Z™). A rectifiable 1-current in U, with
coefficients in Z™ is a 1-current with coefficients in R™ with finite mass admitting the integral repre-
sentation

T(W)=/2<w(x);§(w),9(x)>d«f"f1(w) Ywe C*(U; A RGR™Y), (L.1)

where ¥ C U is a countably 1-rectifiable set, £(z) : ¥ — S?~! N Tan(E, z) for #'-a.e. x is called the
orientation, and 6 € Li (¥;Z") is the multiplicity. We denote such current T as [%, €, 6].

loc

We have the following characterization of the mass of a rectifiable current (see [38, 26.8] for the
analogous statement for “classical” currents).

Lemma 1.8 (Characterization of the mass). If T = [X,£,0] is a rectifiable 1-current with coefficients
in Z", then

M(T) = / 16(2)]] A (x).

For the rest of the paper, we mainly focus on rectifiable 1-currents with coefficients in Z™ whose
boundary has finite mass. With a small abuse of notation we call them I-dimensional integral Z"-
currents. The following structure theorem for 1-dimensional integral Z"-currents is an immediate
consequence of its counterpart for “classical” integral 1-currents ([25, 4.2.25]). See also [19, Theorem
2.5]). Roughly speaking, it states that a 1-dimensional integral Z™-current can be thought simply as
a superposition of oriented curves with (vectorial) multiplicities.

Theorem 1.9 (Structure of 1-dimensional integral Z™-currents). Let T = [, 7, 0] be a 1-dimensional
integral Z"-current in U. Then

M 00
T=Y TF4+> 1"
k=1 h=1
where:

o T* = [Tk, 7k, 0], being Ty the image of an injective, Lipschitz, open curve v : [0,1] — U,

(v (t)) = % for a.e. t, and Oy, € Z™ being constant on T',. Moreover, for j =1,...,n it
¥
holds '
Mo 1 y
Z [(0(x)),] < §M(8Tj), for A" a.e. x € Jy_, Tk (1.2)
k=1
Additionally, for j =1,...,n it holds
M ~
D (@) (@) Ok (2));| < 1(0(@));],  for A" ace. w € UL, Ty (1.3)
k=1

and in the inequality above the two quantities Z,iw:ﬂm(x); 7(2))(Or(x)); and (0(x)); have the
same sign. )
o Th = [Zy,vn,04], being Zy, the image of a Lipschitz, closed curve (j, : [0,1] — U, which is

injective on (0,1), vp(Cn(t)) = “ul) for a.e. t, and being 6, € Z" constant on Zy.
[<h (B
4



1.1. Compactness. The following compactness theorem holds:

Theorem 1.10 (Compactness). Consider a sequence (T')en of 1-dimensional integral Z™-currents
in U such that

iug (M(T") + M(9T")) < +oo.

Then there exists a 1-dimensional integral Z"-current T in U and a subsequence (Tlr)rGN such that
N
Moreover it holds
lim inf IM(7"") > IM(T).
r—00

The proof of this result is a straightforward application of the Closure Theorem for integral currents
(see [25, 4.2.16]) to each component T]@ of the elements of the sequence (T');cn. The lower semicon-
tinuity of the mass is straightforward. By direct methods we get the existence of a mass-minimizing
rectifiable current for a given boundary.

Corollary 1.11. Let T° be a I-dimensional integral Z"-current in U. Then there exists a 1-
dimensional integral Z™-current T in U such that

M(T*) = ,in M(T),

where the minimum is computed among 1-dimensional integral Z™-currents in U.

1.2. Calibrations. The main advantage of proving the equivalence between the MMTP and a mass
minimization problem is that, in the latter case, we can make use of calibrations to prove minimality.

Definition 1.12 (Calibration). Consider a rectifiable 1-current T' = [X, 7, 60] in U, with coefficients
in Z™. A smooth R"-valued differential 1-form w in U is a calibration for T if the following conditions
hold:
(i) for a.e. z € ¥ we have that (w(z);7(x),0(z)) = ||0(2)];
(ii) the form is closed, i.e., dw = 0;
(iii) for every x € U, every unit vector 7 € R? and every n € R™ we have that

(w@);7,m) < llnll-
The existence of a calibration is a sufficient condition for minimality.

Theorem 1.13 (Minimality of calibrated currents). Let T' = [, 7,0] be a rectifiable 1-current in U,
with coefficients in Z™, and let w be a calibration for T'. Then T minimizes the mass among rectifiable
1-currents in U, with coefficients in 2™, with the same boundary OT .

Proof. A competitor 77 = [¥/,7/,0] satisfies 07" = 9T. Since U is convex, there exists a 2-
dimensional current R in U, with coefficients in R™, such that 9R = T — T’. As a consequence,
together with the properties of w listed in Definition 1.12, we obtain that

M) = [ [0 @)
O [ tel@)s(o).0(0) 48 (@) = OR(w) + 7'(0)
D [l @).0/a) i @)
< [ 10 ant @ - mer). 0

2. MULTI-MATERIAL TRANSPORT PROBLEM

In this section, we define the multi-material transport problem and we state the main result of
the paper. First of all, let us introduce some notation. Our ambient is the Euclidean space RY.

For n = 1,2,..., we consider the following partial order on R"™, where the coordinates are always
expressed with respect to the standard basis {es,...,e,}. Given two vectors x = (z1,...,2,) and
y=(y1,---,Yn), we write z < y if and only if

|z;| <l|y;| and z;y; >0, Vj=1,...,n. (2.1)

5



We say that a norm || - || on R™ is monotone if ||z|| < ||y||, for every x < y € R™. We say that || - ||
is absolute if ||z|| = ||Z]|,Vz € R™, where Z = (|z1],...,|zs|). Now we fix an integer m € N (which
represents the number of different types of commodities involved in the transportation problem).

Definition 2.1 (Multi-material cost). A multi-material cost is a function C : Z™ — [0, 4+00) with the
following properties:

(i) C is even, i.e. C(x) =C(—x), and C(x) = 0 if and only if © = 0;

(ii) C is increasing, i.e., C(x) < C(y) for every x < y;

(iii) C is subadditive, i.e. C(x 4+ y) < C(x) + C(y) for every x,y € Z™.
In order to prove the equivalence between the MMTP and a mass minimization problem, we will replace
(iil) with a stronger property, namely
Cl@) o C)

(iii’) there exists a monotone norm ||| on R™ with respect to which C is sublinear, i.e. T < T
ER T,

for every x,x’ € Z™ \ {0} with 2’ < x.

Remark 2.2 (Extension of multi-material costs). If C is defined only on a rectangle
R:=[—a1,a1] X ..., X[—am,amn] CZ"

and it satisfies (i), (ii), (iii) (respectively (i), (ii), (iii’)) on R, then one can define a new cost C : Z™ —
[0, 4+00] defining B
C(x) :=max{C(y) : y < x}.
YyER

One can see immediately that the cost C satisfies (i), (ii), (iii) (respectively (i), (ii), (iii’)).

A multi-material cost induces a functional on 1-dimensional integral Z™-currents, that we denote
E. Given a 1-dimensional integral Z™-current T = [X, 7, 8], we denote its energy by

E@p:éC@&%? (2.2)

Let us now fix a rectifiable O-current B on R? with coefficients in Z™, which is the boundary of a
1-dimensional integral Z™-current. In particular B is represented by the discrete R™-valued measure

M
B=> nidy,, (2.3)
=1

where py are points in R%, 7, = (Me1s---5Mem) € Z™ and Zé\il ne = (0,...,0) € Z™.

