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ABSTRACT. In this paper we review the double covers method with constrained
BV functions for solving the classical Plateau’s problem. Next, we carefully
analyze some interesting examples of soap films compatible with covers of
degree larger than two: in particular, the case of a soap film only partially
wetting a space curve, a soap film spanning a cubical frame but having a large
tunnel, a soap film that retracts onto its boundary, hence not modelable with
the Reifenberg method, and various soap films spanning an octahedral frame.

1. INTRODUCTION

In [7] K. Brakke introduced the covering space method for solving a rather large
class of one-codimensional Plateau’s type problems, including the classical case of
an area-minimizing surface spanning a knot, a Steiner minimal graph connecting
a given number of points in the plane, and an area-minimizing surface spanning a
nonsmooth one-dimensional frame such as the one-skeleton of a polyhedron. The
method does not impose any topological restriction on the solutions, it relies on
the theory of currents and takes into account also unoriented objects. It consists
essentially in the construction of a pair of covering spaces, and is based on the
minimization of what the author called the soap film mass.

A slightly different approach, based on the minimization of the total variation
for functions defined on a single covering space and satisfying a suitable contraint
on the fibers, has been proposed in [2]. Also this method does not impose any
topological restriction on the solutions. Moreover, it takes advantage of the full
machinery known on the space of BV functions defined on a locally Euclidean
manifold: for instance, and remarkably, it allows to approximate the considered
class of Plateau’s-type problems by I'-convergence. In the forthcoming paper [5] we
shall deepen this I'-convergence regularization for finding minimal networks in the
plane.

The interest in the covering space method is also illustrated in the recent paper
[4], where it is shown a triple cover of R®\ (SUC), S a tetrahedral frame and C
two disk boundaries, compatible with a soap film spanning S and having higher
topological type, more precisely with two tunnels (see Figure [1|in the case of the
regular tetrahedron).
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2 COVERING SPACES, SOAP FILMS AND BV FUNCTIONS

FIGURE 1. A slightly retouched version of [13] fig. 1.1.1], see also [14]
fig. 11.3.2]. This soap film has two tunnels, one clearly visible in the
picture.

The cover described in [4] has the particular feature of being not normal; in ad-
dition, it is constructed using the above mentioned disks. Similar disks were firstly
introduced in [7] in other examples, and called invisible wires by the author. In the
case of the tetrahedron, they play a crucial role. From one side, they are necessary
to complete the construction of the triple cover; from the other side, they act as an
obstacle. In addition, they allow to distinguish tight loops around particular edges
of the frame S from loops turning far from the edges: this distinction turns out
to be crucial for the modelization of a higher genus soap film. The results of [4]
strongly suggest that, for a tetrahedron sufficiently elongated in one direction, the
higher-genus surface has area strictly less then the conical configuration.

In this paper, for convenience of the reader we recall (Section the double covers
method and BV functions for treating the classical Plateau problem. In Section
we point out the main modifications of the construction in the case of covers of
degree larger than two. Next, in Section [4f we continue the analysis in the spirit of
[], discussing various interesting examples. In Example we discuss with some
care a classical example due to F.J. Almgren of a soap film only partially wetting an
unknotted curve, see also [7]. In Example we describe a cover of R3\ S, where
S is the one-skeleton of a cube, which is compatible with the soap film depicted in
Figure This is obviously not the most common soap film one usually finds in
pictures, which has no holes [I7, Figure 6]. It is worthwhile to notice that such a
soap film has area larger than the area of the soap film in Figure[3] In Example [£-3]
we show how to construct a triple cover compatible with the soap film of Figure [f]
which is a surface that retracts on its boundary, and therefore for which we cannot
apply the Reifenberg method. In Example [1.4] we discuss the case when S is the
one-skeleton of an octahedron.

We conclude this introduction by mentioning that calibrations, applied to the
covering space method, have been considered in [7], [8] and, more recently, in [9] in
connection with the BV approach in dimension two.

2. DOUBLE COVERS OF Q\ S

In this section we describe the cut and paste method for constructing a double
cover of the base space M := Q\ S where, for simplicity, S is a smooth compact
embedded two-codimensional manifold without boundary and 2 is a sufficiently
large ball of R™ containing S, n > 2. Just to fix ideas, one can consider n = 3



COVERING SPACES, SOAP FILMS AND BV FUNCTIONS 3

and S a tame knot or linkﬂ Next, to model the area minimization problem with
S as boundary datum, we define a minimum problem on a class of BV functions
defined on the cover and satisfying a suitable constraint. The projection over the
base space of the jump set of a minimizer will be our definition of solution to the
Plateau problem; this is a simplified version of the construction described in [2], to
which we refer for all details. Before starting the discussion, it is worth to recall
that, in more general cases (such as those in Section, the cut and paste procedure
needs not be the most convenient method to work with. Indeed, the cover can be
equivalently described in two other ways. In the first one it is sufficient to declare
an orientation of the cut, and a family of permutations of the strata along the cut;
this family must be consistent, a condition that is obtained from the local triviality
of the cover. The second method is based on an abstract construction, by taking the
quotient of the universal cover of M with respect to a subgroup of the fundamental
group of M; at the end of the section we recall this construction, while in Section
[ we shall use both these two latter methods.

In what follows we shall always assume that the cover is trivial in a neighbour-
hood of 0€). Hence, in that neighbourhood we can speak without ambiguities of
sheet one and sheet two, up to automorphisms of the cover.

