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Abstract

We provide a new proof of the known partial regularity result for the optimal trans-
portation map (Brenier map) between two sets. Contrary to the existing regularity
theory for the Monge-Ampere equation, which is based on the maximum principle,
our approach is purely variational. By constructing a competitor on the level of the
Eulerian (Benamou-Brenier) formulation, we show that locally, the velocity is close
to the gradient of a harmonic function provided the transportation cost is small.
We then translate back to the Lagrangian description and perform a Campanato
iteration to obtain an e-regularity result.

1 Introduction

Let £ and F be two bounded open subsets of R? of equal (Lebesgue) measure and let T
be the solution of the optimal transportation problem

min /\T(x)—x]de, (1.1)
TixE=XxF E

where with a slight abuse of notation THx g denotes the push-forward by 7" of the measure
xedz (existence and characterization of T as the gradient of a convex function 1 are given
by Brenier’s Theorem, see [18, Th. 2.12]). Our main result is a partial regularity theorem
for T

Theorem 1.1. There exist open sets E' C E and F' C F of full measure such that T is a
C>-diffeomorphism between E' and F’.

This theorem is a consequence of the Alexandrov Theorem [19, Th. 14.25] and the
following e—regularity theorem (plus a bootstrap argument):

Theorem 1.2. Let T' be the minimizer of (1.1) and let R be such that Bop C ENF. For
every «, there exists e(a) such that if

1 1
T T — z|%d —_— T — 2Pdz <
(2R)d+2 /]32R| $| T+ (2R)d+2 /]32R| x| x_g(oz),
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then, T is CY® inside Bpg.

Theorem 1.1 was already obtained by Figalli and Kim [12] (see also [11] for a far-
reaching generalization), but our proof departs from the usual scheme for proving regular-
ity for the Monge-Ampere equation. Indeed, while most proofs use some variants of the
maximum principle, our proof is variational. The classical approach operates on the level
of the convex potential ¢, and the main difficulty is to prove that a Brenier solution to the
Monge-Ampere equation is actually a strictly convex Alexandrov solution, at which point
Caffarelli’s regularity theory [7] applies (see in particular [12], or [11] where an e—regularity
theorem based on a Campanato iteration is proven). Maximum principle arguments are
also underlying the global regularity results of Caffarelli [5, 8, 6]. On the contrary, we work
directly at the level of the optimal transportation map 7', and besides the L* bound (4.5)
given by McCann’s displacement convexity, we only use variational arguments. The main
idea behind the proof is the well-known fact that the linearization of the Monge-Ampere
equation gives rise to the Laplace equation [18, Sec. 7.6]. We prove that if the energy
in a given ball is small enough, then in the half-sized ball, T" is close to the gradient of a
harmonic function (see Proposition 4.4). This result is actually established at the Eulerian
level (i.e. for the solutions of the Benamou-Brenier formulation of optimal transportation,
see [18, Th. 8.1] or [3, Chap. 8]), see Proposition 4.1. It is for this result that we need
the outcome of McCann’s displacement convexity, cf. (4.5), since it is required for the
quasi-orthogonality property (4.13). Our argument is variational and proceeds by defining
a competitor based on the solution of the Laplace equation with suitable flux boundary
conditions, and a boundary-layer construction. The boundary-layer construction is carried
out in Lemma 3.3; by a duality argument it reduces to the trace estimate (3.6). This part of
the proof is reminiscent of arguments from [1]. Once we have the harmonic approximation
result, using that harmonic functions are close to their second-order Taylor expansion, we
establish “improvement of flatness by tilting”, see Proposition 4.5. This means that if the
energy in a given ball is small then, up to a change of coordinates, the energy has a geo-
metric decay on a smaller scale. The last step is to perform a Campanato iteration of this
one-step improvement. This is done in Proposition 4.6, where we use our last fundamental
ingredient, namely the invariance of the variational problem under affine transformations.
This entire approach to e-regularity is guided by De Giorgi’s strategy for minimal surfaces
(see [14] for instance).

Let us notice that because of the natural scaling of the problem, our Campanato iteration
operates directly at the C1*-level for T, as opposed to [12, 11], where C*®-regularity is
obtained first.

The plan of the paper is the following. In Section 2 we gather some notation that we
will use throughout the paper. Then, in Section 3, we recall some well-known facts about
harmonic functions and then prove estimate (3.10), the proof of which is based on the trace
estimate (3.6). In the final section, we prove Theorem 1.2 and then Theorem 1.1.

We will soon put a new version of this preprint containing the extension of our proof to



the case of non-constant densities. We are currently working on the extension of the proof
to more general cost functions.

