GLOBAL WELL-POSEDNESS OF THE SPATIALLY HOMOGENEOUS
KOLMOGOROV-VICSEK MODEL AS A GRADIENT FLOW
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ABSTRACT. We consider the so-called spatially homogenous Kolmogorov-Vicsek model,
a non-linear Fokker-Planck equation of self-driven stochastic particles with orientation
interaction under the space-homogeneity. We prove the global existence and uniqueness of
weak solutions to the equation. We also show that weak solutions exponentially converge
to a steady state, which has the form of the Fisher-von Mises distribution.

1. INTRODUCTION

In this paper we study the dynamics of the probability density function p(t,w), as one-
particle distribution at time ¢ with direction w € S¥~! (unit sphere of R%), which satisfies
the system

Op=20up—Viy- (prLQP)
(1.1) J,
Q, = —, Jp—/ w pdw.
|Jp] gd—1

Here the operators V,, and A, denote the gradient and the Laplace-Beltrami operator on
the sphere S!, respectively. The term P_.Q denotes the projection of the vector Q onto
the normal plane to w, describing the mean-field force that governs the orientational inter-
action of self-driven particles by aligning them with the direction €2 determined by the flux
J. Notice that  is not defined when J = 0, and this singularity in the vector field is one
of the main difficulties when studying the system (1.1).

The equation (1.1) is the space-homogeneous version of the kinetic Kolmogorov-Vicsek
model, which was formally derived by Degond and Motsch [13] as a mean-field limit of
the discrete Vicsek model [1, 8, 23, 30] with stochastic dynamics. Recently, the stochastic
Vicsek model has received extensive attention in the mathematical topics such as the mean-
field limit, hydrodynamic limit, and phase transition. Bolley, Canizo, and Carrillo [6] have
rigorously justified the mean-field limit when the unit vector  in the force term of (1.1)
is replaced by a more regular vector-field, and Degond, Frouvelle, and Liu [11] provided a
complete and rigorous description of phase transitions when € is replaced by v(|J|)f2, and
there is a noise intensity 7(|.J|) in front of A, p, where the functions v and 7 satisfy

J
|| — V(’J”) and |J| — 7(]J|) are Lipschitz and bounded.
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Indeed, this modification leads to the appearance of phase transitions such as the number
and nature of equilibria, stability, convergence rate, phase diagram and hysteresis, which
depend on the ratio between v and 7. It is important to observe that the assumptions of v
remove the singularity of 2 because v(|J|)$2 — 0 as |J| — 0. This phase transition problem
has been studied as well in [1, 8, 11, 10, 19, 23]. Concerning studies on hydrodynamic
descriptions of kinetic Viecsek model we refer to [11, 10, 13, 12, 14, 18], see also [7, 9, 24] for
other related studies.

For the well-posedness of the kinetic Kolmogorov-Vicsek model, Frouvelle and Liu [19]
have shown the well-posedness in the space-homogeneous case with the “regular” force field
P, . J instead of P, 2. Moreover they provided convergence rates towards equilibria by us-
ing the Onsager free energy functional and Lasalle’s invariance principle, and their results
have been applied in [11]. On the other hand, Gamba and the second author [21] proved
the existence and uniqueness of weak solutions to the (spatially inhomogeneous) kinetic
Kolmogorov-Vicsek model with the singular force field P,1 2 under the a priori assumption
of |J| > 0. There, they constructed the weak solutions in LP, 1 < p < oo, which are stable
with respect to the initial data, provided |J| > 0. It is worth noticing that their result [21]
also holds in the space-homogenous case, under the assumption |J| > 0. As a study for its
numerical scheme, we refer to [20].

The purpose of this paper is to present the global well-posedness and large time behavior
of weak solutions to the spatially homogeneous problem (1.1). In order to prevent the
singularity of €,, we shall consider initial probability densities py satisfying |J,,| > 0.
Nonetheless, since the momentum J is not conserved, the condition |J,,| > 0 may not
immediately ensure that |J,| > 0 for all time. As we shall see, a formal computation
actually does show that [J,| > | o le™2(@= 1 (see Lemma 3.3). However, since it does not
seem obvious how to justify this estimate, we shall rather argue by approximation. More
precisely, we first regularize the equation (1.1) by adding a small constant € > 0 to the
denominator of €,. This allows us to look at (1.1) as the gradient flow with respect to
Wasserstein distance of a e-perturbed free energy functional, and we will be able to prove
the well-posedness of the regularized equation using the time-discrete scheme by Jordan,
Kindeleherer, and Otto [26]. Finally, using a compactness argument, we will obtain the
global well-posedness of (1.1).

For the large time behavior, we observe that, as a consequence of (2.6), the system (1.1)
can be written as the nonlinear Fokker-Planck equation:

(1.2) Op=2Aup—V,- (pvw(w-Qp)>.

We can easily see that the equilibrium states of (1.2) have the form of the Fisher-von Mises
distribution: for any given Q € S?~1, these are given by

Mg (w) := Cpre” ™,

where C)y is the positive constant given by
1

1.3 Cy=———-
( ) M de_l e i’

so that Mg is a probability density function. Notice that the normalization constant Cjs
does not depend on , and can be easily computed when d = 3 (see Appendix). In this
paper we prove that any weak solution of (1.1) converges exponentially to a stationary
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Fisher-von Mises distribution. It is interesting to observe that, in constrast to [11], because
of the singularity of our force field P12, even if one puts coefficients in front of the force
P,.J and of the diffusion, no phase transition phenomenon appears.

