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Abstract

We define and study the fractional Laplacian and the fractional perimeter of a set in Carnot
groups and we compare the perimeter with the asymptotic behaviour of the fractional heat semi-

group.

Introduction

The aim of this paper is to define the fractional perimeter of a set in Carnot groups and to investigate
some relations between fractional perimeter and the asymptotic behaviour of the fractional heat semi-
group (i.e., the semigroup generated by the fractional Laplacian in L?) as ¢t — 0. Our results generalise
those in [21, 2, 7, 1], where semigroups generated by local elliptic operators are considered. We discuss
in an informal way the case of R™ in this introduction. The proofs are given in the more general case
of Carnot groups.

In the whole paper « is a parameter in (0,1). We start by defining the Gagliardo seminorm of
f:R* >R

P _ |f(x) = fly)lP
[f]wa,p = /]R"X]R” W dzdy, 1<p<oo, (1)

the fractional perimeter of a Borel set E C R™ is

Pa(B) = 5lxelyures = [ dady 2

Expge [T —y["te

where y g is the characteristic function of E and E¢ = R™\ E, and the fractional Laplacian is
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where e*? is the classical heat semigroup generated by A. As usual in functional calculus (see [29]),

definition (3) is motivated by the elementary equality

1 o dt
A = M1 A>0.
[ D A

Another way of defining the fractional Laplacian is via the Fourier transform, (—/AF f =€ f, but
the inversion formula (up to a constant depending on n and «) leads formally to a convolution against
the singular kernel |z|~("*2%) the inverse Fourier transform of the symbol |£|?®. Nevertheless, it is
possible to put the fractional Laplacian into a classical PDE framework. Indeed, according to [9, 29],
the nonlocal operator (—A)“ can be recovered from a boundary value problem concerning a (degenerate)
local operator as follows. Let f € dom((—A)®). Consider the extension problem

div(y!~29Vu) =0 in R™ x (0, +00) 4
u(x,0) = f in R™, W

which is the Euler equation of the functional
J(u) = / (1Duf? + 10, u[?) y'~2* dedy, (5)
R xR+
u in the space W12(R" x RT, dz @ y' ~2%dy) defined by
WH2(R" xR, de@y' ~2“dy) = { Wﬁ)cz(R" xRT) : /R R+(|u\2 + |Dul? + |0yul?) y' > dady < oo},
'ILX

under the constraint u(-,0) = f(-). A solution of (4) is given by the Poisson type formula

2a o0
__Y tA —y?/4t dt
o) = s [ et e (©
and the following limit relation
20T (—a)
li 1-2a —A)e
Jim ' 200,u(e.y) =~ Ay (@) @

holds in L?(R™). From (6), computing the derivative in (7) gives
fa) -~ f0)

xr — y|n+2a

(=A)*f(z) = C(n,a) P.V.

R

Y, (8)

where the integral has to be understood in the usual principal value sense, i.e.,

py [ H@ 10 ) ) ,
Rn |‘T - y|n+ a e—0 (B(z,e))° |$ - |n+ o
and the constant C(n, a) is
_4°T(n/2+ a)
Cln,a) = /20 (—a)
Integrating (8) the following equalities easily follow
AV ey = [ F(=8)"Fdo = Cln,a) / o) [ HET s )

— C(n,a ‘2 B C(n, ) ,
- /n/n |:Jc— |n+2a dydx = 2 [flwe.e-



Multiplying the differential equation in (4) by its solution u and integrating by parts leads to

[flEye: =2C(n,a)~ " [ f(=A)*fdx (10)

Rn
I'(a)r"/?
= T int{J(w), we WIAR® x RY, dz @y 2dy), u(-,0) = 1()},
s ) w e W v &y dy), ul,0) = ()
so that the Gagliardo seminorm of f comes from a minimum problem. We refer to [18] for much more
on the subject. Now, it is time for the fractional heat semigroup to come into play. Let hq(t, z) be the
fundamental solution of the fractional heat equation in Ry x R™

ur + (—A)*u = 0. (11)