2 Notation

In the paper we will use the following notation. The symbols ~, 2 < indicate estimates
that hold up to a global constant C, which typically only depends on the dimension d
and the Holder exponent « (if applicable). For instance, f < g means that there exists
such a constant with f < Cg, f ~ g means f < g and ¢ < f. An assumption of the
form f < 1 means that there exists ¢ > 0, typically only depending on dimension and
the Holder exponent, such that if f < e, then the conclusion holds. We write |E| for the
Lebesgue measure of a set E. Inclusions will always be understood as holding up to a set
of Lebesgue measure zero, that is for two sets E and F, E C F means that |[E\F| = 0.
When no confusion can be made, we will drop the integration measures in the integrals.
For R > 0 and zy € RY, Br(x() denotes the ball of radius R centered in zyo. When zy = 0,

we will simply write Bg for Br(0). We will also use the notation
1
f=0= I
Br

|Br| /5,

For a function p defined on a set B we introduce the Holder semi-norm of exponent o €
(0,1)
p\x)—ply
s = sup 12 =P
wtyen T — Y|

3 Preliminaries

In this section, we first recall some well-known estimates for harmonic functions.

Lemma 3.1. Given f € L*(0B;) we consider a solution ¢ of

—Ap=0 B
0w (3.1)
w=1f on 0By,
where v denotes the outer normal to 0B;. We have
[ el [ (32)
Bl 8Bl
sup (V22 + [Vl 4 (V6l?) 5 [ Vel (3.3)
B2 B
and for every r < 1, letting A, := B1\By_,,
/ Vel? S| f (3.4)
Ar 0B,
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Proof. We start with (3.2). Changing ¢ by an additive constant, we may assume that
[, ¢ = 0. Testing (3.1) with ¢, we obtain

/B velt= [ g
1/2 1/2
LA (L"
([, 7) (/)

where we used the trace estimate in conjunction with Poincaré’s estimate for mean-value
zero. This yields (3.2).

Estimate (3.3) follows from the mean-value property of harmonic functions applied to Vi
and its derivatives.

We finally turn to (3.4). By sub-harmonicity of |[V¢|? (which can for instance be inferred
from the Bochner formula), we have the mean-value property in form

/ |Vg0|2§/ IVp|> forr < 1.
OB, 0B,

Integrating this inequality between r and 1, using Pohozaev identity, that is,
Oy

@2 [ wor= [ |5 2—/831 (Zﬁ) (35)

and (3.2), we obtain (3.4). O

We will also need a trace estimate in the spirit of [1, Lem. 3.2].

Lemma 3.2. Forr <1, letting A, := B1\B1_., it holds for every function v,

([ ], e) e ([ [ roer) R [ [ oe 6o

where () = fol Y(t, x)dt.

Proof. By a standard density argument, we may assume ¢ € C*(A, x [0,1]).
Because of fol IV( — )2 < fol V1|2, we may rewrite (3.6) in terms of v := 1 — 1) as

1 1/2 ) 1 1/2 1 1
2 < 1/2 v 2 + / / 8
v T v _ V.
(/o /831 ) ~ (/o /Arl | ) rd+)/2 J, Ar| ol

1/2
Since for every = € 0B, fol v = 0, we have (fol v2> < fol |0yv|, so that it is enough to

prove
1 1/2 ) 1 1/2 1 1 1/2
2 < 1/2 / / |V |2> + / (/ 2)
) Sr v _— ) .
(/631/0 ) ( A, Jo r(d+1)/2 Ay 0
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. 1 1/2 . 1 o . .
Introducing V := (fo 1)2> and noting that [VV[* < [ |[Vv]?, we see that it is sufficient

to establish
1/2 1/2 1
V2 < V|? —/ V). 3.7
(/631 ) " (/ATIV |) IV (3.7)

We now cover the sphere 0B; by (geodesic) cubes @ of side-length ~ 7 in such a way that
there is only a locally finite overlap. Then the annulus A, is covered by the corresponding
conical sets ). By summation over () and the super-additivity of the square function, for
(3.7) it is enough to prove for every @

1/2 1/2 1
(/QVQ) </ (/ |VV|2) +—r(d+1 /|V|

Since @), is the bi-Lipschitz image of the Euclidean cube

(
/ Vi< r/ IVV|? + |V| (3.8)
{0}x(0,r)-1 (0,r)4

1.

By rescaling, for (3.8) it is sufficient to consider r =
inequality we have for every 2’ € (0,1)%"

, it is enough to establish

By a one-dimensional trace

1 1
|V(O,:v')|§/0 |01V(x1,x')|dm1+/0 IV (21, 2')|da.