If we read the problem as an optimization problem for the transportation of different goods among
factories, the interpretation of B as a given datum should be the following. At each of the M points
p¢ a certain amount of some of the m materials is produced or requested. A negative sign in the
coefficient 7,; represents the fact that an amount |ng;| of the material indexed by ¢ is produced by
the factory located at the point p,, while a positive sign represents the fact that the corresponding
amount is requested by that factory.

We are now able to state the multi-material transport problem. Let C satisfy properties (i), (ii),
(iii) of Definition 2.1.

MMTP: Among all 1-dimensional integral Z™-currents T' = [X, 7, 60] in R? such that T = B, find one
which minimizes the energy E(T).

Theorem 2.3 (Existence of solutions). The MMTP admits a solution.

Proof. The proof goes through the Direct Method of the Calculus of Variations. The lower semi-
continuity of the functional E is stated in [41, §6] (see also [18]). In [33], we prove the lower semicon-
tinuity in a more general framework in order to obtain the existence of solutions to a “continuous”
version of the MMTP. The only issue is that a minimizing sequence {T"'};cy for the MMTP does
not necessarily have equi-bounded masses, hence it is not possible to apply Theorem 1.10 directly
to obtain a minimizer. Nevertheless one can obtain a uniform bound on the masses “removing the
cycles” from the T'’s. Namely, writing each 7! = [, 7!, 0] according to Theorem 1.9 as

M@ e
=3 (T +> (1Y),
k=1 h=1
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and denoting T = [, 74,61 = Z,iw:(i) (fl)k, we get by (1.3) that for every I € N it holds §' < §'
H'-a.e. on ¥, hence, by the monotonicity of C, we deduce that E(fl) < E(TY). Observing that
B=0T' = a:fl, we have that {fl}leN is also a minimizing sequence. Moreover, (1.2) implies that 1641
is bounded by a uniform constant M, J#! a.e. on X!, and by properties (i) and (ii) of Definition 2.1
the cost of each non-zero element of Z™ is bounded from below by a value P. Hence the ratio 16"l /c(é")

is bounded by C := 4 J#1 ae. on >!. Integrating on %!, we deduce that M(T!) < CE(T'). This
allows to apply Theorem 1.10 and to find a subsequential limit, which is a solution to the MMTP. [J

We remark here that, under the additional assumption (iii’) on the cost functional, the existence
is also a trivial consequence Theorem 2.4 below.

The main result of the paper is the fact that, with the additional assumption (iii’) on the cost
functional, the MMTP is equivalent to the superposition of a certain number of mass minimization
problems among 1-dimensional integral currents, with coefficients in a group (which is larger than
Z™). Introducing such problems requires some additional notation.

Let B be asin (2.3). For i =1,...,m, let

M
1 m
N; = 3 ;—1 nes| andlet N :=3 ", N, (2.4)

Note that, since |ng;| € N, V/,4, then N; are natural numbers, for every 4, and so is N. Since
1 represents an index for the m different types of materials, then N; should be thought as the total
amount of the production of the material corresponding to the index ¢ among all factories. Similarly N
represents the total amount of production of the union of all materials. We associate to B a rectifiable
O-current, with coefficients in Z" with the following procedure. Heuristically, for every i = 1,...,m
we will give different labels to each of the IV; copies produced of the i-th material, so that in total we
will have N different labels. Note that this is in a certain sense an “unnatural” operation, since in the
original problem different copies of the same material are indistinguishable. Let us explain firstly how
we assign the labels. We begin by splitting the set {1,..., N} into an ordered sequence made by the
m groups {1,..., N1}, {N1+1,...,Ny + No},...,{N = N,, + 1,..., N}. We will use the i-th group
(i =1,...,m) as the set of labels for the N; copies produced of the i-th material. Hence to every index
j €{1,...,N} we associate the corresponding i(j) which is describing to which of the m materials
the label j corresponds. Formally, for every j € {1,..., N}, we denote i(j) the first index ¢ such that
Ny +---+N; > j. Now we want to identify one of the points {p,}}Z, in which we will think that the
copy of the i(j)-th material, labeled with j, is produced. Therefore we let j := Zz(i )0_1 Ny, (observe

that j — j describes the position of the index j in the i(j)-th group defined above) and moreover we
let £=(j) be the first index ¢ such that

> el =i -7

Me,i(5) <0
Similarly, let £*(5) be the first index £ such that

Z Neyi(j) = J — J-
Me,i(5)>0
Finally we define
P(j):=pe-) and  D(j) :=pes(j)-
Since it is too restrictive to assume that, for every j = 1,..., N, the i(j)-th material produced
in P(j) will be sent to the point D(j), we need to allow some “reshuffling”. To this aim, we let
o= (01,...,0m) € SN, X -+ X Sn,,, where S, is the group of permutations on ¢ elements. With a
small abuse of notation, we write o'(j) for the number j+0;;)(j —j). Note that each o (i =1,...,m)
is thought as a permutation acting on the i-th group defined above.
Lastly we define our rectifiable O-current, with coefficients in Z" as
N N
B = 726j5pj +Zej5po(j). (2.5)
j=1 j=1
Observe that every fixed permutation prescribes in which of the M points the copy of each labeled
material will be moved. Since in our transportation problem it is not natural to prescribe such
assignments, we will let the permutation vary.



Now we can state our alternative formulation of the multi-material transport problem, which is
simply a mass-minimization problem:

MMP: Let || - | be a norm on RN; Among all o € Sy, X -+ X Sy,, and among all 1-dimensional
integral Z"-currents T' = [, 7,0] in R? such that 8T = B, (defined in (2.5)), find one which
minimizes the mass IM(T'), where the mass is computed with respect to the norm || - ||.

The main result of the paper is the following

Theorem 2.4 (Equivalence between MMTP and MMP). Let B be as in (2.3) and N as in (2.4).
Then, for every C as in Definition 2.1, satisfying (i),(ii),(iii’), there exists a norm || - || on RN such
that the problems MMTP and MMP are equivalent. Namely the minima are the same and moreover
there is a canonical way to construct a solution of the MMTP from a solution of the MMP and vice
Versa.

Remark 2.5 (Irrigation-type problems). A corollary of the proof of Theorem 2.4 is the following. If
there exists one index £ € {1,..., M} such that |n;,;| = 2027 Meil, for every i = 1,...,m, then in
the MMP it is not necessary to minimize among the permutations o (i.e. the minimum is the same
for every permutation). In the “single-material” case, the assumption corresponds to the case called
“irrigation problem”, where the initial (or the target) measure is a Dirac delta.

Remark 2.6 (MMP as a Lagrangian formulation of the MMTP). Recalling the interpretation of
the coordinates of RN as labels for different copies of the m materials, we can view the MMP as a
version of the MMTP where one can trace the trajectory of every particle of each type of material.
The equivalence between Eulerian formulations (describing the flow of particles at every point) and
Lagrangian formulations (describing the particles’ trajectories) of branched transportation problem is
an interesting problem in general (see e.g. [9]) which is based on a profound result of Smirnov on the
structure of classical normal 1-currents (see [39]). For our discrete problem, instead, the equivalence
is a simple consequence of Theorem 1.9. For the sake of brevity, we will not pursue this in the present

paper.