Setting ha(2) = ha(l, 2), he is known to satisfy

ho(t™1/%22) (12)

/ ha(t,z)dz=1  ¥Vt>0, ha(t,2) = 7ma

and

. ha(tax) _ Cn,oz
}H,% t - |x|n+2a’ (13)

see [3, Theorem 2.1], where the exact value of the constant is given. The fractional heat semigroup that
gives the solution of (11) with initial datum f is given by

e 'R f () :/ ha(t,y) f(x —y)dy,  feL'(R"),

n

and, since the kernel h,, has integral one, we have

N @)~ @) = | haltw)(J@—y) — [(@)) dy.

R

Recalling (9), we may consider the following quantity

= [ haltw)(fle =9 - 1@) dedy.

Using the previous asymptotics on the fractional heat kernel allows us to get

- QF(f) 2
iy 0l

Hence we have that f € W*2(R") if and only if
Q' (f)

lim —— < o0.
t—0 t
Let us mention that similar results have been obtained in a stochastic analysis framework in [12].

The starting point of our investigation is the remark that all the previous relations between the
fractional seminorms and perimeters on one hand and the fractional heat semigroups on the other
rely on the asymptotic behaviour of the fundamental solution A, given in (13) and on the asymptotic
behaviour of the kernel |z|~("*2¢)  which appears in (1) and elsewhere, as z — 0. Therefore, we
were wondering whether similar computations can be done when suitable kernels exhibiting the same
asymptotic behaviour are available. This is possible in Carnot groups, even though a limit relation as
(13) seems not to be available and it has to be replaced by a two-sides estimate, see Section 2.



Notation

Henceforth, we denote by c all the constants that depend only on « and the dimension of the space.
The value of ¢ can vary from line to line.
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1 Preliminary results

A connected and simply connected stratified nilpotent Lie group (G, -) is said to be a Carnot group of
step k if its Lie algebra g admits a step k stratification, i.e., there exist linear subspaces V1, ..., Vi such
that

g=Vi®... 0V, [Vi.Vil=Vin, Vi#{0}, Vi={0}ifi>Fk, (1.1)

where [V1,V;] is the subspace of g generated by the commutators [X,Y] with X € V; and Y € V.

In the last few years, Carnot groups have been largely studied in several respects, such as differential
geometry [10], subelliptic differential equations [4, 17, 16, 27], complex variables [28].

For a general introduction to Carnot groups from the point of view of the present paper and for
further examples, we refer, e.g., to [4, 17, 28].

Set m; = dim(V;), for i = 1,...,k and h; = m1 + --- + m;, so that hy = n. For sake of simplicity,
we write also hg = 0, m := m;. We denote by Q the homogeneous dimension of G, i.e., we set

k
Q=) idim(V;).
i=1

We choose now a basis e, ..., e, of R" adapted to the stratification of g, i.e., such that ep; _,11,...,en;
is a basis of V; for each j = 1,..., k. Moreover, let X = {X;,...,X,} be the family of left invariant
vector fields such that X;(0) =e;, i =1,...,n.

The sub-bundle of the tangent bundle TG that is spanned by the vector fields X1,..., X,, plays a
particularly important role in the theory, it is called the horizontal bundle HG; the fibers of HG are

H,G = span{X;(z),..., X;n(2)}, z €G.

We can endow each fiber of HG with an inner product (-,-) and with a norm | - | that make the basis
X1(z), ..., X;n(x) an orthonormal basis. The sections of HG are called horizontal sections and a vector
of H,G a horizontal vector. Each horizontal section is identified by its canonical coordinates with
respect to this moving frame Xi(x),..., X,,(z). This way, a horizontal section ¢ is identified with a
function ¢ = (é1,...,¢m) : R — R™. For any = € G, the (left) translation 7, : G — G is defined as

TeZ =X - 2.



