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1. INTRODUCTION

Minimization of Blake & Zisserman functional is a variational approach to contour detec-
tion in image analysis which deals with free discontinuity and second derivatives.
Inpainting is the process of filling in the missing or desired image information on do-
mains where it is unavailable: this blank domains may correspond to scratches in a camera
picture, occlusion by objects, blotches in an old movie film, aging of canvas and colors of
a painting ([18], [19]).
In this paper we study Blake & Zisserman functional with Dirichlet boundary conditions.
There are several motivations for this kind of boundary condition, among them we mention
the possibility of facing some version of the inpainting problem. Moreover we emphasize
the relevance of global minimizer under Dirichlet boundary conditions in the study of local
minimizer under classic Neumann boundary conditions problem for Blake & Zisserman
functional, since the last one is defined as a global minimizer under Dirichlet boundary
condition ([14], [17]).
We refer to [5], [8], [9], [10], [14], [27], [28] for motivation and background analysis of
variational approach to image segmentation and digital image processing.
Here we focus on the functional

F(Ko, K1,v) =[5 (kourcy) <’ D [* + pfv — 9|q> dx
faH! (KO N 52) + BH! ((K1 \ Kp) N (z) ,
with the aim of minimizing F' among admissible triplets (Ko, K1, v), say triplets fulfilling

Ky, K, Borel subsets of R?, Ky U K, closed,
veC? (ﬁ \ (Ko U K1)> , v approximately continuous in O \ Ko,

v=wae inQ\Q,

where €, Q are open sets fulfilling Q cC Q cC R? and w is a given function in .

If (Ko, K1, u) is a minimizing triplet of F', then KyU K can be interpreted as an optimal
segmentation of the monochromatic image of brightness intensity g, while the three ele-
ments of a minimizing triplet (Ko, K7, u) play respectively the role of edges, creases and
smoothly varying intensity in the region \ (Ko U K;) for the segmented image. The
second order functional F' was introduced to overcome the over-segmentation of steep gra-
dients (ramp effect) and other inconvenient which occur in lower order models as in case of
Mumford & Shah functional ([5], [28], [29]). Here we mention our result in the simplified
case of smooth boundary and smooth boundary datum in order to avoid technicalities in
the assumptions.

Theorem 1.1. Let o, (3, u, q, g, €2, Q and w be s.t.

(1.1) 0<B<a<2B, u>0, ¢>1, g€ LY NLL(Q), we LYQ),
(1.2) Q cc Q cc R?,
(1.3) Q is an open set with C? boundary 9, 0 is an open set,

(1.4) we C*(Q),



(1.5) D*w e L™(Q).

Then there exists a triplet (Co, Cy,u) which minimizes the functional F' among admissible
triplets (Ko, K1,v), with F(Cy, C1,u) < +oc.
Moreover any minimizing triplet (Ko, K1,v) fulfils:

(1.6) KonQ and K, N Q are (H', 1) rectifiable sets,
(1.7) HY (Ko NQ) = H'(S), HYK NQ) = H'(Se,\S,),
(1.8) v € GSBV2(RQ), hence
) v and Vv have well defined two-sided traces, finite H' a.e. on KoU K ,

where S, and Sy, respectively denote the singular sets of v and V.

Actually more accurate results than Theorem 1.1 are needed for our purposes (see
Remarks 2.4, 2.8): this will be achieved by Theorems 2.1, 2.2, 2.3 in Section 2, which
allow discontinuous Dirichlet datum w and piece-wise C? boundary 9€). About the case
of inpainting we emphasize that all these theorems can be proved exactly by the same
technique whenever the integral of fidelity term |v — g|? is evaluated on U \ (Ko U K;)
instead of \ (Ko U Ky), where U C € is a given, possibly empty Borel set: e.g. the
image is noise-free in the region Q \ U and should be restored in U.

Theorems 2.1, 2.2, 2.3 are achieved by showing partial regularity of a suitably defined weak
solution with penalized Dirichlet datum (Theorem 3.1). The novelty here consists in the
regularization at the boundary for a free gradient discontinuity problem; the regularity
is proven at points which have 2-dimensional energy density by: suitable joining along
lunulae filling half-disk in order to take into account boundary effects (Lemma 4.1); blow-
up at boundary points and at points near the boundary (Theorems 7.1, 7.2) proven by
a new procedure, due to the presence of two parameters describing the lunulae; a decay
estimate of the weak functionals evaluated at local minimizers (Theorems 7.3, 7.4).
Usually performing regularity analysis at boundary points requires a smooth extension
with suitable estimates of the blown-up solution. The extension of bi-harmonic functions
is quite different from extension of an harmonic function vanishing at the diameter, the last
one is based on classical Schwarz reflection principle (see Remark 6.4) and doubles L? norm
of the gradient in the whole disk: this doubling property was exploited in [6] to prove decay
property for local minimizers of Mumford & Shah functional with Dirichlet boundary
condition (see also [26]); unfortunately bi-harmonic extension lacks this doubling property
(see Remark 6.5). We overcome this difficulty by a new tool, precisely an L? decay
estimate of hessian for a bi-harmonic function in a half-disk vanishing together with its
normal derivative on the diameter (Theorem 6.1): proving this decay requires a careful
application of Duffin extension formula [22] and Almansi decomposition [1], since the bi-
harmonic extension in the whole disk may increase a lot the L? norm of the hessian in
the complementary half-disk.

The present paper focuses on the two dimensional case, nevertheless all the results proven
here are valid in the n dimensional case except the compactness property (Theorem 5.4)
and hessian decay of bi-harmonic functions in half-disk (Theorem 6.1 and Remark 7.5).
About minimization of the functional F' under Neumann boundary condition we refer to
18], [9], [13]. About the description of the rich list of (differential, integral and geometric)
extremality conditions for F' we refer to [14].



The framework of the present paper will allow to prove existence of strong local minimizers
for Blake & Zisserman functional and several extremality conditions fulfilled by strong
local minimizers in the paper [17]. In general uniqueness of minimizers of the functionals
F fails due to lack of convexity: we refer to [4] for explicit examples of multiplicity and
property of generic uniqueness with respect to data a, (3, g.

Moreover the results of the present paper are deeply exploited in [15], [16] and [17] to
study fine properties of local minimizers of Blake & Zisserman functional under Neuman
boundary condition, particularly about their singular set related to optimal segmentation.

2. MAIN RESULT

The main result of this paper is the existence of strong minimizer for 2-D Blake & Zisser-
man functional /' with Dirichlet boundary datum: Theorems 2.1, 2.2, 2.3. The boundary
condition is prescribed by imposing a penalization whenever the competing function and
its gradient do not coincide with the exterior traces of w and Vw at 0f2. Motivation and
comments about the assumptions on Dirichlet datum are given in the Remarks at the end
of this Section.
First we focus on the main part of F', say functional E:
(2.1) E(Ko, K1,0) = / |D%|” dx + a M (KO N fz) + B! ((K1 \ Ko) N ﬁ) ,
Q\ (KoUK 1UM)
where M C 0% is a prescribed finite set (possible corners in Jf2), with the aim of mini-
mizing it among admissible triplets (Ko, K;,v), say triplets fulfilling

Ky, K, Borel subsets of R?, Ky U K; closed,
(2.2) veC? (ﬁ \ (KoUK U M)) . v approximately continuous in 2 \ (Ko U M),
v=w ae. inQ\Q.

Theorem 2.1. (Strong solution of Dirichlet problem for the functional £)
Let o, 5,90, Q, M, Ty, T7 and w be s.t.

(2.3) 0< B <a<25,
(2.4) Q cc Q cc R?,
(2.5) Q 1s an open set with Lipschitz boundary, Q is an open set,

(2.6) 3 M finite set s.t. each connected component of (OQ\ M) is uniformly C?,

(2.7) (To UTy) N O is a finite set,

(2.8) Ty, Ty Borel sets, Ty UT, closed subset of R* | H' ((TO uTy)n ﬁ) < 400,

(2.9) w e C? (?2 \ (To U Tl)) . w approzimately continuous in \ To,



D*w e LX(Q\ (ThUTY)), D*we L=(A\ (THUT)))
with A open set s.t. 9 C AC Q,

(2.10) 3C >0 : |w||zw, ||V pe, |[V0|1x < C in A,
Lip(7/) < C with v arc-length parametrization of 0,
J0>0 : H'(ONNB,(x)) <Co VYx€00, Vo< o,

there is no triplet (o, %1, w) fulfilling:
(2.11) (2.8),(2.9), w=aplimw in Q\ Ty, and (ToUZ) g (ToUTh).

Then there exists a triplet (Cy, C1,u) minimizing the functional E defined by (2.1) with
finite energy, among admissible triplets (Ko, K1,v) fulfilling (2.2). E(Cy,C1,u) < 0.
Moreover any minimizing triplet (Ko, Kq,v) fulfills:

(2.12) KoNQ and K, NQ are (K, 1) rectifiable sets,
(2.13) HY (Ko NQ) = H'(S), HY K NQ) = H'(Se,\S,),
(2.14) v € GSBV2(RQ), hence vand Vv

) have well defined two-sided traces, finite H' a.e. on Ky U K;,
(2.15) v minimizes the functional £ defined below by (3.1)

' among v s.t. v=w a.e. in Q\Q,
(2.16) E(v) = E(Koy, K1,0).

Theorem 2.2. (Strong solution of Dirichlet problem for Blake & Zisserman
functional)

Let o, B, u, q, g, €, Q, M, Ty, Ty and w be s.t. (2.3)-(2.11) and

(2.17) n>0,qg>1, geLYQ)NLY

loc
hold true.
Then there exists a triplet (Cy, Cy,u) which minimizes Blake € Zisserman functional F

(Q), we LYQ)

(2.18) F(Ko, Ki,v) = E(Ko, Ki,v) + u/~\v—9|" dx,
Q

among triplets (Ko, K1,v) fulfilling (2.2); F(Cy,Ci,u) < +o0; (2.12), (2.13) and (2.14)
hold true for any minimizing triplet (Ko, K1,v); any third element v of a minimizing
triplet minimizes also the weak functional F defined by (3.7) below under constraint v = w
ae. in Q\Q, and

(2.19) F) = F(Ko, K1,7).