3. EQUIVALENCE BETWEEN MMTP AND MMP

The aim of this section is to establish the equivalence between the MMTP and the MMP of Section
2. This follows from Theorem 1.9, once we find a norm || - || on RY which is monotone and satisfies,
for every 0 € Sy, X -+ X Sy

m?

[01] N1+62| N—Np+|0m|
C(91,...,9m)=Hsign(@l)Zea(j)+Sign(92) S e toAsignn) > e 31
=1 j=Ni+1 J=N—Np+1

where N and N; (i = 1,...,m) are defined in (2.4). The existence of such norm would imply that
the cost of the transportation of a vector of materials (6y,...,60,) along a stretch of the network
corresponds to the mass of the current with coefficients in R that we will associate to that stretch
of the network.

The existence of such norm is proved in Theorem 3.2. Firstly we show how to prove Theorem 2.4
using the existence of || - ||.

Proof of Theorem 2.4. Fix B as in (2.3). We divide the proof in two steps.

Step 1: from MMTP to MMP. Let T := [X, 7, 0] be a 1-dimensional integral Z™-current which
is a competitor for the MMTP. The aim of this step is to construct from T a competitor T for the
MMP “associated” to B, such that M(T) < E(T).

Consider the components of T' (see Figure 1)

T :=[%,7,60],....,Tm = [2,7,0m].
By [25, 4.2.25] we can write, for i =1,...,m

oo

N;
T Sy P (32
k=1 h=1
8



(07 _1)

FIGURE 1. On the left a 1-dimensional integral Z2-current 7' = (Ty,7T5) and on the
right its two components.

with'
Ni _ o0 . 5
M(T;) = Y M(TF) + Y M(T}) and  M(OT:) = 33, M(OTY), (33)
k=1 h=1
where:
o Tik := [k, 7F 1] are integral 1-currents associated to simple, Lipschitz, open curves yF :
ky/
[0,1] — R?, where T'F := Im(~yF) and 7} := 7&%;,‘;

o Th:= [zl v 1] are integral 1-currents associated to simple, Lipschitz, closed curves (cycles)

IR

¢t [0,1] = R, where Z!" := Im(¢!) and v} := 7&23:'

For every ¢ = 1,...,m, denote by ¥; := U,ivélFf and by T” the 1-current

N;
T, := Z Tik.
k=1

Since each T is supported on ¥, we can write T, := [X, 7,0
Z™-current whose components are (T7,...,T) ).
It follows from (3.2) that for every i = 1,...,m and for J#1-a.e. x € ¥ it holds

/
%

J. Let T" be the 1-dimensional integral

N; )
bi(a) = D xre (@)l (@) 7(2)) + Y xzn (@) (] (2); (), (3-4)
k=1 h=1

where we denoted by y g the characteristic function of the set E taking values 0 and 1. Combining
(3.4) and (3.3) we deduce that for every ¢ =1,...,m it holds

7F(x) = sign(0;(2))7(z), for H#'-a.e. x € T¥, for every k
and
vi(z) = sign(b;(z))7(x), for A -ae. x € ZI, for every h.
Hence it holds (¢} (), ...,0.,(x)) = (61(x),...,0m(x)), for S -a.e. x € B, which yields E(T") < E(T),
by property (ii) of Definition 2.1. Moreover by (3.2) it holds 97" = 9T
Next we associate to 7" a 1-dimensional integral Z-current T, simply defining T to be the current
with components (T7,...,Ty), where we set, for j = 1,..., N (recalling the definition of i(j) and j
from §2) T; := Tﬁj), for k=j—j.
Applying the boundary operator to (3.2), it follows that T is a competitor for the MMP. Moreover
by (3.4) and (3.1) it follows that M(T) = E(T") < E(T).

Step 2: from MMP to MMTP. Let o € Sy, x --- xSn,,. Let T := [%, 7, 0] be a 1-dimensional
integral ZN-current which is a competitor for the MMP and in particular 0T = B, (defined in (2.5)).
The aim of this step is to construct from T a competitor T for the MMTP associated to B, such that
E(T) < M(T).

Let

Tl = [[i,?,él]],...,TN = [i,?,@N]]

1Observe that all the currents in (3.3) are “classical” currents, therefore the notion of mass is the standard one.
9



FIGURE 2. The components T;, T, and T3 of the integral Z3-current T.

be the components of T (see Figure 2). B
As in the previous step, by [25, 4.2.25] and using the fact that IM(9T;) = 2, we can write for
j=1,...,N

A 39
h=1
with -
M(T}) = M(T;) + > M(T}), (3.6)
h=1
where:

o Tj := [I';, 75, 1] are integral 1-currents associated to simple, Lipschitz, open curves v; : [0, 1] —
H?d, where I'; := Im(v;) and 7; := 7@;;%;
o T]h = [[ZJ}»L,I/;Z, 1] are integral l-currents associated to simple Lipschitz closed curves (]h :
’ hy/
0,1] = R?, with ¢(0) = ¢(1), where Z! :=Tm(¢}) and v} = 43
J
Let T’ be the 1-dimensional integral ZN-current whose components are (T1,...,Tx). By (3.5) and
(3.6), for j =1,..., N it holds (7;7;) = sign(f;) s#"-a.e. in I'; and hence, since || - || is a monotone
norm, we have M(T") < IM(T). Moreover, by (3.5) it holds 91" = 9T.

Let T be the 1-dimensional integral Z™-current with components (recalling the definition of ()

from §2)
T% = Z Tj.
gui(d)=i
Since OT' = B,, then T = B. Moreover by (3.1) it holds E(T) = M(T") < M(T). O
We conclude this section by proving the existence of a monotone norm || - || satistying (3.1).

In the proof of the next theorem, we will use the following fact, which can be found in [1]. Recall
the notions of monotone and absolute norm given at the beginning of Section 2, as well as the partial
order introduced there.

Lemma 3.1. An absolute norm on R™ is monotone.

We will use the term orthant in R™ for the following subset of R™. Consider a vector ¢ € R? whose
coordinates are only £1. The £-orthant is:

{zeRY: gay>0,V0=1,...,n}.
Note that an orthant is always closed.

Theorem 3.2 (Existence of a norm satisfying (3.1)). Let C : Z™ — [0,+00) be a function satisfying
(i), (ii), (iii") of Definition 2.1. Let B be as in (2.3) and let N and N; (i = 1,...,m) be the natural
numbers defined in (2.4). Then there exists a monotone norm || - || on RY satisfying (3.1).
Proof. Step 1: First of all, let us suppose that C has the additional property that

C(z) =C(z) (3.7)

for every x € Z™, where we used the notation introduced at the beginning of Section 2.

General strategy

10



Let us denote by A the set of elements of Z" whose coordinates are only 0’s and 1’s, and denote
A={zecZVN 7€ A}
Let A = (a1,...,an), B = (b1,...,by) € A. We say that the pair (A,B) € A x A is good if
A — B # 0 and the following implications hold, for every i = 1,...,m (again, we set Ny := 0):
o if a; =1 for some j between Ny +---+ N;_1 4+ 1 and Ny + --- 4+ N; then by = 0 for all indices
h in the same range;
o if b; =1 for some j between Ny +---+ N;_1+1 and Ny +---+ NN; then a; = 0 for all indices
h in the same range.

