GAUSSON DYNAMICS FOR LOGARITHMIC
SCHRODINGER EQUATIONS

ALEX H. ARDILA AND MARCO SQUASSINA

ABSTRACT. In this paper we study the validity of a Gausson (soliton) dynamics of the logarithmic
Schrodinger equation in presence of a smooth external potential.

1. INTRODUCTION

This paper is concerned with the so-called soliton dynamics behaviour for the logarithmic
Schrodinger equation with an external potential

ieOpus + %Aus — V(z)ue + ue Log |ue|® =
us(0,1) = uco(x),

that is, with the study of the behaviour of the solution u., in the semi-classical limit ¢ — 0;
namely when the Planck constant € = h tends to zero, by taking as initial datum for the Cauchy
problem (1.1) a function (Gausson type) of the form

(1.1)

1+N

(1.2) uso(z) = eév”‘”()}g(%), R(z) = eTe_mz, zeRVN.

Here, u. = u.(x,t) is a complex-valued function of (x,t) € RN x R, N > 1, i is the imaginary
unit, V : RY — R is an external potential and zg, vy € RY, vy # 0, are the initial position and
velocity for the Newtonian system

z(t) =v(t), =z(0)=mxg
(1.3) {V( t) = =VV(z(t)), v(0)=p.
1.

3) is
2+ V(x(1)

Notice that the classical Hamiltonian related to (
(1.4) H(t) = ! (t)
and is conserved in the time.

Equation (1.1) was proposed by Bialynicki-Birula and Mycielski [4] in 1976 as a model of
nonlinear wave mechanics. This NLS equation has wide applications in quantum optics [8], nuclear
physics [16], geophysical applications of magma transport [21], effective quantum and gravity,
theory of superfluidity, Bose-Einstein condensation and open quantum systems; see [30,31] and
the references therein. We refer to [1,2,10,12,13] for a study of existence and stability of standing
waves, as well as for a study of the Cauchy problem in a suitable functional framework.

Rigorous results about the soliton dynamics for nonlinear Schrodinguer equation with a power
nonlinearity |u|P~!u were obtained in various papers by J.C. Bronski, R.L. Jerrard [7] and S.
Keraani [18]. The main ingredients of the argument are the conservation laws of NLS and of the
Hamiltonian (1.4) combined with modulational stability estimates proved by M. Weinstein [27,28].

2010 Mathematics Subject Classification. 81Q05, 35Q51, 35Q40, 35Q41, 37K40.
Key words and phrases. Soliton dynamics, logarithmic Schrédinger equation, Gausson.
The first author was partially supported by CNPq/Brazil, through grant No. 152672/2016-8. The second author
is member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni and of INdAM.
1



2 A.H. ARDILA AND M. SQUASSINA

In recent years, the so-called soliton dynamics has attracted a great deal of attention from both
the mathematicians and physicists; see for example [15,22-24, 26].

Throughout this paper we assume that the potential V in (1.1) is a C3(R") function bounded
with its derivatives. Formally, the NLS (1.1) has the following two conserved quantities. The first
conserved quantity is the energy E. defined by

1 1 1
B.() = 5y /RN IVl dz + /RN Vi)ulde — /RN luf? Log [uf? dz.

The second conserved quantity is the mass,

1
Q)= 2 [ luP e

Notice that due to the singularity of the logarithm at the origin, the energy fails to be finite as
well of class C' on H'(RY). Therefore, we consider the reflexive Banach space

(1.5) W(RY) = {u € H'(RY) : Jul* Log [ul? € Ll(RN)} .

It is well known that the energy E. is well-defined and of class C* on W(RY) (see Section 2).
Notice that if u € C(R, W (RY)) N C(R, W'(RY)), then equation (1.1) makes sense in W’/ (RY),
where W’/ (RY) is the dual space of W (RY).

We see that the well-posedness of the Cauchy Problem for (1.1) in W/(R™V) and the conservation
laws follow by a standard compactness method developed in [11, Chapter 9.

Proposition 1.1. Let € > 0. For every uso € W(]RN), there is a unique global solution u. €
C(R,W(RM)) N CYR, W'(RYN)) of Eq. (1.1) such that us(z,0) = u- and sup,cp [[ue ()l @y <
oo. Furthermore, the solution uc(t) satisfies the conservation laws:

E.(us(t)) = E(ucp) and Qs (us(t)) = Qc(uco) forallt € R.

We denote
SRY) = {ue H'RY): |zjue L*RY)}.

It is well known that ¥ (R”") is a Hilbert space when is equipped with the norm

ey = \/ [, (9l + af2ful? + uf?) da.
RN

and it is continuously embedded in H'(RY). From [9, Theorem 1.5] we have that if initial data
ue o belong to S(RY), then the solution u.(x,t) of Eq. (1.1) belong to L2 (R, £(RY)). Moreover,
if uc o € H2(RY), then u.(t) € H*(RY) and Qyu(t) € L*(RY), for all t € R.

Notice that the initial data u. in (1.2) belong to S(RY) N H2(RY). On the other hand, it
is not hard to show that one has the following chain of continuous embeddings (see Lemma 2.1

below)

S(RY) = W(RN) — HY(RY).
In particular, since E. is of class C' on W (RY), it follows that E. is of class C* on S(RY).
Let w € R and ¢ € W (RY) be solution of the semilinear elliptic equation
1
(1.6) —§A¢+wg@—gpLog|gp]2:0, z e RV,

It is well known that the Gausson

w—1

du(z) :=e 2z R(x),
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where the function R(x) is defined in (1.2), solves the problem (1.6) for any dimension N.
Furthermore, ¢, () is the unique, up to translations, strictly positive C?-solution for (1.6) such
that ¢, (z) — 0 as |z| — oo; see [15, Theorem 1.2].