Theorem 2.3. Assume «, 5, u, q, g, €, Q, M, Ty, Ty, and w fulfil (2.8)-(2.11), and
(2.20) a = 8.

Then there ezists a pair (K,v) which minimizes the functional
(2.21) / | D*0 | dx + aH! (Kn ﬁ)
Q\(KUM)

among pairs (K,v) with closed K C R, v e C*(Q\ (K UM)) and v =w a.e. in Q\ .



If in addition (2.17) holds true then there exists a pair (K, v) which minimizes the func-
tional

(2.22) /ﬁ\(K y (’ D% * + o _g,q> dx + aH' (zmﬁ)
@]

among pairs (K,v) with closed K C R, v e C2(Q\ (K UM)), and v =w a.c. in Q\ €.

In both cases K N Q) is (H', 1) rectifiable for optimal K .

Moreover:

if the pair (K, v) minimizes (2.22) then v minimizes F among v € GSBV2(Q) s.t. v =w
a.e. in Q\ Q;

if the pair (K,v) minimizes (2.21) then v minimizes € among v € GSBV2(Q) s.t. v = w
ae. inQ\ Q.

Remark 2.4. Theorems 2.1-2.3 can be exploited in the analysis of locally minimizing
triplets of E and F. About locally minimizing triplets we refer to Definition 2.6 in [17].

Remark 2.5. Hypothesis (2.11) seems a technical assumption; actually it is a natural
requirement: (2.11) simply says that the datum is expressed by an essential triplet (in the
sense of Definition 2.7 in [17], see also [9]); in particular (2.11) is automatically fulfilled
in case of a smooth datum.

Remark 2.6. The technical hypotheses (2.7)-(2.10) are natural assumptions: actually the
whole set of hypotheses says that w represents a Dirichlet datum which is noise-free in
the region Q \ Q, as it is typical when facing inpainting problem if noise, blotches and all
artifact to be removed are contained in €.

Remark 2.7. Finiteness property for (To UTy) N O in hypothesis (2.7) can be weakened
as follows (in Theorems 2.1, 2.2, 2.3):

(2.7") H ((ToUT)NON) =0.

Remark 2.8. Assumption (2.7) is fulfilled when (ToUT)NOSY is a single point; assump-
tion (2.10) requires D*w in L> only around the boundary and far away from singular set
(To UTy) of Dirichlet datum. Hence Theorem 2.1 applies with the choices Ty = negative
real azis, T) = 0, Q = R? and w = W, where in polar coordinates

4 ® 32 .60 5 3 o 7 3
W(r,0) =+ T (\/ﬁ(SlHQ 35111(29)) + <COS2 3cos(29)>

is a candidate nontrivial local minimizer for € in R? (see [17]). Notice that W belongs to
H?(B1(0) \ Ty) while D*W is not bounded around the origin: D*W has a singularity of
order r—1/2

3. WEAK DIRICHLET PROBLEM FOR BLAKE & ZISSERMAN FUNCTIONAL

We denote by B,(x) the open ball {y € R*; |y — x| < ¢}, and set B, = B,(0),
By = B,N{(v,y) : y >0}, B, = B,N{(v,y) : y < 0}. We denote by xy the
characteristic function of U for any U C R2. If x,y are real numbers we denote by [x] the
integer part of  and set x V y = max{z,y}, x Ay = min{x,y}. For any pair of vectors
a, b we denote the tensor product by a®@ b and set a®@b = (1/2)(a®@b+b®a).

For any pair of 2 x 2 matrices A, B we set A: B = Z?j:1 A;; B;j . For any real s > 1 we



denote by s’ the conjugate exponent s’ = s/(s — 1). B
For any Borel function v : @ — R and x € Q, z € R := RU {—00,+00}, we set
z = ap lim v(y) (approximate limit of v at x) if, for every g € C°(R),

y—x

9(z) = lim g(v(x+§))dg;
70 JB,(0)
the function v(x) = ap lim v(y) is called representative of v; the singular set of v is
y—x

Sy ={x€Q: 4z st aplimv(y) = z}.
y—X
A Borel function v :  — R is approximately continuous at x € Q iff v(x) = ap lim v(y).
y—X

By referring to [2], [9], [14]: Dv denotes the distributional gradient of v, Vu(x) denotes the
approximate gradient of v, SBV(Q2) denotes the De Giorgi class of functions v € BV ()

such that
/|Dv|:/|Vv|dx+/ ot — o] A
Q Q Sy

SBViee(Q) = {v e SBV(Q): VQ cc Q},
GSBV(Q) := {v:Q — R Borel function; —k Vv A k € SBV,,.(Q) Vk € N}.
GSBV(Q) = {ve GSBV(Q), Vv e (GSBV(Q))’}.
We will exploit the weak formulation £ of the functional E introduced in [8]:

(3.1) E(v) = /ﬁrv%\?dx T+ aH (S,) + BH (Svu\S,)

Theorem 3.1. (Dirichlet problem for weak form of Blake & Zisserman func-
tionals F and &)
Assume (2.3), (2.4), (2.5) and

(3.2) w e C? (Q \ (Sp U SVM)) . w approzimately continuous in 0\ S, ,

(3.3) E(w) < +oo

(3.4) 2! (<5w USva) \ (S, U sw)) -0,

(3.5) 1 ((sw U Svw) N aa) — 0 (or(SyUSve) NI finite).
Set

(3.6) X(Q) & {v € GSBV*(Q) s.t. v=w a.e. in Q\Q} :

Then there ezists u minimizing the the functional € in X () with finite energy.

Moreover, if p > 0, g € L(Q) and w € L), then there exists u which minimizes the
functional F in X () with finite energy:

(3.7) Fv) = /Q\V%]de + aH' (S,) + BH (Svu \ S,) + ,u/ﬁ\v—g[qu



Proof. Assume p1 >0, g € LI(2), w € L(Q2). Obviously F(v) >0 Vv € X(0).
Assumptions (3.2), (3.3), (3.4), (3.5) entail w € X () and F(w) < +00. B
Let v, € X be a minimizing sequence for F. By Theorem 8 in [8] there is vs in X (£2)

and a subsequence s.t., without relabeling, v, — v a.e. in (2.
v, = w in Q\ Q entails v, = w in Q \ Q. By Theorem 10 in [§]:

F(vao) < limhinf F(vp),
hence F(vs) = inf F(v). The same argument applies to €. O

veX(Q)

Remark 3.2. Assumptions of Theorems 2.1, 2.2 and 2.3 (about Dirichlet datum for
strong formulation) on triplets (Ty, Ty, w) entail the assumptions (about Dirichlet datum
for weak formulation) on w of Theorem 3.1.

Remark 3.3. So far we know that both £ and F achieve finite minimum under Dirichlet
boundary condition provided the structural assumptions ((2.3)-(2.11) and (2.17)) hold
true. We want to show that also E, ' have the same property.

Definition 3.4. About the functionals defined by (2.1), (2.18), (3.1), (3.7) we will often
use the short notation E, F, &, F; nevertheless, whenever required by clearness of expo-
sition about interchange of various ingredients (functions, parameters, Dirichlet datum,
domains A) we will use several different (self-explaining) notation:

.F(’U), ‘FQ(U)7 Fgw(U), f(U7A)7 Fgﬂ)(vnu?avﬁaA); F(K()aKlaU)? Fg(K()aKl?U)?
5(1))7 g(U)A)7 (S'(U,OK,B,A); E(K(]?Khv)'

Lemma 3.5. (Scaling) Let v € GSBV?(B,(xo)) where xo = (0, yo)-
For A > 0 and for every x € B set

v(xg + rX) g(xo + rx)
(3.8) vp(x) = N2, gr(x) = \1/2 3/2

Then v, € GSBV?*(By) and

q_ 3, Qv
(39) fg(v7ﬂaa7/87Br(X0)) = /\T‘FQT(UT7M>\§ 1T1+gqa X? 7Bl)

>

and, by setting Ko, = (Ko —xo) /1, K1, = (K1 — %) /7,

(310) Fg(KOvKlvvaﬂ';avﬁaB’l‘(X0>) = )\TFQT(KOMKlravmﬂ)\%_lrl-’_%qa%7 7Bl)-

>

Proof. The thesis follows by change of variables. O]

Definition 3.6. For any x € Q and r s.t. 0 < r < dist(x, 8@), we say that u is an
local minimizer of Fy, (-, p, o, 5, By (x)) if

u € GSBV?*(B,(x)): u=w ae. in B.(x)\Q, Fyu(u,u, a,s,A) < +oo,
(311) ‘FQU)(u?/“L’a?B?A) SFgw(“‘i‘mM’%@A)

VA cC B,(x),Vn € GSBV*(B,(x)) : sptn C A, n =0 a.e. in B,(x)\Q.



Definition 3.7. For any x € Q and 7 s.t. 0 < r < dist(x, ), we say that u is an Q
local minimizer of &,(-, a, 3, B,(x)) if

u € GSBV?(B,(x)): u=w ae. in B.(x)\Q, E(u,a,B,A) < +oo,
(3.12) Ewlu,a, B, A) < Ep(u+mn,a,b,A)

VA CC B,(x), Vn € GSBV*(B,(x)): sptn C A, n=0 a.e. in B,(x)\.

Remark 3.8. Definitions 3.6 and 3.7 will be used also with open sets different from )
provided suitable data g,w are defined in the contest.

Definitions 3.6 and 3.7 are in fact equivalent to the ones given in [9], though they are
slightly different, since sublevels of energy F (or €) are linear subspaces of GSBV? (due
to Corollary 4.5 in [3]).

Remark 3.9. Due to Lemma 3.5, if u is a B,(x) local minimizer of Fy, (-, p, o, 5, By(X))
then for any a, A, ¢

y = uly) = A2 (u(x + 0y) — 0a-y —¢)
is a By(0) local minimizer of Fyu(-, pA3~ 11429 a /X B/X, B1(0)) where

v o= N2 (g(x+ 0y) —oay —c),
w = Ao (w(x+ 0y) —ea-y—c).
The same property holds true for &£,.

