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Introduction

Dans les derniers dix ans, 'intéresse pour les espaces métriques mesurés est augmenté de
maniére considérable, comme témoigné par la littérature riche et florissante. Pour une liste
non exhaustive des résultats les plus importants sur le sujet, le lecteur peut s’adresser a [87],
[115], [116], [60], [6], [7], [58], [8], [105], [106], [61], [55], [57], [73], [10], [98], [26], [25]. Les
points de départ de cette recherche si active et prospére ont été les travaux-phare [87] et
[115], [116], qui ont li¢ pour la premiére fois des bornes inférieures sur la courbure de Ricci
sur des espaces métriques mesurés a des propriétés de fonctionnelles de type ‘entropie’ en
connexion avec la géométrie de 'espace de Wasserstein. Successivement ([6]) on s’est apergu
que 'analyse de Sobolev est aussi associée a la géométrie Wasserstein et donc, en construisant
sur ces considérations, la définition originelle d’espace CD a la Lott-Sturm-Villani a evolué
vers celle d’espace RCD ([7], [58]).

Un exemple de lien entre 'analyse de Sobolev et la géométrie de 1'espace de Wasserstein
est donné par ’énoncé suivant, montré dans [55] :

Theorem 0.0.1 (Formule de dérivation du premier ordre). Soient
- (X,d,m) un espace RCD(K, ), avec K € R

- (ut) une géodésique Wasserstein constituée par des mesures a support borné telles que
pe < Cm pour tout t € [0,1] et une certaine constante C > 0

- fe Wh(X).
Alors la fonction

0.1]5¢ o /fdut

est C1 et lidentité suivante est satisfaite

d
5 [ fam = [ 4199 o

ol @ est un potentiel de Kantorovich localement lipschitzien de pg @ pq.

Rappelons que sur un espace RCD(K, 00) toute géodésique Wasserstein (u¢) entre deux
mesures & support et densité bornés a elle-méme densité bornée de maniére uniforme, c’est
a dire gy < Cm pour tout t € [0,1] et une certaine constante C' > 0 (|106]), de sorte que le
théoréme implique I'existence de plusieurs fonctions C! sur les espaces RCD. II est important
de remarquer que la régularité C' - qui a été crucial dans [55] — n’est pas du tout triviale,
méme si la fonction f est supposée lipschitzienne. En plus, les énoncés concernant la régularité
C' sont assez rares en géométrie métrique.

vil
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Le Théoréme 0.0.1 peut étre vu comme une version intégrée de la formule de base

d :
370z = 4 (00)

qui est valable dans le cadre lisse ; d’un point de vue strictement technique, la preuve de cette
affirmation est liée au fait que la géodésique (p¢) résout I’équation de continuité

d .
(0.0.1) ETLC div(V(—pe)pu) = 0,
ot les ¢; sont des choix convenables de potentiels de Kantorovich (voir aussi [59] dans cette
direction).

Dans [56], Gigli a développé le calcul du deuxiéme ordre sur les espaces RCD, en définissant
en particulier I'espace H?2(X) et, pour toute fonction f € H??(X) la Hessienne Hess( f), voir
[56] et la section préliminaire de la thése (Section 1.2). Il est ensuite naturel de se poser la
question si une version ‘intégrée’ de la formule de dérivation du deuxiéme ordre

d2 / / 2 P
@f(%)h:o = Hess(f)(7,7%) pour toute géodésique 7y

est satisfaite dans ce contexte. Dans ce manuscrit, et plus précisément dans le Chapitre 7,
on donne une réponse affirmative & cette question et le résultat les plus important que 'on
établira est le suivant.

Theorem 0.0.2 (Formule de dérivation du deuxiéme ordre). Soient
- (X,d,m) un espace RCD*(K,N), avec K € R et N < o0

- (ut) une géodésique Wasserstein telle que py < Cm et p; a support compact pour tout
t € 10,1] et une certaine constante C >0

- fe H*A(X).

Alors la fonction

ot = [ rau
est C? et lidentité suivante est satisfaite

d2

0.2 —
(0.0.2) T

[ g = [ Hes(r) (Vo Vi) dro

ol @ est un potentiel de Kantorovich de pg a pq.

Le lecteur peut voir aussi le Théoréme 7.1.2 pour une formulation alternative mais tout a
fait équivalente du résultat. Ce résultat a été prouvé en premier lieu dans [63] sous I'hypotheése
supplémentaire de compacité, mais comme 1’on expliquera dans la suite cette supposition peut
étre Otée par le biais de techniques de localisation. Par contre, I'hypothése de dimension finie
joue un roéle clé, parce que par exemple on invoque a plusieurs reprises 'inégalité de Li-Yau.

Avoir a disposition une telle formule de dérivation du deuxiéme ordre, c’est intéressant
non seulement d’un point de vue purement théorique, mais aussi pour les applications dans
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I’étude de la géométrie des espaces RCD. Par exemple, les preuves des théorémes de splitting
et ‘from volume cone to metric cone’ peuvent étre simplifiées & I'aide de cette formule. En
plus, un aspect de la théorie des espaces RCD qui n’est pas encore clair est le suivant : est-ce
que leur dimension est constante? Pour les espaces qui sont des ‘Ricci limits’ la réponse est
connue et positive, grace au résultat de Colding-Naber [32], qui utilise de maniére cruciale
la dérivation du deuxiéme ordre le long des géodésiques. Donc, notre résultat est nécessaire
afin de répliquer la preuve de Colding et Naber dans le cadre non lisse (toutefois, il n’est
pas suffisant : ils utilisent aussi des techniques de calcul avec les champs de Jacobi qui, pour
I'instant, n’admettent pas encore des analogues non lisses).

Stratégie de la preuve

Le point de départ est une formule de dérivation du deuxiéme ordre obtenue dans [56], valable
sous certaines hypothése de régularité :

Theorem 0.0.3. Soit (u;) une courbe Wa-absolument continue solution de l’équation de conti-
nuité d
ETa + div(X¢pe) =0,

pour un certain champ de vecteurs (X;) C L*(TX) au sens suivant : pour toute f € W2(X)
la fonction t — [ fdp est absolument continue et l'identité

G [ 7= [(vr.x0) au
est vérifiée. Supposons que
(i) t — Xy € L3(TX) est absolument continue,
(i) supy{[| Xil[ 2 + | Xel| oo + [[VXi][ 2} < +oo.
Alors pour toute f € H*>%(X) la fonction t [ fdue est CY1 et la formule

d2

0.0.3 —

/fd,ut:/Hess(f)(Xt,Xt)+<Vf, X+ Vx, X)) du

est satisfaite pour p.t. t € [0,1].

Si les champs de vecteurs X; sont du type gradient, c’est a dire X; = V¢, pour tout ¢ et
I“accélération’ a; est définie comme étant

d 2
&@ + |v§t| =:ay
alors (0.0.3) devient
d2
(004) dtZ/fd'ut = /Hess(f)(qut,Vd)t) dut + / <Vf, Vat> d,LLt

Dans le cas des géodésiques, les fonctions ¢; qui apparaissent dans (0.0.1) résolvent (en un
sens qui ne sera pas précisé ici) I'équation de Hamilton-Jacobi

d |V

.0.5 — o =
(00) dt% 5
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et donc dans ce cas I'accélération a; est identiquement nulle (observons le signe moins dans
(0.0.1)). Pour cette raison, si les champs de vecteurs (V) satisfaisaient les conditions de
régularité (i), (#4) du dernier théoréme, on serait facilement capable d’obtenir le Théoréme
0.0.2. Pourtant ceci n’est pas le cas en général; de maniére informelle, le probléme est lié
au fait que pour les solutions de ’équation de Hamilton-Jacobi on n’a pas d’estimations du
deuxiéme ordre suffisamment fortes.

Afin de montrer le Théoréme 0.0.2 il est donc naturel de chercher des approximations
‘lisses’ appropriées des géodésiques, auxquelles on peut appliquer le Théoréme 0.0.3 précédent
et puis passer 4 la limite dans la formule (0.0.3). Etant donné que le manque de régularité des
géodésiques Wasserstein est conséquence du manque de régularité des solutions de (0.0.5), en
paralléle avec la théorie classique de ’approximation visqueuse pour ’équation de Hamilton-
Jacobi, il y a une approche assez naturelle & essayer : résoudre, pour € > 0, ’équation

€12

Cor =l s g

ol ¢ est un potentiel de Kantorovich donné et fixé, associé a la géodésique (u¢), et ensuite
résoudre

d .
h — dv(Veipg) =0, 115 := Ho.

Ce projet peut effectivement étre mis en place et, en suivant les idées présentées dans ce
manuscrit, on peut montrer que si (X,d, m) est un espace RCD*(K, N) et la géodésique (u)
est constituée par des mesures ayant densités uniformément bornées, alors lorsque € | 0 :

i) les courbes (u§) convergent de fagon Wa-uniforme a la géodésique (u¢) et les mesures p§
ont densités uniformément bornées ;

ii) les fonctions ¢§ sont uniformément lipschitziennes et convergent de maniére localement
uniforme aussi bien que dans la topologie I/Vllo’c2 vers 'unique solution visqueuse (¢;) de
(0.0.5) avec ¢ comme donnée initiale ; en particulier, I’équation de continuité (0.0.1) est
satisfaite par la courbe limite.

Ces résultats de convergence sont basés sur les estimations de Hamilton pour le gradient et
sur l'inégalité de Li-Yau et ils sont suffisants pour passer a la limite dans le terme avec la
Hessienne dans (0.0.4). Pour ces courbes l'accélération est donnée par aj = —5Aypj et donc il
ne reste a prouver que la quantité

e / (VF, VAG) dpis

disparait & la limite en un certain sens. Cependant, il se trouve qu’il n’y a pas d’espoir d’obtenir
cela & travers des techniques fondées sur les EDP. Le probléme est di au fait que ce type
d’approximation visqueuse peut produire a la limite une courbe qui n’est pas une géodésique
si ¢ n’est pas c-concave : en peu de mots, cela arrive dés qu’un choc se produit dans I’équation
de Hamilton-Jacobi. Comme on ne peut pas espérer que la formule (0.0.2) est vraie pour des
courbes qui ne sont pas géodésiques, on voit bien que trés difficilement il est possible d’obtenir
le résultat souhaité & travers des telles approximations visqueuses.

Pour cette raison on va utiliser une facon différente de se rapprocher aux géodésiques : le
ralentissement des interpolations entropiques. Décrivons briévement en quoi cela consiste, en
se placant dans le plus familier cadre euclidien.
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Fixons deux mesures de probabilité pg = poL?, 1 = p1£% sur R?. Les équations fonction-
nelles de Schrédinger sont les suivantes

(0.0.6) po = fhig p1=ghif,

les inconnues étant les fonctions boreliennes f, g : R? — [0, 00), ott hyf est le flot de la chaleur
démarrant en f et évalué a l'instant t. En grande généralité, ces équations admettent une
solution, qui est unique a la transformtion triviale (f,g) — (cf,g/c) prés, pour une certaine
constante ¢ > 0. Cette solution peut étre trouvée de la maniére suivante : soit R la mesure sur
(R%)2 dont la densité par rapport a £2¢ est donnée par le noyau de la chaleur ry(z, y) a 'instant
t = 1 et minimisons 'entropie de Boltzmann-Shannon H (4 | R) parmi tous les couplages v de
1o & p1. L’équation d’Euler pour le minimiseur force celui-ci & avoir la forme f ® g R pour des
fonctions boreliennes f, g : R? — [0, 00) appropriées, ot f ® g(x,y) := f(x)g(y) (on montrera
a nouveau ce résultat déja connu dans la Proposition 4.1.5).

Une fois que I'on a trouvé la solution de (0.0.6) on peut l'utiliser conjointement avec le flot
de la chaleur, afin d’interpoler de pg & p; en définissant

pt = hifhi_4g.

Ceci est appelé interpolation entropique. Maintenant on ralentit le flot de la chaleur : fixons
€ > 0 et en imitant ce que 'on vient de présenter trouvons f¢, g° telles que

(0.0.7) po = f* hg/zgs p1 =g h.pafe,

(le facteur 1/2 ne joue aucun role special, mais il est utile pour les calculs). Puis, définissons
Pr = hiey2 f hi—p)e 29"

Ce qui est remarquable et non trivial, c’est que lorsque € | 0 les courbes de mesures (p%Ld)
convergent a la géodésique Wasserstein de pg & p1.

Les premiers liens entre les équations de Schrodinger et le transport optimal ont été dé-
couverts par Mikami dans [91] pour le cotit quadratique sur R?; ensuite, Mikami et Thieullen
[97] ont montré que le lien persiste méme pour des coiits plus généraux. L’énoncé qu’on vient
de présenter au sujet de la convergence des interpolations entropiques a celles par déplacement
a été prouvé par Léonard dans [79]. En fait, Léonard a travaillé dans un cadre beaucoup plus
abstrait et général : comme c’est peut-étre évident a en juger par la présentation, la construc-
tion des interpolations entropiques peut étre mise en ceuvre en grande généralité, parce qu’il
suffit d’avoir un noyau de la chaleur. Il a aussi fourni une intuition élémentaire pour expliquer
pourquoi cette convergence a lieu : I'idée essentielle est que si le noyau de la chaleur admet
Iexpansion asymptotique elogr.(z,y) ~ —@ (au sens des grandes déviations), alors les
fonctionnelles d’entropie rééchelonnées e H (- | R.) convergent a £ [ d*(z,y) d- (au sens de la I'-
convergence). Le lecteur est adressé a [81] pour une dissertation plus profonde de cet argument,

pour des remarques historiques et tout renseignement complémentaire.

En partant de ces intuitions et résultats et travaillant dans le cadre des espaces RCD*(K, N)
on obtient des nouvelles informations sur la convergence des interpolations entropiques vers
celles par déplacement. Afin d’énoncer nos résultats, il est plus pratique d’introduire les po-
tentiels de Schrodinger ¢f,1; comme étant

of == cloghy /o f° Ui = elogh(_p)e/29°
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A la limite pour € | 0, ils convergent vers des potentiels de Kantorovich ‘forward’ et ‘backward’
le long de la géodésique limite (u;), voir aussi en bas. Dans cette direction, il vaut la peine de
noter que, alors que pour € > 0 il y a un lien étroit entre les potentiels et les densités, car

@i + 1y = elog py,

a la limite cela devient la célébre (et plus faible) relation entre les potentiels ‘forward’ et
‘backward’ et les mesures (p) :

or+1r =0  on supp(i),
s + wt S 0 on X7

voir par exemple la Remark 7.37 dans [121] (en faisant attention aux signes différents). Par
des calculs directs on peut verifier que (¢%), (¢f) résolvent les équations de Hamilton-Jacobi-
Bellman

d 1 € d 1 €
0.0.8 — = 2 ZAOE Py R €12 ZAUE
( ) dt% 2|V90t| ‘|‘2 Pt dtwt 2|V7/’t| +2 vz,
donc, en introduisant les fonctions
€ . w; — 90%
t - 2
il n’est pas difficile de controler que
d (= : g €
(0.0.9) T + div(Vi5 pg) =0
est satisfait et
d € |VQ9§|2 € €. 52 € €12
&ﬁt + 5 = af where aj := —§(2A log p; + |V log pf | )

Ceci dit, nos résultats principaux concernant les interpolations entropiques peuvent étre résu-
més de la fagon suivante. Sous les hypothéses que l'espace métrique mesuré est RCD* (K, N),
N < o0, et po, p1 appartiennent & L>°(X) on a :

- Ordre zéro

— borne Pour quelque C' > 0 on a pf < C pour tout € € (0,1) et ¢ € [0, 1] (Proposition
5.2.2).

— convergence Les courbes (pfm) convergent de maniére Wa-uniforme vers 'unique
géodésique Wasserstein (u¢) de po & 1 (Propositions 6.1.1 and 6.2.2).

- Premier ordre

— borne Pour tout t € (0,1] les fonctions {¢f }.c(o,1) sont localement uniformément
lipschitziennes (Proposition 5.2.3). Le méme pour les .

— convergence Pour toute suite &, | 0 il existe une sous-suite — non réétiquetée — telle
que pour tout ¢ € (0, 1] les fonctions ¢§ convergent de maniére localement uniforme
aussi bien que dans la topologie VV&)’?(X) vers une fonction ¢y telle que —ty; est un
potentiel de Kantorovich de g a pg (voir les Propositions 6.1.1, 6.2.2 et 6.2.6 pour
la formulation précise des résultats). De méme pour les ).
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- Deuxiéme ordre Pour tout § € (0,1/2) on a

— borne
1-6
sup // (|Hess () as + £%|Hess(log p%) QHS)pf dtdm < oo,
(0 0 10) e€(0,1) JJ 6
e 1-6
sup // (|A29§|2 + 2| Alog p5 %) p5 dt dm < oo,
e€(0,1) JJ§

(Lemme 5.3.4). Observons que, puisque en général le laplacien n’est pas la trace de
la Hessienne, il n’y a pas de liens directs entre ces deux bornes.

— convergence Pour toute fonction h € WH2(X) avec Ah € L*°(X) on a

1-6
(0.0.11) lim// (Vh,Vag) p; dt dm = 0,
el0 JJs

(Theorem 7.1.2).

A Texception de la convergence pim — i, tous ces résultats sont nouveaux, méme sur
les variétés lisses compactes (méme sur le tore plat). Les bornes d’ordre zéro et du premier
ordre sont conséquences des équations de Hamilton-Jacobi-Bellman (0.0.8) satisfaites par les
@ et les ¥ et peuvent étre obtenues a partir de I'estimation de Hamilton pour le gradient et
de l'inégalité de Li-Yau. Les faits que la courbe limite est la géodésique Wasserstein entre pg
et p1 et que les potentiels limite sont des potentiels de Kantorovich, ce sont conséquences du
fait que l'on peut passer a la limite dans I’équation de continuité (0.0.9) et que les potentiels
limite satisfont I'équation de Hamilton-Jacobi. A cet égard, il est crucial que 1’on se rapproche
au méme instant du potentiel ‘forward’ 1 et de celui ‘backward’ ¢ : le lecteur peut regarder la
preuve de la Proposition 6.2.2 et se souvenir du fait que les approximations visqueuses ‘simples’
(non pas entropiques) peuvent bien converger vers des courbes qui ne sont pas géodésiques
Wasserstein.

Ces résultat de convergence d’ordre zéro et un sont suffisants pour passer a la limite dans
le terme avec la Hessienne dans (0.0.4).

Comme on ’a déja remarqué avant, I’approximation visqueuse peut produire le méme type
de convergence. L’avantage principal et caractéristique provenant du fait que ’on s’appuie sur
les interpolations entropiques apparait dans le résultat de convergence du deuxiéme ordre
(0.0.11), qui montre en quel sens le terme avec I'accélération dans (0.0.4) disparait a la limite.
Par conséquent, cela nous permettra de montrer le résultat principal, c’est a dire le Théoréme
7.1.2. Dans cette direction, signalons de maniére informelle que, étant I’équation des géodé-
siques une équation du deuxiéme ordre, quand on cherche une procédure d’approximation il
est naturel de tacher d’en trouver une qui produise une convergence jusqu’au deuxiéme ordre.

La propriété de convergence (0.0.11) est pour la plupart une conséquence — bien que non
triviale — de la borne (0.0.10) (voir en particulier le Lemme 5.3.5 et la preuve du Théoréme
7.1.2), donc concentrons-nous sur la maniére pour obtenir (0.0.10). Le point de démarrage
est une formule montrée par Léonard dans [76]; il s’est aper¢u de la connexion qui existe
entre interpolations entropiques et bornes inférieures sur la courbure de Ricci : il a calculé
explicitement la dérivée d’ordre deux de I'entropie le long des interpolations entropiques, en



xiv INTRODUCTION

obtenant

2

0.0.12 —

H(gim|m) = [ (Ca(05) + 5 Tallog p)of dm,

ol I'y est 'opérateur carré du champ itéré, défini comme étant

2
na(f) = A (wpva)

(dans le cadre des espaces RCD il faut faire attention dans le traitement de cet objet, parce
qu’en général I's(f) est seulement une mesure, mais pour l'instant oublions cet aspect).

Donc, si 'on est sur une variété avec courbure de Ricci non négative, alors 'inégalité de
Bochner

(0.0.13) To(f) > [Hess(f)[%g

assure que ’entropie est convexe le long des interpolations entropiques.

Maintenant observons que si f : [0, 1] — [0, 00) est convexe, alors pour ¢ € (0,1) la quantité
|f/(t)| peut étre controlée en termes de f(0), f(1) et ¢ seulement. Pour cette raison, comme
la valeur de H(pim|m) aux instants t = 0,1 est indépendante de € > 0, on obtient la borne
uniforme

1-6 42
sup [ S [m)de = sup (L HOE [w),_, = GHE [m),_, ) < o0
e>0.J§ de? e>0 \ dt t=1-0 dt t=4

qui par (0.0.13) et (0.0.12) garantit la premiére borne dans (0.0.10). La deuxiéme est déduite
de maniére similaire, en utilisant I'inégalité de Bochner suivante

(Af)?
N

Lo(f) >

a la place de (0.0.13).

Structure de la thése

Bien qu’elle soit trés importante, la formule de dérivation du deuxiéme ordre n’est pas le seul
aspect saillant auquel on s’est intéressé et c’est pourquoi il vaut la peine d’ajouter quelques
mots sur 'organisation de la thése, les différents thémes envisagés et tous les résultats sécon-
daires que ’on n’a pas encore mentionnés.

La thése est divisée en trois parties, trois étant aussi les domaines mathématiques princi-
paux qui interviennent de maniére plus ou moins assidue dans le cours des pages suivantes :
I’analyse, la géométrie et les probabilités. Bien que trés liées entre elles, les trois parties sont
caractérisées par la prédominance d’un domain sur les autres et cela est bien évident a en juger
par les titres choisis pour chaque partie. Il vaut la peine de dire quelques mots sur les moti-
vations derriére un tel choix et, surtout, sur 'organisation du manuscrit. Comme on I'a déja
remarqué avant, la motivation originelle qui est a la base du présent travail de recherche est
essentiellement géométrique, mais il est évident que pour sa preuve 'analyse est un ingrédient
incontournable. Pour cette raison dans la premiére partie, aprés une introduction préliminaire
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ayant comme but celui de donner au lecteur tous les notions et résultats sur le transport opti-
mal et la théorie des espaces RCD nécessaires pour la compréhension de I'ceuvre, on s’occupe
de 'approche basée sur des techniques EDP et suggéré toute a ’heure : il n’est pas surprenant
de voir qu'un réle clé est joué par le logarithme des solutions de I’équation de la chaleur (parce
que cela donne une solution de I’équation de Hamilton-Jacobi-Bellman) et par la maniére dont
on peut estimer. Dans la deuxiéme partie on traite le probléme de Schr »odinger et donc
on aborde le théme des grandes déviations; bien que le langage adopté soit analytique, parce
qu’il s’adapte mieux au contexte des espaces RCD, le sujet est spécifiquement probabiliste
dans l'esprit et nous donne les outils corrects pour approximer les géodésiques Wasserstein :
interpolations entropiques et potentiels de Schrodinger. Finalement, dans la troisiéme par-
tie on fusionne les résultats des chapitres précédents, ce qui aboutit 4 donner une réponse
affirmative au probléme de départ, c’est & dire :

Est-ce que I'on peut établir la formule de dérivation du deuxiéme ordre le long des
géodésiques ?

En plus, on examine les informations analytiques et géométriques cachées dans les interpo-
lations entropiques et fournit des applications géométriques de la formule de dérivation du
deuxiéme ordre. Ainsi, les trois domaines sur lesquels cette thése est fondée résulteront liés
entre eux de maniére encore plus stricte et forte.

Maintenant on va détailler avec plus de précision les trois parties surmentionnés

Partie I.

La théorie du transport optimal tire son origine des travaux d’ingénieur de Gaspard Monge,
dans le XVIIle siécle, et & travers les décennies 'intérét pour ce domaine ne s’est jamais
épuisé ; par contre, il s’est de plus en plus enrichi, avec les contributions de Kantorovich dans
les Années Quarante du XXe siécle et il a progressé jusqu’a nos jours. Par contre, beaucoup
plus récent est ’étude des bornes synthétiques sur la courbure et la dimension, une branche
des mathématiques qui s’intéresse & caractériser la structure géométrique des variétés rieman-
niennes en termes de géométrie métrique et théorie de la mesure, ce qui permet d’étendre les
notions de (bornes sur la) courbure de Ricci & des cadres beaucoup plus généraux et abstraits
que les variétés riemanniennes.

Comme on ’a déja remarqué, les deux domaines sont liés entre eux et pour cette raison dans
le Chapitre 1 le lecteur peut trouver un guide aux définitions et résultats incontournables pour
la compréhension du manuscrit. Dans un crescendo, on passera de la structure différentielle
du premier ordre dont les espaces polonais peuvent étre munis a celle du deuxiéme ordre, qui
par contre nécessite de la condition RCD, & travers des énoncés de plus en plus détaillés sur
le transport optimal.

Le Chapitre 2 est par contre entiérement consacré a 'analyse sur les espaces RCD et un role
clé y est joué par les estimations gaussiennes sur le noyau de la chaleur, qui interviennent &
plusieurs reprises pour montrer les inégalités de Hamilton et de Li-Yau. Ces théorémes étaient
déja connus, méme sur les espaces RCD, mais on en donne la preuve dans le cas compact
parce que presque la méme stratégie du cas lisse peut étre adopté; en plus, on en déduit des
résultats qui, eux, sont nouveaux et nécessaires pour la suite.

Partie II.
En 1931 Erwin Schrodinger proposa un nouveau probléme d’interpolation qui, dés son ap-
parition, montra des analogies frappantes avec la mécanique ondulatoire, qui venait d’étre
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découverte, et I’équation de Schrodinger ; des analogies beaucoup plus marquées et évidentes
que celles encodées dans I’équation de Fokker-Planck et dans les études de Smoluchowski sur
le mouvement brownien. Cependant, malgré les nombreux défis proposés par Schrodinger dans
[110], ils ne devinrent pas aussi célébres que I’équation nommeée d’apreés lui ; au contraire, le pro-
bléme d’interpolation fut presque entiérement oublié, méme redécouvert plusieurs ans aprés,
et ce n’est que récemment qu’un intérét diffus pour la thématique a apparu. Cette deuxiéme
partie veut donc étre en premier lieu une présentation historique du probléme, avec fréquents
apercus sur son interprétation physique, et en deuxiéme instance un guide d’utilisation pour
les non probabilistes ; en fait, tout le langage probabiliste traditionnellement employé dans la
description du probléme est ici traduit dans un langage analytique, de sorte qu'un plus vaste
public puisse en bénéficier.

Pour cette raison dans le Chapitre 3 on éclaircira les décennies écoulées entre 1931 et nos
jours. En ce qui concerne 'histoire du probléme, le point de départ est donné par la formulation
originelle, la motivation et I'interprétation physiques du phénomeéne (voir [110], [111], I'étude
[81] et les monographies [100], [102]). Souvent, on utilisera les mots de Schrédinger & cause
de leur puissance enrichissante, éclairante et suggestive et, a travers un raisonnement informel
enraciné dans la physique statistique, les équations fonctionnelles de Schrodinger se traduiront
dans la formulation de Follmer, ot un probléme de minimisation entropique apparait. Comme
remarque finale, plusieurs développements et applications importants sont rappelés.

Une discussion mathématique sur le probléme de Schrodinger est au centre des Chapitre
4 et 5. Dans le premier, la version de Follmer du probléme, ébauchée de maniére informelle
précédemment, est déduite rigoureusement et énoncée proprement sur un espace polonais quel-
conque. En plus, les versions dynamique et duale du probléme sont aussi introduites. Pour
elles, les résultats classiques d’existence sont énoncés et les liens entre les trois formulations
différentes sont abordés. En outre, bien que moins général que les résultats déja connus dans
la littérature, on fournit un théoréme d’existence qui est partiellement nouveau ; la spécificité
du résultat consiste en la caractérisation de I'unique minimiseur du probléme de Schrédinger
parmi tous les couplages associés aux contraints marginales. Dans la derniére partie du cha-
pitre, en imitant certains résultats classiques de la théorie du transport optimal, comme par
exemple la convexité du cotit de transport, la propriété de restriction et la stabilité, on met en
place une boite & outils pour le probléme de Schrédinger qui, & notre connaissance, est encore
manquante.

Dans le Chapitre 5 on abandonne le cadre des espaces polonais pour se placer dans celui
des espaces RCD, ol les bornes sur la courbure et la dimension déterminent une connaissance
plus profonde des interpolations entropiques. Pierres angulaires de ce chapitre, ce sont les
suivantes : une borne uniforme pour les densités des interpolations entropiques (Proposition
5.2.2), la lipschitzianité localement uniforme des potentiels de Schrodinger leur associés (Pro-
position 5.2.3), des formules explicites pour les dérivées premicre et seconde de 'entropie le
long des interpolations entropiques (Proposition 5.3.3) et, par conséquent, un controle L? &
poids uniforme pour les Hessiennes de ces potentiels (Lemme 5.3.4). Tous ces résultats, sauf
les formules des dérivées du premier et deuxiéme ordre, sont nouveaux méme dans le cas lisse.

Partie III.

Aprés une premiére partie d’inspiration analytique et une deuxiéme d’esprit probabiliste, la
troisiéme et derniére partie du manuscrit est dédiée a la preuve de la formule de dérivation
du deuxiéme ordre et aux applications géométriques des outils que 'on a développés dans
les chapitres précédents, notamment les inégalités de Hamilton et de Li-Yau pour le coté
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analytique et tous les bornes (localement) uniformes au sujet des interpolations entropiques
et des potentiels de Schrodinger leur associés pour le coté a priori probabiliste. En montrant
de quelle maniére les interpolations entropiques et les potentiels de Schrédinger convergent
vers les géodésiques Wasserstein et les potentiels de Kantorovich respectivement, on béatira
un pont solide entre le probléme de Schrodinger et le transport optimal qui nous permettra
non seulement de franchir la cible principale de ce projet de recherche, mais encore de pousser
plus loin les analogies entre les deux problémes de minimisation, découvrant ainsi des liens
inespérés, dont on va parler bientot.

Le Chapitre 6 s’ouvre avec ’application directe et immédiate des Propositions 5.2.2 et
5.2.3 : grace aux bornes uniformes y énoncées on a assez de compacité a disposition pour
montrer I’existence d’une courbe limite de mesures et des potentiels limite. Ensuite, la question
naturelle qui se présente est la suivante : qu’est-ce que ’on peut dire de ces trajectoires limite 7
Est-ce que I'on peut les caractériser 7 La réponse est affirmative et ’on voit que la courbe de
mesures limite est une géodésique Ws et donc elle est unique, étant uniques les géodésiques
dans 'espace de Wasserstein bati sur un espace RCD; en ce qui concerne les potentiels, ils
convergent vers les solutions visqueuses de 1’équation de Hamilton-Jacobi, par analogie avec
le cas lisse, ce qui donne un apercu des possibles développements de la théorie de la viscosité
sur les espaces métriques. Les résultats de convergence qu’on vient de présenter permettent
d’obtenir, d’une maniére qu’on peut dire ‘entropique’; des faits déja connus (par exemple la
(K, N)-convexité de Ientropie le long des interpolations par déplacement et l'inégalité HWI)
sur les espaces RCD; pourtant, il vaut la peine de donner ces application, parce qu’elles
sont déduites avec peu d’effort, ce qui est une conséquence directe des bonnes propriétés de
régularité des interpolations entropiques.

Dans le Chapitre 7, en s’appuyant sur tous les résultats précédents on donne la preuve du
théoréme principal, c’est & dire la formule de dérivation du deuxiéme ordre pour les géodésiques
Wasserstein. Une premiére conséquence du résultat est une formule de dérivation du premier
ordre pour des champs de vecteurs (voir Corollaire 7.1.3), mais d’autres applications surgissent
dans le domaine de 'analyse géométrique : on expliquera comment la formule de dérivation du
deuxiéme ordre intervient dans le théoréme de splitting, en simplifiant la stratégie de preuve.
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Introduction

In the last ten years there has been a great interest in the study of metric measure spaces
with Ricci curvature bounded from below, as witnessed by the flourishing literature. For a non
exhaustive list of the most important results on the subject, the reader can see for instance
[87], [115], [116], [60], [6], [7], [58], [8], [105], [106], [61], [55], [57], [73], [10], [98], [26], [25]. The
starting points of this research line have been the seminal papers [87] and [115], [116] which
linked lower Ricci bounds on metric measure spaces to properties of entropy-like functionals
in connection with Wa-geometry. Later ([6]) it emerged that also Sobolev calculus is linked to
Wa-geometry and building on top of this the original definition of CD spaces by Lott-Sturm-
Villani has evolved into that of RCD spaces (|7], [58]).

An example of link between Sobolev calculus and Wa-geometry is the following statement,
proved in [55]:

Theorem 0.0.4 (First order differentiation formula). Let (X,d, m) be ¢ RCD(K, c0) space,
() a Wa-geodesic made of measures with bounded support and such that puy < Cm for every
t € [0,1] and some C > 0. Then for every f € WH3(X) the map

0,115t /fdut

is C1 and we have d
G [t == [ o,
where @ is any locally Lipschitz Kantorovich potential from g to pq.

Recall that on RCD (K, o) spaces every Wa-geodesic (1) between measures with bounded
density and support is such that g < Cm for every ¢ € [0, 1] and some C > 0 (|106]), so that
the theorem also says that we can find ‘many’ C'! functions on RCD spaces. We remark that
such C! regularity - which was crucial in [55] - is non-trivial even if the function f is assumed
to be Lipschitz and that statements about C'' smoothness are quite rare in metric geometry.

One might think at Theorem 0.0.4 as an ‘integrated’ version of the basic formula

d
7/ 1) ]izo = 4/ (0)

valid in the smooth framework; at the technical level the proof of the claim has to do with
the fact that the geodesic (u¢) solves the continuity equation

d :
(0.0.14) i T Aiv(V(=eu) =0,

where the ¢;’s are appropriate choices of Kantorovich potentials (see also [59] in this direction).

Xix
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In [56], Gigli developed a second-order calculus on RCD spaces, in particular defining the
space H?2(X) and for f € H?2(X) the Hessian Hess(f), see [56] and the preliminary section
(Section 1.2). It is then natural to ask whether an ‘integrated’ version of the second order
differentiation formula

d? .y .
@f(%)\tzo = Hess(f)(79,7%) for v geodesic

holds in this framework. In this manuscript, and more precisely in Chapter 7, we provide
affirmative answer to this question, our main result being:

Theorem 0.0.5 (Second order differentiation formula). Let (X,d, m) be a RCD* (K, N) space,
with K € R and N < 0o, () a Wa-geodesic such that py < Cm and py has compact support
for every t € [0,1] and some C > 0 and f € H>?*(X).

Then the function

CNET S
is C?% and we have

d2

0.0.15 —

/fdutyto = /HeSS(f)(Vso, V) dpo,

where @ is any Kantorovich potential from ug to .

See also Theorem 7.1.2 for an alternative, but equivalent, formulation of the result. This has
been first proved in [63] under an additional compactness assumption on the space (X,d, m),
but as we shall see in what follows such hypothesis can be removed by means of localization
techniques. On the other hand the finite dimensionality plays a key role (e.g. because we use
the Li-Yau inequality).

Having at disposal such second order differentiation formula is interesting not only at the
theoretical level, but also for applications to the study of the geometry of RCD spaces. For
instance, the proofs of both the splitting theorem and of the ‘volume cone implies metric cone’
in this setting can be greatly simplified by using such formula. Also, one aspect of the theory
of RCD spaces which is not yet clear is whether they have constant dimension: for Ricci-limit
spaces this is known to be true by a result of Colding-Naber [32] which uses second order
derivatives along geodesics in a crucial way. Thus our result is necessary to replicate Colding-
Naber argument in the non-smooth setting (but not sufficient: they also use a calculus with
Jacobi fields which as of today does not have a non-smooth counterpart).

Strategy of the proof

Our starting point is a related second order differentiation formula obtained in [56|, available
under proper regularity assumptions:

Theorem 0.0.6. Let (1) be a Wa-absolutely continuous curve solving the continuity equation

d :
aﬂt + le(Xtut) = 0,
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for some vector fields (X;) C L*(TX) in the following sense: for every f € W12(X) the map
t— [ fdu is absolutely continuous and it holds

G [ £ = [wr.x0) ane
Assume that
(i) t +— Xy € L3(TX) is absolutely continuous,
(i) sup,{[| Xell 2 + | X[ oo + [V Xi][r2} < +o00.
Then for f € H**(X) the map t — [ fdus is C11 and the formula

d2
(0.0.16) a2 / Jduy = /HeSS(f)(XuXt) +(Vf, £ X0+ Vx, X ) dpy

holds for a.e. t € [0,1].

If the vector fields X; are of gradient type, so that X; = V¢, for every t and the ‘acceler-
ation’ a; is defined as
Vo>
5 = a

%(bt +
then (0.0.16) reads as
d2
de?
In the case of geodesics, the functions ¢; appearing in (0.0.14) solve (in a sense which we will
not make precise here) the Hamilton-Jacobi equation
d ’V(,Ot|2
thus in this case the acceleration a; is identically 0 (notice the minus sign in (0.0.14)). Hence if
the vector fields (V) satisfy the regularity requirements (i), (i) in the last theorem we would
easily be able to establish Theorem 0.0.5. However in general this is not the case; informally
speaking this has to do with the fact that for solutions of the Hamilton-Jacobi equations we
do not have sufficiently strong second order estimates.

In order to establish Theorem 0.0.5 it is therefore natural to look for suitable ‘smooth’
approximation of geodesics for which we can apply Theorem 0.0.6 above and then pass to the
limit in formula (0.0.16). Given that the lack of smoothness of Wa-geodesic is related to the
lack of smoothness of solutions of (0.0.18), also in line with the classical theory of viscous
approximation for the Hamilton-Jacobi equation there is a quite natural thing to try: solve,
for € > 0, the equation

(0.0.17) /fdut :/Hess(f)(Vd)t,Vd)t) dut—i—/(Vf, Vag) dpg.

d o _ |Vl

@t o

where ¢ is a given, fixed, Kantorovich potential for the geodesic (y), and then solve

g
+ §As0§, ©5 =,

d .
i — div(Verp;) =0, 11 = Ho-

This plan can actually be pursued and following the ideas in this paper one can show that if
the space (X, d, m) is RCD* (K, N) and the geodesic (p) is made of measures with equibounded
densities, then as € | 0:
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i) the curves (pi) Wa-uniformly converge to the geodesic (u;) and the measures p have
equibounded densities.

ii) the functions ¢f are equi-Lipschitz and converge both uniformly and in the W12-
topology to the only viscous solution () of (0.0.18) with ¢ as initial datum; in particular
the continuity equation (0.0.14) for the limit curve holds.

These convergence results are based on Hamilton’s gradient estimates and the Li-Yau inequal-
ity and are sufficient to pass to the limit in the term with the Hessian in (0.0.17). For these
curves the acceleration is given by aj = —5A¢p; and thus we are left to prove that the quantity

e / (VF, VAG) dyis

goes to 0 in some sense. However, there appears to be no hope of obtaining this by PDE
estimates. The problem is that this kind of viscous approximation can produce in the limit
a curve which is not a geodesic if ¢ is not c-concave: shortly said, this happens as soon as a
shock appears in Hamilton-Jacobi. Since there is no hope for formula (0.0.15) to be true for
non-geodesics, we see that there is little chance of obtaining it via such viscous approximation.

We therefore use another way of approximating geodesics: the slowing down of entropic
interpolations. Let us briefly describe what this is in the familiar Euclidean setting.

Fix two probability measures jg = poL?, p1 = p1£% on R%. The Schrédinger functional
equations are

(0.0.19) po = fhig p1=ghif,

the unknown being the Borel functions f, g : R? — [0, 00), where h;f is the heat flow starting
at f evaluated at time ¢. It turns out that in great generality these equations admit a solution
which is unique up to the trivial transformation (f,g) — (cf, g/c) for some constant ¢ > 0.
Such solution can be found in the following way: let R be the measure on (R%)? whose density
w.r.t. £2¢ is given by the heat kernel r;(x,y) at time ¢ = 1 and minimize the Boltzmann-
Shannon entropy H (v |R) among all transport plans = from g to p;. The Euler equation for
the minimizer forces it to be of the form f ® g R for some Borel functions f, g : R — [0, c0),
where f ® g(x,y) := f(x)g(y) (we shall reprove this known result in Proposition 4.1.5). Then
the fact that f ® gR is a transport plan from g to p; is equivalent to (f, g) solving (0.0.19).

Once we have found the solution of (0.0.19) we can use it in conjunction with the heat
flow to interpolate from pg to p; by defining

pt = hyfh14g.

This is called entropic interpolation. Now we slow down the heat flow: fix ¢ > 0 and by
mimicking the above find f¢, g° such that

(0.0.20) po = f°hepag® p1 =9 h.paf*,

(the factor 1/2 plays no special role, but is convenient in computations). Then define

pi = hta/zfE h(1—t)a/295-



XxI1i1

The remarkable and non-trivial fact here is that as e | 0 the curves of measures (p;£%)
converge to the Wa-geodesic from g to p.

The first connections between Schrédinger equations and optimal transport have been ob-
tained by Mikami in [91] for the quadratic cost on R?; later Mikami-Thieullen [97] showed that
a link persists even for more general cost functions. The statement we have just made about
convergence of entropic interpolations to displacement ones has been proved by Léonard in
[79]. Actually, Léonard worked in much higher generality: as it is perhaps clear from the presen-
tation, the construction of entropic interpolation can be done in great generality, as only a heat
kernel is needed. He also provided a basic intuition about why such convergence is in place: the
basic idea is that if the heat kernel admits the asymptotic expansion elogr.(z,y) ~ —%
(in the sense of Large Deviations), then the rescaled entropy functionals eH (- |R;) converge
to 3 [d?*(z,y)d- (in the sense of I-convergence). We refer to [81] for a deeper discussion of
this topic, historical remarks and much more.

Starting from these intuitions and results, working in the setting of RCD* (K, N) spaces we
gain new information about the convergence of entropic interpolations to displacement ones.
In order to state our results, it is convenient to introduce the Schrodinger potentials 5, ¢; as

of = cloghy o f© i i=elogh(i_s)e /29"

In the limit € | 0 these will converge to forward and backward Kantorovich potentials along
the limit geodesic (y¢) (see below). In this direction, it is worth to notice that while for ¢ > 0
there is a tight link between potentials and densities, as we trivially have

©f + Y = elog p;,

in the limit this becomes the well known (weaker) relation that is in place between for-
ward /backward Kantorovich potentials and measures ():

or+1r =0 on supp(pu),
Pt + ¢t S 0 on XJ

see e.g. Remark 7.37 in [121] (paying attention to the different sign convention). By direct
computation one can verify that (¢7), (¢7) solve the Hamilton-Jacobi-Bellman equations

d € __ 1 £12 € 5 d £ __ 1 €12 € €
thus introducing the functions
€ . T/’f — cp%
t - 2
it is not hard to check that it holds
d
(0.0.22) apf +div(V§ pf) =0
and d e 2 2
&ﬁf + |v2t| = aj, where aj = —% <2A10g p; + |V10gp§\2>.

With this said, our main results about entropic interpolations can be summarized as follows.
Under the assumptions that the metric measure space is RCD*(K, N), N < oo, and that pg, p1
belong to L*°(X) we have:
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- Zeroth order

— bound For some C' > 0 we have p; < C forevery e € (0,1) and t € [0, 1] (Proposition
5.2.2).

— convergence The curves (pim) Wa-uniformly converge to the unique Wa-geodesic
(pe) from po to py (Propositions 6.1.1 and 6.2.1).

- First order

— bound For any t € (0, 1] the functions {¢f }.c(0,1) are locally equi-Lipschitz (Propo-
sition 5.2.3). Similarly for the ¢’s.

— convergence For every sequence €, | 0 there is a subsequence - not relabeled -
such that for any ¢ € (0, 1] the functions ¢§ converge both locally uniformly and in
I/Vlif (X) to a function ¢; such that —ty; is a Kantorovich potential from gy to po
(see Propositions 6.1.1, 6.2.1 and 6.2.5 for the precise formulation of the results).

Similarly for the ’s.

- Second order For every ¢ € (0,1/2) we have

— bound
1-6
sup // (|Hess(19§)]as + £2|Hess(log pf)]QHS)pf dtdm < oo,
(0 0 23) e€(0,1) JJ 6
e 1-6
oup [ (A0 +218log i) dielm < o,
e€(0,1) JJ§

(Lemma 5.3.4). Notice that since in general the Laplacian is not the trace of the
Hessian, there is no direct link between these two bounds.

— convergence For every function h € W12(X) with Ah € L>(X) it holds

1-4
(0.0.24) lim // (Vh, Vas) pf dt dm = 0,
el0 JJs

(Theorem 7.1.2).

With the exception of the convergence pfm — 4, all these results are new even on compact
smooth manifolds (in fact, even in the flat torus). The zeroth and first order bounds are both
consequences of the Hamilton-Jacobi-Bellman equations (0.0.21) satisfied by the ¢’s and ’s
and can be obtained from Hamilton’s gradient estimate and the Li-Yau inequality. The facts
that the limit curve is the Wa-geodesic and that the limit potentials are Kantorovich potentials
are consequence of the fact that we can pass to the limit in the continuity equation (0.0.22)
and that the limit potentials satisfy the Hamilton-Jacobi equation. In this regard it is key
that we approximate at the same time both the ‘forward’ potentials ) and the ‘backward’ one
@: see the proof of Proposition 6.2.1 and recall that the simple viscous approximation may
converge to curves which are not Ws-geodesics.

These zeroth and first order convergences are sufficient to pass to the limit in the term
with the Hessian in (0.0.17).
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As said, also the viscous approximation could produce the same kind of convergence.
The crucial advantage of dealing with entropic interpolations is thus in the second order
convergence result (0.0.24) which shows that the term with the acceleration in (0.0.17) vanishes
in the limit and thus eventually allows us to prove our main result Theorem 0.0.5. In this
direction, we informally point out that being the geodesic equation a second order one, in
searching for an approximation procedure it is natural to look for one producing some sort of
second order convergence.

The limiting property (0.0.24) is mostly a consequence - although perhaps non-trivial - of
the bound (0.0.23) (see in particular Lemma 5.3.5 and the proof of Theorem 7.1.2), thus let
us focus on how to get (0.0.23). The starting point here is a formula due to Léonard [76], who
realized that there is a connection between entropic interpolation and lower Ricci bounds: he
computed the second order derivative of the entropy along entropic interpolations obtaining

d2

0.0.25 —
( ) dtQ

H(gim|m) = [ (Ca(95) + 5 Tallog ) dm,
where I's is the ‘iterated carré du champ’ operator defined as

2
N\
2

Ta(f) - —(Vf,VAf)

(in the setting of RCD spaces some care is needed when handling this object, because I'a( f)
is in general only a measure, but let us neglect this issue here).

Thus if, say, we are on a manifold with non-negative Ricci curvature, then the Bochner
inequality

(0.0.26) To(f) > [Hess(f)[}g

grants that the entropy is convex along entropic interpolations.

Now notice that if f : [0,1] — [0, 00) is convex, then for ¢ € (0,1) the quantity |f/(¢)| can
be bounded in terms of f(0), f(1) and ¢ only. Thus since the value of H(pim|m) at t =0,1 is
independent on € > 0, we have the uniform bound

1-6 32 d
d
€ € H(ué | m 00
Sup/é ?11 (Nt ‘m) dt = sup < tH(ILLt ‘ [u)|t 1-6 1t (/J“t ’ )‘td) <

e>0 e>0

which by (0.0.26) and (0.0.25) grants the first in (0.0.23). The second is obtained in a similar
way using the Bochner inequality in the form

(Af)?
N

La(f) >

in place of (0.0.26).

Structure of the thesis

Although very important, the second order differentiation formula is not the only prominent
aspect we have been working on and for this reason it is worth spending some words on the
organization of the thesis, on the different topics and all the secondary results that we have
not mentioned yet.
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The thesis is divided into three parts, as three are the main mathematical areas more or
less involved: analysis, geometry and probability. Although deeply linked together, all the parts
are characterized by the predominance of one domain over the others and this is made evident
by the choice of the titles. It is worth spending some words on such a choice and, most of all,
on the organization of the three parts. As already discussed above, the original motivation
that gave rise to the present manuscript is geometric in spirit, but clearly relies on analysis
for its proof. For this reason in the first part, after a preliminary introduction providing the
reader with all the required notions and results on optimal transport and RCD spaces, we
deal with the ‘PDE’ approach to the problem previously suggested: not surprisingly, a key
role is played by the logarithm of solutions to the heat equation (since it is a solution to the
Hamilton-Jacobi-Bellman equation) and how to estimate it. In the second part we move to the
Schrédinger problem and thus to large deviations; even if an analytical language is adopted,
because it better fits the RCD framework, the topic is probabilistic in spirit and provides us
with the correct tools for approximating Wasserstein geodesics: entropic interpolations and
Schrédinger potentials. Finally, in the third part we merge the results of the previous chapters
and succeed to give a positive answer to our main problem, that is:

Can we establish the second order differentiation formula along geodesics?