Recalling the heuristic interpretation described in Section 2, any vector of RY whose coordinates are
only —1,1, or 0, represents a collection of labelled materials, possibly of different types. If (A, B) is a
good pair, then on each of the m groups into which we split the set of labels {1,..., N} at most one
among A and B can have some non-zero coordinates. Therefore in the corresponding vector A — B,
all the coordinates in each group belong either to {0,1} or to {0,—1}. This represents the fact that
all the materials of the same type are assumed to travel with the same orientation.

If (A, B) is a good pair we define

Ny N
CAB =C Z(aj —bj),..., Z (aj —bj) . (38)
j=1 j=N—Np_1+1

This represents the cost of transporting the collection of goods labeled by A — B along a stretch of
unit length. Observing that, if A — B # 0 we have c4 p # 0, we can define

A-B

cap’

for any good pair (A, B). Observe that if (A, B) and (A’, B') are good pairs with A — B = A’ — B/,
then by (3.7) it holds ca,p = cas,p’. Hence given D # 0 any vector in A, it is convenient to define
¢p = ¢p g, which is well defined since (D, 0) is a good pair. As above, we define qp := %. Consider
the convex hull

dA,B ‘=

C:=co({qp: D € A\ {0}}) c RV.
The theorem is proven if we show three properties of C"
(1) Cisaconvex body (i.e. the closure of its non-empty interior) which is bounded and symmetric
with respect to the origin;
(2) C is a monotone set, i.e. for every x,y € RN with y < z, if x € C, then also y € C.
(3) it holds
ga.p € 0C, VYA,Be A, such that (A, B) is a good pair.

Indeed, if (1) holds, there exists a norm ||- || on RY whose unit ball is the set C. Then, (2) implies that

I - || is monotone. Moreover (3) implies that || - || satisfies (3.1). Indeed, take an m-tuple (01,...,0,)
and denote, for every i = 1,...,m, 0 := max{sign;,0}, 6, := max{—sign6,;,0}. Now define for
every 0 € Sy, X -+ x Sn,,,,
[01] N1+02| N—Np+[0m|
Ac:=0F ) ea(n 165 D eayto 0L Y e
j=1 j=N1+1 Jj=N-Npm+1
and
61] N1+02] N =Ny +60:
BU = 91_ Zeo—(]‘) + 92_ Z eg(j) 4+ 4 9;1 Z eo(j)-
j=1 J=Ni+1 J=N—Np+1

One can verify that A,, B, € A and (A,, B,) is a good pair. Hence we have

1(2) ||CIA B H _ HAG_BJH (3:8) ”AG_BJH .
A CA0‘7B0 C(el?"'79m)

We conclude noting that A, — B, coincides with the RHS of (3.1).
‘Proof of (1) and (2)‘

To prove (1), notice that for every j = 1,..., N, g+, are contained in C, hence 0 € int(C). The
fact that C' is symmetric with respect to the origin follows from the fact that the multi-material cost
C is even. Finally, the boundedness is trivial, since C the convex hull of a finite set.
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We will now prove (2), i.e. that C' is a monotone set. To prove it, we show that the norm with unit
ball C' is absolute. This implies the monotonicity by Lemma 3.1. Let z € RY, with ||z|| = 1. The fact
that ||z|| = 1 implies that € 0C C C, therefore we can write

K
x = Z tkqpk,
k=1

where D¥ € A\ {0}, Zszl tp = 1, with t; positive. There exists a diagonal matrix M € Mat
with entries 1, —1,0 such that Mz = Z. Therefore:

K K K K
ZthMDk < ZtkHQMDkH < Ztk <1,
k=1 k=1 k=1

Z tMqpk
k=1

where the third equality follows from the fact that cpr = cprpr (the latter being a consequence of

the fact that M D = D for every D € A\ {0}) and the second inequality follows from the fact that

llap|l < 1,¥D € A, by the definition of C. This proves that

|z < |lzl|, VzeRY.

NXN

12| = ([ Mz]| =

The proof of the reverse inequality is analogous.

Proof of (3)

The proof of (3) is more involved. We can prove equivalently that for every A, B € A, such that
(A, B) is a good pair, and for every ¢ > 0 the following implication holds

tgap€eC=1t<1 (3.9)
Since tga g € C, we can write
K
tgan =Y \elpr, (3.10)
k=1

where DF € A, 25:1 Ar = 1, with Ay positive. Formula (3.10) can be rewritten componentwise,
denoting D* = (d¥,... d%),
k

b ds
tb :Z)\k—], for every j =1,...,N.
A Cpk

CA,B

For k =1,..., K, we define vectors F* := (fF,..., fk) e Aby

k._q ; _
fjlC = d;?, otherwise.
Note that
aj — bj ka .
t7=Z/\k—, for every j =1,...,N. (3.12)
CA,B A Cpk
Indeed, the equality
dk 1k
DRI
- Cpk P Cpk
k
holds for those j such that >, A\x Cdjk # 0 because in that case f]’-c = d? for every k. On the other
D

hand, for those indices j for which ), A C(fk = 0 by the definition of F*, also f]’f = 0 for every k, so
that . o
> /i =0=> A2
% Cpk 5 Cpk
Moreover
cpe < Cpk (3.13)
by property (ii) in Definition 2.1 (because F* < D* by definition of F¥). Denote, for i = 1,...,m,
N1+ +N;

xT; = E aj — bj,
j=Ni+-+N;_1+1
12



and for k=1,... K,
Nite N,

k._ k
x; = E e;.
j=Ni+-+N;_1+1
Define, for every k =1,..., K and for every i = 1,...,m,

I Z,1f:1::102>0
vi = —zkif 2Fx; <0.

Finally, denote x := (z1,...,7y), and y* := (y¥,...,yk), for k = 1,..., K. By (3.11), we have
that y* < z, for every k. To see this, note that, by the definition of y*, it immediately follows that
yFx; > 0. To prove that |y¥| < |z;| for every i and k, we recall the fact that (A, B) is a good pair, so
that, in particular, we have the following property:

Ni+---+N; Ni+-+N;
Z la; — b;| = Z a; —bj;|,Vi. (3.14)
j=Ni+-+N;_1+1 j=Nij+-+N; _1+1

Also, since |a; — b;| € {0,1} for every j, by the definition of f]’?, it readily follows that

|f]k‘ < ‘a]' - bj‘vvj7k- (3'15)
We also have
Nit++N; (3.15) Nit-+N; (3,10 Nit-+N;
lyf| = |=f] < > IfF < > laj — b;] > a; — bj| = |zil.
J=Ni+-+N;_1+1 J=Ni+-+N;i1+1 J=Ni+-+N;_1+1

Moreover, by (3.12), for every i = 1,...,m it holds

tx;

CAB

hence the fact that sign(y¥) = sign(z;) implies

t|z;| 1?Slgn(xZ z; Z/\ 81gn ;)T Z)\ sign(z;) sign(z¥)|z¥ |

CA B CAB © Cpk

Z)‘ sign(z;x |yl Z)‘ sign(z7)y;

From the equality sign(y¥) = sign(z;), holding for every k,i, we also deduce that, if we fix i, the
quantity sign(y¥) remains constant when varying k. Now, if y¥ is positive, for every k, since sign(z¥) <

1, we get
t|1’2| <Z)\ yz Z)\ yz

CA,B

Otherwise, using the fact that sign(x¥) > —1,

CAB P Dk % Cpk
We have just proved that
k
x
< Y N (3.16)
CA B Cpk
' k:Fk#£0

Finally, note also that y* = z*. By (3.7) it holds ca p = C(z) and cpr = cpe = C(2*) = C(y¥), this
implies, by property (iii’) of Definition 2.1 that

casllylls _ C@)lly*l

= =<1, Vk=1,...,K such that F*¥ =0, 3.17
el CP)lal, 10
where || - ||« is the norm appearing in such definition. Using that | - ||, is monotone, (3.13) and (3.16),
we get
el < || 3= M caBy" <3 oA BY" -3 ca BHy [l <3 n ca B||y 3

k:Fk=£0 k:Fk=£0 X k:Fk£0 k:Fk£0
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Finally, dividing by ||z||«, (3.17) yields
t< > A <L
k:Fk£0

Step 2: Now consider a general cost C, which does not necessarily satisfy (3.7). We will construct a
closed, convex, and symmetric set C', whose associated norm is monotone and satisfies (3.1).