Taking squares, integrating and using Jensen’s inequality, we get

/ vz,g/ ]81V|2+/ V2,
{0}x(0,1)4~ (0,1)¢ (0,1)¢

2
Using Poincaré inequality in the form f(o 1y V2 < f(o 1y IVV ]2 + (f(o 1y |V|> , we obtain
(3.8). O

This trace estimate is used in a similar spirit as in [1, Lem. 3.3] to obtain

Lemma 3.3. Let f € L*(0B; x (0,1)) be such that for a.e. x € OBy, fo z,t)dt = 0. For
7 > 0 we introduce A, := Bi\\B1_, and define A as the set of pairs (s, q) wzth lq] < 1/2
and such that for ¢ € C'(B; x [0,1])},

/;/Tsatwq-w:/: [ g (3.9)

, . 1/(d+1)
Provided r > (fo faBl f2> we then have

inf / / ~|q|? <7“/ 2 (3.10)
(sq GA 0B,

iFor (s, q) regular, (3.9) just means 9;s+divg =01in A,, s(-,0) = s(-,1) =0, g-v = 0 on By _, x (0, 1)
and ¢-v = f on 0B; x (0,1)




Proof. We first note that the class A is not empty: For t € (0, 1), let u; be defined as the
(mean-free) solution of the Neumann problem

—Auy = —ﬁ faBl f in A, x(0,1)

%“Vt =f on 0By x (0,1)
Gu =0 on 0By_, x (0,1),
and set q(z,t) := Vuy(x). The definition s(x,t) := — fo divg(z,z)dz = |A ‘ IN Jop, f then

ensures that (3.9) is satisfied, and r > (fol Jon, f2> yields |s| < 1/2.
As in [1, Lem. 3.3], we now prove (3.10) with help of duality:

QSEA// plal (sqlrsl|f<1/2s¢p{// ol = //S(MJJFQ Ve
[ ],

ot ([ [ e
[ e

where the swapping of the sup and inf is allowed since the functional is convex in (s, q)
and linear in v (see for instance [4, Prop. 1.1]). Minimizing in (s, ¢), and using fol f=0
which allows us to smuggle in 1 := fol ¥, we obtain

sl oL Lot [ o]
s [ [ Javer+ioun+ [ [ sw-a)
o{- [ [ 3070+ 1001
AL L)L)

1/2
With the abbreviation F := ( fol Jon, f2> we have just established the inequality

ot [ e < sup{F ([ [ —W)m 3w \c‘w}.

IA
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Using now (3.6), where we denote the constant by Cjy, and Young’s inequality, we find that
. PRI : . 1 1/(d+1)
provided r > CoF?/(@+1) (in line with our assumption r > <f0 f&Bl f2> )

. ' Lo 2 12 F ' 1
(57152/\/0 /T§ICI| SS‘;I){COF T+COT(d+1)/2/O /Ar |aﬂ/f‘—§/0 /r‘aﬂm}

1
§F27‘:r/ 12
0 0B1

This concludes the proof of (3.10). O

4 Proofs of the main results

Let E and F be two bounded open subsets of R? with |E| = |F| and let T be the minimizer
of

min /E|T(x) — z|*dz, (4.1)

TixXE=XF

where by a slight abuse of notation Ty denotes the push-forward by T of the measure
xedz. If T' is the optimal transportation map between xr and xg, then (see for instance
[3, Rem. 6.2.11])

T(T(z)) =z, and  T(T'(y))=y  forae. (z,y) € ExF. (4.2)
By another abuse of notation, we will denote 7-1 := T".

Now for t € [0,1] and = € R? we set Ty(x) := tT(z) + (1 — t)x and consider the
non-negative and R%valued measures defined through

p(t):=Txe  and (., t) := T4 [(T — Id)xe]. (4.3)

It is easy to check that j(-,t) is absolutely continuous with respect to p(-,t). The couple
(p, 7) solves the Eulerian (or Benamou-Brenier) formulation of optimal transportation (see
[18, Th. 8.1] or [3, Chap. 8], see also [17, Prop. 5.32] for the uniqueness), i.e. it is the
minimizer of

: AR o
mm{/ /d;m? Op+divy=0, p(-,0)=xg, p<‘>1):XF}, (4.4)
0o Jr

where the continuity equation including its boundary conditions are imposed in a distri-
butional sense and where the functional is defined through (see [2, Th. 2.34]),

1
1
v L]
//d;W:: o Jus
0 K +00
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Since T is the gradient of a convex function, by Alexandrov Theorem [19, Th. 14.25], T is
differentiable a.e., that is for a.e. xg, there exists a symmetric matrix A such that

T(x) =T(xg) + A(x — xo) + o |x — x0]).