Besides, we investigate the analytical and geometric information encoded in entropic interpo-
lations and provide geometric applications of the second order differentiation formula, thus
linking even more the three already cited domains this thesis is based on.

We now give a more accurate description of the three parts that we have just cited.

Part I. Optimal transport is rooted in Gaspard Monge’s seminal works, thus it is a very
longstanding theory that dates back to the 18th century and through the decades the interest
towards it has never decreased; on the contrary, it has considerably grown thanks to the
contribution of Kantorovich in the 1940s and still nowadays is a very active and flourishing
research topic. On the contrary, the study of synthetic curvature-dimension bounds is much
more recent. Main aim in this field is the characterization of the intrinsic geometric structure
of smooth Riemannian manifolds in terms of metric geometry and measure theory via non-
differential conditions, thus allowing to extend the notion of Ricci curvature (lower bounds)
to abstract and non-smooth framework.

As already said, the two domains are deeply linked together and for this reason in Chapter
1 the reader can find all those definitions and results that are necessary for the understanding
of the manuscript. In a crescendo, we will pass from the first order differential structure
available on Polish spaces to the second order one, which instead requires the RCD condition;
in doing so, we will also provide a plethora of optimal transport tools getting more and more
sophisticated along with the refinement of the framework we will work within.

On the other hand, Chapter 2 is entirely devoted to analysis on RCD spaces, where a
key role is played by the Gaussian estimated on the heat kernel: they come into play several
times, especially in the proof of Hamilton’s gradient estimate and Li-Yau inequality. These
results were already known in the literature, even on RCD spaces, but we give the proof in the
compact case because the strategy of the smooth case applies almost verbatim. In addition,
we deduce from them some related estimates that on the contrary are new and needed for
what follows.
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Part II. In 1931 Erwin Schrédinger addressed a new interpolation problem which immediately
showed shocking analogies with recently born wave mechanics and the Schrédinger equation,
analogies that are much stronger than the ones encoded in the Fokker-Planck equation and
in the studies of Smoluchowski on the Brownian motion. However, in spite of the several
mathematical challenges proposed by Schrodinger in [110], they did not become as famous as
the equation named after him; on the contrary, the interpolation problem was almost forgotten,
even rediscovered many years after, and only recently a widespread interest for the topic has
spotted. This part aims to be a historical presentation of the problem with physical insights
and a user’s guide for non-probabilists; in fact, all the probabilistic terminology commonly
adopted in the literature is here translated into an analytic language.

For this reason in Chapter 3 we shed light on the decades passed between 1931 and the
recent years. As regards the history of the problem, we start with the original formulation, the
motivation and the physical interpretation lying behind (see [110], [111], the survey [81] and
the monographs [100], [102]). We often quote Schrédinger’s words, because of their suggestive
and enlightening power, and moving from them and following a statistical physics approach
we sketch how Follmer’s formulation as an entropy minimization problem can be deduced. As
a concluding remark, various developments and relevant applications are recalled.

A mathematical dissertation about the Schrédinger problem is carried out in Chapter 4
and Chapter 5. In the former, Follmer’s version of the problem is established in a precise way
on general Polish spaces as well as a dual and a dynamical formulation. For them we present
the basic existence theorems and stress the relationship between static, dynamic and dual
solutions; moreover, although less general than the results already known in the literature,
we provide the reader with a partially new existence theorem, whose peculiarity is the char-
acterization of the (unique) minimizer of the Schrodinger problem among all transport plans
between the marginal constraints. In the last part of the section, mimicking some classical
results of optimal transport theory (convexity of the cost, restriction property and stability)
we build a toolbox for the Schrédinger problem that, to the best of our knowledge, is still
missing in the literature.

In Chapter 5 we move to the RCD framework, where the bounds on both the curvature
and the dimension entail a deeper knowledge of the so called entropic interpolations and of the
behaviour of the entropy along them. Main achievements of this chapter are equiboundedness
of the densities of the entropic interpolations (Proposition 5.2.2), local equi-Lipschitz conti-
nuity of the Schrodinger potentials associated to them (Proposition 5.2.3), explicit formulas
for the first and second derivative of the entropy along them (Proposition 5.3.3) and, as a
byproduct, a uniform weighted L? control of the Hessian of such potentials (Lemma 5.3.4).
All these results, except for first and second derivative formulas, are new even in the smooth
setting.

Part III. After the first part, where analysis was predominant, and the second one with prob-
abilistic insights, in the the third and last part of the manuscript we focus our attention on
the proof of the second order differentiation formula and on the geometric applications of the
tools we developed throughout the previous chapters (in particular, Hamilton’s gradient esti-
mate and Li-Yau inequality on the analytical side and the locally uniform bounds on entropic
interpolations and Schrédinger potentials as regards the ‘probabilistic’ side). By showing that
entropic interpolations and Schrodinger potentials converge to Wasserstein geodesics and Kan-
torovich potentials respectively (making precise in which sense the convergence happens), we
are able to build a solid bridge between Schrédinger problem and optimal transport; as a first
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outcome, we overcome all the difficulties in proving the second order differentiation formula,
thus giving a positive answer to the main question of this research project, and secondly
we deeply investigate the analogies between the two minimization problems, discovering new
connections.

The ouverture of Chapter 6 immediately provides the reader with an application of Propo-
sitions 5.2.2 and 5.2.3: thanks to the uniform bounds stated therein we have indeed enough
compactness for showing the existence of a limit curve of measures and limit potentials. The
question that naturally arises is then the following: what can we say about these limit tra-
jectories? Can we characterize them? The answer is positive: we actually prove that the limit
curve of measures is a Wasserstein geodesic, hence unique, being unique the geodesics in
(P2(X), Wy) where X is a RCD space; about the potentials, they converge to the viscosity so-
lutions of the Hamilton-Jacobi equation, in complete analogy with the smooth case: this could
suggest some possible developments in the theory of viscosity solutions on metric spaces. The
convergence results just stated have interesting byproducts, as they allow to deduce in an
‘entropic’ and thus alternative way some already known facts on RCD spaces, for instance the
(K, N)-displacement convexity of the entropy and the HWI inequality; moreover, the proofs
are light, as a direct consequence of the regularity features of entropic interpolations.

In Chapter 7, relying on all the previous results we finally show the validity of the second
order differentiation formula for Ws-geodesics. A first consequence is a closely related first
order differentiation formula for vector fields (see Corollary 7.1.3 for the precise statement),
but other applications arise in geometric analysis: we shall explain where and how our main
result can be used in the proof of the splitting theorem to simplify the strategy.
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Chapter 1

Preliminaries

Aim of this chapter is twofold: on the one hand, for the reader’s sake we introduce the basic
metric, topological, measure-theoretic and differential concepts used in the thesis; on the other
one, we recall some preliminary results involving these notions that will be extensively invoked
throughout the manuscript.

In Section 1.1 we begin with purely metric definitions and we progressively enrich the
structure of our framework, up to the notion of infinitesimal Hilbertianity. More precisely, we
start with the well-understood concepts of test plan and minimal weak upper gradient until
we reach the sophisticated machinery of L?(m)-normed modules, which is the key ingredient
for the understanding of the first order differential structure of general metric measure spaces.
We conclude the section with a quick overview of the Monge-Kantorovich optimal transport
problem and a first look at absolutely continuous curves in the Wasserstein space, pointing
out the connection with the continuity equation.

The (reduced) curvature-dimension condition is the main feature of Section 1.2, because
the introduction of this purely synthetic notion in an infinitesimally Hilbertian space (thus
leading to the definition of RCD* space) enables a wide discussion on the geometric information
encoded therein, on the regularization properties of the heat flow and on the second order
differential structure, whose cornerstones are the Sobolev space W?%?2(X) and the notion of
Hessian. As a final remark, we provide some further results in optimal transport under the
RCD* assumption.

1.1 Infinitesimally Hilbertian spaces

1.1.1 First order calculus

Let us first present those notions that only need a metric structure to be defined. For this
reason, let (X, d) be a metric space; by Z(X) we denote the space of Borel probability measures
on it and by Z(X) € Z(X) the subclass of those with finite second moment, i.e. u € P(X)
if and only if

/d2(m,xo)du(:1:) < 00

for some, and thus any, xg € X. The first notion we recall is the following: if 4 € Z(X) and
T :X — Y is a u-measurable map taking values in the topological space Y, the push-forward
measure Tiup € P(Y) is defined by Tiu(B) := u(T~1(B)) for all Borel set B C Y. In many

3
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occasions, the map T will be given by the projection from a product space on one of its
factors or by the evaluation map e; : C([0,1],(X,d)) — X defined by e;(v) := =, where
C([0,1], (X,d)), or simply C([0,1],X), denotes the space of continuous curves with values on
the metric space (X, d).

A curve 7 : [0,1] — X is said to be absolutely continuous provided there exists a
function f € L1(0,1) such that

¢
d(ve,7vs) < / f(r)dr Vs, t €10,1], s <t

and the collection of such curves will be denoted by AC([0, 1], (X,d)) or simply AC(]0, 1], X).
The metric speed t +— |4| € L'(0,1) of an absolutely continuous curve 7 is defined as the
essential infimum of all the functions f € L(0, 1) such that the inequality above holds but it
can be equivalently seen as limit of incremental ratios, namely
3¢ = Jim ‘W for a.c. t € [0, 1],

where the a.e. existence of the limit is part of the statement (see for instance Theorem 1.1.2
of [5] for a proof). In what follows we will write fol |%:|2dt even if v € C([0,1],X): in the
case vy is not absolutely continuous, the integral is set equal to +o0o by definition. In the
case the metric speed || belongs to LP(0,1) (resp. LT (0,1)), the curve v is said p-absolutely
continuous (resp. locally p-absolutely continuous) and the family of such curves will be denoted
by AC?([0,1],X) (resp. AC.([0,1],X)).

A (constant speed) geodesic is a curve 7 : [0, 1] — X such that

d(vs,7) = |t — s|d(y0,71)  Vs,t €[0,1].

We will denote by Geo(X) the set made up by all of them and say that (X,d) is a geodesic
space if for any xg,x; € X there exists a constant speed geodesic v satisfying 79 = zg and
v1 = x1. A weaker property is the one of length space: for any zg,z; € X and € > 0 there
exists v € AC([0, 1], X) such that v = xg, 71 = 21 and

1
() = / [Yeldt < d(zo,z1) + €.
0

Finally, recall that given f : X — R the upper and lower slopes |D* f|,|D~ f] : X — [0, o0]
are defined as 0 on isolated points and otherwise

i) T S0 =S () o= T L =S
ID* fl(w) := T ~=2 0o D7 Jl@) = lim === 5

Similarly, the local Lipschitz constant lip(f) : X — [0, 00| is defined as 0 on isolated points
and otherwise as

lipf () := max{| D" f|(x),|D" f|(x)} = linsup W

This allows us to single out some properties of the Hopf-Lax semigroup in metric spaces.
For f: X — RU{+o0} and ¢ > 0 we define the function Q;f : X - RU{—o0} as

2 xr
(1.1.1) Qif(x) := yig)f<d (Qt’ v) +/(y)
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and set t, :=sup{t > 0 : Q.f(x) > —oo for some x € X}; it is worth saying that ¢, does not
actually depend on z, since if Q;f(z) > —oo, then Qsf(y) > —oo for all s € (0,¢) and all
y € X. With this premise we have the following result, whose proof can be found in [6] (see
Theorems 3.5 and 3.6 therein) and [85] :

Proposition 1.1.1. Let (X,d) be a metric space and f : X — RU{+o00}. Then for all z € X
the following facts hold:

(1) Quf(x) T f(z) ast ] 0;
(ZZ) Qt(st(l')) > QtJrSf(w) fOT all t,s > 0;
(111) the map (0,ts) 3t — Qf(x) is locally Lipschitz and

d 1/.. 2
(1.12) Qe (@) + 5 (pQef (@) =0
for all but countably many t € (0,t).

In the case we further assume (X,d) to be geodesic, (ii) and (iv) are true with equality.

As a next step, let us assume from now on (X, d) to be complete and separable and let us
endow it with a Borel non-negative measure m which is finite on bounded sets and with full
support (this last assumption is not really needed, but allows to avoid some technicalities). For
the forthcoming definitions of test plans, Sobolev class and of minimal weak upper gradient
we draw from [6], but the interested reader can also refer to the previous works [28], [112] for
alternative - but equivalent - definitions of Sobolev functions and to [66] for a wide dissertation
on the topic.

A path measure w € Z(C([0,1],X)) is a test plan if it has bounded compression and
finite 2-action, namely there exists a constant C' = C'(7r) > 0 such that

(er)sm < Cm  Vtel0,1],

1
/ ¢ 2dtdm < +oc.
0

Recall that fol |4¢|?dt := +oo if v is not absolutely continuous; thus, a fortiori any test plan
must be concentrated on AC?([0, 1], X).

The Sobolev class S?(X,d, m), also denoted by $?(X) when no ambiguity arises, is defined
as the space of all Borel functions f : X — R for which there exists a non-negative function
G € L?(m), called weak upper gradient, such that

(1.1.3) / FOn) = f(0)dm (5 / G ) Fiuldtdr ()

for all test plan 7. It turns out that there exists a minimal G in the m-a.e. sense satisfying
the inequality above: such minimal function will be called minimal weak upper gradient
(although defined in duality with distance, so that it should rather be called minimal weak
upper differential) and denoted by |D f|. It is not difficult to see that (1.1.3) implies a localized
version of the same inequality: for all 0 < s <t < 1 it holds

(1.1.4) [ 1560 = s6ldmty /G%« o drdre (7).
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Moreover, minimal weak upper gradients enjoy the following important locality property:
|Df| = |Dg| m-a.e. on {f = g} Vf, g € S*(X).

The Sobolev space W12(X) is then defined as L?(X)NS?(X) and it turns out to be a Banach
space when endowed with the norm

11z = 1By + DA 2
However in general W12(X) is not Hilbert and this motivates a further step.

Along with [58], the space (X, d, m) is said infinitesimally Hilbertian provided W!2(X)
is a Hilbert space. Introducing the Cheeger energy as the convex and lower-semicontinuous
functional E : L?(X) — [0, 0o] given by

1 9 ,
B(f) = 2/|Df\ dm for f € WhH2(X)
+00

otherwise

it is well known that infinitesimal Hilbertianity is equivalent to the fact that F is a Dirichlet
form. Its infinitesimal generator A, which is a closed self-adjoint linear operator on L?(X), is
called Laplacian on (X, d,m) and its domain denoted by D(A) C W2(X). Relying on the
classical theory of gradient flows of convex functions on Hilbert spaces, whose main results
can be found in [5] with detailed bibliographical references or in [6], we deduce existence and
uniqueness of a 1-parameter semigroup (h;) of continuous operators from L?(X) to itself such
that for any f € L?(X) the curve t — h,f € L?(X) is continuous on [0, c0), locally absolutely
continuous on (0,00) and the only solution of

%htf:Ahtf ae.t>0, hf5 fastlo

where it is part of the statement the fact that h;f € D(A) for every f € L*(X) and t > 0.
Such 1-parameter semigroup is called heat flow.

Beside this notion of L2-valued Laplacian, we shall also need that of measure-valued Lapla-
cian ([58]). A function f € W2(X) is said to have measure-valued Laplacian, and in this
case we write f € D(A), provided there exists a Borel (signed) measure 1 whose total variation
is finite on bounded sets and such that

(1.1.5) /gd,u =— / (Vg,Vf) dm, Vg Lipschitz with bounded support.

In this case u is unique and denoted A f. This notion is compatible with the previous one in
the sense that
dA dA
feD(A), Af <mand din{f € L*(m) & f € D(A) and in this case Af = Tnlf
Finally, let us provide a quick overview about tangent and cotangent modules and some of
the differential objects that, more or less naturally, come along with them; all the forthcoming
definitions and observations are taken from [56], unless otherwise specified.
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Recall that a L?(X)-normed L*(X)-module, or simply an L?(X)-normed module, is a
Banach space (A, | - ||.#) endowed with a bilinear map

LX) x .M — M
(fav) = f'U

called multiplication by L>°(X) functions, and a map | - | : .# — L*(X) with non-negative
values, called pointwise L?(X)-norm, such that:

(i) for every v € A and f,g € L>(X)

flg-v)=(fg)-v, To=v, |f vlg <flleellvle
where 1 denotes the function identically equal to 1;

(ii) for every v € A and f € L>°(X, m) it holds
HolllL2x) = [lv]l.2 If-vl=|f||v] m-ae.

An isomorphism between two L?(X)-normed modules is a linear bijection which preserves the
norm, the product with L>°(X) functions and the pointwise norm.

When (A, | - |l.z) is a Hilbert space, we shall say that .# as L?(X)-normed module is a
Hilbert module. The dual module .#* of .# is defined as Hom(.#, L' (X)) and it is an L?(X)-
normed module too. With these premises, we can state the following existence theorem, thus
defining the cotangent module.

Theorem 1.1.2 (Definition of cotangent module). There exists a unique couple (L*(T*X),d),
where L?(T*X) is an L?(X)-normed module and d : S*(X) — L*(T*X) is a linear and contin-
uous map, such that:

(i) |df| = |Df| m-a.e. for every f € S*(X);
(ii) the space {df : f € S?(X)} generates L?(T*X) in the sense of modules.

Uniqueness is meant up to unique isomorphism, namely if (A ,d") satisfies the same properties,
then there is a unique isomorphism ® : L*(T*X) — .4 such that ®(df) = d'f for all f €
S%(X).

The L?(X)-normed module L?(T*X) is called cotangent module and d is the differen-
tial, which is a closed operator when seen as unbounded operator on L?(X) (see the forth-
coming Lemma 1.1.3). The tangent module L?(TX) is defined as the dual of L?(T*X). The
elements of L?(T*X) will be called cotangent vector fields or 1-forms, while the elements of
L?(TX) vector fields. If (X,d, m) is infinitesimally Hilbertian, as it is now and shall always
be the case, the cotangent and tangent modules are canonically isomorphic both as Hilbert
modules and as Hilbert spaces via the Riesz theorem. Thus, if we denote by (-, -) the scalar

product associated to the pointwise norm of L?(TX), we can introduce the (musical) isomor-
phisms b : L?(TX) — L?(T*X) and § : L*(T*X) — L*(TX) as

(1.1.6) V(W) = (V, V), (W W) = w(W)

m-a.e. for every VW € L?(TX) and w € L?*(T*X). This allows to define the gradient of
f € S%(X) as Vf := (df)F; equivalently, it can be defined as the unique W € L?(TX) such
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that df (W) = |[W|? = |df|? m-a.e., this definition being in line with the one used in Finsler
geometry (see e.g. [16]).

The divergence of a vector field is defined as (minus) the adjoint of the differential, i.e. we
say that W € L?(TX) has a divergence, and write W € D(div), provided there is a function
g € L?(X) such that

/fgdm = —/df(W) dm  Vfe Wh(X).
In this case ¢ is unique and is denoted div(W). It can also be verified that
f € D(A) if and only if Vf € D(div) and in this case Af = div(Vf),

in accordance with the smooth case and this immediately implies that f € D(A) and h = Af
if and only if

/gh dm = — /(vg, V£)dm, Vg € WhH3(X).

We conclude this first introductory part with a lemma collecting all the calculus rules for
differential, gradient, divergence and Laplacian which we shall use extensively throughout the
whole thesis without further notice.

Lemma 1.1.3 (Calculus rules 1). Let (X,d, m) be an infinitesimally Hilbertian space. Then:

(i) (Differential and gradient) d satisfies the following calculus rules:

|df| = |Df| m-a.e. Vf e S%(X)
df =dg  m-a.e. on {f =g} Vf, g e S%(X)
d(go f)=¢ o fdf Vf e S%(X), ¢:R— R Lipschitz
d(fg) =gdf + fdg Vf,g € L™ N S%X)

where it is part of the properties the fact that p o f, fg € S%(X) for o, f,g as above;
analogous statements hold for the gradient.

(ii) (Divergence) for all f € W12(X),W € D(div) such that |f|,|W| € L°°(X) it holds
div(fW) = df(W) + fdiv(W),
where it is part of the statement that fW € D(div) for f,W as above.

(i1i) (Laplacian) A enjoys the chain and Leibniz rules:

(1.1.7a) A(po f)=¢" o fldf]> + ¢ o fAf
(1.1.7b) A(fg) =gAf+ fAg+2(Vf,Vg)

where in the first equality we assume that f € D(A), o € C?(R) are such that f,|df| €
L>®(X) and ¢', ¢" € L®(R) and in the second that f,g € D(A)NL*>®(X) and |df|,|dg| €
L>(X) and it is part of the claims that ¢ o f, fg are in D(A).
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proof See [56] for properties (i), (ii) and (1.1.7b). As regards (1.1.7a), the proof is in the same
spirit of the Leibniz rule for A, but for sake of completeness we prefer to present it, since not
present in [56]. First notice that the assumptions on f,  grant that for any h € W12(X) we
have @ o f, ¢’ o f, h¢' o f € WH2(X) and also that the right-hand side of (1.1.7a) belongs to
L?(X). Hence, using the integration by parts characterization of the Laplacian and the chain
and Leibniz rules for gradients just stated we see that

/<Vh,V(<pof)>dm = /<Vh,<p'ofo>dm
=~ [ (9’ 0 £).V1) + V(&' 0 1), 7))
:/h(@’ofAf+<p”of\Vf|2)dm

whence the conclusion. O

It is worth saying that the properties of the differential actually hold even if the space is
not assumed infinitesimally Hilbertian.

1.1.2 A first glance at optimal transport

Following the standard terminology (see for instance [3| or [121]), on a complete and sepa-
rable metric space (X,d) the Monge-Kantorovich or optimal transport problem with
quadratic cost and marginal constraints pg, 1 € HP2(X) is the minimization problem

(1.1.8) inf /X2 d* (2, y)dvy(z,y)

the infimum being taken among all v € Z(X?) such that 70y = po and 7l = u1, where
70 7l : X2 — X are the canonical projections. The set of all such 4 will be denoted by
Adm(ug, 1) and its elements will be called admissible plans or, more frequently, transport
plans for the couple (ug,p1). It is well known that the infimum is actually attained: the
Wasserstein distance Wo between pg and pq is then defined as the square root of (1.1.8), any
minimizer is called optimal and their collection is denoted by Opt(uo, p1). The set Po(X)
equipped with Wy turns out to be a complete and separable metric space and if (X,d) is a
length (resp. geodesic) space, then so is (P2(X), Wa).
Passing to the dual formulation of (1.1.8), given by

sup{/sodﬂo+/wdu1},

where the supremum runs over all functions ¢ € L'(X, ) and ¢ € L*(X, u1), we recall that
the c-transform ¢°: X — R U {—o0} of a function ¢ : X — RU {—o0} is defined as

o) = g (0D o)

and that ¢ is said to be c-concave provided ¢ = ¢ for some . With this premise, given
po, p1 € Po(X) a function ¢ : X — RU {—o0} is called Kantorovich potential from 1 to
w1 provided it is c-concave and

1
/stMoJr/cpcdul = §W22(uo,u1),
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which implies in particular that the supremum in the dual problem is attained by the couple
(i, ¢°). By the classical theory of optimal transport, existence for potentials is granted under
very mild assumptions (which in particular hold for the quadratic cost), but it is worth recalling
that on general complete and separable metric spaces (X,d) we have that for g, u; € P2(X)
with bounded support there exists a Kantorovich potential from pg to gy which is Lipschitz
and bounded.

This can be obtained starting from an arbitrary Kantorovich potential ¢ and then defining

2 i
oY) (2’9) fwc(y)}

¢(z) := min {C’, ylg)f{
for C sufficiently big.

Looking back at (1.1.8), given pg, p1 € Po(X) it is well known that the optimal transport
problem admits a dynamical version, namely

(1.1.9) inf//o1 |ye[*dm ()

where the infimum is taken among all w € 22(C([0, 1], X)) such that (eg)«m = 1o, (€1)+7™ = 1.
Moreover, if a dynamical minimizer 7 exists, then its marginal flow ((e;)«7) is a Wasserstein
geodesic in (P2(X), Wa) and (ep,e1)«m € Opt(uo, 1). These considerations suggest that a
helpful approach to (1.1.8) may come from a better understanding of Wa-geodesics and, more
generally, Wa-absolutely continuous curves.

In this direction, it is well known that on R¢, curves of measures which are Wa-absolutely
continuous are in correspondence with appropriate solutions of the continuity equation, as
proved in Sections 8.1 and 8.2 of [5]. It has been later shown in [59] that the same connection
holds on arbitrary metric measure spaces (X, d, m), provided the measures are controlled by
Cm for some C' > 0; the formulation of such result and the good notion of solution of the
continuity equation which we shall need are the following, where Lisini’s superposition result
[84] is taken into account too.

Theorem 1.1.4 (Continuity equation and Way-AC curves). Let (X,d, m) be infinitesimally
Hilbertian, (u;) C Po(X) be weakly continuous and t — Xy € LO(TX) be a family of vector
fields, possibly defined only for a.e. t € [0,1]. Assume that the map t — [ |X;|*dp: is Borel
and:

(1.1.10a) ue < Cm vt € [0, 1] for some C > 0
1
(1.1.10b) / /Xthut dt < oo
0
and that the continuity equation
4 + div(Xue) =0
dtﬂt WiAgpt) =Y,

is satisfied in the following sense: for any f € W12(X) the map [0,1] > t — [ fdus is
absolutely continuous and it holds

d
dt/fdut :/df(Xt) d/lt a.e. t.
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Then (p) € AC([0,1], (P2(X), Wa)) and there exists a lifting 7 of it, i.e. a measure w €
Z(C([0,1],X)) such that (et)«m = pt for every t € [0,1], in such a way that

|ﬂ1t|2 = / ’Xt|2d,uzt = / |"yt|2d7'r(’y) a.e. t € [0,1].

The correspondence between Ws-absolutely continuous curves and solutions of the conti-
nuity equation also allows to recover the following version of the Benamou-Brenier formula
(see [56]).

Theorem 1.1.5. Let (X,d,m) be infinitesimally Hilbertian and p,v € P2(X) be such that
there exists a Wa-geodesic (ug) connecting them such that py < Cm for all t € [0,1] for some
C > 0. Then

1
W2 (u,v) :min/ /\thzd,utdt,
0

where the minimum is taken among all solutions (u¢, Xt) of the continuity equation such that
po = p and py = v.

For a more exhaustive picture of the matter, including the relevant case of Wasserstein
geodesics, further assumptions on (X, d, m) have to be required and this is going to be realized
in the next section.

1.2 The RCD condition

Let us begin with the very definition of CD(K, c0) space, independently proposed by Sturm
in [115], [116] and by Lott-Villani in [87]. Such definition has been the starting point of an
extremely rich and fruitful investigation, as already said in the introduction, but rephrasing
Bernard of Chartres’ words this has been possible by standing on the shoulders of seminal
(and completely different) papers appeared before.

On the one hand, motivated by the study of hypercontractivity for diffusion processes, in
[13] and [14] D. Bakry and V. Emery formulated a curvature-dimension condition in terms of
the iterated carré du champ operator associated to a given Dirichlet form and this approach
boosted in an impressive way the study of functional inequalities (such as Li-Yau-Harnack and
logarithmic Sobolev ones) and concentration estimates, especially in the infinite-dimensional
case (see also [75] and [15] for the subsequent developments and further references).

On the other hand, inspired by the works of F. Otto and C. Villani [104] and of D. Cordero-
Erausquin, R. McCann and M. Schmuckenschlédger [33], in [122] K.-T. Sturm and M. K. von
Renesse were able to characterize Ricci lower bounds in several different ways, e.g. contraction
and gradient estimates for the heat flow, for the gradient flow of the relative entropy and
for couplings of Brownian motions; however, their most famous characterization involved K-
displacement convexity of the relative entropy functional and thus optimal transport: the
CD(K,o0) condition & la Lott-Sturm-Villani precisely relies on this convexity requirement
and reads as follows.

Definition 1.2.1. A complete and separable metric measure space (X,d,m) is a CD(K, c0)
space or has Ricci curvature bounded below by K with K € R, if for any po, p1 € D(H(-|m))
there exists a constant speed Wo-geodesic (v4) such that vy = po, v1 = p1 and

H (v m) < (1= 1) (1o | ) + tH (g | ) — 510~ )W (g, 1)
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for all t € [0,1].

After a fruitful investigation of the heat flow in non-smooth setting and its role in bridging
Wasserstein geometry and contraction estimates (see [53|, [60] and [6]), the relationship be-
tween the optimal transport-oriented approach a la Lott-Sturm-Villani and the Bakry-Emery
one was made clear in [8], where equivalence is established under the assumption of infinites-
imal Hilbertianity.

In order to take also the dimension into account, we adopt the CD*(K, N) condition, due
to K. Bacher and K.-T. Sturm [12]. To this aim, let us first define the Rényi entropy functional
and the distortion coefficients. For N > 1 and for p € 2(X) with u < m, the former is given
by

(1.2.1) Hy(p|m) = _/x (i’i) 1_I/Ndm.

For # > 0 and t € [0, 1] we then introduce

sin(v/k6)
Vo
Su(0) =141 ifk=0

sinh(y/—k®)

itk>0

—— ifk<0
NaT R
and set the latter equal to
+00 if K0* > Nn?
oin(0) =1 Sxn(t0) |
’ ———— otherwise
Sk /n(0)

Hence, given K € R and N € [1,00), a complete and separable metric measure space (X,d, m)
is said to be a CD*(K, N) space or satisfies the reduced curvature-dimension condi-
tion CD*(K,N) if, for every po,pu1 € P2(X) absolutely continuous w.r.t. m, there exist
~ € Opt(uo, p1) and a constant speed Wa-geodesic (1) such that vy = po, 1 = p1 and

fwmmm—Ax&ﬁwmmwﬂﬁm+%@m%mmﬂﬁmﬁwmm

for all t € [0,1] and all N > N, where pg, p1 are the Radon-Nikodym derivatives of pq, 1
w.r.t. m respectively. Let us point out that

CD*(K,N) =  CD(K,o0).

Combining this condition and the CD(K, c0) one with infinitesimal Hilbertianity, the notions
of RCD*(K, N) and RCD(K, oo) space follow.

Definition 1.2.2. Given K € R and N € [1,00), a complete and separable metric measure
space (X,d,m) is said to be a RCD*(K, N) space (resp. RCD(K,00) space) provided it is an
infinitesimally Hilbertian CD* (K, N) space (resp. CD(K, 00) space).
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This definition was originally proposed in the case N = oo in |7] and [4] (for finite reference
measures in the former and for o-finite ones in the latter) and in the finite-dimensional case
in [58], after having noticed that not only lower Ricci bounds but also Sobolev calculus is
linked to Ws-geometry thanks to the understanding of the crucial role played by the heat
flow, as done in the already cited works [53|, [60] and [6]. Truth to be told, in [58] the notion
of RCD(K, N) space, and not the one of RCD*(K, N), was introduced:

RCD(K, N) := CD(K, N) + infinitesimally Hilbertian

thus relying on Lott-Sturm-Villani’s CD(K, N) condition. However, in this theory there is an
important and longstanding open problem: does a CD(K, N) space satisfy the globalization
(or local-to-global) property? Up to technical assumptions, the answer was known to be af-
firmative for the cases N = oo and K = 0, as shown in [115] and [121] respectively. The
recent advancements of Cavalletti and Milman (see [25]) suggest that this is actually true on
every essentially non-branching geodesic CD(K, N) space for K € R and N € (1,00); the
case N = 1 is excluded because of critical pathologies. Nevertheless, in 25| the reference
measure m is assumed to have finite mass and although this hypothesis seems to be only
technical, it has not been removed yet. On the other hand, the CD*(K, N) condition has the
local-to-global property (it was exactly for this reason that Bacher and Sturm proposed it
as an alternative to CD) and this explains the success of this subsequent definition. Thus,
throughout the whole manuscript the CD*(K, N) condition will be more common than other
synthetic curvature-dimension conditions.

One of the main advantages of the RCD condition w.r.t. the CD one is the fact that it
generalizes Riemannian geometry ruling out Finsler-like structures and this enables to get the
stability results already cited in the Introduction as well as heat kernel bounds and Laplacian
estimates.

As regards the geometric features of finite-dimensional RCD*(K, N) spaces, we first recall
the Bishop-Gromov inequality (see [115], [116]), since it actually holds true on finite-
dimensional CD*(K, N) spaces: for any = € supp(m) and

e forany0<r<R<ooif K<0

e forany 0 <r < R <4/ %W if K > 0 (because of the Bonnet-Myers maximal diameter

theorem, see [116])

it holds
Jo sin(ty/K/(N —1))N~tdt p—_—
[ sin(t/K/(N — 1))N-1dt
xr r N
(1.2.2) m > <R> ifK=0.
Jy sinh(ty/—K/(N — 1))V ~1dt G K20
[Fsinh(t\/—K/(N — 1))N-1dt

0
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It is also worth recalling its spherical version, which reads as

( (sin(r«/K/(N 1)) )N—l —_
sin(R\/K/(N — 1))
N-1
(1.2.3) on(®) > <R> if K =0
<sinh(r —K/(N —1)) )N—l —

sinh(R\/—K/(N — 1))

where

sp(z) == lirglisoup %m(BH(;(a:) \ Br(2)).

Such result has a couple of interesting consequences. First of all, it implies that m is uniformly
locally doubling with an explicit expression for the local doubling costant, i.e. for all x € X
and r > 0 it holds

(1.2.4) m(Bay(z)) < 2V cosh (2, / N_f(l r) (B (@)):

in the case K > 0, m is doubling with doubling constant given by 2%V, that is for all z € X
and r > 0 we have

m(By,(z)) < 2NVm(B,(x)).
Analogous to (1.2.4) is the following volume growth condition: for all # € X there exists a
positive constant C' depending on K, N, x only such that
(1.2.5) m(B,(z)) < Ce’",  Vr>0

and this ensures that if m is Radon (as it is always assumed), then it is finite on every bounded
set.

In the case of RCD(K, 00) spaces all these properties are no longer true, but a volume
growth control (worse than (1.2.5), of course) is still available, as proved in [115] (see Theorem
4.24 therein); namely, for all € X there exists a positive constant C' depending on K,z only
such that

(1.2.6) m(B,(z)) < CeC™, ¥r>0

and thus m is still finite on bounded sets, provided it is Radon. It also implies that
(1.2.7) /e_MdZ("f)dm < 400

for some Z € X and M > 0 sufficiently large and this is crucial for the Boltzmann-Shannon
entropy to be well defined, as we will see in Chapter 5. In the case of finite-dimensional
RCD*(K, N) spaces, where (1.2.5) holds, d?(-,%) can be replaced by d(-,Z) or M can be any
positive constant.
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1.2.1 Second order calculus

After this first bit of information, let us review the analytical properties of RCD spaces and
sketch how a second order differential structure can be introduced over them.

If (X,d,m) is a RCD(K, c0) space, it has been proved in [7] and [4] that there exists the
heat kernel, namely a function

(1.2.8) (0,00) x X235 (t,z,y) — rfz](y) € (0,00)

which is symmetric, satisfies the Chapman-Kolmogorov formula and provides an integral rep-
resentation of the heat flow, i.e.

(1.2.9a) relx)(y) = refy)(x) for m ® m-a.e. (z,y) € X2, Vt > 0,

(1.2.9b) rers(z)(y) = /rt[x](z)rs[z](y)dm(z) for m ® m-a.e. (z,y) € X?, Vt,5 > 0,
(1.2:90 (@) = [ F@rlal)dnty)  ve>0,9f € LX)

For every x € X and t > 0, ri[z] is a probability density and thus (1.2.9c) can be used to
extend the heat flow to L!(X) and shows that the flow is mass preserving and satisfies the
maximum principle, i.e.

(1.2.10) f<c¢ m-ae. = hef <c¢ m-ae., Vt>D0.

One of the advantages of a finite-dimensionality assumption is that for RCD*(K, N) spaces
with N < oo it has been recently proved that (see |[71|, where the approach of [113], [114]
is adapted to the RCD setting) the heat kernel satisfies Gaussian estimates, i.e. for every
0 > 0 there are positive constants C; = C1(K, N, §) and Cy = C2(K, N, §) such that for every
z,y € X and ¢t > 0 it holds

(1.2.11)

2 2
1 . <_ d*(z,y) Ci d*(z,y) +Cgt>.

Gt ™ (~ oy~ O2t) < vkl < S e (= s

Passing to the regularization features of the heat semigroup, if (X,d, m) is a RCD(K, c0)
space then it is well known that h; is a contraction from L?(X) into itself and a bounded
operator from L?(X) into W12(X); furthermore, the following a priori estimates hold true for
every f € L?(X) and t > 0:

L2
(1.2.12a) E(hf) < @”f”ﬂ(x)v
1
2 2
(1.2.12b) 1ARflz2x) < 5l Fllz2ex)-

The proof can be found for instance in [56], following the arguments in Section 3.4.4.
A further important property is the Bakry-Emery contraction estimate (see [7] and
[60]):

(1.2.13) ldhef|? < e 2Bt (|df?)  Vf e WH(X), t>0.
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We also recall that RCD(K, 00) spaces have the Sobolev-to-Lipschitz property, as pointed
out in [7] and [55], i.e.

(1.2.14)  f e WY(X), |df| € L>®(X) = 3f = f m-ae. with Lip(f) < |||df]||z,

and thus we shall typically identify Sobolev functions with bounded differentials with their
Lipschitz representative; in particular this will be the case for functions in Test(X), whose
definition is going to be immediately provided. Still from [7] we know that

(1.2.15) fel*NnL®X), t>0 = he(f) € Test(X).

Since already appeared twice, let us introduce the vector space Test(X) of ‘test functions’
on RCD(K, c0) spaces: relying on the results of [109], this can be done as follows

Test(X) := {f e D(A)NL¥(X) : |Vf| € L¥(X), Af € WLQ(X)}
and notice that this is an algebra dense in W1?(X). We shall also make use of the vector space
Test™ (X) := {f e D(A)NL®(X) : |Vf] € L®(X), Af € L®N W1’2(X)}

which is an algebra dense in W12(X) too. The fact that Test(X), Test>(X) are algebras is
based on the following property, proved in [109] (see Lemma 3.2 therein)

(1.2.16)
f € Test(X) = |df* e WH(X) with

[ 1P dm < i~ (il Niaariloe + i liasi )

and actually a further regularity property of test functions, stated in Lemma 3.2 of [109] too,
is that

(1.2.17) f € Test(X) = |df|* € D(A),
so that it is possible to introduce the measure-valued I's; operator as

jdf|?
2

To(f) = A — (V£ VAf)m  Vf € Test(X).

By construction, the assignment f — I's(f) is a quadratic form.

The existence of the space of test functions and the language of L?(X)-normed L°°(X)-
modules allow to introduce the space W22(X) and Wé’Q(TX), following the procedure depicted
in [56], and thus the notions of Hessian and covariant derivative. We first consider the tensor
product L2((T*)®2X) of the cotangent module L?(T*X) with itself. Roughly speaking, this
is built in the following way: consider the algebraic tensor product, namely the space of formal
finite sums of objects of the kind w; ®ws with wy,ws € L?(T*X) having the bilinearity property
and satisfying f(w; @ we) = (fw1) ® wa = w1 ® (fws) for all f € L>®(X); endow it with the
bilinear form : defined by

(wl ®LU2) : ((Ijl ®(:)2) = <w1,(:}1><LL)2,(I)2>, le,WQ,(I)l,(IJQ € L2(T*X),
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where (-, -) is the scalar product of L?(T*X), and taking values in L%(X) equipped with
the topology of m-a.e. convergence. Then the tensor product L?((T*)®2X) is defined as the
completion of the space of A’s belonging to the algebraic tensor product such that A : A €
L' (X) equipped with the norm

[All L2 ((1+ye2x) == /A : Adm.

Introducing the pointwise norm | - |y : L2((T*)¥?X) — L9(X) as |A|ys := VA : A, denoted
in this way to remind that in the smooth case it coincides with the Hilbert-Schmidt one, it
is not difficult to see that L?((T*)®2X) has a canonical structure of L?(X)-normed module.
In the same way it is possible to build the tensor product of L?(TX) with itself, denoted by
L2(T%?X).

After this premise, we say that a function f € W?(X) belongs to W2?2(X) provided there
exists A € L2((T*)®2X) symmetric, i.e. such that A(Wy, Ws) = A(Wa, W;) m-a.e. for every
Wi, Wy € L*(TX), for which it holds

[Vygl|?
2

/ hA(Vg,Vg)dm = / LV, Vg) div(hVg) — AV VI dm Vg, h € Test(X).

In this case A is unique, called Hessian of f and denoted by Hess(f). The space W*2(X)
endowed with the norm

1122y = 112y + 1Af 12y + IHess() I F2reys2x)

is a separable Hilbert space which contains Test(X) and in particular is dense in W12(X). It
is proved in [56] that D(A) C W22(X) with

(1.2.18) / Hess(f)[% dm < /(Af)2 _K|VfPdm  Vfe D(A).

However, it is unknown whether D(A) is dense in W?22(X): for this reason we define the space
H?2(X) as its W22(X)-closure. The Hessian is a local operator, in a sense which is more subtle
than the one already discussed for the differential; indeed, for given f,g € W22(X) we have

(1.2.19) Hess(f) = Hess(g), m-a.e. on the interior of {f = g}
whereas if f,g € H>%(X), then
(1.2.20) Hess(f) = Hess(g), m-a.e. on {f = g}

holds.
On the other hand, a vector W € L?(TX) belongs to Wé’Q(TX) if there exists T €
L?(T®?X) such that
/hT : (Vg1 ® Vga)dm = /—(W, Vg2)div(hVg1)—hHess(g2)(W, Vg ) dm

Vg1, 92, h € Test(X).
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In this case T' is unique, called covariant derivative of W and denoted by VW. The space
Wcli2 (TX) endowed with the norm

WIS

Whrx) IW 172 (7x) + VW [[72(s2x,

is a separable Hilbert space which contains the class of ‘test vector fields’ TestV(X), given by

TestV(X) := {Zgini :neN, fi,g; € Test(X)i = 1,...,n}.

=1

By the properties of Test(X) it is not difficult to see that TestV(X) is dense in L?(TX),
so that Wé’Q(TX) is dense in L?(TX) as well; in addition, TestV(X) c L' N L*(X) and
TestV(X) C D(div). However, it is not known yet whether TestV(X) is dense in Wé’z(TX)
or not: this motivates the introduction of the space HéJQ(TX) as the Wé’Q(TX)-closure of
TestV(X).

As for cotangent and tangent modules, L?((T*)®?X) and L?(T%®?X) are canonically isomor-
phic both as Hilbert modules and as Hilbert spaces via the Riesz theorem. Thus, with a little
abuse of notation, we introduce the (musical) isomorphisms b : L2(T®2X) — L2((T*)®2X)
and f : L2((T*)®2X) — L?(T®?X) as

T°(S) :=1T: S, AP T = A(T)

m-a.e. for every T, S € L?(T®?X) and A € L?((T*)®?X).

As regards the calculus tools directly linked to the notions we have just introduced, they
are collected in the following lemma. The proof can be found in [56] (Proposition 3.3.22 and
Theorem 3.4.2 therein).

Lemma 1.2.3 (Calculus rules 2). Let (X,d, m) be a RCD*(K,N) with K € R and N € [1,00).
Then:

(i) (Leibniz rule) for all f, g € Test(X) it holds
(1.2.21) d(Vf,Vg) = Hess(f)(Vg,-) + Hess(g9)(Vf,-) m-a.e.
(ii) for all W =3, g;V fi € TestV(X) we have
(1.2.22) VW = Vg @ Vfi + gi(Hess(fi))".
The second order structure of RCD spaces also allows to talk about the Bochner inequal-

ity: on RCD(K, 0o) spaces it takes the form of an inequality between measures ([56] - see also
the previous contributions [109], [118]):

(1.2.23) To(f) > (Hess(f)[}s + K|df*)m V[ € Test(X),
and if the space is RCD* (K, N) for some finite NV it also holds ([8]):

(Af)?
N

(1.2.24) Ts(f) > ( +Kydfy2)m Vf € Test(X).
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Notice that since the Laplacian is in general not the trace of the Hessian, the former does
not trivially imply the latter (in connection to this, see [65]). Furthermore (1.2.24) is the RCD
analogue of the Bakry-Emery curvature-dimension condition with dimension term introduced
in [14]; the relationship between the theory of CD*(K, N) and RCD* (K, N) spaces on the one
hand and the I'-calculus approach on the other one is fully described in [45] and [10].

We conclude the section recalling the notion of Regular Lagrangian Flow, introduced by
Ambrosio-Trevisan in [11] as the generalization to RCD spaces of the analogous concept ex-
isting on RY as proposed by Ambrosio in [1]:

Definition 1.2.4 (Regular Lagrangian Flow). Given (v;) € L'([0,1], L*(TX)), the function
F :]0,1] x X — X is a Regular Lagrangian Flow for (v;) provided:

i) [0,1] 3 t — Fy(x) is continuous for every x € X

ii) for every f € Test™(X) and m-a.e. x the map t — f(F,(x)) belongs to W1([0,1]) and
S F(R@) = df@)(R()  ae te01]

i11) it holds
(Fy)sm<Cm  Vte]|0,1]

for some constant C > 0.
In [11] the authors prove that under suitable assumptions on the v;’s, Regular Lagrangian
Flows exist and are unique. We shall use the following formulation of their result (weaker than

the one provided in [11]):

Theorem 1.2.5. Let (X,d,m) be a RCD(K, o) space and (v¢) € L'([0,1], L*(TX)) be such
that v, € D(div) for a.e. t and

div(v) € L*(]0, 1], L*(X)) (div(v))~ € LY([0,1], L>=(X)).

Then there ezists a unique, up to m-a.e. equality, Regular Lagrangian Flow F for (vy).
For such flow, the quantitative bound

1
(1.2.95) (F)um < exp (/0 I (div(wr)) ey ) m

holds for every t € [0,1] and for m-a.e. x the curve t — Fy(x) is absolutely continuous and its
metric speed msy(F.(x)) at time t satisfies

(1.2.26) msy(F.(z)) = |ve|(Fi(z))  ae. te|0,1].

To be precise, (1.2.26) is not explicitly stated in [11]; its proof is anyway not hard and can
be obtained, for instance, following the arguments in [56].
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1.2.2 A second glance at optimal transport

With this said, we can come back to optimal transport theory and resume the discussion
about Ws-absolutely continuous curves and the continuity equation. As we are going to no-
tice immediately, the curvature-dimension assumption has a deep impact on the structure of
Wasserstein geodesics. We first recall the following version of Brenier-McCann theorem on
RCD spaces ((i) comes from [54] and [106], (#¢) from [7] and [58], (ii7) from [6] and (iv) from
[62]).

Theorem 1.2.6. Let (X,d,m) be a RCD(K,0) space and pg, 1 € P2(X) with bounded
support and such that po, p1 < Cm for some C > 0. Also, let ¢ be a Kantorovich potential for
the couple (g, p1) which is locally Lipschitz on a neighbourhood of supp(po). Then:

(i) There exists a unique geodesic (pt) from ug to pi, it satifies

(1.2.27) e < C'm vt € [0,1] for some C' > 0

and there is a unique lifting 7 of it, i.e. a unique measure w € FZ(C([0,1],X)) such that
(er)sm =t for every t € [0,1] and

1
[}l atam) = w3 uo ).
(ii) For every f € WY2(X) the map t — [ fdpue is differentiable at t =0 and

d
5 [ fm = [ 4576 di

(iii) The identity
[deol(70) = [D Tl (v0) = d(v0,71)
holds for m-a.e. 7.

(v) If the space is RCD*(K,N) for some N < oo, then (i), (ii), (iii) holds with pu1 only
assumed to be with bounded support, with the caveat that (1.2.27) holds in the form: for
every 6 € (0,1/2) there is Cs5 > 0 so that py < Cym for every t € [0,1 — 6]. In addition,
for every x € X the following holds: for m-a.e. y there is a unique geodesic connecting y
to x.