‘ General strategy ‘

For any orthant @ C R™, we define a cost Co : Z™ — [0, +00), imposing the following properties:
(a) Co(x) =C(x) if z € O;
(b) Co(z) =Co(z) for every x.
Trivially properties (i),(ii),(iil’) of Definition 2.1 are satisfied by Co.
Let || - ||o be the norm on RY obtained applying Step 1 to the cost Co and let Be be the unit ball
with respect to such norm (see Figure 3). Let us take any point = € int(O) and define

oo = (sign(z1),...,sign(z,,)) € R™.

FIGURE 3. The unit balls relative to the norm associated to two costs Co and Cor.
Here O is the positive orthant and O’ is its symmetric with respect to the y-axis.

Let us also denote
To = sign(z1)(er + - +en,) + -+ sign(@m)(en-n,,+1 + - +en) € RY,

and let Hp be the unique orthant in RY containing the point 7. Finally, consider Ap := Hp N Bo
and (see Figure 4 and Figure 5)

Co = {p € RN : 3g € Ap with (10),(p; — q;) <0 for every j =1,...,N}.

Ho

%Ao

-1 1
—1— Bo

FIGURE 4. The construction of the sets Co and Cor.

Observe that
CoNHp = Ap, (3.18)
14



FIGURE 5. The construction of the sets C_p and C_pr.

by the monotonicity of Ap, which is implied by the monotonicity of Bp (the intersection of monotone
sets is monotone). Lastly we denote
C:= (] Co,

OCR™
where the intersection is taken among the 2™ orthants in R™ (see Figure 6).

FIGURE 6. The construction of the set C.

We claim that C is a closed, convex, and monotone set, with non-empty interior, which is symmetric
with respect to the origin, bounded, and satisfies

CNHp=Ap, forevery orthant O C R™. (3.19)

The monotonicity of C' would imply that the norm || - || on RY, whose unit ball is C, is monotone.
Moreover, Step 1 implies that (3.1) holds for the norm || - ||o and the cost Co. We also observe that,
in the orthant O of R™, the costs C and Cp coincide. Also, (3.19) implies that, in the orthant Hp of
RY || -] and || - ||o coincide. In this way, we get that (3.1) holds also for || - || and for the cost C.

The fact that C is closed, convex and monotone follows from the fact that each set Cp is so,
moreover each C» contains a neighborhood of the origin, hence C' has non-empty interior. The fact
that C' is bounded and symmetric with respect to the origin follows from the fact that Co N C_p is
so for every O, where we denoted by —O the orthant which is symmetric to O with respect to the
origin. To conclude, we have to prove (3.19). To prove (3.19), we make the following claim:

Ao NHo = Ao N Hpr, for every pair of orthants O, 0’ C R™. (Claim 1)

‘Proof of (3.19) using (Claim 1)‘

Let us show firstly how (Claim 1) implies (3.19). By the definition of C, it is sufficient to show that

CoNAp = Ap, for every pair of orthants 0,0’ C R™, (3.20)
indeed
¢NHo = ﬂ Co NHo = ﬂ CoNCoNHo (3;8) m CorNAp (Bio) Ao.
O’'CR™ O'cR™ orcRm
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To prove (3.20) using (Claim 1), we write
CorNAp = U(Co/ NHNAp),

H
where H varies among the 2%V orthants of RYV. Then (3.20) would follow from
Cor DHNAp, YO,0 H. (3.21)

To prove (3.21), consider z € H N Ap. We define a new vector, y € R in this way:

~JZ5 if (T(gl)ij ZO,
! 0, otherwise.

It is immediate to see that (10/);(z; —y;) < 0,Vj, and that y € Hps. Hence, to prove that z € Cor
it is sufficient to prove that y € Ap,. We observe that y € Ap, because y < z and z € Ap. By
(Claim 1), this yields:

ye€ Ao NHop = Ao N He.
Therefore y € Ap: as desired.

‘Proof of (Claim 1): stmtegy‘

To prove (Claim 1), we will prove the more precise formula:
AorNHp =co({0}U{qp : D € (AN Hpo N Hp' \ {0})}), VO,0" CcR™. (3.22)

Equation (3.22) implies (Claim 1) because its right hand side does not change if we swap O and O’.
Denote E the RHS of (3.22), i.e.

E:=co({0}U{qp : D € (AN Ho N Ho' \ {0})}),

and observe that E C Ao N Hp, since qp € Aor N Hp for every D € AN Hp N Hor \ {0}, by Step 1.
In order to prove (3.22), we need to prove the reverse inclusion, hence, since Ao N Hp is a compact
convex set, we can assume by contradiction that (by Krein-Milman Theorem) there exists an extreme
point z of Apr N Ho that does not belong to E.
Since z € Ap: C B/, we can write it as a convex combination

K
z= Z AkdDk
k=1

where we remind that gpr = %, DF ¢ A and cpi := cpr o are those defined in (3.8), with Cor in
place of C. Our aim is to replace the elements ¢pr appearing in the convex combination above with
suitable elements qp«, where the points F* belong to AN Hp N Her. Firstly we will prove only that
one can write z as a convex combination of 0 and some points ggr, where the points G, can be chosen
in ANspan{Hp N Hp}. Then we will reduce to the points g+ with F* in AN Hp N Her which would

give a contradiction to the fact that z ¢ FE.

‘ Proof of (Claim 1): first reduction‘

For k=1,..., K, we define vectors G* := (g¥,...,g%) € A by
k .
=0, ifz; =0
9y =" B E = (3.23)
g7 = dj, otherwise.

Note that, as a consequence of (3.23) and the fact that z € Hor N Hp, for every k we have that
G* € Anspan{Hp N Ho:}. Moreover

Gk
= A . 3.24
We also have that
Caqk § Cpk (325)

by the monotonicity of the cost Cor. Hence we can write, denoting ) := Ay

K
z= Z LGk -
k=1

16
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Hence we have written z as a convex combination of 0 and some ggx, for points

G* € Anspan{Hp N Hor}.