For any A\ > 0, the dilation 0y : G — G, is defined as
Oa(T1y ey ) = (N, .., NEEL), (1.2)

where z = (§1,...,&) ER™ x ... x R™ =G.

The Haar measure of G = (R, ) is the Lebesgue measure in R™. If A C G is Lebesgue measurable,
we write |A] to denote its Lebesgue measure.

Once an orthonormal basis Xy, ..., X,, of the horizontal layer is fixed, we define, for any function
f+ G — R for which the partial derivatives X f exist, the horizontal gradient of f, denoted by Vg f,
as the horizontal section

m

Vef =Y (Xif)Xi,

i=1

whose coordinates are (X1 f, ..., X;nf).Given X1,..., X,,, we denote by £ the associated positive sub-
Laplacian, namely

L:=— iXJQ
j=1

Let || - || : G — [0,00) denote a symmetric homogeneous norm on G [4]. Since any two continuous
homogeneous norm are equivalent [4], from now on we denote by || -|| any one of them; all the estimates
that we give are then the same up to changes in the constants. We denote by

Bz,r)={y€G: |y~ ol <r}

the ball centred at x € G with radius r > 0 and by B(r) = B(0,r).

1.1 Heat kernels and norms

Consider G :=R x G as a Carnot group, where the group operation in the first coordinate is the usual
addition, the dilations are dy(t,z) = (A\%t,5\(z)), and its Lie algebra g admits the stratification

j=Viohe oW, (1.3)

where V; = span {T, V1} and T = 8. Since the basis {X1,..., X} of V] has been already fixed once
and for all, the associated basis for V; is {T, X1,...,Xm} The heat operator in G:

5{::8,5—|—L

is translation invariant, homogeneous of degree 2, i.e., H(u o SA) = \?Hu, and hypoelliptic. It is well
known (see [17]) that H admits a fundamental solution h, usually called the heat kernel in G. In the
following theorem we collect the main properties of h, the proofs can be found in [17, 4].

Theorem 1.1 There ezists a function h defined in G such that:
(i) h e C=(G\{(0,0)});
(i) h(\%t,6x(x)) = A\"Qh(t,z) for everyt >0, z € G and A > 0;
(i4i) h(t,z) =0 for every t <0 and [ h(t,z)dx =1 for every t > 0;
(iv) h(t,x) = h(t,z="') for every t >0 and z € G;



(v) there exists ¢ > 0 such that for every x € G and t > 0

2 2
—1,-Q/2 [l —Q/2 [Edl
e~/ exp( vy < h(z,t) <ct / exp( — ) (1.4)

As in the Euclidean case, we can introduce the heat semigroup by
U fa) = [ Wy )y [ LE) (15)

Then for every f € L'(G) and t > 0, we have e~ ** f € C*°(G), the function v(t,x) := e~ ** f(x) solves
Hv =01in (0,00) x G, v(t,z) — f(z) strongly in L'(G) as t — 0 and —£ is the infinitesimal generator
of e=**. As proved in [5, Proposition 3.2.1], the heat semigroup preserves one-sided bounds, namely

f<Cae inG= e_wf < C ae. inG, Vit >0. (1.6)
As in [15], for every a > 0 we define

« 1

Ru(z) = —W/Ooot—%‘—lh(t,x)dt, Ra(x)zw/oooﬁ—lh(t,x)dt. (1.7)

As pointed out in [15], R, and R, are smooth functions in G \ {0} and LRy _ = R_,. In addition,
R,, is positive and homogeneous of degree —a — ). Moreover, using (iv) and (v) in Theorem 1.1 we get

Ra(x) = Ra(x71)> (18)
and

ez 7279 < Ro(x) < ¢z 729 Vz € G. (1.9)
We define

Izllo = (Ra(w)) o (1.10)

which turns out to be a homogeneous symmetric norm, smooth out of the origin. Using (1.9), we find
a constant ¢ > 0 depending only on « such that for every z € G

cHall < fzfla < cllz]-

Remark 1.2 If (G, ) = (R", +) then for every oo > 0

Ro(z) = fLL/wt*a/Q*"/He*‘%zdt
@ o (—/2) (47)% '

Changing variables we obtain:

n

- @ 45+3 ® 1ia o 4212 _sa+n
a =~ T = Tamn “Ydy = — - F( ) —amn,

Setting ¢ := — 52 ll"(%), we get

~ [
Ra(x) :CW and ||£ZJH,1 =cC "+“|I|.