Orbital stability of Gaussons solutions ¢, () have been studied in a suitable functional frame-
work. More specifically, Cazenave [10]; Cazenave and Lions [13]; Ardila [1]; Blanchard and co. [5,6];
research the orbital stability of stationary solutions of (1.1) in the energy space W (RY).

As mentioned above, the modulational stability property of ground states plays an important
role in soliton dynamics; however, due to the singularity of the logarithm at the origin, it is not
clear whether the energy functional is of class C? in a tubular neighbourhood of the Gausson R. In
particular, it is an open problem to determine whether the Gausson R satisfies the modulational
stability estimates.

Consider H!(RY) equipped with the scaled norm

18l = /=N IVOIZ + N 162

The following result is obtained by using the only information that the minimizing sequences for
the constrained variational problem associated to (1.6) are precompact in W (RY).

Theorem 1.2. Let u. € X(RY) be the family of solutions to the Cauchy problem (1.1) with initial
data (1.2), for some xq, vo € RN. Then there exist a positive constant C, independent of € > 0,
such that

sup | Vue(t)[|2, < CeN 72
teR

Moreover, for any n > 0 there exist € > 0, a time T} > 0 and continuous functions
0 :[0,T] — [0,27], e :[0,T7] — RV,
such that
(1.7) us(z,t) = o (V(O-a+0:(0) 5T o~ sl P we(z, ),
where [Jwe(t)]| ;1 < n? for all t € [0,T7).
Here y. = x(t) + 2:(t) for some continuous function z. : [0,T*] — RN, where (z(t),v(t)) is
the solution of the classical Hamiltonian system (1.3).
As it is well known, to prove the modulational stability property of ground states, it is necessary
to study the spectral structure of the complex self-adjoint operator £”(R), where
1
(1.8) E(u) = / |Vu|® dz — / lu|? Log u|? da.
2 RN RN

Notice that & is of class C' on L(RY). Since £”(R) is a bounded operator defined on Z(RY)
with values in ¥'(RY) (see Section 4 for more details), it is natural to assume that the energy
functional is of class C? in a neighbourhood VZ(R) of R, of size € > 0, where

Va(R) == {ue SRY) : |lu—R|}: <e}.

Remark 1.3. The proof that the functional £ is smooth on V;(R) seems very difficult because of
the technical complications related to the singularity of the logarithm at the origin.

Open Problem 1.4. Prove or disprove that & is of class C? on VZ(R).

Proposition 1.5. Suppose that & is of class C* on V.(R), for any ¢ small enough. Then the
modulational stability property holds. That is, there exist two constants C' > 0 and h > 0, such
that
inf —e"R(-— )% < C(E(d) —ER
yeﬁgﬁeR!Mﬁ e R(-—y)llzn < C(E(d) — E(R))

for all ¢ € S(RY), such that |||, = ||R||%. and E(¢) — E(R) < h.
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In light of Proposition 1.5, the soliton dynamics in Theorem 1.2 can be improved. Indeed, we
have the following result.

Theorem 1.6. Let u. € X(RY) be the family of solutions to the Cauchy problem (1.1) with initial
data (1.2). Furthermore, let (x(t),v(t)) be the solution of the Hamiltonian system (1.3). Under
the hypothesis of Proposition 1.5, there exist 0. : RT™ — [0, 27| such that,

ue(z,t) = et (w0 (1) 15 o= Ble—a (P | we(z,t),
locally uniformly in time t € R, where we € H} and ||w:(t)||;;; = O(¢), as e — 0.

The paper is organized as follows.

In Section 2 we provide, by variational techniques, a characterization of the Gausson R.
In Section 3 we prove Theorem 1.2.

In Section 4, we show some delicate estimates for £”(R) (Proposition 1.5).

Finally, in Section 5 we give a sketch of proof of Theorem 1.6.

Notation. (-,-) is the duality pairing between B’ and B, where B is a Banach space and B’ is
its dual. The space L?(RY, C) will be denoted by L?(R") and its norm by || - || ;2. This space will
be endowed with the real scalar product

(u,v)2 = Re/ wode, for u,ve L? (]RN).
RN

We denote by | - || z1 the HE(RY)-norm. If L is a linear operator acting on some space (Lv, v)

denotes the value of the quadratic form associated with L evaluated at v. Finally, throughout this

paper, the letter C will denote positive constants whose value may change form line to line.

2. VARIATIONAL ANALYSIS

In this section we establish some results that will be used later in the paper. In particular,
we provide a characterization of the Gausson R as minimizer of the energy functional £ among
functions with the same mass.

We first need to introduce some notation which facilitates the subsequent discussion. Following
[10], we define the functions ®, ¥ on [0, 00) by

B(s) = {—82 Log(s?), if0<s<e?

2.1
21) 352 +4e3s—e 6 ifs>e3;

U(s) := F(s) + ®(s),

where

F(s) :=s’Logs® for all s € R.
Notice that ® is a Young function (see Lemma 1.3 in [10]). Then we define the associate Orlicz
space by considering

L*RY) := {f € Lip(RY) : @(|f]) € L'(RY)},

and we endowed this space with Luxemburg norm

[fllpe = inf{k >0: /RN & (K7 f(2)]) de < 1}.

In light of [10, Lemma 2.1], we have that (L®(R"Y), || - ||ze) is a separable reflexive Banach space.

Finally, we define the Banach space (W (R") ) = (HERN)N L (RY), | - HW(RN)) where

) H : HW(RN)
1w @y = 1l ny + 1l o for all f € W(RY).

Since £ € CH(W(RYM),R) (see Proposition 2.7 in [10]), it follows from Lemma 2.1 (ii) below that
£ € CHZ(RY),R).
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Lemma 2.1. The following assertions hold.

(i) The embedding L(RN) < LI(RN) is compact, where 2 < q < 2*.