‘Proof of (Claim 1): second reduction‘

Let now 1 := (m1,...,nn) be a point in the relative interior of Ho N Hp:. Note that one can choose
n = To + Tor. Indeed, the relative interior of Ho N Her is the set of points p = (py....,pn) € RY
such that

p; =0, if (70);(T0); = —1,
sign(p;) = (10);, if (10);(10/); = 1.
For k=1,..., K, we define vectors F* := (fF,..., fk) e Aby

{ff =gf, ifngh >0

4 3.26
fjlC = —g;ﬁ otherwise. ( )

Since, for every k, G¥ € Anspan{HoNHe}, then F* € ANHoNHer. Indeed Ho N Her is the set of
points p = (p1,...,pn) € span{Ho N Ho'} C RY such that p;n; > 0 for every j. Since z € Ho N Hor
and, since Co- satisfies (3.7), it holds cgr = cpw for every k, then

K K
z= Z)\;{;qu = Z)\;C
k=1 k=1

where we remind that < is the order relation defined in (2.1).

&
i Z/\quk =2, (3.27)
k=1

‘Proof of (Claim 1): last contradiction, i.e. z=2'

We observe that by (3.27) and since F* € AN Hp N Hor it follows that 2/ € E. We will prove now
that z/ = z, which would be a contradiction, since z € F by assumption. Assume by contradiction
that 2z’ # 2z and observe that

zj = 0 for some j = 2} = 0. (3.28)
Indeed, (3.23) yields that g;-“ = 0 for every k, if z; = 0, and then by (3.26) also ff = 0. Therefore, by
(3.27),

K 1
! [
z; ; AL - 0.
Define now, for € > 0, w. := z — (2’ — z). Note that, by (3.28), we have w. < z = 2’ for ¢ sufficiently
small. This implies that, for ¢ sufficiently small, w. € Ap: N Hp, because Ap' N Hp is an intersection
of monotone sets, therefore monotone. Hence we can write z as a non-trivial convex combination of
the points w. and 2z’ in Ao N Hp, which violates the extremality of z. O

As we observed before, Theorem 2.4 provides a proof of the existence of a solution to the MMTP,
which does not require a proof of the lower semicontinuity of the energy E.

Corollary 3.3. Under assumptions (i),(ii),(iii’) on the cost functional C, the problems MMTP and
MMP admit a solution.

Proof. The fact that the MMP admits a solution follows from Theorem 1.10. The fact that the
MMTP admits a solution then follows from Theorem 2.4. O

The property (iii’) of Definition 2.1 appears to be the most restrictive. However, at least in the
“single-material” case is also necessary to obtain the equivalence with the mass-minimization problem.

Theorem 3.4. If m =1, and C is a cost that fulfills (),(il) of Definition 2.1, then (iii’) holds if and
only if there exists a monotone norm || - || that satisfies (3.1).

Proof. One implication has already been proven in Theorem 3.2. Suppose now that there exists a
monotone norm | - || on RY that satisfies (3.1). Fix any E € A, where A is defined at the beginning
of the proof of Theorem 3.2. We can write E as

E: E eik,
keK
17



being K a subset of {1,..., N}. We denote with #K the cardinality of K. By (3.1), we have:
|E| = C(#K) = ||FI|, (3.29)

for any F' € A such that F' = 3, .. e; and #K' = #K. For every £ € K define K, := K \ {{}.
Define E, := ZkeK[, e;,. Therefore,

(#K-1)E =) E,
teK
and, by (3.29), we get
(#K —VCHE) = #K = DIE| = | Y Boll < Y I1Eill = Y- C#K = 1) = #KC(#K - 1).
teK teK teK
Since K C {1,..., N} is arbitrary, we obtain, Vo € {2,..., N},

C(x) < Cz—1)

x — x-1

)

and, by induction,
@) CW 1<y <
T Y

O

It is well-known that, if C : [0,00) — [0,00) is concave and C(0) = 0, then the quantity %) is

x
non-increasing. Hence we obtain the following corollary.

Corollary 3.5. In the case m = 1, Theorem 3.2 holds if (iii’) is replaced by the request that C coincide
on N with a concave function.

Remark 3.6. The previous corollary allows us to include in the list of cost functionals for which
Theorem 2.4 applies the cost considered in [9], which describes a model for the urban planning (or a
discrete version of it, in our case). More precisely the cost is C(z) = min{az;z 4+ b} with a > 1,0 > 0,
which is clearly concave.

4. PROPERTIES OF MINIMIZERS

Most of the regularity properties for classical continuous models of single-material branched trans-
portation, such as single-path properties and finite tree structure away from the boundary (see [3]) are
deduced using a crucial property of discrete optimal networks, which is the absence of cycles. Even in
our case, removing cycles from each of the m components of a competitor for the MMTP does not in-
crease the energy (note that we have used this fact in the proof of Theorem 2.4). Nevertheless it might
happen that the operation does not strictly reduce the energy as well, and in particular minimizers
could contain cycles. The aim of this section is to provide a simple example of such phenomenon.

Consider the multi-material cost

C(91,02,93,94) = max{|91| + |92| + |93‘7 ‘94|}

Since the cost is additive in the first three variables, it follows that, for every boundary datum B whose
fourth component is trivial, a solution to the associated MMTP can be obtained as a superposition
of the solutions of three single-material problems (see Remark 5.1). Namely those minimization
problems whose boundaries are defined respectively by the three components By, By, and Bz of B
(and the corresponding single-material cost is simply C(0) = |0] for 0 € Z).

Let us now fix a specific boundary B. Take three non-collinear points z, 2, and 3 on R? and
denote

B:=(-1,0,1,0)d,, + (1,-1,0,0)d,, + (0,1,—1,0)0,,.

By the discussion above, a minimizer for the MMTP associated to the cost C for the boundary B is
the 1-dimensional integral Z*-current T', which is written in component as T := (T}, Ty, T3,0), where
(i) Ty := [Z1%2, 71, 1] is the classical integral current associated to the segment Ty, Z3 oriented
from x; to x5 with unit multiplicity;
(ii) T3 = [T273, 72, 1];
(iii) T3 := [T3x1, 73, 1]
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Observe also that the 1-dimensional integral Z*-current 17" := (11, Ty, T3, T1 +To+T3) satisfies E(T") =
E(T), and since (T} + T + T5) = 0, it follows that OT" = OT, hence T” is also a minimizer of the
MMTP associated to B. Observe that not only 7" contains a topological cycle in its support (that
property holds for T itself), but the fourth components of T” contains a cycle (actually it is a cycle)
in the sense of currents.

One could find this example unsatisfactory, because the material associated to the cyclic component
of T' does not appear in the boundary datum. Nevertheless it is easy to modify the example above
in order to add the fourth material in the boundary datum, still obtaining the previous phenomenon.
More precisely, denoting 74 a non-trivial oriented segment which is “very far” from the supports of
Ty, Ty, and T3, then clearly the current 7" := 7"+ (0, 0, 0, Ty) is also a minimizer for the corresponding
boundary: roughly speaking, even if in general it would be convenient for the fourth material to
interact with the first three, there is no convenience in this case, due to the large distance of the
corresponding sources and sinks (see Figure 7).

25
L1
Ty I3
1+ Ty o—r—o 5
T2 T‘2 I3 T4
—6 -5 —4 -3 -2 -1 1 2 3 4 5 6

FIGURE 7. The component T, does not interact with 77,75, and 73 because the
corresponding boundaries are too far away.