1.2 Fractional Sobolev Spaces

The theory of fractional Besov and Sobolev spaces in Carnot groups is well developed and is presented
in [16], [26]. Let a € (0,1) and p > 1. In analogy with the Euclidean case, we consider the fractional
Gagliardo seminorm in G defined by

o /(@) = F)I”
Mo = [ fyro-aiges

and the corresponding norm defined by

1/
[ flla.pc == (”inp(([;,) + [f]g7p;G) "

Let W*P(G) be the space of measurable functions f : G — R such that || f||a,pc < co. Following [17]
and [26] it is readily seen that (W*P(G), || - ||a.p:c) is & Banach space and the Schwartz space $(G) is a
subspace of W*P(G).

We can also define, for « € (0,1) and p > 1 the space

Ha,p(G) = m”'”a,pﬂ )

By the preceding discussion, H*P?(G) is a Banach space. For G = R" this space is consistent with the
usual fractional space W*P(R™), see [8]. As in the Euclidean case, we have the equality W*P(G) =
H*?(G), see [16, Theorem (4.5)].

1.3 Fractional Laplacian

From now on, we deal only with the case p = 2, where the theory of fractional perimeters is settled.
As £ is a self-adjoint operator on L?(G), we can define the operator £& : W2*2(G) = D(L%) C
L?(G) — L*(G) by functional calculus (see e.g. [30, §IX.11] and [16, §3] for the present case) as in (3)

o 1 ® dt
L _F(_a)/o (e Id) e (1.11)

Notice that the operator £ can be equivalently defined via the spectral resolution {E(N)} of £ in
L*(G),
£9 = e(a) / A AE(N) (1.12)
0

for a suitable constant c(«).

Let us recall that on smooth functions £¢ has a pointwise representation. In view of (1.12), the
proof of the following result is contained in [15, Theorem 3.11], where the kernel is written with a
different notation.

Proposition 1.3 For every u € 8$(G) and o € (0,1) it holds

L%(z) = P.V./ Mdy

eyt -2

Since £ is self-adjoint and £ o £# = £t we immediately have
165 ) = [ f@)e f@)de, VF € 8(G).

In the following proposition we show another expression of the fractional Laplacian.



Proposition 1.4 If u € 8(G) then

mu(x):—1/G“(x'y)+“;ia@'f2;)_2“(x)dy, (1.13)

PRrROOF. We proceed as in [14]. By definition,

Lo(z) = —P.V./Gwd

Y
1 'x||g+2a )

ly
by choosing z := y~ 'z we get
R L
G z||a

Moreover, by substituting w = z~! and using (iv) in Theorem 1.1, we have

u(z)

V/ V/ ———————dw
HZHQ”Q Hw 1||Q+2a
u(x - w) — u(x)

Relabeling w = z and adding (1.14) and (1.15) we have

o x-z Y +u(z-z) — 2u(x)
2L%u(z) = —P.V. / R E dz.