The paper is organized as follows. In the next section, we briefly present some useful
results and estimates in the optimal transportation theory, and then state our main results.
Section 3 is devoted to the proof of existence of weak solutions. In Section 4, we prove
the convergence of weak solutions towards the equilibrium in L' distance. In Section 5, we
show that weak solutions are locally stable with respect to the Wasserstein distance, and
as a consequence we obtain the uniqueness of the weak solution.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Probability measures on the sphere. Here we summarize useful results from op-
timal transportation theory that will be used throughout the paper. We consider the em-
bedded Riemannian manifold S~ ¢ R? endowed with the ambient metric and geodesic
distance given by

d(z,y) : mf \/ |’y|2dt)’yECl ((0,1),871),4(0) = ,'y(l):y}.

We define the 2-Wasserstein distance (or transportation distance) with quadratic cost be-
tween two probability measures p and v as

(2.1) Wa(p,v) == \/ inf / d(z,y)? d\(z,y),
NeA(u) Jsa-1 g1

where A(u,v) denotes the set of all probability measures A on S9~! x S9! with marginals
pand v, i.e,

ﬂ-l#)\ = M, 71—2#)\ =V,

where 71 : (z,y) — z and 79 : (x,y) — y are the natural projections from S~ x S to
S%1 and mizA denotes the push forward of A through ;.

Whenever 1 is absolutely continuous with respect to the volume measure of S¥~1, it follows
by McCann’s Theorem [27] that there exists a unique optimal plan \g € A(p,v) which
minimizes (2.1), and such a plan is induced by an optimal transport map 7 : S4=1 — S4-1,
ie., A= (Id, T)4p (thus, Typ = v). In addition, T' can be written as

T'(w) = exp,,(Vwp(w)),

for some d?/2-convex function ¢ : S~! — R (see for instance [3, Theorem 2.33]).

We shall denote by (P(S?1), W5) the metric space of probability measures on the sphere
endowed with the Wasserstein distance. We recall that (P(S?1), W3) is a complete separa-
ble compact metric space, and a sequence p,, converges to u in Ws if and only if it converges
weakly in duality with functions in C(S~!) (see for example [3, Theorem 3.7 and Remark
3.8]).

The following proposition provides a useful estimate on the directional derivative of the
map p +— W2(u,v), which is used in Section 3.
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Proposition 2.1. Let p,v € P(Sd_l), assume that p is absolutely continuous, let X :
S — TS be a C™ vector field, and define p; := exp(tX)xp. Then we have

2 w2
lim sup Wy (e, v) = Wy (1, v) <=2 Vupw) - X(w)dp,
t—0 t Sd—1

where o : ST = R is a d?/2-convex function such that exp, (V@) is the optimal map
sending @ onto v.

Proof. Let \g € A(u,v) be the optimal plan, i.e., (Id,exp,(Vo,p))gp = Ao. Since the
measure

At == ((exp(tX) o 7r1,7T2)#)\0
belongs to A(u, ), it follows by the definition of W5 (see (2.1)) that
W3 (ue,v) < / d(w,@)? d\y

Sd—1x§d—1

= / d(exp,,(tX (w)), @) dXg
Sd—1y§d—1

- /Sd1 d(exp,, (tX (W), expy, (Vo)) dps.

We now recall that the following formula about the squared distance function (see for
instance [17, Section 1.9]):

(2.2) d(expy, (X (w)), expy, (Ve (w)))” < d(w, expy,(Vupw)))’ — 26X (w) - Vip(w) + C 2.
Thus

W3 (ps,v) < / d(w, exp,(Vwp(@)) dp—2t | X(w) - Vop(w) du + C' 2
§d—1

§d—1
=Wuv) =2t | X(@)- Vo) du+CH,

and the result follows. O

Throughout the paper, we mainly deal with absolutely continuous measures. Hence, by
abuse of notation, we will use sometimes p to denote the absolutely continuous measure
pdw on the sphere S¢ 1.

2.2. Formulas for the calculus on the sphere. We present here some useful formulas
on sphere S4~1, which are used throughout the paper.

Let F : S*1 — R? be a vector-valued function and f : S¥~! — R be scalar-valued function.
Then we have the following formulas related to the integration by parts:

(2.3) fVy - Fdw=— F-(Vyf —2wf)dw,

Sa—1 §d—1

and

/ wVw-Fdw:—/ Fdw,
Sd—1 sd—1

(2.4)
wadw:(d—l)/ w f dw.

sd—1
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Since V,, f is a tangent vector-field, it follows immediately by the definition of the projection
P,. that
PwLw = 0,

(2:5) P .V.f = V.f.

Moreover, for any constant vector v € R? we have
Ve(w-v)=P,1v,

(2.6) Vo (Pyiv)=—(d—1)w-v.

We refer to [28] for the derivations of the above formulas.

2.3. Main results. We now state our main existence, uniqueness, and convergence results.
In the sequel we shall restrict to the case d > 3 since we will need to use the logarithmic
Sobolev inequality on the sphere (see the proof of Lemma 4.1). We point out that Lemma
4.1 is not used in the existence part, hence our approach allows one to get existence of
solutions even in the case d = 2.

Theorem 2.1. (Ezistence and Uniqueness) Assume d > 3. Let pg € P(S?1) be an initial
probability measure satisfying

(2.7) |Jpo| >0, /d o log pp dw < 0.
Sd—

Then the equation (1.1) has a unique weak solution p € L2 ([0, 00), WL1(S41)) starting

loc
from pg, which is weakly continuous in time, and satisfies (1.1) in the weak sense: for all

e C®(S Y and 0 < t < s,

/Sd1 ¢ (p(s) = p(t)) dw = /ts (/Sd1 (A + Vi - Vo (w - Q)] p(r) dw) dr.

