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Abstract

We investigate Hamilton Jacobi Isaacs equations associated to a two-players
zero-sum differential game with incomplete information. The first player has com-
plete information on the initial state of the game while the second player has only
information of a - possibly uncountable - probabilistic nature: he knows a probabil-
ity measure on the initial state. Such differential games with finite type incomplete
information can be viewed as a generalization of the famous Aumann-Maschler the-
ory for repeated games. The main goal and novelty of the present work consists
in obtaining and investigating a Hamilton Jacobi Isaacs Equation satisfied by the
upper and the lower values of the game. Since we obtain a uniqueness result for
such Hamilton Jacobi equation, as a byproduct, this gives an alternative proof of
the existence of a value of the differential game (which has been already obtained in
the literature by different technics). Since the Hamilton Jacobi equat ion is natural
ly stated in the space of probability measures, we use the Wasserstein distance and
some tools of optimal transport theory.
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Introduction

In this paper we study a zero-sum two-players differential game where the first player
has asymetric information on the initial position. The dynamics is given by

(1) 2'(t) = fx(t), ult),v(t), u(t) €U, v(t) €V

with f : RY x U x V and where U and V are compact subsets of some finite dimensional
spaces. A payoff is given by a function g : RV — R.



The first player acts on the system (1) by choosing a measurable control u : [0,T] — U,
he tries to minimize a final cost g(x(7)). The second player wishes to maximize the
final cost g(z(T")) by acting on the dynamics through the choice of a measurable control
v:[0,T] — V.

Later on we will make suitable suppositions such that as soon as the initial position
zo and the measurable controls u(-) and v(-) are known, there exists a unique solution to
(1) satisfying z(ty) = xo.

Let us now describe how the game is played. Here X C RY is a given compact subset
invariant for the dynamics (1).

- before the game starts, the initial position xy € X is chosen randomly according to a
probability measure g which support is included in X,

- the initial state zy is communicated to Player I but not to Player II,

- the game is played on the time interval [ty, T,

- both players know the probability py and observe their opponent’s controls during the
game.

Such game has been investigated in the framework of repeated (discrete time) games
in [5, 24, 25]. For differential games the corresponding problem has been studied in
[10, 11, 28] in the case where the asymetric information is of finite type (in our framework
this means that the probability measure po has a finite support).

It is worth pointing out that the role of the information is crucial in the game studied
here. Indeed Player II does not know what is the current state of the game. He can
only try to guess it by observing the actions of his opponent. Knowing this, the first
player wishes to hide his actions by playing randomly. This leads to a specific context of
strategies [4, 8, 9, 29].

Following the reasoning of [19] for full information differential games, the existence of
the value is obtained by showing that the upper value and the lower value both satisfies
a partial differential equation (Hamilton Jacobi Isaacs equation) which has a unique so-
lution. In the case of a measure o with finite support - as it is studied in [10, 11] the
Hamilton Jacobi Bellman equation could be considered in a finite dimensional space of
dimension NI (where [ is the cardinal of the support of 1) where finite dimensional pde
analysis can be done (with a specific notion of dual viscosity solutions).

In the general case where the information is not of finite type - namely the support of
(o is not finite - the analysis is much more difficult. A first approach consists in proving
that the value function is continuous with respect to pg and to approximate pg by a
sequence of probability measures with finite support. This allows to prove the existence
of a value [14, 22]. However this approach does not give any information on the Hamilton
Jacobi equation that should be satisfied by the value.

The main goal of the present article is to obtain and study a Hamilton Jacobi Isaacs
Equation satisfied by the value. The main difficulty lies in the fact that the value depends
on a probability measure. So we will give a meaning of a pde of Hamilton Jacobi type on
the Wasserstein space of probability measures. To accomplish this task we were inspired
by [9] (cf also [13]) and we define a notion of dual viscosity solution for Hamilton Jacobi
Isaacs equations associated with incomplete information differential games. We also prove
a uniqueness result of such pde, this will give as a byproduct the existence of the value.
In the literature several other notions of solution of partial differential equation in the



Wasserstein space have been studied in different context (for instance cf [2, 3, 15, 20]
among many others and the huge literature on mean field games

cf e.g. [23]). In our work we need a very precise notion of dual viscosity solution,
well adapted to differential games, which can be viewed as an extension of the viscosity
solutions introduced in [9].

Let us describe how the paper is organized: The first section contains the description of
the game together with some basic facts on the Wasserstein space of measures and on the
Isaacs’ condition. Section 2 concerns the definition and the study of suitable ”extended
values”. The third section is devoted to appropriate dynamical principle properties. In
section 4, a notion of viscosity solution for Hamilton Jacobi Isaacs equation is introduced
and a comparison theorem is provided (with a uniqueness result as its consequence). In
the last section, the extended values are shown to satisfy the Hamilton Jacobi equation
and the existence of the value of the game is derived.

1 Preliminaries and Assumptions

Throughout the paper, finite dimensional spaces are equipped with the euclidean norm
denoted |z| associated with the scalar product denoted by z.y, the closed ball of center
x and of radius r > 0 is denoted by B(x,r) while B stands for the closed unit ball. The
Lebesgue measure on RY is denoted by £V. The notation C(X,Y’) stands for the set of
continuous functions from the space X to Y while C(X) is the set of continuous functions
from X to R.

1.1 Dynamics

The set U([to, T]) denotes the set of all measurable controls from [ty, T'] to U. When there
is no ambiguity we shorten this notation in U(¢y) or Y. Similarly the set of measurable
controls from [ty, 7] to V is denoted by V([ty,T]) (in short V(to) or V) .

The function f : RY x U x V which appears in the dynamics (1) is assumed to be
continuous with respect to all variables and Lipschitz continuous in the first variable
uniformly with respect to (u,v). Then, it is well-known that for any v € U and v € V,
associated with the initial condition z(tg) = x¢ there is a unique absolutely continuous
solution to (1) denoted by ¢ — X;>""" which is defined on [t,, +-00[. Standard estimates
show that there exists a constant C' > 0 such that for all z,2’ € R" and all s € [to, T,

(2) | XLy — g < COls — to

g e — et | < Cla -],

Throughout the paper we will make also the following assumption:

(4) There exists X C RY a compact invariant set for (1).

The fact that the set X is invariant means that for any (¢, z¢) € [0, +00) x X, for all
(u,v) € U x V the associated solution remains forever in X : X;0"™" € X for any t > t,.
The cost function g : RY — R is supposed to be bounded and Lipschitz continuous.



1.2 Probability Measures on the initial conditions

The notation A(X) stands for the set of Borel probability measures on X C RY. For any
p € [1,400) one can define the Wasserstein distance between the measures ¢ € A(X) and

v € A(X) as follows

R P ?
W,y (1) Vegz;y){( ey dv(ﬂf,y)) }

where TI(yu,v) is the set of probability measures v on X? which has p as first marginal
and v as second one. It is known that there exists an optimal measure ~ achieving the
above infimum (such a v is called an optimal plan from p to v). It is also well known
that when X is compact, the distance W), is compatible with the weak star convergence
of measures, that is for any (p,), and g in A(X):

i Wyl 10 =0 Tim [ @) de) = [ ola) dute) v € C(3).

n—-+o0o n—-+o0o X

We refer the reader to [30] (Theorem 7.12 p 212) or [27] (section 5.2. p183) for such basic
facts on Wasserstein distance and optimal transport. For p € A(RY) and ¢ : RY — RY a
Borel measurable bounded function, we denote by ¢fu the push-forward of i by ¢, namely
the measure in A(RY) such that

oi(A) = n(o7'(A)) for any Borel set A C RY.