To conclude it suffices to prove that for every € G the map G : G — R defined by

w(x - 27 +u(z - 2) — 2u(x)

211§+

G(z) =

belongs to L'(G). In [15, Theorem 3.1] it is proved that for every x € G the maps

GllG%R
u(x - z) —u(r) —w(z) (Veu(zx), 7 (2
L, ulee2) <>|Z§§+>2§G<> ()
and
GQIG—)R
ZHu(x.z—l)—u(x) _||:J|TQ+221<VGU() (Z—l)>’

where 7, denotes the orthogonal projection on H,G, belong to L'(G), where w(z) denotes the charac-
teristic function of the ball {y € G | |ly~! - z||o» < 1}. By using (iv) in Theorem 1.1 and the fact that
I - | is a homogeneous norm we get

w(z) (Veu(r), m(271)  w(z) (Veu(@), m(2))

_1”8-1-204 - HZHg+2a

Iz

therefore G = G + G2 € LY(G). QED



Proposition 1.5 For any u € 8(G) the following statement holds:
lim (1 — a)L%(z) = Lu(x), vz € G.

a—1—
PRrOOF. Using the change of variables £ = 1= in (1.11) we get

1

—_— Ooefgﬁcum—ux ~1a . .
= ] () ~ u(a)e~ =vde (1.16)

(1 —-a)l%x) =
Clearly, if 0 < ¢ < 1 then lim,_,;- §ﬁ = 0. Since u € 8(G) then by [16, (ii) in Theorem 3.1] (notice

that D(G) is L*°-dense in 8(G)) we have
e "y —u

5 + Lu

—0 ash—0. (1.17)
L>=(6)

Set ¢ =1/T(—a) = —a/T(1 — ). We claim that for every x € G

1 1
lim c/ (=€ Fu(x) — u(m))f_ﬁdﬁ = Lu(x). (1.18)
a—1- 0
Indeed, denoting by fo (&) = (effﬁ’cu(:c) - 11(:1:))57ﬁ and using (1.17) we get
fax(§) = —Lu(z) VzeG. (1.19)
Moreover,
== 1 1 ¢ee d _
o1 = [ ute) —une | = | 2 [T e utan (1.20)
1 T—a
o ] < 1wl

where in the last inequality we used v € §(G) and (1.6). Thus, (1.18) follows using the definition of c,
(1.19) and (1.20). Furthermore, using (1.6), we obtain

C\/l |(67§ﬁ[’u(x) — U(l‘))‘ﬁ_ﬁdg < 2C||U||Lm(G)/1 E_ﬁdf _ I§(11)

U|| [,00
— a) L>(G)

and the thesis follows letting o — 17. QED

2 Fractional heat semigroup and perimeter

This section is devoted to the presentation of our main results. After describing the relevant properties
of the fractional heat semigroup in G and of the related kernel, we define the fractional perimeter and
show their connections, as sketched in the Introduction.

We start by recalling a few properties of the semigroups generated by fractional powers of generators
of strongly continuous semigroup and refer to [30, §IX.11] for more information and the missing proofs.
To this aim, let {etA; t > 0} be an equicontinuous semigroup of class Cj in a Banach space X, whose
generator is the operator A: D(A) C X — X. For ¢ > 0,t > 0, € (0,1) we define the function

1 oo zA—tz% .

ot e dz, if A>0
ft,a()‘) = m

0 if A <0.

o—100



We define {e*4=; ¢ >0}, a new equicontinuous semigroup of class Cp, as follows
o0
ethoy = / fral(s)e*tuds, ueX. (2.1)
0

The infinitesimal generator A, of e*« is the corresponding fractional power of the generator of et4,
ie, Ay = —(—A)®, where (—A)® is defined as in (1.11). Moreover, e*4= is a holomorphic semigroup
and a change of variable in the integral shows that

e“‘au:/ Fra(r)e Ay dr. (2.2)
0

Let us come to the heat semigroup. In this case, £ is defined in (1.11), its domain is W2*2(G) and
we may write

“ate) = [ fealo) ([ Mo o) s we @),

so that using (2.2) we have
et/“au(x) = / eTtl/aLu(x)fl,a(T)dT = / (/ h(Ttl/",y_1 x)u(y)dy) fi,a(T)dr
0 0 G

= /G (/000 h(rtt/® y~1 'ﬂf)f1,a(7')d7—) u(y)dy.