Moreover for all t > 0,
o] = 1pole™ @710

Theorem 2.2. (Convergence to steady state) Assume d > 3. Let pg € P(ST1) be an initial
probability measure satisfying (2.7). Then there exist a constant vector Qs € ST and a
constant C > 0, depending only on de_l polog po dw and the dimension d, such that

_d=2
[p(t) — MQOOHLl(Sd—l) < (Ce ¢ t

Remark 2.1. Notice that, since the momentum J,q) is not conserved in time, it is not
clear how to determine the vector Qo from the initial data pg.

The following theorem provides a short time stability in Wasserstein distance when two
initial probability measures are close to each other. In particular it implies uniqueness of
solutions.

Theorem 2.3. (Stability in Wasserstein distance) Assume d > 3. Let pg, po € P(S¥1) be
probability measures satisfying (2.7) and

[T

16 ’

Wa(po, po) <
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and let p(t) and p(t) denote the solutions of (1.1) starting from po and po, respectively.
Then there exists a constant 6 > 0, depending on de_l po log po dw, fgd—1 polog po dw, [Jy,|,
and the dimension d, such that

Wa(p(t), p(t)) < e Walpo, o) Vi <6,
where A ;=3 —d + Ti(ﬂ

3. EXISTENCE

In this section, we prove the existence part in Theorem 2.1. For this, we first regularize
the equation (1.1) using a parameter ¢ € (0,1) to prevent the singularity of €2,, and then
take € — 0 using standard compactness argument. It is worth noticing that the existence of
solutions to the regularized system could be proved also by more standard PDE arguments.
However, we prefer to use this alternative approach since it will also provide us with some
useful estimates for the limiting system.

3.1. Regularized equation. We first regularize (1.1) by adding € > 0 to the denominator
of €, as follows:

Op* =V - (pe Vo (logp” —w- Q;)),
(3.1) p(0) = po,

J e
9 P — Ja:/ w p° duw.
’ VIdpe? + ¢ g Sd-1 P

In the next subsections, we show the existence of weak solutions to the regularized equation
(3.1) as a gradient flow with respect to Wasserstein distance of the e-perturbed free energy

functional
E%(p) == { Jsar plogpdw — /1 Jp? + & if p=p dw

400, otherwise.

Notice that since p — J, is continuous with respect to Ws, the functional £° is lower
semicontinuous with respect to Wy. The next lemma provides some useful properties on
derivatives of the functional £°.

Lemma 3.1. For a given p € P(S*1), the following results hold.

(1) For any d?/2-convex function ¢ : S¥~1 — R, the second derivative of £ along the

geodesic py dw := exp(tV,p)gpdw at t = 0 is given by

(3.2)
d2
dt?

&) = [ w(D2eIT D20 po - (d=2) [ Waplpde

t=

0
+ [ Vo D25 - w) Ve pd I S ‘ V. .ood ’2_( F Y. 0pd )2
wp Hpliep W) Vwp paw \/m wp paw P wp paw .

(2) For any smooth vector field X : S™1 — TS, the directional derivative of £ along
e = exp(tX)ygpdw at t =0 is given by

€ _ ¢ce
limM = Vu(logp —w- Q) - X(w) pdw.

(3.3) t—0 t gd—1



(8) The slope of EF is given by

3
(3.4) [VES(p)] := lim sup (£ (%)/ \// w(logp —w- Q) ?p dw.
p—p 2(p; p Sd-1

To simplify the notation, here and in the next proofs, we shall often remove the subscript
w from the differential operators V, A, etc.

Proof. Once we prove (3.2), since the Hessian of the map w + €27 - w has norm bounded by
1 and tr([D?p]T D%¢p) > 0, we get
d2
dt?|,_,
with A. := (1 + &~ '/2) — (d — 2). This means that the functional £° is (—\.)-convex, and
it follows by standard theory (see for instance [2, Chapter 10]) that (3.3) and (3.4) hold.
Thus the remaining part is devoted to the proof of (3.2).

We begin by noticing that, since p; dw := exp(tVe)yp dw is a geodesic in Ws, the couple
(pt, pt) solves the following system of continuity /Hamilton-Jacobi equation in the distribu-
tional/viscosity sense (see for instance [31, Chapter 13]):

Oipt +V - (ptVpr) = 0,

(3.6) Ve |?
at t+‘ th‘

(3.5) &) = -\ [ IVelode

=0,

where pg = p and @y = ¢.
Then, using first the continuity equation above, we have

d / J

— log ps dw — /|, |? + € :/lo Oprdw — ——L . | wOypydw

dt< . Pt 10g Py | pt| ) g Pt OtPt \th\Q—l-E tPt
= —/logptV~(ptV<pt) dw—i—/Q;t cwV - (p V) dw
=/V%-Vlogptptdw—/V(w-QZt)-chtptdw

/Acptptdw—/v ) - Vi prdw.
Thus,
d2
@55 /A(ptpt w—/V ) - Vo prdw
=: Il + Is.
Using (3.6), we have

\V4 2
L :/A’ gt’ Ptdw+/A<PtV'(V<PtPt)dw
\V4 2
Z/A’ §t| PtdW—/VA%'V%Ptdw

= /tr([Vngt]TVQcpt)pt dw+/Ric(Vg0t,Vg0t)pt dw.
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where in the last equality we used the Bochner formula
AM — V- VAp = tr([V2p]T V2p) + Ric(Vep, V).

Since the Ricci curvature tensor of S9! is (d — 2)I;_1, we have

L = /tr([Vzapt]TV2g0t) prdw + (d — 2) / IVr? pr dw.
For I, we use (2.5) and (2.6) to get
(3.7) Vw-Q,) Vo =P, Q0 - Vo =P, 1V - Q) =V - O,
which yields

d
I = —dt/Vsot -, prdw

- /dgpt Vgot . ta dw — /Pt Vatgot . ta dw — /Pt V(pt . 6,@; dw
=: Io1 + Io9 + Io3.
Using (3.6) and (3.7), we have

121 = /V . (ptVQOt) Vgot . Q;t dw
— [V (V) V(o 9 Verda

—/ptV<pt-V(V(w~Q;t)-cht) dw

v 2
_—/PtVSOtD2(W'Qit)thdw‘F/PtV(W‘QZJ'V(| <2Pt| )dw.