2.1. Cut and paste construction of the double cover. We start by defining
a cut (also called a cutting surface when n = 3), which is a (n — 1)-dimensional
compact embedded smooth oriented submanifold ¥ C Q with 93 = S. Next we
glue two copies (the sheets, or strata) of M := Q\ S along ¥ by exchanging the
sheets. Equivalently, we associate the permutation (1 2) to EE|

To figure out the construction, it is convenient to “double” 3, namely to slightly
separate two copies of ¥ having boundary S and meeting only at .S; we call these
two copies X and ¥/, and we denote by ¥ the pair (3,%'), that we call pair of
cuts. The orientability of ¥ gives a unit normal vector field on ¥ \ S— hence, in
particular, a direction to follow in order to “enlarge” the cut, separating its two
“faces”. If we call O C £ (resp. I C ) the open region exterior (resp. interior) to
YUY, we can explicitely describe the gluing procedure as follows:

we let
D:=Q\%, D =0Q\Y,
and considerf]
X = (D,1)U(D,2) U (D,3) U (D', 4);

we endow X with the following equivalence relation: given x,z’ € M and
Jje{1,2}, j € {3,4}, (z,)), (a',j') € X, we say that (z, j) is equivalent to
(z', ") if and only if z = 2/, and one of the following conditions hold:

zel, {4,3'} € {{1,4},{2,3}}.
We call Y5 the quotient space of X' by this equivalence relation (endowed with the
quotient topology) and 7 : X — Yx the projection. The double cover of M is then

TS M : Ys - M (22)

{ re0, {55 e{{1,3}{2.4}}, 2.1)

INo invisible wires will be taken into account in this section.

2Note that, being this permutation of order two, fixing an orientation of ¥ is not necessary and
3 could even be nonorientable. For covers of degree larger than two and other type of permutations
(see Sections |3 and l orientability of ¥ is necessary.

3In order to be consistent with the permutation (1 2) mentioned above, it is sufficient to rename
(D',3) and (D’,4) as (D',1) and (D', 2).
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where ms v (7 (2, j)) := z for any (z,j) € X, which is well defined, since if (x,j) ~
(2',7"), then s p(7(x, 7)) = s, m(7(2', 5')). If weset 7: (x,5) € X —x € M, we
have the following commutative diagram:

X "oy (2.3)

N

M

The quotient Ys admits a natural structure of differentiable manifold, with four
local parametrizations given by ¥y, Uy, U3, W, where
;: D —7((D,j)), Vji=Fom

\I’jli D — %((D/,j/)), \I/j/ =To 7T|([;,1j’)’ j/ = 374

J=12,
(2.4)

It is important here that the transition maps are the identity:
UoloW; =id=¥;" oWy, je{1,2},5 €{3,4},
the equalities being valid where all members of the equation are defined. Notice
that U1(D)UWUy(D) = Y\ 1, (2\S), and U3(D")UW4(D') = Y \7s 1,2\ S).
The local parametrizations allow to read a function w : Yss - Rin charts: for
j=1,2and j' = 3,4 we let v;(u) : D = R, vj:(u) : D" = R be

vi(u) =uo ¥, v (u) :=uo Wy (2.5)
Recalling , we have
vi(u) = v3(uw), wv2(u) = v4(u) a.e. in O,
v1(u) = vg(u), vo(u) =v3(u)  ae. inI. (26)

2.2. Total variation on the double cover. The set Ys is endowed with the
push-forward g of the n-dimensional Lebesgue measure £" in M via the local
parametrizations. We set L' (Ys) := L}, (Ys).
We say that u is in BV (Ys) if its distributional gradient Du: ¢ € C}(Ys)
- fY}: uD¢dp € R™ is a bounded vector —valued Radon measure on Ys;. We denote
by |Dul the total variation measure of Du.
Let u € BV (Ys) and E C Ys be a Borel set; E can be written as the union of
the following four disjoint Borel sets:
Enw((D,1)), En7((D,2), ENn®((X\S,3)), ENn7T((X\S,4)), (2.7)
and we have
Dul(B) = 3 1Do; () (ms.0e (BN F((D, )
j=1,2
(2.8)
+ Y 1Dy @ (rsar (BENF(S\5,5))))-
j'=3,4

Notice that ¥/ does not appear in (2.7). Choosing D’ in place of D amounts in
considering ¥/ in place of ¥ and does not change the subsequent discussion.

Example 2.1. Suppose the simplest case n = 2, and S two distinct points ¢1, go.
Let u € BV (Ys) be such that vy (u) is equal to a € R inside a disk B of radius
r > 0 contained in I (or in O) and b € R outside, and v(u) is equal to ¢ € Rin B
and d € R outside. Then, owing to ,

|Du|(Ys:) =|Dvy (uw)|(B N D) + |Dvs(uw)|(BN D)
+ [Dus(w)|(X\ {g1, ¢2}) + [Dva(u)|(X\ {q1, ¢2}) (2.9)
=(|b—al + |d—¢|) 27r + 2H (2)|d — b|.
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On the other hand, if B is centered at a point of ¥, and BN X' = (), then
|Du|(Ys) =|Dvy(u)|(B N D) + [Dvy(u)|(B N D)
+ [Dos(w)[(X\ {q1, 2}) + [Dva(u)|(E\ {q1. ¢2})
=(|b—al+|d—c|) 2rr +2|c — a|H' (X N B)
+2|d — b (HY(Z) - HY (SN B)).
If in particular a =1, b= 0, ¢ =0, d = 1, we have that and become
|Du|(Ys) =2 (27 + H'()) .

(2.10)

2.3. The constrained minimum problem on the double cover. We let
BV (Yx;{0,1}) == {u € BV(Ys) : u(y) € {0,1} for pae. y € Yg}.
The domain of F is deﬁnecﬂ by
D(F) := {u € BV (Yx;{0,1}) : Z u(y) =1 for a.e. x in M},

m=,Mm(y)=T

and
F(u) := |Du|(Ys), u € D(F).