(ii) The inclusion map Z(RN) < L279(RN) is continuous, where § = 1/N. In particular, the
embedding X(RN) < W(RYN) is continuous.

Proof. Statement (i) is proved in [29, Lemma 3.1]. Next let v € X(RY). By Holder’s inequality
with conjugate exponents 2N/(2N — 1), 2N we obtain

/RN () =¥ da < (/RN mdz‘)ﬁv </RN(1+ |x|2)|u(:c)|2dx) "

where o = 2N — 1. Since o > N/2, it follows that there exists a constant C' > 0 depending only
on N such that [[ufl p2-1/8 @y < Cllul|gwn); that is, the embedding

(2.2) S(RY) — L27(RY)
is continuous. On the other hand, by [10, Proposition 2.2], we see that
(23) L1l = w(oDldo < € (14 ulfnger, + ol em) s = vl

for all u, v € H'(RY). Moreover, it follows from (2.1) that for every N € N, there exists C' > 0
depending only on N such that

O(|2]) < C(|21*" + |22 ¥) + U(|z]) for any z € C.

Since 2 < 2+ 1/N < 2%, it follows from statement (i), (2.2), and (2.3) that if u,, — O strongly
in S(RY), then [pn ®(|un|)dz — 0 as n goes to +oo. By [10, inequality (2.2) in Lemma 2.1], we
see that u, — 0 strongly in L?(R"). Therefore, the embedding L (RY) — L®(RY) is continuous.
This concludes the proof. O

We have the following.

Proposition 2.2. For every n > 0, there exist h > 0 such that, if € S(RY), ||9]2. = || R|%.
and E(¢) — E(R) < h, then

inf —IR(- — 2 <
yeRN’HGRllcb =yl <n

Our next goal is to prove Proposition 2.2. In this aim, we study the constrained problem
(2.4) LR :=inf {E(U) cu e W(RY), HUH%Q = HRH%Z)} )
where R is the Gausson defined in (1.2).

Lemma 2.3. Every minimizing sequence of £g is relativity compact in W (RY). More precisely,
if a sequence {un} C W(RYN) is such that ||u,||2, = ||R|% and E(uy) — g as n — oo, then there
exist a family {yn}p,en C RY and {0n},cny C R such that, up to a subsequence,

e O, (- +yn) = R strongly in W(RY).
In particular, E(R) = (g and ||u, — " R(- — y,)||%1 — 0, as n goes to +oc.

Before giving the proof of Lemma 2.3, we need to establish some preliminaries. We define the
following functionals of class C' on W (RY):

1 1
(2.5) S(u) := / |Vu\2d:n+/ |u|2dx—/ lu|? Log |u|? dz,
4 RN RN 2 RN

1
I(u) = 2/RN |vu\2dx+/RN |u|2dx/RN luf? Log [uf? dz.
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Notice that (1.6) with w = 1 is equivalent to S’(u) = 0, and I(u) = (S’(u),u) is the so-called
Nehari functional. Finally, let us consider the minimization problem

d = inf {S(u) : we W(RN)\ {0}, I(u) =0}

2.6
20 = it {Jlul% - u € WERN)\ {0}, 1() = 0}

Now we recall the following fact from [1, Proposition 1.4 and Lemma 3.1].

Theorem 2.4. Let {u,},cy C W(RY) be a minimizing sequence for d. Then there exist a family
(yn) C RY and {6,},cy C R such that, up to a subsequence, e~ "»u, (- + y,) — R strongly in
W(RN). In particular, I(R) =0 and S(R) = d.

Lemma 2.5. The following fact hold,

(2.7) S(R) =inf {S(u) : uw € W(RY), |jul7> =RI7.}.

In particular, E(R) = {r where (g is defined in (2.4).

Proof. First, it is clear that inf {S(u) : u € W(RY), |Jul?, = [|R[|?.} < S(R). Next we claim
that if ||lul|3, = ||R||3., then I(u) > 0, where I is the Nehari functional. Indeed, assume by
contradiction that I(u) < 0. It is not hard to show that there exists A, 0 < A < 1, such that
I(Au) = 0. But then, |[Aul?, < [|lul[?, = ||R||%, and I(A\u) = 0, which is a contradiction with
Theorem 2.4. Therefore, if |[ul|7; = [|R[|32, then I(u) > 0 and

1 1 1 1
S(w) = 51(u) + S lule = 5 llulle = SIRIE: = S(R);

this implies (2.7). Finally, the proof of the last assertion of lemma immediately follows from (2.7).
This concludes the proof of Lemma 2.5. [l

Now we give the proof of Lemma 2.3.

Proof of Lemma 2.3. Let {u,}, .y C W(R") be a minimizing sequence for the value /g, that
is |un3: = |R||72 and E(up) — LR, as n — co. From Lemma 2.5, we have as n — oo that

I(un) = E(up) + llunlz2 = E(R) + | R]72 = I(R) = 0.

Then, by elementary computations, we can see that there exists a sequence {A,},cn C R* such
that I(A\,u,) = 0 and A\, — 1. Next, define the sequence f,(z) = Ayu,(x). It is clear that
[fall22 = || R||22 and I(f,) = 0 for any n € N. Therefore, { fn},cy i a minimizing sequence for d.
Thus, by Theorem 2.4, up to a subsequence, there exist {y,},cny C RY and {0n}en C R such
that e~ f,(- +y,) — R strongly in W (RY). Since || f, — unHW(RN) — 0 as n — oo, the assertion
follows. O

Now we give the proof of Proposition 2.2.

Proof of Proposition 2.2. The result is proved by contradiction. Assume that there exist n > 0
and a sequence {¢,},cy C B(RY), such that [|¢, ]2, = [|R||2. and

1
(28) £(0n) —E(R) < -,
(2.9) 52}1%?!16%% ||¢n —e"R(- — y)HHl >mn, for any n € N.