Now we prove a uniform density upper bound (Theorem 3.10 below) for the weak
functional F at the points x € €2; this result is analogous to the estimate which holds
true at interior points in case of Neuman boundary conditions (Theorem 2.12 and Remark
2.13 in [14]) and is a particular case of a global estimate in case of Dirichlet boundary
conditions which holds true uniformly up to the boundary.

We define a suitable constant in order to handle boundary conditions:

= (C(@Q))2 + (Lip(Vw))Q, where C(02) is an uniform estimate for
(3.13) second derivatives of piecewise arc-length parametrization of 92 and
Lip(Vw) is the Lipschitz constant of Vw in the neighborhood A of 0f.

Theorem 3.10. (Density ‘upper bound for the functional 7 at the boundary)

Let u be a minimizer in X (Q2) for the functional F with (2.3)-(2.11), (2.17). Then there
exist C € (0,400) and o0 = oo, B, L, ||w||1a, ||g]|ra) > 0, where L is defined by (3.13),
such that

(3.14) H' (00N B,(x)) <Cp Vx€Q, Yo<0
and

(3.15) Flu,B,(x)) < cpo Vost 0<o<(aA1) andVx € 0N s.t. B,y(x) C 1,

where c = L+ 275 (0], 00y + 190 %2005,000) + 2+ O)
Ifg=2and g,w € LOO(Q), then we can choose

co= L+ 27ru(||w||%oo + ||g||%oo) + 27+ C)«



Proof. Estimate (3.14) follows by (3.13) and the finiteness of L, which is due to (2.6),
(2.9), (2.10). By minimality of u for F we get

F(u) < F(v),
where
U= UXN\(Bo ()N )
By taking into account < o and F(u, Q \ B,(x)) = F(v, Q2 \ B,(x)), we obtain
FuB) < FeB)< [ (VP e -gdycu [ gitay
Bo(x)\Q2 By (x)NQ2
+ oM (0B,(x) N Q) + aH' (02N By(x))

< Lrd+2p / (wl? + |g1%) dy

Bo(x)\2
+u/ |g|? dy + 270 + aH' (02N B,(x))
B,(x)NQ

_ 1
< L Q2 + 21 1U(Hw”%2q(39(x)) + HquL2q(BQ(x)))(7@2)2 +2rap + Cap,

hence we achieve the proof. O

4. JOINING AND MATCHING BETWEEN LUNULAE

In this Section we prove some technical tools aimed to the proof of partial regularity at
boundary points.

Lemma 4.1. (Joining between lunulae)

Assume (2.3), (2.4), (2.17), z,u in GSB‘?(Q), Xg = (2o, y0) €0Q, 0<d<o<s<

t<land oc—d<t—s st Bixg) CQ, 00N Bi(xg) € C? and d denotes the inner
normal to 0X) at xq. Set

(4.1) Bl =Bi(xo)N{(x—x¢)-d>d}, M = B{\B?.

Then for every 0 € (0,1) there are ¢ = ¢(0) > 0 and a cut-off function ¥ in C*(B;(xg)) N
C2(B(x¢)) s.t. W =1 in a neighborhood of B = By(x¢) N {(x —x¢) -d > o} and, by
setting
U=VYu+(1-¥)z
we have o o o
FUB) < (1+0) (Fw.B) + F(=BI\BY)) +

_c — )2 __°c 2
+ (0 —d? (/Bg\Bg |V(u— z)|]7dx + I (o —dy /Bgl\Bg lu — z| dx)

EW,B) < (1+0) (& Bf) + €= BI\ BY)) +

c 2 c 2
_ C)Pdx + — 2%
+ (0 —d? (/B,gi\Bg V(u—2)|%dx + 0 (o — dy /Bgl\Bg lu — z| x)

and



Proof. Proving the estimates for the terms containing |V? - |? will be enough.
Without loss of generality we assume xo = 0 and d = e; so that

{(x=x%)-d>d} = {y>d}
We fix 6 € (0,1) and N = N(0) where N =1+ [C/0] and C is a suitable constant. Let

j=0,...,N,

o—d
d():O', dj:do_.] N 9

and ¢; (j = 0,...,N — 1) a list of C? cut-off functions between B, and B, (say
0 <; <1, ¢; =1 in a neighborhood of By, 1; vanishes outside B,,,, ) with

j=0,...,N,

Sj+1
2N 2 8 N? : def
|Dy;| < o_d’ |D w]’ < m, in C; = B,,,, \ By,
and a list of 1-dimensional cut-off functions n;, 7 = 1,..., N, between {y > d;} and

{y > djs1} (say 0 <m; <1, n; =1 in a neighborhood of {y > d;}, n; vanishes outside
{y > dj+1}> with

2N 2N2 . def
Dol < =5 PPl < g B = {dia <y <dj)
Then define
Uip = niju+ (1—npy) 2.

For any w,

0 (7)y (Vjw)e

V2~-w:-V2~w—|—( 3y \¥j
W) = VW) T\ (), () ()

We introduce the handles M; o (C;Nn{y > dj HUE; N{|x| < sj41}) for j=1,...,N—1
and the lunula M, = Ey N {|x| < s} : we notice that the sets M;, j =0,...,N —1, are
pair-wise disjoint (j # k = M; N M), = () and their union covers the whole lunula
{|x] <t} N{y > d} up to a set of measure 0.

Since v; is a radial function we obtain, for every j,

/|V2Uj|2dX§/ |v2uy2dx+/ LIV Pdx
By B¢, B{\B, /"

+ /A‘nj(ij% + (l—wj)V2z + 2Dy, ©V(u—2z) + D2¢j(u—z))

+ (&1 ® ey +ex®er) (1), (Yju)e + €2 ® ez (n;)yy Yju
+(er®@er+es®er) )y (1—1))2)s + €2 ® ey (n;)y, (1 — 1) 2|° dx

S/ ]Vzu\de+/ V22| dx
B B{\Bg

+C [ (9% + V25 + DU (= 2 + 1D~ 5P

J

+ D PID; P lu — 2 + [DnP|V (w = 2)[* + [ D% |u — Z!2> dx.



J+1
By taking into account that spt(n;1;) C U M, we add the last inequalities with respect

k=0
to j from 0 to N —1 :

mjn/ |V2U; 2 dx < / |V2u]2dx+/ |V22|? dx
Bf Bf B

J \Bg
C s o e 2N ) 12N% Y )
= _ 0 _ d
+N e <|V ul® + V22| + p— V(u—2)" + (o —d)? lu—z|" | dx

We select the index j achieving such minimum and set U = U; . Hence

/ IV2U P dx < / |V2u|2dx~|—/ (V22| dx
B B{\Bg

+0 /Bg\Bg <V2u2 + V%2 + (%) V(u—z2)]*+ (;2(1((5—:.1[;)2 lu— z|2> dx

and the thesis follows by inequalities with ¢ = 12(C'+1)*/6, ¥ = n;1; , since the terms
not containing V2 fulfill the inequality in the thesis with § = 0 :

H! <SUmB_;i> = H! (S mBS]> + H! (S m(Bd\stLl)>
+H (8.0 (BES\BY)) + 1t (8.0 (BEZ\BY))

W ((sw \ S) N B_g)

= H! ((SW \ S,) mBSj)+H1 ((SVZ\S) (Bd\Bs;If))
FH (8w \ 8,0 0 (BET\ BE) +#1((S9.\ 5. 0 (BET\ BY))),
Jog U =gl < [ fu—gltdxt [ o |2 — gl dx

f d]+1

J+1

(Vjlu =gl + (1 = y)]z — g|?) dx

\BJ
0J

Lemma 4.2. (Matching with lunulae) Let xo = (0, o), 2, v € GSBV2(Q), By(x0) C
Q and

H'(S. N OBY) =H'(Sv. N 0B]) =H' (S, N dB/) =H'(Sv, N IB) =0

where B = By(x9) N {y > yo + d} . Then, by setting

z in B¢
u = ~
v in Q\ B¢



we have
Fylu, gy, B,0) < Fylz, 1,0, B, BE) + Fylv, iy, 5,0\ Bf)
+aH ({2 £ 5} N0BY) + BH (({V2 £ Vol \ {5 £ 5} noBY)

E(U,a,ﬁ,ﬁ)g 5(z,a,ﬁ,Bf)+5(v,a,ﬁ,ﬁ\B_f) -
+aH ({ZAT}NOBY) + BH! (({Vz £ Vo \ {Z£7}) maBg) .

Proof. The thesis follows by the definitions. OJ

Lemma 4.3. Let v € GSBV*(Q) s.t.
Fy(v,p, 0, B,T) < 400 for every compact set T C Q.

Then
lir% o Fy(v, 0, B, B,(x)) = 0 for H' a.e. x €Q \ (S, U Svyy) -
o0—
Proof. Apply the same argument of Lemma 2.6 in [21]. O

5. TRUNCATION, POINCARE INEQUALITIES AND COMPACTNESS PROPERTIES IN GSBV
AND GSBV?

We recall a Poincaré-Wirtinger type inequality in the class GSBV which was proven
in [9] allowing surgical truncations of non integrable functions of several variables and
we refine its statement with the aim of taming blow-up at boundary points in case of
functions vanishing in a sector of positive measure. About this inequality we emphasize
that v € GSBV?(Q) does not even entail that either v or Vo belongs to L}, ().

Let B be an open ball in R?. For every measurable function v : B — R we define the
least median of v in B as

1
med(v, B) =inf{ t e R; [{v <t} NB| > §|B|}

We remark that med(-, B) is a non linear operator and in general it has no relationship
with the averaged integral [, -dy/|B| .

Obviously we have med(vxp\g + med(v, B)xg, B) = med(v, B) for every E C B. For
every v € GSBV(B) and a € R with (292H'(S,))? < a < 3|B|, we set

7'(v,a,B) =inf{t e R; [{v <t} > a},
™(v,a,B) =inf {t e R; [{v >t} < a},
here 7, is the isoperimetric constant relative to the balls of R?, i.e.
min{|E N B|%, |B\ E|%} < vP(E,B) for every Borel set E,

and P(E, B) denotes the perimeter of E in B : P(E,B) = [, |Dxgl.
For n > 0 we define the truncation operator

(5.1) T(v,a,n) = ('(v,a,B) —n) Vv A (7"(v,a, B) +n).