A property related to the above is the fact that although the Kantorovich potentials are not
uniquely determined by the initial and final measures, their gradients are. This is expressed by
the following result, which also says that if we sit in the intermediate point of a geodesic and
move to one extreme or the other, then the two corresponding velocities are one the opposite
of the other (see Lemma 5.8 and Lemma 5.9 in [55] for the proof):

Lemma 1.2.7. Let (X,d,m) be a RCD(K,0) space with K € R and () C P2(X) a Ws-
geodesic such that g < Cm for every t € [0,1] for some C > 0. Fort € [0,1] let ¢y, ¢, : X = R
be locally Lipschitz functions such that for some s, s’ # t the functions —(s—t)¢ and —(s'—t)¢)]
are Kantorovich potentials from py to ps and from pg to pg respectively.

Then

Vo = V), [-a.e..



1.2. THE RCD CONDITION 21

On RCD spaces, Wa-geodesics made of measures with bounded density also have the weak
continuity property of the densities expressed by the following lemma. The proof follows by
a simple argument involving Young’s measures and the continuity of the entropy along a
geodesic (see Corollary 5.7 in [55]):

Lemma 1.2.8. Let (X,d, m) be a RCD(K,00) space with K € R and (u) C P2(X) a Wa-
geodesic such that py < Cm for every t € [0,1] for some C > 0. Let p; be the density of
ot -

Then for any t € [0,1] and any sequence (tp)nen C [0,1] converging to t there exists a
subsequence (t, )ken such that

Ptn, — Pt, m-a.e.

as k — oo.
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Chapter 2

Old estimates in a new setting

In this chapter we carry on the dissertation of the regularizing properties of the heat flow on
RCD spaces, focusing the attention on gradient and Laplacian estimates for log hsu. The former,
also known as Hamilton’s gradient estimate and singled out in [64] for compact Riemannian
manifolds and later extended in |74] to non-compact ones, says that for any ug € L N L (X)
positive with p € [1,00) it holds

t|Vlogu? < (142K~ t)log <||U()quoo(m))’ m-a.e.
t

for all £ > 0, where u; := hyug, K is a lower bound on the Ricci curvature and K~ :=
max{0, —K}. The latter was proved in the seminal paper [83] by P. Li and S.-T. Yau, whence
its name, for Riemannian manifolds with non-negative Ricci curvature, where it reads as

N
(2.0.1) Alogus > ~op m-a.e.

for all ¢ > 0, N being the dimension of the manifold, or by trivial manipulations

Aut N
=7 <

S ?t, m-a.e.

|V log u |2 -
During the last years many efforts have been done in order to generalize such inequalities to
the metric framework and the results are very recent. As we learnt while working on [63],
Hamilton’s gradient estimate has already been proved on proper RCD (K, c0) spaces by Jiang
and Zhang in |72] but, as we will later point out, the assumption for the space to be proper can
be removed. On the other hand, the Li-Yau inequality as stated above is known on RCD*(0, V)
spaces from [51] and [70]; in the same papers, the case of negative curvature is treated too,
thus establishing the following Baudoin-Garofalo inequality

A NK —4Kt/3
IV log uy|? < e 2K4/3 Y ‘ m-a.e.

ug 31— e 2Kt/3’

Section 2.1 is based on [63] and entirely devoted to old and new results for compact RCD
spaces. We present the proof of Hamilton’s gradient estimate, although already known by
[72] on proper RCD(K, co) spaces, because the original proof of [64] can be adapted almost
verbatim and the additional compactness assumption allows to avoid the technicalities of the

23
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non-compact case. In this direction, we also prove a bound which seems new in the non-
smooth context, namely a uniform bound on |V log hyu| in the special case |Vlogu| € L™ (X),
see Proposition 2.1.5. We conclude with a version of the Li-Yau inequality because, even if K
is possibly negative, under the compactness hypothesis we get an estimate closer to (2.0.1)
rather than to Baudoin-Garofalo inequality.

In Section 2.2 we extend the differential notions of the previous chapter to locally integrable
objects and we show that on RCD (K, co) spaces there exist ‘good’ cut-off functions; this result
is not new in the literature, but we point out some bounds on the cut-off functions in terms
of the relative position of the sets they divide that have not been explicitly written yet. As a
consequence, we prove that log h;u is locally well behaved.

Finally, in Section 2.3 we start from the already cited Hamilton’s gradient estimate and
Li-Yau inequality and modify them to make them fit to our purposes, stressing also the differ-
ences w.r.t. the compact case. In particular, on finite-dimensional RCD spaces we remove the
dependence on the L norm of the initial datum present on the right-hand side of Hamilton’s
estimate.

2.1 Comments on the compact case

Throughout the whole section (X, d, m) will be a compact RCD space equipped with a proba-
bility measure (this is not restrictive, because by the Bishop-Gromov inequality m has to be
finite). This allows to define a further (and slightly different) class of test functions as follows

TestZH(X) == {f € Test™(X) : f > ¢ m-a.e. for some ¢ > 0}

and combining the Gaussian estimates on compact RCD*(K, N) spaces, N < oo, with the
results in [109] we see that

fel'X),t>0 = he(f) € Test™(X),

(2.1.1) X
fel (X), f>0, /fdm >0,t>0 = he(f) € TestZH(X).

2.1.1 Comparison principles

The proofs of Hamilton’s gradient estimate and of the Li-Yau inequality are based on the fol-
lowing two comparison principles, valid in general infinitesimally Hilbertian spaces (Y, dy, my).

To formulate the result we need to introduce the dual of W12(Y), which we shall denote
W=L2(Y). As usual, the fact that W5H2(Y) embeds in L?(Y) with dense image allows to
see L?(Y) as a dense subset of W~12(Y), where f € L?(Y) is identified with the mapping
W2(Y) 3 g [ fgdmy.

Notice also that even in this generality, a regularization via the heat flow shows that D(A)
is dense in W2(Y) and, with the use of the maximum principle (1.2.10), that non-negative
functions in D(A) are W12-dense in the space of non-negative functions in W12

Proposition 2.1.1. Let (Y, dy,my) be an infinitesimally Hilbertian space. Then the following
two comparison principles hold:
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(i) let (F}), (Gy) € ACoe(]0,00), L2(Y)) be respectively a weak super- and weak sub- solution
of the heat equation, i.e. such that for all h € D(A) non-negative and a.e. t > 0 it holds

dt

thde > /Athde, dt

hGdmy < /Athde

Assume that Fy > Go m-a.e. Then Fy > Gy m-a.e. for every t > 0.

(ii) Let ag,ai,az € R and (v;) € L, .([0,00), WH(Y)) with vy € D(A) for a.e. t and
|Aull= € L, (10, 00)) and let (Fy). (Gr) € LES(0, 50), L2(Y)NLES, (0, 50), WH2(Y))
AC)6¢(]0,00), WL2(Y)) be respectively a weak super- and weak sub- solution of

d
(2.1.2) = Auy + agu? + ayug + (Vug, Vo) + ag

in the following sense: for all h € D(A) non-negative and a.e. t > 0 it holds

d
= / hEdmy > / AhF,dmy + / h(aoFt2+a1Ft+ (VE,, Vo) —|—a2>dmy,

d

dt hGidmy < /Athde + / h(aon +a1Gy + <VGt, V?)t> + ag)dmy.

Assume that Fy > Gg my-a.e. Then Fy > Gy my-a.e. for everyt > 0.

proof

(i) By linearity it is not restrictive to assume G; = 0 for all ¢ > 0. Fix ¢ > 0, notice that
t — h.F; belongs to AC),.([0,00), L?(Y)) with values in D(A). Then pick h € D(A) non-
negative, notice that h.h is non-negative as well to get

/h(ihEFtdmy = C?t/thFtde = (i/(hgh)Ftdmy > /AhEthde = /hAhEFtdmy.

Since this is true for all h € D(A) non-negative and, by what we said before, this class of
functions is L?-dense in the set of non-negative L2-functions, we deduce that for a.e. t > 0 it
holds

ghgl“?t > Atht, my-a.e..

(2.1.3) o

Now notice that being Fy > 0, by the maximum principle (1.2.10) we see that h.Fy > 0 too
and we claim that from this fact and (2.1.3) it follows that h.(F;) > 0 for every ¢ > 0. Thus
let us consider

— 5 [ lotheFoamy,

where ¢(z) := 27 = max{0, —z}. Observe that ® € AC},.(]0,0)), that ®(0) = 0 and compute

/¢th th)de—/¢ th)¢(th)d

d h Ftde

d
- / ¢(haFt)&haFt dmy
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and therefore taking (2.1.3) into account we see that

(1) < — / 6(h.F}) Ah. F, dmy — / (Vo(h.F), Vh.F}) dmy

- / IVé(heF)[* dmy < 0.

Thus ®(t) = 0 for every ¢ > 0, i.e. hoF; > 0 for all ¢ > 0. Letting € | 0 we conclude.
(ii) Since (F}) € Ly2.([0,00), WH2(Y)), the fact that it is a supersolution of (2.1.2) can be
written as

d
(214) dt/thde > — / <Vh, VFt> de + / h(aoFE + (IlFt + <VFt, Vvt> + ag)dmy

for every h € D(A) non-negative. Recalling that the class of such functions is W'2-dense in
the one of non-negative W12 functions, passing through the integral formulation - in time -
of (2.1.4) it is immediate to see that (2.1.4) also holds for any h € W12(Y) non-negative.
Using the fact that W ~12(Y) has the Radon-Nikodym property (because it is Hilbert) we see
that (F}) seen as curve with values in W~12(Y) must be differentiable at a.e. t and it is then
clear that for any point of differentiability ¢, the inequality (2.1.4) holds for any h € W2(Y)
non-negative, i.e. that the set of ¢’s for which (2.1.4) holds is independent on h. The analogous
property holds for (Gy).

Now we apply Lemma 2.1.2 below to h; := Gy—F; to get that ®(t) := 3 [ [(G,—F)*|>dmy
is absolutely continuous and

@,(t) = /(Gt — Ft)—'_%(Gt — Ft) dmy,

where the right hand side is intended as the coupling of £ (G — F;) € W12(Y) and the
function (G — F;)* € WH2(Y). Fix t which is a differentiability point of both (F}) and (GY),
pick h:= (Gy — F)* in (2.1.4) and in the analogous inequality for (G) to obtain

(1) < /— (V(Gy — F)"),V(Gy — )
+ (G — Fy)* (ao(Gf — F2)+ a1(Gy — F) + (V(Gy — Fy), Vuy) ) dmy
and since (VAT, Vh) = [VhT|? and h*Vh = 3V(h1)? for any h € W2, we have
P'(t) < /—\V((Gt — E)NP + (G — E) T (ao(Gr + Fy) + a1 — 2 Avy) dmy

< 29(t)(Jao|||Gt + Fil|po + |a| + 3| Ave| ).

Since the assumption Fy > Gy gives ®(0) = 0, by Gronwall’s lemma we conclude that ®(t) = 0
for any ¢ > 0, which is the thesis. O

Lemma 2.1.2. Let (k) € L2.([0,00), WL2(Y)) N ACie([0, 00), W=12(Y)).

loc
Then t — % [ |(hy)T|? dmy is locally absolutely continuous on [0,00) and it holds

dt 2 dt
where the integral in the right hand side is intended as the coupling of (hy)™ € WLH2(Y) with
d ~1,2

d1 d
(2.1.5) /\(ht)ﬂQde —/(ht)+ht dmy,  ae t,
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proof If (hy) € ACe([0,00), L3(Y)), the claim follows easily with the same computations
done in (2.1.4). The general case follows by approximation via the heat flow. Fix ¢ > 0 and
notice that the fact that h. is a contraction in W12 and a bounded operator from L? to W2
yield the inequalities

Ihefllrz = sup /hsfgdmy < sup |lhegllwrallfllw-12 < Cef| fllw-12

Hg”LQSI HQHLQSI
[he fllw-12 = sup /hsfgde < sup |lhegllwrz | fllw-rz < [[fllw-12,
lglly1,2<1 lgllyp1,2<1

for all f € L?, which together with the density of L? in W~12 ensures that h. can be uniquely
extended to a linear bounded operator from W~12 to L? which is also a contraction when
seen with values in W12, It is then clear that h.f — fin W52 ase | 0 for any f € W12,
It follows that for (h;) as in the assumption, (h:hy) € AC.([0,00), L3(Y)), so that by what
previously said the thesis holds for such curve and writing the identity (2.1.5) in integral form
we have

1 h d
3 J 10t P = ms = [ f () (G am a0 <10 <1,
to

Letting ¢ | 0, using the continuity at ¢ = 0 of h. seen as operator on all the spaces
W2 L2, W12 and the continuity of h — hT as map from W12 with the strong topol-
ogy to W12 with the weak one (which follows from the continuity of the same operator in L?
together with the fact that it decreases the W2 norm), we obtain

1 b d
(2.1.6) 3 / b2 — |k |? dmy _/ /(ht)+(itht dmydt V0 <ty <t.
to
Now the bound

t1 d t1
[t Smamy dt\ < o iy |
to dt to

grants the local absolute continuity of ¢ — 3 [ |h;"|? dmy and the conclusion follows by differ-
entiating (2.1.6). O

d

Sh H dt
dt t w—1.2

2.1.2 Hamilton’s gradient estimates and related inequalities

We start proving Hamilton’s gradient estimate on compact RCD(K, co) spaces, with a proof
which closely follows the original one in [64]. As already said, in fact the same result is known
to be true - from [72] - on the more general class of RCD(K, co) spaces, but given that the
compactness assumption slightly simplifies the argument, we provide the proof. A key tool for
the forthcoming computations is the following:

(2.1.7)  @o fe Test®(X) Vf e Test™(X), ¢:R — R which is C*° on the image of f

(see [109]). We shall extensively make use of it without further notice in the case ¢(z) := log(z)
and f has bounded image.
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Proposition 2.1.3. Let (X,d,m) be a compact RCD(K, 00) space with K € R and let ug €
L*>°(m) be such that uy > ¢ for some positive constant c¢. Put uy := hyug for all t > 0. Then

uo || oo
(2.1.8) t|Vlogu|? < (142K~ t)log (HOHL(m)>, m-a.e.
Ut

for allt >0, where K~ := max{0, —K}.

proof Let us assume for the moment that up € TestSy(X). Set M := |lug|| foo(m) and define
fort >0
Vg 1= P u — ug log u—t, wit Py = m

Notice that by the maximum principle (1.2.10) we know that ¢ < uy < M for all ¢ > 0, thus
the definition of v; is well posed.

Our thesis is equivalent to the fact that vy < 0 and we shall prove this via the com-
parison principle for the heat flow stated in point (i) of Proposition 2.1.1. The fact that
(ur) € ACpe([0,00), WH2(X)) and - by the maximum principle (1.2.10) and the Bakry-

Emery inequality (1.2.13) - that (log(us)), (|Vu|) € LiS.([0,00), L>°(X)) grant that (v;) €

AC10([0,00), L3(X)). Since by construction we have vy < 0, we are left to prove that for any
h € D(A) non-negative it holds

d
/hdt’l}t dmg /vtAhdm a.e. t.

We have u; € D(A) and, by (1.2.17), that |Vu|? € D(A) for any t > 0, thus since as said
0<c<u <M for all t > 0, we deduce that v, € D(A) for any ¢t > 0. Hence our thesis can
be rewritten as

d
<&Ut>m < Ay a.e. t.

The conclusion now follows by direct computation. We have

d [ Vug|? 2 Ak M
(2.1.9) T o +pt (UT (Vug, VAug) — Auy 2 > — Auylog o + Auy
and
M M 2
(2.1.10) A (vrtog ) = (A tog 2 — A, — Y
Ut Ut Ut
Moreover
Vugl? 1 _ _
Al u:’ = uftAwut\? - (\vutm(ut D+ 2(V |V, V(y; 1)>)m

so that using the Bochner inequality (1.2.23) we obtain

\Vut |2
Ut

A

2 2 2K
> (u—]Hess(ut)IQHS + ™ (Vug, VAu) + TIVut\2
(2.1.11) ! ! !
- A

V|2 V[t 2
ut| U2t| +2| ’U;| —?<Vut,V\Vut|2>>m.
t

Uy Uy
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Putting together (2.1.9), (2.1.10) and (2.1.11) and using the identity

Vur @ Vg |2 Vgt (Vaug, V|V |?
’Hess(ut) B #’HS = [Hess(ur) [}y + | u2t’ = ut’ )
t

we obtain

2
(ivt)m — Ay < (M(gpg —2Kyp — 1) - jt‘Hess(ut) —

Vur ® Vug ‘2 )
_— m
Ut

Ut HS

and the conclusion follows noticing that by the definition of ¢, we have
¢£—2Kg0t—1§0 vt > 0.

For the general case, recall that by (1.2.15) and our assumption on uy we have that u. €
Test)(X) for every € > 0 and notice that what we have just proved grants that

t|Vloguic|> < (142K t)log (M>, m-a.e., Vt>0.
Utte

By the maximum principle (1.2.10) we have that ||uc||zee < ||ug|roc, then the conclusion easily
follows letting ¢ | 0 and using the continuity of € + wu., |Vu.| € L?(m). O

In the compact finite-dimensional case, thanks to the Gaussian estimates for the heat
kernel we can now easily obtain a bound independent on the L norm of the initial datum
present in inequality (2.1.8):

Theorem 2.1.4. Let (X,d,m) be a compact RCD*(K, N) space with K € R and N € [1,00).
Then there is a constant C' depending on K, N and D := diam(X) only such that for any
ug € LY (X) non-negative and not identically 0 the inequality

1
(2.1.12) |V log(ug)]? < C(l + 152>’ m-a.e.

holds for all t > 0, where u; := hyu. In particular, for every 6 > 0 there is a constant Cs > 0
depending on K, N, D, only such that

(2.1.13) sup €||Vlog(uet)||pe < Cs Vit > 0.
€€(0,1)

proof Recall the representation formula (1.2.9¢):

() = / u()rly)(@) dm(y) Vo€ X

and that for the transition probability densities r;[y](z) we have the Gaussian estimates (1.2.11)

700 6701%2 r T 702
n(B_;(y)) <o) < L)

for appropriate constants Cy, C1, Cy depending only on K, N. Therefore we have

o = supuae) < s | m(g‘ﬂy))

igf uge(x) > C'O(fchT2 / n% dm(y) > 0.

Vr,y € X,

dm(y),
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By the Bishop-Gromov inequality we know that for some constant C3 > 0 it holds

m(B, 5(y)) < Csm(B4(y)  VyeX, t>0,

hence the above yields

lutllzoe  C2C5 ¢, 02

Ve e X, t>0.
ugt(:c) -

We now apply Proposition 2.1.3 with u; in place of ug (notice that the assumptions are fulfilled)
to get

0203 D2>
m-a.e.,

t|V log(ug)|* < (1 4+ 2K t) log (w) <1+ 2K*t)<log( Co )+ ClT

U2t
which is (equivalent to) the bound (2.1.12). The last statement is now obvious. O

In inequality (2.1.12), the right hand side blows-up at ¢ = 0 and thus it gives no control
for small ¢’s. In the next simple proposition we show that if the initial datum is good enough,
then we have a control for all ¢’s:

Proposition 2.1.5. Let (X,d,m) be a compact RCD(K, 00) space with K € R and let ug :
X — (0,00) be such that logug is Lipschitz. Put u; := hyug for all t > 0. Then

|V log ug| < e K[|V log ug] || o m-a.e..

proof Assume for a moment that uy € Test$)(X) and put ¢; := logu; € Test™(X) so
that, also recalling the calculus rules stated in the preliminary section, we have (¢;) €
ACZOC([O’ OO),L2(X)) and

d

2.1.14 —
( ) dt%

= [Veul* + Mgy

By the maximum principle (1.2.10) we know that w(x) € [¢, C] for any ¢, x, for some [c, C] C
(0,00) and from this fact and the chain rule for the differential and Laplacian it easily follows
that (Apy) € L2([0,00), WL2(X)) and (|[Vgy]) € L2 ([0, 00), L(X)). Hence taking (1.2.16)

loc loc

into account we see that [Ve|? € L ([0,00), W2(X)) as well. Therefore from (2.1.14) we

loc

deduce that (¢;) € AC;,c([0,0), W12(X)) so that putting
Fi = |V90t|27

we have that (F}) satisfies the regularity assumptions needed in point (ii) of Proposition
2.1.1 (notice that trivially AC)..([0,00), L?(X)) C AC.([0, 00), W~12(X))). Moreover, from
(2.1.14) we get

d
aFt =2 (V(pt, VFt) + 2 <Vgot, VA(pt>

and therefore from the Bochner inequality (1.2.23) written for ¢; - neglecting the term with
the Hessian - we see that for any h € Test®(X) it holds
d
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showing that (F}) is a weak subsolution of (2.1.2) with
ag =20 a1 = 2K as =0 vt = 2¢4.
On the other hand, the function
Gr(a) = ¢~ By

is a solution of (2.1.2) and Fy < Gp m-a.e. Since from the chain rule for the Laplacian and
the maximum principle (1.2.10) we have Ay, € L7° ([0,00), L°(X)), we see that we are in

loc

position to apply point (ii) of Proposition 2.1.1 and deduce that F; < G; m-a.e. for every
t > 0, which is the thesis.

For the case of general g as in the assumptions, we put ug := ehe(og(u0)) and notice that
by the Bakry-Emery estimate (1.2.13), it holds

% 11V 1log ug| [z < |||V log o] e~

Then put ¢f := logh;ug and notice that this last inequality together with what previously
proved grants that

T |94 1= < )7 oguol .

Conclude noticing that ¢f — logu; m-a.e. as € | 0 and use the closure of the differential.
O

2.1.3 A Li-Yau type inequality

We now prove a version of Li-Yau inequality valid on general compact RCD* (K, N) spaces,
where K is possibly negative: the bound (2.1.15) that we obtain is not sharp (as it is seen
by letting K 1 0 in the estimate (2.1.16) provided in the proof) but we decide to present it
because the idea of the proof is simple and the compactness assumption

Theorem 2.1.6. Let (X,d,m) be a compact RCD*(K, N) space with K € R and N € [1,00).
Then for every § > 0 there exists a constant Cs > 0 depending on K, N, Diam(X) and 0 only
such that the following holds.

For any ug € L' (X) non-negative and non-zero and € € (0,1) it holds

(2.1.15) eAlog(he(ug)) > —Cs Yt > 0.

proof We can, and will, assume K < 0. Let C be the constant given by Theorem 2.3.2 (which
only depends on K, N and Diam(X)) and put

a(t) = —KC(1+ ;12) > 0.

We shall prove that for uy as in the assumptions we have

t
(2.1.16) Alogu; > —/Nalt) coth( a](v)t) Yt > 0.
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From this the thesis easily follows as the function ¢(t,e) := e\/Na(et) coth (\/ %575) is

decreasing in ¢ - as seen by direct computation - so that (2.1.15) follows from (2.1.16) and

—4KCN —4K(C
————coth (

161\{61 ¢(57 8) = 52 N

><—i—oo.

Thus fix up as in the statement and notice that u; € Test3(X) for every ¢t > 0, so that
fr :=logu; € Test™(X) for every t > 0. Arguing as in the proof of Proposition 2.1.5 we see
that (f;) € ACee((0,00), WH2(X)) with

d
(2.1.17) Eﬁ:Af,ﬁLnytF, for a.e. t > 0.

Let n > 0 to be fixed later and put F; := Af;y,. From the chain rules for the gradient and
Laplacian it is readily verified that (F}) € L$2.([0, 00), L=(X)) N L52.([0, 00), WH2(X))
Now, as in the proof of Lemma 2.1.2, the trivial estimate

JAflly -1z = sup / GAfdm= sup — / (Vg, Vf) dm < || fllwae

llglly1,2=1 llglly1,2=1

grants that A : D(A) — L?*(X) can be uniquely extended to a linear bounded functional, still
denoted by A, from W12(X) to W ~12(X). It is then clear that (F}) € AC},.(]0, 00), W—12(X)).

We want to show that (F}) is a weak supersolution of (2.1.2) for an appropriate choice of
the parameters and to this aim we fix h € Test3°(X) and notice that

dt th dm = /AhftJrn dm = /Ah Ft + |vft+7]| )

Using first the Bochner inequality (1.2.24) and then the gradient estimate (2.3.2) we obtain

d
dt/thdm> /AthJrh( (V foin, V) + NFt + 2KV fr| )dm

2 1
> /Ath + h(2(V fin, V) + P +2KC(1+ ?)) dm,
thus indeed (F}) is a weak supersolution of (2.1.2) for
1
ag = — a1 :=0 as(n) = 2KC'(1 + ﬁ) Vg = 2fr g
Noticing that aa(n) < 0, it is trivial to check that the function

a N
Yp = —1) — 2(727) coth(

2a()
]2\7 (t+t))

is the only solution of
/

2
Y = *yg + az(n)

N

with yo = —4/ —w coth (\/ —%QT(")to). Now recall that Fp = Af,, € L*, so that choosing

to > 0 sufficiently small we have that Fy > yy m-a.e.
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Defining G¢(x) := y; it is then clear that (G:) is a weak (sub)solution of (2.1.2), and
since Fy > Gp holds m-a.e. and, as already argued in the proof of Proposition 2.1.5, Av; €
LS ([0,00), L>(X)), Proposition 2.1.1 grants that for any ¢ > 0 it holds F; > G; m-a.c., that
is:

N 2 N 2
Atog(urs) = —f 2PN o (/220 g 4 g)) > [ 02DN oy () 20200,
Picking 1 := t we obtain (an equivalent version of) (2.1.16). ]

2.2 Local calculus

As noticed and widely used in the previous section, when (X, d, m) is a compact RCD*(K, N)
and u € L'(X) is a non-zero non-negative function, by the regularization properties of the
heat semigroup it follows that h;u € Test(X) and hsu > ¢ for some constant ¢ > 0, so that
log hyu € Test(X) as well.

In the non-compact case, the lower bound on h;u is no longer true and thus in general
log hyu ¢ L?(X). As a consequence, in order to give a meaning to Hamilton’s gradient estimates
and Li-Yau inequality one needs to introduce local Sobolev spaces and related differential
operators; this will allow us also to investigate those local regularity features that fail to be true
on a global scale. A possible approach to the problem consists in generalizing the machinery
of L?(X)-normed modules introduced in Section 1.1 through the definition of L%(X)-normed
modules (for a detailed presentation, the reader is addressed to [56]).

A L°(X)-normed module is a complete topological space (.#,7) endowed with a bilinear
map

LX) x . — M

(fiv) = f-o
called multiplication by L°(X) functions, and a map |- | : .# — L°(X) with non-negative
values, called pointwise norm, such that:
(i) for every v € .4 and f,g € LY(X)
fg-v)=(fg) v, Lv=w

where 1 denotes the function identically equal to 1;
(ii) for every v € .# and f € L%(X) it holds |f - v| = | f] |v] m-a.e.

(iii) for some Borel partition (E;) of X into sets of finite m-measure, .Z is complete w.r.t.
the distance

1 :
do(v, w) :Z%(Ez)/E min{1, |[v — w|}dm
1€EN v

and 7 is the topology induced by the distance.
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An isomorphism between two L°(X)-normed modules is a linear homeomorphism which pre-
serves the pointwise norm and the product with L°(X) functions.

It is not difficult to see that the choice of the partition (F;) in (¢i7) affects the distance, but
not the completeness of .# nor the topology 7. Moreover, if .# is a L?(X)-normed module,
then there exist a unique LY(X)-normed module .#° and a unique map ¢ : .# — .#° which is
linear, preserves the pointwise norm and has dense image. Here uniqueness is intended up to
unique isomorphism, in the following sense: if A° and 7 have the same properties, then there
exists a unique isomorphism ® : . #Z — A" such that 7 = ® o ..

For our discussion it is also helpful to recall that on RCD*(K, N) spaces very regular cut-
off functions can be built. Although already known in the literature (see [9]), we give the full
proof of the following result, because the estimates (2.2.1) will be widely exploited in Chapter
5 and Chapter 6 and have not been explicitly pointed out in [9].

Lemma 2.2.1. Let (X,d,m) be a RCD(K, o) space with K € R endowed with a Borel non-
negative measure m which is finite on bounded sets.

Then for all B C B' ¢ X with B compact and B’ open and relatively compact there exists
a function x : X — R satisfying:

(i) 0 < x <1, x =1 on a neighbourhood of B and supp(x) C B’;
(i1) x € Test™(X).

Moreover, the following estimates hold

(2.2.1) Vx| Lo m) < C | AX] oo my < C'

where the constants C;C" > 0 only depend on K and the distance between B and X \ B'.

proof Let n € Lip(R) with bounded support and introduce the following notation:

d(z, B) := ;gjgd(x,y) B":={xeX :d(z,B) <r}.
If we define ¢ := nod(-, B), then it is easy to see that ¢ has bounded support and ¢ € W2(X)
with [V¢] < |'(d(+, B))| m-a.e. Thus, since ¢ := inf,¢p d(x, B) > 0, we can choose 7 in such
a way that 0 < ¢ <1, £ =1 on B3 and supp(€) € B%/3  i.e. (i) holds.
In order to gain further regularity and build a function satisfying also (ii), let us first
introduce the mollified heat flow h; as

1 o
(2.2.2) hef = t/ h, fr(r/t)dr,
0
where © € C°(0,00) is a probability density, and observe that if f € L2 N L°(m) then
hef € Test™(X): indeed, by (1.2.15) and the a priori estimates (1.2.12a) and (1.2.12b) we see
that b, f € Test(X) for every ¢t > 0 and its Laplacian is explicitly given by

Abf = 1/000 Ah, fr(r/O)dr = 1/000 (%hrf)ﬁ(r/t)dr
:_t12/0 hrfn’(r/t)dr:—i/ hst fr'(s)ds

0
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whence, by the maximum principle,

1
(2.2.3) [ A f | poe(m) < ;HfHL‘X’(m)“K/|’L1(O,oo)‘

An explicit bound can be found for |Vh,f| too, provided |V f| € L% (m): by the Bakry-Emery
contraction estimate (1.2.13) we have

o

Vosl < g [t/ = [T Fhafl(ds < [T e /TR ds
0 0

0

whence, again by the maximum principle,

(2:2.4) 1V fll oo m) < |HVf!HLo<>(m)/O e k(s)ds < OV ]| oo (m)-

Now let us regularize £ by means of the mollified heat flow, setting & := b:£. The maximum
principle, (2.2.4) and the Sobolev-to-Lipschitz property imply that {& }¢c[o,7) is a uniformly
Lipschitz and uniformly bounded family for any T > 0. By the Ascoli-Arzela theorem together
with the fact that & — ¢ in L?(m) as ¢ | 0 we deduce that & — £ uniformly. As a consequence,
again by the maximum principle there exists 6 = d(¢) > 0 sufficiently small so that

<&<lon B and  0<& <> onX\B*5

|
F

Then pick ¢ € C%([0,1],[0,1]) such that ¢([0,1/4]) = {0} and (([3/4,1]) = {1} and set
x := ( 0 &s5. By the chain rule for the gradient and the Laplacian, we finally deduce that x
satisfies both (i) and (i7).

The estimates (2.2.1) follow from (2.2.3) and (2.2.4), noticing that the choice of x and ¢
is completely arbitrary, whereas 1 and § only depend on €. U

With this said, L? (X) is defined as the space of functions f € L°(X) such that for all
compact set  C X there exists a function g € L?(X) such that f = g m-a.e. in Q. Analogously,
it is possible to introduce L? (X) for all p € [1,00]. The local Sobolev class S? (X) is then

defined as
(2.2.5) S2.(X):={fe LX) : ¥Q cc X Jg € S*(X) s.t. f = g m-a.e. in N}

and the local minimal weak upper gradient of a function f € S? (X) is denoted by |Df],
omitting the locality feature, and defined for all 2 CC X as

|Df| :=|Dg| m-a.e. in

where ¢ is as in (2.2.5). The definition does depend neither on €2 nor on the choice of g
associated to it by locality of the minimal weak upper gradient; the definition of the local
Sobolev space W12(X) follows naturally as L2 N SE _(X).

As already seen in Section 1.1 for the global analogue, the notion of local minimal weak
upper gradient enables the definition of the local differential through the following result.

Theorem 2.2.2 (Definition of LY(T*X)). There exists a unique couple (L°(T*X),d), where
LY(T*X) is a L°(X)-normed module and d : S? (X) — L°(T*X) is a linear map, such that:

loc
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(i) |df| = |Df| m-a.e. for every f € S? (X);

(ii) the space {df : f € SE.(X)} generates L°(T*X) in the sense of modules, namely L°(X)-
linear combinations of objects of the form df are dense in L°(T*X).

Uniqueness is meant up to unique isomorphism, namely if (.# ,d") satisfies the same properties,
then there is a unique isomorphism ® : L°(T*X) — .# such that ®(df) = d'f for all f €

S2 (X).

It is worth saying that (L°(7*X),d) can be fully identified with the L°(X)-completion of
L?(T*X) in the sense that, if we denote by d’ the differential associated to L?(T*X) to avoid
ambiguity, there is a unique linear map ¢ : L?(T*X) — L°(T*X) sending d’f to df, preserving
the pointwise norm and with dense image. For this reason, we shall use the same notation for
both the differentials of L?(T*X) and L°(T*X).

The space of vector fields L°(TX) can be now defined in two equivalent ways: as the dual of
LY(T*X) as L°(X)-normed module or as the L(X)-completion of L?(TX). Then L} (T*X) C
LY(T*X) (resp. L} (TX) C L°(TX)) is defined as the collection of the 1-forms w such that

loc

w| € L2 (X) (resp. the vector fields W such that [W| € L2 (X)); with this definition, we can

loc

observe that in (L°(T*X),d) the differential d actually takes values in L? (7*X). Furhermore,

loc
since L°(T*X) and L°(TX) are canonically isomorphic via the (musical) isomorphisms

b: LO(TX) — LO(T*X) t: LO(T*X) — LO(TX),

extensions of the ones introduced in (1.1.6), we can define the gradient of f € Wlif(X) as
Vf:=(df)f e L} (TX).

loc

Remark 2.2.3. By a simple cut-off argument, one can show that f € SfOC(X) if and only if
xf € S?(X) for every Lipschitz function y with bounded support. An analogous statement
holds for W,%(X). u

As regards the divergence, we say that W € L} (TX) has divergence in L? (X), and write
W € D(divie.), provided there exists h € L7, (X) such that

/ ohdm = — / do(W) dm, V¢ Lipschitz with bounded support.

In this case ¢ is unique and denoted by div(W). Arguing in the same manner, we say that
a function f € VVllof(X) has Laplacian in L? (X), and write f € D(Ay.), if there exists
g € L? (X) such that

loc

/(bgdm =— /(V(b, V f)dm, V¢ Lipschitz with bounded support

and in this case, since g is unique, we set A f := ¢. In addition, a function f € VVZL? (X) belongs
to the domain of the (local) measure-valued Laplacian, and we write f € D(Ay.), if there
exists a set function 1 : %pg(X) — R, %pq(X) being the family of bounded Borel subsets of X,
which is a Borel (signed) measure with finite total variation when restricted to an element of
Ppq(X) and such that (1.1.5) holds. Finally, let us introduce the local Sobolev space T/Vfof(X)
and the vector space of ‘local test functions’ Test,.(X) as

W2A(X) :={f € L} (X) : V@ cc X g € W?*(X) s.t. f =g m-ac. in Q}

loc

Testioe(X) := {f € L} .(X) : VQ CcC X g € Test(X) s.t. f = g m-a.e. in Q}

loc
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and, for a function f € Wlif(X), denote the (local) Hessian of f as the global one and define it
by locality, namely Hess(f) := Hess(g) m-a.e. in Q provided 2 has non-empty interior (because
of the locality property (1.2.19)) where g is as in the definition above.

It is easy to see that the local definitions we have just provided are consistent with the

global ones, in the sense that

o if f € WH2(X), then its local minimal weak upper gradient coincides m-a.e. with the
global one;

o if f € I/Vllof(X) with f,|Df| € L*(X), then f € W2(X) and the local minimal weak
upper radient turns out to be the global one;

thus motivating the same notation. Analogous statements hold for the divergence, the L?-
valued Laplacian, the measure-valued one and the Hessian. It is also worth saying that these
local objects enjoy the same calculus rules of the corresponding global ones, up to slight
adaptations; we collect them below.

Lemma 2.2.4 (Local calculus rules). Let (X,d,m) be a RCD*(K,N) with K € R and N €
[1,00). Then:

(i) (Differential and gradient) d satisfies the following calculus rules:

df| = |Df| m-ae. Vf € Sjpe(X)
df =dg  m-ae on {f =g} Vf,9 € Sipe(X)
d(fg) =gdf + fdg Vf,g € Lis. N Sp(X)

and for all f € S}.(X) and ¢ : R — R such that for all K CC X there exists I CC R
in such a way that L (f(K)\ Ix) =0 and f|IK is Lipschitz it holds

d(pof)=¢ of,

where it is part of the properties the fact that p o f, fg € SfOC(X) for v, f,g as above;

analogous statements hold for the gradient.

(ii) (Divergence) for all f € VV;}’?(X), W e D(diviee) such that |f|,|W| e L°.(X) it holds

loc
div(fW) =df(W) + fdiv(W),
where it is part of the statement that fW € D(diviee) for f, W as above.

(iii) (Laplacian) A enjoys the chain and Leibniz rules:

(2.2.6a) Apo f) =" o fldffP+ ¢ o fAf
(2.2.6b) A(fg) =gAf+ fAg+2(Vf,Vg)

where in the first equality we assume that f € D(Ape), o : R — R are such that
f1df| € L (X) and ¢, ¢" € L>®(R) and in the second that f,g € D(Aje) N LS (X)

loc loc

and |df], |dg| € L.(X) and it is part of the claims that p o f, fg are in D(Ajpe).

loc



38 CHAPTER 2. OLD ESTIMATES IN A NEW SETTING

(iv) (Hessian) for all f, g € Testoe(X) it holds
Hess(f) = Hess(g), m-a.e. on {f = g}
and the following Leibniz rule is satisfied

(2.2.7) d(Vf,Vg) = Hess(f)(Vyg,-) + Hess(g9)(Vf,) m-a.e.

proof All the locality properties are straightforward consequences of the definitions and of the
analogous properties valid for the global objects. The Leibniz rules are also easy to obtain;
for (2.2.7) it is sufficient to observe that Test(X) C W22(X) entails Testyo.(X) C T/VliCQ(X),
so that Hess(f) is locally well defined for any f € Test;,.(X) and the locality of the Hessian
together with (1.2.21) give the conclusion.

Asregards the chain rule, let us prove the one for the differential; the other one follows along
the same lines. Let f € S3_(X), K C X be a compact set, fx a Sobolev function coinciding
with f m-a.e. on K and g a Lipschitz extension of |, to R. Then ¢ o fx € S*(X) by
Lemma 1.1.3, whence d(¢x o fx) = ¢ o frk dfk, and px o fx = po f m-a.e. in K; by locality
of the differential and the fact that df = 0 m-a.e. on f~!(N) for any .#!-negligible set N C R
(thus getting rid of the points where ¢ and ¢x may be different) the thesis follows. O

Let us stress that Test(X) C W22(X) entails Test,.(X) C T/Vlif(X) Hence, taking also

(1.2.16) and (1.2.17) into account, for any f € Testj,.(X) we already know that Hess(f)
is locally well defined and |[Vf|? € D(Aj) N T/Vlf)f(X) However, there is a flipside: given
f € L2 (X), how can we check if f € Testjo.(X)? Far from investigating the question in its
full generality, as already anticipated we are mostly interested in the case f = logh;u and to
answer the question in this particular case we will rely on Lemma 2.2.1, which implies that
(2.2.8) Testype(X) = { f € D(Ape) NLE(X) : |Vf] € LX), Af € W,ﬁf(X)}.
The ‘C’ inclusion is obvious, while for the opposite one if f belongs to the set on the right-
hand side of (2.2.8) and © C X is a compact set, it is sufficient to take a cut-off function
x € Test™(X) with bounded support and x = 1 on Q: then xf € Test(X) and xf = f on .
This follows by Remark 2.2.3, the fact that y f still belongs to the set on the right-hand side
of (2.2.8) and the calculus rules of Lemma 2.2.4.

The existence of a regular extension is not a trivial task. Thus, the advantage of (2.2.8) is
clear: it characterizes Test;o.(X) in terms of L7S (X), VV&)CQ(X), D(Ayyc) and checking whether a
function belongs to these spaces requires a distributional or cut-off approach, which is easier.

The fact that log hyu € Testy,.(X) is now a matter of direct computation.

Proposition 2.2.5. Let (X,d, m) be a RCD*(K, N) space with K € R and N € [1,00) endowed
with a Borel non-negative measure m and let ug € L?> N L>(X) be non-negative not identically
zero. Put uy := hyug for all't > 0. Then logu; € Testy.(X).

proof Fix t > 0 and notice that by (1.2.15) u; € Test(X) and by (1.2.11) w is locally away
from 0. Taking into account the fact that log is smooth on (0, 00), this information implies
that logu; is well defined, belongs to L? N L (X) and by the chain rule for the differential

loc loc

and the Laplacian stated in Lemma 2.2.4 logu; € VVZ%)CQ(X) N D(Ajoe) with

A 2
(2.2.9) Viogu; = %, Alogu; = = Nu2t| .

Ut Ut Uy
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The first expression, u; € Test(X) and the fact that wu; is locally bounded away from 0 also
entail that |Vlogus| € Li° (X). Looking at the second expression, taking into account the

local chain rule (which grant that 1/u, 1/u? € VVllo’c2 (X)) and the Leibniz one, we deduce that
Aloguy € T/Vlif (X) and it is easy to check that

VAu Au|Vu 2\Vu 2|V |3
(2.2.10) |[VAlogug| < | d + t’2 d + | 5 d |Hess(ut)|pys + | St’ :
Uy uj u; u;
By (2.2.8) this is sufficient to conclude. O

2.3 Hamilton and Li-Yau estimates

We start recalling Hamilton’s gradient estimate on RCD (K, 0o) spaces, which is known to be
true from [72]. In this work Jiang and Zhang proved the inequality on the class of proper
RCD(K, ) spaces, but we would like to point out that it is not actually needed for (X, d, m)
to be proper. In fact, in Section 2 of [72] the authors never use explicitly the fact that X is
proper, but refer to [58], [4], [7] and [109]: in the last three papers m is just a non-negative
Radon measure, while only in the first one m is assumed to be finite on bounded sets (see
Proposition 4.24) and this is always the case on RCD(K, c0) spaces because of (1.2.6). Hence
we are going to state Hamilton’s gradient estimate in a framework which is slightly better
than the one of [72].

Proposition 2.3.1. Let (X,d, m) be a RCD(K, c0) space with K € R endowed with a Borel
non-negative measure m and let ug € LP N L™ (m) be positive with p € [1,00). Put us := hyug
for allt > 0. Then

(2.3.1) t|Vilogu|? < (1 + 2K t)log (HUOHLw(m)) m-a.e.
Ut

for allt >0, where K~ := max{0, —K}.

In the finite-dimensional case, thanks to the Gaussian estimates for the heat kernel we
can easily obtain a bound independent of the L norm of the initial datum (provided it has
bounded support) present in inequality (2.3.1):

Theorem 2.3.2. Let (X,d,m) be a RCD*(K, N) space with K < 0 and N € [1,00) endowed
with a Borel non-negative measure m which is finite on bounded sets. Then there is a constant
C' depending on K, N only such that for any ug € L*(m) non-negative, not identically 0 and
with bounded support the inequality

1 D3
(2.3.2) |V log(us)|* < C(l - t) (1 +t+ Ot($)>, m-a.e.
holds for all t > 0, where u; := hyu and
Dy(x):= sup d(z,y).

yEsupp(uo)

In particular, for every 0 <0 <T < 0o and T € X there is a constant Csp > 0 depending on
K,N,, T,z and the diameter of supp(ug) such that for every e € (0,1) it holds

(2.3.3) e|Vlog(us)| < Csr(1+d(-,2))  Vtel[s,T).
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proof As a first remark, by the compactness of supp(ug) we see that Dy is always finite and
thus the inequality (2.3.2) is meaningful. Recall the representation formula (1.2.9¢)

w () = / o (y)raly) () dm(y) = / wo(y)rily)(x) dm(y) ¥z e X

supp(uo)

and that for the transition probability densities r¢[y](x) we have the Gaussian estimates
(1.2.11), which can be simplified as

C’0 dQ(x’y)

Cl Cat
m(B () " ( 3t

N Czt) < 2] (y) < S BAT

for appropriate constants Cy, C1, Co depending only on K, N. Therefore, we have

Ve,y € X,

u(y)
U Loo:Sllpul’SCGC2t/ ——==—dm(y),
H t” . t( ) 1 supp(uo) m(B\/g(y)) ( )
3()
inf ug(z) > Coe 2“*e™ = / ) dm(y) > 0.
z supp(uo) m(B\/ﬂ(y))

By the uniformly local doubling condition (1.2.4) we know that it holds

m(B 5 (y)) < m(B4(y))C3eSYE Wy eX, t>0,

where C3, C4 only depend on K, N. As a consequence, the above yields

[l _ 056302“04\/@@

Vere X, t>0.
uge ()

We now apply Proposition 2.3.1 with u; in place of ug (notice that the assumptions are fulfilled)
to get

t|V log(uz)|? < (142K t)log (M)
U2t

D2
g(1+2K*t)(logc5+3cgt+c4\/i+ Ot(x)) m-a.e.,

which is (equivalent to) the bound (2.3.2), because Dy is uniformly bounded away from 0; more
precisely, since supp(ug) is compact, we can say that Dy > diam(supp(up))/2 > 0. Indeed, if
this were not the case, then there would exist a sufficiently small constant 1 > 0 such that
d(z,y) < diam(supp(up))/2 — n for all y € supp(ug), whence d(y,y’) < diam(supp(ug)) — 29
for all y, 4" € supp(ug) by trinagle inequality and thus diam(supp(up)) < diam(supp(up))—27.
The last statement is now obvious, noticing that

(2.3.4) Dy(z) < Do(z) +d(x, z)

for any & € supp(ugp). O

This result is the extension of Theorem 2.1.4 to the non-compact case, but while (2.1.12)
provides a uniform (in space) control on |V log(u:)| which improves as ¢t — oo, (2.3.2) is only
a local boundedness condition, both in space and in time. The same difference exists between
(2.1.13) and (2.3.3). However, since we are only be interested in small-time behaviour, (2.3.3)
will be enough for our purposes.

A further result that we shall need soon is the Baudoin-Garofalo inequality (see [51] for
the case of finite mass and [70] for the general one).
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Theorem 2.3.3 (Baudoin-Garofalo inequality). Let (X,d,m) be a RCD*(K,N) space with
K € R and N € [1,00) endowed with a non-negative Radon measure m and let ug € LP(m)
for some p € [1,00) be non-negative. Put uy := hyug for all t > 0. Then

Aut+NK e~ 4Kt/3
w 3 1—c 2K

(2.3.5) IV log u,|? < e 2K4/3 m-a.e.

—4Kt/3 .
for allt > 0, where %;(w s understood as % when K = 0.

It is worth stressing that in the case K = 0 (2.3.5) reduces to the well known Li-Yau
inequality
Alog uy, vVt > 0, m-a.e.

which thus reads as in the smooth setting. The theorem above allows us to prove a version of
the Li-Yau inequality valid on general RCD* (K, N) spaces, where K is possibly negative. The
bound (2.3.6) that we obtain is valid only locally in time but sufficient for our needs since it
makes explicit the dependence on the distance.

Theorem 2.3.4. Let (X,d,m) be a RCD*(K, N) space with K < 0 and N € [1,00) endowed
with a non-negative Radon measure m. Then for every 0 < § <T < 0o and T € X there erists
a constant Csp > 0 depending on K,N,5, T,z and the diameter of supp(ug) such that the
following holds.

For any ug € L'(m) non-negative, not identically zero and with bounded support and for
any € € (0,1) it holds

(2.3.6) eAlog(ha(ug)) > —Csr(1+d*(,2))  Vte[s,T).
proof As a first step, rewrite the Baudoin-Garofalo inequality (2.3.5) as

NK e—4Kt/3
3 1 — ¢—2Kt/3°

e 2Kt/3 (A“t _ |V10gut|2> >(1-— e—ZKt/3)]Vlogut|2 _
Ut

Then, dividing both sides by e 25%/3 using Hamilton’s gradient estimate (2.3.2) and the fact
that logus € Testoe(X) (Proposition 2.2.5), which allows us to use all the calculus rules we
need and thus to say that

A
Alogu; = 2u |V log us|?,
Ut

the inequality above becomes

2 —2Kt/3
Aloguy > C(eth/?,_ 1)<1+1> <1+t—|— Do> _ NK e

t 31— e 2Kt/3
whence by trivial manipulations

K=C

2
Alogu; > —

2
(1 +t)<1 +t+ l}) — %e”{*t/?’.