Since E(¢,) > E(R), from formula (2.8), it follows that £(¢,) — E(R) as n — oo. That is,
{tn}, ey i a minimizing sequence for /. By Lemma 2.3, up to a subsequence, there exist
{yn}nen C RY and {0,},cy C R such that

H% — ew"R(- — y”)HHl —0 asn— oo,
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which is a contradiction with (2.9). This ends the proof. O

3. DYNAMICS OF THE (GAUSSON

The main aim of this section is to prove Theorem 1.2. Let u. be a solution of the Cauchy
problem (1.1) with initial data (1.2). We define the momentum as a function p. : RN x R — R¥
by setting

1 -
pe(x,t) = ENi_llm(ug(:c,t)VuE(x,t)),

where Im(z) denotes the imaginary part of z and % is the complex conjugate of u.. Note that,
by assumption, there exists w > 0 such that V(x) +w > 0 for all z € RY. In particular, we can
assume V > 0. Indeed, if u. is a solution to (1.1)-(1.2), then e~™*/%y,_ is a solution of (1.1)-(1.2)
with the potential V' (z) 4+ w > 0 instead of V.

We have the following result.

Lemma 3.1. Let u. be the solution to problem (1.1) corresponding to the initial data (1.2). Then
there exists a positive constant C, independent of € > 0, such that

sup | Vue(t) |3, < CeN 72,
teR
Moreover, there exists a positive constant Cy such that

sup‘/ pg(x,t)dx‘ < (1.
teR ' JRN

Proof. First, notice that E.(us(z,t)) = E-(us(0,t)). Moreover, by Lemma 3.3 below, there exists
a constant C' > 0, independent of € > 0, such that F.(uc(z,t)) < C. Set ve(z) := us(ex). Since V
is nonnegative, we see that

1
(3.1) Sl —/ (0.2 Log [v. 2 dz < C.
RN
Now, applying the logarithmic Sobolev inequality (see [20, Theorem 8.14]) we have
2
a
[l Log e do < SV s + (Logloele — N (14 Log ) o .
R

for any a > 0. By conservation of the mass, we obtain that ||ve||7, = m := ||R||7,. Therefore,

1 2
(5- %) 10l <O+ (Logm - N (1 + Logal)m.

Taking « > 0 sufficiently small, the first assertion of lemma follows by rescaling. On the other
hand, by Holder inequality, the mass conservation law and the first assertion of lemma we see that

1 1
[ e tide] < [ petelde < Sgpllusto il S Vel < ©

for every t € R, which completes the proof. O

The following lemma will be useful later. For a proof see [18, Lemma 3.3].
Lemma 3.2. Let f € C?(RY) be such that [ fllc2mny < 0o. Then for every y € RV fized
flex +y)R*(x)dx = f(y) / R*(x)dx + O(¢?), ase \,0,
RN RN
where O(£2) is independent of y.
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Lemma 3.3. For everyt € RT we have
E.(uc(t)) = E(R) + mH(t) + O(%) as e\, 0.
Proof. Since R is real, it follows by the energy conservation law
2
E.(us(t)) = Ec(u:(0)) = m|v3| +E(R) + V(ex 4 o) R*(x)dx.
RN

Next, from Lemma 3.2 we see that
/ V(ex + xo)R*(x)dz = mV (2(0)) + O(e?), as e \,0.
RN

But then, by the conservation law of the function t — H(t), we obtain
Ee(ug(t)) = E(R) +mH(0) + O(?)
=E(R) +mH(t) + O(?), ase\,0.
This completes the proof. O

In our analysis, we use the following property of the functional d, defined on the space C?(R™)
endowed with the standard C? norm: there exist three constants Ky, K1 > 0 and K5 > 1 such
that if ||6y — d.||c2« < Ko then

(32) Kily — 2| < ||y — 0zllce < Kaly — 2]
Here, C?* is the dual space of C?(R"). For a proof of such statement, see [18, Lemma 3.2].
Let p be a positive constant defined by

(3.3) p = Ky sup |z(t)| + Ko,
te[0,T

where T' > 0, z(t) is defined in (1.3), K¢ and K are as in (3.2). Observe that, as Ky > 1, we
have |z(t)| < p for every t € [0, T]. Furthermore, let Y € C>°(RY) be a function such that

(3.4) x(x)=1 if |z| <p, x(x)=0 if|z|>2p.
Then we have the following.

Lemma 3.4. Let u. be the family of solutions to problem (1.1) with initial data (1.2) and consider
the functions 0. : R — RN and X\, : R — R defined by

oe(t) = /]RN pe(x, t)dz — mu(t),

= /R @)V (@) ue (2, 1) 2,

where v(t) is defined in (1.3) and m = ||R||2,. Then o.(t) and \:(t) are continuous on R and
satisfy o-(0) = 0, |Ae(0)| = O(£?) as e \, 0.

As(t) = mV (x(t))

Proof. The continuity of 0. and A, follow from the regularity properties of the solution u.. Since
R is a real function, it follows easily that o.(0) = 0. Finally, it is not hard to prove, using the
Lemma 3.2, that |A\-(0)| = O(e?) as € goes to zero. See e.g. [22, Lemma 3.7] for more details. [

Define now

(3.5) be(z,b) 1= e VO LeteOly (e 4 2(4), 1),
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where (x(t),v(t)) is the solution to problem (1.3). Notice that 1. € L(RY) for every ¢t € R and
€ > 0. Moreover, the mass of 1. is conserved. Indeed, by a change of variable we see that

1
(3.6) el = lluc(ez +2(t), D72 = g lue®lze = [1R]72-

Lemma 3.5. For everyt € R and € > 0,
0 < E(We(1) = E(R) < |v(t)llo=(t)] + A= ()] + O(?),
where 1. is defined in (3.5).