We will consider the following duality pairing:
(1:6) € My(X) X €)1 (1:6) = [ (@) du)
b's

where M, (X) stands for the space of bounded Borel measures on X. Then for any
z:C(X) — R, we recall the definitions of the Fenchel conjugate and biconjugate of z :

2"(o) = sup {(po, ) — 2(p)}, 27(wo) = sup {{u, po) — 2 (1)}
PEC(X) HEM(X)

The key point is that if z is convex and lower semi-continuous for the uniform topology,
z = z** (see for instance [6], p95). In the same way, any V' : A(X) — R, can be extended
to M,(X) by setting V' = 400 outside A(X), this allows to define its Fenchel conjugate
and its convex subdifferential:

Vi(p) = ESX(I;Q{W,@) = V(u}, Veel(X),

V() ={pcCX): V()2 V(p) + v —ny), VvelAX)}.

We will also use the following notation:
@)1= [ @) Va)du(o) Vi€ ALY), B, ¥ € CX.X).
b's
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1.3 The Isaacs’ condition

In differential games, the Isaacs’ condition is a natural assumption for proving the exis-
tence of the value [19], without this condition the study is much more complex [22] if it
would be tractable. In our framework the Isaacs’ condition takes the following form

V() € ACX) x C(X,RY),
(5) inf sup/ f(zyu,v) - p(x) du(x) = sup 1nf/ f(z,u,v) - p(x) du(x).

uelU yev veV U X

When p reduce to the Dirac measure J, and p is a constant function, the equation (5)
becomes the usual Isaacs’ condition for differential games with full information [8].
It is useful to have several equivalent formulations of the Isaacs’ condition.

Proposition 1 The conditions below are both equivalent to the Isaacs’ condition (5):

(I1) Foralln € N, u=>" ¢i0,, € A(X) and p1,...,p, € RY:

n n

inf sup Zci f(xivua U) “Pi = ilel\I/) 111615' Ci f(x%ua U) " Pi-
i =1

(I12) For all (u,p,®) € A(X) x C(X,RY) x C(X, X):

inf Sup/ f(®(x),u,v) - p(x) du(x) = sup 1nf/ f(® -p(x) dp(zx).

uel ey veV uel

Proof: One can easily deduce (12) = (5) = (I1).
Let us first obtain a preliminary estimate. Fix ® € C(X,X), p € C(X,RY), p,v €
A(X). Let v € A(X x X) be an optimal transport map for Ws(u, ). It holds:

[ F@@.u0) - ple) dute) = [ @), 00) - plo) dvta)
< Lol ([ 106 - 2P dv(x,w)m sl ([ 1ote) = dv(x,w)m.
Indeed:
| r@@.u) - / f(o p(a) dv(z)
-/ XXf(@(xm,v) pla) — F(@ (), uv) - ply) d (e, )
< /XXX f(@(2), u,v) - (p(z) — p(y)) dv(x,y)+/XXx(f(<1>(x),u,v)—f(¢(y),u7v)) p(y) dy(z,y).

Now we show (I1) = (5). Fix (u,p) € A(X) x C(X,RY) and (p,), with finite
support converging to u for the weak star topology. Denoting by (7,) the optimal map



for Wa(p, 1) and assuming (11), it holds:

/f:z:uv

) < inf sup
uel yev

inf sup (x) du(x

uel yey

/ £, ) - pl(a) djin(z) + Lip(F)l|pllooWeltin: 1)

1
p(@) — py)? dw,y))

= supinf [ f@u,0) - p(o) dun(w) + Lip( )l Waliens )
vey uel
1/2
Il ( |l = st dw,y))
< supint [ fe,0.0)pla) du(o) +2Lip() ol Walyen 1)
1/2
2 £l ( [ o) =P e y>)

By Prokhorov’s theorem, up to a subsequence, 7, tends to the map v € A(X x X)), which
is furthermore optimal for Wy(p, 1) and is defined by

/XXSO(JE,ZU) d’Y(IB,y):/XgO(a:,x) du(z) Vg € C(X).

Then the previous inequality implies

[ty

inf sup (x) dp(x

Because the reverse inequality is trivial, this provides the desired result (I;)
). Suppose (I1). It is enough to show (I2) for probability

It remains to prove (I1) = (12

) < sup inf
vey uel

(z) dp(z).

= (5).

|ty

measures with finite supports. Let ® € C(X,X), p € C(X,RY) and p = >, cidy, €

A(X). We rewrite p as

5D DEED DR
€l j: O(xj)=P(x;)
with I :={ie {1,...,n}: i =min{j: ®(x;) = P(z;)}}.
Then:
inf sup/ f(®(x),u,v) - p(x) du(x) = inf Suchz ,v) - pla;)
uel yey uelU veV 4
= mfswp 3 | > apl@) | - f(@() )

€l \j: O(zj)=P(x;)

2.

J: (zj) = ()

2

el

inf sup
ucl vEV

Cj f(q)(xi)vu7v) ' (

ij O(z;)=0(x;) ¢;p(z;)
Zj: O(z;)=®(z;) i

) |



Applying (I1) with the probability measure ) ,, (Zj: B ()= (z1) cj> da(z;) gives the de-

sired result. The proof is complete.

QED

1.4 Strategies and Values

Now we define values and strategies of the game. Because of the asymmetric structure of
information, the strategies of the players should involve only their available information.
This leads to the following notion of strategies (comp. [10, 11, 12, 14]).

Definition 1 Let S be the set of triples (2, F, P) such that Q = [0,1]™ for some m, F
is a o-field contained in the class of Borel sets B([0,1]™) and P a probability measure on
(Q,F).

A random strategy for Player 11 is a pair ((Qg, Fs, Pg), 5) where 5 : QzxU(ty) — V(to)
is a Borel measurable! map and there exists a delay 73 > 0 such that for all wg € Qg
B(wgs,-) : Ulty) — V(to) is nonanticipative with delay 75. Namely there exists 73 > 0
such that for any ui,us € U(ty), for any t € [to,T), if uy = us a.e. on [ty,t], then
B(wg,u1) = Blwg, uz) a.e. on [to, (t +75) ANT].

A random strategy for Player I is a pair ((Q, Fao, Pa), @) where (o, Fo, Pa) € S,
such that there exists a delay T, > 0 with

1- the map o+ X x Qo x V(ty) — U(ty) is Borel measurable,

2- for any wq € Qy and x € RY | the strategy v € V(to) — a(x, wq,v) is non anticipa-
tive with delay 7.

Sets of random strategies for Players I and II are denoted by A,(to) and B, (to).

Now we associate to any pair of random strategies a trajectory thanks to the Lemma
below. This enables us to write the game in a normal form.

Lemma 1 ([14]) For any (a, ) € A.(to) X B.(to), for any w := (wq,ws) € Qy X Qs and
for any initial condition xq, there is a unique pair (Uy 4o, Vw.zo) € U(to) X V(to), such that

(6) (T, Was Vi) = Uz AN B(Wg, Uy ) = Vs g -
Furthermore the map (w, o) — (U zgs Vo) € U(to) X V(to) is Borel measurable.

Consequently to («, 5) € A.(to) X B.(tg) we may associate a trajectory defined by

to,z0,0(T,wa,),8(wg, 10,70,Uw,z( ,Vw,
vt >ty, X, ( a)ﬁ(ﬂ):Xt e

where u, ., and v, 5, are associated to (a, ) by the Lemma 1.

!This means that the measurability property is considered when U(ty) and V(t() are endowed with
the Borel o-field associated with L};[to, T] and L, [to, T).



Definition 2 (Values in Random Strategies) Fix to € [0,T] and py € A(X). To any
(o, B) € Ap(to) X By(ty) we associate the following cost

I(to pio, @, B) = / / / (XL ) AP (wa) dP3(ws),
« B X

which enables us to define the upper and lower values of the game as follows

(7) ‘/;~+(t07lj’0> = inf sup J(to,/ﬁo,&,ﬂ),
a€Ar(to) BeB,(to)
(8) V. (to, o) :== sup  inf J(to, o, v, B).

BEB,(to) @€EAr(to)

We recall that we have proved in [14] that for any t, € [0,7], the values with random
strategies V" (tg, ) and V" (o, -) : A(X) — R are Lipschitz continuous with respect to the
Wasserstein distance Ws. Moreover assuming Isaacs’ condition (5) both values coincide
namely V- =V,

It is also possible to define in a similar way the notion of pure strategies as follows

Definition 3 A pure strategy for Player Il is a Borel measurable map 5 : U(to) — V(to)
which is nonanticipative with delay (NAD in short).