Moreover, A coincide a.e. with the absolutely continuous part of the distributional deriva-
tive DT of the map 7. We will from now on denote VT'(zy) := A. For t € [0,1], by [18,
Prop. 5.9], p(-,t) (and thus also j) is absolutely continuous with respect to the Lebesgue
measure and the Jacobian equation

p(t, Ty(x)) det VT (z) = xp(x),

holds a.e. (see [19, Ex. 11.2] or [18, Th. 4.8]). In particular, det VI'(z) = xg(z). By
concavity of det(-)'/¢ on non-negative symmetric matrices, we get that

which is a special instance of McCann’s displacement convexity (see [15, Cor. 4.4]). The
functional can be therefore rewritten as

1 1 1 1
//—W=//ﬁﬁmmﬁ
o Jrd P o Jrd P

1‘]‘2(36 t) := {p(a:l,t) |7 (x, 8))? if p(z,t) #0
p Y

where

0 otherwise.

We first prove that the deviation of the velocity field v := j—i) from being the gradient
of a harmonic function is locally controlled by the energy. The construction we use is
somewhat reminiscent of the Dacorogna-Moser construction (see [17]).

Proposition 4.1. Let (p, j) be the minimizer of (4.4) and assume that By C ENF. Then,
there exists @ harmonic in By, with

+2

1 1 , 1 1, g2
//—WW@%//WQ (4.6)
0 JByy P 0 JB P
1 1
/|w%//4ﬁ (4.7)
Bijs o JB, P

Proof. Step 1 [Definition of ¢| Using that p < 1, cf. (4.5), and Fubini, we can find a radius
R € (1/2,1) such that

1.2 11.2 1 1.2
/ MS//Fms//ﬁﬂ (48)
dBr J0 oBr Jo P 0 JB P
8
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with the understanding that R is a Lebesgue point of r — j € L*(0B,) with respect to the
weak topology. Based on the latter, we claim that for every function ¢ € H'(Bg x (0,1))

1 1
/ / D04V = / Fr | c1)—c0), (4.9)
0 Br 0 0Bg Br

where f := j - v denotes the normal component of j. To this purpose, for 0 < ¢ < 1 we
introduce the cut-off function

1 if |[zg] < R—¢
n-(z) := ijl if R—e<|z| <R
0 otherwise

and obtain by admissibility of (p, )

[t =ceon= [ [ oicnp+vicn) -

//matéwrmv( J——//
R2 BRr\BRr—-

Letting € go to zero and using the above Lebesgue-point property of R, we obtain (4.9).

We now may define ¢ as a solution of

{—Agpzo in B (4.10)

g—f =f on 0Bg,

where f(z fo x,t)dt. We will show that

1 1 1 1 %
Iy —|j—stOI2§(//—IJ|2) . (4.11)
0 JBgr P 0o JB, P

Once (4.11) is established, applying (3.2) from Lemma 3.1 (with the radius 1 replaced by
R ~ 1), we have by (4.8),

2 2 —2(4'8) ! L9
[owers [ weks [ rs [ i
By )2 Br OBRr 0o JB P

which concludes the proof. In order to keep notation light, we will assume that R = 1/2.

fiwe consider here are larger class of test functions than C1(Bg x [0, 1]) since we want to apply (4.9) to
the harmonic function ¢ defined in (4.10).



Step 2 [Quasi-orthogonality] Here we prove that

! 1 2 ! 1 2 2
// L - ovgl s// L —/ Vol (1.12)
0 JBy, P 0 JBy, P Bi/a

Notice that if p = 0 then j = 0 and thus also j — pV = 0, so that the left-hand side of
(4.12) is well defined (see the discussion below (4.4)). Based on this we compute

1 /! 1 1 /! 1 1 , 1 [t
5// —|1—st0|2=§// —|J|2—// ]'V<P+§//P|V<P|2
0 JBy, P 0 JBy, P 0 JBy) 0 JB;
1 [t 1 1 p 1 .
=—// —|J|2—// <1——>|W|2—// (j— V)V
B1/2 Bya Byya
45)1 9 9
// —|j]* = // [Vl // (j—Ve)-
31/2 By 2 Byja

Using (4.9) with ¢ = ¢ and testing (4.10) with ¢, we have

/OI/BI/QU—V@O)-V@D:/BBmw(/Olf—f) =

where we recall that f = fol f and since By C ENF, p(-,0) = p(-,1) = 1 in By, C By.
This proves (4.12).