Therefore the values of u on the two points of a fiber are 0 and 1: this is what
we call the constraint on the fibers. Hence, for any u € D(F) we have

v1(u) =1 —ve(u) a.e. in D, v3(u) =1 — v4(u) a.e. in D', (2.11)

For this reason, in formulas (2.12) and (2.15)) below the functions vy (u) and vs(u)
are not present. Moreover, the following splitting formula holds:

mar(0) = (Jor \ B\ 8)) U (g N (21 9))). (212)
Indeed, as in (2.7)), let us split J,, as the union of the following four disjoint sets:
J.N7((D,1)), J,N7((D,2)), J,NT((X\S,3)), J,NT((X\S,4)). (2.13)

By the constraint on the fibers, to each point in the first set of (2.13)) there corre-
sponds a unique point in the second set, belonging to the same fiber, and viceversa.
A similar correspondence holds between the third and the fourth set. Hence

mear(Ju) = T ar (Ju n#((D, 1))) Ursa (Ju N7(T\ S, 3))).

By the definitions of Jy, J,, (v) and Jy, (., using also the local parametrizations ¥y,
W3, it follows that TS M (Ju n %((D, 1))) = Jvl(u) \ (Z \ S), and TS M (Ju n %((E \
5,3))) = Juzu) N (X 5), and (2.12)) follows.

Definition 2.2 (Constrained lifting). Let v € BV (D;{0,1}). Then the function

w = {” in Wi(D), (2.14)
1—v in Wy(D),

is in D(F), and vi(u) =v. We call u the constrained lifting of v.

In particular, when v is identically equal to 1 (or 0), we have

7T271\/[(Ju) =3 \ S

The next result clarifies which is the notion of area we intend to minimize.

4For simplicity we drop the dependence on X in the notation.
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Proposition 2.3. Let u € D(F). Then
[Dul (V) =2(H" (o \ 2+ H' ™ (o 15))
=2 Hn_l(ﬂz,M(Ju)).
Proof. Recall the splitting in ([2.8)), with the choice F := Ys. By (2.11)), we have
| Dy (w)|(D) = [Dva(u)|(D),  [Dvs(w)|(E) = [Dva(u)|(X). (2.16)
By the properties of BV functions we have
[Doi(@)|(D) = H" () \ B),  [Dus(@)|(B) = H" ™ (Jpyuy N E). (2.17)
Substituting (2.17)) into (2.8)), and recalling (2.16]), we get the first equality in (2.15]).

(2.15)

The second equality is now a consequence of (2.12)). O

Remark 2.4. The factor 2 in (2.15|) is obtained by multiplying the absolute value
of the difference of the values of u (which gives a factor 1), with the number of the
sheets (which gives a factor 2).

A particular case of a result proven in [2] is the following.
Theorem 2.5 (Existence of minimizers). We have
inf {|D’U,|(Y2) TS D(f)} = min{|Du\(Yg) DuE D(]:)} > 0. (2.18)
Positivity follows from ([2.20]) below, with the choice A := Q. We denote by tmin
a minimizer of problem (2.18).

Lemma 2.6. Let A C Q2 be a nonempty open set such that ﬂz_j/[ (A\S) is connected.
Then for any u € D(F),

H N ANTsm(J)) > 0. (2.19)
Moreover, if A is bounded with Lipschitz boundary, then
inf {H" " (AN7sa(Jy)) : we€D(F)} >0. (2.20)
Proof. By contradiction, suppose that
H ! (ANTsm(J)) =0. (2.21)
Applying to , we get
0=H""AN (Joy) \2)) +H" (AN Jyyu) N T). (2.22)

Now, set A% := A\ S. Applying (2.§) with the choice F := WE}M(AS), we get
(D (5 34 (4%)) =2|Dus ()] (s, (55 (4%) 17 (D, 1))

+ 2 Dug ()] (7501 (s 34 (A%) N 72\ 5,3))))
=2 (|Dvl(u)| (AS \ E) + | Dvs(u)] (AS N E) )
=2 (H""MAN (Jpy ) \ 2)) + H*HAN gy ND)),

which, coupled with , implies |Du|(7rzj]}4(AS)) = (0. Then u is constant on
WE_’;/I(AS ), which contradicts the validity of the constraint on the fibers. This
proves ([2.19)).

Now, let us suppose, still by contradiction, that there exists a sequence (ug)x C
D(F) such that limg_, oo H" ! (A N ’R’zyM(Juk)) = 0. Thanks to the assumption
on A, 772_7]{4(145 ) is a double nontrivial cover of A%. In particular, for each k €
is in BV(T&'):i]b(AS); {0,1}) and satisfies the

(2.23)

N, the restriction g = ug| _,
T (A%)

constraint on the fibers, and reasoning as above, |Dﬁk|(7rz_j/[(AS ) = 2H" (AN
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ws,m(Ju,)). By compactness, up to a not relabelled subsequence, there exists
@t € BVeonstr (755 17(A5);{0,1}) such that 4 — u in L' (s 1,(A%)), and by lower
semicontinuity,
Dil|(rs 1,(A%)) < liminf |Diy| (75 1, (A%) =2 i (AN Ju,)) = 0.
|Ditl(rg (A7) < liminf [ Dy |(mg 3, (A7) = 2 Tim H"H (AN 720 ()
Hence 4 is constant on Wzi}w (A%), contradicting the constraint on the fibers. [
Lemma[2.6]shows, in particular, that the nontrivial topology of the cover coupled
with the constraint on the fibers forces u to jump in suitable open sets. As a further
consequence of Lemma [2.6] the boundary datum S is attained by any constrained
function on the cover, in the following sense.

Corollary 2.7. Let uw € D(F). Then
w0 (Ju) \ T a0 (Ju) 2 8. (2.24)

Proof. The relation S Nws a(J,) = 0 is trivial, recall also (2.12). Now, suppose
by contradiction that there exists a point p € S\ ms a(J,). Take an open ball

B centered at p, with B C Q \ s m(Jy), and apply Lemma with the choice
A := B. Then, since AN 7wx p(Jy) = 0, we end up with a contradiction with
@2.19). 0

If 2 <n < 7and u is a minimizer, it is possible to show that equality holds in
(2.24) [2].

The definition of solution to the Plateau problem in the sense of double coverd]]
is as follows.