A pure strategy for Player I is a Borel measurable map: o : RN x V(ty) — U(ty) for
which there is a delay 7, > 0 such that, for any xo € RN, the map oz, -) : V(to) — U(ty)
18 nonanticipative with delay 1, .

The set of pure strategies for Player I (resp. Player I1) is denoted by A(ty) (resp. B(to)).

Then it is almost classical [10, 11, 14] in differential games that for obtaining the value
one can play a random strategy against a pure strategy:

(9) V5 (to,po) = inf  sup J(to, o, o, B), V,”(to, o) = sup  inf J(to, po, @, ).
a€Ar(to) BeB(to) BEB,(tg) @EA(t0)

In a way similar to Lemma 1, to a pair of pure strategies (a, 3) € A(tg) x B(to) is
associated a trajectory X:O’xo’a(m")’ﬁ('). So to (to, o) one can associate a cost again denoted
J(to, po, @, 8) and corresponding upper and lower pure strategies values (cf [10, 14]).

In [14] we have also shown that if the probability measure py € A(X) has not any
atoms, then the value function V,.(to, po) coincide with the value function defined with

pure strategy (this result is false as soon as o has an atom).

2 On Extended Values

Our goal is to study V.*(to, o) and to prove the existence of the value. For this we shall
define "extended values”.

We now try to motivate the necessity to extend the value in the more simple case where
(1o has a finite support of cardinal /. In this case pg = Zle pibs, where p = (p1,p2---pr) is
a probability on the finite set [ := {1,2,...I} ( shortly p € A(])) and x = (x1,...,2) €
X7, In such a way one can easily define a function v : [0, +00) x X! x A(I) such that



Vi (to, o) = v(to, X, p). There is mainly two advantages in studying v instead V.. The first
one is that it is possible to write a suitable Hamilton Jacobi Isaacs equation? satisfied by
v and this is crucial for proving the existence of a value (cf [10]). The second advantage
lies in the fact that there is a nice separation between the variable x which concerns only
the support of o and the ”intensity” p of the probability ..

Unfortunately such a nice decomposition is not possible for a general measure
which support is not necessarily finite (and one cannot dream to reduce to a pde in a
finite dimensional space). However we now explain how to obtain a function which plays
the role of v in the case of measures with finite support.

2.1 Definition of Extended Values
Definition 4 Let tg € [0,T], po € A(X), ® € L2 (X, X), we set:

(10) Vi (to, ®,p0) := inf  sup / [ a0 dg(a)ap ),
RN

a€Ar(to) BEB(to)

(1) Yy (to @)= sup int [ [ g (o))
B8

BEB.(to) a€A(to)

We will use the following notation:
T (to, @, po, v, B) : / /RN X @@ gy (2)dPy (w).

We now state and prove some relation between V.= and V.
Lemma 2 Considert € [ty, T, 10 € A(X). Then,

(12) Vi (to, Id, o) = Vi (to, po),
(13) Vo € L2 (X, X), V> (to, ©, to) = V,* (to, Plipuo)-

Proof: The relation (12) is an obvious consequence of the definition of V.
We do the proof only for VI and we use a similar argument as in the proof of Proposition
3in [14]. Fix ® € L? (X, X). In the definition 4 of V;*(to, ®, u10), restricting the choice of
a to the & of the form a(z,-) = a(P®(z),-) increases the value. This gives:

Vri(tov q)7 /’LO) S ‘/;“i(tOJ @ﬁ/j,o)

Let us now prove the opposite inequality. Let € > 0 and ((€Qq, Fo, Py), ap) a strategy
for player I such that:

(14) sup /Q/ Xlo®@heowe) By g p(w)dpo(z) < Vi (te, ®, o) +

BEB(to)
State v = (Id x ®)tuo and disintegrate v with respect to ®fpg as follows:
dy(z,y) = dy¥(x) @ d(Phpo)(y)-

%in the finite dimensional space [0, +00) x X x A(T)
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Take £ : X x [0,1]Y — R such that for ®fug-almost every y € X the function &(y, -) is
an optimal transport map from £V |[0,1]" to 4¥. This means that for ®#pg-almost every
y € X we have:

€l ee" 0,11 =7 WHEN 01 = [ el

We can prove as in [14] that £ is measurable. We now build a new strategy ((€2g x
[0, 1]V, Py x LYN|[0,1]Y, Fo ® B([0,1]Y), ay) for player I by setting:

al(ya W, W/, ) = 040(5(% w/>7w7 )
Then we get

Vit ) < s / / g (XL ELIBY 4D ) d( B o) (y)
N QUX[Ol]N

IN

/ Xloweo€@a) @) By g g0 ) (y)d Py (w) dw’
RN Q()X[O l]N

" seBi) /IRN /QO {/ (X d(e(y, 3L ([0, V) (@) | dpoly)dPo(w)

S / / fov00@)8) 4o (1. o) dPy(w)
BEB(tg) JRN xRN J Qg

— s / / (Xlo®@ 0w By g0 VAP (w) < VF (t, D, o) +
BGBto RN xRN Qo

the last inequality coming from (14). Making ¢ — 0 gives the result.
QED

2.2 Regularity of the extended values
Lemma 3 For any to € [0,T] and ® € L (X, X), the map po — V; (to, ®, o) is convex.

The proof of this lemma is adapted from [10], lemma 3.2.

Proof: Fix pg, 1 € A(X), A € [0,1]. Set py := (1 — Ao + Aug. Since po and py are
clearly absolutely continuous with respect to uy, then there exists ¢q, 1 € Lzlu (X,RT)
such that:

Ho = Po Kx,  H1 = @1 Hx-
Let 8 € B,(ty). Fix ay, ay being e-optimal strategies for

inf // X008y g (N dPy(w) i = 1,2,
Qs

CMEA to)

Let 79, 71 being delays associated with oy and a;. We build a new random strategy
(([0,1], B([0,1]), L{y 1), ) with delay min(7o,71) as follows:

ax(z,w,v) = { ao(z,v) if w € [0, (1 = A)po(2)]
W, v) ai(z,v)  ifw €)(l— Npo(x),1].

10



Then:

inf / [ a(Xie ) 4, () Ao (o) din(a)

OéEA»,»(to

= / / g(Xg PNy dy dPy(w) dpia(a)
[OIXQB

B / / / g(Xp ) d dPy() djus(a)
X J0,(1-Neo(z)] /s
+/ / / g(Xp M) duy dPs () djun(a)
X J1(1=Npo(x),1] J Qg

= @n) [ [ g do ay () ufe)din @)
X JQg
“/ / g (XN duy APy () o1 (a)dpa ()
X JQg
= (1= [ [ g d dpyw) duo(a)
Qs
t0<1> Oq /)
—i-/\// ) dw dPs(w') duy(z)
Qs
< it [ ] a0 O0) uofa)ap o)
Qs

CMEA to

A inf / / Xl ®@h OBy gy (1)dPs(w) + 2e.
aGA to Qﬁ
< (1 - >‘>Vr (t07 q)a ,U/O) + )\Vr (t07 CI)7 ,U'l) + 2e.
Taking the supremum in 8 and sending € to 0 gives the result.
QED
Both next Lemmas show some Lipschitz continuity properties of V.
Lemma 4 There exists C > 0 such that for any t,s € [0,T], uo € A(X), ®,¥ €
LiO(X , X)),

VE(t @, o) — VE(5, W, )| < Ot — 5] + / [®(@) ~ W(@)ldpo(a))

Proof: The Lipschitz regularity in ¢ being standard we consider the case where s =
t = to. We only make the proof for V'. By definition, we have:

Vilto, o) = Vi o Vo) = it sup [ [ gQept0es ) g o), o)
o JRN

a€Ar(to) geB (to)