We easily get T(T(v,a,n),a,n) =T(v,a,n), |VT(v,a,n)| <|Vv| a.e. on B. Moreover
med(7'(v,a,n), B) = med(v, B) and T'(Av,a, A\n) = XT'(v,a,n) for every A > 0, and

(5.2) H{v # T(v,a,n)}| < 2a.



In case v is vector-valued the operators med and 7" are defined componentwise.

For any given function in GSBV, we define an affine polynomial correction such that
both median and gradient median vanish.
Let B,(x) C Q and v € GSBV (B,(x)); for every y € R? we set

(5.3) (Myp 0)(y) = med(Vu, By (x)) - (y — x)

(5.4) (Pxrv)(y) = (Mx, v)(y) + med(v — My, v, B,(x)).

Since med(v — ¢, B.(x)) = med(v, B,(x)) — ¢ for every ¢ € R and

V(Pxrv) = V(My,v)=med(Vv, B,(x)) then we have Py, (v — Px,v) = 0, say
med(v — Py, v, B, (x)) =0, med(V(v — Px, v), Br(x)) = 0.

We notice that there are v such that med(v, B,(x)) # med(Px,v, B.(x)), take e.g.

v(x,y) = (#* — x)H(—x) — £H(z), where H is the Heaviside function.

Theorem 5.1. (Poincaré-Wirtinger inequality for GSBV functions in a ball)
Let B C R? be an open ball, v € GSBV (B) and a € R with

1

(5.5) (2221 (5.))" < a < 3B,

let n >0 and T(v,a,n) as in (5.1). Then

(5.6) /WDTuuLmr§MBﬁ(/WVTwanm%w)-HMH%&»
B B

We have also, for every s > 2,

(5.7) / 1T (v, a,n) — med(v, B)[*dy < 2°7" (155)* </ \VT(U,@,O)\%@) |B| + (2n)*a.
B B

Proof. See [9], Theorem 4.1. O

Theorem 5.2. (Classical Poincaré inequality in BV)
For anyx € R%, r >0, and 0 < 9 < 1 there is Ky such that

(58) HUHL2(BT(X)) < Kﬁ/ |DU’ Yv € BV(BT(X)) s.t.
B, (x)
(5.9) {y € B,(x) : v(y) =0}/ [B:(x)| = 0.
Proof. See [23], Theorem 5.6.1(iii). O

Theorem 5.3. (Poincaré-Wirtinger inequality for GSBV functions vanishing in
a sector)
Let B C R? be an open ball, v € GSBV (B) s.t. (5.9) holds true and a € R with

(5.10) (292H(8.)" <a < 5B,

1
2
let n >0 and T(v,a,n) as in (5.1). Then

51 [ pTwanl <208 ([ 9T0.0mRd) s
B B



We have also, for every s > 2,

(5.12) /B 1T (v, a,n)|*dy < 257! (Kys)® (/B VT (v,a,0) dy) ’ |B|+ (2n)°a.

Proof. Similar to the proof of Theorem 4.1 in [9] except for the use of Theorem 5.2 instead
of Poincaré-Wirtinger inequality (4.12) in [9], since we do not need to force vanishing of
least median of v. O

Theorem 5.4. (Compactness and lower semicontinuity for GSBV? functions
vanishing in a set of full measure)
Assume B,.(x) C R? u;, € GSBV?*(B,(x)), 0 <9 <1

(5.13) {y € B.(x) : wly) =0}/ [B,(x)] = 9,
(5.14) sup / IV2u, P dy < + o0
h By (x)
and
(5.15) li}ILn L, =0, where Ly, = H'(S,, U Svu,) -

Then there are a positive constant ¢ (dependent on the left-hand side of (5.14)), us €

H?(B.(x)) and a sequence z, € GSBV?*(B,(x)) (whose explicit construction is given by
(5.23)-(5.28) ) s.t., up to a finite number of indices,

(516) | {Zh % uh} ‘ < CLh2

(5.17) P({zn # un}, B.(x)) < cLy

and there is a subsequence zp, such that

(5.18) h;?l Zh, = oo strongly in LP(B,(x)), Vp > 1,
(5.19) lilgn Vzp, = Dus strongly in LP(B,(x)), Vp > 1,

(5.20) / |D*uy|* dy < hminf/ V22, |2 dy < hminf/ |V2up, |* dy ,
B (x) k B (x) k By (x)

(5.21) liin Up, = Uso a.e. in B.(x),
(5.22) 1i]£n Vaup, = Dus a.e. in B.(x).

Proof. Identical to the proof of Theorem 4.3 in [9], except for the fact that we can avoid
forcing least median of u;, and Vuy to vanish since we can use Theorem 5.3 for functions
vanishing in a sector instead of GSBV Poincaré-Wirtinger inequality given by Theorem
4.1 in [9].

For reader convenience we recall the explicit construction of the sequence zj, :

by setting aj, = 47,2L;,* we have a; < |B,|/2 for large h. Hence there is ¢ dependent on
the left-hand side of (5.14) and there are nf € (0,1),h € N, k=1,2, s.t.

(523) ‘{T(Vk uh,ah,nﬁ) 75 Vk uh}‘ S CLh2

(5.24) P ({T(Veun,an,ms) # Vieun}, Br) < ¢(Ln +H'(Svpu))



Referring to definition (5.1) of truncating operator 7', we set

(5.25) E, = U {y € B, : T(Viun,an,my) # Vius }
k=12

(5.26) & = Un XB\E,

(5.27) o= 4K (H'(S,USw))” < 3B

(5.28) zn = T(&n, bny )

6. HESSIAN DECAY FOR BI-HARMONIC FUNCTIONS IN HALF-DISK

In this Section we prove that any function which is bi-harmonic in a half-disk and vanishes
together with its normal derivative on the diameter has a suitable decay of hessian L2-
norm.

Theorem 6.1. (L’-hessian decay for bi-harmonic functions in half-disk which
vanish together with normal derivative along diameter)
Set Bf = B1(0)N{(z,y) €eR?: y >0} CR%?, I'=DB(0)N{(z,y) €eR?: y=0}.
Assume z € H*(B]"), A2 =0 on B, 2 =02/0y =00nT.
Then
(61) ||D22||12(B;,") S Q2 HD2Z||%2(BiF) VQ S 1.
Moreover there exists an unique extension Z of z in whole By such that A’Z = 0 and
both z, Z have the following expansion in polar coordinates, which is strongly convergent
in L?(By) and strongly convergent in H*(B;) :
(6.2) Z(x,y) = Z (ar cos(kd) + by sin(kd) + (o cos(kd) + By sin(kd)) r*) r*.

k=0

Proof. Since z € H*(By), is bi-harmonic in Bf” and 2z = 9z/0y = 0 on B;(0) N {y =
0}, then z solves a boundary value problem in Bj" for the bilaplacian operator with
homogeneous Dirichlet boundary conditions on the diameter; hence regularity properties
at a flat portion of the boundary (see [25], Chap.7) entail z € C*(B{"(0) U (B1(0) N {y =
0})). So the classical Duffin formula [22] holds true:

z has a bi-harmonic extension Z in B; defined by

{ Z(x,y) = z(x,y) V(z,y) € Bf,
Z(x, —y) = —2(x,y) + 2yz,(x,y) — y*Az(z,y) Y (z,—y) € By .

Function Z belongs to L?(By) by construction. Z is bi-harmonic in By, hence by Almansi
decomposition [1], there exist two harmonic functions ¥, ¢ in L?(Bj) such that Z =
¥ + (2% + y?)p: in polar coordinates,

(63 or.0) = 1= [ Axte0nde,  w=z-r.

T Jo



Hence Z can be represented, with suitable coefficients, by the expansion (6.2) which is
strongly convergent in L?(Bj) and hence in H?*(B,) for all o < 1.
Notice that only suitable combinations of terms in expansion (6.2), say

v = r* (sin((k — 1)0)) — Igsin((k+ 1)0)) ,  k=2,3,4,...
(6.4) Wy = PRt (cos((k ~1)9)) — cos((k + 1)@)) . k=-land1,2,3,...
fulfill also the conditions on diameter, nevertheless we disregard this complicate relation-
ship on coefficients (though it is implicitly understood) which is useless in the sequel since
system (6.4) is strongly entangled and far from providing any orthogonal basis either in
H?*(B) or in L*(B}).
By denoting fi the k-th term of the expansion (6.2), we compute the second derivatives
of fo and fi:

Dia}fo = 2ap, D;%yfo =0 Dzyfo = 29,
D2 fi = 2r(3a; cos(¥) + Bysin(¥)) , Diyfl = 2r (B cos(¥) + g sin(¥)) ,
D2 fi = 2r(a;cos(¥)+ 3B sin(¥))

then we compute the second derivatives of f, with k£ > 2:
D2 fr = "7 (k (ar (k — 1) + ay (k + 1) 7*) cos((k — 2) 9) + 2ay, (k + 1) r* cos(k)
+k (b (k= 1) + By (k + 1) r2) sin((k — 2) 9) + 28, (k + 1) 72 sm(m})> ,
D2 i = krk_2< (b (k — 1) + Bi (k + 1)) cos((k — 2) )
— (ag (k= 1) + g (k + 1) ) sin((k — 2) 19)) :

D? . = rk’2( — (k (ar (k = 1) 4+ ay, (k + 1) 7%) cos((k — 2)9)) + 20, (k + 1) 1 cos(kv))

— & (b (k= 1) + By (k + 1) 72) sin((k — 2)9) + 284 (k + 1) 12 sm(w))

Hence for suitable coefficients ¢, = c;‘c’j ,dp = dﬁc’j S Ve = yli’j O = 5,1’j , any second derivative
of z has the following strongly LQ(B;) convergent expansion, for every p < 1 and 7,j =
1,2:
(6.5) D}z = Z (ck cos(kV) + dysin(kd) + (vx cos(kV) + S sin(kd)) r*) v~

k=0
Due to strong convergence, we can select partial sums in (6.5) as follows, by splitting
terms with different arguments in trigonometric functions,

ijz = CQ +’707’