Step 8 [The main estimate| In this last step, we establish that

1 1 1 1 FEsy
L[ ok |Wl2§(//—|j|2) . (4.13)
0 JBy, P Bi/s 0o JB, P

Thanks to (4.12), this would yield (4.6). By minimality of (p, j), it is enough to construct
a competitor (p,j) that agrees with (p, j) outside of By x (0,1) and that satisfies the
upper bound in (4.13). Let » > 0 and A, := By 2\Bi/2(1—r). We now make the following
ansatz

(ﬁ 5) — (1, VQO) n Bl/2(1—r) X (O, 1),
(14+s,Vo+¢q) inA, x(0,1),

with (s,q) € A, where A is the set defined in Lemma 3.3 with f replaced by f — f and the
radius 1 replaced by 1/2. Thanks to (4.10) for ¢, (3.9) for (s,q) and (4.9), (7, /) extended
by (p, j) outside By /s x (0, 1) is indeed admissible for (4.4).

— N\ 1/(d+1)
By Lemma 3.3, if r > (fol faBl/Q(f - f)2> , we may choose (s, q) € A such that

/o1 /A %W s T/Ol /331/2(f_7)2’ (4.14)
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We now estimate using that |s| < 1/2:

1 1 ~ 1 ) 1 1 )
=|j" = Vel” + T IVe+d
0 JBy, P 0 JBij21-r) 0o Ja. 1+s
1 1
S/i/‘ |V¢P+4/t/|V¢F+mR
0 JBija1-r) 0 JA,

By (3.4) (with f playing the role of f) and (4.14), we thus have

! 1~ —2 ! -
L[ osie-f wepse | Farf[ [ u-7p
0 JBy, P Bi/s 9B /s 0 JoB s
1
1
0 JoB,

: . 1 —\9 1/(d+1) 1 ) 1/(d+1)
Taking r to be a large but order-one multiple of (fo faBl/g(f =) ) < (fo f8B1/2 f )
yields (4.13). O
Remark 4.2. The crucial point in (4.6) is that % > 1.

Remark 4.3. The quasi-orthogonality property (4.12) is a generalization of the following
classical fact: If p is a harmonic function with %‘5 = f on OBy, then for every divergence-
free vector-field b with b-v = f on 0B

b=Vl = [ b= [ VP
B By By

so that the minimizers b of the left-hand side coincide with the minimizers of the right-hand
side. See for instance [16, Lem. 2.2] for an application of this idea in a different context.

We now prove that (4.6) implies a similar statement in the Lagrangian setting, namely
that the distance of the displacement 7" — x to the set of gradients of harmonic functions
is (locally) controlled by the energy. This is reminiscent of the harmonic approximation
property for minimal surfaces (see [14, Sec. I11.5]). For this we introduce the excess energy
for T' a minimizer of (4.1) and R > 0,

anRy:RQf T — a2 £ T — o,
Bgr

Proposition 4.4. Let T be the minimizer of (4.1) and assume that By C ENF. Then
there exists a harmonic function ¢ in Byje such that

[ r-@avals [ r-@-voPsemE ()
Bi16 Bi,16
and
| Iversem, (4.16)
By /16
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Proof. Notice first that we may assume that £(T,1) < 1 since otherwise we can take

p=0.
Step 1 [An L* bound]
We start by proving that

1/(d+2) 1/(d+2)
sup |T —z| < ( |T—x|2> and sup [T — 2| < < Tt —x|2> :
Bl Bl

Bsy B34
(4.17)
We prove just the first inequality. Let u(z) := T'(z) — z. By monotonicity of T, for a.e.
x,y € By,
(u(z) —uy))  (z—y) > —|z —y|*. (4.18)

Let y € Bsy be such that (4.18) holds for a.e. € B;. By translation we may assume
that y = 0. By rotation, it is enough to prove for the first coordinate of u that

1/(d+2)
ul<o>s</3 |u|2) .
1/4

Taking y = 0 in (4.18), we find for a.e. x € By
u(0) -z < u(z) -z + |2* < fu(@) + 2],

Integrating the previous inequality over the ball B,(re;), we obtain

u(0) - req 5][ lul? 4 12,
By(rer)
so that )
0) S —— 4
(0 S g [ e
Optimizing in r yields (4.17).
As a first consequence of (4.17), we have that
T~ (Bi/16) C Bus, (4.19)
and if for t € [0,1] and = € E, we let Ty(z) := tT(z) + (1 — t)x, we also have
Ty(B1g) € Byya. (4.20)
We now claim that for ¢ € [0, 1], we have on the level of the pre-image

T;'(Bij2) C By. (4.21)

12



Indeed, if x € E is such that Tj(x) € By, then by (4.17) in the form of |T3(0)| = o(1),
where o(1) denotes a function that goes to zero as £(T,1) goes to zero,

}1(1 +0(1)) 2 |Ti(z) — T,(0)]?