— inf  sup // toq} V@@ IBOY o (2)d Py (w).
RN

a€Ar(to) BEB(to)

11



Let e > 0 and o € A,(ty) an e-optimal strategy for V' (to, ¥, o) so that:

V;r(t()aq)nu()) - Vj(toy‘lﬂ,uo) S sup j(t07q)7u07057ﬁ> — sup j(t()a\D?/LO?OQﬁ) +e€
BEB(to) BEB(to)

Then taking 8 € B(to) an e-optimal strategy for supgep,) J (to, ®, po, @, 8) and using
(3), we obtain:

V;_(th ®; ,UO) - V:_(tﬂy \IJ’ ,UO) S j(t07 (I)a MOa «, ﬂ) - j(tO; \Ila Mo, «, 5) + 25
< CLiply) [ 10(e) - ¥(z)] dyo(a) + 2.
R
We denote C'Lip(g) again by C.
QED

Remark 1 The previous result implies in particular that the restriction of VI to C(X, X)
is Lipschitz for the norm || + ||oo-

Lemma 5 Fiz p € [1,+00). There ezists C > 0 such that, for any ® € Lip(X, X),
fo, 1 € A(X):

V= (to, ®, o) — V= (to, ®, )| < Lip(®)CW, (o, p11).

The proof is similar to [14], Proposition 3.
Proof: We will only prove the result for VF. We argue as in [14]. Fix ¢ > 0. Let
(4, Fa, Pa), ) be a random strategy which is e-optimal for V7 (¢, @, 11o): namely

15) [ o) dpfayap ) < VY 100 ) +

Fix 8 € B,(ty). Let v be an optimal plan for W, (o, t1). Then we disintegrate the
measure v with respect to u; as follows

dy(z,y) = dyy(x)dpa(y).

There exists a map £ : (y,w’) € X x [0,1]Y — £(y,w’) € RY such that
E(y, LY =, for py-almost all y, and W3 (LN, v,) = / |l — &(y,w)|?dw’.
0,11

It has been proven in [14] that this map & is measurable. This enables us to define the
following random strategy for the first player

a:(y,w,w,v) € RY x Qy x [0,1]Y x V(t) = a(é(y, ), w,v) € U(ty).

Then for any 5 € B(ty) we have

/ / to W a0 g () dPy (w)de
Qo x[0,1]NV JRN

12



= [ e OSE0) P )y a)din(y)
o xRN x

(Using Fubini Theorem and the definition of &)

:/Q v 9T BP0 P, (w)dy (. y)
a xRN x

<[ O 0) P )y e+ CLiplg) [ (8la) - @()ldy(oy)
Qo xRN xR

RN xRN

- / g(X i ®@e@eIBy qp (w)dpo(x) + CLip(g) / |B(2) — D(y)|dy(z,y)
Qo xRN

RN xRN
< [ g 0) ap, w)duo(e) + CLip(®)Liplg)Walyin. .
Qo xR

(the last upper bound is due to Holder inequality).
Hence by passing to the supremum over 3, since ¢ is arbitrary, this yields

V! (to, @, 1) <V, (to, @, o) + CLip(g) Lip(®)Wy (1o, p11)-
Interchanging po and g, the proof is complete.

QED

Remark 2 In view of (12) taking in particular ® = Id in the above result, we obtain
that p — VE(t, ) is Lipschitz continuous with respect to the distance W, uniformely in
te[0,7].

Lemma 6 For allty € [0,T] and ® € C(X,X), the maps po — VE(to, @, j1o) are contin-
wous with respect to Wy (hence uniformly continuous since A(X) is compact).

Proof: Again we only show the result for V. Let ® € C(X, X) and take (®,), a
sequence of Lipschitz functions converging uniformly to ®. Let € > 0. It exists £ € N
such that |[®; — ®[|c < 35 where C' is the constant of Lemma 4. So by Lemma 4:

wol ™

1

Taking any po, p1 € A(X) such that W, (1o, p1) < S TR @)

we have by Lemma 5:
V(@ p0) = V(@ )l <0 VT @, o) = VI (E s pio)| 4 [V (8 P, o) — VT (, P, o)
+|V;r(t> cbka ,Ul) - V:(t> (I)a :ul)’

2e .
5T C(Lip(Pr) + 1)Wa (o, 1) < €.

IN

The proof is complete.

QED
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Remark 3 In view of the previous result, the main result in [14] implies that V7 = V-
Also this enables us to obtain a result for pure strategies extended values VT and V™
defined by

V+<t0aq)aM0) = inf sup j(to,@,ﬂg,&,ﬁ), V_(t()vq)v:u()) = Sup inf j<t0aq)aM0aa7B)'

a€A(to) BEB(to) BEB(to) a€A(to)
From [14] we have all po € A(X) and ® € L7, (X, X) such that ®fpg has no atom,
Vﬁt(toa q)a ILLO) = V:t<t0a q)a ILLO)

We end our section by showing the nonemptiness of the convex subdifferential of the
value.

Lemma 7 Forallt € [0,T] and ® € C(X, X), the maps = VE(t, ®, 1) has a nonempty
convex subdifferential at every point i € A(X):

0#0-Vi(t, @ 1) == {d € C(X), Vp € AX), V3(t, @, p0) = V7 (£, D, 1) > /chd(u—ﬂ)}-

Proof: Again we only show the result for V. Fix g € A(X), ® € C(X,X) and
t € [0,T]. From remark 2, we know that V.7 (¢,-) : A(X) — R are convex and Lipschitz
continuous with respect to the Wasserstein distance Wj.

We claim that 0_V (¢, ®tji) # 0. Set po := P and let us define

Z ={v—p, veAX)},

which is a convex compact subset of the vectorial space My(X). Here My(X) is the set of
signed measures of total mass zero on X equipped with the Monge-Kantorovich norm :

Vo € Mo(X), [loflax = Sup{/X ¢(z)d(c" —07)(x), ¢ € C(X), Lip(¢) < 1}.

Recall that for any (m,m’) € A(X)? we have ||m — m/|px = Wi(m,m') (cf [30]). We
define now the map G : v — gy € Z — V.7 (t,v) which is bounded convex and C-Lipschitz
for the Monge-Kantorovich norm in view of Remark 2.

The function G being C-Lipschitz and convex on the convex compact set Z, we may
define the following extension to My(X)

G(o) = f{G(p) + Cllp — ollx }, Vo € My(X),

which is still convex and Lipschitz.

Recalling that My (X) is in duality with Lip(X)/R (the space of Lipschitz function up
to a constant) (cf [21] or [7]), we deduce that the convex Lipschitz function G which is
bounded in a neighborhhod of Z has a nonempty subdifferential at 0 € Z (cf [16]). So
there exists £ € Lip(X) such that in particular

VpeC, G(p) =G(p) > G0)+ < p,& > .

14



Taking p = ®gu — po this yields
Vi€ A(X), ViH(t Dp) — V(1 B4j) > / £d( @2y — D),
X

which proves our claim.
Using Lemma 2, we get

Vi€ ACX), V(L @, 1) — /gow

Hence £ o ® € 0_VI(t,®, i) which completes the proof.

QED

3 Subdynamic Programming Principles

3.1 Subdynamic principle for V'
Proposition 2 Let yp € A(X) and ® € L7, (X, X), t, €]to, T], it holds:

V:_(tm (I)v ,UO) inf Sup V+(t17 Xff o d MU)
a€Ac(to) veV(to)

with A.(ty) :== {a € A(to) : « is constant in the space variable x}.

Remark 4 As the map x — X/;°"*" is Lipschitz and because X is invariant, X;*"*" o ®
belongs to L7, (X, X).

Proof: Let € > 0 and ag € A.(ty) such that:

(16) inf  sup VF(t, X[ o @, pp) > sup Vi (tr, X0 0 @, pg) — €.
a€Ac(to) veV(ty) veV(to)

Let also ((€21, F1, P1), 1) be any element of A,.(t).