+ (c1cos(¥) + dysin(9)) r + (71 cos(P) + 6y sin(d)) 73
6.6 + (caco8(20) + dysin(209)) 12 + (72 cos(209) + o sin(29))
(6.6) + (3 c08(39) + dssin(309)) 3 + (73 cos(39) + d3 sin(39)) r°
(c4 cos(49) + dysin(49)) r* + (y4 cos(49) + 64 sin(499)) r

_|_

The system {cos(2k1), sin(2k9)}ren is an orthogonal complete system in L?(0, 7). Then
odd lines in (6.6) are mutually orthogonal also in L*(B;") and we can expand all the



trigonometric functions with odd multiple of ¥ with respect to this system, in such a way
that even lines will be absorbed by odd ones. This is carefully performed by suppressing
even lines (the ones where (2k 4 1)1 appears) in (6.6) one at each step and taking into
account the L?(B}) orthogonal splitting L?(B;}) =V @ V| where V is the space

Vd:efspan{l,r,r2,{2k+1 k=1,2,. }}

At first the L?(0,7) convergent expansions
cos() = Z £} sin(2n9) sin(v) = ¢p + Z b, cos(2n)
— n=1

allow to cancel second line (related to 9) in (6.6) by allocating the two terms with trigono-
metric functions evaluated at 2nd on (2n 4 1)-th line and, taking into account r powers
and convergence properties, writing

ijz =51+, with Sy €V, and ¥; with empty first and second line of (6.6) :

S1 :co+*yor2+d1¢(1)7‘+51¢(1)7’3.
Then the L?(0,7) convergent expansions

cos(3v) Z €3 sin(2n0) sin(39) = ¢p + Z @2 cos(2n19)

allow to cancel fourth line (related to 39) in (6.6) by allocating all terms with trigonometric
functions evaluated at 2nd on (2n + 1)-th line and, taking into account r powers and
convergence properties, writing

ijz = S5+ 3y with Sy € V), and ¥, with empty second and fourth lines of (6.6) :

Sy =Sy +ds gy + S35 .
By iteration (after expanding sin((2k+1)v), cos((2k+1)9), k =0,...,n—1, and getting
D}z = Syp_1+ ¥,-1), we expand sin((2n + 1)), cos((2n + 1)), and get
D?jz =S, + %, with S, €V, and 3, with empty first n odd lines,
where S, is a finite sum in the space V:

S *Sn1+d2n 1¢2n1 2n— 1+§2n 1¢2nl 2n+1

Though ¥, might not belong to V'+, by exploiting L?(B;") convergence in (6.6) we denote
by =, the modified odd lines from the third odd line (say the fifth one of (6.6)) to the
n-th odd line, explicitly (referring to the lines position in (6.6)):

=, = expansion of the second line,

31 = Z; + all the lines after the second ,

= = = + third line + expansion of the fourth line,

Yo = Zo + all the lines after the fourth,

En = Zn-1+ (2n — 1)-th line + expansion of the (2n)-th line,
Y, =Z, + all the lines after the (2n)-th line.

By denoting &, the sum of all lines in (6.6) after the (2n)-th line, we get
(6.7) D?jz =S, +Z,4+¢c, S,€V, Z,eV™t &, — 0strongly in L*(B).



(6.8) S, — S strongly in L*(B;"), =, — = strongly in L*(B;).
Hence
D?jz = Z ((Z(Ahk + Bhkr?)rh) cos(2k9) + (Z(C’%’f + Dh7kr2)rh> sin(2k19)>
k=0 h=0 h=0

where the expansion is strongly L*(B;) convergent, Yo € (0,1).
Since [/ rdr = ¢*/2 and

11 = cosOllZ2om =7 [l cos(2nd)llf20m = Isin2nd) T2 m = 7/2, n=12,...,

by setting Ay = M) = 5 (Si (4% + Sio(Bip)?) . Aa = X, M,
via Plancherel identity in L?(B;), we get the existence of \; = )\l(w) >0,1=3,4,..., st

2
0 o0
HD ZHL2 B = ™ (Ah,O + Bh,o 72) rh
) 0
h_

2

rdr

+ Z<Ch’k -+ Dh,k 7’2) rh
h—

The last power series with positive coefficients is convergent (so the inner sums do con-
verge) and is estimated (uniformly in ¢ < 1) by [|Dz[|7, B < 0% then it is ab-
solutely convergent even for o = 1, and the sum is estimated in the same way. Then
D?z € L*(Bf) and has the same expansion since coefficients Ay, ., By x, Chk, Di i are
independent of ¢ € (0,1]. Moreover (S, + Z,) converges strongly in L*(B;") to D}z,
together with every reordering of its.

By summarizing the following expansion is strongly L*(B;) convergent, Yo € (0,1] :

D}z = i ((i(Ahk + By pr?)r ) cos(2k0) + (i (Chk + Dy gr®)r ) sin(2kq9)> .

k=0 \ \h=0
So, if | D?z|[f2(p+) # 0, then

10212, B S 2
W: Ay +ZAIQ / A2+ZA1 < 0.
U 1=3 1=3

O

Remark 6.2. Since /\51,2) =0, by the proof of Theorem 6.1 we get a faster decay of mized
derivative:

||D ZHLQ B+) S 93 “D Z||L2 B+) .

Remark 6.3. No nontrivial harmonic function fulfils assumptions of Theorem 6.1. Pre-
cisely any z € H*(Bf") s.t. A2 =0 on Bf and 2 =9z/9y=0 on B,(0)N{y = 0} satisfies
also Az =0 in B if and only if z = 0.

Nevertheless there are (simple) examples with Az # 0 = A%z on B, 2 = 02/0y =0



on B1(0) N {y = 0} with non trivial harmonic part in Almansi decomposition: e.g.
2(z,y) =y = (y? — %) /2 + (2% + y*) /2.

Remark 6.4. Theorem 6.1 cannot be deduced by Schwarz reflection principle for harmonic
functions vanishing on the diameter, since the Almansi decomposition on the half-disk By
(114], [1]) may not respect the vanishing value on the diameter:

e.g. 93(00819 — cos(?n?)) = 0%p + 1 where ¢ = x, ¥ = 3xy* — 2% are both harmonic but
do not vanish on the diameter {y = 0} (see [1] and Theorem 3.2 of [17]).

Remark 6.5. While Schwarz reflection for harmonic functions vanishing on the diameter
is bounded by 1 as a linear operator from HY(B]") to H'(B;y ), Duffin extension map for
bi-harmonic functions vanishing on the diameter together with normal derivative provides
a poor control of H*(By) in term of H*(B") as shown by the following example: referring
to (6.4), if we choose z = wy — v3 + wy — vz then HD22||L2(31_) ~ 12.5761 ”DQZ”LZ(B;r)'
This depends on the fact that bi-harmonic extension of z may be either even in y (e.g.
z=y?) orodd iny (e.g. z=r33sind —sin(39)) = 4y*) or a mizing of the two (e.g.
2 =Wy — v3).

Remark 6.6. Several bi-harmonic functions like 0®(cost — cos(39)) and, quite surpris-
ingly, also combinations of multi-valued functions like 0% ( cos(9/2) — cos(39/2)) or like
0°/3(cos(9/3) — cos(59/3)) actually turn out to be (H*(BY") strongly convergent) infinite
sums of the kind given by (6.2) above with vanishing value and normal derivative on T':
hence they have single-valued analytic (and bi-harmonic) extension to the whole disk B,
and fulfil decay property (6.1).

In general if we set, for any t, 7 € N, ¢,(¥) = (sin(t0) —sin((t — 2)9)t/(t — 2)) and
U (9) = (cos(T9) — cos((7 —2)9)), then both rtp(9), r7.(9), though built with poly-
dromic functions, do have (unique) bi-harmonic extension to the whole disk B,(0) : in
fact O pi(9) lo=o = O (V) |o=ax Vh (due to 27 periodicity of sin and cos), so that
their gluing at 27 is not only continuous but also analytic. The same argument holds true

Jor -
7. BLOW-UP AND DECAY AT BOUNDARY POINTS

In this Section we locally analyze the boundary around any point belonging to the set
O\ (ToUT, UM). At first (in Theorems 7.1, 7.2) we perform a blow-up of the func-
tionals F and £ around the origin under the additional assumption that 0 belongs to 9f).
Then we exploit this results (by translating and scaling) to estimate the decay of these
functionals when evaluated on local minimizers around boundary points (see Theorems

7.3, 7.4).

Theorem 7.1. (Blow-up of the functional F at boundary points)

Assume (2.4)-(2.8) and:

0c N\ (TyuTyUM), B(0) C Q, ¢y, € C*—r,r) with 1y, — 0 in W22 (—r, +1),
wp, € C?(B,) with wy, — wee = 0 in W2*°(B,(0))

Yn € C2(=r,r), Ya(0)=0, ¥,(0)=0 Lip(y}) <1,
(7.1) B B(0)N{y>en(x)} . B EB.0)N{y < dnlx)},

B;:{X:(x,y): x| <o, y>71)} forO<T<p<rT.



€ LIQ) N LXL(Q), let o, B, pun, three sequences of positive numbers with B, < o,

loc o )
and let voo € H*(B,(0)) s.t. vs = 0 in B, (0). Assume v, € GSBV?(Q)NLY(Q), vy, = wp,
a.e. in B¥»~ and

(i) wp are Q local minimizers of Fr, w, (+ s fhs Qhs Bry Br(0))

(i) limy H' ((S,, U Sve,) N B.(0)) = 0,

(111) 3 hmhF’thh(vhauhaah7ﬁhaB_z;) déf 5(@’7_) S 1

for a.e. o,7 € (0,r) with T < g, and set 6(o,7) = 0ifo<T.
(iv) limy vy, = v  a.e. in B,(0),
(V) lim, pp, = 0, limy Hh”’yh”%q(]gr(o)) =0.