= 1?|T(x) — T(0)]* + 2t(1 — t)(T(x) — T(0)) - = + (1 — t)*|z|?

(4.18) 2 2 20,12
> t|T(x) = T(0)* 4+ (1 —t)°|z|

—_

> 3 min(|T(x) — T(0)]?, |z]?).

From this we see that x or T'(x) is in B%Jro(l) C Bsy. In the first case, (4.21) is proven
2

while in the second, we have thanks to (4.17) that © = T-1(T'(x)) € T~!(B3/4) C By from
which we get (4.21) as well.

Step 2 [From Lagrangian to Eulerian viewpoint] We recall the definitions of the measures
p(,t) :==Tgxp  and  j(.1) =T [(T — Id)xs].

We note that the velocity field v = 3—2 satisfies v(T}(x),t) = T(x) — = for a.e. z € E (this
can be seen arguing for instance the proof of [18, Th. 8.1]. Hence by definition of the
expression /l)| j|* and that of p,

1 1 1 1 (4.21)
L] =[] weae= [ [ peaps [ rear
0 JBy, P 0 JBi 0 JT7 N (Bi)s) By

By Proposition 4.1 with the radius 1 replaced by 1/2, we infer that there exists a harmonic
¢ in By such that

1 1
/ / Li—oveP <&@ and / Ve SET1).  (422)
0 JBy P Biys

Step 3 [Conclusion] In order to show (4.15), it is enough to prove its first part

d+2

/ T — (z+ V)2 < £(T, 1) 55, (4.23)
By s
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Indeed, we would then have

/ |T-1—<x—w>|2=/ x— (T~ VpoT)P
Bi16 T-1(B1/16)
5/ |T—<x+w>|2+/ Ve — VipoTP
T_l(Bl/lﬁ) T_I(Bl/lﬁ)

(4.19) ) 5 o )
< / T (x+ V) +sup|W|/ jz — T
By s Biys

By /s

(4.23)
< e 4 / Vol? | £(T, 1),
By

where in the last estimate we have used (3.3) with the radius 1/4 instead of 1. Using the
second part of (4.22) and E(T, 1)% < &(T,1)?, we obtain

[ rt- - veP semy#,
Bi16

which together with (4.23) would give the full (4.15).
Let us finally show (4.23). By the triangle inequality we have

/ s 9:+Vs0|2<// (w4 Vo T2+ // Vo — Voo T
Biys By s By /s

Arguing as above and using that for ¢ € [0,1], |T;(z) — z| < |T(z) — x|, the second term on
the right-hand side is estimated by £(T',1)%. We thus just need to estimate the first term.
Recall that v = fl% satisfies v(Ty(x),t) = T'(z) — x, so that we obtain for the integrand
T(x)— (x+Veo(Tiz)) = (v(t,-) = Vo) (Ti(x)) for a.e. © € E. Hence by definition of p and
by our convention on how to interpret l| j — pV|* when p vanishes,

// x—l—choTt // \'U—ch[ dp
By s Ty(B1/s)
=/ / —\j — pVol?
Ty(Byys) P

420 (4.22)
<[ Si-ever S e,
B1/4

O

Analogously to De Giorgi’s proof of regularity for minimal surfaces (see for instance
[14, Chap. 25.2]), we are going to prove an “excess improvement by tilting”-estimate.
By this we mean that if at a certain scale R, the map T is close to being linear, i. e. if
E(T, R) < 1, then on a scale R, after a proper change of coordinates, it is even closer to
be linear. Together with (4.15) from Proposition 4.4, the main ingredient of the proof is
the regularity estimates (3.3) from Lemma 3.1 for harmonic functions.
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Proposition 4.5. For every a € (0,1) there exists 0 = 0(d, «) > 0 with the property that
for every R > 0 with B C ENF and (T, R) < 1, there exist a symmetric matriz B of
unit determinant and a vector b with

|B—1Id? <&E(T,R) and  |b* < R*(T,R), (4.24)
such that, letting T'(x) := B(T(Bx) —b),
E(T,0R) < 6*E(T, R). (4.25)

Proof. By a rescaling & = R~'x, which amounts to the re-definition 7'(%) := R™'T(R%)
(which preserves optimality) and b= R~'b, we may assume that R = 1.