Similarly we have

\V4 2
Iy = /Ptv<|§t|> €Y, dw

\V4 2
= [t o) v(Febya,

thus
Iy 4+ Iy = — /pt Vi DQ(w . Q;t) Vi dw.

Concerning Io3, since

0y J QF
e _ Pt _ Pt Qf . O,.J
"o \/|th|2+5 STnFte »
N +€( / pthot)dw—i-Q‘;t/Q;t -wV'(ptV<pt)dw)
Pt
| th|2 ([ eveas -9, [ 9@, 0 Vena)

|th| +e€ </ptvg0tdw_9f’t/gf7t'vsotptdw)a



we have

1
123=—W/Ptv¢‘ (/PtVSOtdw—QZt/an 'V%Ptdw) dw

1 2 1 2
=———— | | V dw| + ——— /QE-V dw).
ﬁth\2+€ / Pt Pt /7|th’2+5< ot Pt Pt
Recalling that pp = p and pg = ¢, this completes the proof of (3.2). O

3.2. Minimizing movements for the free energy. To prove existence of solutions to
the regularized problem, we use the time-discrete scheme by Jordan, Kindeleherer and Otto
[26] (see also [16]). Hence, in all this section, € > 0 is fixed and, to simplify the notation,
we shall not explicitly show the dependence on it.

Given a time step 7 > 0, for a given initial data pg € P(S%!) we set

T

pO = pOa
and then recursively define p] as a minimizer of
W2(o, pT
(3.8) . 2(2%—1) L E (o).
T

The existence of a minimizer to (3.8) is guaranteed as follows.
Lemma 3.2. For a given 7 > 0 and p € P(S%™Y), there exists a minimum p, € P(S¥1) of

WE@.0) | ge ()

g —
2T
Furthermore, the optimal transport map T sending p, dw onto pdw is given by
(3.9) T(w) = exp,, [TV, (logpr —w - Q5 )].

Proof. First of all, the existence of a minimum p,; = p; dw follows from the fact that £° is
lower semicontinous and bounded from below thanks to

2
“(py) > min(z1 dw — ‘ d‘
(3.10) (o) > miglotogs) [ do V fro el e
>S4 e tloge ™! — V1 Fe.

To show (3.9), let ¢ be a d?/2-convex function such that exp, (V) is the optimal map
sending p, dw onto pdw. For any smooth vector field X on S¢~!, we set

e = exp(tX)upr dw.
Using the minimality of p,, we get

W2(jut, p) — Wi(pr, p)
21

£ () — E%(pr) +
Then we use Proposition 2.1 and (3.3) to obtain
1
/ Vw(long—w-QzT)-X(w)pdw—/ Vep X(w)pdw
Sd-1 T Jsd—1

W3 (e, p) — W3 (pr, p)
2T

> 0.

> limsup (£°(u1) — £ (pr) +
t—0

)20.
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Exchanging X with — X, this yields

/ va(long—w'Q‘;T)'X(w)pdw:/ Vep - X(w) pdw,
Sd-1 sd-1
and since X is arbitrary we get
Vwp = va(long —w- Q‘;T),
which proves (3.9). O

3.3. Existence of the regularized equation (3.1). Using the sequence of minimizers
defined in the previous section, we define the discrete solution ¢ — p”(t) by

p"(t) :==pr, for t € [n7, (n + 1)7).

We show now the existence of weak solutions to (3.1) as a limit of the discrete solutions p”
as 7 — 0.

Proposition 3.1. Assume pg € P(S%1) with Jsa—1 polog po dw < oo. Then, for any se-
quence T | 0, up to a subsequence p™ (t) converges to some limit p(t) locally uniformly in
time. The limit t — p(t) belongs to L} ([0, 00), WLH(ST1)) and is a weak solution of (3.1).

Proof. Throughout the proof, we will use the following inequality for the sequence of mini-
mizers p;, of (3.8),

m—1 2/ 1 T m—1
1L W2(pT
ay 23 TRl TN e < £~ £5). forany n<m.

referring to [2, Lemma 3.2.2] for its proof.
Since E°(p],) < E%(po) for all m and £%(p],) bounded from below due to (3.10), we have

(3.12) E°(pr) — E5(p7) < E%(po) + V1 +e < E%(po) + V2.

Let {7k }ren be a sequence converging to 0. Then, for any n < m,

(3.13) fZ mm D<o+ va

(recall that £ < 1).
Notice that

(3.14) E(po) < /Sdl polog pg dw < 0.

Also, it follows by Jensen’s inequality that

m—

W3 (s Pr) S Walpln, N2 S W (pTyy, p7)
miFn < =N 1 1 < 1=n (3 7 < 2 € 2 .
(m—n)? —( m—n ) - m-—n < 27(E%(p0) + V2)

Hence, setting n = [£] and m = [£] for any 0 < s < ¢, we have

(3.15) Wa(p™(t), p™(s)) < \/2(550)0) +V2) [t =5+ 7).