Proof. We recall that p.(z,t) = Im(ue(x,t)Vue(x,t))/eV 1. By a change of variable, it follows

1 1 1
5(1/}5<t)) :W /]RN ’vu6’2d$ + §m\y(t)‘2 — giN /RN ‘UE‘ZLOg ”LLE’QdI',

—v(t)- /]RN pe(z, t)d.

Thus, taking into account the definition of E., we have

Ee(t)) = Ex(ue(t)) — giN /]RN V(2)|ue(t, z)|[2dx + %m|y(t)]2 —v(t)- /RN pe(z, t)dx.

Then, from Lemma 3.3 we get

£ (1)) — E(R) = mH(t) — giN /RN V(@)|ue(t, )| dz

+ %m|y(t)]2 —v(t) - /RN pe(x, t)dz + O(?)

1
< v@llo=(O] + 2 0)] - & /RN(l = X(@))V (@) |ue (t, ) [*dx + O().
Since V' > 0, it follows that
0 < EW:(1) = E(R) < [v(t)llo=(6)] + [A(t)] + O(e?),
which concludes the proof of lemma. [l

Proof of Theorem 1.2. Set 5.(t) := |v(t)||o:(t)] + |Ae(¢)| for t € R. From Lemma 3.4, since
supyep |V(t)] < +00, it follows that the function {t — B:(¢)} is continuous and |3:(0)| = O(&?) as
€ (0. Let n > 0. Let us fix a time Ty > 0. Let A > 0, depending on 7, be as in Proposition 2.2.
Introduce the number

(3.7) T :=sup {t € [0,To] : Be(7) < ga

for all 7 € [O,t]} :

Since |3:(0)] = O(&?) it follows that T* > 0, for any ¢ > 0 small. By choosing ¢ sufficiently small,
from Lemma 3.5, we get for all ¢ € [0,TY)
E(We(t) — E(R) < Be(t) + O(e?) < h.

Since . € L(RY) and |[¢)=(t)||2. = ||R||2., by Proposition 2.2 there exist two families of uniformly
bounded functions 07 : R — R and z. : R — R such that

e @Oy (ex 4 2(t), 1) — €O R + 2(0)) |30 <0’
for every t € [0,77). Finally, by rescaling and setting
0:(t) :==e0(t), ye(t) :==x(t) —ez:(t),
we get formula (1.7). The proof of Theorem 1.2 is complete. O
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4. SPECTRAL ANALYSIS OF LINEARIZATION

The goal of this section is to prove Proposition 1.5. Before giving the proof, we need to establish
some preliminary lemmas.

Lemma 4.1. Let R be the Gausson (1.2). Then there exists a positive constant 6 such that for
every w € (RN satisfying

(4.1) (w,R);2 = (w,iR) ;2 = (w, (‘3]%) =0, foralj=1,...N
9z ) 12

we have
<S”(R)w,w> > 5”""”%(RN)7
where the functional S is defined in (2.5).

We set w = u + v for real valued functions u, v € E(RN ,R). Then it is not hard to show that
S”(R) can be separated into a real and imaginary part Ly and L_ such that

(8"(R)w,w) = (Lyu,u) + (L_v,v),

where L, and L_ are two bounded operator on ¥(RY) with values in ¥'(R") and given by
Liu= —%Au + 2|z)%u — (N + 2)u,
L_v= —%Av + 2|z*v — Nwv.
Indeed, let f € ©(RY). Then we see that
S"(fyw = %Aw +w—Tog|f2w— QU‘]]QRe(fw).
Now recalling the definition of R given in (1.2) we get

1
S"(R)yw = —iAw +w — Log |R|* w — 2Re(w)

= —%Aw — Nw + 2|z|*w — 2Re(W)
=Liu+il_v.
The above lemma follows immediately from the two following lemmas.
Lemma 4.2. There exists a positive constant 61 such that for every v € L(RY) satisfying
(v,R)2 =0

we have (L_v,v) > 51HUH%(RN).

Lemma 4.3. There exists a positive constant 0y such that for every u € X(RY) satisfying

(u,R)L2:<u,aR) =0 forallj=1,...N
Oz ) 12

we have (Lyu,u) > 52”“”%(1@)'

Before giving the proof of Lemmas 4.2 and 4.3, we discuss some spectral properties of L_ and
L. First, since |z — +o00 as |x| goes to +oo, the operators L_ and L, have only discrete
spectrum, i.e. 0(L+) = 0p(L+) = {/\;t}Z cn- Moreover, the corresponding eigenvalues AF tending
to +00 and the eigenfunctions are exponentially decaying as |z| — +oc.

Now we give the proof of Lemma 4.2.
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Proof of Lemma 4.2. We claim that there exists x > 0 such that for every v € Z(R¥)\ {0}
satisfying (v, R);» = 0, we have
(12) (L_v,0) > sllo]2.

Indeed, it is not hard to show that L_(R) = 0. Since R > 0, it follows that 0 is the first simple
eigenvalue of L_ (see [3, Chapter 3]). Next let v € X(RY)\ {0} with (v, R);» = 0. From the
min-max characterization of eigenvalues (see [3, Supplement 1]) there exist x > 0 such that
(L_v,v) > kljv||2,. Notice that x is the second eigenvalue of L_. This proves our claim.