Let ¢ be the harmonic function given by Proposition 4.4. Let then b := V¢(0) and
A= V2p(0) and set B := e~4/2. Since ¢ is harmonic, Tr A = 0 so that det B = 1. Using
(3.3) from Lemma 3.1 and (4.16) from Proposition 4.4, we see that (4.24) is satisfied.
Introducing 7'(z) := B(T(Bz) — b) we have

. (4.24)

o2, 17— g = 9—2][ BT —b) — Bl < 9—2][ T — (B2 + b)2,
BBy Bag

By

where we used £(T',1) < 1. We split the right-hand side into three terms

024 |T —xf
By
<672 T — (z+ V) +62 (B2 —Id— A)x|* + 02 Vo —b— Az|?
Bag Bao Bag
S Q_Qf T — (z+ V)| +|B 2~ 1Id— A* +0 *sup |Vy — b — Az|.
Bag Bag

Recalling B = e=4/2, A = V2¢(0), and b = V¢(0), we obtain

-2 2 2 15 —(d+2) d+2 2 4 2 3,12

0 T —=x" < 6 E(T, 1)at1 + |VZp(0)|* + 6 sup | V7|
By Bag
(3.3)&(4.16) s o , )

< 0TUERIE(T ) + E(T, 1) + 026(T, 1).

Since % <2 and (T, 1) < 1, this simplifies to

072 |T — 2> < 0T, 1)t + 026(T,1). (4.26)
By
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We now prove a similar estimate for 7. Notice first that 7-1(z) = BT~Y(B~ 1z +b)
so that

(4.24)

2T = 9-2][ BT ' -~ Bz -b)* < 9—2][ T~ — B*(z —b)|?,
By B~1By+b Bag

where we had to strengthen the assumption to £(T,1) < 2. We now need to split into
four terms

7" —af
By
SO T = (2= V)P + B — Id+ AP +67°|(Id — B*)b* + 0% sup [Vep — b — Ax|’
Bag Bag
<O IDE(T, )T 4 [V2p(0)[1 + 072V20(0) 2[Vp(0) 2 + 6 sup [V2(0)
Bag
S OTIPET )R + E(T 1)+ 67E(T, 1) + 6°E (T, 1)

+
i

<O~ 1)t + 025(T,1).

Combining this with (4.26), we find that there exists C' > 0 such that
T — a2+ | -2 < C (9 @2 g(T, 1) 4 628(T, 1)) .
By

We now fix 6 such that C9? <
enough, CO~@+2DE(T, 1)% <

162 which is possible because a < 1. If £(T,1) is small
6?*E(T,1) and thus

1
2
0724 |T — x> +|T7" — z|® < 0*E(T, 1).

[

Equipped with the one-step-improvement of Proposition 4.5, the next proposition is
the outcome of a Campanato iteration (see for instance [13, Chap. 5] for an application of
Campanato iteration to obtain Schauder theory). It is a Campanato iteration on the C®
level for the transportation map 7" and thus proceeds by comparing T to affine maps. The
main ingredient is the affine invariance of transportation. Proposition 4.6 amounts to an
e-regularity result.

Proposition 4.6. Assume that for some R > 0, Bog € ENF and that E(T,2R) < 1 then
T is of class CY® in By, with

VT o, S RCE(T,2R)Y2,

~Y
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Proof. By Campanato’s theory, see [10, Th. 5.I], we have to prove that £(T,2R) < 1
implies

1
sup sup min ][ T — (Az +b))> < R**E(T, 2R). (4.27)
r(z0)

2(1
xoeBRrgéR Ab T (1+a) B

Let us first notice that if £(7',2R) < 1, then for every zy € Bg

£ = Rz][ T -z +|T7! -2 < 1. (4.28)
Br(zo)
Therefore, in order to prove (4.27), it is enough to prove that (4.28) implies that for r < IR,
1
min — T — (Az +b)|]> < r**€. (4.29)

2
A,b T Br(xo)

Without loss of generality we may assume that o = 0. Thanks to (4.28), Proposition 4.5
applies and there exist a (symmetric) matrix B; with det B; = 1 and a vector b; such that
Ti(x) := B1(T(Byz) — by) satisfies

E(T,0R) < 6**E(T, R).