This equicontinuity estimate combined the compactness of (P(S¢"1), Ws) implies that, up
to a subsequence,

(3.16)  p™(t) converges to some limit p(t) in (P(S?"1), Wa) locally uniformly in ¢ > 0.
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We now show that ¢ — p(t) is a weak solution of (3.1). For n € N, by (3.8) and Lemma
3.2, we have

(expw (Tkv (IOg;,OnJrl —w- o )))#p;il dw = pTF dw.

n+1

Thus, for any ¢ € C=(S41),

/Sdl p(w) (pgkﬂ — ) dw = /Sdl (‘P(W) - SD(eXPw(Tka(log Pgll w-Q° ok )))) P:Lkﬂ dw.

n+1

Using, for each w € S, the Taylor formula along the geodesic s — exp,, (57 V,,(log Py —
w - szk )), we have

(3.17)
L @) 6= yde == [ 5 uple) - Vallost, —w- R ] ok do+ Rnui)
— / Tk [Awnp + Vg - V(w- Q4 )]p;’“+1 dw + R(n, 1),
§d—1 Prt1
where the remainder term R(n,7) can be estimated by
R(n, ;) < | D2l poo(si-1) /Sd_l d? <w, exp,, (T Ve [ log prfy — w - Qp;ﬁlD Priy1 dw

= 1D20ll oo sa-1) W3 (o1 1)

(3.18)

For any 0 < ¢ < s, we sum up (3.17) from [ := [%] to m = [ 2] to get
JRGICE dw<2/d1 B+ Vit Valio - Qe )] oy

+ Z R n, Tk
m+2)7’k
/l /Sdl [chp + Vop - Vy(w- Q;Tk(r))] p™(r) dw dr

+ Z R(n, Tk).
n=l

Letting 7, — 0, (3.16) implies

L e @ = anas— [ ool - p0)d.

gd—1

Since J,m — J,, we have

Jp”ﬂ(\/’Jp’Q +e— \/|Jp”€‘2 +e)+ \/|']ka’2 +e(Jpme — Jp)
VI P eI +¢
1
< g(upﬁf —Jol + ‘\/’Jp%P te— \/|Jp|2 +€D — 0 as k — oo,

Q5 — Q] < ’
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which implies that, for all r,
[ 1Bt Y Vuler R )] 70 s
sd—1

— [Aup+ Vaup - Vi(w - Q;(T))] p(r) dw.

Sd—1

Moreover since [g4 [Awgo + Vup - Vy(w - Q;Tk (T))] p™(r) dw is uniformly bounded, the
dominated convergence theorem yields

(m~+2)7y,
/ / App+ Vi Vi (w- Q8 Tk(r))] k(r) dw dr
I+ Sd-1

—>/ / Ay + Ve - Vi (w f)(r))] p(r) dw dr.
§d-1
On the other hand, since (3.18) and (3.13) give

m
> R(n,m) <C ZWQQ(p;il,pzk)
n=l n=l

< C(Sa(po) + \/§)Tk — 0,
we have shown that 0 <t < s,

L et =owndo= [ [ [Bup+Tup Vol )] o) o,

which provides the weak formulation of (3.1). Moreover, thanks to (3.15) and (3.14),

(3.19) Wa(p(t), p(s)) < \/2 /Sd1 polog po dw V't — s,

hence ¢ — p(t) is weakly continuous and p is a weak solution to (3.1).
It remains to show that p € L2 ([0, 00), Wh1(S?71)). Using again (3.11) and (3.12) we
see that, for any 0 < ¢ < s,

/ts [VE(p™ (1) Pdt < 2(E°(po) + V2),

which together with (3.4) yields
(3.20)

2(E%(po) + V2) > / /Sd 1 w(log p™ —w'Qf)Tk)|2pT’€ dw dt

S
2// Ileong’“IQpT’“dwdt—z/t - 1leogp7’“-Vw(w-Qsz)pT’“dwdt

> 2/ / |V 10gp7’“|2kadwdt—2/ /Sd 1 (w - ka)|2p7’“dwdt

Since |V (w - Q°)| = |P,10Q°| < 1, we have

// IV o/ P |2 dw dt = // |V, log p™|?p™ dw dt
t Jsd-1

2(E°(po) + V2) +2(s — 1),
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which implies that \/p™ is uniformly bounded in L2 ([0, +o0), H*(S?~1)).
Therefore, letting 7, — 0, we get

(3.21) VP € Line([0, +00), H'(ST1)).
Since, by Holder inequality,

/ [Vupldw < \// ‘pr| \// pdw—2\// |Vur/pl? dw,
Sd-1 Sd-1 Sd-1

we conclude that p € L2 ([0, +00), W1 1(s4-1) O

3.4. Uniqueness. The following result provide the stability estimates for weak solutions
o (3.1), thus their uniqueness. We shall revisit the arguments of the proof to show the
stability and uniqueness of weak solutions to (1.1) in Section 5.

Proposition 3.2. (Uniqueness and stability). Assume po, po € P(S¥1) satisfy (2.7). Let
p°, p° be solutions of (3.1) with corresponding initial datas po, po. Then for allt > 0,
(3.22) Walp (1), 5°(£)) < " Walpo, 7o),
where . == (1 +e1/2) — (d - 2).
Proof. For a fixed time t > 0, let g be a d?/2-convex function such that exp,, (Vo) is
the optimal map sending p°(¢) dw onto p°(t) dw, and consider the curve [0,1] > r — «, dw
of absolutely continuous measures defined by

oy dw = exp,,(rV,po)xp°(t) dw

(the absolute continuity of «, follows, for instance, from [15, Section 5]). Then the curve
7+ a, dw is the unique geodesic in (P(ST1), Wa) connecting ag = p*(t) to oy = p°(t) (see
for example [3, Corollary 3.22]).