Definition 2.8 (Constrained double —cover solutions). We call

s M (Jupin)

a constrained double—cover solution (in Q) to Plateau’s problem with boundary

S.

We say that a portion P of S is wetted if s pr(Ju,,, ) 2 P, see also Section

2.4. Independence of the pair of cuts. In this section we show that constrained
double - cover solutions are independent of admissible cuts. A different proof of such
an independence is given in Proposition [2.13]

Let us recall the definition of unoriented linking number, see for instance [0,
Section 3.17] or [I], Section 5.2].

Definition 2.9. Let p € C*(S};R™\ S) be transverse to X.. The unoriented linking
number between p and S is defined as

0 if #(p~1(X)) is even,

1 if #(p~5(2)) is odd. (2.25)

links(p; S) == {

The right hand side of (2.25)) turns out to be independent of the cut ¥. When
p is just continuous, the unoriented linking number is defined using a C' loop
homotopic to p and not intersecting S [I1].

Theorem 2.10. Let ¥ = (X,%'), T' = (I,IV) be two pairs of cuts. Let u €
BV (Ys; {0,1}) satisfies the constraint on the fibers. Then there exists v’ € BV (Yr;{0,1})
satisfying the constraint on the fibers such that, up to a H" ™1 —negligible set,

W):’M(JQJ ZWF’M(JM/). (2.26)

5An analog definition can be given for covers of degree larger than two.
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Proof. Before giving the proof, we explain in a rough way the idea. First we fix
a “base point” xg and count the parity of the number of intersections with the
various manifolds X, Y/, I",IV. Next, we construct ' so that v’ coincides with u
when calculated on (z,7) for j = 1,2, provided that the parity of the number of
intersections with ¥ coincides with the parity of the number of intersections with T,
while u’ coincides with 1—u when calculated on (z, j) for j = 1,2, provided that the
parity of the number of intersections with ¥ differs with the parity of the number
of intersections with I". Similarly, «’ coincides with u when calculated on (z, j') for
j' = 3,4, provided that the parity of the number of intersections with ¥’ coincides
with the parity of the number of intersections with IV, while 1" coincides with 1 —u
when calculated on (z,j’) for j/ = 3,4, provided that the parity of the number of
intersections with Y/ differs with the parity of the number of intersections with I".

Let us now come to the proof. Without loss of generality, we can suppose that
L #£T. Fixxge M\ (BUD). Let . € M\ (XUT), and let v, € C([0,1]; M) be
such that v, (0) = zg, 7,(1) = z, and ~, is transverse both to ¥ and to I'; such a
v, will be called an admissible path from xy to x. We set

h(72; 2,T) = #(v, (2)) + #(v; ().

If we consider another admissible path A, from zq to x, we have that h(~,; 3, T) and
h(Az; 2, T) have the same parity. Indeed, let p be the closed curve going from zg to x
following 7., and then backward from x to g along \,. Recalling that links(p; 3) =
links (p; T), it follows that A(v,; 2, T)+h(Ae; 3, T) = #(p~1(2))+#(p~1(T)) is even.
We are then allowed to set

h(z; 2, T) = {0 if h(y,;%,T) is even,

2.27
1 if h(y.; 2,T) is odd, (2.27)

for any admissible v, from x( to zﬂ
Set Q == {x € M\ (ZUT) : h(z;X,T) = 0}, which is an open set, with
0Q C X UT; moreover Q has finite perimeter in Q by [3, Proposition 3.62]. Define

o vy (u) in Q,
T l1—unw) inQ\Q

From [3| Theorem 3.84] it follows that v € BV (£;{0,1}). It also followsﬂ that
Jvi \(Zul) = Jvl(u) \(EuUl). (2.28)
We define v/ € BVonstr(Y1; {0,1}) as the constrained lifting of v{ when D is

replaced by Q\ T
Recalling also (2.6]), set

, v} in the exterior region to I' UT",
vy =
3 1 —v} in the interior region to T UT".

Notice that v € BV(€;{0,1}). By construction, we have

v = vy (u'), vy = vg(u').

60nce g is fixed, the function h allows to define an “exterior” and an “interior” of X UT", even
when ¥ and T intersect on a set of positive H™~! — measure.

7 Indeed, let = € Jut \ (2 UT) and let v, be an admissible path from zg to z. Let B(z) be
an open ball centered at z and disjoint from ¥ U T"; in particular, every z € B(x) can be reached
by a path obtained attaching to v, the segment between x and z; notice that such a path ~, is
admissible from zg to z, and h(7v:;3,T) = h(yz;X,T). Therefore, either v] = vi(u) in B(x) or
v} = 1—wv1(u) in B(z), which implies « € J,, (). Hence Jur \(ZUT) C Jyy; (u) \ (BUT). Similarly,
also the converse inclusion holds, and follows.
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We claim that v’ satisfies (2.26)). From we have
o () = (Jup \ (TN S)) U (Joy, N (TN S)),
and our proof is concluded provided we show that, up to a H" ! —negligible set,
(Ju \D) U (Juy NT) = (o, () \ B) U (Joy(u) N 5). (2.29)
Let us split the left hand side of as follows:

Ty \T = (74 nD\T) U (4 \ (ZUT)),

(2.30)
Ty NT = (Jvé mzm“) U ((Jvé mr)\z).
Let us show that, up to a H" ! —negligible set,
(Jor NE)\T = (Jyy) NE)\ T (2.31)

Let © € (J»y NX)\T. Up to a H"~' —negligible seﬂ we can assume that the
approximate tangent spaces to J,; and ¥ at x coincide. Let B (z) be an open ball
centered at z, not intersecting I', and such that B(z) \ ¥ consists of two connected
components. The same argument used in the proof of shows that on one
component vy = v1(u), while on the other v; =1 —v;(u). Since z € J,;, we have

x ¢ Jvl(u)-
On the other hand, by (2.6), in one component we have vi(u) = vs(u), while in
the other component vs(u) = ve(u) = 1 — vy1(u) (where in the last equality we
used (2.11)). Thus, z € Jy, (). So, up to a H" ! —negligible set, (J,, NX)\ T C
(Jus(wy N E) \ I'. Arguing similarly for the other inclusion, we get (2.31]).
The same argument applies also to prove that, up to a H" ! —negligible set,
Jvé NNl = ng(u) nNxnNr, (2.32)

and
(ng N F) \ Y= (Jvl(u) N F) \ 3. (2.33)
From ([2.28) —(2.33)), we finally get (2.29). O

Corollary 2.11 (Independence). The minimal value in (2.18]) is independent of
the pair 3 of cuts.