If T is a minimizer of (4.1), then so is Ty with (E, F) replaced by (By'E, By(F — b))
(indeed, since det B; = 1, T sends x B'p O XB,(F—b) and if T" is the gradient of a convex
function ¢ then T; = Vi where ¢ (x) := 1(Bix) — by - Byx is also a convex function,
which characterizes optimality [18, Th. 2.12]). Notice also that if £(T', R) is small enough,
so that by (4.24), |B; — Id| and R7!|b| are very small, then Byr C B;'E N By (F — by).
Therefore, we may iterate Proposition 4.5 to find a sequence of (symmetric) matrices By,
a sequence of vectors by, and a sequence of maps T}, such that Ty (x) = B(Ty_1(Brx) — br)
and

E(Ty, 0*R) < 0**E(T,R), |By, —Id> <6**E(T,R) and |by|* < 0*@HVER2E(T, R).
(4.30)
Letting Ay := ByBy_1--- By (so that det A, = 1) and dj, := Zle ByBj,_1 -+ B;b;, we see

|Ay — Id]* < 0*°E(T,R) < 1, (4.31)
so that Bigrp © Aj(Bgrg). We then conclude by definition of T}, that

. 1 [ 2 L 14— _
- . < . 1 * 1 2
Hjlgl (%QkR)Z ; T — (Az +b)|* < (0" R)? o T — (A A e + A dy)|

1
30FR 0kR)

- Tt AP

6FR

(4.31) 1 (4.30)

< 2 < 92ak5 T R

~ W i T —z” < (T, R).
ok

From this (4.29) follows, which concludes the proof of (4.27).

R
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With this e-regularity result at hand, we now may prove that 7 is a Ot diffeomorphism
outside of a set of measure zero.

Theorem 4.7. Let E and F be two bounded open sets with |E| = |F| and let T be the
minimizer of (4.1). Then, there exist open sets E' C E and F' C F with |E\E'| =
|F\F'| =0 and such that T is a C* diffeomorphism between E' and F’.

Proof. By the Alexandrov Theorem [19, Th. 14.25], there exist two sets of full measure
E, C E and F; C F such that T and 7! are differentiable in the sense that there exist
A, B symmetric such that for a.e. (z,y) € E X F,

7o) = Tlaop+Ala—sm)olle—nl) st T70) =T oh+ Bl olly—e)
4.32

Moreover, we may assume that (4.2) holds for every (zg,yo) € F1 x Fy. Using (4.2), it is
not hard to show that if T'(xy) = yo, then A = B™! and det A = det B = 1. We finally
let ' := By NTY(F)) and F’' := T(E') = F; N T(F;). Notice that since T sends sets of
measure zero to sets of measure zero, |[E\FE'| = |F\F'| = 0. We are going to prove that E’
and I’ are open sets and that T is a C'b* diffeomorphism from E’ to F”.

Let xy € E’, and thus automatically yo := T'(x¢) € F’, be given; we shall prove that T is
of class C™® for given a € (1,1) in a neighborhood of xy. By (4.32) we have in particular

o1 1 _ _
lim — 1T — 3o — A(z — x0)|* + T — 20— Ay —w)|>=0. (4.33)

B0 R [ () R/ B (yo)

We make the change of variables x = A™'Y2% + 29, y = AY?§ + 1o, which leads to
T(z) = A" V2T () — yo) and T-1(9) = AY2(T~'(y) — x,), and note that 7" is the opti-
mal transportation map between E := AY2(E — x0) and F := A~Y2(F — y,) (indeed, if
T = V4 for a convex function v, then 7' = Vi), where zﬂ(:i‘) = (x) — yo - ). This change

of variables is made such that (4.33) turns into

1 RN ST RN
Il%li%ﬁ BR|T—$| +|T7 —ygy|"=0.
Moreover, since for R small enough, we have Bg(x¢) C E and Bg(y) C F and thus
Br C ENE. Hence we may apply Proposition 4.6 to T to obtain that 7" is of class C1
in a neighborhood of zero. Similarly, we obtain that T=1is C2* in a neighborhood of
zero. Going back to the original map, this means that T is a CY* diffeomorphism of a
neighborhood U of xy on the neighborhood T'(U) of T'(x¢). In particular, UxT'(U) C E'x F"
so that £’ and F’ are both open and thanks to (4.2), T is a global Ct® diffeomorphism
from E’ to F’. If ¢ is a convex function function such that V¢ = T, this means that
Y € C?%(E’) and it solves (in the classical sense) det V%1 = y which is now a uniformly
elliptic equation. By the Evans-Krylov Theorem (see [9]) and Schauder estimates we obtain
by bootstrap the C'*° regularity of T'. ]
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