Now, let us set
r=inf {{Lv,0) : [l gr) = 1, (v, R) 12 = 0},
and assume by contradiction that 7 = 0. Let {vn},cy be a minimizing sequence for 7. Then
since [|vp|x@yy = 1, we can assume that the sequence converges weakly in Y(RY) to some v.
Furthermore, since the embedding (RY) < L2(R") is compact, it follows that v,, — v strongly
in L2(RY) as n — oo. In particular, (v, R);> = 0 and
0 < (L_v,v) <liminf (L_v,,v,) = 0.
n—oo

This implies that (L_v,v) = 0 and, since (v, R);2» = 0, it follows from (4.2) that v = 0. On the
other hand,

. . . 1
i ol =t {2+ (Eovnond} 2 Jin {21l = Nlonl2: )
1

: 2
=35~ anLrI;O lvnl|72-

Therefore, |[v[|3, > 1/(2N + 2), which is a contradiction to the fact that v = 0. This completes of
proof of lemma. U

We now turn our attention to L. In order to prove Lemma 4.3, we first establish the following.

Lemma 4.4. The following assertions hold.

(i) The operator Ly has only one negative eigenvalue. The unique negative simple eigenvalue
equals —2, and R is the corresponding eigenfunction.

(ii) The second eigenvalue of Ly is 0 and

oR .
ker(L_i_):span{axj:]:1,...]\7}.

Proof. We remark that Ly(R) = —2R. But then, since R > 0, it follows that —2 is the first
simple eigenvalue of L. From [25, Example 4.5 and Section 4.2], we see that —2 is the only
negative eigenvalue. On the other hand, it is clear that 0 is the next eigenvalue. Indeed, since
R € C*(RY), an easy calculation shows that Ly (9R/0x;) = 0. Thus, 0 is an eigenvalue of L
and

span{gz 1j = 1,...N} C ker(Ly).

The reverse inclusion is shown in [14, Theorem 1.3]. The proof is completed. O

Proof of Lemma 4.3. From the spectral decomposition theorem [17, p. 177] and Lemma 4.3,
the space 2(R") can be decomposed into S(RY) = span { R/||R|| >} ® ker(Ly) ® E,, where E
is the image of the spectral projection to the positive part of the spectrum of L. In particular, if
£ € By, then (L & ¢) > 0. Then for every u € X(RV) \ {0} with

OR
(u,R)L2:<u,) =0, forallj=1,...N
81'] L2
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we get (Liu,u) > 0. The remainder of the argument is a literal repetition of the proof of Lemma
4.2. We omit the details. O

Lemma 4.5. Let 1) € S(RY) such that

inf . 77;9R. < ||R
yeRNl,ge[o,zn)W e ""R(-+y)llre < IRl

and H@Z)H%2 = ||R||%2 Then

inf _ e ifR - 9
L C+9))2

is achieved at some yo € RY and 0y € [0,27).
Proof. Consider the auxiliary function I : RY x [0,27) — R defined by
L(y.0) = [[¢ — e ""R(- +y)] 2

It is clear that I' is a continuous function. Now, since [|[¢)]|3, = ||R||3, we see that

I(5,6) = 23 - 2Re (e [

RN

R(z + y)dJ(az)dm) .

Since R(- + y) decay exponentially to zero as |y| — +o0, we have R(- + %) — 0 in L?(R") as |y|
goes to +oo. Thus, we have
lim T2(y,0) = 2|[R|2..
ly|—o0

By the first assumption on the function 1, for every § > 0, we see that there exist points y* € RV
and 6* € [0, 27) such that I'(y*, 6%) < ||R||;2 + J. As a consequence, I'(y, §) attains its infimum
over the compact set B,(0) x [0, 2], for a suitable ¢ > 0, which finishes the proof. O

We define now the tubular neighbourhood of R of size € € (0, [|R|[3.) by

. Ny .2 2 . 0, N pi2
U() = {u € S®Y) ol = |1 int efule — ) - Rl <<
By Lemma 4.5, there exist o : U.(R) — R and Y : U.(R) — R" such that, for all u € U.(R),
4.3 eWy(- — Y (u)) — R||?, = inf Ou(- —y) — R|)?
(4.) e OuC =Y () = Rlfa = inf el =) - Rl
We claim that the function w := e??(Wuy(- — Y (u)) satisfies the orthogonality conditions
0
(4.4) (w,iR) 2 = <w,R> =0 foralj=1,...N.
aaj“j L2

Indeed, by differentiating (4.3) with respect to 6 we see that

(w,iR);2 = —Re /RN ieio(Wy (- — Y (u))R(x) dx

= (ieiff(u)u(- ~Y (), e u(- — Y (u)) - R) =0

On the other hand, by differentiating (4.3) with respect to y; we get

<w aR)L2 — Re /RN (- — v () &) gy /RN Rz 2B 4,

’ c’)T:j 8xj 8:1:j
= (u—e""MR( +Y(u), e*i"(“)a—R(- +Y(u)) =0.
(%j L2

Now we give the proof of Proposition 1.5.
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Proof of Proposition 1.5. Our proof is inspired by the one contained in [19, Lemma 6.3]. First,
we claim that there exist € > 0 and C' > 0 such that for all v € U.(R) we have

EW)—ER)>C inf Oy — ) — R||%.
(v) = E(R) > yeﬂg}vlﬁeRHe v(-—y) 71

Indeed, for ¢ small enough, let w := e?“®y(- — Y (v)) be as in (4.3). Let A € R and z € Z(RN) be
such that w = R+ AR + z with (z, R);2 = 0. From (4.4) we see that

(Z,@R/axj)Lz = 0, (Z,iR)Lz =0.
Then z satisfies the conditions (4.1) in Lemma 4.1. Hence, there exists 6 > 0 such that
(45) (S"(R)2,2) 2 81121 g, = 01121130

On the other hand, since S’(R) = 0, under the hypothesis of Proposition 1.5 and by virtue of
Taylor formula we get

S) ~ 5(R) = S(w) ~ S(R)

(16) = (8" (R)(w ~ B),w~ R) + oflw ~ R},

Moreover, it is not hard to show that A = o([jw — R ;) and (see [19, Lemma 6.3])
(S"(R)(w — R),w — R) = (§"(R)z,2) + of||w — R31)-