Proof. Let ¥, T be two pairs of cuts. Let umin € D(F) be a function realizing the
minimal value, call it &/ (X). Let v’ € BV (Yr;{0,1}) be the function satisfying the
constraint on the fibers given by Theorem [2.10] applied with © = upi,. Then, by

and , we have
A (T) < 2H" H(mp ar (Jur)) = 2H™ (7 ar (U,

Umin

) = ().
Arguing similarly for the converse inequality, we get o/ (T") = &/(X). O

In view of Corollary 2:11] we often skip the symbol ¥ in the notation of the
cover, and on the minimal value of the area. Moreover, we often set

p:=7Ts M-

The relations between a constrained double-cover solution and other notions of
solution to the Plateau problem can be found in [2].

8 Here we use again |3l Theorem 3.84].
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2.5. Abstract construction of the double cover. The construction of the
abstract cover is standard [I0]: fix zp € M, and set C,,([0,1]; M) := {v €
C([0,1; M) : 7(0) = zo}. For v € Cyy([0,1]; M), let [4] be the class of paths in
Cy, ([0,1]; M) which are homotopic to v with fixed endpoints. We recall that the
universal cover of M is the pair (M,p), where M := {lv] : v € Cu([0,1]; M)}
and p: [y] € M — p([y]) :== v(1) € M. The topology of M is defined as follows:
consider the family &/ := {B C M : B open ball}, which is a basis of open sets of
M. For B €U, and for [y] € M such that v(1) € B, define

Then a basis for the topology of M is given by U = Uy, + Bel, [y e
M, ~(1) € B}.
Let 71 (M, ) be the fundamental group of M with base point ¢, and let
H :={[p] € m1(M,x0) : links(p; S) = 0},
which is a normal subgroup of 71 (M, z¢) of index two.
For v € C,,([0,1]; M), set F(t) := (1 —t) for all ¢ € [0,1]. Associated with H,
we can consider the following equivalence relation ~p on M: for [y],[\] € M,

M ~u N = 7(1) = A1), linka(yA;8) = 0.
We denote by [y]g the equivalence class of [y] € M induced by ~, and we set
MH = M/ ~EH .

Letting py : M — My be the canonical projection induced by ~pg, we endow My
with the corresponding quotient topology. We set pyar: [Y]g € My — (1) € M,
so that we have the following commutative diagram

M - My (2.34)

N

M
and the pair (Mg, pu,a) is a cover of M, see [10, Proposition 1.36].
Let (Y,my) be a cover of M, and let yo € 7y (20). By (my)«: m1(Y,%0) —
m1 (M, zy) we denote the homomorphism defined as (7y )« ([0]) := [my o ¢]. By [10,
Proposition 1.36], we have

(P, n)«(m1 (M, [wo]u)) = H, (2.35)

where 71 (Mp, [2o] ) is the fundamental group of My with base point the equiva-
lence class [xo] g of the constant loop zg.

Proposition 2.12. Let X be a pair of cuts. Then Ys, and My are homeomorphic.

Proof. By [10, p. 28], we can assume that zg ¢ ¥ U X'. Now, let yo € WQ}M(xO)
and [g] € m1(Ys,y0). Then, [g] changes sheet in Yx an even (or zero) number of
times; therefore, assuming without loss of generality o of class C'! and transverse

to X, recalling also (2.25)), we have
0=#((rx,m00)” " (8)) =linka(mx,01 0 0;5)  (mod 2),

which implies s ar 0 ¢ € H. Hence, (WE’M)*(m (Y)Lyo)) < H, and since H and
(TE’M)*(’IU (Y)37y0)) have the same index, they must coincide. From 7 we
deduce

(e ) (M (Mu, [xola)) = (WE,M)*(M(YE,ZIO))-
By [10, Proposition 1.37], the proof is complete. O
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The homeomorphism between the two covers, which we denote
fe: My — Vs, (2.36)
is given for instance in the proof of [I0, Proposition 1.33]: for [y|g € Mgy, let
B € C(|0,1]; M) be a path from [zo] g to [y]m; we uniquely lift pg a0 S to a path
in Y with base point yo. Then, fx([y]x) is defined as the endpoint of the lifted

path, which turns out to be independent of 3.
Let us define the distance dps,, on My as follows: for [y]g, [Ng € My,

Aty ((Vms Nm) = igfsup { Z Ipaa (B(t) —pam(B(tiz1))| : (t); € Part(B)},
l

(2.37)
where the infimum runs among all 5 € C([0, 1]; M) connecting [y]g and [A]g; for
any such (3, Part(5) denotes the collection of all finite partitions (¢;); of [0, 1] such
that, for every [, there exist [y] € M and a ball B; € M with U} 5, € U such

that ﬂ([tl—lv tlD - gH(U[’W],Bz)'

Symmetry, positivity, and the triangular inequality of das, are direct conse-
quences of the definition. Let us show that dar, ([v]m, [N g) = 0 implies [y]g =
[AJz. Clearly, we have v(1) = A(1). Fix € > 0, and let g € C([0,1], Mg), N € N,