From (2.3.4) the conclusion is now immediate. O

As remarked for Theorem 2.3.2, also (2.3.6) is a generalization of (2.1.15) to the non-
compact case with the ‘disadvantage’ of being only a local estimate (both in time and space);
such disadvantage is just a consequence of (2.3.2), because if we could use (2.1.12) instead
of (2.3.2) in the proof above, then the outcome would be a true Li-Yau type inequality: a
space-independent lower bound on A log u; which improves as t — oo.
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Part 11

The Schrodinger problem

43






Chapter 3

From Schrodinger equation to entropy
minimization

In 1931 Erwin Schrédinger addressed a new interpolation problem which immediately showed
shocking analogies with recently born wave mechanics and the Schrédinger equation, analo-
gies that are much stronger than the ones encoded in the Fokker-Planck equation and are in
line with the studies of Smoluchowski on the Brownian motion and on rare events in diffu-
sive particles systems. However, in spite of the several mathematical challenges proposed by
Schrodinger in [110], they did not become as famous as the equation named after him; on the
contrary, the interpolation problem was almost forgotten, even rediscovered many years after,
and only recently a widespread interest for the topic has spotted. This chapter aims to be a
historical presentation of the problem with several physical insights.

For this reason we shed light on the decades passed between 1931 and the recent years.
As regards the history of the problem, we start with the original formulation, the motiva-
tion and the physical interpretation lying behind (see [110], [111], the survey [81] and the
monographs [100], [102], whence most of the considerations are taken from). We often quote
Schrédinger’s words, because of their suggestive and enlightening power, and moving from
them and following a statistical physics approach we sketch how Follmer’s formulation as an
entropy minimization problem can be deduced. As a concluding remark, various developments
and relevant applications are recalled.

3.1 A bridge between quantum mechanics and diffusion pro-
cesses

In the origin it was the wave equation. Indeed, it was 1926 when Schrédinger invented what
he called wave equation and became later known as (linear) Schrodinger equation, namely the
following linear PDE

2
ot

which describes the non-relativistic evolution of a single particle in an electric field with
potential energy V', as it is nowadays commonly understood. However the physical meaning
lying behind the solutions of such equation had been remaining mysterious for a long time and
had been triggering many people, before satisfactory interpretations appeared, one of them

+ 3AY +ib(t,) - Vo~ V(t,x) =0

45
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proposed by Max Born (see [21]). He proposed a statistical interpretation of wave functions,
observing that

W)(tv $)|2 = w(tv :C)E(t, $)

can be regarded as the probability density describing the position of something, e.g. an elec-
tron, where 1) is a solution to the Schrodinger equation and v its complex conjugate. This
observation was coherent with experiments, explained them well and thus became a pillar of
the Copenhagen interpretation of quantum mechanics. Yet, physicists like Einstein [44] and
Planck were still quite suspicious towards such a perspective; famous is Einstein’s remark
about quantum mechanics in a letter to Born, dated 4 December 1926:

Die Quantenmechanik ist sehr achtung-gebietend. Aber eine innere Stimme sagt
mir, daft das doch nicht der wahre Jakob ist. Die Theorie liefert viel, aber dem
Geheimnis des Alten bringt sie uns kaum néher. Jedenfalls bin ich iiberzeugt, daf
der nicht wiirfelt.!?

Schrédinger himself struggled to find a satisfactory physical meaning, but in a different
way: from these efforts (although they did not give a positive answer to the problem) and his
peculiar formulation of Brownian motion the Schrédinger problem arose.

In order to explain the results of the German physicist, first and foremost one has to
observe that the Schréodinger equation is a diffusion equation, as witnessed by the Laplacian,
but unlike the heat equation it is also a wave equation because of the imaginary unit appearing
in front of the time derivative, whence the name chosen by Schrédinger. Thus no particle notion
should be encoded in it, but with Born’s statistical interpretation this came along and this
contributed to the growth and strengthening of the wave-particle duality. However, together
with the particle notion, a particle theory for quantum mechanics should be developed, whence
the following question:

Which particle should be attached to a solution of the Schrédinger equation?

Since in the quantum world position and velocity can not be equally well determined because
of Heisenberg’s uncertainty principle, no classical particle driven by Newton’s law can be
considered. On the contrary, the irregularity feature of Brownian motion trajectories (Holder
continuity but no absolute continuity) exactly leads to an interpretation of Brownian particles
as objects with position but no velocity. For this reason the first attempt of a particle model
for quantum mechanics was addressed towards the Brownian motion. As already mentioned
above, there is a formal resemblance between the Schrodinger equation and a diffusion one,
because the couple (v,%) given by the wave function and its complex conjugate solve the
following system of Schrodinger equations

(3.1.1a) i%f + %Aw +ib(t,x) - Vb — V(t,2)p =0
(3.1.1b) —i%f + %A@ +ib(t,x) - Vb — V(t,2)1) =0

!Quantum mechanics is certainly imposing. But an inner voice tells me that it is not yet the real thing.
The theory says a lot, but does not really bring us any closer to the secret of the ‘old one’. I, at any rate, am
convinced that He is not playing at dice.

2Born, M.; Born, M. E. H. & Einstein, A. (1971). The Born—Einstein Letters: Correspondence between
Albert Einstein and Max and Hedwig Born from 1916 to 1955, with commentaries by Max Born. I. Born,
trans. London, UK: Macmillan. ISBN 978-0-8027-0326-2
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while a diffusive system can be described via the following couple of PDEs

(3.1.2a) (?)ZL + %Au +b(t,z) - Vu—c(t,z)u =0
(3.1.2b) _?;t) + %Av —b(t,z) - Vo —c(t,z)v =0

where ¢ represents a creation and killing term, and the appearance of the two systems is
very similar. However the resemblance is very superficial, because mathematical properties
of solutions to one system can not be transferred to solutions to the other one; for instance,
a group of unitary operators is naturally associated to (3.1.1a) and (3.1.1b), while diffusion
equations induce semigroups of non-negative operators. Furthermore, from a physical point of
view, wave equations describe essentially reversible phenomena, while phenomena described
by diffusion equations have an irreversible nature.

Nevertheless, can Schrédinger equations be put within the framework of diffusion processes
and the other way round? Is there an alternative way to get a particle theory for quantum
mechanics via Brownian motions? Although it does not fully answer these questions, a problem
arising in classical physics with much stronger analogies to quantum mechanics was proposed
by Schrodinger in 1931 in [110] (a French translation of the original German paper appeared
the year after, see [111]).

Let us present it by quoting Schrodinger himself [111], who in turn cites Eddington’s point
of view on Born’s statistical interpretation:

Il s’agit d’un probléme classique: probléme de probabilités dans la théorie du mou-
vement brownien. Mais en fin de compte, il ressortira une analogie avec la mé-
canique ondulatoire, qui fut si frappante pour moi lorsque je 'eus trouvée, qu’il
m’est difficile de la croire purement accidentelle.

A titre d’introduction, je voudrais vous citer une remarque que j’ai trouvée dans les
“Gifford lectures” de A. S. Eddington (Cambridge, 1928, p. 216 et sqq). Eddington,
en parlant de l'interprétation de la mécanique ondulatoire, fait dans une note au
bas de la page la remarque suivante:>

“The whole interpretation is very obscure, but it seems to depend on whether you
are considering the probability after you know what has happened or the probability
for the purposes of prediction. The 1) is obtained by introducing two symmetrical
systems of 1 waves travelling in opposite directions in time; one of these must
presumably correspond to probable inference from what is known (or is stated) to
have been the condition at a later time.”

Eddington’s remark is intriguing, because one could be tempted to read between the lines
that information from the future is available. However this is impossible and a possible way to
explain that relies on Schrédinger’s work [110]. For sake of simplicity and in line with [110],

3This is a classical problem: a probability problem in the Brownian motion theory. But eventually, an
analogy with wave mechanics will come out, which was so shocking for me when I discovered it that it is
difficult for me to believe that it is purely accidental.

As an introduction, I would like to quote a remark that I found in the “Gifford lectures” of A. S. Eddington
(Cambridge, 1928, p. 216 et sqq). Speaking about the interpretation of wave mechanics, Eddington points out
the following remark in a footnote:
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Einleitung. Wenn fiir ein diffundierendes oder in Brownscher Bewe-
gung begriffenes Teilchen die Aufenthaltswahrscheinlichkeit im Abszissenbereich
(z; & +dx) zur Zeit I,

w(x, t)dx
gegeben ist,
w(xi to) - wO(x)’

so ist sie fiir £>>1, diejenige Losung w(x, f) der Diffusionsgleichung

L dw dw
P =90 @
welche fiir ¢ = ¢, der vorgegebenen Funktion w,(z) gleich wird. — Uber

Probleme dieser Art, mit vielen moglichen Komplikationen und Variationen,
die durch spezielle Versuchsanordnungen und Beobachtungsmethoden nahe-
gelegt waren, gibt es eine umfangreiche Literatur, wobei das System, um das
es sich handelt, gar nicht ein diffundierendes Teilchen zu sein braucht, sondern
beispielsweise die Elektrometernadel bei der K. W. F. Konuravscnischen An-
ordnung zur Messung der Scuweiprerschen Schwankungen, und an Stelle der
Gleichung (1) ihre Verallgemeinerung tritt, die sogenannte Foxxrr-Praxcksche
partielle Differentialgleichung fiir das betreffende, irgendwelchen Zufallsein-
fliissen ausgesetzte System’.

Solche Systeme geben nun zu einer Klasse von Wahrscheinlichkeits-
problemen AnlaB, die bisher keine oder wenig Beachtung gefunden hat und
die schon rein mathematisch dadurch von Interesse ist, daf3 die Antwort nicht
durch eine Losung der Fokkerschen Gleichung geliefert wird, sondern, wie
sich zeigen wird, durch das Produkt der Losungen zweier adjungierter Gleichun-
gen, wobei nicht der einzelnen Losung, sondern dem Produlkt zeitliche Grenz-
bedingungen auferlegt sind. Physikalisch besteht eine enge Verwandtschaft
mit dem interessanten Problemenkreis, den M. von Smorucmowskr® aufgerollt
hat in seinen schonen letzten Arbeiten iber Erwartungszeiten und Wieder-
kehrzeiten sehr unwahrscheinlicher Zustinde in Systemen diffundierender Par-

' A. Foxxer, Ann, d. Phys. 43, 812, 1914; M. Pranck, diese Berichte ro. Mai 1917.

2 M. von Smorucmowsky, Bull. Akad. Cracovie A, S. 418, 1913; Gottinger Vortrige (bei
Teubner 1914) S. 8off.; Sitz.-Ber, d. Wien. Akad. d. Wiss. 2a, 128, 2381, 1914: 124, 263, 1915:
124, 339, 1915; Physik. ZS. 16, 321, 1915: Ann. d. Phys. 48, 1103, 1973.

Sitzungsher. phys.-math. K1, 1931, (2)

— 413 —

Figure 3.1: First page of [110]

assume that b =0 and ¢ =0 in (3.1.2a) (and in (3.1.2b) too), so that (3.1.2a) reduces to the
heat equation: this corresponds to the evolution of a single particle, whose motion is driven
only by molecular shocks with other particles. Now suppose that

. wir hatten das Teilchen zur Zeit to bei xg, zur Zeit t; bei x; angetroffen |...|
Ein Hilfsbeobachter hat die Lage des Teilchens zur Zeit ¢ beobachtet, jedoch ohne
uns sein Ergebnis mitzuteilen. Die Frage lautet dann: welche Wahrscheinlichkeitss-
chliisse kbnnen wir aus unseren zwei Beobachtungen auf die Zwischenbeobachtung
unseres Helfers ziehen??

.. at time to we find the particle in xo, at time ¢1 in z1 [...]| An assistant observer has monitored the particle
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In a slightly different way, we can imagine that we do not exactly know the particle position
at times £y and t;. Instead, we are given an initial probability distribution py as well as a final
one p1. How can we deduce the distribution p; = p(-, t) for the position at intermediate times?
With just one boundary datum, the problem would trivialize: indeed, if only pg is assigned
then p; is the solution of the (forward) heat equation with p(-,0) = po while in the case only
p1 is assigned then p; solves its adjoint, namely

dp 1

ot 2
with p(-,1) = p1. On the contrary, with both boundary data the problem is more difficult but
also much more interesting. In addition, a part from determining p;, a further question arises,

which already suggests a large deviation approach to the problem, as we will see later on.

Imaginez que vous observez un systéme de particules en diffusion, qui soient en
équilibre thermodynamique. Admettons qu’a un instant donné ty vous les ayez
trouvées en répartition a peu prés uniforme et qu'a t; > ty vous ayez trouvé un
écart spontané et considérable par rapport & cette uniformité. On vous demande de
quelle maniére cet écart s’est produit. Quelle en est la maniére la plus probable?®

As regards the first question, namely the determination of p;, for sake of simplicity let
us consider a 1-dimensional situation, so that zg,z; € R, and let p(x,t) be the fundamental
solution of the heat equation, namely

1 z?
p(x,t) = \/%exp ( - 27)

Then consider a large number N of independent particles that at ty are in x¢p and whose
movement is described by a standard Brownian motion. We are interested in those particles
that at ¢; are near z1, say belong to [x1 — &, 21 + €]: their number amounts to

x1+e
ny = N/ p(x — x0,t; — to)dx.
xr1—¢€

On the other hand, among the N particles, those belonging to [z1 — &,21 + €] at ¢; and to
[xy — e, x4 + €] at the intermediate time ¢ty < t < t; are given by

rtt+e prrite
n=N / p(y — xo, t —to)g(x — y,t1 — t)dady
Tt—E€ xr1—¢€
Ttte r1te
= N/ p(y—xo,t—to)dy/ p(x — zy, t; — t)dx
Tt—E€ Tr1—€

where the second identity comes from the independence of Brownian increments. The answer
to the question is the ratio n/n; and thus
p(x — xo,t — to)p(x1 — x,t1 — 1)

p(z1 — 20,11 — o)

(3.1.3) pil) =

position at time ¢, but without telling us his result. The question reads then as follows: which probabilistic
inference on the intermediate observation of our assistant can we deduce from the two observations?

SImagine that you observe a system of diffusing particles, which are in thermodynamical equilibrium. Let
us admit that at a given time ¢o you find them with almost uniform repartition and that at ¢; > to you observe
a spontaneous and significant deviation from this uniformity. You are asked to explain how this deviation
occurred. What is its most likely behaviour?
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This is the solution to the first question in the case the position of the particle at times tg
and t; is exactly known. Let us now discuss the general situation with probability densities pg
and p;. In this case we consider a large number N of independent particles: we let them free
to move at tg and approximately

To+e
(3.1.4) N/ po(z)dz
ro—E€

start from [zg — €, 29 + €]. Then we observe that at time ¢; more or less

xr1+e
(3.1.5) N
T1—€

particles belong to [z1 — &, 21 + €] and this is surprising, because the expected value (based
on the assumption that particles move according to a standard Brownian motion) is

x1+e€ “+o00
N/ / po(z)p(y — =, t1 — to)dzdy.
Tr1—€ — 00

If we knew how many particles started from [zg — &, zo + €] actually arrived in [z1 — €, 21 + €],
then it would be sufficient to multiply this number by (3.1.3) to conclude. Thus, in order to
estimate such a number let us partition R in unit intervals { Iy }xen, define

ag =N [ po(x)dx and by :=N | pi(y)dy,
Ik Iy,
denote by pj;, the probability for a particle to start from I; and arrive in I}, (by symmetry
it holds pji = px;) and finally introduce cj; as the number of particles starting from I; and
arriving in . From these considerations we deduce that

(3.1.6) ZCijCLj, chk:bk’ Zaj :Zbk:N'

keEN jEN jeN keN

Of course the numbers cj;, are not known, any choice satisfying the conditions above is accept-
able, but as NV — oo it is reasonable to choose those c;;, such that the associated evolution is
the most probable one. To this aim, if we consider a single possible realization of the system,
then the probability that such realization actually happens is given by

[T 7t

jEN keN

However, notice that there are many other realizations with the same probability: indeed the
a; particles coming from I; can be permuted a;!/I;enc;i! times and this is true for all j € N,
whence

aj!

jeN HkGN C]k'
different possible realizations. By multiplying the number of all the possible rearrangements
associated to a certain admissible family {c;;} with its probability we get
Cjk
Pk
| J
[Tat 1111 25

Cik'
jeN  jeNkeN Ik
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and now we have to look for those solutions {c;;} of (3.1.6) maximizing this quantity. We
omit the computation (if interested, the reader can find it in [111], Section 7) and directly
state Schrodinger’s conclusion: it holds

(3.1.7) Cik = PjkJj9k

where f; and gj, are Lagrange multipliers determined by

aj = ijpjkgk VjeN
keN '

b = ngpjkfj Vk eN
jeN

In order to come back to the continuum case, observe that a; and b, are given by (3.1.4) and
(3.1.5) respectively, f; and gi become functions f, g so that

fi= \/N/I f(z)da gr=VN | 9w)dy

and finally p;, is replaced by p(x1 — xo,t1 — tp). Putting all together we finally get the
Schrédinger system

+oo
polan) = (a0 [l — 0.1 — to)g(a)
—oo
) = gla) [l = a0t~ t0) flao)da
—0o
using the terminology adopted in [49] and [20] or, in a more concise way,
po = fhi,—1,9
3.1.8
( ) { P1 = ghtl—tof

where h; is the heat semigroup associated to the kernel p(z,t). On the other hand, since the
c;i’s are replced by a function too, called ¢, (3.1.7) becomes

c(xo, 1) = Np(z1 — xo,t1 — to) f(x0)g(x1)

and if integrated on [zg — &,z + €] X [z1 — €, 21 + €], this quantity represents the number of
particles moving from [xg — &, x9 + €] to [x1 — &, 21 + €], as desired; multiplying the expression
above by (3.1.3) and integrating w.r.t. 29 and x1 over R? (in order to take all possible starting
points and destinations into account) we get

+o00 +oo
(3.1.9) pi(x) = / p(:n—xg,t—to)f(xo)dxg/ p(z1—x,t1 —t)g(x1)dey = hi_y, fhe, —1g.

—0o0 —0o0

Concerning the first question we have thus shown that

... die Antwort nicht durch eine Lésung der fokkerschen Gleichung geliefert wird,
sondern |[...] durch das Produkt der Losungen zweier adjungierter Gleichungen,
wobei nicht der einzelnen Losung, sondern dem Produkt zeitliche Grenzbedingun-
gen auferlegt sind.”

6...the answer is not given by a solution of the Fokker equation, but by the product of two adjoint equation,
where the time boundary conditions are not imposed on the single solutions but on their product.
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Therefore, the problem addressed by Schrédinger is a classical physics example that is much
closer to quantum mechanics than the diffusion picture described by (3.1.2a) and (3.1.2b).
Indeed (3.1.9) is the Euclidean analogue of Born’s statistical interpretation of the (L?-norm of
the) wave function; moreover since p; is the product of two functions h;_;, f and hy, ;g solving
the heat equation and its adjoint respectively, we gain a time symmetry which is commonly
absent in diffusion models and on the contrary is typical in oscillatory phenomena (as quantum
mechanics).

Nevertheless, this is not sufficient for concluding the equivalence between the system
(3.1.1a)-(3.1.1b) and (3.1.2a)-(3.1.2b), because the evolution of p; is not oscillatory at all.
Secondly, the wave function v corresponds to two real-valued functions and therefore it is
sufficient to provide the value of ¥ at a single instant, while in the framework of Schrédinger’s
system we do not look at the values of f and g at the same time but at the values of their
product at two different times. For this reason [111] finishes with the following question:

Doit-on interpréter la remarque d’Eddington, citée plus haut, comme signalant la
nécessité de modifier cette maniére de voir en mécanique ondulatoire et prendre
comme conditions aux limites les valeurs d’une seule probabilité réelle & deux
instants différents?”

Besides, the assignment of f and g at the same time is completely meaningless from a
physical point of view, because f and g are not probabilities, they are not observable, just
a fictitious representation; but if we multiply them, then we recover the description of a real
diffusion process. It is tempting to transfer this consideration to quantum mechanics and thus
claim that 1 and 1) are fictitious representation for the real world description encoded in |1/|?.
Although Schrédinger did not achieve to overcome the discrepancies between quantum world
and the model described by (3.1.8), the fictitious character of the wave function puzzled many
physicists and is nowadays shared by many different interpretations of quantum mechanics, e.g.
the Copenhagen interpretation, Quantum Bayesianism and Stochastic Quantum Mechanics.
Nagasawa’s contribution is in the vein of the last quantum theory cited and in his monograph
[100] the equivalence between Schrodinger’s equation and diffusion processes is established in
Theorem 4.1 (the reader is addressed to it for a rigorous discussion), by providing a direct
correspondence between solutions of the former and the latter. Forgetting about regularity
issues, such correspondence reads as:

(i) If the couple (f,g) of real valued functions satisfies the system (3.1.2a)-(3.1.2b) and we
define

R:= %bg(fg) S = %log(g/f),

then the complex-valued function given by
(3.1.10) D(t, z) = eFta)+iSEta)

is a solution to (3.1.1a) with potential

oS
(3.1.11) Vi=—c—25- - |VS|? —2b- V8.
“Shall one interpret previously quoted Eddington’s remark as a hint for the necessity of modifying the usual
way of looking at quantum mechanics and taking instead the values of a single real probability at two different

times as boundary conditions?
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(ii) If the complex-valued function 1 is a solution to (3.1.1a) in the form (3.1.10), then the
functions
f(t,z:) — eR(t,m)—S(t,z) g(t,:ﬂ) — eR(t,m)+S(t,x)

are solutions to (3.1.2a)-(3.1.2b) with creation and killing

c:—V—2%—|VS|2—2b-VS.

We shall not investigate any further the parallelism between Schrodinger’s equation and diffu-
sion processes (a part from a final consideration in Section 5.5), as it is not the purpose of the
manuscript, but we believe that, after the presentation of Schrédinger’s physical motivations
behind [110], it was our duty towards the reader to give an exhaustive and self-contained
presentation of the topic, thus including Nagasawa’s solution.

3.2 Existence problems and statistical physics

After having established the equivalence between the Schrodinger equations (3.1.1a) and
(3.1.1b) and the system of diffusion equations (3.1.2a) and (3.1.2b), let us come back to
(3.1.9): the intermediate probability densities p; are fully determined once we know f and g,
i.e. once we have solved (3.1.8). However existence and uniqueness of solutions for (3.1.8) are
very delicate issues, because if in 1931’s paper Schrédinger did not investigate the problem,
suggesting that it was evident

Die Existenz und Eindeutigkeit der Losung (abgesehen vielleicht von besonders
tiickisch vorgegebenen pg, p1%) halte ich wegen der Verniinftigkeit der Fragestel-
lung, die ganz eindeutig und scharf auf diese Gleichungen fiihrt, fiir ausgemacht.”

in 1932’s subsequent paper he backed off

Je n’ai pas pu réussir a prouver ni qu’il existe toujours de telles solutions, ni qu’elles
sont uniques. Mais j’en suis tout & fait convaincu.'®

A first partial solution was given by Fortet in [49], later generalized by Beurling in [20]
and finally solved by [69]. Jamison’s argument relies on reciprocal processes, a particular class
of stochastic processes whose definition was proposed by Bernstein in [19] and then deeply
investigated by Jamison himself in [68]. However, for the existence and uniqueness results
we will present in Chapter 4 a different approach is preferable and passes through Follmer
formulation of (3.1.8) as an entropy minimization problem. For this reason we shall now sketch
how the large deviation feature hidden in the problem addressed by Schrodinger leads to a
variational problem, following [81].

The heuristic described by the German physicist is already a statistical physics approach,
hence the involvement of large deviations should not be surprising, but it is worth spending

8With the notation of the present manuscript.

9T give for free existence and uniqueness of the solution (maybe excluding particularly treacherous po, p1)
because of the reasonable formulation of the problem, which leads in a unique and clear way to these equations.

19T couldn’t manage to prove either that there always exist solutions, nor that they are unique. But I am
absolutely sure about that.
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some words about it because it enables to make rigorous the passage from the discrete to the
continuum case that we performed before in order to get (3.1.8). As a first step, we have to
restate Schrodinger experiment within a probabilistic language: consider a large number N
of independent particles moving in R? and describe their evolution via a family B!, ..., BN of
independent Brownian motions starting at :c(l], e xév respectively. Then introduce the empirical
probability measure

N 1 al
VA = NZ(SBIC,
k=1

because it is an equivalent description of our system, define as well the empirical measure at

time ¢ as
1 N
N ._ E '
k=1

and assume that the initial positions are a (finer and finer) discretization of a certain proba-
bility distribution, namely
|

Zy = szsxg — o
k=1

for some o € Z(R)?. By the law of large numbers, ZV converges in law to the Brownian
motion B, with pg as initial distribution as N — oo, so that in particular at time ¢t =1

2= B = ([ ple =2 )duo(a) )£y

where p(x,t) is the fundamental solution of the heat equation. Schrodinger’s example now
reads as follows: assume that the observation at ¢ = 1 of the empirical measure is different
from the expected profile (B,,);1 for all N, so that we can say that there exists u; € Z(R)?
such that Z{V belongs to a neighbourhood of it not including (B, )1; although little probable,
this is actually possible because N is always finite and thus we can condition with respect
to this rare event and, knowing Zév and Z{V , ask: what is the most plausible evolution from
the initial configuration to the final one?. And what happens as N — oo? While the first
question received an exhaustive answer in [110], for the second one the situation is more
delicate; if one relies on Schrodinger’s computations (see [111]) then a key role is played by
Stirling’s formula, but for a different approach which better fits to more general situations (non
Gaussian evolution, abstract framework, etc.) Sanov’s theorem is recommended, as pointed
out by Féllmer in [47]. Such theorem ensures that for any family (Y*) of i.i.d. random variables
with common law R € £2(C([0,1],R%)), then the empirical measures (Z*) associated to it
satisfy the large deviation principle

k—o00

Prob(Z% € A) "< exp ( — kéré&H(Q y R)),

where A belongs to some large class of measurable subsets of Z(C([0,1],R?)) and H(-|-) is
the Boltzmann-Shannon entropy functional, set equal to

H(o|7) = [ plog(p) i
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if o = pr and 400 otherwise (see Chapter 4 for the precise definition). In our case we deal
with i.i.d. Brownian motions such that Z[’l)C — up as k — oo: as a consequence the statement
of Sanov’s theorem is modified in the following way

n—o0

(3.2.1) Prob(Z" € A) "X exp < —n dnf, (H(Q IR) — H(uo| (eo)*R))).
(e0)+ Q=0

The proof of it can be found in [40] and [24]. With this result at our disposal, choose a distance
dp on Z2(R)? consistent with the weak topology (for instance Prokhorov’s one) and look at
Prob(Z* € -| Z* € U.), where

U. :={Q e 2(C([0,1],RY) : (e0)+Q = p0, dp((€1):Q, p1) < €}

and by Z¥ € U. we mean that its law belongs to U.. From (3.2.1) we see that for all £ > 0
and many A € 2(C([0,1],R%)) it holds

k—00

Prob(ZF € -| 2% € U.) "X exp ( - k(Qei%Us H(Q|R) ~ inf H(Q| R)))
whence, with some technical work,
Jim Prob(z" € -| 2" € Uc) = dp.,
P. being the (unique) solution of the minimization problem

inf H R).

Jnf HQIR)
Uniqueness is trivial by the strict convexity of the entropy functional, while existence follows
by standard arguments in calculus of variations (see the forthcoming Proposition 4.1.2). The
passage to the limit as € | 0 can be handled by means of I'-convergence: it is not difficult to
see that the previous minimization problem converges to

(3.2.2) inf H(P|R)
Qe (C([0,1],RY))
(€0)«Q=p0, (€1)Q=p1

and P. — P, where P is the unique solution to (3.2.2).

We have thus provided a physical motivation for (3.1.8) and a large deviation explanation
about how to pass from (3.1.8) to (3.2.2).

3.3 An inspiring problem: applications and developments

We conclude the chapter with a non-exhaustive list of the different domains which have been
influenced by Schrodinger’s seminal works [110] and [111] throughout the decades until now.
We have already cited the theory of reciprocal processes: the birth with Bernstein in [19] and
the deep investigation performed by Jamison in [67], [68] and [69]; we add the survey [82] for
the references therein and for a fresh revisitation of [68].

Passing to more recent developments, let us recall the following research fields:
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e Euclidean quantum mechanics: see [123], [35], [34], [31] and also [99], [101]; exploiting
the parallelism between quantum mechanics and (diffusion) stochastic processes, it aims
to transfer results by analogy from one domain to the other.

e Stochastic optimal control: starting with the seminal papers [88] and [38]|, where the
Schrédinger problem is translated in terms of stochastic control, and passing through
the several contributions of Mikami [89], [90], [91], [92], [94], [95] and the crucial works
[96] (later generalized by X. Tan and N. Touzi [119]) and [97], we conclude with a useful
insight provided by the survey [93].

e Penalized Monge-Kantorovich problem: since in many cases the solutions of the optimal
transport problem with cost ¢ are not regular enough, a possible way to overcome this
obstacle is by adding an entropic penalization, namely

1
inf cdy+ -H(v|R) ¢,
YeAdm(po,u1) { /X2 7 k . )}

the advantage being that the solutions of this new problem are regular perturbations of
the optimal transport one; see [107], [108| and the recent advancements [37], [17], [18],
[103] and [23].

Further historical remarks as well as more bibliographical details can be found in the survey
[81].



Chapter 4

On a Polish space

Let (X, 7) be a Polish space (as shall always be throughout the whole chapter), ug, u1 € 2 (X)
and R be a non-negative Radon measure on X2, i.e. for every point z € X2 there exists a
neighbourhood with finite mass w.r.t. R. Recall that v € £(X?) is called transport plan for
1o, i1 provided 70y = pp and wly = p1, where 70, 7! : X2 — X are the canonical projections.
Motivated by the Schrodinger system (3.1.8), we are interested in finding a transport plan of
the form

vy=/®gR

for certain Borel functions f,g : X — [0,00), where f ® g(x,y) := f(z)g(y), because in the
RCD setting (f, g) is a solution to (3.1.8) if and only if f ® gR € Adm(uo, p1), provided we
choose R as rym ® m, where r; is the heat kernel at time ¢ = 1. The advantage of this new
perspective is the great generality, since it does not require the existence of heat kernels, and
as we shall see in the forthcoming subsection this problem can be solved in a unique way in
very abstract frameworks. Moreover the plan < can be found as the minimum of

v = HE|R)

among all transport plans from pg to gy, where H(-|-) is the Boltzmann-Shannon entropy.
Hence, to resume the situation, at the end of Chapter 3 we have seen, at least formally, how
the Schrodinger system leads to an entropy minimization problem, which is dynamical in
spirit; now a static entropy minimization problem has just spotted. The link between all these
different facets of the same topic is formally clear, or at least not difficult to guess, but our
purpose is to make it rigorous. This is going to be performed in this chapter, which aims to
be the first part of a user’s guide for non-probabilists to the Schrédinger problem; in fact, all
the probabilistic terminology commonly adopted in the literature is here translated into an
analytic language.

As regards the structure of the chapter, in Section 4.1 Féllmer’s version of the problem
is established in a precise way on general Polish spaces as well as a dual and a dynamical
formulation. For them we present the basic existence theorems and stress the relationship
between static, dynamic and dual solutions; moreover, although less general than the results
already known in the literature, we provide the reader with a partially new existence theorem,
whose peculiarity is the characterization of the (unique) minimizer of the Schrédinger problem
among all transport plans between the marginal constraints.

In Section 4.2, mimicking some classical results of optimal transport theory (convexity of
the cost, restriction property and stability) we build a toolbox for the Schrédinger problem

o7
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that, to the best of our knowledge, is still missing in the literature and hopefully might be
used by the working mathematician.

4.1 Statement of the problem and first results

On the road to show the equivalence of the three problems, the first obstacle is the correct
definition of the Boltzmann-Shannon entropy on a Polish space (see [80] for more details).

Given a o-finite measure v on a Polish space (Y,7’), there exists a measurable function
W :Y — [0,00) such that

Zw = /e_WdV < +o00.

Introducing the probability measure vy := z;[,le_wz/, for any o € Z(Y) such that [ Wdo <
400 the Boltzmann-Shannon entropy is defined as

(4.1.1) H(o|v) = H(J|1/W)/Wdo'logzw

where H (o |vy) is in turn defined as

H(o|7) = /plog(p) dv if o = pv
400 ifo&k v

for all 7 € 2(Y). The definition is meaningful, because if [ W’do < 400 for another function
W' such that zy» < 400, then
H(o|vw) — /Wda —logzw = H(o |vwr) — /W’da — log zw.

Hence H(-|v) is well-defined for all ¢ € 2(Y) such that [Wdo < +oo for some non-
negative measurable function W with 2y < 4-00. We shall denote this set by 227 (Y, v), while
the family of probability measures with finite entropy w.r.t. v will be denoted by D(H(-|v)),
namely the domain of the relative entropy w.r.t. v. The next lemma shows that measures
belonging to 21 (Y,v) or D(H(-|v)) enjoy some integrability properties.

Lemma 4.1.1. Given a o-finite measure v on a Polish space (Y,7'), the following hold true:
(i) if o € PH(Y,v), then either o & v or (log(p))~ € L'(o), where p := g—g;
(ii) if o € D(H(-|v)), then o = pv and log(p) € L' (o).

proof
(i) Let 0 € 2H(Y,v) and assume that o < v. Then, using the same notation as in (4.1.1),

/ logd—a da:/ log do —W —logzw | do
dv dl/W

do do \
< Qo <1og dl/W> dvw + [[W|[1 (o) + | log zw|.

Since z(log z)~ < e~! and vy is a probability measure by construction, the thesis follows.
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(ii) Let 0 € D(H(-|v)), o0 = pv and argue as above to get

do \ "
/(log(p))+do'§/<10gdyw> do + [|[W|[1(s) + | log zw|.

The fact that H(o |v) is finite implies in particular that so is H(o |vy) and since vy is a
probability measure, this entails log(py) € L' (o), where py is the Radon-Nikodym derivative
of o w.r.t. vy. Therefore (log p)™ € L'(o) and by (i) this is sufficient to conclude. O

With this said, let (X, 7) be a Polish space, R a non-negative Radon measure on the path
space C(]0,1],X) and po, 1 € Z(X). Since C([0,1],X) is Polish too, R turns out to be a
o-finite measure. Then the dynamical Schrédinger problem associated to R with initial
and final marginals respectively given by pg and g7 is the minimization problem

(den) inf{H(Q | R) : Q € @H(C([Q 1]aX)aR>7 (QO)*Q = Ho, (el)*Q = :Ul}

which is precisely the one obtained from the Schrodinger system via a large deviations argu-
ment. The minimal value is called dynamical entropic cost and denoted by Z;(po, pt1)-

If we define R := (eq, e1)«R, then (Sg,,) gives rise to a static version of the same problem,
analogously to (1.1.9) and (1.1.8): we will refer to it as (static) Schréodinger problem and
it is defined, for the marginal constraints po and g1, in the following way

(S) inf{H (v |R) : ' € ZH(X%R), %5 = po, 7l = p1}.

Its minimal value is called static entropic cost and denoted by .Zs(po, p1). The link between
(Sdyn) and (S) is very strong and can be understood in terms of disintegration, because on the
one hand the static Schrodinger problem is a projected version of the dynamical one and on
the other hand the solution of the dynamical problem can be regarded as a superposition of
R-bridges weighted with the solution of the static problem, as proved in [47]. In more precise
terms:

o if P is a solution to (Sgyn), then (eg,e1).P is a solution to (S);

e if ~ is a solution to (S), then

(412) P() = [ RV()dy(a.o)

X
is a solution to (Sgy,), where R™ denotes the disintegration of R w.r.t. (ep,e1), which
in particular implies that v = (ep,e1).P by construction.

This is a consequence of the following identity, which is a particular case of (A.2.2),
HPIR) = AR+ [ P [R)dy(e.)

where P* is the disintegration of P w.r.t. (eg,e1) and v = (eg, e1)«P. From this identity and
the fact that disintegrations are probability measures it follows that H(P |R) > H (v |R) with
equality if and only if P and R share ~-almost the same bridges. Namely, for a solution P to
(Sayn) P™ = R™ for v-a.e. (z,y) € X2, which means that P and R have ~-almost the same
disintegration. This also tells us that

inf H(Q|R) = inf H(v' | R),
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where the infima are taken as in (Sgy,) and (S) respectively. As a byproduct, dynamical and
static entropic costs coincide, thus we can lighten the notation and define the entropic cost
tout court as

f(iu(]nul) = jd(,u(],/ll) = js(ﬂOn“*l)‘

Hence the relationship between static and dynamical Schrodinger problem is clear and the
existence of a solution for the former provides a solution for the latter and viceversa. However,
how can we decide if a solution actually exists? A preliminary and rough answer is given by
the following result, which only relies on Weierstrass’ theorem.

Proposition 4.1.2. Let (X, 7) be a Polish space, R a non-negative Radon measure on X? and
po, p1 € P (X). Assume that there exists a Borel function B : X — [0,00) such that

/ e—B(I)_B(y)dR(w,y) < 00 /Bduo < 00 /Bd,ul < 00.
X2

Then (Sayn) and (S) admit a unique solution if and only if there exists v € Adm(puo, p11) with
finite entropy w.r.t. R.

proof Existence follows by the direct method of calculus of variations: the class of transport
plans is not empty, narrowly compact (see e.g. [5]) and H(-|R) is well-defined therein; indeed
by assumption [Wdo < +oo with W(xz,y) := B(z) + B(y) for all transport plan o. More-
over H(-|R) is narrowly lower semicontinuous on the whole set where it is well defined (see
Corollary 2.3 in [80]), hence in particular on the class of transport plans.

Since H(-|R) is strictly convex, uniqueness is equivalent to D(H(-|R)) # 0. O

A natural question now arises: under which necessary and sufficient conditions can we find
a transport plan as above, thus granting existence and uniqueness of the solution to (S)? First
of all, still using (A.2.2) we see that for any v € Adm(uo, 1)

H(po|Ro) < H(y[R)  H(p1|Ri) < H(¥|R)
where Ry := 7R and Ry := 7!R, so that H(ug|Rg) < co and H(u; |Ry) < oo are preliminary
necessary conditions for the problem to be non-trivial. As regards sufficiency, the answer is

not so clear, at least in terms of minimal set of assumptions; following [81], a possible choice
is the one below.

Proposition 4.1.3. Let (X, 7) be a Polish space, R a non-negative Radon measure on X? and
to, 11 € P(X). Assume that Ry = Ry =: m and that there exist some measurable functions
o, B: X = [0,00) such that dR(zx,y) > e~ @ =W d(m © m)(x,y) and

/ e P@=BWAR(z, y) < .
X2
Suppose in addition that the constraints ug, pu1 are such that H(po|m), H(p1 | m) < oo and

Je+sam<o [t <.

Then (Sayn) and (S) admit a unique solution.
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Of course, the same conclusion can be obtained from a different set of hypotheses, because
a sufficiently large degree of freedom on them is possible. Indeed, as it will be clear from
the proof of Proposition 4.1.5, all sufficient conditions for existence are formulated in order
to grant the existence of a transport plan 4" € Adm(ug, 1) with finite entropy: a natural
candidate is 4" = pg ® p1. For this reason, a strengthening of the assumptions on R (resp. on
o, 1) allows to weaken those on po, 1 (resp. R), for instance.

However, the result above is not completely satisfactory, because it does not fully describe
the structure of the minimizers of (S). In fact, as shown in [78| (in the paper R is a probability
measure but using (4.1.1) this assumption can be removed) when a solution = to (S) exists,
then there always exist two functions f, g : X — [0, 00) such that

dy

R-T®9 v-a.e.

and f ® g is Borel. Nevertheless, we do not know yet whether v = f ® ¢R and f, g are Borel
themselves. Counterexamples actually may exist, as shown in [48] and [78|. A possible way to
overcome this obstacle is proposed in [81] and it is the following.

Proposition 4.1.4. Let (X, 7) be a Polish space, R a non-negative Radon measure on X2 and
po, 1 € P(X). Assume that the same hypotheses of Proposition 4.1.3 hold true and suppose
i addition that:

(i) mam<KRorR«Km®m;

(11) (wo, 1) belongs to the intrinsic core of the set of all admissible constraints, i.e. the
ones for which (S) has finite value; this means that there exist two (different) admissible
constraints (vo,v1) and (v}, v]) such that

(:U’Owul) = (1 - t)(y(),yl) + t(l/(/)’ Vi)
for some t € (0,1).

Then (S) admits a unique solution v and v = f®gR for suitable positive Borel functions f, g,
which are uniquely determined up to the transformation (f,g) — (cf,g/c) for some ¢ > 0.

From (4.1.2) it follows that the unique solution to (Sgyy) is then given by
dP(y) = f(0)g(r1)dR(7),

which is a time-symmetric version of Doob’s h-transform (see [41] and the monograph [42]).
As we will better see in the next chapter, this representation of the dynamical minimizer as
doubly conditioned process is perfectly in line with the physical interpretation we pointed out
in the historical introduction.

Yet, for our purposes we prefer to present a different point of view, because assumption
(73) implies that (Cll% > 0 R-a.e. and this is too restrictive, because it rules out the case of
marginals with bounded supports.

The following proposition collects the basic properties of the minimizer of the Schrédinger
problem: points (7) and (i7) of the statement are already known in the literature on the subject
(see in particular [78], [22] and [107]), but we provide the proof for reader’s sake; points (i)
and (iv) are actually new, because even if an analogous result can be found in [36] (cf. Theorem
3.1 therein) the strategy is different and our (local) L* control is new. A complete proof has
already been presented in [63] for the compact case; here we adapt the same argument with
slight modifications, which will be pointed out.
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Proposition 4.1.5. Let (X, 7,m) be a Polish space equipped with a non-negative Radon mea-
sure m and let R be a non-negative Radon measure on X2 such that Ry = Ri = m and

mm<K<R<«Cmm.

Let g = pom and py = p1m be Borel probability measures and assume that there exists a Borel
function B : X — [0,00) such that

(4.1.3) / e B@=BWAR(x,y) < oo /Bd,uo < 0 /Bd,ul < 0.
X2

Suppose in addition that

(4.1.4) H(po @ p1 | R) < +o0.

Then:

(i) There exists a unique minimizer v of H(-|R) among all transport plans from pgy to pq.

(i) v = f ®gR for appropriate Borel functions f,g: X — [0,00) which are unique up to the
trivial transformation (f,g) — (cf,g/c) for some ¢ > 0.

(i1i) Assume that
(4.1.5) R > (am) ® (am)

for a suitable Borel function « : X — (0,00) locally bounded away from 0 and oo, i.e.
for every point x € X there exist a neighbourhood U, and constants 0 < ¢, < Cp < 00
such that

e <a< O, m-a.e. mn Uy.

Suppose also that (loga)™ € L'(uo), (loga)™ € LY (w1) and po, 1 € D(H(-|m)) with
po,p1 € LS (m). Then:

(a) (4.1.4) holds;
(b) f,g € LSS (m) and v is the only transport plan which can be written as f' @ g'R for

loc

Borel functions f',g" : X — [0, 00).
(v) Instead of (iii), assume that
(4.1.6) R>cm®@m

in Py x Py, where Py := {po > 0} and P, := {p1 > 0}, for a suitable constant ¢ > 0.
Suppose also that g, 1 € 21 (X, m) with py, p1 € L=(m). Then:

(a) (4.1.4) holds;

(b) f,g € L>®(m) and ~ is the only transport plan which can be written as f' ® g'R for
Borel functions f',g" : X — [0, 00).
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Let us mention that, with minor adaptations, the proof of claim (a) of point (ii7) also pro-
vides a demonstration of Proposition 4.1.3. As regards the necessary conditions H (o | Rp) <
oo and H(u1 |R1) < oo, they are already included in (4.1.4) and they are not asked in state-
ments (4i7) and (iv) Furthermore, the assumption Ry = Ry = m is only needed for claim (b)
of points (7i7) and (iv).
proof As already pointed out, the fact that (X, 7) is Polish implies that m and R are o-finite,

so that it is possible to give a meaning to H(-|m) and H(-|R) as discussed above.

(i) See Proposition 4.1.2. In particular, from its proof we know that H(-|R) is well defined in
Adm(u07 :U’l)
(ii) The uniqueness part of the claim is trivial, so we concentrate on existence. Finiteness of the

entropy in particular grants that v < R. Put p := j—g and let Py := {po > 0}, P := {p1 > 0}.
We start claiming that

(4.1.7) p>0 m®m-a.e. on Py x P.

Notice that since m ® m and R are mutually absolutely continuous, the claim makes sense and
arguing by contradiction we shall assume that R(Z) > 0, where Z := (Py x P1) N {p = 0}.

Let s := % and for A € (0,1) let us define ®()\) : X2 — R by

_ u(p+A(s —p)) —ulp)
3 :

D(N): where u(z) := zlog(z).

The convexity of u grants that ®(\) < u(s) —u(p) € L'(X?% R) (recall that H(uo®p1 |R) < 0o
by assumption and Lemma 4.1.1 implies the desired integrability) and that ®(\) is monotone
decreasing as A | 0. Moreover, on Z we have ®(\) | —oco R-a.e. as A | 0, thus the monotone
convergence theorem ensures that

i 2O+ Ao @ i =) [R) — H(y|R) _
A0 A

Since v+ A(po ® 1 —y) is a transport plan from pg to gy for A € (0,1), this is in contradiction
with the minimality of v which grants that the left hand side is non-negative, hence Z is R-
negligible, as desired.

Let us now pick h € L®(X2,~) such that 70(hy) = nl(hvy) = 0 and ¢ € (0, HhHZio(,y)).
Then (1 + eh)~ is a transport plan from pg to 1 and noticing that hp is well defined R-a.e.
we have

(L + eh)p) 2 ry = / (1 + eh)plog(1 + ch)p)| dR
< /(1 +¢eh)p|logp|dR + /(1 +¢ch)|log(1l +eh)|dy
< 11+ bl ooy D08 DIl 1 Ry + (1 + ) Tog(1 + ) e o,

so that u((1 +h)p) € L'(R). Then again by the monotone convergence theorem we get

g AU AIYIR) HOIR) _ f 01 2H) )
el0 ) el0 IS

dR = /hp(logp+ 1)dR.
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By the minimality of v we know that the left hand side in this last identity is non-negative,
thus after running the same computation with —h in place of h and noticing that the choice
of h grants that [ hpdR = [hdvy = 0 we obtain

(4.1.8) /hplog(p) dR=0  Vh e L*®(y) such that 70(hv) = w1(hvy) = 0.

The rest of the argument is better understood by introducing the spaces V,~W C L!(v) and
VL W c L>®(~) as follows

Vi={feL'(y) : f=pd¢for SomecpELO(m|P0), wELO(m|P1)},
W= {h e L>®(y) : n)(hy) = mi(hvy) =0},
ti={heL®(y) /fhdfy_OVfEV}

W= {feL'(v) /fhd'y—OVheW}

where here and in the following the function ¢ ® v is defined as ¢ @® ¥(x,y) := @(x) + P(y )
Notice that the Euler equation (4.1.8) reads as log(p) € *W and our thesis as log(p) € V;
hence to conclude it is sufficient to show that *W C V.
Claim 1: V is a closed subspace of L!(7).

We start claiming that f € V if and only if f € L'(v) and

(4.1.9) f(z,9) + f(@',y) = f(x,0)) + f(2',y) me@memeomae (1,4',y,y) € B x P},

Indeed the ‘only if’ follows trivially from v < m ® m and the definition of V. For the ‘if” we
apply Fubini’s theorem to get the existence of ' € Py and 3/ € P; such that

fQy)+ f@ ) = flz,y) + f(@',y) m@mae z,ye€ Pyx P

Thus f = f(-,¢) ® (f(2',) — f(2/,y)), as desired.
Now notice that since (4.1.7) grants that (m ® m)
(4.1.9) is closed w.r.t. L' (~y)-convergence.
Claim 2: V- C W.
Let h € L*°(v) \ W, so that either the first or second marginal of h~ is non-zero. Say the
first. Thus since 70y = pg we have 70(hy) = fouo for some fo € L>®(ug) \ {0}. Then the
function f := fo ® 0 = fo o 7 belongs to V and we have

[rrar= [ foonam) = [ foandiem) = [ o> o

so that h ¢ V+.
Claim 3: *W c V.