As it was observed in [10], in order to get better properties of minimizers of single-material branched
transportation problem it is necessary to require the concavity of the cost. In our case we will require
that the cost is concave in every component. In this case it is possible to prove that there exists a
solution T of the MMTP whose components T; (i = 1,...,m) are all supported on trees (in particular
they are acyclic currents). Let us stress that this does not imply the absence of loops in the support
of T, but only in the support of each T;. More precisely, we have the following two propositions,
which are the analogue of [10, Lemma 2.6, Remark 2.7]. The proofs are also analogous. We say that
a multi-material cost C : Z™ — R is concave (resp. strictly concave) if it coincides on Z™ with a
function f : R™ — R which is concave (resp. strictly concave) in every component, i.e. f(z1,...,2m)
is a concave (resp. strictly concave) function of each variable z;. We call a tree a set in R? which does
not contain the support of any non-trivial closed curve.

Proposition 4.1. Let C be a concave multi-material cost. Then for every 1-dimensional integral
Z™-current T, there exists another current T with OT' = 0T, E(T") < E(T), and T} is supported on
a tree for everyi=1,...,m.

Proposition 4.2. Let C be a strictly concave multi-material cost. Then for every I1-dimensional
integral Z™-current T which is a solution to the MMTP associated to its boundary, every component
T; of T is supported on a tree.

5. EXAMPLES

In this section, we consider some concrete costs functional C and we exhibit a possible norm || - ||
which turns a MMTP associated to such cost into a mass-minimization problem. At the end of the
section we also provide some examples of calibrations.

5.1. Examples of costs.

(1) Steiner energy. For m =1, let

C(2) = {(1) z ;of



The minimization of the energy [E associated to such cost corresponds to the minimization
of the size functional. Clearly the corresponding norm | - || on RY given by Theorem 2.4 is
simply the supremum norm.

Gilbert-Steiner energy. For m =1, fix 0 < o <1 and let

0 z=0
C = b )
(=) {|z|°‘7 z#0.

The minimization of the corresponding energy IE corresponds to the minimization of the a-
mass (see e.g. [42]). As it is shown in [31], the corresponding norm || - || on R¥ is the p-norm
1

with p = =. Note that for a = 0 we recover the Steiner energy.

Linear combinations. For m = 1, fix K € Nand for k =1,..., K let 0 < a; < 1 and let

A > 0. Define
0 z=0
Clz) =" ’
=) {Zf_l Aklz|*, 2z #0.

It is easy to see that C satisfies properties (i),(ii), and (iii’) of Definition 2.1. The corresponding

norm ||-|| on RY is ||z|| = Zszl Ak |x|P*, where py, = a—lk Such a cost is considered for example
in [14] in order to approximate the Steiner energy and to perform numerical simulations.
Supremum of costs. For m = 1, fix K € N and for kK = 1,..., K let C; be a cost functional

satisfying properties (i),(ii), and (iii’) of Definition 2.1. Define
C(z) := pnax Cr(x).
The corresponding norm || - || on RY is the maximum of the norms associated to each Cy.
PLC technology. For m = 2, let 0 < a3 < as < 1. Define
C(z1, z2) := max{A1|z1|*; Az|z2|*2},
with A1, A2 > 0. A monotone norm || - || on RY which satisfies (3.1) is

H(xlv‘"’xNuylv"’vyNz)” = max{)ﬂ'(xlv"'7mN1)|p1;A2|(y17~~'ayN2)|P2}'

where p; = o L fori = 1,2. The fact that a; < o express the idea that once the infrastruc-
ture transporting the second material (i.e., the electricity) is built one can add “almost any”
quantity of the first material (i.e., Internet signal) for free.

Composite multi-material costs. For general m > 2, consider any monotone norm | - |, in R™

and single-material costs Cy,...,Cp, : Z — R, associated to monotone norms || - ||*,...,| - [|™
on RNt ... RNm respectively. Define
Clz1y oy zm) == (C1(21), -+, Con(Zm)) | x-
A monotone norm || - || on RY which satisfies (3.1) for the multi-material cost C is
||(Z'1, cee ,JZN)” = ‘(”(mla s 7IN1)||1v R ||('TN—Nm+1a s axN)||m)|*'
Observe that the cost associated to the PLC technology corresponds to the choice ||« = || - ||oo

on R2, C1(2) = Ai]z|*, and Ca(2) = Ag|z|*2.
Mailing problem. For general m > 2 and a > 0 consider the following cost

Clz1y. -y 2m) ::( Z zi)aJr’ Z %

(e

)

7:2, >0 1:2; <0
Observe that this multi-material cost does not satisfy (3.7). A monotone norm || - | on RY
which satisfies (3.1) is clearly
Iz, zn)l = llzlle + 2|l

where p = a~! and z, (respectively x_) is obtained by x setting all the negative (respectively
positive) coordinates of x equal to zero. Such cost is well-suited to give a better description of
the discrete mailing problem (see [3]), encoding the fact that, on every branch of a transporta-
tion network, there is a gain in the cost of the transportation in grouping particles flowing
with the same orientation, but there should be no gain for two groups of particles flowing with
opposite orientations.
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5.2. Examples of calibrations. We now focus on elementary multi-material transportation prob-
lems with different costs, for which we are able to exhibit constant calibrations.

(1) Mailing problems with Steiner cost. Let us consider the multi-material cost C : Z? — R defined
by C(z,y) = |z|° + |y|°, where we mean that 0° = 0.

Firstly, we consider the vertices of an isosceles triangle in R?, for instance p; := (£, h), pg :=

(¢,—h) and p3 := (0,0) for some positive numbers h, £ with £ > 1/3h, and we fix as a boundary

B:= (_1a _1)5203 + (L 0)5171 + (Oa 1)51?2'

A solution to the MMTP associated to such boundary and cost is a 1-dimensional integral

Z2-current supported on a Y-shaped graph, with angles of 27/3 between the segments at the
junction point (see Figure 8).

P1

(1,0)

(1,1)
ps3

(0,1)

b2

F1cURE 8. A solution to the mailing problem with Steiner cost for the boundary B.

In order to translate this into a MMP, we endow R? with the norm || - || which has the unit
ball depicted in Figure 9.

1
-1 1
-1
FIGURE 9. Unit ball for the norm || - || associated to the cost C.

In this special case we have to solve a mass-minimization problem for the same boundary
B. Now we show that the R?-valued differential 1-form represented by the matrix

w1 ‘= < ) (51)

is a calibration for the minimizer. Indeed

fwns (1/2,V3/2) L (1,0)) = {wis (1/2,~V3/2) . (0,1) = (i (1,0), (1, 1)) = 1
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and the form is constant, hence properties (i) and (ii) in Definition 1.12 are fulfilled. Moreover,
to check (iii), notice that, for every ¢ € R and every pair of (g1, g2) € R? with ||(g1,92)|| = 1,
we have

[{wis (cos ¢, sin @), (91, 92))| = =1

)

<;cos¢>—|— \ggsingb) g1 + (;cosd)— ?sinqﬁ) g2

where the inequality can be inferred from that fact that the expression in the absolute value is
linear in (g1, g2) and takes its maximum at some extremal point of the set depicted in Figure

9, where the values are + (% cos ¢ + § Singb) =+ (sin (% + ¢)) ,+ (% cos ¢ — @ Singb) =

+ (sin (% - gi))), and =+ cos ¢.
Let us now fix as a boundary (supported on the same points)

B':=(1,-1)8p, + (—1,0)8, + (0,1)6,.