(t;); € Part(B), 1 € {1,..., N}, be such that Zfil o (B(t)) —paam(Bti—1))] <
€. In particular, for € > 0 sufficiently small, the closed curve p defined a
p=[v(), paar(BE))] - [prm(B(tn-1)),A(1)]
is contractible in M, which implies that
links (p; S) = 0. (2.38)
By definition of Part(8), for every I € {1,..., N} there exist A 1, A2 € C([0,1]; By),

with A;1(0) = A 2(0) = v(1), and such that B(t;—1) = [vi\i1]u, B(t) = [vidi2]m;
notice that, since [v—1N\i—1,2]m = B(ti—1) = [ViAi,1] i, we have

hnk2('}/l_1)\l_1,25\l71'—}/l; S) =0. (239)
Set pr := yAi1[M1(1), A 2(1)] A2, which is a closed curve in M. In particular,
hnkg(pl; S) = 1ink2(/\171[[)\l71(1), )\172(1)]];\172; S) = 0, (240)

where last equality follows recalling that B; is contractible in M.
Coupling (2.38)), (2.39) and ([2.40)), we get

link2 (’}/5\, S) :linkg (70)\0715\]\/725\; S)

N
=" (tinka(pis S) + ik (311 \-1,2201513 ) ) + linka (95 5) = 0.
=1

Hence [y] ~g [A], and the conclusion follows.
Now, we are in the position to establish the isometry bewteen the two covers.
We endow Ys with the distance dyy, defined as follows: for any y, ¥’ € Ys;, we set

dys (y,y) = igf sup { Y |z (n(t) —msar(n(ti—1))| = (L) € Part(n)}, (2.41)
l

where the infimum runs among all n € C([0, 1]; Yx) connecting y and y’, and Part(n)
is the family of all finite partitions (¢;); of [0, 1] such that, for every I, n([t;—1,t])
is contained in a single chart of Y.

Proposition 2.13 (Isometry). The map fs in (2.36) is an isometry between
(MH,dMH) and (Yg,dy):).

9 Here by [z,2z'] we mean the path corresponding to the segment from z to z’, for every
z,x’ € M.
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Proof. Let [Y]m, [Nlg € Mpy. For e >0, let 8 € C(]0,1]; M) be a path from [v]g
to [A]m, realizing the infimum in (2.37) up to a contribution of order e. Now, set
1 := fx o 8; accordingly to (2.41)), let (¢;); € Part(n) be such that

dys (f()r): fo(Nm) <D lrsu () — s m(n(ti1))] +e.
l

Clearly, it is not restrictive to assume that, for every I, ms p (n([ti—1,%])) C By, for
some open ball B; C M. Therefore, accordingly to (2.37)), we have (¢;); € Part(8);
hence, for every I,

[T, () — 7w v (n(ti—1))| = [Pra (B(t)) — pram (B(ti-1))]s
which implies
dys (fs((Vr), fs((N#)) < duy ((Was (M) + 26

By the arbitrariness of €, we get dys. (fs([v]a), f=((Nu)) < damy (V) m, [N ). Sim-
ilarly, we get the converse inequality. O

Once we have to minimize a functional defined on some functional domain, the
metric structure (and not only its topology) of the cover becomes relevant: the
distance function on Y is locally euclidean, and the two methods described above
give isometric covers.

We conclude this section remarking that a large part of what we have described
can be generalized [2):

e to a cover of R\ S having more then two sheets. Allowing three or more
sheets has the interesting by-product of modelling singularities in soap films
such as triple junctions (in the plane), or triple curves (in space), quadruple
points, etc.

e when S is not smooth, for instance S the one-skeleton of a polyhedron.

We refer to [7], [2] and [4] for a more complete description for covers of any (finite)
degree.

3. COVERS OF DEGREE LARGER THAN TWO

The use of covers p := ms pr : Y — M of degree larger than two, coupled with
vector-valued BV-functions defined on Y and satisfying a suitable constraint, is of
interest since for instance:

e when n = 2, one can model, among others, the Steiner minimal graph
problem connecting a finite number k > 3 of points in the plane [2];

e when n = 3, one can consider configurations with singularities (triple
curves, quadruple points etc.), in particular when S is the one-dimensional
skeleton of a polyhedron;

e choosing carefully the cover, it is possible to model soap films with higher
topological genus, as in the example of the one-skeleton of a tetrahedrorﬂ
discussed in [4]: the resulting soap film seems not to be modelable using
the Reifenberg approach [16].

Some remarks to be pointed out are the following:

e in the construction of the cover, and to model interesting situations, it fre-
quently happens to make us@ of what the author of [7] called “invisible
wires”: these may have various applications, such as making globally com-
patible the cover, or also acting as an obstacle (see also Section. They are

10The triple cover constructed in [4] used to realize a soap film with two tunnels is not normal.
Roughly, this means that one of the three sheets is treated in a special way; this is also related to
the Dirichlet condition imposed on the cover in correspondence of the boundary of 2.
Hlnvisible wires can be useful also for covers of degree two.
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called invisible wires because the soap film should be supposed to wet the
initial wireframe S, but not to wet the invisible wires, so that their actual
position becomes relevant. Proving that a soap film has no convenience to
wet the invisible wires for special choices of their position, seems to be an
open problem, not discussed in [7]. We refer to [4] for more.

e Instead of describing explicitely the cut and past procedure (as in Section
and the parametrizing maps (which becomes more and more complicated
as the degree of the cover increases) now it is often convenient to construct
the cover first by orienting all portionﬂ of the cut, then declaring in a
consistent global way the permutations for gluing the sheets along the cut,
and finally to use the local triviality of the cover, in order to check the
consistency of the gluing. Already in the case of triple covers, a relevant
fact is the use of permutations with fixed points.

e Another useful way to describe the cover is the abstract construction (al-
ready considered in Section for double covers): one has to suitably
quotient the universal cover with a subgroup of the fundamental group of
the complement of SH A clear advantage of this approach is its indepen-
dence of any cut, a fact that, with the cut and past procedure, requires a
proof.

e BV-functions defined on Y could be vector valued, as in [2]. Suppose for

simplicity to consider a triple cover; then one choice is to work with BV-
functions u : Y — {«, 8,7}, where a,f,v are the vertices of an equi-
lateral triangle of R?, having its barycenter at the origin. If x is any
point of M and p~t(x) = {y1,v2,y3} is the fiber over z, then we re-
quire {u(y1),u(y2),u(ys)} = {a,B,7}. Clearly, the constraint now reads
as T2 u(y:) = 0.
Another choice (made also in [4]) is, instead, the following. Again, suppose
for simplicity to consider a triple cover. We can consider BV-functions
u:Y — {0,1}, so that if x is any point of M and p~!(z) = {y1,v2,¥3}
is the fiber over x, then we require the constraint Z?:l u(y;) = 1. Other
choices of the constraint are conceivable, but we do not want to pursue this
issue in the present paper.