Let f € LY(y) \ V, use the fact that V is closed and the Hahn-Banach theorem to find
h € L>®(~) ~ L*(v)* such that [ fhdy # 0 and ffhd'y =0 for every f € V. Thus h € V+
and hence by the previous step h € W. The fact that [ fhdy # 0 shows that f ¢ LW, as
desired.

|pyxp, << 7> We see that the condition
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(iii) Starting with (a), observe that by direct computations we have

H(uo e |R) = o) + G [ ) + [ 105 (2™ ) 3 )

< H(yio|m) + Hipr |m) ~ [ log(a)do — [ log(a)dp

and recalling that po,p1 € D(H(-|m)), our assumptions grant that the right hand side is
finite.

Passing to (b), let o be a transport plan from pg to p; such that o = f’ ® ¢'R for suitable
non-negative Borel functions f’, ¢’. We claim that in this case it holds f’, ¢’ € L° (m), leading
in particular to the claim in the statement about ~.

By disintegrating R w.r.t. 7°, from 70(f’ ® ¢'R) = pom and Ry = m we get that

(4.1.10) f'(z) /g'(y) dR*(y) = po(x) < +00, for m-a.e. z

whence ¢’ € L'(R?) for m-a.e. x. Since from (4.1.5) we have that R® > a(x)(am) for m-a.e.
x € X, we see that ¢’ € L'(am) with

a(@)]g' |1 amy < / /() dR*(y) for mae. € X

and thus (4.1.10) yields
< /Lv m-a.e.,
allg'l| 21 (am)

which is the desired local L>° bound on f’, since « is locally bounded away from 0. By
interchanging the roles of f’ and ¢’, the same conclusion follows for ¢'.

For the uniqueness of ~, put ¢ := log f’, ¥ := log ¢/, notice that by what we have just
proved

/ pdo = / o duo < Hjug | m) — / log(a)dpzo — 10g ¢/ 2 (e

and our assumptions grant that the right-hand side is finite. On the other hand
(4.1.11) /@EBiZ)szH(UR)>—oo

because, as already remarked in Proposition 4.1.2, (4.1.3) implies that H(-|R) is well-defined
on Adm(pg, 11). From these two facts we infer that

(4.1.12) pon’ port e L (o).

Putting for brevity p’ := f'® ¢’ and arguing as before to justify the passage to the limit inside
the integral we get

dfuu—wa+»wmh4+—/@—ﬂﬂ%@%ﬂ

d)
=/¢@w«v—®
(by (41.12) = / pdnd(y — o) + / pdrl(y - o)

(because o and -« have the same marginals) =0.
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This equality and the convexity of H(-|R) yield H(c |R) < H(v|R) and being ~ the unique
minimum of H(-|R) among transport plans from pg to p1, we conclude that o = .

(iv) Arguing as for point (4i7), it is easy to see that
H(po ® pa |R) < H(po [ m) + H(p1[m) —log(c) < 4o00.

For (b) let o be a transport plan from pg to p; such that o = f’® ¢'R for suitable non-negative
Borel functions f’, ¢’. We claim that in this case it holds f’, ¢’ € L®(m), leading in particular
to the claim in the statement about ~.

By disintegrating R w.r.t. 7¥, from 70(f’ ® ¢'R) = pom and Ry = m we get (4.1.10) again,
whence ¢’ € L'(R?) for m-a.e. x. Notice then that the sets where f’ and ¢’ are positive
must coincide with Py and P; respectively, up to m-negligible sets, so that nothing changes in
(4.1.10) if we restrict the integral to P;. Moreover, since from (4.1.6) we have that R* > cm
in P, for m-a.e. x € Py, we see that ¢’ € L'(m) with

cllg' 1o m) < /gl(y) dR*(y) for m-a.e. x € By

and thus (4.1.10) yields
, _ llpoll oo m)

< > mae in Ry,
cHg HLl(m)

which is the desired L* bound on f’, because in X \ Py we already know that f’ vanishes
m-a.e. By interchanging the roles of f’ and ¢/, the same conclusion follows for ¢’.

For the uniqueness of ~, put ¢ := log f’, ¥ := log ¢’ and notice that, by what we have just
proved, they are bounded from above. Together with (4.1.11), this implies that (4.1.12) holds
also in this case and thus, arguing as in (7i7), the conclusion follows. O

Although pretty artificial in a Polish space, controls (4.1.5) and (4.1.6) become natural
when moving to the RCD framework, as it will be better understood in the next chapter (see
Theorem 5.1.1).

From the proof of (7ii), and more precisely from (4.1.10) and the analogous identity for
p1, we see that

f() / o(y) dR*(y) = polz)  for mae. z
o) [ F@)dRY) = prly)  for meae.

and this is the way (3.1.8) has to be interpreted in a Polish space. This means that the
couple (f,g) provided by the minimizer 4 of (S) is a solution to the Schrédinger system.
As the passage from (3.1.8) to (S) is trivial, the circle is now closed: under a suitable set
of assumptions granting existence of a solution for (S) (e.g. those of Proposition 4.1.4 or
Proposition 4.1.5) (3.1.8), (S) and (Sgyy,) are all equivalent.

For sake of information, let us mention that (S) and (Sgyy,) admit dual formulations. Under
the same assumptions of Proposition 4.1.4 and using the same notations introduced therein,
they read as follows

(D) sup {/goduo—i-/l/}dm —log/ e“"@d’dR}
P WeCE(X) X2
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(Dayn) sup {/god,uo+/¢dm _]Og/ew(vo)er(%)dR}
X)

‘pvszCB

where Cp(X) denotes the space of continuous functions ¢ : X — R such that ¢/ max{B, 1} €
L°°(m). The nature of both maximization problems is strongly connected with the variational
representation of the relative entropy, namely

(4.1.14) H(plv) :sup{/ud,u—log/e“du Lue C’B(X)}

valid for any o-finite measure v and for any probability measure p for which H(u|v) is well
defined.

It is proved in |77] that (S) and (D) have the same value (in the paper R is a probability
measure but taking (4.1.1) into account we can handle the case of a reference measure with
infinite mass), hence (Sgyn) and (Dgy,) too but in general there is no reason for the dual
attainment to be realized within Cp(X) x Cp(X). Nevertheless, the fact that primal and dual
problem have the same value allows to completely describe the maximizing couples, because
via a heuristic argument if the maximal value of (D) is attained at (¢, ¥) and = is the minimizer
of (S), then

H(’yR):/ goEde’y—log/ e?®YdR
X2 X2

and this identity together with the case of equality in (4.1.14) entails that v = exp(p @ ¥)R.
On the other hand we know that v = f ® gR with f, g uniquely determined up to the trivial
transformation (f, g) — (cf, g/c) for some ¢ > 0. Therefore also ¢, 1 are uniquely determined
up to (¢,%) — (p + ;19 — ') and they must be of the form ¢ = log(f), ¥ = log(g).

The only defect is that, as already pointed out, in general (D) has no solutions in Cp(X).
Yet, when a solution to (S) exists and can be written with a factorized density, as in Proposition
4.1.4, it is still meaningful to set

¢ = log(f) Y :=log(g)

where f and g are positive and —oo otherwise. By analogy with the optimal transport case,
 and v are called Schrodinger potentials.

4.2 A toolbox for the Schrodinger problem

Aim of this part is to look at those basic properties which are known to be true for solutions
of the optimal transport problem and wonder if, up to suitable adaptations, they hold for
the minimizers of the Schrédinger problem too. Some examples are the convexity of the cost,
the restriction property and, most of all, the stability, which is fundamental from an applica-
tive/algorithmic point of view. The investigation, as in the previous section, is carried out in
the abstract framework of Polish spaces.

Let us begin with the proof of the convexity of the entropic cost, seen as a function of the
marginal constraints.

Proposition 4.2.1 (Convexity of the entropic cost). Let R be a non-negative Radon measure
on X2 such that Ry = Ry =: m, let (©,)\) be a probability space and 9 — g, 9 — vy be two
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measurable functions from © to D(H(-|m)), the space of probability measures on X with finite
entropy w.r.t. m. Define

u::/@MdA(ﬁ), y::/@yﬂdxw).

If we assume that R satisfies the same assumptions as in Proposition 4.1.8 and, using the
notation introduced therein, u,v are such that

(4.2.1) /(a + B)du < 0o /(a + [)dv < o0

then
S (1,v) < /@ I (119, vo)A(d9)

where & denotes the entropic cost w.r.t. R.

proof As a first step, notice that (4.2.1) implies

(4.2.2) / (@ + B)dpy < +oo, / (a4 B)dvy < +o0

for A\-a.e. ¥ € © and, on the other hand, the entropy of uy and vy w.r.t. m is finite by
construction. Hence, for A-a.e. ¥ € © all the assumptions of Proposition 4.1.3 are satisfied by
R, g, vy: denote by =, the unique solution of the Schrodinger problem associated to them.
Let us then define

y = /@ YpdA()

and observe that it is a competitor in the Schrodinger problem, because 70 = p and 71y = v;
in addition v < R, because vy < R for A-a.e. ¥ € O, so that we can consider the Radon-
Nikodym derivative of v w.r.t. R. As a consequence,

I (u,v) < H(y|R) = /X2</d%9d)\ > </WdA )

and if we now use Jensen’s inequality we get

/XQ/dWl < >d)\ JAR = //Xdel < >deA(19)
:/@H(W]R)d/\(ﬁ)=/®f(u19,l/q9)d/\(19)

where the last identity comes from the fact that v, is optimal for the constraint (uy, vy) and
the reference measure R for M-a.e. 9 € ©, thus concluding. O

It is worth mentioning a couple of further remarks about the proposition that we have just
shown. First of all, while (4.2.1) implies (4.2.2), we can not say that the finiteness of H(p|m)
and H(v|m) entails the finiteness of H(uy|m) and H(vy|m) for A-a.e. ¥ € O, whence the
necessity of the hypothesis py, vy € D(H(-|m)). Let us also point out that we did not assume
H(p|m) and H(v|m) to be finite; however, one can observe that

alm = [ ([ ‘f{”dA(ﬁ)) os ([ S2ax@) Jam

//d/w )dmdA ):/@H(Mﬁm)d/\(ﬁ)

(4.2.3)
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where the inequality is due again to Jensen’s inequality and in a completely analogous way
(4.2.4) H(v|m) < / H(vyg | m)dA(9).
S)

Hence, if we assume the right-hand sides of (4.2.3) and (4.2.4) to be finite, then H (x| m) and
H(v|m) are finite too, which in particular yields finiteness of the entropic cost and existence
of a (unique) solution to (S). The opposite implication is false in general, as we have already
said, but it turns out to be true if © is a countable set and the proof goes as follows.

Let © = (U;)ieny and X = ), idy, with a; > 0 for every i € N and ), yo; = 1. Then

observe that
H(u|m) = // dio / / <d“19 )dm> A(d9)

and since H(p|m) is finite, we deduce that

/log (j—:l)dug < +00, A-a.e.

whence d
ar
/log (d )du19<—|—oo, Vi € ©

By applying Jensen’s inequality to z — — log z we deduce, for any ¢ € ©,

/log (j )d/w —/log </ du“’dA >d/~w > //@log <%>d/\(9@)dﬂﬁ
/ / duo d“‘f’)dmdA( )

and combining this inequality with previous information we get

dy

(4.2.5) i

dp
1 (—“’)d <400,  Wpec®
og dm m < +00 (%
and in particular, for ¢ = 9, H(ug |m) < +00. A completely analogous argument works for v.
If © were not countable, then (4.2.5) would be true for A ® A-a.e. (9, ) € ©2 and this is

not enough to conclude, because there could exist a set ©’ of \-positive measure such that
(4.2.5) fails everywhere on {(J,9) : ¥ € ©'}.

The second good news about minimizers of (S) and (Sqy,) is that they are locally optimal,
in analogy with optimal transport. The rough idea is the following: if « represents the most
likely coupling from pg to @1 according to R, namely the most likely way to transfer particles
from the initial distribution pg onto the final one p1 knowing that they should move according
to R, then also partial transfers of mass are optimally described by . The precise statement
is the following.

Proposition 4.2.2 (Space restriction property). Let R be a non-negative Radon measure on
C([0,1], X) and po, u1 € P (X) be such that R := (ep,e1)«R, o, p1 satisfy the assumption of
Proposition 4.1.3. Let vy and P be the unique solutions to (S) and (Sayn) respectively. Then
the following hold:
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(i) (dynamical version) if @ C C([0,1],X) is a Borel set of curves such that P(2) > 0, then
the probability measure P’ defined by

P/(A) = P(lmP(A NQ) VA e B(C(0,1],X))

is the unique solution to the Schrédinger problem with constraints (eg)«P’, (e1)«P’ and
reference measure R'(+) := R(- N Q);

(ii) (static version) if @ C X2 is a Borel set such that v(Q2) > 0, then the probability measure
~' defined by

roay .
V(4) = (AN Q) VA € B(X?)

is the unique solution to the Schrédinger problem with constraints w0+, wl~" and refer-
ence measure R'(+) := R(- N Q).

proof
(i) Let © be as in the statement. As a first remark, as a byproduct of Lemma 4.1.1 we have

dP\ ™
log — P
/<ong> dP < +o0

and this implies that H(P’|R’) is finite, because

) 1 dP 1 1 1 dP
H(P !R)Z/Qlog <P(Q)dR>P(Q)dP:lOgP(Q)+P(Q)/Qk’ngdP

1 1 dP\ ™"
<1 - log — | dP .
< OgP<ﬂ>+P<Q>/g<°ng> AP < oo

By Proposition 4.1.2 existence for the restricted Schrédinger problem is thus ensured. Now
assume by contradiction that the thesis is false. Then there exists a probability measure P”
(concentrated on ) such that

dpP’

R dP’

dR’
and P = P, P] = P. Now, let us consider

P:= (P -P|,) + P(QP" = P|. + P(Q)P"

dp”
(4.2.6) /log dP" = H(P"|R') < H(P'|R’) —/]og
Q Q

and observe that P is a probability measure on C ([0, 1], X); such a measure can be equivalently
rewritten as

P=P+PQ)P'-P)
and this shows that P has the same marginals as P, so that it is a competitor in (Sayn)- In
addition, by the very definition of P we also deduce that P = P(Q)P” on Q and P=Pon
Q¢ so that

R dP . dP ..
HP|R :/logdP—i-/ log —dP
(PIR) o CdR 0 CdR
ap” dP
= [ log ([ P(D P(Q)dP” /1 —dP
[ 1o (Pe@) S JPar+ [ 1os 1

"

=P(Q)logP(Q) + P(Q) /Q log ((1;{

dpP
2
dP +/Clogd dP

[e7
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Now observe that

ap” dp”
1 dP”::/l dp”
/g RGINTS) o & AR/

and the same identity holds with P’ in place of P”. Hence, by this fact and by (4.2.6) we
deduce

dP//
dR’

dp’
dR/

a=P(Q)logP(Q) + P(Q)/Qlog dP" < P(Q)logP(Q) + P(Q) /Q log ——dP’

dP’ dP
=P(Q)1logP(Q2) + P(Q 1 P’ = [ log—dP.
(@102 P() + (@) [ 108 TP’ = [ 10z Gpa

In conclusion
dP

dP=H(P|R
hdP = H(P|R)

- dP
HP|R)< [ log—dP 1
PIR) < [ 1og P+ [ 1og
and this is impossible by the minimality of P.
(ii) As the proof of (i) is purely set-theoretic and the dynamic aspect of R is not involved, we
can obviously restate this result for the static Schrédinger problem. g

This result admits a natural interpretation in terms of conditioning. In fact, if we look at
~ as the joint law of a random vector (Zy, Z;) and Q C X2 is such that ~(£2) > 0, then the
law of (Zy, Z1) conditioned to lie in 2 is optimal for the Schréodinger problem with reference
measure R’ and constraint (), ¢} ), where p (resp. p}) is the law of Zj (resp. Z;) conditioned
by the event (Zy, Z1) € Q. For the dynamical problem an analogous explanation is possible
and a standard conditioning is Z; € A with A C X, where (Zt)te[o,l} is a stochastic process
whose law is P (existence of such a process is possible under precise assumptions on R, see

[81]).

We conclude the section with a stability result. Although quite ad hoc assumptions are
formulated in order to overcome the difficulty of working in a Polish space, the conclusion is
still useful, as witnessed by the applications provided in Section 6.3.

Theorem 4.2.3 (Stability). Let (X, 7, m) be a Polish space equipped with a non-negative Radon
measure, R a non-negative Radon measure on X2 such that Rg = Ry = m and o, 3 : X — (0, 00)
Borel functions locally bounded away from 0 and oo (in the sense of Proposition 4.1.5) such
that

(4.2.7) (am) ® (am) <R < (fm) ® (Bm).

Let ulg = plgm and ,u’f = p]fm be Borel probability measures such that plg,plf are uniformly
locally bounded. Assume that the Schrédinger problem associated to ulg,;/f and R admits a
unique solution, denoted by ~*. Assume that ,ulg — po and ,u’f — u1 as k — oo for suitable

po, 1 € P(X).
Then:

(i) there exists v € Adm(ug,u1) which can be written as v = f & gR for suitable Borel

functions f,g € LS (m) such that ~E <~ as k — oo, up to extract a subsequence;

(i1) if we further suppose that i, 1 are such that (4.1.3) holds, (log )~ € L'(uo), (loga)~ €
LY (p1) and

(4.2.8) %MMHWHM<+m
—00
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then the entropic cost S (uo, u1) is finite, vy is the unique solution to the Schridinger
problem relative to ug, p1, R and the whole sequence (’yk) converges to it;

(i1i) given a non-negative Radon measure R on C([0,1],X) such that (eg,e1)«R = R, if we
denote by P* the unique solution to (Sayn) associated to ulg, ,u]f, R and assume (together
with all the hypotheses of point (ii)) that

X253 (z,y) +— R%e2(C(0,1],X))

is continuous, where {R™}, ,ex is the disintegration of R w.r.t. (eg,e1) and the target
is endowed with the narrow topology, then P*¥ — P as k — oo, where P is the unique
solution to the Schrodinger problem relative to pg, p1, R.

proof First of all {*} is a tight family, thus there exists v € Adm(uo, 1) such that, up
to extract a subsequence, v¥ — 4. On the other hand, by point (ii) of Proposition 4.1.5 we
know that v¥ = f¥ @ ¢*R for all k& € N for uniquely (up to normalization) determined Borel
functions f*, g* : X — [0,00); by the proof of point (4ii) of the same proposition we also see
that the present assumptions are sufficient to get

k K
fk: < £0 k< P71

— , 9 = — m-a.e.
allg*ll 1 (am) all £ L1 am)

Thus let us normalize (f*,¢*) in such a way that |g*|| L'(am) = 1. This immediately yields
that the sequence (f*) is uniformly locally bounded: for all zz € X there exist a neighbourhood
U, of z and C, > 0 such that f* < C, m-a.e. in U, for all k € N. Since X is separable, a
diagonalization argument ensures the existence of a locally bounded Borel function f and a
subsequence (not relabeled) such that, for all z € X and U, as above,

fk N f in L®°(U;,m) ask — oo.

In order to get the same information on (g*), we need to show that there exists ¢ > 0 such that
[l Ll(am) = ¢ for all k € N. If this were not the case, then there would exist a subsequence,

not relabeled, such that || f*|| Ll(am) — 0 as k — oo; given a neighbourhood U where a is away
from 0, say o« > & > 0, this implies kaHLl(U,m) — 0. Now take ¢ € Cp(X) non-negative, not
identically zero, supported in U and define &(z,y) := ¢(2)9(y), £ € Cp(X?). On the one hand

/(Sd’yk—>/ Edy as k — oo
X2 X2

since ¥¥ — 4. On the other hand, from [|g¥||11(om = 1 we deduce that ||gF|| 1 rm) < 675
together with the second inequality in (4.2.7), the boundedness of § in U (up to restrict U, if
necessary) and the uniform boundedness of (f¥), this fact entails

/Xgéd’)’k§/¢fkﬁdm/¢gkﬁdm§M/Ufkdm—>0 as k — 00

whence a contradiction, because fX2 ¢d~ > 0. Thus (g*) is uniformly locally bounded too and
there exist a locally bounded Borel function g as well as a subsequence (not relabeled) such
that ¢* converges to ¢ in the sense already discussed above for f*.
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Now we claim that v = f ® gR. To this aim, let U,V be two neighbourhoods where
(f¥), (¢*) respectively are uniformly bounded; without loss of generality, we can also assume
that «, 8 are bounded away from 0 and oo therein and m(U), m(V') are finite; furthermore,
let ¢1,¢2 € Cp(X) be non-negative, not identically zero and supported in U,V respectively.
Notice that

(4.2.9) / $1 @ ¢o dy* —/<Z51 ) fF(x) </¢52 (y)dR*(y ))dm(:c)

and ®; — ® in L' (U, m), where

2)i= [ 62(0)9w)aR ().

In fact, «, 8 are bounded away from 0 and oo in V' and from (4.2.7) we see that a(z)(am) <
R* < B(x)(Bm) for m-a.e. x € X, so that weak-* convergence in L>°(V,m) and in L*>°(V,R")
are equivalent for m-a.e. x € X; since ¢o € L'(R?) for m-a.e. x € X, we deduce that ®; — ®
m-a.e. in U. Moreover, the functions ®; are uniformly bounded in U and m(U) < oo, whence
the desired L'-convergence by the dominated convergence theorem. Now it is not difficult to
prove the claim, because

’ [ofanan- | qslfcbdm’
< ‘/¢1fk¢’kdm—/¢1fk<bdm‘+‘/Gﬁlfkq)dm—/(blf@dm’
K ol K
< |1l oo (m) ’S:elgﬂf | oo @m) || @x — @I (U,m)+'/d>1‘1>(f f)dm’

and ¢1® € L*(U, m), so that also the second term on the right-hand side vanishes as k — oo
because of f* = f in L (U, m). Recalling (4.2.9), this means that

lim /){2¢1®¢2d‘)’k:/¢1f‘1>dm:/>(2¢1®¢2d(f®gR).

k—oo

Coupling this information with 4¥ — ~ and the arbitrariness of ¢1, ¢5 the claim and thus the
conclusion follow.
As regards (ii), by lower semicontinuity of the entropy and by definition of the entropic
cost
S (o, p1) < H(v|R) < +oo.

By Proposition 4.1.2 this grants existence and uniqueness of the solution for the Schrodinger
problem associated to pg, i1, R and by point (iii) of Proposition 4.1.5 such a solution must be
~: indeed, by (A.2.2) we see that pg, 1 have finite entropy w.r.t. m, so that all the assumptions
of point (i77) are fulfilled.

Finally, point (i77) is nothing but a straightforward consequence of the definition of weak
convergence and of the disintegration R = [y, R™dR(z,y). O
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Chapter 5

On a RCD*(K, N) space

As a continuation of the previous one, this chapter is the second part of the user’s guide for
non-probabilists to the Schrédinger problem. We now move to the RCD framework, where the
bounds on both the curvature and the dimension allow a better investigation of the dynamical
Schrédinger problem and entail a deeper knowledge of the so called entropic interpolations
and of the behaviour of the entropy along them.

In Section 5.1 we fix the setting we work within and introduce the main dynamical ob-
jects we shall consider from that moment on throughout the whole manuscript. The idea
is the following: given a minimizer of (Sgy,), we associate to it a curve of measures which
is an interpolation between the marginal constraints and a curve of functions linked to the
dual problem, in complete analogy with optimal transport, where such dynamical objects are
Wasserstein geodesics and interpolated Kantorovich potentials. Then, inspired by the formal
considerations of [81]|, we endeavour the time evolution of these measures and functions by
indicating the ‘PDEs’ they solve.

On the contrary the results of Section 5.2 are completely new, even in the smooth setting,
and strongly rely on the functional inequalities investigated in Chapter 2, namely Hamilton’s
gradient estimate and Li-Yau inequality. Main achievements of this part are:

- a uniform Gaussian control of the densities along entropic interpolations;

- local equi-Lipschitz continuity of the Schrédinger potentials with explicit control of the
local Lipschitz constant.

As regards Section 5.3, we show that Schrédinger potentials satisfy Bochner inequality
in a suitable sense and this technical result is essential for the computation of the first and
second derivatives of the relative entropy along entropic interpolations. Such computation had
already been performed in [76] by formal arguments; here we verify that the same procedure
is fully justifiable also in the case of RCD* (K, N) spaces. As a byproduct we obtain crucial
uniform estimates, in particular a uniform weighted L? control of the Hessian of Schrédinger
potentials (see Lemma 5.3.4), and the vanishing of certain quantities (see Lemma 5.3.5): all
these results will play a key role in Chapter 6 and Chapter 7.

Aim of Section 5.4 is to establish a further parallelism between optimal transport and
Schrédinger problem, inspired by the Benamou-Brenier formula for the Wasserstein distance.
Our contribution is an analogous dynamical representation for the entropic cost in compact
RCD*(K, N) spaces, which was still missing in the non-smooth framework; the proof relies on
purely analytical arguments.
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We conclude with a physical perspective: in Section 5.5 all the interpolating quantities we
have introduced at the beginning of the chapter are reinterpreted as physical objects with a
precise meaning, thus adopting Nelson’s stochastic mechanics point of view (for a detailed
dissertation on the subject, we suggest the monograph [102]).

5.1 The setting

The properties we stated in Proposition 4.1.5 are valid in the very general framework of Polish
spaces. We shall now restate them in the form we shall need in the context of RCD spaces.

Recall that on a finite-dimensional RCD*(K, N) space (X,d, m) the reference measure m
satisfies (1.2.7) and because of (1.2.5) M can be any positive constant, so that we can choose
W = d2(-,z) for any Z € X in (4.1.1). Setting z := [e~9:®dm and

(5.1.1) =2 le 0y,

definition (4.1.1) then becomes

(5.1.2) H(p|m)=H(p|m)— /dQ(-,x)d,u —log z

and this shows that H(-|m) is well defined on &?3(X). Let us also remind that on RCD spaces
there is a well defined heat kernel r.[z](y) (see (1.2.8), (1.2.9a), (1.2.9b) and (1.2.9¢)). The
choice of working with r./, in the theorem below is convenient for the computations we will
do later on.

Theorem 5.1.1. Let (X,d,m) be a RCD*(K, N) space with K € R and N € [1,00) endowed
with a non-negative Radon measure m. For e > 0 define the measure RE/% on X2 as

dR72(2,y) 1= 1. ofa](y) dm() dm(y).

Also, let g, p1 € P2(X) be Borel probability measures with bounded densities.

Then there exist and are uniquely m-a.e. determined (up to multiplicative constants) two
Borel non-negative functions f€, g¢ : X — [0, 00) such that fE®¢°R/? is a transport plan from
po to pi. In addition, f°, g% belong to LS (X) and their supports are included in supp(po) and
supp(p1) respectively.

If po, p1 also have bounded supports, then f€, g% belong to L>(X).

Finally, if the densities of po, p1 also belong to Test(X), then f€,¢° € Test(X) as well.

proof It follows from point (iii) of Proposition 4.1.5 and the Gaussian estimates: indeed, start
observing that Ry = R; = m and if we set B := d?(-, %) with Z € X arbitrarily fixed, then the
second and third in (4.1.3) are authomatically satisfied; for the first one

/ e,B@BdR _ / <ed2(y7gj)de(y)> 67d2($,1)dm($),
X2

thus it is now sufficient to use the fact that e~4°®%) < 1 R? is a probability measure and (1.2.7)
to conclude. Furthermore from the left-hand side of (1.2.11) together with the symmetry of
the heat kernel we know that

C

min{m,, m,}

d2(w7y))

o (-
£

r5/2[x] (y) >
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where m, := m(B \/Eﬁ(m)) and analogously for my; fixing # € X and using the triangle

inequality we get

lel(0) 2\ - exp (- 2HT) \E exp (- 20,

=a(x)

thus obtaining « satisfying (4.1.5). It is also not difficult to see that (loga)~ € L!(uo) and
(loga)™ € L' (1), because

(loga(z))” < =(logC)~ + %(—logmz)_ + §d2(:1;,a?)

DN | =

and (1.2.5) allows to handle the second term: in fact, for any & € X a priori fixed we have
m, < m(Bd(x EHM(%)) and m(Bd(m f)+m(j)) can be estimated by means of (1.2.5). Since
all the assumptions required by Proposition 4.1.5 (iii) are verified, the conclusion follows.

For the case of compactly supported marginals, still the Gaussian estimates (1.2.11) on
the heat kernel grant that there are constants 0 < ¢. < C. < +o0 such that

cem@m<RE<Cmem

in supp(uo) x supp(p1) and thus point (iv) of Proposition 4.1.5 applies.
For the last part of the statement, notice that thanks to the representation formula (1.2.9¢),
the fact that 70(f* ® g°R*/2) = pom reads as

fehe/2(9%) = po.

Now notice that by (1.2.15) we have h,/5(g%) € Test(X) and by (1.2.11) h,/5(g) is locally
bounded away from 0, so that ﬁ € Testyoe(X). Since Test(X) is an algebra we conclude

gE
that f¢ = hE’Zga) € Test(X) and since pp has compact support f¢ € Test(X) tout court. The
same applies to g°. O]

We also present an analogous result in the compact setting, since it will be useful for some
applications and remarks pointed out in Section 6.3.

Theorem 5.1.2. Let (X,d,m) be a compact RCD*(K, N) space with K € R, N € [1,00) and
m e P(X). Fore > 0 define R/? € 2(X?) as in Theorem 5.1.1. Also, let pg, 1 € P (X) be
Borel probability measures with bounded densities.

Then there exist and are uniquely m-a.e. determined (up to multiplicative constants) two
Borel non-negative functions f¢, g% : X — [0,00) such that fE@4¢°R/2 is a transport plan from
o to py. In addition, f€, g% belong to L (m).

Moreover, if the densities of po, p1 belong to TestSy(X), then f¢, g° € TestZH(X) as well.

proof For the first part of the statement no comments are required. For the second one,
we argue as for the last part of Theorem 5.1.1: indeed, 70(f¢ ® gERE/Q) = pom reads as
fehey2(g%) = po; thus by (2.1.1) we have h./5(g°) € TestS(H(X), and therefore from (2.1.7)
applied with ((2) := 27! we deduce that m € TestZH(X). Since Test™(X) is an algebra
we conclude that f¢ = hi?;s) € TestZ,(X). The same applies to g°. O
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With this said, let us fix once for all the assumptions and notations which we shall use
from now on.

Setting 5.1.3. (X,d, m) is a RCD*(K, N) space with K € Rand N € [1,00), m is a Borel non-
negative measure and pg = pom, g1 = pim are two absolutely continuous Borel probability
measures with bounded densities and supports.

For any £ > 0 we consider the couple (f¢, g°) given by Theorem 5.1.1 normalized in such
a way that

/log(h;fa)pl dm =0,

then we set pfy := po, pi := p1, p := po, #i = p1 and

(i = St
Ii = hz—:t/QfE 9; = hs(lft)/QgE
pi = pym
i == clog ff Yy = elogg;
05 = 3 (F — ¢f)
for t € (0,1] for t € [0,1)
| for t € (0,1)

In order to investigate the time behaviour of the functions just defined, besides the notions
of local calculus introduced in Section 2.2 we also need the corresponding weighted ones. The
weight we will always consider is e~V with V : X — [0, 00) a continuous map such that e="'m
is a finite measure; thanks to (1.2.5) and (1.2.7) V = Md?(-,Z) is an admissible choice for
any M > 0 and Z € X. For L?(e~"'m) no comments are required. The weighted Sobolev space
and the weighted domains of the (local) divergence and Laplacian are denoted and defined as
follows:

WX, eV m) := {f e WA(X) : f,|Df| € L*(eVm)}
D(div,e V'm) := {W € Dj,.(div) : div(W) € L*(e”Vm)}
D(A,e7Vm) :={f € Djpe(A) : Af € L*(e V' m)}

where |Df|,div, A are the local objects already introduced in Section 2.2. In order to avoid
possible confusion, it is worth stressing that the definitions above are not the ones built
over the metric measure space (X,d,e”"m): we always work within (X,d,m) and we ask
|Df|,div(v), Af to be 2-integrable w.r.t. e~"'m, the advantage being the fact that L2(e™"'m)
and W2(X,e~Vm) are Hilbert spaces, unlike L2 (m) and W,2%(X).

loc loc

The following proposition collects the basic properties of the functions defined in Setting
5.1.3 and the respective ‘PDEs’ solved. The proof is intentionally naif and rough: we argue
by direct computations and only rely on the Gaussian estimates (1.2.11) for the heat kernel.
We choose this approach because on the one hand it is sufficient for our purposes, at least for
the moment, and on the other hand it makes clearer the importance of the results carried out
in Chapter 2. A comparison between the forthcoming estimates (5.1.3), (5.1.4) and those of
Section 5.2 and Section 5.3 is a bright evidence.

Proposition 5.1.4. With the same assumptions and notation as in Setting 5.1.3, the following
holds.
All the functions are well defined and for any e > 0:
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a) f£,95,p; belong to Test(X) for all t € I, where I is the respective domain of definition
(for (pi) we pick I =(0,1));

b) o5, 05, 95 belong to Testoe(X) for allt € I, where I is the respective domain of definition.

For any e > 0 and C C I compact all the curves (f7), (g5), (05) belong to AC(C,W'%(X)) and
(©5), (¥5), (95) to AC(C,WL2(X,e"Vm)), where I is the respective domain of definition (for
(pf) we pick I = (0,1)) and V = Md?*(-,z) with z € X and M = M(K, N, po, p1,C, %) > 0;
their time derivatives are given by the following expressions for a.e. t € [0,1]:

Cr=car o= —hd
5 = 51Vl + gt Sy = VP + A
%pf +div(p; VI5) =0 %19% + ’vZﬂZ = —682 (QA log pf + |V10gp§|2).
Moreover, for every e > 0 we have:
i)
(5.1.3) Sup 1]l Loe (x) + Lip(hi) + [[Ah lw2(x) < 00

if (hi) is equal to any of (), (95), (pF) and

(5.1.4) sup le™V B [l oo ) + lle™ VP (hE) | o x) + | ARE [yt 2(x,e-vimy < 00
if (h%) is equal to any of (%), (¥5), (95); in both cases, C' is a compact subset of the
respective domain of definition (for (pi) we pick I = (0,1)),

i) ui € Po(X) for every t € [0,1] and (p§) € C([0,1], L*(X)),
iii) we have ff — f€ and g — g% in L*(X) ast L 0 and t 1 1 respectively.

proof Recalling (1.2.15) we see that f; € Test(X) for any ¢9 > 0. Then the maximum principle
for the heat flow, the fact that it is a contraction in W12(X) and the Bakry-Emery gradient
estimates (1.2.13) together with the Sobolev-to-Lipschitz property grant that (5.1.3) holds for
(ff). The same arguments apply to (¢7). Then the bound (5.1.3) for (pf) follows from the
Leibniz rules for the gradient and Laplacian and thanks to this bound we see that the curves
(5), (g5), (pf) belong to AC(C, L*(X)). As regards o5, 15,95, let us fix ¢ > 0: by Proposition
2.2.5 b) is true. Then use the representation formula (1.2.9c), the Gaussian estimates (1.2.11)
and the fact that pp and f¢ have the same support to get

Cl e C2d2('7j) 03
_Ldttr) 3y
(5.1.5) Vero 15121 (m) €xP ( et 675) -
1. Cy Csd*(-,z) | Cs
< fi< i T T
shs vst/2||f 12t m) exp( et * €t)

for all t € (0, 1], where z € X is arbitrary, all the constants C1, ..., Cg are positive and only
depend on K, N, supp(po), supp(p1), # and

5.1.6 ve:= inf m(B_; Vei= sup m(B 5 ,
(5.1.6) it (B s(y) s m(Bs()
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paying attention to the fact that for any s > 0 it holds 0 < vy < Vs < oo. This two-sided
bound implies that e~V € L®°(m) and ¢§ € L*(e™V'm) with V = Md?(-, ) for any 7 € X
and M > 0. Moreover, taking into account (2.2.9) and (2.2.10) and the fact that |V f{|?> €
Wh2(X) by (1.2.16), the same bound implies that e=V|V5| € L®(m), |Vy5| € L2(e Vm),
i € D(A,e”Vm) and Agf € WH2(X, e Vm) with V as above and M > C , Ca being the
constant appearing in (5.1.5). In fact

. . (Aft |fo|2>
Ve =e—t,  Agf=
T T T (2 )

(5'1'7) ' € €12 £13
At < [ IVAFEL ARV IVIVEF] 2V
‘V ‘pt| >¢€ 3 €)2 €)2 €)3
I (f§) (ff) (ff)
whence the claim. Thus all the norms appearing in (5.1.4) exist and the bound makes sense.
In order to prove it, just look at (5.1.7), use (5.1.3) for (ff), notice that (1.2.16) gives us a

locally (in t) uniform control on the L?(m)-norm of |V|V f{]?| while (5.1.5) entails a locally
(in ¢) uniform two-sided bound for (ff), i.e

Ch ng2(', z) Cs Cy e C5d2(', z) Cs
o o exp (= =527 = 52) < 0 < 2l exe (- =5+ )
where t~ := info t and tT := sup t. For the same reason we also deduce that (¢f) belongs to

AC(C, L*(e7Vm)) with V as above. The same arguments apply to (gi) and thus we get the
same conclusions for (¢§) and (95).

The equations for %cp% and %1/}? are easily derived, for % p; we notice that e log pf = ¢ +17
and thus

d . .d IVeil* Vg € Aure
QP = Pigg o8 = e ( 2 2 A 2A¢t>

= i (= (V05, Vlog pf) — Av;) = — <wt,vm — P A = —div(s V)

and for %19% we observe that

|V195|2 VYR e IVe§)2 e V512 [Vei2 (Vf, Vs)
Y ge < e < 5 o
dtﬁt 2 A s A Attty 1
52 5 1 £12 £12 € 5
= =S Alog pf — S (IVU;1? + Vil + 2V, Vo) )
2

= —% (2A10gp§ + |Vlogp§|2>.

The fact that (p§) is absolutely continuous with values in W12(X) then follows by rewriting
its derivative as

d € €

gﬂf = §ngftg - iftEAgtE
and using the bound (5.1.3) for ff, ¢g;. The absolute continuity of (¢f), (¢7), (¥7) when seen
with values in W12(X, e~V m) is a direct consequence of the expressions for their derivatives,

rewritten as

d . eAff 5Agt dﬂs eAff  eAg;

2 —

ESDt—iftg %— 2 g alt T 1 fF 497
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and the bounds (5.1.3), (5.1.5) for ff,¢; in conjunction with (1.2.16).
It is clear that p; > 0 for every ¢,t, hence the identity

/P? dm:/hat/2fah5(1—t)/29€ dm:/faha/zgadmZ/Pé dm =1

shows that uf € Z(X). The fact that uf has finite second moment then follows from (5.1.5)
written for ff,g¢f for ¢t € (0, 1), while it is trivial for ¢ = 0, 1.

Due to the continuity of [0,00) 3 t + h;h € L*(X) for every h € L?*(X), the claimed
continuities in L? for the f’s and g’s follow. Then for what concerns the p’s, we need to check
that for every € > 0 we have

(5.1.8) po = f*hepag” pr=ghesof°.

As already noticed in the proof of Theorem 5.1.1, these are equivalent to the fact that f¢ ®
g° R%/2 is a transport plan from o to p1; hence, (5.1.8) holds by the very choice of (f¢, g°)
made. (Il

Using the terminology adopted in the literature (see [81]) we shall refer to:
e o7 and 7; as Schrédinger potentials, in connection with Kantorovich ones;
o (1§ )te[o,l] as entropic interpolation, in analogy with displacement one.

However the motivation behind the definition of (u$) is not clear yet. Is there any link with
the dynamical Schrédinger problem? The answer is affirmative and relies on the classical
mechanics version of Born’s formula (3.1.9) anticipated in Chapter 3.

Within the RCD setting and relying on Theorem 5.1.1 and Proposition 5.1.4 we can prove
it in a rigorous way, but first let us briefly review the notion of ‘Brownian motion’ (or more
precisely diffusion process) in a RCD(K, 00) space and interpret in probabilistic terms the
analytical properties of the heat kernel presented in Section 1.2. By [7] we know that there
exists a unique (in law) Markov family {R"},cqupp(m) of probability measures on C([0, 00), X)
such that

hef () = / f(ndR(y) V>0

for all f € Cp(X) and m-a.e. x € supp(m). Looking at (1.2.9¢) this tells us that (e;).R* =
refzJm and if we set R := [ R”dm(z), then the canonical process Z = (Z;)i>0, Zi(7) := Y, is
the unique (in law) Markov process concentrated on C([0, c0), X) with Zy ~ m and transition
probabilities given by the heat kernel, i.e.

R(Zowt € A| Zs = 2) = /A Wz]()dmy) Vst >0, A BX)

for m-a.e. x € supp(m): such a process is called Brownian motion. This allows to rewrite
the representation formula (1.2.9¢) in probabilistic terms, namely

(5.1.9) hef(r) = Ere f(Zt) = Er[f(Zt) | Zo = 7],

see also Appendix A.2 for an overview on the probabilistic notations here adopted. Now let us
show the Euclidean analogue of Born’s formula; since the Schrédinger problem is formulated
on C([0,1],X) instead of C([0,00),X), from now on R (resp. R*/?) shall denote the law of
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(Zt)ie(0,1) (resp. (Z¢/2)te)0,1)) instead of Z’s one: this does not change the fact that (e;).R =m
and (e;)sR*® = ry[z]m for all t € (0,1] (resp. (e;)«R%/? = m and (e;).(R¥/?)* = Feto[z]m).
Recalling that the unique solution to (Sg,,) with R®/2 as reference measure is given by

dP*/2(y) = f*(70)g° (v1)dR?(y),

from these facts and the Markov property of R%/? (see Appendix A.4 and (A.4.1)) we deduce
that

dPs
dm

e

(@) = Ge@) o

dRe

(A.2.1) ER|:

Zi - x] — Erlf*(Z0)s" (21)| 2 = o]

(5.1.9)

= Er[f*(20) | Z: = 2|ERrl9"(Z1) | Z¢ = 7] fi (2)gi ()

whence (3.1.9). This tells us that the entropic interpolation (u§) is the marginal flow of the
solution to the dynamical Schrodinger problem associated to ug, 1 and R¢/2, namely ug =
(et)*PE/ 2 for all t € [0, 1], thus renforcing the connection between the analytic and probabilistic
approaches to the topic.

5.2 Uniform estimates for the densities and the potentials

We start investigating the continuity of several functions defined in terms of Schrodinger
potentials and densities of entropic interpolations.

Lemma 5.2.1. With the same assumptions and notation as in Setting 5.1.3, the following
holds.
For any € > 0 and for any p < oo the maps

0,1)3t = pi[h;[? € L'(m) 0,1)3t = pf|Vhi]P € L (m)
0,1)3t — [f|IVRIP e L' (m 0,1)3t — ¢;|VRh|P € L'(m

t t t t
0,1)3t = |Vpfl|[Vhi[P € L' (m) 0,1)3t +~—  Apf||[Vhi|" € L'(m)

are all continuous w.r.t. the strong topology, where ht is equal to any of 7,7, V5, log ps.

proof Fix e > 0 and recall that by Proposition 5.1.4 we know that (ff), (¢5), (pf) belong
to C([0,1], L2(X)) N AC1,e((0,1), Wh2(X)) and (h§) € ACp(I, WH(X,e™V'm)) with V =
Md?(-,z) for some # € X and M > 0 sufficiently large. This means that for any ¢ € [0, 1] and
any sequence (t,)nen C [0, 1] converging to ¢ there exists a subsequence (,, )ren such that

fi, = 59, —gi A, e mae
as k — oo; if t € I then
B, =i V| V| ARG - AR meae.
and if ¢ € (0,1) then we also have
IVop, | = Vil Api, — App weae.

Therefore, it is sufficient to show that all the functions appearing in the statement belong to
L ((0,1), LY(X)). To this aim, consider t — pf|V5|P and start observing that by (2.3.3) we

loc
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know that for any § € (0,1] and € X it holds |Vi| < Cs(1 +d(-,z)) for all t € [0,1 — 4],
whence

(5.2.1) VgilP < Copl1 +d?(,7)
for any p < 0o. On the other hand, the estimate for pf is more difficult. Let

Vg 1= inf m(B\/g(y)) Vs = sup m(B\/g(y))

y€supp(po)Usupp(p1) y€supp(po)Usupp(p1)

and observe that for any s > 0 we have 0 < v < V; < oo. By means of the representation
formula (1.2.9¢), the Gaussian estimates (1.2.11) and since ¢t € [3,1 — ], we get

c CH d2($,y) CbEt
S/f(y)m(B\/eT/Z(y))exp< =t )dm(y)

R 4 B d?(z,y) Cae(l —1)
X/g W) s W) exP( 3e(l—t) 2 )dm(y)

([ rram [ am)cavssen
66/2

with C3,Cy depending on K, N, ¢e,0,Z, supp(pp) and supp(p1). Using the first inequality in
(1.2.11) and the fact that f* ® ¢° R¢/2 is a probability measure (by construction - recall our
Setting 5.1.3) we then obtain

2

2
(5.2.2) /ffdm/gfdm < CiVippe's /ff ® g°R/2 = OV, jpe'=

where D is the diameter of supp(pg) Usupp(p1). Plugging these pieces of information together
we deduce that

C'1C'3V5/2

2
(5.2.3) o) < xp (2 + 01 + €(z,7))

55/2

and coupling this inequality with (5.2.1) we see that
/|w§|pp§dm < C&,pM/e_Cd2("£)(l bR E))dm ViE 51— 4],
The integral on the right-hand side can be written as

o0 2
/ e " (1 + rP)dTm,
0

where T : X — [0, 00) is defined as T' = d(+, ), and by the Bishop-Gromov inequality in spher-
ical form (1.2.3) such integral is finite. By the arbitrariness of 6 € (0,1] we have thus shown
that t — pf|V§|P is in L2 ((0,1), L*(X)) and the same argument applies to 15, 95, log pf.
With slight modifications we can also handle the case of t — f7|Vhi|P and t — ¢f|Vhi|P:
in fact, fixing [to,?1] C (0,1), it is sufficient to replace (5.2.3) with the second inequality in
(5.1.5) and couple it with (5.2.1) so that
C3d < )

(5.2.4) sup /|V<pt]pffdm§ sup Cp . (I14+dP(-,z))dm < 00

tG to,tl] tE[tQ,tl]
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for suitable positive constants C1, Cy, C5 independent of ¢ € [tg, t1]. The arbitrariness of tg,t; €
(0,1) gives the conclusion and the same holds for 5,97, log pi; for g; use the analogous of
(5.1.5).

Passing to t — pf|¢§|P, fix again 0 € (0,1) and use both the first and the second inequality
n (5.1.5) to deduce that

ol < C(A+d?(-, 7)) Vte[d1]

for a suitable positive constant C' independent of ¢ € [d, 1]; from this inequality, (5.2.3) and
arguing as for ¢t — pf|Vi|P we conclude. The same holds for ¢, 95, log pf.
Finally, for t — |Vpi||VA;|P and t — Apf| VAP notice that

1 1
IV l|Vhi [P =pi|V1og pi || VA [P < §P§|V10gpi|2 + *PﬂVhﬂQp
Ap; VR |P Z(Aff)QﬂVhﬂer(Agf)ffwhﬂ“?fz : (Vg, Vabg) | VR [P
1
(ARG VR + (A FEIV R + 5508 Vii !
1 4 1 2
b oIV e,

use the a priori estimate (1.2.12b) to deduce that Aff, Ag; € Lloc((O, 1), L?(m)) and point
out that ¢ — ff|VA|P and t — g5|VhS|P also belong to LS ((0,1), L?(m)). This last claim is
a straightforward generalization of (5.2.4) from L! to any LP-norm. O

Now let us collect information about quantities which remain bounded as ¢ | 0. The first
result is a great improvement of (5.1.3) and could not be fully appreciated in the compact
case considered in [63].

Proposition 5.2.2 (uniform L*> bound on the densities). With the same assumptions and
notations as in Setting 5.1.3 the following holds.
For every x € X there exist constants C, M > 0 which depends on K, N, Z, pg, p1 such that

(5.2.5) p; < Me Cd(.2) m-a.e.

for every t € [0,1] and for every € € (0,1).

proof We claim that there exists a constant M’ > 0 which depends on K, N and the diameters
of the supports of pg, p1 such that

(5.2.6) 165 o) < M max{lpoll e s o1l o)}

for every t € [0,1] and for every € € (0,1).