Thus, the function

hattos) = [ (rtd ) ra(rde (2.3
is the integral kernel of the semigroup e**” | i.e.,

e u(x) = /Gha(t,y_la:)u(y) dy, u € L*(G). (2.4)
Remark 2.1 If A is the classical heat kernel in R", i.e.,

h(t,y) = (Qﬂl)n/zew/u _ Wﬁ(lyl/\/f% (2:5)

N

T

where h(r) = e~ T, we get

1

|2/ (artt e
-l /tart )fl,a(T)dT ~ /2

ila (til/Qay)v

ha(t,y) = /000 h(Ttl/o‘,y)fl,a(T)dT = /O°° ( 1

2Tt/ o)n/2

where, according to (12),

- S B
I’La(z) :/0 W@ l217/(4 )f17a(7')d7'.

Some more estimates are available, and we are going to exploit some of them.

10



Remark 2.2 Recalling (1.4) we can give Gaussian type estimate of h,. Indeed, let us argue on the
upper estimates; we get:

ha(tvy) = \/0 h(Ttl/aay)fl,a(T)dT

[ee) 2
< c/ ngtfﬁexp (— Iyl ) fi,a(T)dr
0

1
cTta

[e's} 2
= ct*%/ T’%exp <_||y| >f1,a(7')d7'
0

1
cTtw

where the integral above converges thanks to [30, Proposition IX.11.3]. Arguing in the same way for
the lower estimates, we eventually get

00 2 [e's) 2
e [ fep(< LU0 5 L (rar < ha(ty) < a / S exp (L) 5 (ryar. (26)
0 cTtw 0 cTt™

Beside the above Gaussian estimates, we recall that the following also hold, (see [11]):

) < ha(t,2) < c(t*Q/QO‘ A ;) (2.7)

—1(;—-Q/2c
N G B

t
]| @2
Let us now introduce a notion of a-horizontal perimeter.

Definition 2.3 For a Borel set E C G and « € (0,1) the fractional a—horizontal perimeter of E is

1
Pery c(E ::// ——dxdy.
SV Jo S -

We say that E C G has finite fractional a—horizontal perimeter if Pery g(E) < 0o.

In the following Proposition we collect some elementary properties of the fractional a—horizontal
perimeter.

Lemma 2.4 Let o € (0,1).

(i) (Subadditivity) Let E,F C G be Borel sets, then

Perg g(EUF) < Peryg(E) + Perg g (F).

(i1) (Translation invariance) Let E C G be a Borel set; for any z € G we have

Pery ¢(7:(E)) = Per, g (E).

(#ii) (Scaling) Let E C G be a Borel set; for any A > 0 we have

Per, ¢ (0x(E)) = A9 “Per, ¢(E).

(iv) (Equivalence with the fractional norm) Let E C G be a Borel set and p > 1; if Pery g(E) < 0o
then

1

Perm@, (E) = 5 [XE];%,p;G'

11



ProOF. (i). If F and F' are Borel sets, then

1
Pery ¢(EU F) = / / o g deds
“ Bur) Jur)e ly=1 - z|§T

1
dxdy+// 7dxdy
//EUF)C - HQ+a EUF)C —1. || gt
o = 0xdy
// ly= an* // ly= an*

= Pery g (E) + Pera.c(F).

(ii) and (iii) follow from a change of variables, noticing that for every A > 0 and z € G, 65 (E°) = (0»(F))¢
and 7, (E°) = (1.(E))".
(iv). By definition

IxE(z )P
[XE,pr// y1 x||Q+a dxdy

/] e 1 iy [ [ D,
Gyt wIIQ+a < Jg |yt $||Q+a

=2 / / L ay- 2Per,, g (E).
5 e |yt 2l|dT

QED
The function

Q' (xE) =/GX(Gha(t,y)IXE(y‘1 ) — xg(r)|drdy

allows us to present a relationship between the fractional heat semigroup and the fractional perimeter.
The following Lemma is equivalent to saying that the embedding of Besov spaces BS,(G) C BS . (G)
is continuous, see [26, Th. 9 and 14]. We use it in the proof of Theorem 2.6 below.