Then, for every o € (0,7),7 € (0, 0), Voo minimizes the functional

(7.2) / | D% | dx
B;(0)

over {v € H*(B,(0)) : v =1 in B,(0)\B}; in particular v =0 in B; (0)}.
Moreover

(7.3) 5o, 7) = / ‘ D%, ’2 dx for almost all o, 7: 0 <T <po<r.
Bg(0)

In particular A?ve, = 0 in B (0), v = 0 = Jvs/dy in B.(0) N{y = 0}, and vy, €
C1(B,(0)).

Proof. By convergence assumptions on vy, for any £ € (0,7/2) we can assume || < k <
r/2 for large h, that is the hypograph of v, contains a fixed sector (of the disk B,) where
vy, = wp, hence uy, = vy, — wy, fulfil assumption (5.13) uniformly in A with ¢ > 1/3, while
Dirichlet datum wy, is not imposed on the portion of the disk where y > &.

By (iv) (v) we get, up to subsequences,

li}{n e lop, — | = 0 a.ein B, .
By (ii) (iii) sequence uy, = v, — wy, fulfils all the assumptions of Theorem 5.4:

(7.4) sup sup / V20,2 dx < 1.

ot h B}
Then we can build a sequence zj, as in (5.23)-(5.28), choose subsequences (without rela-
beling) zp,, up, vy, = up + wp, and Uy € H? s.t. (5.16)-(5.20) hold true. Since wy, — 0 and
Up = Voo A€, WE gel Up — Usy = Uso, a.e. By (5.20), wy, — 0 in W2 and by (iii) we

obtain, for a.e. o, 7, 0 < T <o <,

/ |D2voo‘2 dy < liminf / (! V2uy, }2 + pnlup —7h|q> dy
B] & By

< lim inf / (! V20 [* + pnlon —vh\q) dy < lim F, o, (vn, By) = 8(0.7).
B3
To achieve the proof we have to show that for a.e. o, 7, 0 < 7 < o < r, for every
k€ (0,7/2), and every u € H*(B,) with u = v, in B;7(0) \ B* (hence u = 0 in B; (0)):

(7.5) /BT | D2u‘2 dy > 0(o,7).



In fact (7.5) implies Avy, = 0, By and vy, = 0vs/dy = 0 on By N {y = 0}; hence
Vo € CHBIU(B.N{y =0})) ([25]). We prove the inequality (7.5) for fixed x € (0,7/2) :
the convergence property of ¥, allows to repeat the proof for any such x by selecting large
enough h .

The map ¢ is monotone non decreasing in ¢ and monotone non incresing in 7, hence:

for any frozen 7, the map 4 is continuous up to a countable set of values for p,

for any frozen p, the map 0 is continuous up to a countable set of values for 7.

For any selection of p, 7 s.t. 0 is separately continuous at o, T, we get by monotonicity
that actually ¢ is a (two-variables) continuous map at o, 7. This continuity property holds
true for a.e. o,7 € (0,7).

Assume by contradiction that there exist u € H*(B,), e >0, s,0,8.t. 2k <o <s<r, §
is continuous at 9 = 5,7 =0, u = vy in B\ B¥* (hence u =0 in B,”) and

(7.6) /B | D*u ‘2 dy < §(s,0)—¢.
From now on we fix 7, k s.t. S

(7.7) s<n<r, 0<l€<%0‘<%m
Referring to (5.25), (5.27), we set

(7.8) Ly, = H"((S,, U Sv,,) N B.(0))

(7.9) En={yeB  a# &t

(7.10) Ay = {zn#un}.

In particular A, = E, UZ,.

In order to get a contradiction we will paste together u;, and z;, along the boundary of a
suitably chosen lunula (the energy addition will tend to 0 as h — oo due to (éi7), (5.17)
and Matching Lemma 4.2), then we will join such new function in a smaller lunula with u
(which has less squared hessian energy). Before some preliminary estimates are needed.
We emphasize that

(7.11) H'(S,, NOB,) = H'(Sv,, NOB,) = 0 for a.e o € (0,7)
and by (5.17)
(712) P(Ah,Br) S CLh.

By integrating first in polar coordinates, then in cartesian coordinates and taking into
account the isoperimetric inequality we get

(7.13) ah/ H' (A, NOB,)do = au|ALN B < an(v2P(An, B,))? < ysanLy?
0

B
o / H (A {(2,y) - J2] < 8)) dy
0

7.14
T :@h‘Ahﬂﬂx!gt,Ogyg\/W}

< ap|An, N B,| < an(72P(An, B,))? < yganLy?



since the sequence oy Ly, is bounded by (i), then (i7) entails

lim L,®> = 0.
Hence, by (7.13), we have, up to subsequence and without relabeling,
(7.15) 3 lim a, H' (A, NOB,") = 0 forae te(0,r).

By assumption (7.7), the interval (2x, \/r? — n?) is not empty and contains o.

For any choice of ¢ € (s,r) as above (fulfilling (7.15)) and for a.e. d € (2k, /1> — ?)
(thanks to (7.14)) we have

(716) 11}1;11 OéhrHl (Ahﬂ{|x| < t, Yy = d}) = O;

by summarizing, for any ¢ fulfilling (7.15) for a.e. d € (2,v/r? — 2) both (7.15), (7.16)
hold true, so that, up to subsequence and without relabeling,

(7.17) 3 lim ap ' (A,NOBY) = 0 for ae. t,d,

and by (7.11), (7.17), (i) and £, < ay, we get,
lim (o 7' (S, NOBY) + Bn M ((Svs, \ S2,) NOBY)) = 0
for a.e t € (s,n) and a.e d € (2r, V12 — 12) .

Notice that the interval (2, /72 — t2?) is not empty since it contains o due to (7.7). By
continuity of 6 at o = s,7 = ¢ and by (7.17), (7.18) and (i77) we can choose t € (s,7)
close to s as needed, d € (2k, o) close to o as needed (and let them fixed in the following)
and h € Ns.t. 0 —d <t—s and, setting M,ff’s" = B¢\ BY, the following list of inequalities
hold true:

(7.19) d(t,d) —d(s,0) < ¢/6,

(7.18)

(7.20) an H! (Ahm aM;ff) < /6 h>h,

(721) oM (8o, N OME) + B H ((Sos \ So) N OM) < /6 h> T,
(7.22) / |D*ul*dx < €/6,
B{\Bg

(7.23) f(vh,B_gl\Bg> < 2¢/6  h>h;

In fact (7.19) expresses the continuity of § at (s,o); feasibility of choices (7.20), (7.21)
follows by (7.17), (7.18); inequality (7.22) follows by the absolute continuity of [, |D?u|*dx
with respect to the Lebesgue measure of A, eventually (7.23) follows by

lim F (vh,B_g\ B;f) — 0(t,d) — 8(s,0) +lim F (v, OB7)

which is estimated by 2¢/6 thanks to (7.19), (7.21).
We fix the matching:

(7.24) G = un Xppd T #h Xpa



Th = Vh= Up+ Wp

Th=U4+Whp

FIGURE 1. Joining along handle Mt(f’sg — Bi\ B°

hence (7.17) and Lemma 4.2 entail, for a.e. o € (0,7), 7 € (d,0),
(7.25) h’gnf'thh(ChthaahyﬂhvB;) = 1i]£nfthh(vhaﬂhyah,5h735) =d0(o,7) < 1.

Eventually we perform the joining of u + wj, and ¢, + wj, between lunulae B and B?: by
referring to Lemma 4.1, we choose ¥ = 1 in a neighborhood of BY and set

(7.26) o= V(u+wy) + (1 =) (C+wn),

so that

(7.27) o= up+wy=v, inB,\ BY, T = u+w, in BY,
hence

(7.28) F(mn, B, \ Bf) = Flvn, B, \ B).

Then by Lemma 4.1 we obtain, for any 6 > 0,

FlrBf) < (1+6) (Flutwn B + F(G+wn, BI\B) +
(729) C 2 & 2
+—(0 — (/Btd\BgW(u — ()|Pdx + 0 (o —d) /Bf\Bg lu — Gl dx)

By compactness Theorem 5.4, with our choice for d, o fulfilling 2k < d < o :

(7.30) lim IV (Voo — ) Pdx = li}rln Voo — CulPdx = 0,

B¢\Bg B{\Bg

hence, thanks to u = vy in B \ B2, possibly by extracting subsequences without
relabeling and letting h — +o00 in (7.29) we obtain

(731)  lim F(m, Bf) < (1+96) (li,{n F(u+wn, Bf) +lim F(Gy+wn, B \ BS)) :



By convergence wy, — 0 in W°°(B,) there is hg > hs.t.

/ |D2(u+wh)|2dx—/ | D?ul*dx
B{\Bg B{\Bg

By (5.26), wy — 0 in W2, (7.23), (7.27) we get

(7.32) < % for h > ho .

lim F (G + wn, B \ BY)

(7.33) h _ — e
= lim F (= +on, BI\ BY ) < lim F (w, B\ B7 ) < 22

By letting ¥ —0 in (7.31), taking into account (7.20)-(7.24),(7.27),(7.32),(7.33), we get

(7.34) f(Th,B_fl\B;’> < 4e/6 h>ho;

By exploiting (7.6),(7.20), (7.21), (7.23), (7.34), 7 = u + wp, in B? and eventually o
monotonicity with respect to inclusion of sets, we get the contradiction:

_> minimality of v,

d(t,d) zli}ILn]:<vh,Bf < li}{rlf(Th,B_f)

— lim F (y, BY) + li}I}l.F(Th,B_td\Bg> ~ lim F (7, OBY)

(7.34) o e

<l o -

(7.35) < lim F (7, B7) + 4
zlimf(u+wh,B_g)+4E:lim |D2(u—|—(,uh)|2dx+4E
h 6 h Jpe 6

(7.32)
< / |D2u|2dx—|—5§§ 5(3,0)—5%—5E < (5(t,d)—£.
5o 6 6 6

Theorem 7.2. (Blow-up of the functional £ at boundary points)
Assume (2.4)-(2.11), 0 € 00\ (Ty UT, U M) and B,(0) C Q, let ay,, By, two sequences
of positive numbers with B, < an, Y € C*(—r,r) with ¢, — 0 in W (—=r,+7), w, €
C?*(B,(0)) with w, — wee = 0 in W and let vy, € H*(B,(0)) s.t. v = 0 in B (0).
Assume (7.1), v, € GSBV2(Q), v, = wy, a.e. in B~ and

(1) wvp are Q local minimizers of E,, (-, an, Br, Br(0)),

(i) limy, H' ((S,, U Sve,) N B.(0)) = 0,

(111) = hmh gwh(Uh,Oéh,ﬁh,B_z;(O)) déf 5(@7 T) S 1

for a.e. o,7 € (0,1) with T < g, and set 6(o,7) = 0ifo<T.