Fix e > 0. We know that (p§) € C([0,1], L*(X)) N ACj.((0,1), L*(X)) from Proposition
5.1.4 and pf < C. for all ¢t € [0,1] by the maximum principle, thus for any p > 2 the function
E, :]0,1] = [0,00) defined by

B,(t)i= [ () dm,
belongs to C([0,1]) N ACj0c((0,1)). An application of the dominated convergence theorem
grants that its derivative can be computed passing the limit inside the integral, obtaining

(5.2.7) GE0 = [ (o0 S = —p [(65 v £ 997) .
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However, integration by parts formula can not be applied now, because |V¥| is only locally
integrable. To overcome the problem, let & € X, R > 0 and xg € Test>™(X) be a cut-off
function with support in Br41(Z) such that yg =1 in Bg(Z); then

p / X5 div(pF V) dm = —p / (V (5P, V) x g dm — p / (Vs V) (p5)P dm
— -1 / (V(05)P, V95 )y dm — p / (VxR V95)(p5)P dm
— (1) / XR(P5PADE dm — / (PP (VE5, Vxr) dm.

On the one hand, (pf)P~tdiv(p;Vd5) € LY(X) because div(piVd5) € L?(X) by Proposition
5.1.4 and thus, by the dominated convergence theorem, the left-hand side converges to itself
without xg as R — oo. On the other hand, the uniform boundedness of |[|[VxR|||zeo(x) W.I-t.
R and the fact that (p§)P|V¥5| € L1(X) by Lemma 5.2.1 imply that the second term on the
right-hand side vanishes in the limit. As regards the first one, we claim that (p§)PAd5 € L}(X):

indeed Ag ASE )
€ gi t 2 2
sai= (32 8) - L (et - o)
t= 5 P = % Vi | Vi
and by the fact that Aff, Agi € L?(X) together with (2.3.3) and (5.2.3), the conclusion follows
along the same lines pointed out in Lemma 5.2.1. Hence, the claim ensures that the first term
on the right-hand side converges to itself without yr as R — 0o, so that all in all

p [0 vl Vo) dm = (o~ 1) [ ()07 dm

and plugging this identity into (5.2.7) we get

d

S === 1) [ (sFrav;dm.

Now notice that ¥ = 9§ — 5 log pj to get

d

< c
dt

(5.2.8) 5

E,(t) = —(p— 1) / (P AYsdm + & (p — 1) / (#5)PAlog pidm.

On the one hand, using again the same cut-off technique to motivate integration by parts,

[ iy atogsiam = —p [ )19, Vlogpi)m = —p [ ()7 2Vpifam <0

and on the other one, choosing § := % and 7' = 1 in (2.3.6) and any point z € X we get

the existence of a constant C' > 0 depending on K, N, Z and the diameters of the supports of
po, p1 such that A > —C(1 +d?(-,z)) for any t € [0,1/2], so that we have

SE(0) < Co - DE() + o) [ (477 2)im

(5)Pd2(, 2)dm + /

(052, f)dm)
X\Bgr(Z)

=Clp—1Et)+C(p— 1)</B

R(%)

< Clo- D1+ R+ Co-1) | o PGB, e 0,172
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where R > 0 is to be fixed later. Now let us handle the rightmost term above. To this aim, we
can follow the argument already adopted in the proof of Lemma 5.2.1 for the upper bound on
pf, but the previous rough estimate has to be made more precise: the dependence on ¢, € shall
be explicit. Keeping the same notations introduced in the lemma, notice that by means of the
representation formula (1.2.9c), the Gaussian estimates (1.2.11) and since ¢ € [0,1/2], we get

. C d?(z,y) = Caet
S/f (y)m(Bm(y)) eXp(‘ 3t 2 )dm(y)

€ Cl ex _ d2(:v,y) 028(1 —t)
X/g <y)m(3m( ) b ( (-0 T 2

< —2 /fsdm/ g*dmexp (% — Csd*(x, x))
Uet/2U5/4 t et

with C3, Cy, C5 depending on K, N, Z, supp(po) and supp(p1). Plugging (5.2.2) in the inequal-
ity above we deduce that

)dm(y)

£

C1C3V, 2 2z, 7
) < 1C3 8/2exp<D—+%—05d (:c,x))

- Uet/ZU€/4 g et et

Now observe that by the Bishop-Gromov inequality (1.2.2) with R = 1 v, > Cgs” for s €
(0,1), with Cs depending on K, N and D, while by the compactness of the supports of py and
p1 we have V, 5 < C7 with C7 depending on the same parameters as Cg. Hence

Cy (D2 " g B C5C|2(l',i'))

2. A
(5.2.9) Pt o o

and if we raise the inequality to the power p, multiply both sides by d?(-,Z), integrate over
X\ Bgr(Z), rewrite the integral in terms of the push-forward measure Tym (where 7' = d(-, 7))
and use the Bishop-Gromov inequality in spherical form (1.2.3) to control T.m, then we get

C PC4 P 5r2
EVPd2 (-, 7)dm < / Cor?e™ =t e“dr
/ R 5
with Cy depending on K, N,supp(pg) and supp(p;). With explicit manipulations this yields

_ Cio D2 Q,C5R2 p
\Pd? -,xdm§< S+ ot )
/X\BR(j)(pt) ( ) (€2t)N/2

where Co continuously depends on R. If we choose R > /(D? + C4)/C5, then there exists
a constant ¢ independent of €,¢ € (0,1) such that the right-hand side is bounded from above
by ¢?. We have thus obtained Ej, < C'(p —1)E, + ¢? for all t € [0,1/2], whence by Gronwall’s

inequality
cP oy cP cP o
B0 = (B0 + ) = gy = (B0 + )

for all ¢ € [0,1/2]. Passing to the p-th roots, writing E,(t) = ||pf HLP () and observing that,
being pf a probability measure, we have ||h|[zp(us) T |7l Lo (us) as p — 0o, we obtain

1pi Nl < ellpollz=, ¥t € [0,1/2].
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Switching the roles of pg and p; we get the analogous control for ¢ € [%, 1], whence the claim

(5.2.6) with M’ := €. As regards (5.2.5), for ¢ = 0, 1 there is nothing to prove; for t € (0, 1)
let us look back at (5.2.9) and observe that

C, D2 | Cy C5d?(z,3) A42(. = .
8 T tae —a s < (Me O (@) m-a.e. in X \ Bg(T)

with ~C’”,CN' independent of e,¢ € (0,1). This bound together with (5.2.6) gives (5.2.5) with
C = C and
A p2
M = max{M'e“™ max{]|pol| oo (m): [|p1]| Lo (m) }» C"'}-

0

The second result we present is mostly an easy consequence or a rewriting of the estimates
obtained in Chapter 2, but it is worth a second statement because it improves (5.1.4) in a
quantitative sense.

Proposition 5.2.3 (Locally uniform Lipschitz and Laplacian controls for the potentials).
With the same assumptions and notations as in Setting 5.1.3 the following holds.
For all 6 € (0,1) and & € X there exists C > 0 which only depends on K, N,d,T such that

(5.2.10a) lip(¢f) < C(1+d(-, 7)), m-a.e.
(5.2.10b) Agi > —C(14d*(-, 7)), mae.

and for all 5 € (0,1) and bounded Borel set B there exists C' > 0 which only depends on
K,N,é, B such that

(5.2.11) 1@ 1By < C”

for every t € [0,1] and € € (0,1). Analogous bounds hold for the ¢$’s in the time interval
[0,1—0].

proof Fix § € (0,1) and € X as in the statement and notice that the bound (2.3.3) yields
|[Vei| = ¢|Vlog h%tfs\ <C(1+d(-,z)) vVt € [6,1], € € (0,1).

Thus recalling the Sobolev-to-Lipschitz property (1.2.14) we obtain the bound (5.2.10a). The
bound (5.2.10b) is a restatement of (2.3.6). Finally, let B be as in the statement and xp a
Lipschitz cut-off function identically equal to 1 on B and with bounded support, notice that
|h| = h 4+ 2h~ whence

/|Aso§|dm=/XBrAsoﬂdms/mesofrdm:/XBAsoidmm/XB(Asoi)dm
B B
= —/<VXB,V<p§>dm+2/XB(A<P§) dm

and take into account (5.2.10a) to estimate the first term in the final expression and (5.2.10b)
for the second one: (5.2.11) then follows.
The bounds for 17 are obtained in the same way. O
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5.3 The entropy along entropic interpolations

In [76] Léonard computed the first and second derivatives of the relative entropy along entropic
interpolations and in [63] we verified that his computations are fully justifiable in the case of
compact RCD*(K, N) spaces. Here we would like to show that the same holds true also in
the non-compact setting. As we shall see later on, these formulas will be the crucial tool for
showing that the acceleration of the entropic interpolation goes to 0 in a suitable sense.

As a first step, let us slightly improve the statement of Lemma 5.2.1.

Lemma 5.3.1. With the same assumptions and notation as in Setting 5.1.3, the following
holds.
For any € > 0 and for any p < co the maps

I>t =  pf|hs|P € L' (m) I>t =  pf|VRE]P € L' (m)
(0,1)>t +— fEIVAEP € L' (m) (0,1) >t + ¢|VhS|P € L'(m)
0,1)3t = |Vp§||[VA[P € L' (m) 0,1)3t =  Apf||Vh{P € L' (m)

are all continuous w.r.t. the strong topology, where h7 is equal to any of 5,5, V%,log p; and
I is the respective domain of definition (for (log pf) we pick I = (0,1)).

proof The only change w.r.t. Lemma 5.2.1 regards pf|hf|P and pi|Vhi|P: for the proof it is
sufficient to follow the same argument, just using (5.2.5) instead of (5.2.3). O

Secondly, although A|V¢£|? is not a Radon measure in general because of lack of integra-
bility (and the same is true for 1§, 95, log pf), it turns out that pf A|V§|? is a finite measure
and piT'a2(¢f) too, so that a weighted Bochner inequality for the Schrédinger potentials can
be deduced.

Lemma 5.3.2. With the same assumptions and notations as in Setting 5.1.3, the following
holds.
For any e >0 and t € (0,1) the set functions

P AIVGE 2, pf AIVYS|2, pf AIVYS2, pf AV log p5 |
piT2(5), piT2(v5), piT2(¥5), piT2(log py)

are well defined finite Borel measures on X and the following integration by parts identity
holds:

(5.3.1) /pgdA\ng\? :/ApgyVh§y2dm

where hi is equal to any of ©f, V5,97, log ps.
Finally, the following weighted Bochner inequalities are satisfied:

(5.3.20) piTa(h) > o7 ([Hess(h) g + K |dhE2)m
£ £ £ Aha 2 £
(5.3.20) piTa(h) = o (PR gejang?)m

where hi is as above.
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proof Fix e > 0, t € (0,1), recall that f7, pi € Test(X) and ¢f € Test;o.(X) by Proposition
5.1.4: as a consequence, |V¢§|? € Dj.(A) with

AV
(f£)? (f)?
so that A|V¢§|? and T'y(¢5) have a meaning, in the sense provided in Section 2.2. Secondly,

define aq, g, g as the first, the second and the third term on the right-hand side of (5.3.3)
respectively. By (1.2.23) applied to f; we get

g £ £ £ € 1
(5.3.3) A|V<Pt|2 = 5201& +e%p V£ A( ) + 252pt<v|vft % V((fa)2>>
t

2

2G|

> 2Kpt|V<P§!2 — g5 Vs |2 — egf [VAFE?

KIVFi 2+ (V7 VAS)) = 2K pi Vi P + 2267 (Vi VAS)

and by Lemma 5.3.1 together with gi € Test(X) the right-hand side is integrable. As regards
g, by the following computations

5 vfs4 vfs QAfe 9.
ay = 26%p; <3|(fst)z|1 - (tf|e)3 ) =60 V|t - 20, AFF IV
t t

> 6 2pf Vi |t — g |AFE P — 65|V [®

and still by Lemma 5.3.1 we see that it is integrable and the same holds for aj, because

422 LS (VIV S V1) = —SofHess(7) (V7. Vi)
> —dg; [Hess(f7)|jis — 497 Vi |

Hence the negative part of pf A|V5|? is a finite measure on X. As regards the positive one,

let z € X, R > 0 and xg € Test™(X) be a cut-off function with support in Bry1(Z) such that
Xr = 1 in Br(Z); then

/xRpidA!VﬁP = /A(xRpi)!wa\Qdm

= /AXRPﬂVsOﬂQder/XRAP§|VSO§|2dm+2/<VXR,VP§>|VSD§|2dm
and by Fatou’s lemma
[ sa(alveiPyt < timint [ xpid(Alvg)*
while by Lebesgue’s dominated convergence theorem yr — 1 in L!(pf(A|Ve5|?)7), whence
(5.3.4) /pfdA|Vgp§|2 < lim inf/XRpfdAVg0§|2.
R—o0
On the other hand, the fact that |[|[Vxr|| zoc(m); [AXR Loe(m) are uniformly bounded as R —

oo by Lemma 2.2.1 and p§|V¢5|?, Aps | Vi |2, V|| Ves|? € LY (m) by Lemma 5.3.1 allows us
to apply the dominated convergence theorem and infer that

Jn ([ AxupfVeiPam+ [ xrastTePan +2 [ (9, oi) [DiPam)

= /Apﬂchdem < +00.
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Coupling this information with (5.3.4) we finally get that pf A|V5|? is a finite measure and
this information implies that yg — 1 in L}(pfA|V¥5|?). Hence equality actually holds in
(5.3.4) with the limit in place of the liminf and (5.3.1) is satisfied. Taking (5.1.7) into account,

we notice that

(5.3.5)

/Tt e croe (IVASEL | ARIVEEL | IVIVEP 2|Vf§|3>
Vi, VA \Y, + +
ril(Ver, i) < epf|Vey |( e (f5)2 (f7)? (5)3

= cg; | Vi ||[VAFE| + gi AFEIV S + 267 pf[Hess(ff) s | Vi | + 267205 [ Vs |*
1 1 - - _
< §€g§|V¢§!2 + §€9§|VAff|2 +e pf [Hess(f7) B + e 05 |V |° + 26725 | Vigi |*

and since all the terms appearing on the right-hand side are integrable, we have just proved
that piT'2(pf) is a finite measure too.

Now let us look at (5.3.2a) and observe that it can not be trivially deduced from (1.2.23)
applied to ¢f, because @i ¢ Test(X). To overcome this problem let £ C X be a bounded
Borel set and let x € Test™(X) be a cut-off function with bounded support such that x =1
in E. Then, as already remarked in Proposition 2.2.5, x¢f € Test(X) and (1.2.23) holds for
it, whence

To(05)(E) > /E ([Hess(¢5) 2 + K]degf|?)dm

because y = 1 in E. Hence ¢f satisfies (1.2.23) on all bounded Borel sets. By multiplying both
sides of the inequality above by pf, using the fact that piT'2(¢f) is a measure and arguing by
o-additivity, (5.3.2a) then follows and an analogous argument provides us with (5.3.2b).

The claim for 5,97, log p; are obtained following the same lines. O

Now we are in the position for motivating Léonard’s computations, thus getting the for-
mulas for the first and second dervative of the entropy along entropic interpolations.

Proposition 5.3.3. With the same assumptions and notations as in Setting 5.1.83 the following
holds.

For any & > 0 the map t — H(u$ |m) belongs to C([0,1])NC?%(0,1) and for every t € (0,1)
it holds

d 1
G360 GHE ) = [ (96, 997) dm =

o | (VUi = Vi )of dm,

360) (i Im) = [ 65 Aa00) + 5 Talonri)) = 5 [ 5 A(Tale) + Tate).

proof All the integrals in (5.3.6a) and (5.3.6b) make sense by Lemma 5.3.1 and Lemma 5.3.2
and the equality of the two expressions for both the first and second derivative follows from
v = vier (pt , elog pi = 9§ + ¢f and the fact that I's(+) is a quadratic form. In addition, recall
(5.1.1) and the fact that (pf) € C([0,1], L?(m)) by Proposition 5.1.4: from these facts we see
that [0,1] 3 t = H(u$|m) is continuous; moreover, (5.2.5) and (p§) € C([0, 1], L?(m)) imply
that

019tn—>/ z)dpg

is continuous too for any = € X, whence by (5.1.2) the continuity of [0,1] 3 ¢ — H(uf |m).
Now fix ¢ > 0 and recall from Proposition 5.1.4 that (p§) € AC..((0,1), L?(X)) and that it
is, locally in ¢ € (0, 1) and in space, uniformly bounded away from 0 and oo. Therefore, for given
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z € X and R > 0, if we pick a cut-off function yr € Test™(X) with support in Bry;(Z) and
such that yg = 1 in Bg(Z), then for u(z) := zlog z we have that (0,1) 3 t — xru(pf) € L*(X)
is absolutely continuous. In particular, so is [ xgu(pf) dm and it is then clear that

d

d
5 [rutoiyam = [ xnlloss) + D5 dm, et

Using the formula for % pf provided by Proposition 5.1.4 we then get

d .
G [ xrutonydm =~ [ xetog(p?) + Div(pi 997)dm = [ (¥ (cnllog(s) + 1), V5 )picm

:/XR (Vpi, V5) dm+/<VXR,V19§> (log p; + 1)pfdm

and integrating this identity over [to,¢;] C (0,1) yields

[ i, am — [ xwutsi,m

(5.3.7) . .

— [ xe (9 w0 atdm - [ (9, 995) tog i + e,
to to

On the one hand p§ log pf € L'(m) by Lemma 5.3.1 if ¢ € (0,1) and trivially if t = 0, 1, thus
by the dominated convergence theorem the left-hand side converges to itself without ygr as
R — 00. On the other hand, |Vpf||[V5| € L2 ((0,1), L*(X)) by Lemma 5.3.1, so that again by
the dominated convergence theorem the first integral on the right-hand side of (5.3.7) converges
to itself without y g as R — oo. Moreover, the fact that pf (log pf+1)|V95| € L2 ((0,1), L' (X))
(as a byproduct of Lemma 5.3.1), [||[VXR|| zoc(m) is uniformly bounded as R — oo (Lemma
2.2.1) and |VxRg| is supported in Br41(Z) \ Br(Z) entail that the second integral on the right-
hand side of (5.3.7) vanishes in the limit. Therefore, plugging all these pieces of information

together we get
t1
H(E, |m) — H(i5, |m) = // (V 5, V%) didm
0

and the fact that |Vp§||VY5| € C((0,1), L} (X)) by Lemma 5.3.1 implies that ¢ — H (5 | m) is
C' and the formula for the first derivative holds for all ¢ € (0, 1).

For (5.3.6b), recall that from Proposition 5.1.4 we know that (pf) € ACi,.((0,1), WH2(X))
and (¥5) € AC1e((0,1), Wh2(X,e=Vm)) with V = Md?(-,Z), for some Z € X and M > 0
sufficiently large. Hence, for such z and for R > 0 pick a cut-off function xp € Test*™(X)
with the same properties as above and observe that (0,1) > t — xg (Vpf, Vi) € L*(X) is
absolutely continuous. In particular, so is [ xr (Vpf, V¥5) dm and

dt dt dt

Thus from the formulas for %pﬁ,%ﬁi provided in Proposition 5.1.4 and integrating over
[to, t1] C (0,1) we obtain

t1
[ (Vo 905 )dm — [ (Ve Vi )dm = [ e (Vdiv(pivo5), 95 dem
to
A

t1
+ // Xr(VpE, V(= 3|V05 2 — £ Alog(pf) — 5|V log(pf)[?))dtdm .

to

d d d

B
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From (Vpf, Vo5) € LY(m) (Lemma 5.3.1) it is easy to see that the left-hand side converges to
itself without yg as R — 0o. As regards A, integration by parts and Leibniz rule imply that
it can be rewritten as

t1 t1
A —// div(p; VI5)(Vxr, VI;)dtdm + // xrdiv(p; VI;)Ad;dtdm

t1 t1
/ (V05 VWV x g, VIS )dtdm + // EADS (Vxr, VI )dtdm
t1
- // Xrps (V5 VA dtdm — // EADS (VY5 Vyp)dtdm
to to

t1 t1
— / (0%, V5 (Ve , V0% dtdm — // rpE (V95 VAGE ) dedm.
to to

Thanks to (5.3.5), which also tells us that t — pf(V¥5, VAYS) belongs to L2 ((0,1), L (m)),
the second integral on the right-hand side converges to itself without xg as R — oo, while for
the first one notice that

t1 t1
// <w§,w§><vXR,W§>dtdm's // VXl V5] V9% Pdtdm.
to to

Since |Vp§||V¥5|* € Lo ((0,1), L' (m)) (Lemma 5.3.1), [[[Vxk|||fo(m) is uniformly bounded
as R — oo (Lemma 2.2.1) and |Vxg| — 0 m-a.e. as R — oo, by the dominated convergence
theorem we deduce that this integral vanishes in the limit. Passing to B, let us rewrite it as

b 1 € . £ 52 (3 € 52 (3 3 £
= // 5| VUi Pdiv(xr Vi) = - xr(Vii, VAlog pf) + |V log pf[*div (x gV pf)dm
t1 5 2
(5.3.8a) // S XRAPE V" — XRPt<V10gpt7VA10gpt> +3 —xrAP; |V log pf[*dm

t1 2
(5.3.8b) // —|V% | (Vxr, Vi) + %!VlogpﬂQWxR, Vp;)dm.
to

On the one hand, observe that Ap§| V5 |?, Apt |V log p§|? € L{2((0,1), L' (m)) by Lemma 5.3.1
and p§(Vlogps, VAlog pf) € L2 ((0,1), L' (m)) by (5.3.5): these facts and the dominated
convergence theorem entail that (5.3.8a) converges to itself without xg as R — oo. On the
other hand, the fact that |Vp||V5|2, |Vpi||Viog p5|? € L2 ((0,1), L' (m)) by Lemma 5.3.1
and the aforementioned properties of x g imply that (5.3.8b) vanishes. Therefore

/ (Vi VO Ydm  — / (V5 , V95 )dm

t1 1
= / Apt]Vﬁ‘E]Q—pt<V79 VA dtdm
t

0

t1
+f IV log 652 — S5 (V log . VA log pf)dtm
to

3.1) //t 1 07 dtd(rz(ﬁf) + §F2(10g(P§)))'

To obtain C? regularity and that the formula for the second derivative is valid for any ¢ € (0, 1)
it is sufficient to check the continuity of ¢ — [ pf dT'2(9%), as the continuity of the other term
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follows along the same lines. To this aim, by Lemma 5.3.1 and (5.3.1) we deduce the continuity
of t = [ p7 dA(V5); for t — pf(VY5, VAYE) use (5.3.5) and argue in the same way as in the
proof of Lemma 5.3.1. U

As a first consequence of the formulas just obtained, we show that some quantities remain
bounded as € | 0:

Lemma 5.3.4 (Bounded quantities). With the same assumptions and notations of Setting
5.1.3 we have

(5.3.9a) sup /d2(-, z)pidm < oo,
c€(0,1),t€[0,1]
(5.3.9b) sup |H (ug | m)| < oo,
€€(0,1),t€[0,1]
1
(5.3.9¢) sup // (ngﬁ + &%V log p§|2),o§ dt dm < oo,
ee(0,1) Mo

z € X being completely arbitrary in (5.3.9a), and for any 6 € (0, %)

1-46
(5.3.10a) sz)p1 // (|Hess('l9§) QHS + £%|Hess(log p5) as)pf dtdm < oo,
3S]
1-6
(5.3.10b) sup // |A19€]2 + £%|Alog p5 | )pt dtdm < oo.
e€(0,1)

proof We start with (5.3.9a) and observe that it immediately follows from (5.2.5). As regards
(5.3.9b), argue as in the proof of Proposition 5.3.3: taking into account (5.1.2) and the no-
tations used therein with y = pf and V = d?(-,z) (where Z is any point of X), H(uf|m)
is bounded from below uniformly in ¢ € [0,1] and € € (0,1), whereas by Proposition 5.2.2
H(p; | m) is also bounded from above uniformly in ¢ € [0,1] and € € (0,1). Moreover, (5.3.9a)
ensures that [ Vdgy§ is uniformly bounded too, whence the desired (5.3.9b).

Let us now pass to (5.3.9¢) and observe that Proposition 5.2.3 together with (5.3.9a) grants

1
(5.3.11) sup // Vit ok dtdm+//2|w§|2p§dtdm<oo.
0

€€(0,1)

As a second step, notice that (5.3.6a) gives

1 1
[ vt atam =[] (90 aram - 2e/ H(pg | m) d
1
2
— //0 Vs 205 dt dm + 22 (H (o | m) — H (4 | m))

so that taking into account (5.3.9b) and (5.3.11) we see that the right hand side is uniformly
bounded for € € (0,1). Using again (5.3.11) we deduce that

sup / Vi |25 dt dm < oo.
€€(0,1)
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A symmetric argument provides the analogous bound for ()f) and thus recalling that ¥ =
$(¥f — ¢f) and elog pf = 1§ + ¢F we obtain (5.3.9¢).
Now use the fact that J5 = —pf + §log pf in conjunction with (5.3.6a) to get

d €
SHE )y = = [ (V5. Vegiam + 5 [(V65, Viog f)m

\V&/ 2 2
- / pgA(pgdm—Fg / |5§|dmz / pEAPSdm.
é

Recalling the lower bound (5.2.10b) and (5.3.9a), we get that for some constant Cs independent
on ¢ it holds

g
S HGE w2 G5 vee (0.)
and an analogous argument starting from 95 = ¢ — § log pf yields & H (us | m)| o1 < Cs for
every € € (0,1). Therefore

1-6 42 d d
up [ e Im) = sup (G HGE HO ) ) < o
ey s A2 ceony \dt =15 7 g W T =s

The bounds (5.3.10a) and (5.3.10b) then come from this last inequality used in conjunction
with (5.3.9c) and the weighted Bochner inequalities (5.3.2a) and (5.3.2b) respectively. O

With the help of the previous lemma we can now prove that some crucial quantities vanish
in the limit € | 0; as we shall see in the proof of our main theorem 7.1.2, this is what we
will need to prove that the acceleration of the entropic interpolations goes to 0 (in a suitable
sense) as € goes to zero.

Lemma 5.3.5 (Vanishing quantities). With the same assumptions and notations of Setting
5.1.8, for any & € (0,1) we have

1-06
(5.3.12a) hms // pi|Alog p;|dtdm = 0,
1-06
(5.3.12b) lim £ // P |V log pf|? dt dm = 0,
el0 5
1-06
(5.3.12¢) i // P Alog pf ||V Tog pf | dt dm = 0
E
1-06
(5.3.12d) hms // 0|V log pf| dt dm = 0.

proof For (5.3.12a) we notice that

1-46 1-6
52// p§|Alogp§|dtdm§€\/1—25\/&2// p5|Alog ps|? dt dm
é é

and the fact that, by (5.3.10b), the last square root is uniformly bounded in € € (0, 1).
For (5.3.12b) we start observing that Lemma 5.3.6 below applies to p§, because by Propo-
sition 5.1.4 pf € Test(X) N L(m) and

Ap; = fEAGE + giASF +2(V ff,VgE) € LY (m).
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Hence, from the identity p§|V log pf|? = —pfAlog pf + Aps and the fact that [[Apfdm =0
we get

1-6 1-6 1-6
g2 // p5|V log pf|? dt dm = —¢? // piAlog pf dt dm < &2 // pi|Alog pf| dt dm
1) é 6

and then conclude by (5.3.12a).
For (5.3.12c) we observe that

1-6
e’ //5 pi|Alog pi| |V log pf| dt dm

1-9 1-9
< \/52// pﬂAIogpﬂthdm\/e?// p5 |V log p5|? dt dm,
é 6

and use the fact that the first square root in the right hand side is bounded (by (5.3.10b))
and the second one goes to 0 (by (5.3.12b)).

To prove (5.3.12d) we start again from the identity pf|V log pf
get

2 = —pfAlog pi + Ap§ to

1-96 1-6 1-6
// pf|V log p5|3 dt dm = —// piAIogpﬂVlogpﬂdtdm—i—/ Apf|V log pf| dt dm.
é 0 é

After a multiplication by €2 we see that the first integral on the right-hand side vanishes as
e } 0 thanks to (5.3.12¢). For the second we start noticing that an application of the dominated
convergence theorem ensures that

1-5 1-6
(5.3.13) / Ap; |V 1og p7| dt dm = lif(r)l// Apir/n + |Vlog ps|? dt dm,
5 o J/s

then we observe that for every n > 0 the map z — /n+=z2 is in C1([0,00)) and since
|V 1og p5|? € W2(X) we deduce that /1 + |Vlogpf|2 € WH2(X) as well. Thus by the chain
rule for gradients and the Leibniz rule (1.2.21) it holds

1-5
‘// Apiﬂn—leogpﬂthdm‘
5

1-6 s
<V log pf, V|V log p5|?) dt dm‘
‘// n+|V10gpt|2
1-46 5
= Hess(log pf )(V log pf, Vlog p5) dt dm‘
’//5 v+ IVlogpt\2 t t t

1-6
< | pilmesstiog g s ¥ o | e
)

and being this true for any n > 0, from (5.3.13) we obtain

2

1-6 1-6
£ / AptIVIngtldtdm’<€ // p; [Hess(log p7)| 5|V log pf | dt dm
19

1-46
< \/62// p§|Hess(log pf )| dt dm
1-6
X 52// 05|V log p§|? dt dm.
é
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In this last expression the first square root is uniformly bounded in € € (0,1) by (5.3.10a),
while the second one vanishes as ¢ | 0 thanks to (5.3.12b). O

Lemma 5.3.6. Let (X,d, m) be a RCD(K, o) space with K € R endowed with a Borel non-
negative measure m which is finite on bounded sets and h € D(A) N L*(m) with Ah € L*(m).

Then
/ Ahdm =0

proof Let & € X, R > 0 and xr € Test™(X) be a cut-off function built as in Lemma 2.2.1
such that xg =1 in Br(z) and xg =0 in X\BRH( ). Then

‘/XRAhdm‘ = ‘/AXthm = ‘/ AXthm
X\Br+1(7)

< [[AxRll Lo (m) /X\B - hdm
r+1(T

and by Lemma 2.2.1 ||AxRg|| o (m) is uniformly bounded in R, while

(5.3.14)

/ hdm — 0 as R — oo
X\BRr+1(Z)

since h € L'(m). As a consequence, the last term in (5.3.14) vanishes as R — oo, while the
left hand side converges to | [ Ahdm| by the dominated convergence theorem and this gives
us the conclusion. g

5.4 A Benamou-Brenier formula for the entropic cost

We conclude the section with an interesting application of the ‘PDE’ viewpoint provided in
Proposition 5.1.4: a Benamou-Brenier-type formula for the Schrédinger problem. To this aim
let us first define

@y = elog(f®)  in supp(uo)
Y7 :=clog(g®)  in supp(u)

and, recalling the definition of the entropic cost given in Chapter 4, introduce the slowed down
entropic cost .7 relative to R%/2 as

(o, = inf H(~'|R/?).
(ko) = inf (Y[R

(5.4.1)

With this said we are now in the position to give a threefold dynamic representation of the
entropic cost.

Proposition 5.4.1. With the same assumptions and notations as in Setting 5.1.8 and here
above, for any € > 0 the following holds:

1 2 2
€ Vg €
eI(po, 1) = §<H(uo |m) + H (s Im) + // |2t’ + g\Vlog pf]Q)pfdtdm

(5.4.2) = eH(pp|m) + // [Veil® pidtdm

2
Ml‘m // |v¢t| Edtd
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proof Fix e > 0 and let us prove the first identity in (5.4.2). To this aim fix # € X, R > 0 and
let xr € Test™(X) be a cut-off function as in Lemma 2.2.1 with support in Br1(Z) such that
Xr = 1 on Br(Z); using the notations of Setting 5.1.3, by Proposition 5.1.4 ¢ — [ x g pi dm
belongs to AC,.((0,1)) with

d V5|2 &2 g2

e /xm?mt dm = /XR 2’* — pAlogp; - glVlog/ﬁP)pi dm
- /XRﬁfdiv(/fVﬁf)dm a.e. t € (0,1).

Integration by parts formula and integration in time on [4, 1 — ¢] then yield

/XR?%&P?J dm—/XRﬂfsts dm

1-6 2 1-6
Vﬁa
// | ‘ \Vlogpt\ )ﬂt dm—i—// (VXR, Vp;)dm
1-6
+ // V5 (Vxr, VI )p;dm  ae. t e (0,1)
0

and the arguments by dominated convergence theorem already explained in the proof of Propo-
sition 5.3.3 enable the passage to the limit as R — oo, thus getting

1-6 2
Vg
/191 5P1—5 dm — /19595 // ’ 5 | *|V10gpt’ )Pt dm.

Now let § | 0: convergence of the right-hand side is trivial by monotonicity. For the left-hand
side consider ¢ — [ ¥5pf dm, use the identity ¥ = ¢f — §log p§ and observe that

e [wipidm and o <SG [m)

are both continuous at ¢t = 0, the former by Lemma 5.3.1 and the latter by Proposition 5.3.3.
This implies that

g
lim [ 95p5dm = [ g —ZH .
i / U5p5 dm / Y6po dm — 5 H (po | m)

The same argument with the identity 95 = —¢f + 5 log p§ allows us to handle [95_sp5_sdm
too, so that

— [ immam— [ o am o+ (o | m) + ()

1 ,1982 2
= | (55 + = w0842t am.
o U2 8

Thanks to the identity ¢§ + 1§ = €log po in supp(uo) and the analogous one in ¢ = 1, this is
in turn equivalent to

/wépodm+/¢ip1dm—;(H(uo\mHH(m!m))

v,ﬂe 2 .
// - \Vlogpt! )pt dm
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and now it is sufficient to observe that by (5.4.1)

eI (o, 1) = eH (f° @ g°RE/2|R¥/?) = /wéduo +/widu1.

For the second and third identities in (5.4.2), the argument closely follows the one we have
just presented. Indeed, it is just a matter of computation to rewrite the continuity equation
solved by (p§,95) as forward and backward Fokker-Planck equations with velocity fields given
by Viy; and Vi respectively, i.e.

d . e €. ¢
api + div(p; Vip) = §Apt

. &
— 0+ V(9 V) = SAp

where the time derivatives are meant as in Proposition 5.1.4. Therefore, arguing as above it
is not difficult to see that

1 €12
v
/s@idul —/@Eduo = —// | ?' pidtdm
0

and an analogous identity holds true for ;. Finally using the identities (f 4 1§ = €log pp in
supp(po) and ¢ + ¥ = elog p1 in supp(u1), the entropic cost can be rewritten as

€%WMWWMMWH/ﬁMﬁ/%WF%WMWH/%WW/%MM

whence the conclusion. OJ

Thus the entropic cost can be expressed as an action functional in three different ways:
in terms of (p3,v5), (pf,v5) and (pf, ). As we have just seen, three different ‘PDEs’ are
associated to these couples, so that three different minimization problems can be introduced,
namely

2 2
g(H(uMm) + H (s \m + 1nf {// ‘Ut’ Z]VlogutP)l/tdtdm}
1 ’ t|2
(5.4.3) H(po|m)+ 1nf // o dtdm
1 ’ t|2
H(py|m)+ 1nf // R dtdm

the infima being taken among all suitable solutions of the corresponding ‘PDEs’. In line with
the smooth theory, a natural guess is that all the infima coincide and they are attained if and

only if (v, v) = (pf, VV5), (v, ve) = (pf, V§) and (v, v) = (pF, Vi) respectively.

We shall now investigate the first minimization problem and for sake of simplicity we will
assume the space (X,d, m) to be compact and pg, p1 € TestSH(X). In this framework, from
Theorem 5.1.2 we know that ¢, g° € TestZ(X) for all € > 0 as well; arguing as in Proposition
5.1.4 together with the compactness of X, which ensures that all the objects defined in Setting
5.1.3 belong to TestZ}(X), it is not difficult to see that all the curves

(5.4.4) (f£), (9): (0F), (#7), (7). (9F) € AC([0, 1], WH*(X))
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after having defined ¢ := elog(f¢), ¥ := elog(¢g®) (unlike (5.4.1), now these definitions make
sense on the whole X) and set 95 := (¢f — ¢7)/2 on the whole [0, 1]. In particular this means
that the time derivatives of (ff), (¢5), (%), (¥5), (¥F), (¥5), explicitly written in Proposition
5.1.4, have to be understood as the strong W12-limit of the incremental ratios. Furthermore
sup |[hg]|Loe + Lip(hy) + [|AR w2 + | ARG L < 00,
t€[0,1]
where (hf) is equal to any of (ff), (g%), (p5), (¢7), (¥5), (¥5). The details of the proof can be
found in [63].
We shall also make use of the following simple lemma valid on general metric measure
spaces.

Lemma 5.4.2. Let (Y,dy,my) be a complete separable metric measure space endowed with a
non-negative measure my which is finite on bounded sets and assume that W'2(Y) is separable.
Let 7 be a test plan and f € WH2(Y). Then t [ foecdm is absolutely continuous and

(5.4.5) E / foedn| < / Af| () el dm(y) e e [0,1)

where the exceptional set can be chosen to be independent on f.
Moreover, if (fi) € AC([0,1], L?(Y)) N L>=([0, 1], WL2(Y)), then the map t — [ fioe;dm
1s also absolutely continuous and

i(/fs O€sdﬂ')|s:t :/(ifs|szt) Oetd“+i§</ft°esd”)|s:t a.e. t €[0,1].

proof The absolute continuity of t — [ foe;dm and the bound (5.4.5) are trivial consequences
of the definitions of test plans and Sobolev functions, see in particular (1.1.4). The fact that
the exceptional set can be chosen independently on f follows from the separability of W12(Y)
and standard approximation procedures, carried out, for instance, in [56].

For the second part, we start noticing that the second derivative in the right hand side
exists for a.e. t thanks to what we have just proved, so that the claim makes sense. The
absolute continuity follows from the fact that for any t¢g,t; € [0,1], ¢ty < t1 it holds

‘/ftl oey — fi, © et dﬂ" < ‘/ftl oey — fi, o€y dﬂ" —l—)/ftl — [t d(eto)*ﬂ'}

< //: |dfer [(3e) |7l dt de () + //:

and our assumptions on (f;) and 7. Now fix a point ¢ of differentiability for (f;) and observe

d
&ft‘ dt d(eg, )

that the fact that @ strongly converges in L(Y) to % f+ and (e4yp)«m weakly converges
to (er)«m as h — 0 and the densities are equibounded is sufficient to get

. Jten — [ d . Jeen — [
%%/Toet+de: aftoetdw:}lllg%) H_Ttoetdﬂ'.

Hence the conclusion comes dividing by A the trivial identity

/ft+hoet+h—ftoetdﬂ'Z/ftoet+h—ftoetdﬂ’+/ft+hoet—ftoetdﬂ'-i-
+ /(ft+h — ft)oeirn — (fign — fi) oepdm

and letting h — 0. U
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We are now able to prove that the first minimization problem in (5.4.3) provides a further
variational representation of the entropic cost and (p§, Vi5) is the unique minimizer.

Theorem 5.4.3 (Benamou-Brenier formula for the entropic cost). Let (X,d, m) be a compact
RCD*(K, N) space with K € R, N € [1,00) and m € P (X) and let po, 1 € P (X) be Borel
probability measures whose densities belong to Test3H(X).

Then

\UH2

(5.4.6) eI (po, p1) = %(H(,uo |m)+ H (1 |m + 1nf {// —+—|Vlogyt| >thtdm}

where the entropic cost is relative to R¥/? defined as in Theorem 5.1.1 and the infimum is
taken among all couples (vm,v) solving the continuity equation in the sense of Theorem 1.1.}
under the constraint vom = pg and vim = [.

proof As a preliminary remark, By Theorem 5.1.2 7 (o, i11) is finite. Thus, given a solution
(v,v) of the continuity equation in the sense of the statement, without loss of generality we

can assume that
\Ut|2 g2 2
+ SV log | )ytdtdm < +o00.

By Theorem 1.1.4 (1) is Wg—absolutely continuous and the lifting 7 of (1) is a test plan; more-
over, (95) € AC([0,1], L*(X)) N L>=([0, 1], W2(X)) by what explained before. Thus Lemma
5.4.2 applies to 7 and t — ¥, whence

d(/ﬁiysdm>|szt _/(i0§|s . z/tdm—i- /19 Vsdm

for a.e. t € [0, 1]. For the first term on the right-hand side, the fact that ¥ = (¢§ — ¢§)/2 and
the ‘PDEs’ solved by 97, f yield

2 2
/(dﬁi‘st)ytdm:—/<|th‘ + Awt Vel - A )thm

ds 4 4
_/(_ | Ti’t| _ | ‘Zt Z< (Y + ¢5), V]ogyt>)utdm

and by Young’s inequality

2
e(V(Yi + 1), Viog ) < *IV(% +f)|? + *lVlothP

with equality if and only if V(¢§ + ¢f) = eVlogr, m-a.e. On the other hand, the fact that
(v,v) is a solution of the continuity equation and 95 € W12(X) imply that

d . 1 . _
ds</19tysdm>‘s=t = 2/<V<¢t — ¢5), vg)vedm

and by Young’s inequality

(V5 — o)) < IV — eI + ol
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with equality if and only if v; = V(¥f — ¢f)/2 m-a.e. Plugging these observations together
and integrating over [0,1] (here the fact that (%) is absolutely continuous on [0, 1], and not
only locally on (0, 1), is crucial) we deduce that

2
/198 dpg — /195 dpg < // ‘Ut’ —\Vlogut| )thtdm

Thanks to the identities ¥ = ] — 5 log p1 and 190 = —p; + 5 log po the left-hand side can be
rewritten as in Proposition 5.4.1, thus getting

€ |Ut|2 e 2
eI (o, p1) = 5(H(uo\m) + H(m1 \m + mf §|Vlogut\ )ytdtdm

and the infimum is attained if and only if

1
V(i +¢p) =eViegry  and v = S V(Uf — ¢f)
and this concludes the proof. O

We have thus obtained a dynamical representation for the entropic cost, which is in line
with the celebrated Benamou-Brenier formula because the infimum is taken among all solu-
tions to the continuity equation. However, because of the entropic nature of the problem, the
standard kinetic energy functional is penalized by the Fisher information and this implicitly
forces to consider in (5.4.6) solutions of the continuity equation that are not just integrable
(as a genuinely weak solution should be) but also somehow regular, namely logv; € T/Vlif (X).

In order to remove such penalization from the functional and in analogy with the smooth
case (see for instance Proposition 4.1 in [81] and Theorem 5.1 in [52]), one could wonder
whether the entropic cost can be also represented in terms of the second or third minimization
problem in (5.4.3), namely

1,12
eI (po, p1) = eH(po | m) + mf// | v vidtdm

1,2
H(py |m) +1nf// |t’ vidtdm

where the infima are taken among all couples (v, v) such that the map t + |v;|?v4dm is Borel,
belongs to L'(0,1), v < C for all t € [0, 1] for some C > 0 and, respectively,

(5.4.7)

(i) the forward Fokker-Planck equation

d . €
al/t + div(vy) = §Ayt

is satisfied in the following sense: for any f € D(A) the map [0,1] > ¢ — [ frrdm is
absolutely continuous and it holds

d €
T / frrdm = / (df(vt) + §Af) ndm  -a.e.t;
(ii) the backward Fokker-Planck equation

d
—al/t + div(viy) = *Al/t

is satisfied as in the forward sense, up to a change of sign.
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In this direction, the ‘>’ inequalities in (5.4.7) are easily satisfied because of (5.4.2) and the
fact that (pf,¢5), (pf, ¢f) are solutions to the forward and backward Fokker-Planck equation
respectively in the sense described above. For the converse inequalities, if we further assume
that logvy € T/Vllof(X) with

1
// |V log v ?vedtdm < oo,
0

then the problem trivializes, because a solution (v,v) to the forward Fokker-Planck equation
satisfying this condition can be seen as a solution (v,w) to the continuity equation with
w=v—5Vlogr and t > |w¢|?vydm belonging to L'(0, 1), so that the same strategy adopted
in Theorem 5.4.3 can be set up. Without this further assumption, the problem seems to be
still open in the RCD setting.

Remark 5.4.4. In the smooth case, both in the already cited Proposition 4.1 in [81] and
Theorem 5.1 in [52], in order to establish the analogue (5.4.7) of the Benamou-Brenier formula
a key role is played by a lifting result for solutions of the Fokker-Planck equation (see Mik90
and CL95) and by Girsanov’s theorem. By the former to any distributional solution (v,v) of

the Fokker-Planck equation with
1, 12
// ﬂthtdm < 0
0o 2

we can associate a path measure Q such that (e;),Q = vym for all ¢ € [0,1] and Q solves the
martingale problem with forward stochastic derivative d; + SA + v, - V. The latter together
with uniqueness of solutions to such martingale problem implies that

1 2
H(Q|R/?) ZH(M0|m)+// |U;’ut@hsdm,
0

where R¥/2 is the law of the slowed down Brownian motion (see also the end of Section 5.1)
and m is the Lebesgue measure in [81] or R¥/2 is the law of a diffusion Markov process on R?
and m is its invariant measure in [52|. Taking into account the dynamical formulation (Sgyy),
this is sufficient to deduce the ‘<’ inequality in (5.4.7).

In the metric framework, to the best of our knowledge these two ingredients are not
available yet. Partial results for the lifting of solutions to the Fokker-Planck equation have
been obtained by Trevisan in [120], relying on a superposition principle, but this requires
further regularity assumptions on (v;), more precisely some integrability condition on Awy.

|

5.5 A physical digression

In the already cited Nagasawa’s monograph [100], a crucial step in the proof of the equivalence
between Schrédinger’s equation and diffusion processes is the fact that the stochastic process
associated to (3.1.2a)-(3.1.2b) can be equivalently represented by two diffusion equations of a
different kind:

(5.5.1a) ng + %Au + (b(t,z) +a(t,z)) - Vu=0
(5.5.1Db) —g: + %Av + (=b(t,z) +a(t,z)) - Vo=0
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where the creation and killing term ¢ has disappeared and on the contrary additional drifts a
and a have spotted, linked together by the relationship

ata a—a
5 =VR 5 =V5§,

R, S being suitable functions (cf. with the end of Section 3.1). The advantage of this change of
perspective is the fact that the solutions of (5.5.1a)-(5.5.1b) are the transition probabilities of
the stochastic process lying behind, while this is not true for the solutions of (3.1.2a)-(3.1.2b);
this also means that the physical meaning is encoded in this new system of diffusion equations
and not in the old one, as already suggested. Furthermore the distribution density p = fg
solve a pair of Fokker-Planck equations

1
88/; + 2AN div(b(t,x) + a(t,a:)),u) =0
0 1
8'1; + QAN d1v( (t,l‘) + é(t,x))ﬂ) =0

and a continuity equation

‘Z’:+div<(b+ aj‘);z) —0.

This is perfectly in line with what we have seen in this chapter, in particular in Proposition
5.1.4 and Proposition 5.4.1, up to set b = 0, rescale properly and replace a,a by V=, V°©
respectively and R, S by log p®, ¥* respectively.

Still concerning Schrodinger’s equation, the PDE framework provided in Proposition 5.1.4
and describing the evolution of entropic interpolations allows us to check, at least formally,

that
U, = S — \Few

is a solution to the linear Schrodinger equation (3.1.1a) without drift, as claimed at the end
of Section 3.1. Indeed, assuming for sake of simplicity ¢ = 1 (whence the drop of the apex e
in the notation), deriving ¥; in time and using

d
d*pt + diV(ptVﬁt) =0

VO? _
dy 4
Tt

1
3 (2A1og p; + |V log pe?)

we see that, on the one hand,

<th7 Vﬁt>

AT, = i (A +i
¢ VPt P

+ iy — /i V[

and on the other hand

0%, _ _e™ (idiv( V) + in/pi| VO ]2+£\ﬁAlo +ff|v1o 12)
o 5 — PtV UL Pt ¢ 5 Pt g Pt 1 Pt g Pt
(Vpr, Vi) 2
; (7p A+ i/ V| +zA\ﬁ)
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Putting the two identities together we deduce that

oV, 1 AVpr

According to Nagasawa’s monograph [100], the potential V' that has to be considered in (3.1.1a)
in such a way that ¥ is a solution is given by (3.1.11), which in this case reads as

S )
—_97° _
1% 5 — VS

and since S = ¢, this yields

Ay
2

For sake of information, physicists refer to this functional as Bohm potential. Hence (5.5.2) is
precisely the linear Schrodinger equation (3.1.1a) without drift.