A minimizer in this case is supported in the union of the two segments joining p; to p3 and
ps3 to po, respectively (see Figure 10).

b1

b3

b2

FIGURE 10. A solution to the mailing problem with Steiner cost for the boundary B'.

A calibration is the R?-valued differential 1-form represented by the matrix
- —cosf) —sind
2 cosf —sinf |’
where 6 is the positive angle between the segment pzp; and the horizontal axis. Again,
properties (i) and (ii) of Definition 1.12 are verified by construction of this R2-valued constant

1-form. Moreover, to test (iii), we notice that, for every ¢ € R and every pair (g1, g2) € R?
with ||(g1,92)]] = 1, we have

|{wa; (cos ¢, sin @), (g1, g2))| = |—(cos @ cos ¢ + sin O sin ¢)g; + (coscos p —sinfsin)ga| <1,

again because the expression in the absolute value is linear in (g1, g2) and takes its maximum
at some extremal point of the set depicted in Figure 9, where the values are 4(cosf cos ¢ +
sinfsing) = +cos(d — ¢), £(coshcos¢ — sinfsing) = cos(d + ¢), and £2sin() sin(¢)
(observe that sin(¢) < 1 due to the choice of h and ¢).

Lastly, let us consider a boundary datum which is supported on the vertices of a square,
say 1 := (0,1),¢2 := (1,1),q5 := (1,0), ¢4 := (0,0). We set

B" = (0, =1)dq, + (1,0)dq, + (0,1)dq, + (—1,0)dg,.

A minimizer is given in Figure 11 and it is supported on the set X1, which is one of the
two well-known solutions to the Steiner tree problem for the vertices of the square. This is
calibrated by the same w; as in (5.1), for which all the checks have already been done.
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FIGURE 11. A solution to the mailing problem with Steiner cost for the boundary B”.

Observe also that the other solution X3 to the Steiner tree problem (namely the one obtained
from a rotation of 3; by 90°) does not support any solution to the MMTP for the boundary
B". Indeed there is only a 1-dimensional integral Z2-current T" with 0T = B supported
on Y5, and by direct computation one can see that this is not a minimizer. Note that T
has a vertical stretch (oriented by the vector (0,1)) carrying the multiplicity (—1,1) and we
have {(w;(0,1),(—1,1)) = v/3, hence property (i) of Definition 1.12 is not satisfied. Since a
calibration always calibrates all the minimizers of the problem, this is another proof that T
is not a minimizer.

Mailing problems with Gilbert-Steiner cost. Let us consider the multi-material cost C : Z2 — R
defined by C(x,y) = v/|z|? + |y|?>. Now consider the boundary datum

B :=(N,0)d,, +(0,1)0,, + (=N, —1)dy,,
where 71 := (0,1), 73 := (1,0),73 := (— cos§, —sin ), with

imancoos ()
0 := arccos | ——— | .
N2 +1

Then the Y-shaped graph made by three segments joining at the origin (0,0) supports a
solution of the multi-material transport problem (see Figure 12).

FI1GURE 12. A solution to the mailing problem with the Gilbert-Steiner cost for the
boundary B5.

To prove this, firstly we observe that the associated mass-minimization problem for currents
with coefficients in ZV*! has boundary equal to
(=1,...,—1,=1)6 + (1,...,1,0)d,, +(0,...,0,1)d,,,
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and a possible norm || - || on R¥*! associated to C is

N
||(gl7'~'7gN+1)||: Z‘g]|7gN+1
j=1

Next we check that a constant calibration for such MMP is given by the RV *!-valued differ-
ential 1-form represented by
0 1

In fact, (i) holds since

<w;< L N ),(1...,1,1)>:\/W:C(N,1),

VNZ+1 V/N2+1
(w;(0,1),(1,...,1,0)) = N = C(N,0)

and

(w; (1,0),(0,...,0,1)) =1 =C(0,1).
Property (ii) is satisfied, as usual, because w is constant. Moreover, for every ¢ € R and every
(91,- - gn41) € RVF with [[(g1, ..., gn1)[| = 1 one has

N
[{w; (cos ¢,5in 6), (91, - gn+1))| < (([cos @], [sin &]); (Ign-al, Y 1951))s
j=1

and by the definition of || - ||, the right hand side is the scalar product between two vectors of
R? having unit Euclidean norm, hence it is bounded by 1.

For the linear combinations of costs discussed in point (3) of the previous subsection, stepping
back to the specific case of [14], we take K = 2 and o1 = 0, ag = 1. Let us also assume that
A1 + Ag = 1. Hence the single-material cost is C(2) = A1]z|® + Az2|z].

We consider the irrigation problem with source of multiplicity 2 in the point ps and targets
with multiplicity 1 in the points p1, p2, where p1,ps, and p3 are as in point (1) of this subsection.
As we have already observed, a norm on R? which turns this single-material transport problem
into a MMP is A1]| - |Jeo +A2|| - ||1. Nevertheless, since we are free to choose any monotone norm
which coincides with the above on the positive orthant, then we decide to choose the norm
| - || whose unit ball is depicted in Figure 13 (such choice is aimed at reducing the number
of extreme points of the unit ball, which makes it easier to estimate the comass norm of the
form).

FIGURE 13. A norm associated to the cost C.
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The minimizer for the transportation problem is supported on a Y-shaped graph similar to
that shown in point (1), in which the positive angle between the horizontal and the segment
joining the branching point to p; is 6 = arccos ((1 4+ A2)/2). A calibration, in this case, is
represented by

()

2
-y ()

To check property (i) of Definition 1.12 we observe that
(w; (1,0), (1,1)) =14 Ao = A1 + 2X2 = C(2),
(w; (cosB,sinB), (1,0)) = 1= A1 + Ay =C(1),
and
(w; (cosB, —sinf), (0,1)) =1 = Ay + A2 = C(1).
As usual, property (ii) is trivially verified. To check property (iii), we firstly observe that the

extreme points of the unit ball for the norm || - || are &=((1 + X2)™1, (1 + X2)~ 1), £(1,0), and
£(0,1). Now, for every ¢ € R we have to check that, whenever ||(g1,g2)|| <1, it holds

[{w; (cos ¢, sin @), (g1, g2))| = |(cos € cos ¢ + sin O sin ¢)gy + (cos B cosp —sinfsing)gs| < 1.

We observe that the values of the LHS of such inequality at the extreme points above are
respectively given by 2(1 + A\2) ™| cos(#) cos(¢p)| = | cos ¢, | cos @ cos ¢ + sin O sin ¢| = | cos(d —
@)|, and | cos 6 cos ¢ — sin O sin ¢| = | cos(d + ¢)|. Therefore property (iii) is verified.

Remark 5.1 (Sum of single-material costs). To conclude this section, we add a simple, but very
useful observation: when the multi-material cost is a composite one (in the sense of point (6) in the
previous subsection) but of the form

C(zl,...,zm) :C1(z1) + ... +Cm(2m),

then the norm |- |, in R™ is the ¢! norm. Hence roughly speaking, the materials “do not interact”.
More precisely, the minimizer is the sum of the individual minimizers of each (single-material) problem
associated to the cost C;. This remark matches with the fact that the Monge-type optimal transport
of atomic measures is made of “independent” segments joining directly the points at the boundary.
Moreover, if one can calibrate with w; the problem concerning the i-th material with cost C;, then a
calibration of the global problem is a block-diagonal matrix where each block is given by w;.
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