(iv) limp vy, = v a.e. in B.(0).

Then, for every o,7 : 0 < 7 < 0 <71, Voo minimizes the functional

(7.36) / | D?u|” dx
B (0)



over {u € H*(B,(0)) : u =0 in B (0); u= v in B.(0)\B}(0)}.
Moreover

(7.37) 6o, 7) = / | D*v., }2 dx for almost all T,0: 0<T<o<T.
2 (

In particular A*vs = 0 in B (0), ve = 0 = dvs/dy in B,.(0) N {y = 0}.
Proof. Repeat the proof of the previous Theorem with u = 0. 0

Due to (2.5), (2.6) for any sequence of points x, € 0Q \ (Tp U Ty U M) possibly after
suitable rotations of coordinates around each x; = (z,yn), we can find g, and ¢, s.t.,
by setting

(7'38) Qwﬂr Qn BQh (Xh) Qwﬁ = BQh (Xh) \57
we have

w € C*B,, (%)),  Qu,t+ = By, (x1) N {y>onlx)},
(7.39)

on € C*(xn, — onyTn + 0n)s en(xn) = yn, @i’ (xn) = 0,Lip(py) < C.

Referring to (7.38), (7.39) we re-scale and translate the sets €2, to the the origin and
choose the graphs 1y, to be used in the application of the blow-up Theorem (with r = 1)
as follows:

(7.40) Un(x) = o™ (n(xn + onw) — yn)
(7.41)  BYT = Bi(0)N{(z,y) : yn+ ony > on(zn + onx)} = B1(0) N {y > ¢y (x)}

(7.42)  BY" = Bi(0)N{(z,y) : yn+ ony < on(zn + onx)} = B1(0) N {y < ¢u(z)};
we get
( B = (Qy, 1+ —X41) /on

¢h(0) =0, ¢hl(0) =
(7.43) U’ (2) = on'(zn + o) = onz on" (1) + o(on)
¢h”($) = onen” (zn + o)

( Lip(¢n) = Lip(¢n), Lip(¢n') = on Lip(er') -

Theorem 7.3. (Decay of the functional F at boundary points) Assume (2.5)-
(2.10) and (2.17). Then, by referring to (3.14) and to (3.15) about the meaning of ¢ and
Co,

(7.44) Vk >2 Vn,o€(0,1), Jeg >0, 39 >0  such that

for all e € (0,&1], for any x € 0Q\ (LyUTiy UM), for any u which is an Qg4 local

minimizer of Fgu(-, i, o, B, Qpr) for any o s.t. By(x) C Q (we can assume without
restriction (7.39)), 0 < o < (E ANOA(coV 1)), fB gl < ek and

(7.45) oM (S.NTy) + AH! ((SVU\Su)mm) < co,




we have
Fguw(, Byo(x))

< " max { Fyulu, By()) , 001 ((Lin(¢)® + (Lin(Dw))*) }
Proof. Assume the Theorem is false. Then there are k > 2, 1, o € (0,1); three sequences
On,€n, U 8.t h>3and 0 < g < (@/\(co\/l)_l) yen>0,9,>0,¢,10, liim?h = +4-00;
a sequence x;, € 00\ (ThoUTy UM); a sequence wy, € C*(B,, (xn)) s.t. |wy] < C,

Lip(Dwy,) < C; a sequence p), € C’Z((mh — On, Ty + Qh)) with on(xn) = yn, ) (zn) =
0, Lip(¢s') < C and

(7.46)

Qsﬂh-i- =N BQh(Xh) N {y > @h(x)} ;

a sequence u, € X(Q) of Q local minimizers of Fy ., (-, 1, @, B, By, (x})) among v s.t.
v = wy, on {2 :

$h—
(7.47) on < ok / g2 < o4t
BQh(Xh)
(7.48) aH (Su, N Qpr) + BH' ((Svu \ Sun) NQps) < enon
and

fgwh(uh’ﬂ7a7ﬁ7B7]Qh(Xh))
> 7" max {fgwh(uh,u,aaﬁ,BQh(Xh))a 0, U <(Lip(%0h'))2+(LiP(th>)2>}-

By translating x;, to 0, re-scaling, and applying a common affine linear correction to data
and local minimizers, we set, for y € B;(0) :

(7.49)

(7.50) wi(y) = (Mnon’ )_1/2 (wh(Xh + ony) — onDwp(xp) -y — wh(xh)>
(7.51) Wwy) = (Mo’ )_1/2 <9(Xh + ony) — onDwp(xp) -y — wh(Xh)>
(7.52) u(y) = (Ao’ )71/2 (uh(Xh + ony) — onDwp(xp) -y — wh(Xh)>
where

(7.53) Moo= (on ™" Fyu, (un,pt 0, B, By, (x0))) \/ &n-

Notice that, due to density upper bound in Theorem 3.10 and g, < g A (co vV 1)1,
M <cV1i<4oo and Mo, <1 Vh

and functions v, and wy, coincide on BY*~ = B1(0) N {y < ¥n(z)}.
Moreover, by uniform C? property of wy,, and applying Lagrange Theorem to each com-
ponent of Dwy,

Vy € By, 1,5 = 1,2 3t(:) € (0,1) s.t. by setting y(i) = t(i)y, we get
Djwn(y) = Djwa(0) + Y Dijwn(¥(i))y:

say, by denoting %(?) the hessian of wy, with i-th row evaluated at y(7),
Dwp(y) = Dwi(0) + D?wi(y) -y



then
( wh(O) = 0, th(O) = 0,

Duwy(y) = D% (¥) -y
Duwn(y) = (An on )12 (th(xh +ony) — th(Xh))
(7.54) 1 D%un(y) = (on/ n)"? D*wi(xs + ony)

[D%on(y)| < (on/An)"'? Lip(Duwy)

|Deon(y)] < | D?an(3)] ly| < (on/Mn)""? Lip(Dwy,)

| Lip(Dws) = (on/Mn)""* Lip(Dwy,)
hence
(7.55) [Duwn(y)| < Cel D2 D% (y)] < € &F D2,

Due to (2.6) ¢, are uniformly C?, hence (7.43) entails ¢, — 0 in W>(—1,1).
Estimates (7.55) entail strong W°°(B;) convergence of wy, to ws = 0.

Due to Remark 3.9 functions vy, are 2 local minimizers of F., ., (-, ptn, @, Bn, B1(0)) among
v with v = wy, in B¥»~ where

« q_ 3
(7.56) an = 1, Brn = /\ﬁ, pn = g An gyt
h h
By scaling Lemma 3.5, (7.49), last identity in (7.43), (7.54), and A\, o5, < 1 we have
(7 57) fgwh (Uh, H, &, 67 th (Xh)) == >\h Ohn f'thh (Uha Hhy Cp, Bha Bl(o))
Fguwy, (Un, b, 0y B, Bro, (X1)) = An 0 Frypw, (Vns [ Ok Bry By (0))
and
Fowon (Ony ftns @y By By(0)) = Fyu, (Wn, ity 0, B, Brg, (X1))/(An 0n) )
o On Lip(yy)\” | ( Lip(Dwy)
g, (Y (o)
A A
(7.58) " on o/

772—0% ((Lip(@/’h,))Q

" o + A\ (Lip(th))2 )

> o0 ( (Lip(n)’ + (Lin(Dwn))” )
so that by (7.53), (7.57)
(7.59) Fowon (Uns i, @ns B, B1(0)) < 1,
(7.60) an H! (svhmbw) + B H! ((swh\svh)mbw) < e

and (7.49), (7.57), (7.58) entail
(761) Jr'yh wh (Uh, Hhy Op, ﬁha B77<0)) > 772_0 ‘F’yh wh (Uha Hhy Cp, ﬁhv Bl(o)) .



By (7.59) and Theorem 5.4, up to subsequences and without relabeling,

(7.62) Jve € H*(B)) - liin U, = Uso a.e. in B,

say hypothesis (iv) of Theorem 7.1, which we want to apply to handle v, and v,,. We
proceed by checking the other assumptions of the Theorem 7.1.

Since uy, is an Q local minimizer of F,,, then v, is a 0, ' (2 — x3) local minimizer of
F, wy,» that is () holds true; (7.60) entails (i7); we must verify (éi¢), (v) and the structural
assumptions.

Now we prove (7ii): choose a dense (in (0,1) ) sequence of radii p; = 7;. Thanks to (7.59),
for any pair j,l € N such that 0 < 7; < p; < 1 we can extract a subsequence of v, and
then diagonalize (without relabeling) in such a way that

3 finite 6(p;j, 1) o “,{n Fonwn Wns finy ons Br, By ) Vi, 15 6(05,m) € (0,1).

Since g;,71 — 6(p;, ) is monotone non decreasing with respect to inclusion of lunulae,
there is a (unique) monotone non decreasing with respect to inclusion and one-side con-
tinuous with respect to exterior approximation extension defined for all lunulae in the two
parameters family, defined as follows:

5(@77—) - 1‘7nlf{6(9]77—l) QJ>QJ Tl<T}-

obviously:

V1, 0 — 0(p, ) is right-continuous everywhere and continuous up to a countable set,

Yo, T — (o, 7) is left-continuous everywhere and continuous up to a countable set.
Since 2-variables separate continuity together with monotonicity entail continuity, we get

V1, 0 — (0, 7) is continuous for a.e. o, Vo, T — 0(p,7) is continuous for a.e. T

say, 0 is continuous with respect to 7, 0 almost everywhere in 0 <7 < o < 1.