For each 7 € [0,1], let ¢, be a d?/2-convex function such that exp,, (V) is the optimal
map sending a, dw onto p°(t) dw. Similarly, the curve s — ;. s dw defined by

(3.23) Qs dw = exp,(sVpr) g dw
is the unique geodesic in (P(S4~1), Ws) connecting ;.o = . to a1 = p(t). Notice that,
from the uniqueness of the geodesic, for all r, s € [0, 1] we have

Qrp(1-r)s = Ors-

Now, applying (3.2) in Lemma 3.1 to (3.23), we estimate the second derivative of £ by
Wasserstein distance as

d? d?
| E(an) = 55| E(a. n)
dh? .-, dh? |j,— e
1 d?
=71 __ N2 9.2 56(0‘7“78)
(3.24) A

= = (1—1r)2 /Sdl |v90r|2ar dw
(1—r)2
= A W25 (1), p5 (1)),

=\
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where \. 1= (1 +¢&1/2) — (d — 2) (see (3.5)).
Since, by Taylor formula along the geodesic r — a, dw,

2

1
£5(an) = E(ag) + = Ean)+ [ a-nize@an

dr

we use (3.3) and (3.24) to have

£ ) = EX )+ [ Vion- Vlogp"(t) = ) o7 (0) dw = F WEH(D).5°(0).

Similarly, applying the above arguments to the d?/2-convex function @, satisfying

p(t) dw = exp,,(V§g)xp" (1) dw,

we have

S ) 2 EF )+ [ Vin- Vlog () = Q) 4 (6) o = F WEGF(D). 7 (0),
therefore

(3.25) Vo - V(log p°(t) — w - Qpeyy) p°(t) dw

Sd-1

+ [ Va0 V(log () —w- Q) 55(E) dwo < A\ WE(F (1), 7 (1)),

gd—1
We now note that, since Indeed, p* and p° solve the continuity equation
O+ V., - (v[plp) =0,
where v[p] := V,(w - Q2 — log p) is a locally Lipschitz vector field and

T
/ / [v[p]|? pdw < oo VT < oo
0 Jsa-1

(see (3.21)), it follows by [31, Theorem 23.9] that

- GV O O) = [ Ven- Tlog s (0) = i) 4(0)

+ /Sd_l Vo - V(log p°(t) — w - Qpery) p° (1) dw.

Combining (3.26) with (3.25) yields

D 0.7 (0) < 2 W (). 5 ).

which completes the proof. ]

3.5. Properties of solutions to (3.1). In the next lemma, we show that the momentum
does not vanish for any finite time ¢ € (0, 00), with an estimate independent of e.

Lemma 3.3. Let p® be a solution of (3.1). Then, for allt > 0,

| T ey > [T [Pe™ 207 1L,



Proof. 1t follows from (3.1) that
dl1

i = T 00 e

= Jpe - (/wApsdw—/wV‘(pEV(w-Qpe))dw>
= Jpe '/WAPEdw—/Jps cwV - (p°V(w-Qpe)) dw

=1 + I>.
We use (2.4) to get

I = —Jpe -/V,o‘E dw

=—(d—1)J, -/wpedw
— (A= D

Also, using (2.3), we have
I, = /V(Jpe cw) - V(w - Qpe) pfdw

p° 2
= [ ————— |V(w- J,e) P dw
/|Jps\2+e|( o)l
> 0.
Thus
d
e = =2(d = D]

which completes the proof.

15

O

3.6. Proof of the existence in Theorem 2.1. Let {¢;}reny be a sequence converging
to 0. As a consequence of (3.19) it follows that the sequence {p° }ren is equicontinous,
so the compactness of (P(S9~1), Ws) imply that up to a subsequence, p*(t) converges to
some limit p(t) in (P(S41), W) uniformly in ¢ > 0. Then since Jys — J,, it follows from

Lemma 3.3 that. for all ¢ > 0,

(3.27) [ o) |? = o[ Pe 210

Therefore, by the same arguments as in the proof of Proposition 3.1, the limit p is a weak

solution to (1.1). Moreover, since

d
GE0 == [ IVullogp—w- ) do
gd—1

the analogue of (3.20) with € = 0 combined with (3.14) gives

p € Line([0, +-00), WHL(ST))

(cp. Proof of Proposition 3.1).
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4. CONVERGENCE TOWARDS EQUILIBRIUM

In this section we prove Theorem 2.2. We start with the following estimates on the
difference between p* and MQ;E.

Lemma 4.1. Let Cys be as in (1.3), and let p° be a solution of (3.1) starting from py.
Then, for allt > 0,

lp(t) — Mae_ . |lp1(ga-1y < 1601t(/ polog podw + 1 — log CM) V2 + ﬁ‘
e ILHSTT) = T a1 V2
where
d—2

Cq =
o2

Proof. First of all, for each measure p®, we denote its relative entropy with respect to the
probability measure ]\49;E (W) dw = Crre” % dw by

£
H(p® | Mq:.) = / p° log< P )dw,
P sd—1 MQ;E

which can also be rewritten as

H(pE|MQZE):/Sd 1palogp‘sdw—/ 1(,u-Qf,gpaalu)—logC’M.

Since
Jpe | J e |2
w-QEEpgdw:p-/wpadw:p
/sd—l L |Jpe]? + € VIdpe|? + ¢
= el + e = e
p \/|Jp5‘2+5’
we have
€
4.1 ES(p°) =H(p® | Mge,) — ——=—= +1og Ci.
(@) () = HU | Mg~ e

We now set a := [S?"}|~!, and regard the measure Mg, dw as a bounded perturbation of
the constant probability measure a dw, i.e.,

O _ .QE —
MQEE _ ew ng log Cyr _ ew ng log Cpr—log aa’
P

where

(4.2) osc(w - Qf)g —log Cpr —loga) < 2.

Since the Ricci curvature tensor of S¥! is (d — 2)I; and d > 3, the logarithmic Sobolev
inequality [4] implies

2
p°dw.