Once we have specified the domain of the area functional, i.e., a class of con-
strained BV-functions u, the variational problem becomes, as in Section [2] to min-
imize the total variation of ﬂ This turns out to be the (n — 1)-dimensional
Hausdorff measure of the projection p(.J,,) of the jump set J,, of u, times a positive
constant ¢, related to the codomain of u and possibly to the number of sheets.
For instance, for u(y) € {«, 3,7} as above, then ¢ = 3¢, where £ = | — «|. For
u(y) € {0,1}, then ¢ = 2.

In the next section we construct triple covers, in some interesting cases not
considered in [4], and only partially considered in [7].

4. EXAMPLES

In this section all covers are of degree three; moreover, we consider BV functions
u:Y — {0,1} with the constraint that the sum of the values of u on the three
points of each fiber equals 1.

We start with the example of Figure 2| due to F.J. Almgren [I], Fig. 1.9].

121¢ is worth noticing that it may happen that now the cut surface is immersed, and not

embedded.

13or, if necessary, of the union of S and the invisible wires.

MIn the case of u(y) € {a,B,7}, the total variation is using the Frobenius norm |T| =

/> (ti;)? on matrices T = (t;;).
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FIGURE 2. Left: an unknotted boundary (bold curve). The dotted loop
represents an invisible wire that is not part of the problem but essential
for the cover construction. Right: a striking example of minimal film
that only partially touches the boundary, due to Almgren [I} fig. 1.9].

Example 4.1 (A partially wetted curve). Let S be the (unknotted) bold curve
in Figure [2| (left). We want to construct a cover of R?\ S compatible with the soap
film in Figure [2] (right), where the lower part is not wetted. The presence of the
triple curve suggests to use a cover of degree at least three, and indeed three will
suffice. Removal of the unknotted curve from R3 leaves a set with infinite cyclic
fundamental group (isomorphic to Z).

The only possible cover with three sheets that can be constructed on such a base
space would necessarily imply a cyclic permutation of the three points of the fiber
when looping around the lower portion of the curve, forcing an undesired wetting.
Similarly to the construction described in [4] and in the same spirit as in many of
the examples in [7], we then add an “invisible wire” in the form of a loop circling
the pair of nearby portions of S in the upper part. This is represented by the dotted
loop C in Figure [2| (left). The base space M is then defined as R?\ (S UC).

A cut and past construction of the cover p : Y — M can now be defined by
cutting M along two surfaces bounded by S and by C respectively. The first one
resembles the film of Figure [2 (right), but it has a selfintersection along the dashed
(lower) segment and continues below the disk-like portion touching the whole of S;
the second one is a small disk bounded by C|, intersecting the first cutting surface
along the dashed segment. We now take three copies, numbered 1,2,3, of the
cutted version of M and glue them along the cutting surfaces according to given
permutations of the three sheets, that we now describe.

The permutation along the lower portion of S is chosen as (2 3), namely stratum
1 glues with itself, while strata 2 and 3 get exchanged. This choice is justified
because we do not want to force wetting of that portion, indeed a function in D(F)
defined equal to 1 in sheet 1 does not jump along a tight loop around that part of
S. This choice in turn requires that we fix the Dirichlet-type condition u = 1 out
of a sufficiently large ball on stratum 1 of the cover.

The permutations on the remaining parts of the cut can then be chosen consis-
tently as follows:

(2 3) (as already described) in the lower tongue-like portion of the surface bor-
dered by S;
(2 3) when crossing the disk-like surface bordered by C;
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(1 2) when crossing the large disk-like portion of the surface bordered by S;
(1 3) when crossing the ribbon-like portion of the surfaces between the two
dashed crossing curves.

Note that corresponding to portions of the surface that are wetting the bold
curve, stratum 1 is exchanged with a different stratum.

It is a direct check that with this definition the local triviality of the triple
cover around the triple curves, namely that a small loop around the dashed curves
must be contractible in M, is satisfied. This check consists in showing that the
composition of the three permutations associated with the crossings must produce
the identity: (2 3)(1 2)7!(1 3)7*(1 2) = (). The construction is actually unique up
to exchange of sheets 2 and 3.

The fundamental group 71 (M) of M is readily seen to be free of rank 2. It can
be generated by the two Wirtinger generators schematically denoted by a and b
in Figure [2|left. We can then finitely present (M) with two generators and no
relation as

m (M) =<a,b;>.

An abstract construction of the cover can be obtained by considering the homomor-
phism ¢ : 71 (M) — S3 (permutations of the set {1,2,3}) defined by the position
v(a) = (12), p(b) = (2 3) and then defining the subgroup H < w1 (M) as

H={wem(M):pw): 1~ 1}.

It contains all reduced words w € 71 (M) whose image under ¢ is either the identity
() € 83 or the transposition (2 3). It is a direct check that H has index 3 in m (M)
and that it is not normal.

As discussed in [4] for the example of the tetrahedral wire, also in this example
we cannot exclude a priori that a minimizing surface wets the invisible wire: we
have already remarked that this is a difficulty present in any example constructed
using invisible wires.

Finally, we recall that soap films that partially wet any knotted curve have been
proven to exist in [15].