We introduce a new strategy ((21,F1, P1), @) € A,(ty) built by gluing oy and «; in the
following way:

(17)

V(z,w,v,8) € XxQ xV(tg)X[to, T], a(x,w,v)(s) = { g?g;?f}vutl )06) ei]fsj' € [to, t1],

This new strategy satisfies
j(tm <D7 Ho, da /U) = j(tla Xtti)’.ﬂmv o (I)a Mo, 1, U'_[tl,T]) Vv € V(tﬂ)
We will now use the following lemma:

Lemma 8 Let (ap, a1, 8) € Ac(to) X Ap(t1) x B(to) and & defined by (17), then it exists
B € B(t1) such that:

j(t07 (I)alLOa@aﬁ) = j<t1aX1ff’.7aOﬁ o (I)7#07a/175)'

15



Then, take 3 € B(ty) such that

sup j(t()?q):u()?aaﬁ) S j(to,q),/Lo,O_é,B) +€7
BEB(to)

so that:
(18) Vi (to, ®, o) < I (to, @, po, @, B) + &

Then using Lemma 8, there exists 5 € B(t;) such that:

Vi (to, @, o) < J (1, Xff"’ao’éo‘b; Mo,Oﬂ,B)ﬂLﬁ < sup J(t, Xff"’aoﬁoq’» Lo, a1, Br)+e,
B1€B(t1)

this inequality holds true for any oy € A,(t1), so we get:

V (to, @, o) < inf sup T, X070 ®, po,a,Br) +e,
a€Ar(t1) g eB(t)

= VH(ty, Xff"""o’B 0o®, o) +e< sup Vi, X0 d, o) +e.
vEV(to)

We conclude using (16):

Vit ®,p0) < sup Vit X770 ®, pig) + ¢
vEV(to)

< inf  sup Vi(t, X% o ®, pp) + 2.
a€A.(to) vEV(to)
Since ¢ is arbitrary, the proof is complete.

QED

Proof of Lemma 8. To (ag, 5) € A(ty) x B(ty) we associate (u,v) € U(ty) x V(to) such
that:

<

aO(q_}) = 7,_L, ﬁ(a> =
We build a new strategy 5 € B(t1) by setting *:

Bu) = Bladu) Yuelty),
where u @ u is defined by

u@u(s) =u(s)if s € [to, t1] and u @ u(s) = u(s) else.

) T,w

To (aq, ) we associate the measurable map (z,w) € X x Qp — (u],07*) € U(t1) X
V(1) defined as:

ar(w,w,op ) = up®, Blup®) = op,

3As a consequence of the definition B(u)(s) = B(u)(s) = v(s) Vs € [to, t1 + 7] for some 7 > 0.
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(observe that we have v{" = ¥ on [t1,t; + 7]). Now we notice that the controls a & u7™
and U @ 07" satisfy:

(19) fladul™)=v@® v, alr,w,v®v]")=uduy”
Indeed by the very definition of 5 and a:
_ 2w B(u)(s) = v(s) Vs € [to, t1 + 7]
U D uy’ S) = Dl Tw T,w .
LT O Ol AL

_ o aw | ap(D)(s) = u(s) if s € [to, t1],
afz,w, 0@ vy (s) = { ar(z,w,v7)(s) = ui™(s)  elsewhere.

Let us now compute J (to, P, o, @, 5):

j(t(b q)nu()? O_é7ﬁ) = / / g<X’§97¢(w)7a(I7W7.)’B) dP1<W)d,LLO(.T) =
951

to P (x),u,v UEY T
/Q / g (X PO Py (W) dpao /Q/ ( ! o ) APy (w)dpio()

1, to &), 0 ﬁv al(wiv')z B to,:,x B 0
/ / dp1<W)dﬂo($) = j(th Xtih %o q)v Mo, O,y 5)
951

QED

3.2 Dual subdynamic principle for V-
Following [10, 17], we introduce the Fenchel conjugate of V,:

(Vo) (o, @, ) == sup ){/XSOdMO - Vf(t07¢’7ﬂo)}a V(to, @, ) € [0, T]xC(X, X)xC(X).

HoEA(X

Lemma 9

(20)  (V7)*(to, ®,) = inf  sup sup < ¢(x) — / g (X?’q)(x)’a(')’ﬁ(w")> dPs(w) ¢ .
BEB:(to) ae A, (to) v€X Qs
Let us denote by z = z(ty, @, ¢) the right-hand side of (20). First show the following

Lemma 10 For any fivzed ® € C(X, X), to € [0,T], z: p € C(X) — z(to, D, ) is convex
and lower semi-continuous for the uniform topology.

Proof: Let ¢y, @1 in C(X) and A € [0, 1], we set py := (1 — X)po + Apy.
Let ((92, Fi, B;), B;) be e-optimal strategies for z(to, @, ¢;), i = 0,1. We set:

= x QU x[0,1], Fr=Fyx F1 x B([0,1]), Py=Pyx Py x Ly,

V(wo,wr,w) € Qo x Q1 x [0,1],  Bwy,wr,w,-) = { g?gz?’i ii i][l()’—l/\_l?]

17



It holds:

2(to, @, n) < sup me}?{gp,\() / g<X§97‘P(I),a(~)ﬁ(wo,w1,w,')) dP,\(wo,wl,w)}

acA(

= sup { / / X ’a(')’ﬂ(wo’wl’“")> dPo(wo)dP1(w1)dw}
a€Ac(to), z€X QoxO

= sup {goA(x)—(l—A) / g (XpP@OBED) R )
rzeX Qo

OzGAc(to),
_/\/ g<X;97‘1>($)7a(')ﬂ1(w1,')> APy (w;) }
Qo

S (1 . )\) Sup {SOO(.CE) / ( tO (I> /80(0.)0 )) dpo(wo)}
a€Ac(tg), z€X
+A sup { / g toq’ ()P, )> dPl(wl)}
a€Ac(to), z€X Qo

< (1= Nz(to, @, 00) + Az(to, D, 1) + 2e.

Letting ¢ — 0 gives the wished convexity result.
Now we show z is l.s.c. Assume [|¢,, — ¢||lc — 0. We have clearly

2(to, D, 0n) = 5651%0) aes;;&())r&ag {gon(x) — /QB g (X;J,@(z),a(-),ﬁ(w,.)) dPB(w)}
> 2(to, @, ¢) = llpn = @lloo-
Taking the liminf as n tends to +o0o gives the result.
QED
Proof of Lemma 9: Step 1: Let us show (V7 )* < z. Indeed:

(V) (to, @, ) := sup ){/ pdpo =V, (to, @, uo)}

HOEA(X

= sup /gpdﬂo— sup  inf / / t0<I>x) 7Bl ) dpo(z)dPs(w)
1oEA(X) X BEB,(tg) @EA(t0) RN

= st sw § [ el [ 4o dua)
Ho€A(X) BEBr(to) acA(ty) | Jx Qg

sop int 3 [ s sup ) [ g(xEPO0) a0 duae)
po€A(X) BEBr(t0) | J X acAe(to) yeX Qs

— i s pl)— / g (XD P () = H(t, D, ).
BEB:(to) ac Ac(to),xEX Qg

IN

Step 2: Now, we show (V,)* > z**
For any a € A (to) and 8 € B,.(tg), we 1ntroduce the function &, 3 € C(X) defined by :

Gosla) = [ g (Xp*04) apyfe),
B

18



We have for any a € A.(ty) and any 3 € B, (o) (cf (3):
§a,5(x) = Lap(2") < CLip(g)|®(x) — B(a')].

Hence &, g is uniformly continuous with the same modulus of continuity that ®. Moreover,
by taking the infimum in «, and o e-optimal for infaca, ) §a (") :

( inf Sapl) = dnf  Lap( )) < Gaps()=ag.s(2)+e < CLip(g)|P(x)—P(z')[+e,

aEA to) aEA
this shows that inf,ca. (1) §a,s is also continuous. We have:
z(tg, P = inf ma x)— inf
(0,00 =, ma{ (o) = _inf 6a(o) .