1 1
V= §Alogpt + E\Vlogpﬂ2 -

As a concluding remark, it is worth recalling that in Nelson’s monograph [102| the gradients
of the functions R,S (or logp® and ¥ within our language) have a precise nomenclature,
because of their physical meaning:

1
G = 5 - ) = Vg
is called current velocity because it is the velocity field driving the evolution of p7, while

1 €
Vi = g V(W +¢r) = 5Vog

is the osmotic velocity, since it describes the diffusion effects of Brownian motion; this is clear
when one integrates the squared norm of the osmotic velocity w.r.t. x5, the result being the
Fisher information. Looking at the results of this chapter from this physical point of view, we
see that (5.3.9¢c) becomes

1
sup // Vi 2 pfdtdm < oo
e€(0,1) /o

and provides a uniform control on the kinetic energy of the system during the slowing down
procedure (i.e. as € | 0 and the Brownian motion described by R® is progressively freezed),
while (5.3.12b), which reads as

1-6
lim// Ve %2 pEdtdm = 0,
el0 JJs

suggests that the diffusion effect disappears in the limit, in line with the physical interpretation;
the mathematical proof is postponed to the next chapter (cf. Lemma 6.3.5).
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Chapter 6

From entropic to displacement
interpolations

In this chapter the uniform estimates on interpolations and potentials as well as the infor-
mation on the behaviour of the entropy along entropic interpolations obtained in Chapter 5
are widely exploited. The purpose is to understand what happens as € | 0 and investigate
the limit case. Inspired by the abstract results pointed out by Léonard in |79], we establish
strong links between Schrédinger problem and optimal transport, a deep relationship that in
many aspects had not been conjectured yet. Indeed, not only do we link entropic interpola-
tions to displacement ones (in line with [79]), but we also pass from Schrédinger potentials
to Kantorovich ones and explore the geometric information hidden in (5.3.6a) and (5.3.6b),
underlying some remarkable consequences.

In Section 6.1 a compactness result is proved: we show that Schréodinger potentials and
entropic interpolations converge in a suitable sense, up to subsequences, to limit real-valued
functions and curves of measures respectively.

Aim of Section 6.2 is then to characterize these limits. On the one hand, we show that
the limit potentials are not only Kantorovich potentials but also that their evolution is given
by the Hopf-Lax semigroup, thus proving that the viscous solution of the Hamilton-Jacobi
equation can be obtained via a vanishing viscosity method, in accordance with the smooth
case. On the other hand, the limit interpolation is the (unique) Wasserstein geodesic between
the marginal constraints. We also discuss I'-convergence of the rescaled Schrédinger problems
to Monge-Kantorovich one.

The formulas for first and second derivatives of the entropy along entropic interpolations
are the core of Section 6.3. From (5.3.6b) one can guess that the Boltzmann entropy along
entropic interpolations is more convex than along displacement ones; more precisely, it is
(K, N)-convex in the sense of Erbar-Kuwada-Sturm ([45]). By means of the compactness and
characterization results of the first two sections, this allows us to recover in a simple way some
well known results in the theory of RCD* spaces: for instance, the HWI inequality and the
CD¢(K, N) condition.

6.1 Compactness

Starting from the uniform estimates discussed in Section 5.2, let us first prove that when we
pass to the limit as € | 0, up to subsequences Schrédinger potentials and entropic interpolations
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converge in a suitable sense to limit potentials and interpolations.

Proposition 6.1.1 (Compactness). With the same assumptions and notations as in Setting
5.1.3 the following holds.

For any sequence €, | 0 there exists a subsequence, not relabeled, so that:

(1) the curves (™) uniformly converge in (P2(X), Wa) to a limit curve (ut) which belongs
to AC([0,1], (P2(X), Wa)). Moreover, there is M > 0 so that

(6.1.1) e < Mm  Vte|0,1]

and setting py = i—‘;f 1t holds

(6.1.2) pin Sopy in L®(m)  Vt€[0,1].

(it) for allt € I the functions @i™, Y™ converge locally uniformly on X to locally Lipschitz
limit functions g, Yy respectively and, for any Lipschitz cut-off function x with bounded
support, the curves (x¢i™), (x¥;™) converge locally uniformly on I with values in L' (X)
to limit curves (xr), (x¥t) € ACe(I, LY (X)) with Lip(x:), Lip(x¥:) locally bounded
for t € I, where I := (0,1] for the ¢’s and I := [0,1) for the 1’s. Moreover for every

€ (0,1) it holds

90t+¢t§0 OHX,

(6.1.3)
or+ =0 on supp(iu).

Similarly, the curves (95*) converge in (0,1) to the limit curve t — 9y := (¢ — ¢¢) in
the same sense as above.

proof

(i) Fix ¢ € (0,1); we want to apply Theorem 1.1.4 to (uf) and (V¥5). The continuity of
t = pf € L?(X) granted by Proposition 5.1.4 yields weak continuity of (y;) and (1.1.10a) is a
consequence of (5.2.5). From the bound (5.3.9¢) it follows (1.1.10b) and from the formula for
%pi given in Proposition 5.1.4 and again the L2-continuity of (pf) on [0, 1] it easily follows
that (u) and (95) solve the continuity equation in the sense of Theorem 1.1.4. The conclusion
of such theorem ensures that (i) is Wa-absolutely continuous with

1 1
[ ik = [ 9o aeam,
0 0

The bound (5.3.9¢) grants that the right hand side is uniformly bounded in ¢ € (0,1) and
since {(u§)} is tight and 2-uniformly integrable by (5.2.5) (hence Wa-compact), this is suf-
ficient to ensure the compactness of the family {(u$)}- in C([0, 1], (£2(X), W3)) and, by the
lower semicontinuity of the kinetic energy, the fact that any limit curve () is absolutely
continuous. The bound (6.1.1) is then a direct consequence of the uniform bound (5.2.6) and
the convergence property (6.1.2) comes from the weak convergence of the measures and the
uniform bound on the densities.

(ii) Let B be a countable family of increasing nested closed balls covering X. From the formula
for %gpi provided in Proposition 5.1.4, for any B € B and Lipschitz cut-off function y with
bounded support such that y =1 in B we obtain

e ¢ AR
IX(f = Dllrm) < ff x( =5+ 5|A¢] Jdrdm Ve >0, Vi,s € (0,1], £ <s.
t
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Thus for § € (0,1) the estimates (5.2.10a) and (5.2.11) give
(6.1.4) Ix(f — 99l L m) < Csls —t] Ve € (0,1), Vt,s € [4,1], t <s.
Now notice that for h € LIP.(X) and p € £ (X), integrating in y w.r.t. u the trivial inequality
h(z) < h(y) +d(z,y) Lip(h) yields
+
h(z)* < </hd,u—|—DLip(h)> < ’/hdu’ + DLip(h)

where D is the diameter of supp(h) and since a similar bound can be obtained for h(x)~ we
get

(6.1.5) Il < | [ du|+ DLip(h) < Ilssgs) + DLip(h).

Choosing p := p1 and h := x¢J and recalling that the normalization chosen for (f¢,¢°) in
Setting 5.1.3 reads as [ ¢5du; = 0, we see that if supp(p1) C B (which is always the case,
up to choose B sufficiently large), then [ x¢§dur = 0 too and thus from the first inequality
above we deduce that {x¢f}.c(o,1) is uniformly bounded in L°°(m). Using this information
together with (5.2.10a), (6.1.4) and the second inequality in (6.1.5) with p :=

being the normalization constant) we conclude that

Om1|supp(x) (a

(6.1.6) sup sup ||x¢§ || oo (m) < 00.
€ (0,1 te[5,1]

By Ascoli-Arzeld’s theorem, this uniform bound and the equi-Lipschitz continuity in space
(given by (5.2.10a) and the fact that y has bounded support) together with the equi-Lipschitz
continuity in time given by (6.1.4) give compactness in C([6, 1], L*(X)); it is clear then that
any limit curve ({;) belongs to LIP([§, 1], L}(X)) and that supye(s,1) Lip(Gt) < oo. By repeating
the same argument for all B € B, a diagonalization argument provides us with a family of
curves {(¢1)Yien C LIP(]6, 1], LY(X)) such that ¢! = ¢/ m-a.e. in B;NBj for all t € [§,1]. Hence,
putting ¢; := ¢} in B; for all i € N, it is easy to see that (¢;) € LIP([6,1], L} (Y)) for any
bounded Borel set Y C X. A further diagonalization argument (in time) and the arbitrariness
of 6 € (0,1) provide us the required results on (0, 1].

The argument for the ¢;’s follows the same lines provided we are able to show that for
some ¢ € [0,1) the functions xy§ are uniformly bounded, which is the same as to prove that
yf are locally uniformly bounded. To see this, observe that from the estimate (5.2.6) it follows
that on a given bounded Borel set B

—em(B) < / p; log p7dm < M log Mm(B) Ve € (0,1), t €]0,1],
B
thus multiplying the identity

(6.1.7) o; +1; =elogp;  Vte (0,1)

by pf and integrating on B we get

(6.1.8) —ce 'm(B) §/<p§+wfdM§§€Mlong(B) vt € (0,1).
B
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Since we know that ¢f /2 is locally uniformly bounded, this yields a uniform control on
S5 W5 /2 dpg /2 and then we can proceed as before starting from the first inequality in (6.1.5)
with h := ¢§/2 and p = aEMi/Q’B’ a. being the normalization constant. The fact that p has
compact support (although not h) and the tightness of {45 , }ce(0,1), which follows from (5.2.5)
and grants that a. is uniformly bounded (provided B has been chosen sufficiently large), entail
the desired locally uniform bound for 1] /2

The claim for the (¥$) is now obvious.

Finally, to prove the first in (6.1.3) we pass to the limit in (6.1.7) recalling the uniform
bound (5.2.6), then passing to the limit in (6.1.8) (by uniform convergence of functions and
weak convergence of measures) we deduce that

/@t'i‘@btd,ut:oa
B

which forces the second in (6.1.3) by the arbitrariness of B. O

6.2 Identification of the limit curve and potentials

We now show that the limit interpolation is the geodesic from pg to g1 and the limit potentials
are Kantorovich potentials that evolve according to the Hopf-Lax semigroup (recall formula

(1.1.1)).

Proposition 6.2.1 (Limit curve and potentials). With the same assumptions and notations
as in Setting 5.1.3 the following holds.

The limit curve (ug) given by Proposition 6.1.1 is unique (i.e. independent on the sequence
en 4 0) and is the only Wa-geodesic connecting g to .

For any Lipschitz cut-off function x with bounded support and any limit curve () given
by Proposition 6.1.1, (x¢) is in AC.((0,1], C(X))NL5.((0, 1], WH2(X)) and for any to, t1 €
(0,1}, to < t1 we have

(6.2.1a) =t = Qty—to (—¢1,)

1
(6.2.1b) /(Pto dpeg — /cptl dpty = 5——W5 (pito fi1,)
2(t, — to)

and —(t1 — to)yr, is a Kantorovich potential from i, to piy,.

Similarly, for any cut-off function x as above and any limit curve (1) given by Proposition
6.1.1, (xtpr) belongs to ACic([0,1),C(X)) N L52.([0,1), WH2(X)) and for every to,t1 € [0,1),
to < t1 we have

(6.2.2a) —tty = Quy—to(—1,)
1
(6.2.2b) /wh dpe, — /1/%0 dpey = 7W22(Mtovﬂt1)
2(t1 — to)
and —(t1 — to)Yy, is a Kantorovich potential from g, to pu, .
proof
Inequality < in (6.2.1a). Pick z,y € X, r > 0, define
T 1 T, 1

vV, .=

= (B (2) @)
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(recall point (i) of Theorem
,Vy), there exist T € X and

and 7" as the only lifting of the only Ws-geodesic from v to v,
1.2.6). Since Vy, Vv, have compact support and 7" € OptGeo(
R > 0 sufficiently large such that

&ﬁ‘ﬁ*

(6.2.3) supp((et)«m") C Br(Z), vt € [0, 1].

Hence let x be a Lipschitz cut-off function with bounded support such that x = 1 in
Bgr(z). Then, let ¢ € (0,1) and 0 < t9 < t; < 1, define ¢ = x¢i and observe that
(@5) € ACic((0,1], L2(m)) N L52.((0,1], WH2(X)) by Proposition 5.1.4 and the compactness

of the support of x; thus, by Lemma 5.4.2 applied to 7" and ¢ — ‘ﬁ?l—t)toﬂtl’ we get

d [. , d . - ) -
dt /‘Pflt)toﬂtl oepdm” > /(tl - t0)£¢§|s:(1_t)to+ttl(%) - ‘d¢f17t)t0+tt1 [ (ve) 1A A" ().

As (6.2.3) implies that x(v;) = 1 for all ¢ € [0, 1] for w"-a.e. 7, ¢¢ can be replaced by ¢° in
the inequality above and, recalling the expression for %gpi and using Young’s inequality, we
obtain

d . t1 — 1 . r
dt/‘P(l —t)tottty © €t AT >/ A90(1 Bto+tt, (V) — m|’7t|2d?r ()

Integrating in time and using property i) of Theorem 1.2.6 (indeed, recall that 7" is optimal),
we get,

1 tl—to
Jotai= [ gt [T et

Let € | 0 along the sequence (e;,) for which (™) converges to our given (¢;) in the sense of
Proposition 6.1.1 and use the uniform bound (5.2.11) with B = Bg(Zz) and the fact that ="
has bounded compression to deduce that

r r 1
/90151 dyy_/(ptodeZ_Q(tl_tO)WZ( Yo x)

and finally letting r | 0 we conclude from the arbitrariness of x € X that

(6'2'4) — Ph (y) < Qh*to(_@to)(y) v?/ e X.

Inequality > in (6.2.1a). To prove the opposite inequality we fix £ € X, R > 1, again
0 < tp < t1 <1 and we take a cut-off function xy € Test®(X) with support in Bry1(Z)
such that X = 1 in Br(Z). Define the vector field X§ := xV¢§ and apply Theorem 1.2.5 to

((t1 —to)X (1 t)t1+tto) the inequality
divXy > xAgi — [VX|[Vei|

and the bounds (5.2.10a), (5.2.10b) on Vi, Apf ensure that the theorem is applicable and
we obtain existence of the regular Lagrangian flow F¢. Put w® := (F,a)*m‘B @) where
F¢:X — C(]0,1],X) is the m-a.e. defined map which sends z to Fy(z), and observe that the
bound (1.2.25) and the identity (1.2.26) provided by Theorem 1.2.5 coupled with the estimates
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(5.2.10a), (5.2.10b) on Vg5, Apf and the fact that x € Test®(X) ensure that 7 is a test plan
with

(6.2.5)  sup // [¢|? dt dme® () < and (er)sm® < Cm  Vtel0,1], € € (0,1),
€€(0,1)

for some C' < co. Moreover, from (5.2.10a) we know that | X;| < C'(R + 2) for all ¢t € [tg, 1]
for some C’ < oo which only depends on ¢y, T and together with (1.2.26) this implies that for
we-a.e. v if v9 € B, (Z), then v € By (4, —t,)0/(r+2)(T) for all ¢ € [0,1]. Take r = R/2 and
suppose for the moment that

o< 1 < R—r R

"=6C’ = C'(R+2) 20 (R+2)

(6.2.6) t —

the second inequality being true because R > 1. This means that the measures (e;).m¢ are
supported in Br(z) for all ¢ € [0,1] and x(v;) = 1 for all ¢t € [0, 1] for w=-a.e. . Thus, choosing
a further cut-off function y € Test*(X) with bounded support such that y = 1 in Br(z) and
defining @§ := Y5, in such a way that (3§) € AC;,.((0,1], L2(m)) N L ((0,1], WH2(X)), by

loc
Lemma 5.4.2 applied to € and ¢ — gbf and by the fact that x(v;) = 1 for all ¢ € [0, 1]
for 7€-a.e. v we obtain

1—t)t1 +tto

'“6

d d
a /(‘Ofl—t)tl-i-tto oe dm = a Pa—t)ty+ttg © ©t dm*

A ans + = [ g dn®

= [ (o= 1)&@515:(14)1‘,&&0 oerdm 4 1o [ Pl-tytity © O AT |y

d
= /(to - tl)dﬂpiys: 1ty 1o © O 4T+ (1 —10) /d@(l Dttt (Xi) 0 € 7
to —
- / ( |d90(1 Htatetol” T el A‘P(l T G tO)‘dSOfl—t)tl-i—ttoF) o ey dm

2 2 751
_/( ‘dS"l t)t1+tt0’ +5 5 A‘Pfl—t)tﬁtto) o e, dms.

Integrating in time and recalling (1.2.26) we deduce

0o—t € €
(6.2.7) /@t oep — pf, oepdm” _// 751 |’Yt|2+5 B lA(P(l—t)tlthto(’Yt)dtdﬂ' (7)-

Now, as before, we let € | 0 along the sequence (5n) for which (¢;™) converges to our given (¢;)
in the sense of Proposition 6.1.1: the first in (6.2.5) grants that (7€) is tight in 22(C([0, 1], X))
(because 7y fol |%¢|? dt has compact sublevels) and thus up to pass to a subsequence, not
relabeled, we can assume that (7w°) weakly converges to some 7w € Z(C(]0, 1], X)). The second
n (6.2.5) and the bound (5.2.11) with B = Br(Z) grant that the term with the Laplacian
in (6.2.7) vanishes in the limit and thus taking into account the lower semicontinuity of the
2-energy we deduce that

1 1 1
- dr > ———— W2dtdr > —— | d? dm(v).
/s%oel @1, 0 egdm > 2(t1—to)//o |44]” dt dmr > 2(t1—to)/ (h0,71) dm ()

Now notice that (6.2.4) implies that

d?(v0,m1)

(6.2.8) 20t — to)

> ¢to(711) — 1, (70)
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for any curve «, hence the above gives

1
/Soto C0€1 — Pt ©€0 dmw > ——— /d2(70>71)d7r(7) > /‘Pto ©0€1 — ¥t €0 dm
2(t1 —to)

thus forcing the inequalities to be equalities. In particular, equality in (6.2.8) holds for mr-a.e.

~ and since (eg)m = m‘BR/Q(j), this is the same as to say that for m-a.e. y € Bg/5(7) equality

holds in (6.2.4). Since both sides of (6.2.4) are continuous in y, we deduce that equality holds
for any y € Br/(7) and the arbitrariness of R in (6.2.6) allows us to say that equality actually
holds for any y € X.

In order to get rid of (6.2.6), it is sufficient to take a partition g = s < 51 < ... < s, = 1
such that s;11 — s; < (6C")~! for all i = 0,...,n — 1 and use the fact that @Q; is a semigroup.
More precisely

—¥u = Qtl—an(_gpsn&) = (Qtl_snfl o Q3n71_3n72)(_(105n72)
= (Qtl—an o an71_3n72 0...0 QS1—to)(_90to) = Qtl—to(_(/)to)

whence (6.2.1a) for all to, ¢, € (0,1], to < t1.

Other properties of ;. From Proposition 6.1.1 we already know that, for any Lipschitz
cut-off function y with bounded support, (x¢:) € AC)((0,1], L (X)) N L52.((0, 1], Wh2(X)).
Since ¢y is a real-valued function for all ¢ € (0, 1], (6.2.1a) tells us that for all z € X ¢t — ¢4 (x)
satisfies (1.1.2) for a.e. t € (0, 1] and since by Proposition 6.1.1 we know that lip(¢;) is locally
bounded in space and in ¢ € (0, 1], this implies that for all ¢o,¢; € (0, 1] with ¢ty < ¢1

(P = #ro)lloo < sUD opiy () = 1o (2)] < ( sup Lip(wﬂsupp(x)))!tl — tol
r€supp(x) te(to,t]

whence (xpt) € AC1c((0,1], C(X)) N LS,((0, 1], WH2(X)).
Up to extract a further subsequence - not relabeled - we can assume that the curves (u;™)
converge to a limit curve (u¢) as in Proposition 6.1.1. We claim that for any to,¢; € (0, 1],

to < tp it holds
1
(6-2-9) - /SOtl dpue, +/‘Pt0 dpy = 7W22(Mtonu't1)'
2(t1 —tp)

To see this, fix € X and R > 0, let xp € Test™(X) be a cut-off function with support in
Bp+1(Z) such that yg =1 on Br(z) and observe that by Proposition 5.1.4 t — [ xpe§pi dm
belongs to C((0,1]) N AC14:((0,1)) with

d A7
~5 [wcivtam = [on(= 25 = Sagt - (96, 907) )i am

+ /gof(VxR,Vﬁﬂpﬁ dm  a.e.te(0,1).
Integrating and recalling that ¢ = 5 log pf — ¥ we deduce
(6.2.10)

_ € dus € duf = h ‘V§§|2—iV1 52_EA5 cdtd
Xrer dpg, + | xreE, dpg, = Xr(— g [Viegpil” — S At | pi dt dm
to

t1
4 // 5 (Ve V) dt dm

to
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and an application of the dominated convergence theorem allows us to pass to the limit as
R — 0. Indeed, by Proposition 5.1.4, (5.2.5) and the fact that ui € 22(X) it follows that
©f € LY(p5), so that the left-hand side converges to itself without xg as R — oc. By (5.3.9¢)
we can handle the terms with |V¥$| and |V log pf| on the right-hand side, while for the one
with A¢f notice that
PiAg] = egi Aff — e pi| Vil

and take into account that (g7) € C([0,1], L%(m)), (Aff) € C((0,1], L?(m)) by Proposition
5.1.4 and t +— p§|V5|? belongs to C((0,1], L'(m)) by Lemma 5.3.1. Finally

1 1
97 (Vxm, VI7) 7| < 5515 P Vxrl + 5 of [V Vsl

and again by Lemma 5.3.1, (5.3.9c) and the fact that ||[Vxr|||zem) is bounded as R — oo
we can pass to the limit also in the last term on the right-hand side of (6.2.10). Hence we get

V9|2 &2 €
—/so% dpg, +/<p§0 dpi, = //t (|2t| - 5 |Viogpl” - §A¢§>p§ dt dm
0

As already noticed in the proof of point (i) of Proposition 6.1.1, (u§) and (V¥5) satisfy the
assumptions of Theorem 1.1.4, thus from such theorem we deduce that

LA 14 1
dtdm:/ EPPdt > ———— W2 (s, us).
//to 2 pt 2 tO ‘/’Lt| 2(t]_ _tD) Q(Mto /‘Ltl)

Therefore

1 b g2 €
_ € dus € dus > W2 878 // <—7V1 52_,A a) € dt dm.
/wtl mﬁ/s% Mo 2 50— 4y 5 (Mg, ;) + \ g |Viog pi|” = S Agy ) pi dt dm

We now pass to the limit in € = €, | 0: the left hand side trivially converges to the left hand
side of (6.2.9) while W3 (us", 15™) — W3 (pug put, ), the contribution of the term with |V log pf|
vanishes by (5.3.12b) and so does the one with Ag§, the reason being the following: arguing
as for (5.3.12a), note that for any § € (0, 1]

1 1
5// pﬂA(pﬂdtdeE\/l—é\/// P51 Ags |2 dt dm
é 0

and the last square root is uniformly bounded in ¢ € (0,1) thanks to (5.3.10b) and (5.3.9¢).
Hence (6.2.9) is proved.
Now notice that (6.2.1a) can be rewritten as

_(tl - 750)90151 = ((tl - tO)@to)ca

so that in particular —(¢; — o)y, is c-concave and (—(t1 —to)t, )¢ > (t1 —to)pr,. Hence both
(6.2.1b) and the fact that —(t1 — to)epy, is a Kantorovich potential follow from

1
3 W) = [ =t~ b, iy + [ (~(t1 —ta)in)” dia,

(629) 1
> /_(tl - t0)90t1 duh + /(tl - to)soto d/‘to > §W22(ﬂt07 Mh)
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The claims about (¢;) are proved in the same way.

() is a geodesic. Let [to,t1] C (0,1), pick t € [0,1] and put ¢, := (1 — t)t; + ttg. We know
that —(t1 —to)yr, and —t(t1 — to)pr, are Kantorovich potentials from g, to puy, and from g,
to respectively and thus by point (ii) of Theorem 1.2.6 we deduce

1
W) = [ 1a((ts = to)ou) P dp = 5 [ 1a((ts = to)u) P

(t1 —to)?
= WW@Q(MU,‘%)-

Swapping the roles of tg,¢; and using the ¢’s in place of the ¢’s we then get

th —t!
ti - tﬁ Walpe, e) — V[to,t1] C [to,t1] € (0, 1).

Wapg,, piyy) =

This grants that the restriction of (y) to any interval [to,t1] C (0,1) is a constant speed
geodesic. Since () is continuous on the whole [0, 1], this gives the conclusion. Since in this
situation the Ws-geodesic connecting pi to 1 is unique (recall point (i) of Theorem 1.2.6), by
the arbitrariness of the subsequences chosen we also proved the uniqueness of the limit curve

(1) ]

Remark 6.2.2 (The vanishing viscosity limit). The part of this last proposition concerning
the properties of the ¢7’s is valid in a context wider than the one provided by Schrédinger
problem: we could restate the result by saying that if (¢f) solves

d 1 €
(6.2.11) @SD% = §\V90§|2 + iﬁﬁpf

and ¢ uniformly converges to some g, then ¢} uniformly converges to ¢; := —Q¢(—o).

In this direction, it is worth recalling that in [2| and [50] it has been developed a theory
of viscosity solutions for some first-order Hamilton-Jacobi equations on metric spaces. This
theory applies in particular to the equation

1
6.2.12 —p = -li 2
( ) a Pt D) ip(pt)
whose only viscosity solution is given by the formula ¢ := —Q¢(—¢o).

Therefore, we have just proved that if one works not only on a metric space, but on a metric
measure space which is a RCD*(K, N) space, then the solutions of the viscous approximation
(6.2.11) converge to the unique viscosity solution of (6.2.12), in accordance with the classical
case. |

Remark 6.2.3. It is not clear whether the ‘full’ families ¢, 17 converge as € | 0 to a unique
limit. This is related to the non-uniqueness of the Kantorovich potentials in the classical
optimal transport problem. [

We shall now make use of the following lemma. It could be directly deduced from the
results obtained by Cheeger in [28]; however, the additional regularity assumptions on both
the space and the function allow for a ‘softer’ argument based on the metric Brenier’s theorem,
which we propose and is new to our knowledge.
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Lemma 6.2.4. Let (Y,dy,my) be a RCD*(K, N) space with K € R and N € [1,00) and let
¢ : X = RU{—00} be a c-concave function not identically —oo. Let Q0 be the interior of the
set {¢ > —oo}. Then ¢ is locally Lipschitz on ) and

lipp =|d¢|, m-a.e. on Q.

proof Lemma 3.3 in [62] grants that ¢ is locally Lipschitz on Q and that 9°¢(x) # () for every
x € Q. The same lemma also grants that for K C Q compact, the set U,cx0°¢(x) is bounded.
Recalling that 9°¢ is the set of (x,%) € Y2 such that

6(x) + 6°(y) = 58 (x,)

and that ¢, ¢¢ are upper semicontinuous, we see that 9°¢ is closed. Hence for K C ) compact
the set Uyex0°¢(x) is compact and not empty and thus by the Kuratowski-Ryll-Nardzewski
Borel selection theorem (see Theorem A.2.1) we deduce the existence of a Borelmap T : Q@ — Y
such that T'(z) € 0°¢(x) for every x € Q.

Pick p € Z25(Y) with supp(p) cC 2 and p < Cm for some C > 0 and set v := T,u. By
construction, p, v have both bounded support, 7' is an optimal map and ¢ is a Kantorovich
potential from p to v.

Hence point (74i) of Theorem 1.2.6 applies and since lip ¢ = max{|Dt¢|,|D~¢|}, by the
arbitrariness of p to conclude it is sufficient to show that |[DT¢| = |D~¢| m-a.e. This easily
follows from the fact that m is doubling and ¢ Lipschitz, see Proposition 2.7 in [6]. O

With this said, we can now show that the energies of the Schrédinger potentials converge
in a localized sense to the energy of the limit ones:

Proposition 6.2.5. With the same assumptions and notations as in Setting 5.1.83 the following
holds.

Let €, | 0 be a sequence such that (™), (Y;™) converge to limit curves (¢¢), (V) as in
Proposition 6.1.1 and let x be a cut-off function with bounded support. Then for every 6 € (0,1)

we have
1 1
lim// X\d¢§"12dtdm—// x|dep¢|? dt dm,

1-06 1-6
lim // X|dq,z)§n|2dtdm:// x|dv | dt dm.
n—oo 0 0

proof Fix d € (0,1), let x be a cut-off function with bounded support, so that ¢ — [ y¢fdm
is in AC([6,1]), and notice that from the formula for $¢f we get

1 1
/x(w‘i — ¢5)dm = 2//5 X (ldgf|* + eAg?)dt dm.

Choosing € := ey, letting n — oo and using the uniform bound (5.2.11) with B = supp(x) we
obtain that

1 1
(6.2.14) lim //5 xldgi" [* dt dm = nlggo/x(soi" — ¢5")dm = /x(sol — p5)dm.

(6.2.13)

n—oo

Combining (1.1.2) and (6.2.1a) we see that for any x € X it holds

%%(m) = %((lip @) ae tel0]
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By Fubini’s theorem we see that the same identity holds for #! x m-a.e. (t,2) € [§,1] x X.
The identity (6.2.1a) also grants that ¢ is a multiple of a c-concave function, thus the thesis
of Lemma 6.2.4 is valid for ¢; and recalling that (yx¢;) € ACe((0,1], L' (X)) by Proposition
6.1.1 we deduce that

1 d 1 d 2
/X(@l—%)dm:/ /chtdmdt:// Xﬂdtdm,
5 dt 5 2

which together with (6.2.14) gives the first in (6.2.13). The second is proved in the same way.
g

Corollary 6.2.6. With the same assumptions and notations as in Setting 5.1.3 the following
holds.

Let €, | 0 be a sequence such that (™), (™) converge to limit curves (¢¢), (V) as in
Proposition 6.1.1. Then for every § € (0,1) and for every continuous cut-off function x with
bounded support we have

(xdg;") = (xder) in L*([6,1], L*(T*X))
(xdyer) = (xdyy) in L*([0,1 0], L*(T*X))
(6.2.15) (xdg;" @dpi") = (xder @ dey) in - L2([6,1], L*((T*)#*X))
(xdyi" @ dyim) —  (xday ® day) in  L%([0,1 — 8], L2((T*)®?X))
(xdgy" @dyy™) = (xdpr ® dyy) in - L*([6,1 = 8], L*((T*)#*X))

proof Let x be as in the statement and start noticing that the closure of the differential
grants that ydg;"” — xdp; in L*(T*X) for all t € (0,1]. This and the fact that (xde;")
is equibounded in L?([6, 1], L?(T*X)), as a direct consequence of (5.2.10a), are sufficient to
ensure that (xydg;") — (xde:) in L%([§,1], L>(T*X)). Given that the first in (6.2.13) grants
(local) convergence of the L?([6,1], L?(T*X))-norms, we deduce (local) strong convergence.
This establishes the first limit.

Now observe that for every w € L*([6, 1], L*(T*X)) the fact that ,/x|d¢;"| is uniformly
bounded in L®°([6,1] x X) and the strong L?-convergence just proved ensure that

WA w) o (YRdpnw)  in IA(5,1] x X).
It follows that for any wi,ws € L?([8,1], L?(T*X)) we have
1 1
//5 (Vxdep", wi ) (Vxdep" wa) dtdm - — //5 (Vxder, wie) (Vxdpr, wa) dt dm

and thus to conclude it remains to prove that

1 1
//5 xdei" @ dgi*[figdtdm - — //5 Ixdipr ® dgpy |3 dt dm.

Since |v ® U]IQ_B = |v|* this is a direct consequence of the fact that ,/x|d;"| are uniformly
bounded and converge to /x|de| in L*([6,1] x X). Hence also the third limit is established.
The other claims follow by analogous arguments. O
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The estimates that we have for the functions ¢’s tell nothing about their regularity as ¢ | 0
and similarly little we know so far about the ¢’s for £ 1 1. We now see in which sense limit
functions g, 11 exist. This is not needed for the proof of our main result, but we believe it is
relevant in its own.

Thus let us fix €, | 0 so that ¢i» — ¢, for t € (0,1] and ¢;» — 1, for t € [0,1) as in
Proposition 6.1.1. Then define the functions ¢g,; : X - RU {—00} as

wo(x) := inf @i(x) = lim¢(x),

(6.2.16) B te_w:] - lt.w
Y1(z) = s Yi(z) = i Py(z).

Notice that the fact that the inf are equal to the stated limits is a consequence of formulas
(6.2.1a), (6.2.2a), which directly imply that for every x € X the maps t — () and t
11-¢(z) are non-decreasing.

The main properties of ¢g, 11 are collected in the following proposition:

Proposition 6.2.7. With the same assumptions and notations as in Setting 5.1.8 and for
0,1 defined by (6.2.16) the following holds.

1) The functions —p; (resp. —) I'-converge to —pq (resp. —1) ast ] 0 (resp. t T1).
) ¢t (resp 9 o (resp /2

ii) For every t € (0,1] we have

Qi(—o0) = —¢¢ Qi(—v1) = —Y1-+.
i11) It holds
_J —to(x)  if x € supp(po) _J —pi(®)  if x € supp(p1)
wol(x) = { —00 otherwise () = { —00 otherwise

iv) We have
1
/@opoder/wlpl dm = §W22(uo,u1)-

v) Define ¢f on supp(po) as ¢§ := elog(f¢) and let e, | 0 be such that ™, ;™ converge
to i, Wy as n — 0o as in Proposition 6.1.1.

Then the functions pogy™, set to be 0 on X\ supp(po), converge to popo in L°(m) as
n — oo.

With the analogous definition of p1y{™ we have that these converge to pi1yn in L™ (m)
asn — oo.

proof We shall prove the claims for ¢g only, as those for 1)1 follow along similar lines.

(i) For the I' — lim inequality we simply observe that by definition —¢q(x) = limy o —¢t(z).
To prove the I' — lim inequality, use the fact that —p; > —p, for 0 < t < s and the continuity
of pg: for given (z;) converging to x we have

lm —py(z¢) > lim —ps(7r) = —ps(x) Vs > 0.
t}0 t}0

The conclusion follows letting s | 0.
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(ii) This claim follows from the general properties of I'-convergence and fine manipulations of
the Gaussian estimates (1.2.11). From —¢p > —ps we deduce that

Qi(—w0) > Qi(—s) (6:212) —Opts Vs € (0,1]

and thus letting s | 0 and using the continuity of (0,1] 3 t +— ¢(z) for all x € X we obtain
Qi(—vo)(z) > —pi(z) for all x € X. For the opposite inequality, use the representation formula
(1.2.9¢), the Gaussian estimates (1.2.11) and the fact that pg and f¢ have the same support
to get

Cy
Vet/2

Cy D3 ()
et

C4d3(-)>

1022y ex0 .

et

C
)gﬁgvywmmwﬂ—

for all t € (0, 1], where v /9, V.4 /9 are defined as in (5.1.6), the constants (1, ..., Cy are positive
and only depend on K, N, supp(pg) and

do(x) := inf d(z,y) Dy(z):= sup d(z,y).
y€Esupp(po) yesupp(po)

From this two-sided bound we deduce the following one

CyD3(-
elog Gy — elog Vg +elog || f¥] L1 (m) — Zt(’() < ¢
Cud?(-
<elogC3 —elogu.yyg +elog || £ L1 (m) — tO()

for all t € (0, 1]. We start claiming that

6.2.17 limel =limelogV; = 0.

( ) lim e log ve = limelog V2

Indeed on one side since supp(pp) is compact, we have logv. < elog V. < elogm(B), where
B is a sufficiently large set containing all the e-enlargements of supp(pg) for € € (0, 1), so that

lim sup, €log V2 < 0. On the other one, letting C' be the local doubling constant of B and D
its diameter we have

m(B z(y)) > C82 PV lm(B) Wy € supp(po).

Thus ve > C°82(P/VE)+im(B) from which it follows that lim, e logv. > 0 and thus (6.2.17) is
proved. Secondly, we claim that there exists a constant M > 0 such that

(6.2.18) ellog | fllpim) <M Ve € (0,1).
To this aim start observing that by (5.2.2)
108 (1%l 1) 19° 1121 (my ) < €108 C + £log Ve + D?

where C'is a positive constant independent of € and D is the diameter of supp(pg) Usupp(p1).
On the other hand, taking into account the normalization choice for (f¢, ¢°) (see Setting 5.1.3),
Jensen’s inequality for —log and the L!-contractivity of the heat flow it holds

0= [ tog(hs £)on dim <log [ s 7 prdm < 1o (173 o1 1w )



120 CHAPTER 6. FROM ENTROPIC TO DISPLACEMENT INTERPOLATIONS

whence log || f*[| L1 (m) > —log [|p1]| oo (m) for all € € (0,1). Arguing in an analogous way for g
and recalling that py = g°h_ 5/ we have

H(py [m) = /m log p1 dm = /IOg(QE)pl dm < log/gem dm < log (HgEHLl(m)leHLW(m))7

whence log [|¢°||1(m) > H(p1|m) — log|[p1||poo(m) for all € € (0,1). Putting all these pieces
of information together with (6.2.17), we see that (6.2.18) follows. Therefore, passing to the
limit as € | 0 in the previous two-sided bound and recalling the locally uniform convergence
of ¢§ to ¢ for all ¢ € (0, 1], we get

Cadg()

f_MS_SOtS

CaDj ()

M.
; +

Hence if we fix x € X and a sequence t,, | 0, by coercivity we can find y, € X such that

d2(a:,yn)

Qt(—¢r,)(x) = ot

— Ptn (yn)

Actually, the functions (—y, )nen are equi-coercive and thus, by compactness, up to pass to
a subsequence we can assume that y, — y for some y € X, so that taking into account the
I' — lim inequality previously proved we get

d2 1'7 . d2 '1:7 n 3
) oy < v TEI) o ) = i Qi) @)
n—00 n—00
(6.2.1a)

= lim —pp, () = ()

n—oo
which shows that Q:(—¢o)(z) < —p¢(x), as desired.
(iii) For any t € (0, 1] we have

(6.1.3)

wo<wr < —U
so that letting ¢ | 0 and using the continuity of [0,1) 3 ¢ — ¥ (z) for all z € X we deduce
that

wo < =g on X.

Now notice that the fact that —¢p < T' — lim(—¢;) implies that
(6.2.19) wo(70) > %%(%) vy € C([0,1], X).

Let 7 be the lifting of the Wa-geodesic (u;) (recall point (i) of Theorem 1.2.6); taking into
account that the evaluation maps e; : C([0,1],X) — X are continuous and that supp(w) is a
compact subset of C([0,1],X), because given by constant speed geodesics running from the
compact set supp(po) to the compact supp(p1), it is easy to see that for every v € supp(m)
and t € [0, 1] we have v; € supp(u¢) and viceversa for every x € supp(p) there is v € supp(r)
with 3 = «.

Thus let x € supp(pog) = supp(uo) and find v € supp(w) with 79 = x: from the fact that
¢ € supp(p) and (6.1.3) we get

(6.2.19) __

wo(x) > 1&3%(%)Z%—wt(%)z—%(w)-
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Thus to conclude it remains to prove that ¢y = —oo outside supp(pg) and to this aim we shall
use the Gaussian estimates (1.2.11). First notice that (6.2.17) still holds if we slightly change
the definition of v, and V; as follows

Vg = lnf mB S ‘/;:: su mB S .
y€supp(po)Usupp(p1) ( \/(y)) yesupp(/’o)gsupp(ﬁl) ( \[(y))

Then, observing that by construction we have supp(f¢) = supp(pg) for every € > 0, the second
in (1.2.11) yields

e e e Cy _ d*(,supp(pg)) .
ﬂ@%ﬂwﬁth/f@mm@wwmwé 2 ~tegn O/fdm

Vet /2

C
gi () = ho(1_p) 297 () = /gg(y)feut)/z(%y) dm(y) < 72)/2 /95 dm,

Ve(1—t

for every ¢ € (0,1) and thus coupling these bounds with (5.2.2) we obtain

C, 022‘/5 c;D?  d%(z,5upp(pp))
T2t e

pi(x) = fi (x)g; (x) < e e Ve X, te(0,1).

 Vg(1—t)/2Vet/2

Therefore recalling (6.2.17) we obtain

d?(x, supp(po))

X, t 1).
3 Ve e X, te (0,1)

(6.2.20) %elog(pi(x)) < C1D* -
€.

Now let &, | 0 be the sequence such that ¢;™, ;™ converge to ¢, as in Proposition 6.1.1

and put S(z) 1= sup.¢(0,1)4cp0,1/9 Vi (z)| < 0o. The inequality

— (6.2.20) d2
pu(r) = T g () < T o log(pf (@)~ Jim w7 () < S(a)+ 0y L SPPI)

shows that if ¢ supp(po) we have @g(x) = limy g p(x) = —o0, as desired.
(iv) By the point (iii) just proven we have

/wopodmﬂL/%Pl dm = —/%Podm—/%m dm

so that taking into account the weak continuity of ¢ — p, the fact that the measures p; have
equibounded supports and the uniform continuity of ¢ — x; (resp. t — x1;) for ¢ close to 1
(resp. close to 0), where x is a cut-off function with bounded support and identically equal to
1 on a set containing supp(u,) for all ¢ € [0, 1], we get

/Wopodm+/1/)1ﬂl dm = 1g%1—/¢tptdm—/801tplt dm

(6 2.1

1.3) . 6.2.1b) 1
= )1;fg/¢tptdm—/w1tp1tdm( = )§W22(M0>H1)-

(v) Since po € L*™(m), we also have pglog(po) € L*°(m). The claim then follows from the
identity pof = €po log po — por)§, the compactness of supp(pp), the local uniform convergence
of ¥g™ to 1p as m — oo and the fact that g = —po on supp(po). O
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Remark 6.2.8 (Entropic and transportation cost). For e > 0 the entropic cost from pg to p;
is defined as

jzs(PO,Pl) = lan(7| Ra)a

the infimum being taken among all transport plans v from pg := pgm to pu; := pym. Hence
with our notation

1 1
o) = H(5* 0 R |R) = = [ houif o g aR = 2( [ eimam+ [ uipidm)

e

and by (iv), (v) of the previous proposition we get

. 1
(6.2.21) lim e.Z(po, p1) = = Wi (o, 1)
el0 2

In other words, after the natural rescaling the entropic cost converges to the quadratic trans-
portation cost, thus establishing another link between the Schrédinger problem and the trans-
port one.

We would like to emphasize that although this argument is new, the result is not, not even
on RCD*(K, N) spaces: Léonard proved in [79] that the same limit holds in a very abstract
setting provided the heat kernel satisfies the appropriate large deviation principle

2
elogri(z,y) ~ _d(;c,y).
Since recently such asymptotic behaviour for the heat kernel on RCD* (K, N) spaces has been
proved by Jiang-Li-Zhang in [71]|, Léonard’s result applies. Thus in this remark we simply
wanted to show an alternative proof of such limiting property.
The next step could be the investigation of the first order expansion of (6.2.21), namely
the asymptotic behaviour as ¢ | 0 of

1
ja(POapl) - %WZQ(,U’CH Ml)

or its ['-limit when g, 41 are not fixed. Concerning this second perspective, in the smooth case
of R% equipped with the Euclidean distance and the weighted measure v := e~V 2%, where V
is a O2-regular K-convex function with K € R, the answer is known from [43] and [46]. There

it reads as
1. 5 rl 1
Te(p1) — - Wa (o) = SH(-|v) — 5 H(po | v)
2e 2 2
for € | 0, where the I'-limit is understood w.r.t. Wa-convergence. Pay attention to the fact that
R® is associated to the metric measure space (Rd, dEudl, V), hence it is the joint law (ep, e:)«R,

where R is the law of a solution (Z;);>¢ to the Fokker-Planck equation
dZ; = —VV(Z)dt + V2dW,

with Zy ~ v and (Wy)>0 a standard R?-valued Brownian motion. It would be interesting to
generalize such result to Riemannian manifolds and possibly to the RCD framework. |
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6.3 Some consequences of the entropic approximation

As shown in [45], the RCD*(K, N) condition is equivalent to the (K, N)-convexity of the
Boltzmann entropy H(-|m) on Z5(X) N D(H(-|m)), i.e. given any two measures po, 1 €
P5(X) with finite entropy w.r.t. m there exists a constant speed geodesic (11t );¢(0,1] connecting
them such that the function H(t) := H(u: | m) satisfies

1
(6.3.1) H" > KW (po, ) + 5 (H')?
in distribution sense on [0, 1]. This is also called entropic curvature-dimension condition
and denoted by CD®(K, N). It is a matter of computation (see Lemma 2.2 in [45]) to show
that this in turn equivalent to ask

(6.3.2) Un (1) = o5 ) (Wa(o, 1)) Un (110) + 01y (Wa (0, 1)) U (112)
for all ¢ € [0,1], where the distortion coefficients ag y are the ones already introduced in
(1.2.2) and

This new curvature-dimension condition will play a crucial role throughout the whole section
and, relying on the results of Chapters 5 and 6, we are going to study its connection with
entropic interpolations.

Let us begin with a warm-up example, that enables the reader to understand the strategy
that will be adopted with slight modifications in the subsequent applications; it also explains
why (6.3.2) is more natural for Wasserstein geodesics, while (6.3.1) can be directly checked
for entropic interpolations and better fits them.

For K =0 (6.3.1) becomes the following ODE

1
I .2
) Ny
so that by a comparison argument and the fact that y(t) = —N/t is an exact solution to it we

deduce that H' > —N/t for all t € (0, 1], whence by integration
(6.3.3) H(p1|m) — H(pe |m) > Nlogt

for all t € (0, 1]. The interest in this inequality could be the following: if m is a probability mea-
sure and we choose 1 = m, then 0 < H(u; |m) < —Nlogt for all t € (0,1], regardless of the
initial condition p; in this sense (6.3.3) shows a behaviour analogous to the Li-Yau inequality.
A simpler way to deduce (6.3.3) is the following: for K = 0 the term a%;\f) (Wa(po, p1))Un (p0)
is positive and thus can be neglected in (6.3.2), which then becomes

Un(pt) > tUn(p1)

and this is completely equivalent to (6.3.3) as long as t € (0, 1].

As we are going to see below, the same inequality holds true along entropic interpolations
too, for any slowing-down parameter ¢, and it is for this reason that we have also presented
the ODE approach, although less immediate. It is worth stressing that, unlike all the previous
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results, here pg, 1 need not have bounded supports: we manage to remove this assumption
by means of the stability of the Schrodinger problem (see Theorem 4.2.3). As a consequence,
the entropic interpolation can not be defined as in Setting 5.1.3, but the problem can be easily
overcome since by (4.1.2) and Theorem 5.1.1 the existence of a dynamical solution associated
to po, 1 and R/? is granted and thus (u5) can and shall be defined as the marginal flow of
such solution.

Proposition 6.3.1. Let (X,d,m) be a RCD*(0, N) space where N € [1,00) and m is a non-
negative Radon measure; let pg = pom and py = pim be two absolutely continuous Borel
probability measures belonging to Po(X) with bounded densities.
Then
H(pi|m) — H(p; [m) > Nlogt

for all t € (0,1] and for all € > 0, where 1 := (e;).P/?, P/2 being the (unique) dynamical
solution of the Schrédinger problem associated to o, 1, RE/2 (see the end of Section 5.1 for
the definition of RE/2).

proof Fix e > 0, assume that pg, p1 also have bounded supports (so that the definition of u§
coincides with the one provided in Setting 5.1.3), set H(t) := H(uf |m) and observe that by
Proposition 5.3.3 H € C(][0, 1]) N ACj0c((0, 1)) with

H(t) - H(1) = /tl H'(s)ds = — //tlwpg,wgmsdm.

Using a cut-off argument analogous to the one adopted in Proposition 5.2.2 to handle (5.2.7)
it is not difficult to see that

[ (vsi viyam = - [ giaviam,

thus plugging this identity into the previous line and recalling that ¥f = 5 log pf — ¢f, we get

1 1
H(t) — H(1) = % //t pEA log pidsdm — //t pEAGEdsdm.

Now observe that Li-Yau inequality for ¢f reads as Ap; > —N/t (because we have assumed
K = 0), while the first term on the right-hand side can be integrated by parts arguing as
above. This yields

1 1
H(t)—H(1) < — // pS|V log pS|*dsdm + N// s 1pSdsdm < —Nlogt
t t

and thus the conclusion. In order to get rid of the boundedness assumption on supp(up) and
supp(p1), take ug, 1 € P2(X) with bounded densities; then fix z € X, define

-1
b= ([ obam) b, b= fori= 0

where xj is a Lipschitz cut-off function supported in By1(Z) and identically equal to 1 on
By(z), and invoke Theorem 5.1.1 together with part (i7i) of Theorem 4.2.3. The latter can
actually be applied because if we disintegrate R/2 w.r.t. (ep,e1) as

R0 = [ (R2)70)AR ),
X2
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then by [27] (see Theorem 1 therein) (z,y) — (R%/?)*¥ is continuous.

This grants that for all £ € N the dynamical Schrédinger problem associated to /ﬂg, u’f, Re/2
has a unique solution P*¢/2 and (kag/ 2) weakly converges to the unique solution of the
dynamical Schrédinger problem associated to g, 1, R/2, say P¢/2. This implies that

() PFe/2 = (), P/? ask — o0, Vte[0,1]

and by lower semicontinuity of the entropy together with H(u} |m) — H(u; | m) this is suffi-
cient to conclude. O

From this result it is now easy to recover (6.3.3).