Notice that [|z||%, > ||w — R||3: + o(]lw — R||3;1). Thus, since [|v||Z, = ||R||7., from (4.5) and
(4.6) we obtain

0
E(v) = E(R) = g llw = Rllfp + of[lw = Rl).

Then choosing e small enough and recalling the definition of w in (4.3), it follows that

0 : 16 2
EW-E(R) = _inf [ v(-—y) = Rl
for every v € U.(R). This concludes the proof of the claim.
Finally, from Proposition 2.2 we see that for every € > 0, there exists h > 0 such that if
E(w)—E(R) < hand [[v]|3, = ||R||3., then v € U-(R). Then, choosing h small enough, Proposition
1.5 follows. O

5. PROOF OF THEOREM 1.6

In this section we will show the main steps of the proof of Theorem 1.6. We essentially follow
the argument of [18], which is based upon the original paper by Bronski and Jerrard [7]. Using
the variational structure of (1.1) and by the regularity of solutions (see the paragraph after
Proposition 1.1), it is not difficult to show that the solution u. satisfies the identities

(5.1) 1 Ofuef (z,t) = —divepe(z,t), (z,t) € RY xR
. 5]\] 8t ) - Wz De ) ’ ) )
Op: |ue(z, ) [? N
2 = - —_— R™Y.
(5.2) v Ot (x,t)dx . VV(x) N O T €

In light of Proposition 1.5, the result in Theorem 1.2 can be improved. More precisely, combining
Proposition 1.5 and Lemma 3.5 and following the same argument as Theorem 1.2 we have the
following



14 A.H. ARDILA AND M. SQUASSINA

Proposition 5.1. Ifu. € S(RY) is the family of solutions to the Cauchy problem (1.1) with initial
data (1.2), then there exist eg > 0, a time T > 0, families of bounded functions 6. : R — [0, 27),
ye : R = RY such that

W (1, 1) = ef V000 5 o~ lemue O 4 gy
where
w7 < Cv@®)lo=(6)] + Ae()]) + O(e?)  for all e € (0,20) and t € [0, T7).
Let eg > 0, T} > 0 and y-(¢) be as in Proposition 5.1. Then we have the following
Lemma 5.2. There exists a constant C > 0 such that

|ue (2, 8)[?
eN

dx —md,, () + Hpg(x, t)dx — my(t)(sys(t) H(CQ)*

(€2)*
< Cloc(t)] + CIA(t)] + O(e?)
for all e € (0,e0) and t € [0,T%).

Proof. First, notice that for any v € H*(RY), we have |V|v||? = |Vv|? — ﬂfn‘(f%)ﬁ Furthermore,

it is not hard to show that

m(eVY)l* . n pe(x, )] 2
/]RN —W€|2 dr =¢ /RN 7|u€(a:,t)|2dm +mlv(t)]” —2v(t) - /RN pe(z,t)dx
:/RN

N/2 pa(x,t) 1 ‘ug(l’,t)‘ 2
e )4 - — RNpe(a:,t)dx N2 dx

’uﬁ(xat)’ m

t)dx |?
(5.3) +m|v(t) — Jox pe(@, )dz :
m
where . (z,t) is the function defined in (3.5). By Lemma 3.5 we see that
1 Tm (¢ Vipe ) |?

0 < E(uel) — £() + 5 [ R do < o)l (1) + Pe(0)] + O,

for every t € [0,77) and € € (0,ep). Since E(|1e|) — E(R) > 0, it follows from (5.3),
)1 )]
/ e’ pela) 1 / pe(x,t)dx Jue(a, D)) dx
RN lue(z,t)]  m \Jr~ eN/2
xr,t)dr 2
(5.4) +m|v(t) — fRNpET(n) < Olv(t)||o(t)] + C|A:(t)| + O(e?).
for every t € [0,77) and € € (0,g9). Now, to prove the assertion, we need to estimate I'(t), where
Ues(x,t 2

[ 1@ 5 e wopo| + | [ bt s@rts —m0.5(00)
RN 3 RN
for every function f in C?(R") with ||f||c2 < 1. By simple computations we see that
[ e t0f(a)da = m(e) )

(@) ue (@, )]
/]RN pe(z,t)dx ox E—Ndw — mf(yg(t))‘

L@ {pe-+([ o) =50 g,

I(t): = +

<

1
< —
m

+ + Co.(t),
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for every t € [0,7F) and € € (0,g9). Here, the function o.(t) is defined in Lemma 3.4. Set

£

fi(z) == f(x) — f(ye(t)). Since [pn pe(x,t)dz is bounded (see Lemma 3.1) and

/RN {ps(m,t) - % (/RN pg(m,t)dz:> W} dz =0,

ue(z, 1)

r0) < [ 2@ et = o ([ petenae) D
Ue (T, 2 U (T

[ s o [ s o

eN

it follows that

dzx

Using the inequality ab < a? + b? and (5.4) we obtain

1 e (2,1 1 ue(z, )| |2
CE TN gN/QM “m (/RN pf(x’t)dx) =
1 Juc (, )
+ /RN {C|fﬁ(x)| + 2|fﬁ($)|2} el O e 1 ot

< /RN {C|fﬁ(x)| + ;!fﬁ(g:)]z} de + Clo-(t)] + C|A(t)| + O(£?)

Finally, in view of the elementary inequality a® < 2b? + 2(a — b)? with

S G| R(ﬂf-%@)))

=N/2 =N/2 c

dzx

since fy(y-(t)) = 0, it follows from Lemma 3.2 and Proposition 5.1,

T(t) < C/ {Ifs@)] + 1 fy(= )‘2}R2<x—8ya(t)> &

ueat) R <5”_€M> i

< Cloe(t) + CA(t)] + O(e?),
for every t € [0,77) and € € (0,¢0), which concluded the proof. O

C
+ % dz + Clo-(t)| + C| ()| + O(?)