H<p€|a>s2(;_2)/'v1og’§

Thus, since the logarithmic Sobolev inequality is stable under bounded perturbations (see
for instance [25, 29]), it follows from (4.2) that
2

p° dw.

£

Mg

o2
(4.3) H(p" | Mo:,) < =2 / ’V]og

e
pE
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Therefore, since

d d d
L) = —H(F | Moe ) — — =
a0 = gt I M) = G e

(by (4.1)) and

d 2
GEW) == [ IV llog " — w0 25 P

o°
- _ log -
/’V og Mo-,

it follows from (4.3) and (4.4) that

d 2(d—2 d €
—H(p" | Mo:z,) < —(ez)H(PE | Ma:,) +

(4.4) 2
p° dw,

dt ﬁ\/|z]p5|2+€.
Integrating this inequality, we get
¢
d
H(p5(t) | Mas. ) < e 2YH(py | Mg: ) + e 261t [ ¢2C1s R
pE (t) PO 0 ds J 2
‘ pe(s)’ +¢€
—2C1t £ —2C1t €
=e ““"H(py | Mge )+ ————=—€ "V ——
70 | T |2 +e | oo 1>+
(4.5) pe(t)
t
o 2016—201t/ 62018; ds
0 ‘Jpe(s) ’2 +e
< e H(py | Moz ) + Ve,
where O = (d — 2)/e?. To get the desired estimate from the above one, we use the

Csiszar-Kullback-Pinsker inequality (see for example [22, Theorem 1.4]): for any probability
measures fdw and gdw,

17~ gllzv < /5 H(flo).

and the well-known fact that, on functions, the L!-distance is equal to the total variation.
Thus, we have

1
J6°(0) ~ Mo, oo s < ) SHGAO) | Mo, ).
that combined with (4.5) and the bound

(4.6) H(po | Mo ) < /Sd

yields the desired inequality. O

polog podw + 1 —log Cyy
1

The above estimates immediately imply that our weak solutions of (1.1) looks more and
more as a Fisher-von Mises distribution as ¢t — oo.

Proposition 4.1. Let p be a solution of (1.1). Then for all t > 0,

d—2

1 _a=2, 1/2
I0(6) = Mo lrigesy < e~ % ([ mlogpudw+1-logCar) "

Proof. The desired inequality follows by taking ¢ — 0 in Lemma 4.1 for each ¢t > 0. O
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The above proposition only tells us that our solution p(t) resembles to Mg, for t>>1,
but it does not say whether the vector €, stabilizes to a fixed vector as t — oo.

To prove this fact, we first use the above result to obtain the uniform positivity of |J,|
in time, which improves the estimate (3.27). The following result ensures that if there is a
limit Jo, of oty as t — 00, then J,, has to be a nonzero vector.

Lemma 4.2. Let p be a solution of (1.1) with initial data py € P(S¥1) satisfying (2.7).
Then there exists a positive constant c, depending only on de,l polog po, |Jp|, and the
dimension d, such that for all t > 0,

‘Jp(t)’ > C.

Proof. Using Proposition 4.1, we have

Jp(t) — /Sd1 w - MQp(t) dw‘ = /de1 w (p(t) — MQp(t)) dw|

< llp(t) = Ma,, [ L1 (sa-1)

1 _a-2, 1/2
§ﬁe 2 (/d 1p()logp()clw4—1—log,fC'M) ,
Sd—

which yields

|Jp(t)| Z ’ /Sdl w MQp(t) dw‘ — Jp(t) - /Sdl [ MQp(t) dw‘
1 _d—2
—=€

1/2
> : _ -2y B |
= ‘ /Sdl w- Mg, dw| /2 (/Sdl polog po dw + 1 — log CM>

By (A.1), C(d) = ‘fgd,lw - Mg, dw‘ is a positive constant independent of ,. Thus,
recalling (3.27), we see that

I 1/2 o
| Jp)l ZmaX{C’(d)—e 2 (/d lpologpodw+1—logCM) [T le (d l)t}’
Sd—

and the result follows from the fact that

. 1 _d=2, 1/2 —(d—
C(d) — —=e 1 dw+1—1logC T, le~ @Dt L < o
terﬁ)}&)max{ (d) ﬂe (/Sd1 po log po dw + og M) | Tpole >

O
4.1. Proof of Theorem 2.2. We begin with

d
%J = /wvw - (pVu(logp — Vu(w - Qp))) dw

= —/pvwlogpdw + /pvw(w Q) dw.
If we regard the above terms as functionals on p, that is,

Ii(p) == /pvw log p dw,

Io(p) == /pvw(w'Qp) dw,

then we see that
Il(MQp) = IQ(MQP).
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Also, noticing that Z;(p) and Z;(p) can be written as (see Section 2.2)
Zi(p) = /prdw =(d— 1)/wpdw,

Io(p) = /pIP)wLdew,
we have
Ta(p) — Tu(Ma,)| < (d — 1) \/ ~ Mo,) s
< (d-1Dllp = Ma, |l 1 (ga-1ys
and
| Z2(p) — Ta(Mq, )| < Cllp = Ma, || 11 (se-1)

for some dimensional constant C'. Thus, thanks to Proposition 4.1, we have

20| = |~ o) + Ti(Ma,) ~ To(Ma,) + Ta(p)
< Cllp = Maq, || 1 (si-1y-
d—2
SCe_eTt

This implies that there exist a nonzero constant vector J,, € R% such that
_d=2y
|Jp(t) —Jeo| < Ce e,

Therefore, setting o, = \:%I and using Lemma 4.2 we have

a2
1M, — Mo l|p1se-1) < C Ry — Q| < Ce™

p(t)

that combined with Proposition 4.1 completes the proof. ]

5. UNIQUENESS AND STABILITY

In this section we present a stability estimate in Wasserstein distance, which provides
as a corollary the uniqueness result in Theorem 2.1. First of all, notice that the stability
estimate (3.22) does not imply the stability for (1.1), because of the dependence on ¢ in
(3.22).