So that z* rewrites as:

Z*(to, P, o) = sup inf {(uo,so> —p(z)+ inf )Ea,ﬁ(:v)}

0EC(X),BEB(to) TEX a€Ac(to

—  sup sup inf{(uo,go)—gp(x)ﬂL inf &, (v )}

BEB, (to) peC(X) T€X a€Ac(to)

Take ¢ = inf,ea,(t9) a8, then we get:

2*(to, ®, o) > sup inf {(,uo, inf §a5>}

BEB, (to) zeX aGAc to

3 : ) (.Z’),Oé('),ﬁ((d,')
= sup inf / inf / g (Xto @ ) dPs(w)] dug(z
BEB-(to) zeX { X aGAC(tO)[ Qs T ﬂ( )] 0( )

Now, if p19 = Y"1, ¢;0,, is any element of A(X) with finite support, we have:

n

V- (to,®,pu0) = sup  inf ch/ g(Xé?’(b(mi)’ai(')ﬁ(w")) dPs(w)
Qs

BEB;(tg) *i€Ac(to) =7

n

= sup ¢; inf / g(Xfp‘)’@(xi) )P, )) dPs(w)
Q

BEB.(t0) 75 a€Ac(to)

—  sup inf / inf / (Xto"I’(x”“(')ﬂ(“”‘)) APs(w)] duo(z) b |
ﬁeB}aﬂ)xex{ [t (s ()] dil)

So that for any po with finite support:

V. (to, @, p1o) < 2" (to, @, p1o)-
Then by density, as V. (to, @, ) is continuous for the weak star topology:

(V7Y (10, .) = sup {[ et =vrtta i)} = 20,0,
1o with finite support

This together with step 1 and Lemma 10 imply 2** = z = (V,7)*. The proof is complete.
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QED
Proposition 3 For any (to, ®,¢) € [0,T] x C(X, X) x C(X), it holds:

V) (to, @, ) < inf  sup (V)" (tl,XtO ¢()uﬁ790)-

BEB(to) ueld(to) "
Proof: Set for all (tg, ®, ¢, a, ) € [0,T] x C(X,X) x C(X) x A(ty) x B,(to):

G(to, ®, 0, v, B) = sup {wm - / g(xp B dP/a(w)} .
Qg

zeX
We mimic the proof of Proposition 2. Let ¢ > 0 and [y € B(ty) such that:

)" (tl,XtO q)()aﬂ,@) > sup (V)" (tl,XtO ¢()aﬂ°790) — €.

r

(21) inf  sup (V.

BEB(to) acA.(to) " a€A.(to)

Let also ((Qy, F1, P1), f1) be an element of B,(t,). We introduce a new strategy ((Q1, Fi, P1), B) €
B,(tp) built by gluing 3y and (5 in the following way:

(22) V(w,u,5) € O xU(te) % [to, T),  Blew, u)(s) = { g(;g u)(s EtlT)(S) eilfs(je [to, 1],

This new strategy satisfies
g<t07®7¢7u7/§) = (tlaXtO b O@,@,Ut[tl,T},ﬁl) Vau eu(to)
We introduce the following lemma that can be proved similarly to Lemma 8:

Lemma 11 Let (By, B1, ) € B(ty) x B,(t1) x A(to) and B defined by (22), then it exists
& € A(t1) such that:

g(t()? (I)7 ¥, &, B) = g(tla X;?.’a’,go o (I)a Ko, 647 51)
Then, take & € A(tg) such that

sup g(t()uq)ugpaaaB) S g(t07 y P, X 7/6)

a€Ac(to)
so that, by (20):
(23) (Vi) (to, @, ) < Glto, @, 0, @ ) + .
Then using Lemma 11, there exists @ € A.(t;) such that:

(V;)*(to,q),@) S g<tlaX:f,.7&7ﬁooq)7ﬂ07d?ﬁl)—i_g S sup g(thttf’.’&”BOOCI),u07041751)—|—8
Cx1€Ac(t1)

this inequality holds true for any 5 € B,(t1), so we get again by (20):

(V) (to, ®,0) < inf sup g(tleZf’.’&ﬂO o ®, ug, a1, B1) + ¢
BrLEBr (1) ay € Ac(ty)

=V (tl,XtO(D()a'BO,QO)—l—gS sup (V.)* (tl,Xtoq)()""Bo,go)—l—g.

r
u€U(to)
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We conclude using (21):

(Vr_)*<t07(1)790) S sup (VT‘ ) (tletO (I)()Uﬁ(]?@) +e
weU (to)

< inf  sup (V-

o), X0 5) 42,
BEB(t0) ae A (to) )t X, °)

QED

4 Hamilton Jacobi Isaacs equations

We introduce the following Hamiltonian defined for any (10, o, ps) € A(X) x C(X, X) x
C(X, X) by:

H (0, Bo, po) = inf sup / F(@o(@), u,v)-pola) dpig() = sup inf / F(@olw), 1, v)pa() dyio(x)

uel yev veV uel

and the Hamilton Jacobi Isaacs equation:
(24) 8tW + H(Mo, CI)(), DW) =0

We will also need 7/{\: R
H (1o, Po, pa) := —H (1o, Po, —pa)

4.1 Subsolution and Dual supersolution

Hereafter, we give the appropriate definitions of superdifferential and solutions:

Definition 5 Consider the function w : [0,T] x C(X, X) x A(X) — R and w* : [0,T] X
C(X,X) xC(X) R be its Fenchel conjugate in the p variable.

o Let 6 > 0 and (to, Do, po) €]0,T[xC(X, X) x A(X). We say that (pt,ps) € R X
C(X, X) belongs to the §-superdifferential Df w(to, Po, po) to w at (to, Po, po) iff

w(t, Py + &, — w(ty, Py, (t —to) x)d
lim sup ( 0o+¢& Mo) (0 0 Mo) Pt 0 fX Mo( ) <5
€]l oo —0, t—to 1]l + [t — to

(here ||€]|eo Stands for the norm of the uniform convergence of £ € C(X, X)).

o Let 6 > 0, pp € A(X) and (ty,Po,p) €]0, T[xC(X,X) x C(X). We say that
(pe,pe) € R x C(X, X) belongs to the §-superdifferential Dguow*(tg,q)o,cp) to w*
at (to, Po, @) with respect to o iff

i w*(t, ®o + &, ) — w*(to, Po, ) — — Jx & z)dpo(z)
im sup
€llo0—0, t—t0 10 + \t - to!

<.
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Definition 6 For any py € A(X), the map (t,®,u) € [0,T] x C(X,X) x A(X) —
w(t, P, 1) is a viscosity subsolution to (24) iff it exists C > 0 such that, for all § > 0, all
(to, @o) €]0, T[xC(X, X) and all (p;, ps) € DFw(ty, Po, o), we have:

Pt + H (o, o, pe) > —C0.

Definition 7 For any pg € A(X), the function (t,®,u) € [0,T] x C(X,X) x A(X) —
w(t, P, 1) is a viscosity dual supersolution to (24) iff it exists C' > 0 such that, for all§ > 0
and all (ty, P, o, ) €]0, T[xC(X, X) x A(X) x C(X) and (ps, ps) € D, w*(ty, o, ¥):

67#0

et 7:2(#07 Do, po) > —C.

We state now a comparison principle for the Hamilton Jacobi Isaacs equation:

Theorem 1 Fori=1,2, let w; : [0,7] x C(X, X) x A(X) — R be uniformly continuous
bounded maps. We assume that:

(H1) for any fized p € A(X), w;(+, -, p) is k-Lipschitz continuous with k > 0 i.e.:
fwilt, ®, 1) = wils, W, 1) <k (Js =)+ |0 = W13
(H2) the map w; is convex in the u variable and O_w;(t,®,u) # O for all (t,®,u) €
0,7] x C(X,X) x A(X).