We now turn to estimate the distance |z(t) — y-(¢)|, where the function y.(¢) is given in
Proposition 5.1 and z(t) is the solution of the classical Hamiltonian system (1.3).

Lemma 5.3. Let ue be the family of solutions to problem (1.1) with initial data (1.2). Consider
the function . defined by

Vo () = ma(t) — (}N /RN o () ue (v, 1) 2d,

where x(x) is defined in (3.4). Then v-(t) is a continuous function on R and satisfy |y-(0)| = O(g?)

as € goes to zero.

Proof. The proof easily follows from Lemma 3.2, and the properties of the functions u.(z,t) and
x(). 0

Lemma 5.4. Let T > 0 be the time introduced in (3.7). There exist positive constants ho and
€0, such that for a constant C > 0,

j2(t) = ge(t)] < C (lo= ()] + [N ()] + Pr=(®)]) + O(e?)
for every t € [0,T7].
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Proof. First, we claim that there exists Ty > 0 such that |y-(¢)| < p, for every ¢t € [0,T)) with
T < Tpy, where the constant p is defined in (3.3). Let us first prove that

||5y5 (t1) — ys(tQ)HCQ* < p, for all t1, to € [O,TE*].

Let f € C?(RY) with || f||c2 < 1 and pick t1, t2 € [0,77) . From Lemma 3.1 and identity (5.1) we
see that

1 :
N RN (‘uf(m t2)’ — [ue(z, t1)] ) r)de = 5 /]RN /t1

t2
/RN /t1 x)divepe(z, t)dtdac_/ V() pelx,t) dedt

t1 RN

8\%\2

) f(x) dtdx

to
gwﬂm/‘ﬁ/y%@mmscm—m.
t1 RN

Therefore, there exists a constant C' > 0 such that

2 2
|ue (2, t2)| dr — \ug(mj,vtl)\ J

i < Oty — t1] < CTh.

O2*

9 9

Now, from Lemma 5.2 we obtain
M0y (t2) = Oyt |2 < CTo + Clo=(t)] + CIA()| + O(e?) < C(To + h/2) + O(€?).

Here we choose Ty and then &g, hg such that C(Tp + h/2) + O(e?) < min {m Ky, mK; Ko}, where
Ky and K; are the constants defined in formula (3.2). Thus, from inequality (3.2) we get
lye(t2) — ye(t1)| < Ko for every ti, to € [0,T7), and since y.(0) = 0, this implies the claim. We
now conclude the proof of lemma. By the definition of v, it follows that

() — yo(t)] = 1|m(> mye(2)]

atQ
]’ya |+’/ |u ) dx—mya(t)‘.

Notice that from the claim above and (3.4) we see that x(y(t)) = 1 for all ¢ € [0, 7). In particular,
there exists a constant C' > 0 such that

| A

Jue (z, t)°
eN

+ Clhe()l.
02*

Then the statement follows by Lemma 5.2. ]

(1) — (1) < Cllzxlc2

dx — mdy(t)

Using Lemmas 5.2 and 5.4 and inequality (3.2), one can prove the following result.

Lemma 5.5. There exists a positive constant C such that

lus(iﬂ t?

N + Hpa(:c, t)ydz — mu(t)0g )

(@)

dz —mdy )

where Z(t) 1= |o:(t)| + | Ae(t)| + |7:(t)|, for all e € (0,e0) and t € [0,T7)
Proof. The proof follows the same lines as Lemma 6.4 in [26]. O

In Lemma 5.4 we have fixed Ty such that Proposition 5.1 and Lemmas 5.2 and 5.5 hold. With
this in mind, now we give the proof of Theorem 1.6.
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Proof of Theorem 1.6. The proof follows the lines of the corresponding proof in [18, Theorem
1.1 and Lemma 3.6]. Let us give a brief sketch of the proof. First, we want to use a Gronwall
inequality argument to show that

(5.5) 02O + Ae(B)] + (D] < C(To)e?  for every ¢ € [0, T7).
Indeed, from identities (5.1), (5.2) and Lemmas 5.4 and 5.5, and repeating the steps of the proof
of Lemma 3.6 in [18] we get for every t € [0,T7],

0]+ 20|+ [ e8] < C ot + 0+ etol + 0],

for some positive constant C'. Moreover, by Lemmas 3.4 and 5.3 we see that |o.(0)] + |A:(0)| +
|7:(0)] = O(£?), then (5.5) is a simple consequence of the Gronwall inequality. By the definition
of T} in formula (3.7) and due to the continuity of 0., A and 7. one gets T = Tp for € small
enough, ¢ € (0,g9). Next, in light of Proposition 5.1 there exist families of bounded functions
0. : R — [0,27), y- : R — R such that

uaﬁjt)——ei(V@)x+64tD}z<ﬂf—q%xt)>
9

2
=0(%),
HZ

for all ¢ € [0, Ty]. Furthermore, from Lemma 5.4 and (5.5), it is clear that |x(t) — y.(t)| < Ce? for
t € [0,Tp) and € € (0,e0). Therefore,

[ (=2) - n (=)

for every t € [0,7p] and € € (0,e0). Hence Theorem 1.6 holds in [0, Tp]. Finally, taking as new
data x(7p) and v(Tp) in system (1.3) and

2SCE@;&@BZO@%

2
H} €

wu(T) )Y~ L lo—a(To)|?

ueo() = e e ,

as a new initial data in Cauchy problem (1.1), the statement is valid in [Tp,27p]. Since Ty only
depends on the problem, we can achieve any finite time interval [0, T]. This concludes the proof
of Theorem 1.6. U
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