We obtain here a stability estimate for short time when the two initial data pg, po are
close to each other as

J 2
6.) Walpo, o) < 2

To get the stability estimate, we use the following lemma on the continuity of the momentum
J, with respect to the density p.

Lemma 5.1. Let p, p € P(S1) be any measures satisfying |J;| > 0. Then,

2Wa(p; p)

HJﬁ’ - ’JPH < ’Jﬁ‘
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Proof. We follow the same arguments in the proof of Proposition 3.2. Let ¢o be a d?/2-
convex function such that exp,(Vpo) is the optimal map sending pdw onto pdw, and
consider the unique geodesic r — a, dw connecting ag = p to a1 = p.

Similarly for each r € [0, 1], let ¢, be a d?/2-convex function such that exp, (V) is the
optimal map sending o, dw onto pdw, and consider the geodesic s +— o, dw connecting
aro = o, to a1 = p. Notice that s — a, , dw satisfies the continuity equation in the sense
of distributions:

0
a rs = — V- rsVwpr).
5| o (0 4Vt
Using the same computations as in (3.24), we have
0 1 0
on), 1 0s s 0047«78 a _Tv (V).
thus
2 P =2 2] o)
dt h=r " a " dt h=r "
2
= V(w - J(a))Vora, dw
1—7r §d—1
< w-J(ap)) |2 ap dw\// | Voor |2 ap dw
§d-1 Sd—1
< 2 Wilay. )
< 2Wa(p, p).

Integrating the above inequality from r = 0 to r = 1 we get
[ T5* = [T,]* < 2Wa(p, p).

Similarly applying the above arguments to another d?/2-convex function @, sending pdw
onto pdw we get

[T = |J5* < 2Wa(p, ),

hence

2Wa(p,p) _ 2Wa(p,p)
|Jal + 1ol = 5]

1751 = 11| <
5.1. Proof of Theorem 2.3. Since p solves the continuity equation
atp + V- (pvw(w : Qp - Ing)) =0,

it follows from the Benamou and Brenier formula [5] that, for any ¢ > 0,

o)) <t [ [ 9l 0y = 08 () Pp(r) derdr

In addition, since

d

GE) == [ [Vullogp—w- )P d
dt §d—1
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we have

W3 (p(t), po) < t/ot ( - %5%)) dr.

Recalling (4.1), we see that

d .o d
prd (p) = @H(P | Maq,,).
Thus, for all t > 0,

W3 (p(t), p0) <t (H(po | Magpe) = H(p(t) | Ma,,)) <t H(po | Mogyy)).
Analogously
W3 (p(t), po) < t H(po | Maga)).
Therefore, setting
S ol
28 max{H (po | Moyp,)), H(po | Mazy))}
we have that, for all ¢t < 4,

2 W < ’JPO‘Q W — — < ’JPO‘Q
(5.2) 2(p(t), po) < 6 2(p(t), po) < T

Note that, thanks to (4.6), the size of § depends only on [s,—1 polog po dw, [sa—1 polog po dw,
|Jpo|, and the dimension.

Now, for each time ¢ < §, we consider the unique geodesic r — ;- dw connecting g = p(t)
to a1 = p(t). Then, using (5.1) and (5.2), we have

Wa(po, ar) < Wa(po, p(t)) + Wa(p(t), ar)
< Wa(po, p(t)) + Wa(p(t), p(t))
(
(

< 2Wa(po, p(t)) + Wa(po, p(t))
< 2Wa(po, p(t)) + Wal(po, po) + Wa(po, p(t))

Wl
— 4 )
and applying Lemma 5.1 to pgp and «, we get
_2Walpo,0) _ [l

ol — || < < ml,
1o o] 2
thus

J
(5.3) o] = 20l

We now compute the second derivative of £ using (3.24) and (3.2) with ¢ = 0, and thanks
to (5.3) we have

d2

W h=r
where A := (14 2/|J,|) — (d — 2).
Hence, using the same arguments in the proof of Proposition 3.2, we deduce that
(5.4) Wa(p(t), p(t)) < XWalpo, o) V€ (0,0],

as desired. m

E%an) > —AWZ(p°(t),7° (1)),
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5.2. Proof of the uniqueness in Theorem 2.1. The short time stability estimate
(5.4) implies the uniqueness of weak solutions to (1.1). Indeed, if Wa(po, po) = 0, then
Wa(p(t), p(t)) = 0 for all ¢ < . Thanks to Lemma 4.2 and

d
—H Mq ) <0
dt (p | Qp) —_ )

a continuation argument implies Wa(p(t), p(t)) = 0 for all ¢ > 0. O

APPENDIX A

We here present how to compute explicitely the momentum Jj;, of the Fisher-von Mises
distribution in the case d = 3.

Let us fix a reference Cartesian coordinate system with es = €2, and then consider the
spherical coordinate system (6, ¢) associated with the orthonormal basis (e1, e2,2). Then
a straightforward compution yields

27 T
C]\_41 = / e duw = / d(b/ 0 sin 0 do = 27 (e — 671).
S2 0 0

Moreover, since
w = sinf cos ¢ e; + sin fsin ¢ ea + cos O €2,
we have

2 s 92 -1
Tt :/ w Mo/(w) dw = C’MQ/ d¢/ cosf el singdf = ——— 0
S2 0 0

e—e b
Similarly using the generalized spherical coordinate system on S?~!, we have
fgr cos 0 3% sin?=2 6 df
foﬂ ecos0 sin?=2 9 dp

Notice that Cys and |Jas,| are constants only depending on dimension d, but independent
of Q.
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