(H3) for any ug € A(X), wy is a subsolution of (24) and wy is a dual supersolution of
(24);

(H}) the following equality holds: wy(T,-,-) = wy(T, -, ).
Then for all (t,®,p) € [0,T] x C(X,X) x A(X):

wy (t7 (I): N) < w2<t7 q)a M)

Proof: Assume by contradiction that for some o > 0 and some (g, o, o) € [0, T[xC(X, X)x
A(X) such that:

(25) (wz = w1) (to, Do, o) < —3-

Denote by C' > 0 the constant for which both inequalities of sub and super solutions
holds. We choose n > 0 small enough such that

(26) 2Tn < % and nk < %

and then we choose ¢ € (0,1) small enough for having
(27) 2(k + C)e <, ke < T and k(k + 1)e < %
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We consider the following map on [0, 7]? x C(X, X)* x A(X):
1
0(t7 S, (I)7 \Ij’lj“) = w2<87 \Ilvﬂ) - wl(t7 q)a :u) + E <||q) - \Ij”%i + |t - S|2> —7ns.

Note that [0, T]> x C(X, X)? x A(X) is a complete metric space when C(X, X) is equipped
with the infinity norm and A(X) is equipped with the Wasserstein distance. From the
Ekeland variational principle [18] applied to the lower semicontinuous function (®, ¥)
ming s e r2xax) 0(t, s, ®, ¥, 1), there exists some (¢,5,®, ¥, i) € [0,T]* x C(X, X)?
A(X) such that:
(E0) [|@0 — ¥lloc + |0 — Pl < €
(El) (f § (T) \I’ /]) < 0 to,to, (I)o, (I)o,,uo)

) (t,5,®, W, 1) € [0,T]> x C(X, X)? x A(X):

—~

(E2) for all

(£,5,8,0,71) < 0(t,5,, 0, 1) + ([T — T + ]| — B.0).

>

Step 1: By (E0), we have:
(28) I — 2|2 <e.

We show some estimate on |t — 3. o
Indeed, applying (E2) with (¢,s,®, ¥, 1) = (¢,¢, P, ¥, 1) leads to :

and

Then using (H1) :
—|t — 5 S wp(t, U, i) — w2 (5,9, i) +nft — 5 < (k + )|t — 5]

and we get

(29) it — 5] <e(k+n).

Step 2: Let us assume for a while that 5,# €]0, 7 and find a contradiction.
We first show that 2(t—35®— V) € Dfu(t,®,1). Apply (E2) with (¢,s,®,V,u) =
(t,5,®,V, q) with (¢, ®) any element of [0,7] x C(X, X):
0(t,5,®,0, 1) <O0(t,5 0, 1) +¢c||® — o,
and:
—un(f, @) + = (12— T3, + 17 - 5P?)

(Ilo = @13, + 1t = 512) +l|® - |,

AN
ml»—tml}—l

—w1 <t7 @7 ﬂ) +
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This yields:

wr (1@, ) = wa (8, ) + = (19 = W3, — @ — W3, 16— 5 — |t~ 5?)
S dl(i)_q)uoo
and
_ 1 - - - _ _
(@, 1) = wr (8, 1) + = (<10 = By — 20— 8,8~ By — |t — T2 =2t~ (T - 3))
£ 1
< e (|®— oo + [T~ 1)
Dividing by D := (||® — ®||w + |t — f]) gives:
) e =+t -7
P10 = B2, + |t — 72 1 D?
— R _ _|_€§__
e ||®— Pl + |t — 1 e D

+ €.

Finally:

wl(t7q)7/]) - wl(faci)ala) o %((I) - (T)?(i) - qj)LQ— - %(t o E)(t__ §>
lim sup — —= <e
D0+ [P = Ploo + |t — 1]

). As w is a subsolution of (24), we get:

QL
2 2
(30) (t — 5) + inf sup/ E

uel yey

) f(®(x), u,v) di(z) > —Ce.

In the same way, we apply (E2) with (¢,s,®, ¥, u) = (£,5,®, ¥, u):
0(t,5,®, W, i) <0t s,®,V, 1) +¢||V — V.

Hence for any (s, U, u) we have

S

2(57‘? fi) = wi(t, ®, i) — wa(s, ¥, i) + wi(t, @, p)

L(lle -2, —I\®—‘P|\L3+!t—s!2—\t—s!2)—77(5—8)
elv = P

(31)

I/\-l-

By (H2) 0_w: (¢, ®, ji) # 0. Fix £ € 0_w, (£, ®, i). In view of (31) with (s, ¥) = (5, V) we
derive that £ € a_wg( U, fi). Hence
£)

w3 (3,0, €) = (1, &) — w2(5, ¥, i) and wi(s, ¥, &) > (1, &) —wa(s, ¥, ),
).

U)T(f, CI)7§> = </~_L7 §> - wl(fv (i),ﬂ) and wl( 5) > <:u £> - w1<t_ (i)
So in view of (31) we obtain for any (s, U, i)
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_ 1 _
< el|® = Pl + < (10— T3 + 15— 5°).
Taking the supremum over all 1 in the above inequality, this leads to

2 S _ i
wi(s, W,€) — w35, 0,€) + = (¥ =, & = W)z + (s = 5)(T = 5) ) + (s — )

< el = B+ (10 - B3, +1s - 5P).

Dividing by d := (||\If — V|| + |5 — §|) gives:

w(s,W,€) — wi(s,0,€) + 2 (¥ = 0,8 = W)y + (s = 5)(T = 5)) + (s — 5)
IV = ¥l + |5 — 5]

LI = Iz s — 5 L
€+ z d <e -d
Taking the lim sup when d tends to 0 gives (—2(® — W), —2(f — 5) —n) € DI w;(5, ¥,

Since w, is a dual supersolution, we deduce

——(t—8) —n — inf Sup/X S(CI) —U)(2) - f(¥(x),u,v) dji(x) > —Ce.

Putting this together with (30) and using (28), we get

90 < —n+ inf sup /X g(c@ C W) (a) - F(B(), u,v) di(z)

2 _ _ _ _
mfsup/ 2@~ W)(w) - F( (), w,0) die) <+ 25 |® — W, <~ + 2k
X 14

uel yev €

This a contradiction with (27).
Step 3 : We check that 3,t # T. We do the proof for § = T'. Note that, by (25):

—Q
b(to, to, Do, Po, o) 1= wa(to, Lo, fto) — w1 (to, Po, po) — nto < B

which gives by (F1):
0.7, @, %, i) = 0(F. 5,8, 0, 1) < —.

g
~
E/I

|
g
=~
\.e‘
E

—

_ — _ —
U= D3 +1F—5) =T < .
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and using the k-Lipschitz property of wy:

— - - - — —Q
ws(T W, ) = wi (T, 0, 70) = k(1 = @ + (7= 7]) =0T <

By (H4), this is:

k(19 = @l + T~ 1) =T < =

and by (28) and (29):
% <k(k+1)e+ken+nT

which by (27) gives

(6]
— <2T
4— ?7

which is a contradiction with (26).

Step 4: It remains to consider the case 5 or t = 0. It is standard to deduce from the
fact that w; is a subsolution of (24) on |0, T, that it is also a subsolution on [0,7[. In
the same way, as w} is a subsolution on ]0, 7] of the equation (24) with # instead of H,
it is also a solution on [0,7[. This is enough to obtain a contradiction in the same way
that in the step 2. Indeed for instance if one would suppose that s = 0 one would obtain
a contradiction with the second inequality of (26). The proof is complete.

QED

5 Characterization of the Value

Proposition 4 For any g € A(X), the value functional Vb is a viscosity subsolution to
the Hamilton-Jacobi equation (24).