Lemma 2.5 Let u € W/22(G); then there exists co, > 0 such that for all z € G, denoting by T,u(z) =
u(z71z), there holds

u(z) — u(w™! - z)|?
lmou — ul|22q < c ||ZHD‘/ dzxdw.
: e = GxG [Jw| @t

The following results relates the fractional perimeter with the short-time behaviour of the fractional
heat semigroup, as sketched in the Introduction.

Theorem 2.6 There are constants c1(a), ca(a) > 0 such that for every Borel set E there holds
a/2( a/2(

c1(a)Pery ¢ (E) < liminf Q" (xe) < limsup @ (xe)
’ t=0 t t—0 t

< co(a)Per, g(E). (2.8)
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PROOF. Let us start from the upper estimate. By (2.7) and Lemma 2.5 we immediately get

20 = [ hagsltDle( ) - xela)ldeds
GxG
:/ has2(t, 2) | 7xE = XB|72(6)d2 +/ hasa(t, 2) | TxE = XB|72(6)d%
B(tl/«) Be(tl/e)
<eat ¥ [ e el aads + cat [ Xple ) - X gy,
- B(t1/) wers Be(t1/2)xG | 2[| Qe
71 . —
<2tcy|B(1)|Pery g (E) + czt/ e (2 :2_‘_ XE(x)|d:cdz
Be(t1/9)xG || 2| @t
<cy(a)tPer, g (E).

Let us come to the lower bound. By (2.7), since on the complement of the ball B(t"*), we have the
estimate

4
ha2(t,y) =2 Ayere’

we deduce that

o/2( ) = /G hasalt sl -a) =~ xp(a)ldudy
X

> / halt.y) / X - 2) — xe()|dzdy
G\B(t"«) G

71. J—
2Ct/ / Ix(y x)Q+ xE(x)Idxdy
G\B(t'/) JG [[y[|@te

_1- —
ey (o)t / / Xy _2) = x5(@)| g, g,
G\B(t"/2) JG |&

Iyl
It follows
-1, _ 1y )2
GxG lyll =0 Je\B(tY) Je Iyl =0 t
and the proof is complete. QED

The same kind of result can be extended for functions in W®?2(G) considering the quantity

Q3 (u) = /G  haltluly™ ) = uta) Pedy

Notice that since xg(y~" - ) — xg(z) € {=1,0,1}, then [xg(y ™" - 2) — xe(@)| = [xe(y™" - ) — xp(z)?

and then Q% (u) coincides with Q% (x g

)
Theorem 2.7 There are constants c1(a) and cz() such that for any u € L*(G)

cr()[ulf 56 < lim inf QtT(u) < limsup QtT(u) < ea(a) U] o6

then u € W*2(G) if and only if
Qf (u)
t

lim sup
t—0

< +00

PROOF. The proof is exacly the same as in the proof of Theorem 2.6 by using estimates (2.7).  QED
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3 Open Problems

As mentioned in the Introduction one of the main motivation of the present paper was to study the
asymptotic behaviour of the heat semigroup in a non-Euclidean context. By using similar techniques,
one could probably introduce and study the fractional perimeter on Riemannian manifolds. Another
line of research are asympotics. Indeed, it is well known (see [6, 13, 25]) that for every bounded Borel
set £ C R™ of finite perimeter it holds:

lim (1 - «a)P,(E) =C,P(E) (3.1)
a—1—
where P(F) is the perimeter of E and C), is a positive constant depending only on n. Similar results
have been proved also for different notions of fractional perimeters, see [22, 23, 24, 19, 20]. We conjecture
that a similar property is satisfied also by Per, ¢(-). A similar limit when o — 07 could be investigated.
Another interesting question is to understand whether or not in a general Carnot group the function
h satisfies a relation similar to (13). We plan to investigate this question in the Heisenberg group.
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