Corollary 6.3.2. Let (X,d,m) be a RCD*(0,N) space where N € [1,00) and m is a non-
negative Radon measure; let pg, p1 € P2(X) have finite entropy w.r.t. m.
Then
H(pa |m) — H(pe [m) > Nlogt

for all t € (0,1].

proof Denote by pg, p1 the densities of ug, p1 respectively and assume for the moment that
they are bounded and with bounded support. Then, using the same notation of Setting 5.1.3,
Proposition 6.3.1 applies to (uf) and by Proposition 6.2.1 we know that ui — s as € | 0,
where (p) is the unique Wasserstein geodesic between pg and p;. By lower semicontinuity of
the entropy, this yields (6.3.3).

To get rid of the compactness and boundedness assumptions on the densities, it is sufficient
to argue by standard cut-off arguments: given pg, p1 € P2(X) N D(H (- |m)), whose densities
are denoted by pg, p1 respectively, define

-1
pk = (/piC dm) pfm,  pF = max{k, xxpi} fori=0,1

where Y is a Lipschitz cut-off function supported in Byy1(Z) and identically equal to 1 on
By (Z), T being arbitrarily fixed. If we denote by (uf) (resp. (y¢)) the unique Wh-geodesic
between ,u]g and p¥ (resp. po and p1), then it is well known that uf — 1 as k — oo and since
H(pk|m) — H(u1|m), by lower semicontinuity of the entropy this is enough to get (6.3.3)
and thus conclude. O

After this warm-up example, let us show that the entropy is (K, N)-convex along entropic
interpolations on RCD*(K, N) spaces, provided K > 0, thus generalizing to the non-smooth
framework the result of a forthcoming paper by I. Gentil, C. Léonard and L. Ripani. As in
Proposition 6.3.1 and still relying on Theorem 4.2.3, in the following statement we allow pg, u1
to have possibly unbounded supports.

Proposition 6.3.3. Let (X,d,m) be a RCD*(K, N) space with K > 0 and N € [1,00) and
let po, p1 € P2(X) N D(H(-|m)) with bounded densities. Then the entropy is (K, N)-convex
along (u5) for all € > 0, where i is defined as in Proposition 6.3.1.

proof Fix e > 0, assume that g, 11 also have bounded supports and observe that from (5.3.6b)
and (5.3.2b) we know that for all ¢ € (0, 1) it holds

d2 1
L B m) > & [ (Vo Ppsdm + = / (A9 pidm
(630 at N

2 1
+54(K/|V10gp§\2p§dm+N/(Alogp§)2p§dm>.
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The term with Alogp; on the right-hand side as well as those with K can be neglected,
because positive, while the remaining one can be estimated by Cauchy-Schwarz inequality as

follows )
/ (A95)?psdm > ( / p;?M,fdm>

and now a cut-off argument completely analogous to the one adopted in the proof of Propo-
sition 5.2.2 motivates the following integration by parts

/pfAﬁfdm = —/(Vpi,Vﬁﬂdm.

Comparing this expression with (5.3.6a), we see that (6.3.1) along the entropic interpolation
from po to py is established pointwise for all ¢ € (0,1) and since ¢ — H(p§ | m) is continuous
on [0,1] by Proposition 5.3.3 it follows that (6.3.1) holds in the distribution sense on the
whole [0,1]. This is in turn equivalent to the integrated version (6.3.2) and the advantage of
the latter formulation is the stability w.r.t. Ws-convergence, which allows to get rid of the
compactness assumption on the support of the densities. In fact, rewriting (6.3.2) as

H(p; | m) < —Nlog (a3 (Walpto, 1)) Un (10) + 7§ (Waljao, 1)) Un (1))

and arguing as in the last part of Proposition 6.3.1, the conclusion follows because the same
approximation procedure also entails that Wo(ub, u¥) — Wa(po, 1) as k — oo, besides
H(p | m) — H(po | m) and H(pf | m) — H(uy | m). O

As a byproduct, this immediately yields an ‘entropic’ and alternative proof of the fact that
the CD*(K, N) condition implies CD¢(K, N) on infinitesimally Hilbertian spaces, at least for
K >0.

Corollary 6.3.4. Let (X,d,m) be a RCD*(K,N) space with K > 0 and N € [1,00). Then
CD*(K, N) holds.

proof Let pg = pom and 3 = pym be two absolutely continuous Borel probability measures
with bounded densities and supports and for any € > 0 introduce the notations of Setting
5.1.3. Proposition 6.3.3 applies to (u§) and by Proposition 6.2.1 we know that u§ — p; as
e | 0, where (p;) is the unique Wasserstein geodesic between pg and pp. Thus, rewriting
(6.3.2) as in the proof of Proposition 6.3.3 and by lower semicontinuity of the entropy, this
yields (6.3.2) along (u).

To get rid of the compactness and boundedness assumptions on the densities, adopt the
same approximation procedure described in the proof of Corollary 6.3.2 and notice that it also
ensures Wa(uf, %) — Wa(uo, 1) as k — oo. O

A further interesting consequence of (5.3.6a) and (5.3.6b) is the HWI inequality and it is
worth recalling how it is deduced. In a RCD(K, 00) space (X,d, m) it is well known that the
Boltzmann entropy H (- | m) is geodesically K-convex, which means that for all pg, 1 € P2(X)
with finite entropy w.r.t. m there exists a Wa-geodesic (1) connecting them such that

K
H (g [m) < (1= t)H (o |m) + tH (pr [ m) = -t(1 = ) W5 (o, )
for all ¢ € [0, 1]. This inequality can be rewritten as

H(py |m) — H(po | m)
t

< Him | m) — H{o | m) — (1~ W30, 1)
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and denoting by po the Radon-Nikodym derivative of pg w.r.t. m (without loss of generality
we can assume that 1o < m), choosing v € Opt(ug, p1) and assuming that we can pass to the
limit as ¢t | 0, this implies

[Veol(z)

- [ B g0 )y o) < i 1) = 0| m) = 593, 1)
po(x) 2

whence, by the Cauchy-Schwarz inequality,

Vo l? K
Hlpo | ) = H(r | m) < Wauo, )y [ ';(f'dm B W 0.,

This is the celebrated HWI inequality, so called because expressed in terms of the entropy
functional H(-|m), the Wasserstein distance W3 and the Fisher information I(- | m), defined
by

Vpl|? .
4/ v 2dmz/ ‘7dm if = pm, /p e Wh2(X
(| m) = Vol eop P p=pm, \/p (X)

+00 otherwise

(see Lemma 4.10 in [6] for the equality of the two expressions in the case \/p € WH?(X)). It
is a very powerful tool that allows to deduce with very little effort the logarithmic Sobolev
inequality (if K > 0) and Talagrand inequality, provided m is a probability measure.

However, the passage to the limit as ¢ | 0 is a delicate step (see for instance Theorem 20.10
and Corollary 20.13 in [121] or Proposition 7.18 in [3] together with Section 7 of [6] or also
Proposition 5.10 in [58|). Here we propose an ‘entropic’ approach that strongly relies on (5.3.6a)
and (5.3.6b) in order to get an analogue of the HWI inequality for entropic interpolations,
before passing to the limit as € | 0. As a first tool we need the following lemma, whose main
features are the discovery of a quantity which is preserved along the entropic evolution and
the convergence of (the integrals of) current and osmotic velocities (see Section 5.5) to the
squared Wasserstein distance and 0 respectively.

Lemma 6.3.5. With the same assumptions and notations as in Setting 5.1.3 we have that,
for any € > 0, the map

2
(6.3.5) 0,1)5¢ s / (1V9512 — =19 1o i ?) pim
1s real-valued and constant. Moreover the following hold:
1 1
(6.3.6a) lim// V5|2 pEdtdm = 2lim// t| V5|2 ps dtdm = Wi (o, p1),
&LO 0 &\LO 0
1
(6.3.6b) i // IV log pf 2ot dtdm = 0.
€ 0

proof The map is real-valued because by Lemma 5.2.1 t + p5|V5|? and t — pf|V log p|?
belong to L7®.((0,1), L'(X)). To prove that it is constant, by the regularizing properties of the

heat flow we have that ¢ — [(Vff, Vi) dm belongs to AC,.((0,1)) with

d €
< / (VI Vo) dm = & / ((VAF.Vg) — (VI VAG) )dm, ae.t
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and integration by parts shows that the derivative vanishes a.e. It is now sufficient to recall
the definition of ¥ and the identity f + 1§ = €log p; to infer that

2
9
@ [957. 950 am = [ (Ve Voiygiam = - [ (1993 - S19 log i) piam.

As regards (6.3.6a) and (6.3.6b), start observing that (uf, %) solves the continuity equation in
the sense of Theorem 1.1.4, as already remarked in Proposition 6.1.1, so that by the Benamou-
Brenier formula (Theorem 1.1.5)

1
|} oot avae = W3 uo ).

On the other hand, from the first identity in (5.4.2) and (6.2.21) we know that

1 2
i [[ (190712 + 19 10w ) ptdm = W o, ).
&LO 0 4

Hence
1 1
lim // VO 2pidtdm = W(uo, ) and  lime? / IV log g5 |2 pSdtdm = 0.
10 JJo el0 0

To conclude the proof, denote by Q¢ the value of the constant function defined in (6.3.5) and
integrate it on [0, 1]: on the one hand, by what we have just written above

(6.3.7) lim Q° = W5 (p0, t1);
el0
on the other hand
1
0< hms // t|V log pf | p5dtdm < lif(r]laz/ |V log pf |2 pfdtdm = 0.
& 0

Thus multiplying Q¢ by t and integrating in time we get

11m// tyvm?pgdtdm_hm// ywaP— —\Vlogpt\ ) pedtdm

R fwzumjul)
&\LO 0

O

We are now ready to prove the HWI inequality. For sake of simplicity we shall assume the
space (X, d, m) to be compact and pg, p1 € TestZ(X), but we do not believe these assumptions
to be crucial. As a consequence, the conclusion of Proposition 5.3.3 is reinforced: ¢ — H (p5 | m)
is C2([0, 1]), which means that (5.3.6a) and (5.3.6b) hold for all ¢ € [0, 1]. This is a consequence
of the enhanced regularity of Schrodinger potentials (5.4.4) in the present framework; see also
Proposition 5.5 in [63] for more details.

Proposition 6.3.6. Let (X,d, m) be a compact RCD*(K, N) space with K € R, N € [1,00)
and m € P (X); let po, u1 € Z(X) and assume that H(up|m) < oo.
Then

(6.3.8) H(py [m) — H(po | m) < Wa(po, pa) v/ I (pa | m) — gwf(ﬂovul)-
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proof Fix e > 0 and assume for the moment that pg = pom, g1 = p1m with pg, p1 € TestZ,(X).
By Proposition 5.3.3 in the compact case we know that ¢ — H(u$|m) belongs to C?([0,1]),
so that if we apply the standard calculus identity (valid for any C?-regular function h)

h(1) = h(0) = I(1) — /1 P (1)t

0

to h(t) = H(ui |m) and use (5.3.6a), (5.3.6b), (5.3.2a) neglecting the Hessian term in the last
one, we get

1 2
(6:3.9) H | m) ~ H(ss | w) < [ (955, 905) dm— K [ ¢(1903 + 5 [Vlogpi ) .
0

By the Cauchy-Schwarz inequality and the definition of Fisher information, the first term on
the right-hand side can be estimated as

[wst.vosyam <[ [ 19052 /T )

and, under the additional regularity assumptions on X and pg, p1, Lemma 6.3.5 can be
strengthened as follows:

€2
b / (199712 — 519 log 77 i

is well defined on [0,1] and constant therein; this is immediately seen by observing that
t— [(Vf£,Vgi)dm now belongs to AC([0,1]). Therefore

2
g
[ 1905 = @+ 1 ),

Q)¢ being defined as the constant value of (6.3.5), and by (6.3.7) together with the finiteness
of I(p1 | m) we deduce that

(6.3.10) i [ V95 Pdj = W30, ).

For the second integral on the right-hand side in (6.3.9), by Lemma 6.3.5 we are allowed to
pass to the limit as e | 0 and we get —& WZ(ug, p11). This fact and (6.3.10) entail (6.3.8).

It remains to remove the regularity assumptions on py and p;. To this aim, let us first
assume that pg, p1 are bounded away from 0 and define

py = (hypps)m  fori=0,1,

noticing that (6.3.8) applies to uf,u¥. It is easy to see that Wa(uf,u¥) — Wa(uo, ),
H(pk|m) — H(po|m) and H(u§ |m) — H(ui|m) as k — oo; as regards the Fisher in-
formation, if p1 ¢ D(I(-|m)) there is nothing to prove, so that without loss of generality we
can assume [ (1 |m) < oo and by the regularizing properties of the heat semigroup together
with the fact that p; > c for some ¢ > 0 we get I(u¥ |m) — I(u|m) as k — oo.
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In order to get rid of the fact that pg, p1 are bounded away from 0 too, define

-1 1
,uf:: (/pf’dm) p?m, pf::pi—i—E for i =0,1

and observe that the converge of the Wasserstein distance and of the entropies are clear; for
the Fisher information, still assuming that I(uq | m) is finite, it is sufficient to observe that

. . [Vp v Plf o k
lim sup Mk m :hmsup/ =I(p1 |m) <liminf I'(p7 |m
msup (3 [ m) = B [ 22 (s | m) < T nf 15 | m)

where the second inequality is motivated by the lower semicontinuity of Fisher information

w.r.t. L' convergence. U]

Remark 6.3.7 (Lagrangian and Hamiltonian interpretation). From a heuristic point of view,
the expression of the constant quantity Q¢ (Lemma 6.3.5) can be deduced by standard argu-
ments in Lagrangian and Hamiltonian formalism. Indeed, motivated by the Benamou-Brenier
formula for the entropic cost provided by Theorem 5.4.3 let us consider the action functional

2 2
(6.3.11) (v,v) // |Ut| %]Vlogmﬁ)mdtdm

associated to the Lagrangian

2 2 1vyl?
et = [ (o + £ am

By means of Legendre’s transform, the corresponding Hamiltonian is given by

_ [ lpl? v
J{(V’p)_/(ZV 8 v )dm

and, at least formally, J is constant along the critical points of A. Since pg and p; are
prescribed, the Euler-Lagrange equation for (6.3.11) reads as

d
—u 4+ div(ry) =0

dt
d ve|? g2
avt + |;| —§(2Alog v+ |Vlog l/t|2)

and by Proposition 5.1.4 we know that these ‘PDEs’ are satisfied along (p7,¥5). Finally, as in
the Hamiltonian p represents a momentum density, it is natural to set p; := v4v¢. From these
considerations, the guess on the existence of a constant quantity and on its expression follows.

|

Remark 6.3.8. As regards Lemma 6.3.5 some further comments are worthwhile. First of
all, let us stress that by means of the newly discovered constant quantity (J° we are able to
improve (5.3.12b) to (6.3.6b). Secondly, by (6.2.21) and the first dynamic representation of
the entropic cost provided in Proposition 5.4.1 we already knew that

1 2
i [[ (1072 + 19 1o ) pdm = W o, ).
€ 0
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Lemma 6.3.5 is a refinement, because it separately determines the behaviour of current and
osmotic velocities as € | 0. From a different viewpoint, starting with the first dynamic repre-
sentation of the entropic cost provided in Proposition 5.4.1 and (6.3.6a), (6.3.6b) we get

, 1
lime 7 (po, p1) = =W35 (1o, f11)
el0 2

again, but with a different argument w.r.t. the one adopted in Remark 6.2.8. |
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Chapter 7

Second order differentiation formula
and applications

In this chapter the uniform estimates obtained in Chapter 5 and Lemma 5.3.5 on the vanishing
quantities are diffusely invoked once more together with the convergence results of Section 6.1
and 6.2, in order to establish the second order differentiation formula anticipated in the Intro-
duction (see Theorem 0.0.5 and the forthcoming Theorem 7.1.2 for an equivalent statement).
Some consequences and applications of it are then provided.

The second order differentiation formula is obtained in Section 7.1. This reads as a first
order differentiation formula for ¢ — [ (Vf, V¢:) duy, so that it is completely natural to ask
whether Vf can be replaced by a general vector field: the answer is affirmative and this is
done in Corollary 7.1.3 along the same lines of Theorem 7.1.2.

As regards the applications of Theorem 7.1.2, we present where and how our main result
can be used in the proof of the splitting theorem to simplify the strategy, after having recalled
the various achievements on the subject and the structure of the paper [55].

7.1 Proof of the main theorem

We start with the following simple continuity statement:

Lemma 7.1.1. With the same assumptions and notation as in Setting 5.1.3, let t — py = pym
be the Wa-geodesic from po to py and (pt)ie(o,1) and (Yt)eo,1) any couple of limit functions
given by Proposition 6.1.1.

Then the maps

(O, 1] S5t = Pt ngt € L2(T* )
0,1)>t — pdiy € L*(T*X)
0,113t —  pder@dpy € L2((T*)%2X)
0,1)3t = pdpedy, € L2((T%)¥?X)

are all continuous w.r.t. the strong topologies.

proof By Lemma 1.2.8 we know that for any p < oo we have p; — py in LP(m) as s — ¢ and
thus in particular /ps — /pr as s — t. Moreover, the compactness of the supports of pg and
p1 implies that there exist Z € X and R > 0 such that supp(p;) C Bgr(Z) for all ¢t € [0, 1].
Recalling Lemma 2.2.1, consider a cut-off function x € Test™(X) with support in Bry1(Z)
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such that x = 1 in Bg(Z). The closure of the differential and the fact that xyps — x¢@; weakly
in Wh2(X) as s = ¢t > 0 (as a consequence of (yp;) € C((0,1],C(X)) N L2 ((0,1), WH2(X)),
see Proposition 6.2.1) grant that d(xy¢s) — d(x¢:) weakly in L?(T*X) and thus xdps —
xdp: too. Together with the previous claim about the densities, the fact that the latter are
uniformly bounded in L*°(m) and how x is constructed, this is sufficient to conclude that
t— /prdepy € L*(T*X) is weakly continuous.

We now claim that ¢ — /pide; € L?(T*X) is strongly continuous and to this aim we show
that their L2(7T*X)-norms are constant. To see this, recall that by Proposition 6.2.1 we know
that for ¢ € (0, 1] the function —(1 — ¢)v; is a Kantorovich potential from p; to 1 while from
(6.1.3) and the locality of the differential we get that |dy:| = |dy:| ps-a.e., thus by point (éi7)
in Theorem 1.2.6 we have that

1 1
/ |d90t|2/?t dm = m / ’d(l - t)¢t|2pt dm = WWQQ(M;M) = Wf(uo,m)-

Multiplying the /pidys’s by /p; and using again the L?(m)-strong continuity of VPt and
the uniform L (m)-bound we conclude that ¢ — pydy; € L?(T*X) is strongly continuous, as
desired.

To prove the strong continuity of ¢ — p; dy @dy; € L2((T*)®?X) we argue as in Corollary
6.2.6: the strong continuity of ¢ — /pidep; € L?(T*X) and the fact that these are, locally in
t € (0, 1], uniformly bounded (thanks again to supp(p:) C Br(z) for all ¢ € [0, 1]), grant both
that t = [|prdipr @ Aot p2((p+ye2x) 18 continuous and that ¢ — prdpr @ dyy € L2((T*)®%X) is
weakly continuous.

The claims about the 1);’s follow in the same way. O

We now have all the tools needed to prove our main result. Notice that we shall not make
explicit use of Theorem 0.0.6 but rather reprove it for (the restriction to [d, 1 — ¢] of) entropic
interpolations.

Theorem 7.1.2. Let (X,d,m) be a RCD*(K,N) space with K € R and N € [1,00). Let
to, 1 € P2(X) be such that o, u1 < Cm for some C > 0, with compact supports and let ()
be the unique Wa-geodesic connecting g to 1. Also, let h € H*?(X).

Then the map

0,1]> t /hdut eR

belongs to C%([0,1]) and the following formulas hold for every t € [0,1]:

d/hdut :/(Vh, Ver) du,
(7.1.1) ;f
dtz/hd'ut = /Hess(h)(V(;St,V¢t) dp,

where ¢ is any function such that for some s # t, s € [0,1], the function —(s — t)¢; is a
Kantorovich potential from p; to ps.

proof For the given pg, p1 introduce the notation of Setting 5.1.3 and then find &, | 0 such
that (@), (¥;™) converge to limit curves (¢), (¢¢) as in Proposition 6.1.1.

By Lemma 1.2.7 we know that the particular choice of the ¢;’s as in the statement does
not affect the right hand sides in (7.1.1), we shall therefore prove that such formulas hold for
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the choice ¢; := 1y, which is admissible thanks to Proposition 6.2.1 whenever ¢ < 1. The case
t = 1 can be achieved swapping the roles of g, p1 or, equivalently, with the choice ¢ = —¢;
which is admissible for ¢ > 0.

Fix h € H*%(X) with compact support and for ¢ € [0, 1] set

L(t) = / hdgen I(t) = / hdu.

The bound (5.2.6) grants that the I,,’s are uniformly bounded and the convergence in (6.1.2)
that I,(t) — I(¢) for any ¢ € [0, 1].

Since (pi") € ACe((0,1), W%(X)) we have that I, € AC;,.((0,1)) and, recalling the
formula for % pf given by Proposition 5.1.4, that

d d
(112) L) = / h o dm = / h div(pE Ve Ydm = / (Vh, V) pn dm.

The fact that 9; = @, the compactness of supp(h) and the bounds (5.2.6) and (5.2.10a)
ensure that ‘%In(tﬂ is uniformly bounded in n and ¢ € [to,¢1] C (0,1) and the compactness

of supp(h) also allows us to use the convergence properties (6.2.15) and (6.1.2), which grant
that

t1 t1
// (Vh, VO pin dtdm // (Vh, V) pr dt dm.
to to

This is sufficient to pass to the limit in the distributional formulation of %In(t) and taking
into account that I € C([0,1]) we have just proved that I € ACj,.((0,1)) with

d

(7.1.3) —1(t) = / (Vh, V) pr dm

for a.e. t € [0, 1]. Recalling that v, = @, (6.1.3) and the locality of the differential we see
that

(7.1.4) Vi = Vi  pgm-a.e. YVt € [0, 1),

and thus by Lemma 7.1.1 we see that the right hand side of (7.1.3) has a continuous repre-
sentative in ¢ € [0, 1), which then implies that I € C'([0,1)) and that the first in (7.1.1) holds
for any ¢ € [0, 1).

For the second derivative we assume in addition that A € Test®(X). Then we recall that
(i) € AC1e((0,1), WH2(X)) and (95") € AC.((0,1), W2(X, e Vm)) with V = Md?(-, 7)
for some z € X and M > 0 sufficiently large. Consider the rightmost side of (7.1.2) to get
that $1,(¢) € ACj0.((0,1)) and

d2

a2 i dm

d d
L(t) = [ (Vh,V—05")pin + (Vh, V") —
() /<v ’vdt t >pt +<v ,V t >dtp

for a.e. ¢, so that defining the ‘acceleration’ a; as

g2 g2
(7.1.5) aj = —(ZAlogpf + g\VlogpﬂQ)
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and recalling the formula for %ﬁf given by Proposition 5.1.4 we have

d2

1
Sl = [TV (= SO i) = (Th,T05) div(r 995 dm

1
= [ (= 5(VRVIVI ) + (VTR V7)), 997 + (V. Vai) ) dim
(by (1.2.21)) = /Hess(h)(Vﬁf”, Vi) pim dm — / (Ah+ (Vh,Viog pi™) )as" p;™ dm.

Since ¥ = @ and Hess(h) € L?(T*®?X) with compact support, up to multiply V5 by a
cut-off function x identically equal to 1 on supp(h) we can apply the limiting property (6.2.15)
and thus, taking also (6.1.2) into account, we see that

/ Hess(R) (VY™ , VI ) pin dm - "= / Hess(h)(VYy, VI;)pe dm in Li,.(0,1)
and since |Vh|, Ah € L*>(X), by Lemma 5.3.5 we deduce that

/ (AR + (Vh,Viog i) )a;"p;"dm  — 0 in L}.,(0,1).

Hence we can pass to the limit in the distributional formulation of j—;[n to obtain that
471 € AC}6.((0,1)) and

d2

7.1.6 —
( ) de?

I(t) = /Hess(h)(Vz?t, V) pr dm
for a.e. t. Using again (7.1.4) and Lemma 7.1.1 we conclude that the right hand side of (7.1.6)
is continuous on [0, 1), so that I € C2([0, 1)) and the second in (7.1.1) holds for every ¢ € [0, 1).

It remains to remove the assumptions that h has compact support and h € Test™(X).
Starting with the former, pick A € Test™(X) and a cut-off function xyr € Test™(X) with
support in Br41(Z) and such that xg = 1 in Br(z) for some z € X. Set hr := yrh and
observe that the boundedness of |||V xr|||zoo(m) and [[AXR|| Lo (m) W.r.t. R implies that hg — h
in Wh2(X) and Ahg — Ah in L%*(m), so that the bound (1.2.18) grants that hg — h in
W22(X). Since Test™(X) is an algebra, hg € Test™(X) for every R > 0, thus the conclusion
of the theorem holds for the hg’s.

Now notice that we can choose the ¢;’s to be uniformly Lipschitz (e.g. by taking ¢; := v
for t > 1/2 and ¢; := —¢; for t < 1/2). The uniform L*> estimates (1.2.27), the fact that all
the densities p; are supported in a compact set B independent of ¢ € [0, 1], the equi-Lipschitz
continuity of ¢; therein (Proposition 5.2.3) and the L?-convergence of hg, Vhg, Hess(hg) to
h,Vh,Hess(h) respectively grant that as R — oo we have that

/hRd,ut — /hd,ut
/<VhR7v¢t> d,Ut — /(Vh, V¢t> dﬂt
/HGSS(hR)(V¢t,V¢t)th - /Hess(h)(VqSt,VqSt)dut

uniformly in ¢ € [0, 1]. This is sufficient to overcome the first assumption.
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In order to remove also the second one, i.e. the fact that h € Test™(X), pick h € H??(X)
and put hg := bgh, where b, is the mollified heat flow introduced in (2.2.2). As already
remarked in the proof of Lemma 2.2.1, as s | 0 we have hs — h in W2(X) and Ahs — Ah
in L?(m). Thus the bound (1.2.18) grants that hy — h in W*2(X). Furthermore, still by
what pointed out in Lemma 2.2.1 we know that hs € Test®™(X) for every s > 0, so that the
conclusion of the theorem hold for the hy’s. Now it is sufficient to argue as just done above
and the conclusion follows. O

A natural generalization of (7.1.1) is then given by the following result.

Corollary 7.1.3. Let (X,d,m) be a RCD*(K,N) space with K € R and N € [1,00). Let
o, 11 € P2(X) be such that po, p1 < Cm for some C' > 0, with compact supports and let ()
be the unique Wa-geodesic connecting o to . Let (¢) be any curve of functions such that
for some s # t, s € [0,1], the function —(s — t)¢; is a Kantorovich potential from p to jis.
Also, let W € HS*(TX).

Then the map

0,15t o / (W, Vr)du €R

belongs to C1([0,1]) and the following formula holds for every t € [0,1]:

(7.1.7 5 [w.voian = [(Feaw. Tondu.
proof As in the proof of Theorem 7.1.2, for the given pg, 1 introduce the notation of Setting
5.1.3 and then find &, | 0 such that (pi"), (¢§") converge to limit curves (¢;), (1) as in
Proposition 6.1.1. Furthermore, we know that it is enough to show that (7.1.7) holds for the
choice ¢; := 14, which is admissible thanks to Proposition 6.2.1 whenever ¢ < 1. The case
t = 1 can be achieved swapping the roles of g, pt1 or, equivalently, with the choice ¢ = —¢y
which is admissible for ¢ > 0.

Suppose for the moment that W = gVh for some g,h € Test>™(X) with h compactly
supported and, in analogy with the proof of Theorem 7.1.2, define

Tn(t) = / (VR VO due  I(t) = / 9(Vh, Vo) du.

For the same reasons explained above for %In, JIn € AC1c((0,1)) with

g _ i En\ AEn En i En
)= [ (TR GO 4 g (VI V0 S dm

for a.e. t, so that defining the ‘acceleration’ af as in (7.1.5) and recalling the formula for %19%
given by Proposition 5.1.4 we have

d

1
0 :/g<Vh, v( — 5|V 2+ ain)>p§n — g (Vh, V™) div(p5" VI ) dm

1
= [ (= 39V VIVI ) 4 (Vg (Y, T07), V7)) dim
—i—/g(Vh, Vai™) pimdm
(by (1.2.21)) = / (Hess(n) (V5, V05") + (Vg, Vi5™) (Th, V9;7) ) i dm

— / (9Ah+ g (Vh,Viogp;") + (Vg, Vh) )ai" p;" dm.
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Arguing as in Theorem 7.1.2 (since |Vh|, Ah, g,|Vg| € L*°(m)) and taking into account that
by (1.2.22) the covariant derivative of W = gVh is given by VW = Vg® Vh+ g(Hess(h))*, we
can pass to the limit in the distributional formulation of %Jn to obtain that J € AC,.((0,1))

and
d

570 = [ (Voo WV a)du

for a.e. t. Using (7.1.4) and Lemma 7.1.1 we conclude that the right hand side above is
continuous on [0, 1), so that J € C*([0,1)) and (7.1.7) holds for every ¢ € [0,1).

The compactness assumption on supp(h) can be removed as in Theorem 7.1.2 as well as
Ag,Ah € L*°(m), thus only assuming g, h € Test(X). By linearity, (7.1.7) now holds for any
W € TestV(X).

For the general case, pick W € HéJQ(TX) and notice that by definition of HéiQ(TX) there

exists a sequence (W), C TestV(X) converging to W in Wé’Z(TX) such that (7.1.7) holds
for the W,,’s. Therefore, arguing as in the end of Theorem 7.1.2 we have that

/<Wn7v¢t> dpu - /<W Vi) duy
/<VV¢thav¢t> dpue — /(VvqgtVV, V¢t> dp

uniformly in ¢ € [0,1] and this is sufficient to conclude. O

As a concluding remark, in the proof of Theorem 7.1.2 the final part shows that H??(X)
can also be defined as the W22 (X)-closure of the functions in Test>(X) with compact support.
Similarly, by Corollary 7.1.3 Héz(X) can be equivalently introduced as the Wé’Q(X) closure of
all finite sums of objects of the following kind: ¢;V f; with f;, g; € Test®(X) and f; compactly
supported.

7.2 The splitting theorem

For the understanding of this section, only two new notions need to be introduced: line and
Busemann function. Although they are meaningful in a purely metric setting, we shall present
them in the case of a RCD*(0, N) space (X, d, m).

A curve v : R — X is a line provided

d(ye,7s) =t —s],  Vt,seR
and to a line we can associate the Busemann function b : X — R as follows

b(z) := lim t—d(z,v).

t——+o0

At a first sight only the forward time direction is involved in this definition and b seems to
be associated only to the positive half-line (7y;);>0, but thanks to the RCD*(0, N) assumption
= —b~ on supp(m) (see Theorem 4.11 of [55]), where

b (z) := lim t—d(x,v—¢),

t——+o0

so that the geometric information of b~ is encoded in b.
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7.2.1 Overview of the paper

In [30] Cheeger and Gromoll proved the celebrated splitting theorem in its original Riemannian
version, which was later generalized by Cheeger and Colding (see [29]) to the class of spaces
which are measured Gromov-Hausdorff limits of smooth Riemannian manifolds. After the
introduction of Lott-Sturm-Villani’s synthetic curvature-dimension condition CD(K, N) (|86],
[115], [116]) and Ambrosio-Gigli-Savaré’s RCD(K, 00) condition ([7]), the question became
whether the splitting theorem would hold in the new framework of CD(0, N) and RCD(0, N)
spaces too. In the former a counter-example was built by Cordero-Erausquin, Sturm and
Villani (see the last theorem in [121]) while the answer is affirmative for the RCD case, as
stated in the theorem below, and was given by Gigli in [55].

Theorem 7.2.1. Let (X,d, m) be a RCD*(0, N) space with N < co and assume that supp(m)
contains a line. Then (X,d, m) is isomorphic (that is, there exists a measure preserving isom-
etry) to the product of the Euclidean line (R, dgye, L) and another space (X', d’,m’), where
the product distance d’ X dgyue s defined as

(7.2.1) d' x dgaa (@, 1), (1, 5)) :== /d' (!, y)2 + |t — 5|2, va' oy e X', t', s € R.
Moreover:

- if N > 2, then (X',d",m’) is a RCD*(0, N — 1) space,

- if N € [1,2), then X' is just a point.

We address the reader to [55] for a detailed overview on the history of the splitting theorem,
its several variants and generalizations and the literature on the subject. Here we focus our
attention on the proof of Theorem 7.2.1 and how Theorem 7.1.2 can simplify it. To this aim,
let us quickly sketch the strategy adopted in [55] and stress the fact that at that time second
order differential calculus on RCD spaces had not been developed yet, so that a notion of
Hessian was not available nor the Bochner identity. Main steps in the non-smooth approach
to the splitting theorem are the following, which actually coincide with the chapters of [55]:

(i) Multiples of b are Kantorovich potentials: thanks to this first step a bridge between the
gradient flow of b and optimal transport is created, because Wasserstein geodesics can
be built via the push-forward of any measure p € P5(X) through the gradient flow of b
and this makes possible to use the RCD*(0, V) condition.

(ii) The gradient flow of b is measure-preserving: if we denote by t — F; a gradient flow
of b, then by the previous step t — (F;).u is a Wa-geodesic. Using the fact that the
Rényi entropy (1.2.1) is geodescally convex on (P2(X), Wa) together with the first order
differentiation formula contained in Theorem 0.0.4 and showing that Ab = 0, it follows
that Hy(p|m) < Hy((Fg)«p|m). Noticing that ¢ — F_; is a gradient flow of —b the
opposite inequality then follows and by the arbitrariness of u € Z5(X) we get that
(F¢).m = m for every t € R.

(iii) The gradient flow of b preserves the distance: arguing as in the previous step and keeping
the same notation, we deduce that for all f € W2(X) and ¢ € R it holds foF, € W2(X)
with |V(f o F)| < |V f| o F, m-a.e. Then the Sobolev-to-Lipschitz property allows to
translate this Sobolev information into a metric one.
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(iv) The quotient space isometrically embeds into the original one: having a well defined
gradient flow of b on the whole supp(m) allows to consider the quotient X’ of X w.r.t.
the orbits ¢t — Fy; the quotient distance d’ and measure m’ follow naturally. In this
part the crucial result is the fact that the natural projection 7 : supp(m) — X’ has an
isometric embedding ¢ as right inverse.

(v) “Pythagoras’ theorem” holds: by means of ¢ and arguing in duality with Sobolev functions
it is possible to show that d splits according to (7.2.1).

(vi) The quotient space has dimension N —1: by all the previous steps we know that (X,d, m)
splits as the product of (R,dgye,-Z}) and a RCD*(0, N) space (X', d’,m’), so that it
remains to prove that (X’,d’,m’) is actually a RCD*(0, N — 1) space if N > 2 or is just
a point if N € [1,2).

7.2.2 Application of the main theorem

The second order differentiation formula comes into play in the third chapter of [55], enabling a
direct proof of the fact that the gradient flow of the Busemann function preserves the distance.
In fact, using an argument which closely follows the first step in the proof of Proposition 6.2.1,
we can describe the behaviour of the Busemann function along geodesics.

Theorem 7.2.2. Let (X,d,m) be a RCD*(0, N) space with N € [1,00). Then b is geodesically
affine, i.e. for all x,y € X there exists a geodesic vy connecting them such that t — b(y) is

affine.
proof Let z,y € X, r > 0, define

T o._ 1 T o _ 1
Hoe = (B "By T (B () "B

and let (uj) be the only Wa-geodesic from p!, to [y SInCe fig, p1y, have compact support, there
exist £ € X and R > 0 sufficiently large such that

supp(uf) C Br(z), Vit € [0,1].

Thus let x € Test®(X) be a cut-off function (Lemma 2.2.1) with bounded support such
that x = 1 in Br(Z). Now recall that b € I/VIIO’CQ(X) and Ab = 0, as proved in [55], so
that xb € D(A); by (1.2.18) this implies that xb € H*2?(X) with Hess(xb) = 0. Therefore,
applying Theorem 7.1.2 to h = xb and (u}) and noticing that xb = b m-a.e. in supp(u}) by
construction, we get that

0,1] 5t /bdufeR

is affine. In order to localize this information by passing to the limit as r | 0, let «" be the
only lifting of (u}) (recall point (i) of Theorem 1.2.6) and observe that

1
sup // 4| 2dtdm” () < oo
) o

re(0,1

because Wa (g}, 6) — 0 and Wa(uy,d,) as v | 0: this implies that the lifting (7") is tight in
2(C([0,1],X)). Hence, up to pass to a suitable subsequence, not relabeled, we can assume that
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(7") weakly converges to some 7 € Z(C(|0, 1], X)) concentrated on Geo(X) with (eg).m = 0
and (e1)«m = dy.

Since geodesics are essentially unique in finite-dimensional RCD* (K, V) spaces, in the sense
of point (iv) of Theorem 1.2.6, we deduce that for all x € X the following holds: for m-a.e.
y € X there exists a (unique) geodesic v from z to y such that ¢t — b(y;) is affine. To get
rid of the ‘a.e.’” quantification fix =,y € X and let (y,) be such that y, — y as n — oo and
t — b(v4") is affine for a suitable geodesic joining = and y,; observing that (™) is relatively
compact in C([0,1],X), by the Ascoli-Arzela theorem there exist a convergent subsequence
and a limit curve v connecting x and y, which is actually a geodesic. It is now easy to see that
t — b(y:) is affine. O

The fact that the gradient flow of b is an isometry is now a consequence of the following
result, proved by Sturm in [117]| and here adapted to our purposes: if (X, d, m) is a RCD*(0, N)
space with N € [1,00) and f : X — R is a continuous and geodesically convex function with
at most quadratic decrease, then for all € X there exists a unique EVI-gradient flow (x;) of
f starting at x. Since it is well known that EVI-gradient flows are contractive, i.e.

d($t7yt) S d(x07y0> on;yo S Xat >0

where (z;) and (y;) are the EVI-gradient flows of f starting at zp and yg respectively, and b is
both geodesically convex and concave by the theorem above, it is sufficient to apply Sturm’s
result to b and —b to get

(7.2.2) d(x¢, y¢) = d(z0, Y0) Yo,y € X, t > 0.

Indeed, by uniqueness of the gradient flows of b and —b, for all 7" > 0 the gradient flow ()
of b starting at x¢ and the gradient flow (z}) of —b starting at xp are linked via the identity
zy = afp_, for all ¢t € [0, T7; plugging this information into the contraction estimate for (z}) we
get

d(zo,90) < d(z¢, yt) Vo, yo € X, >0

whence (7.2.2).
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Appendix A

Auxiliary results

In this part we recall some definitions and general facts about I'-convergence, selection and
disintegration theorems (both from an analytic and probabilistic point of view) and Markov
processes.

A.1 T'-convergence

A sequence of functions f¥ : Y — R on a metric space (Y, dy) I-converges to f, and we shall
write T’ — limy_,o0 f* = f, if:

(a) for all y € Y and for all sequence y,, — y, liminfy_o f*(y) > f(v);

(b) for all y € Y there exists a sequence y, — y such that limsup,_,, f5(v;) < f(y).

In the case the sequence ( fk) is equi-coercive, i.e. for any ¢ € R there exists a compact set
K. C Y such that {f* < ¢} Cc K. for all k € N, and I — limp_,, f* = f, then:

(i) infy f is attained and
i inf R — i :
Jim inf f7(y) = min f(y)
(ii) if infy f < oo, then given a precompact sequence (y;) C Y such that limy_.o f*(yx) =
miny f every cluster point of (yx) is a minimizer of f.

A proof of these facts as well as a detailed presentation of the topic can be found, for instance,
in the monograph [39].

A.2 Selection and disintegration theorems

Given two arbitrary non-empty sets Y,Y’, by axiom of choice a multifunction F': Y — Y’
always admits a selector, i.e. a function s : Y — Y’ such that s(y) € F(y) for every y € Y.
But when does a measurable multifunction admit a measurable selector?

An answer is given by the Kuratowski-Ryll-Nardzewski selection theorem. In order to
state it, let Y be a non-empty set and o/ an algebra of sets on Y, i.e. a non-empty family
of subsets of Y which is closed under complementations and finite unions. We will denote by
&, the smallest family of subsets of Y containing .o/ and closed under countable unions. If
we further consider a Polish space Y’, the graph of a multifunction F : Y — Y’ is defined by
{(y,v) €Y xY'|y € F(y)} and it is closed if F(y) is closed in Y’ for every y € Y.
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Theorem A.2.1 (Kuratowski, Ryll-Nardzewski). Let Y be a non-empty set, o/ an algebra of
sets on' Y and <, as above. Furthermore, let Y' be a Polish space. Then every <,-measurable
multifunction F : Y — Y with closed graph admits a </,,-measurable selector.

The second measure-theoretic topic of this section is the disintegration theorem. The reader
is addressed to the rich literature on the subject for a detailed discussion (see for instance
fremlin, dellacherie-meyer or the state of the art paper pachl), here we are only interested in
providing the notions needed for the understanding of the theorem statement and in presenting
conditional probabilities as disintegrations, since throughout the manuscript we occasionally
adopt a probabilistic point of view.

Definition A.2.2. Let (Y,.Z,pu) and (Y',9,v) be o-finite measure spaces and let T : Y — Y’
be a measurable map. A (T,v)-disintegration is a family {pu¥}ycy+ of measures on F such that:

(i) for everyy € Y', ¥ is a o-finite measure and p¥({x € Y |T(x) # y}) = 0 for v-a.e.
y €Y', that is u¥ is concentrated on the fiber T~1({y});

(i) for every non-negative pi-measurable function f on Y, the function y — [, fdu¥ is
v-measurable;

(i1i) for every non-negative p-measurable function f on'Y, it holds

[ran=[ ([ s )awm,

When v = Typ, a (T,v)-disintegration is also called disintegration of u w.r.t. T

In the case p, v and every p¥ are probability measures, the disintegration {u?},cy- is also
called (especially in probability) a regular conditional probability.

For the next statement, recall that a o-algebra ¢ is countably generated if there exists a
countable family of sets such that ¢ coincides with the smallest o-algebra containing such a
family.

Theorem A.2.3 (Disintegration). Let p be a non-negative o-finite reqular Borel measure on
a metric space (Y,d) and let T be a measurable map fromY into (Y',9,v), where v is non-
negative, o-finite and such that Ty < v. Assume that & is countably generated and contains
all singletons. Then:

1 admits o (T, v)-disintegration;

(1) p , 9 ;

(ii) if {p¥}yeyr, {1 }yeyr are two such disintegrations, then p¥ = p'v for v-a.e. y € Y';
(111) if in addition Ty = v, then ¥ is a probability measure for v-a.e. y € Y'.

We conclude the section with some applications of the disintegration theorem to push-
forward and relative entropy.

Let (Y, 7),(Y’,7’) be two Polish spaces endowed with their Borel o-algebras, ¢ : Y — Y’
a Borel function, p a probability measure on Y and v a non-negative Radon measure on Y.
Assume that p < v. Then ¢, u < ¢ with Radon-Nikodym derivative explicitly given by

déwp _/ dﬁ/‘ Y’ / /
d¢*y(y)— Ydy(y)dv (y)  for gur-ae. y €Y,
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where {I/y,}yleyl denotes the disintegration of ¢.v w.r.t. ¢, or in probabilistic language (see the
forthcoming Appendix A.3 for a concise explanation of the parallelism between conditioning
and disintegration)

doup -

(A2.1) e

E. [d,u ‘ ¢ = } Qsv-a.e.
dv
Moreover the following additivity property holds true
(A2:2) ) = HGapl 6.0 + | HG |05

and in particular this shows that entropy is decreasing under push-forward. In fact, as W ois a
probability measure for ¢.v-a.e. y' € Y, we see that H(dup| ¢puv) < H(p|v) for all p € 2(Y)
with equality if and only if

,uy/ = for ¢ —a.e.y €Y.

The proof of both (A.2.1) and (A.2.2) can be found in [80].

A.3 Conditioning as disintegration

In probability conditioning is usually introduced via the abstract Kolmogorov approach, i.e.
given a probability space (Y,.#, P), an integrable random variable Z : Y — R and a o-algebra
¢ C .7, the conditional expectation of Z given ¢ is denoted by Ep[Z |¥] and defined as the
unique ¥-measurable integrable random variable such that

/de:/Ep[zmdP, VAey
A A

and, for any event A € .%, the conditional probability of A given ¢ is defined as
P(A|¥):=Ep[la|¥Y].

Awareness is required, because inspite of the notations and of the names Ep[Z |¥4] and P(A|9)
are not scalars but random variables. If we further introduce a space with o-algebra (Y’ 3)
and a function f:Y — Y’, then

Ep(Z|f]:=Ep[Z|o(f)]  and  P(A[f):=P(A|o(f))

where o(f) denotes the o-algebra generated by f, i.e. the smallest o-algebra that makes f
Y-measurable. It is now tempting to define Ep[Z | f = /] :== Ep[Z| f](y) and P(A| f =v/) :=
P(A|f)(y) with y € f~'({y'}) arbitrarily chosen; the definition is actually meaningful, as
Ep[Z | f] and P(A|f) are P-a.e. constant on f~!({y}), but P(-| f = ¥/) may fail to be a

measure and thus in general there is no reason for
(A31)  PUANFUB) = [ PAIF=y)AEPY),  VAEF BES
B

to hold. When this identity is satisfied together with the following two conditions:
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(i) for every A€ F,y — P(A|f =1') is X-measurable;
(i) for fiP-a.e. v’ € Y, P(-| f =) is a probability measure;

then {P(-| f =)}y ey is called a regular conditional probability. Notice that this definition
is perfectly in line with the notion of disintegration given in Appendix A.2, because point (i)
of Definition A.2.2 is equivalent to (A.3.1).

Thus, if we are willing to sacrifice a little of the generality of Kolmogorov’s abstract defini-
tion, we can actually see conditioning as a disintegration procedure and in this way we surely
gain in rigour, always preserving that intuition so common in conditioning arguments.

A.4 Markov property

Let (Y, .#) be a space with o-algebra. A family (.%;)i>0 C .% of o-algebras is called a filtration
if it is increasing, that is
t<s = G C F.

A stochastic process Z = (Z;)¢>0 on the measure space (Y,.#,P) is said to be (.%#;)-adapted
if Z; is Z-measurable for all ¢ > 0.

With this said a stochastic process Z is Markov w.r.t. the filtration (% )¢> if it is adapted
to the filtration and there exists a family of functions {p(s,z;t,I)}, called transition proba-
bilities, such that:

(i) for every I, (s,z,t) — p(s,x;t,I) is Borel;

(i) for every (s,x,t), I — p(s,z;t,I) is a probability measure;
(iii) p(s, 235, 1) = 62(1);

)

(iv) the Chapman-Kolmogorov relation holds, i.e.
p(s,x;t,I) = / p(s,x;r, dz)p(r, z;t, 1), s<r<t;
R

(v) PR(Z, € I|.%s) =p(s, Zs;t,I).

A standard choice for the filtration (% )¢>¢ is the following: .%#; is the smallest o-algebra that
makes measurable all random variables Z for 0 < s < t. With this choice P(- | %5) is commonly
denoted by P(-|Z)g ), as already explained in Appendix A.3, and it is the disintegration of
Pw.r.t. Zj4, Z)o, being defined as Zg 4(y) := (Z-(y))o<r<s- On the other hand, what if we
disintegrate P w.r.t. Zs7 Since the transition probability {p(s,z;t,-)}zcy is nothing but the
disintegration of (Zs, Z;)«P w.r.t. Zs, the Markov property encoded in property (v) above can
be equivalently restated in the following, more common way

P(-1Zp,) = P(-| Z1).
A third characterization is actually possible: for every t € [0, 1] it holds

P(Zogy € Ziey) €1 Zt) =P(Zpg € -1 Z1)P(Zp 1) € | Ze).
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In a nutshell this means that, conditionally on the present state of the system, future and past
are independent. By integration this identity yields

(A.4.1) EelfglZi| = ExP[f | ZiJELPg]| Zi]
for all t € [0,1] and f,g: Y — R which are Zjy ;) and Z; ;)-measurable respectively.

Observe that the heat kernel on a RCD* (K, 00) space satisfies requirements (i) — (v), thus
the Brownian motion defined in Section 5.1 is actually a Markov process.
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