Proof: Let (tg, Po, wo) €]0, T[XC(X, X) x A(X) and (ps, ps) € Di V¥ (to, Po, o), we have
for all ¢ €]ty, T[, for any a € A.(ty) and v € V(to):

Vi (to, ®o, o) — Vi (8, X200 o) + pu(t — 1) + / (XP0 — Do) () - pa(x) do()
X

> (IO = @l + [t = tol) [=8 — & (X" = Bglloe + [t~ to] )]

where e(t) — 0 when t — 0. As we have X[” ™ — @(z)+ [ F(XLPE*Y o (u(s)), v(s)) ds,
to
the previous expression rewrites as:

pilt — to) + /X [0 a0(3)).0(5) - pole) ddyin(z)

Z V’r—‘i_(t’ XEO7¢O(.)707UM0) - V:(t()) ®Oa ”0)
(IO — gl + [t = to] ) [0 — = (X0 = @l + |t~ to] )

26



By (2), it holds:
(32) | X000 @yl < Ot — tol.

Hence

t
pi(t — to) + / F(X0®@av o (y(s)), 0(s)) - pe(x) dsdpo(x)
X Jtg
> V(XD ) — Vi (Lo, B, o) — (C + 1)t — t|[0 + & ((C + 1)|t — to])].

Taking the infimum in « and the supremum in v, as by Proposition 2, VI satisfy a
subdynamic principle:

pit —to) + inf ~sup / thtO% v alv(s)), v(s)) - pe(x) dsdpo(z)

a€Ac(to) vEV(to)

> —(C+ D)t —to][0 + & ((C + )|t — to])].

If we reduce the infimum to the strategies a which are constant in space and time, the
inequality remains:

pe(t —to) + inf sup / F(XL®@ 0(s)) - po(w) dsdpo(x)
to

UGV to

> —(CH 1|t —tol[d 4+ ((C+ 1)|t —to])]

Because f is bounded and Lipschitz and X is also bounded, in view of (32), we deduce
that there exists a constant - denoted again by C' - such that:

t
/ F(XL®@ 0(s)) - po(w) dsdpo(x)
to

IN

[ @) o) pate) dstata) +.€ [ s ol as
= (Sup/f(q)o(x)v“’”)'p@(x) i) + 015 2t0|).

veV

So we get:

=)+ (=t sup ([ (@u(o)0) (o) duote) + L)
=z —(C+ Dt =tol[d + e ((C+ 1)t —to])]
Then, by the definition of H, dividing by |t — o] and letting ¢ tend to to, we deduce:
P+ H(pto, Po, pe) > —0(C +1).

QED
In a similar way we can prove:
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Proposition 5 For any py € A(X), the value functional V, is a viscosity dual superso-
lution to the Hamilton-Jacobi equation (24).

Proof: Let (to, o, 10, ¢) €]0, T[xC(X, X)xA(X)xC(X) and (ps, pa) € Dy, (V)" (to, ®o, ¢),
we have for all ¢ €]ty, T, for any § € B(ty) and u € U(ty):

(V) (to, Bo, ) — (V) (8, X702 0) 4 pu(t — to) + / (X720 @) () - pa(e) duo()
X

> <||Xfo,¢o(~)7u,ﬁ N (I)OHOO + |t _ t0|> (5 +e (HX:()SDO(.),U,/B o (I)OHOO + |t N t0|)>

where £(t) — 0 when t — 0.
As we have X/®@m8 — g (40) + j; Xlo®olhub (5) B(u)(s)) ds, the previous ex-
pression rewrites as:

t
pe(t —to) + / F(X®@m8 u(s), Bu)(s)) - pa(x) dsduo(x)
X Jtg
> (V7)) (b, ®o,0) — (V) (6, X200, )
— (0% — gl + [t = to]) (842 (X0 = @lloe + [t~ t0]) )

Once again we have
126770 — @ole < Clt —to].

Hence
pilt = to) + /X [ K02 u(s), 8(u)(s)) - po(a) dclfa)
> (V7)) (to, Po, ) — (V) (1, X0 [ 0) — (C 4 1)t — to] (5 + 2 (C + Dt —to])).

Taking the infimum in 8 and the supremum in u, because by Proposition 3, V. satisfy a
dual subdynamic principle, we deduce that

pilt —to) + inf S / 5 F(X 2@l a(v(s)),v(s)) - pe() dsdpo(w)
> (O D~ tol (52 ((C+ Dl — to])).

If we reduce the infimum to the strategies § which are constant in time, the inequality
remains:

pe(t —to) + inf sup / F(Xlo®ol@uv () 0) - pe(x) dsdpg(z)
vevueu t() to
> —(C+1)[t —to[ (0 +e((C+ )|t —to])) .

Since f is bounded and Lipschitz and X is compact, there exists a constant - denoted
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again by C - such that:
t

[ [ e, s). ) - po(a) dsdu(o)
X Jtg

< swp [ @) ) pole) dsdo()+ € [ s~ ] ds

uelU to

uelU 2

= (t—to) (sup/f% z),u,v) - po(x) dpo(z )+(J| _t‘)').

So we get:

—1
=)+ (0=t infsup ([ (@G, 0.0) - palo) dpale) + )
v ue
> —(CH+1Dt—=to|(d+e((CH+ 1)t —to]))-
Then, by the definition of H, dividing by |t — #| and making ¢ tend to ¢, this yields:

Dt +3Q(N0,(I)o,p<1>) > —0(C'+1).
QED

We state now the following main result of the article

Theorem 2 The upper value V' coincide with the lower value V. Moreover the value
V, =V =V is the unique uniformly continuous function from [0,T] x C(X, X) x A(X)
to R, convex in u, Lipschitz in (t,®) having a nonempty convex subdifferential at any
p which is a subsolution to (24) and a dual supersolution to (24) and which satisfies

furthermore the following boundary condition
VT2 = [ g(@)duta), VO € C(X,X), Y € ALX).
b's

Proof: The boundary condition is an obvious consequence of the definition 4 of V.
The regularity of VF has been obtained in section 2.2. By Proposition 4, the upper value
VI is a viscosity subsolution to (24) while V"~ is a viscosity dual supersolution thanks
to Proposition 5. From Lemma 7 functions V¥ have nonempty subdifferential in the p
variable. Comparison Theorem 1 implies that V' = V. The proof is complete.

QED
From (13) of Lemma 2, we deduce the existence of the value of the differential game:

Corollary 1 The differential game with asymmetric information has a value :

V=V
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6 Concluding remarks

e Our analysis could be also extended to a differential game with incomplete infor-
mation for both players as follows. Suppose that the compact space X € RY could
be decomposed into X =Y x Z. The game is played in the following way : at time
to an initial position xo = (Yo, 20) € Y X Z is chosen randomly according to a prob-
ability measure 1o = (v9,q0) € A(Y) x A(Z). The componnent y, of the starting
position is communicated to Player I but not to Player II while zy is communicated
to Player II but not to Player 1. Both players knows 1y and ¢y and observe their
opponents actions during the game. The Payoff is still of the form g(x(7)). Such
a game was studied in the discrete time context in [24], for differential game with
finite type information we refer the reader to [26] (cf also remark 5 in [14]).

e One can also extend our approach to the case where the payoff has the form g(x(7"))+
ft:OF 0(x(s),u(s),v(s))ds. The main changes concern Hamiltonian and the comparison
principle which are writtent in a little different way but use the same ideas that in
the present paper. One can also hope to extend results of the article to differential
games without Isaacs conditions. This would use the approach developed in [22].

e Surprisingly the assumption that X is compact is crucial in our approach. One
can hope to treat the Hamilton Jacobi equation in L?(X, X) as in [9]. But the
study of dual supersolution needs a duality between measures and functions which
works well for compact sets X. This could explain why the superdifferentials in
definition 5 uses a L? scalar product on the numerator and the C'(X, X) norm on
the denominator, this definition of superdifferentials differs slightly from those of
[9]. One could hope to extend our result to the case where X is not compact by
considering instead of A(X) the set of probability measures on X with finite first
moment which is in duality with

(pecx), tm 28 _gy

’ |z|—o0,zeX 1 + ‘.1"2

equipped with the norm sup ¢y % (cf e.g. [1]).

e An interesting and still widely open problem concerns the presence of signals in the
incomplete informed game. We refer the reader to [31] for a specific structure of
signals with finite type information.

Acknowlegment The authors wish to thanks the anonymous referees for their sug-
gestions to improve the paper.
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