The soap film of the next example can be found for instance in [I2] pag. 85 and
Fig. 4.14].

Example 4.2 (Soap film with triple curves on a cubical frame). Let S be
the one-dimensional skeleton of the cube (Figure [3)). We want to construct a cover
of M = R3\ S which is compatible with the soap film in Figure |3} note that here
the soap film wets all the edges of the skeleton.

Again, we want to model a soap film with triple curves, but not with quadruple
points, and indeed, as we shall see, a triple cover of M will suffice. Also, there will
be no need of any invisible wire. First of all, we orient the three pairs of opposite
faces of the cube from the exterior to the interior, as in Figure 4] (left). It turns
out that we can make use of the cyclic permutations of {1,2,3}. We imagine a cut
along the six faces of the cube, and we associate the same permutation to opposite
faces: the identity permutation () is associated to the frontal and back faces, in
order to model the presence of the tunnel. The three powers (), (1 2 3),(1 3 2) of
the cyclic permutation (1 2 3) are depicted in Figure The presence of the identity
permutation on a pair of opposite faces has the effect of actually not having a cut
there. On the other hand, a tight loop around an edge turns out in the composition
of a power of (1 2 3) with the inverse of a different power of (1 2 3), so that the
result is either (1 2 3) or (1 3 2), hence a permutation without fixed points, which
forces to wet that edge.
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FIGURE 3. A non-simply connected minimal film spanning a cube. Im-
age obtained using the surf code by E. Paolini.
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FIGURE 4. Left: orientation of the cut (the faces of the cube), and
permutations of the sheets along the cut. Right: the Wirtinger presen-
tation of the fundamental group of the complement of the one-skeleton
of a cube.

Observe that a curve entering a face and exiting from the opposite one produces
the identical permutation of the strata of the cover, hence it does not necessarily
has to meet the projection of the jump set of a function u.
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FIGURE 5. A minimal film that deformation retracts to its boundary.
Image provided by E. Paolini.

The fundamental group of M turns out to be a free group of rank 5, and it can
be generated by the elements of 71 (M) schematically displayed in Figure @ (right)
as a, b, ¢, d, e; the corresponding Wirtinger presentation is

m (M) =< a,b,c,d,e;>

(five generators and no relations). Observe that the orientation of the edges in the
figure is chosen such that all five generators loop positively around the correspond-
ing edge and result in the permutation (1 2 3) of the three sheets when compared
with the cut/paste construction. This allows an abstract definition of the cover by
considering the homomorphism ¢ : 7 (M) — S3 that maps all five generators onto
the cyclic permutatioon (1 2 3) and take the normal subgroup H < 71 (M), kernel
of p. A word w € 71 (M) belongs to H whenever the exponent sum with respect to
all generators is a multiple of 3.

The abstract construction shows that this cover is normal. Note that this con-
struction is invariant (up to isomorphisms) under the symmetry group of the cube,
hence a minimizer will not be unique unless it is invariant under such symmetry
group, which we do not expect to be true in view of the film displayed in Figure

Minimizers with this topology were also obtained by real experiments [12].

The next example (Figure [5} found by J.F. Adams in [16], Appendix]) concerns
a soap film which retracts to its boundary.

Example 4.3. Let S be the curve of Figure 5t we would like to consider the soap
film of the figure as a cut, but in order to construct a consistent triple cover, this
is not sufficient. Indeed, we add an invisible wire in the form of a loop C circling
around the Moébius strip on the right; next we consider as a cut the union of
the soap film in the figure and a disk bounded by C. Of course, this cut has a
selfintersection along a diamater of the disk. Now, take as usual three copies 1,2, 3
of the cutting surface and glue them using the permutations as follows:
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(2 3) when crossing the disk bounded by C;
(1 2 3) on the remaining part of the cut.

Observe that the part of the cut on the right hand side is not orientable: the
invisible wire acts in such a way to revert the cyclic permutation (1 2 3) when
crossing the disk.

It turns out that a presentation of the fundamental group of M = R3\ (S U O)
is

71 (M) =< a,b; abab = baba >,
where a corresponds to a small loop circling around S, and b corresponds to a short
loop circling around the invisible wire C.

The abstract definition of the cover is obtained by considering the homomor-
phism ¢ : 7 (M) — S that maps a to (1 2 3) and b to (2 3)@ A word belongs to
H < 71(M) whenever it consists of the words of w1 (M) that are mapped through
¢ in a permutation of {1,2,3} which fixes 1: namely, either the identity () or the
transposition (2 3).

Example 4.4. Let S be the one-skeleton of a regular octahedron. The fundamental
group of M = R3\ S is a free group of rank 5. After suitable orientation, each of the
12 edges of the octahedron can be associated to an element of 71 (M) corresponding
to a loop from the base point (at infinity) that circles once in the positive sense
around it.

Imposing a strong wetting condition [4] at all edges for a cover with three sheets
amounts in forcing the permutation of sheets corresponding to a positive loop
around that edge to be either (1 2 3) or its inverse (1 3 2). Upon possibly re-
versing the orientation of some edge we can assume all such permutations to be
(123).

Local triviality of the cover at points near a vertex then corresponds in requiring
that exactly two of the four edges concurring at that vertex to be “incoming”, the
other two being “outgoing”.

A choice of the orientation of the edges consistent with the requirement above
corresponds to travel clockwise along the boundary edges of four of the eight faces
selected in a checkerboard fashion. The resulting soap film in Figure [6] (top-left)
simply consists in those four faces or on the four remaining faces.

Another consistent choice of orientation consists in travelling around the three
diametral squares in a selected direction. Two relative minimizers corresponding
to this choice are shown in Figure |§| (top-right and bottom), the latter consists in
a tube-shaped surface with six lunettes attached along six triple curves.

It turns out that there are at least two other non isomorphic 3-sheeted covers of
the same base space, which however seem not to provide minimizers different from
the ones described above.
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