Hence by monotonicity of F,, ., (Vn, ftn, an, B, ) with respect to inclusion of sets and
the same monotonicity property of §, together with the coincidence in a dense set of
(o, 7) with the limit of 7, ., (Un, ftn, an, Bn, Bj) we get the existence of such limit almost
everywhere and its coincidence with ¢ almost everywhere.

Estimate (7.59) entails F,, ., (vn, ttn; o, Bn, By) <1, hence 6(o,7) < 1, for all o, 7,
0 <7 < p <r. Hence also the estimate in (i7i) of Theorem 7.1 holds true.

Now we show that (v) holds true: by (7.53) A, > e, then by density upper bound in
Theorem 3.10, and (7.47) we get

(7.63) 0<pp< % < & < gkt for large h,

h €hn



hence limy, 1, = 0; moreover, by (7.50), (7.51) and (7.56), changing variables, using Hélder
inequality and (7.47) we find for large h:

pn | — wn|tdx
By

Hh 1 / ,
) gn(xp) — wp(xp) £ (opDwi(xp) -y — wp(x dy
Qh2 ()‘htgh3>q/2 th(xh‘) h< h) h< h) ( h h( h) h( h>)‘

/’l’h 1 / q
< — 5 gn(xp) — wi(xp)|" dy
on? (Anon®)?/? th(xhl) ) )

<29 gAY (/ \gn|"dy +/ ‘wh‘qu>
th(xh) Beh(xh)

1/2
<27 o le ! (/ |gh|2qu> Vo + 27 won e Cim;,
BQ}L(xh)

(7.64)

< 27y (WEetP 4 Qg ) < 24 /7l

We know fu, [, |wnl? — 0 as b — oo by the first statements in (7.54), (7.55). Hence
(7.64) entails limy, pp [ [v|?dx = 0.
By Theorem 7.1, v4, is bi-harmonic in B (0), ve, = 0 in By (0) by (7.62) and

(7.65) / |D2voo|2dx:/ |ID*vPdx  0€(0,1),
B,(0) B§(0)

hence, since v, € H?*(By), (7.65) holds true also for o = 1.
Since vy, =0 in By (0), traces continuity in H? entails vo, = vy /0y = 0 in B1(0)N{y = 0}.
By (6.1) of Theorem 6.1 and (7.65) we get

D*v |?dx = D?v|?dx
/ LN Jis 0| D0
(7.66) "
<0 Jpr o) [P 0so|* dx =177 [, g [D*veo]* d .
Therefore, by exploiting (iii), (7.3) of Blow-up Theorem 7.1 and (7.66)
(7.67) limhsup FooponWny iy @y By By(0)) < 0 / |D*v|? dx
B1(0)

whereas, by (7.61),

limy, Fy, e, (Vn, f, @y Bry By (0))
(7.68) . ) -
> n*~ 7 limy, Fy, 0, (Vns i, Qnsy Br, B1(0)) = 1n°~° fBl(O) | D*veo|* dx

contradicting the assumption on 7 and o. 0



Theorem 7.4. (Decay of the functional £ at boundary points) Assume (2.3)-
(2.11). Then,

(7.69) Vk>2 Vnoe(0,1), 3£>0 30>0 such that

for any e € (0,€], any x € 0N\ (ToUT1UM), any u an S,y local minimizer of
E(,a,B,91), any 0 s.t. By(x) CQ and (7.39), 0 < o < (" Ao A (coV1)™") and
(7.70) aH (SunN Qi) + BH ((Svu\Su)NQy) < eo,

we have
(7.71)  E(u, By,(x)) < 7%~ max {g(u,BQ(x)), 925 ((Lip(g@’))2 + (Lip(Dw))2)} )

Proof. Straightforward consequence of Theorem 7.3 U

Remark 7.5. (Hessian decay and decay of F, £ at points close to the bound-
ary) By exploiting L? hessian decay at the boundary (Theorem 6.1) and L*-hessian decay
at interior points (Theorem 5.2 in [9]) we can show an L*-hessian decay at points close
to the boundary. Ezxplicitly, by setting

(7.72) Bl =B,(0)n{(z,y) eR*: y>7}, I, =B(0)N{(z,y) eR*: y=7},

if -1 <7<0,z€H*B]), A2 =0 on B] and z = 0z/0y = 0 on T',, then there is c3
such that

(7.73) ID*20 2y < 3 @* ID*2ll2sy) Vo €(0,1).

Moreover a decay property of functional F at point close to the boundary analogous to
Theorem 7.3 can be proven:

(7.74) 30 Vk>2, ¥n,0€(0,1), withn” < &, 3ea>0, Wy >0 st

' Ve € (0,6, Vo< o, VxeQ\ (ThUTy): dist(x,00) < £,

for any u € GSBV?(Q) which is an Q N B,(x) local minimizer of F(-,Q2N By(x)), and

(7.75) aH! (su nan BQ(X)> + B ((SW \ S,) NN BQ(X)) < co,
we have
(7.76) F(u, Bpo(x)) < 1*77 max { F(u, By(x)) , 0®U2L} .

8. PROOF OF MAIN RESULTS

In this Section we prove the main results.

Proof of Theorem 2.2 - Assume that v € GSBVQ(Q) N Lq(ﬁ) is a minimizer of F among
v e GSBV(Q) N LYQ) s.t. v =w ae. in 2\ Q. The existence of such v is proven by
Theorem 3.1 and Remark 3.2.

First of all we notice that if B C <§ \ M) is an open ball and H' (BN (S, U Sy,)) =0

then v is smooth in B since v € H 2(B) so that by standard regularity theory we get
veC*BNQ) (see [25]).



So we deduce v € C* <§ \ (S, U SW)> :
Now we evaluate H! ((NZ N (Sv U Sy, \ (S, U SW))> . Set

(8.1) Qy = {XG Q- lim 0 F(v, B,(x)) = 0}

We are going to prove that €2y is open.

Notice that €y N (Q \ ﬁ) is trivially open by assumptions (2.8), (2.9), (2.11) so that we
have only to analyze points x in QN €, and show that they are all in the interior part of
Q.

The interior points x € € can be handled by applying Theorems 5.1, 5.4 in [9], to get

(8.2) H' (2N (S, USy, \ (SyUSvw,))) = 0,

so we have obtained the information that €, N2 is open, and thanks to (2.6) (2.7) we are
left to show that all points x € Qo N (02 \ (Tp U Ty U M)) are interior points of €.
From now on we fix

Let ¢y be the constant in the density upper bound Theorem 3.10. In order to apply Decay
property of local minimizers (Theorem 7.3) fix k > 2, n € (0,1), o € (0,1), and related
constants €, = g1(n, 0,0, 5,...), V1 = V1(n,0,q,5,...) whose existence is warranted by
Theorem 7.3 in the present paper and let gy the constant whose existence is warranted
by Theorem 5.4 of [9]. Choose 1’ € (0,7) s.t.

(84) (77/)1_06() < egNe€y.

and denote by &', ¢ the related constants &' = &'(v/, 0,0, 3,...), ¥ =¥ (0, 0,0,05,...)
whose existence is warranted by Theorem 7.3.
Set € = (eg A ey A€’)/2. Choose r s.t.

(85)  0<r? <0y, 0<r<(ApA(oVD™), / g1 dy < &,
B (x)

(8.6) W VYL < (cgNe)r, B.(x)N(TybUTyUM) =0,

(8.7) F(v,B.(x)) < enr.

We claim that B, (x) C Qo. In fact, if y € Bu_,),(x) there are 3 cases: if y € Q\Q
then v coincides with w which is (C* N W?%*) (B,,(y)) hence the functional has a nice
decay; if B,,(y) C Q then F(v, B, (y)) < F(v, B,(x)) < eonr, hence we can repeat the
argument in Section 6 of [9]; if

(8.8) y € QN Bu_y,(x), and dist(y,dQ) <nr

additional analysis is required as follows.
In case (8.8) we have

(8.9) F(v,Byr(y)) < F(v,B,(x)) < enr.



By (8.4)-(8.7), by choosing o = n'r < r in Theorem 7.3 and Remark 7.5, and by density
upper bound estimate (Theorem 3.10), referring to (3.13), we deduce

F(v, Byo(y)) < ()77 (Flv, Boly)) V (¢*9'L))

(8.10)

< ()*7 ((co0) V((co Ne)o)) < eonf 0,
and
(8.11) aH (S, N By,(y)) + BH ((Sve \ So) N By,ly)) < eon o

so that, by setting o’ = o, the choice p = 1 in Theorem 7.3 and Remark 7.5 entails
F(v,Byy(y) < 0?7 (F(v,By(y)) V ((¢')*9L))

<" (F (v, By(y) V (200)) -
Inequalities (8.10),(8.12) together with o = 1/ entail

(8.12)

(8.13) F(v,Byy(y) <" 7o
In the same way we get: for any h € N

(8.14) F(v, B y(y)) < 7= g o
entails

]:(U7 Bnh+1 o (Y)) < n(hH)(Q_J) €0 Ql )

(8.15)
aHl(Sv N Bnh“'lg’(y)) + BHl ((SVU \ Sv) N Bnh‘"lg’(y)) < &o 77h+1Q, .

Since (8.14) holds true for h = 1 due to (8.13), by induction we know that (8.15) holds
true for any h € N. Then VA = 1,2, ...

F(o,Bpagly)) < n™ D eo g = 0 y2rg g <

(8.16)

h(l—o) h+1 1

< " egnd = 0" e (1" )
For every ¢ s.t. 0 <t <n?*¢ thereis j >3s.t. 7/ o <t < /71 ¢, so that, by(8.16),

P F(u,Bily)) < 7 F(v, By-iyly)) < t7inli=20=0) gopi=t g/
(8.17)
= (L g) Dl < D=1

and passing to the limit as t — 04 (say j — +00) we get y € €.

By summarizing we have shown that 2y is an open set.

Since S, U Sy, is countably (H! 1) rectifiable, by Theorem 3.2.19 in [24] we get
H' ((S, U Sv,)NQ) = 0, Vo = Dv in Qy, VZ2v = D?v in Qq, so that v € C?(Q)
and (S, U Sy,) NQy = 0. Since € is open then Q4N (S, U Sy,) = 0. By Lemma 4.3 we
have

(8.18) #' (20 ((5, 05w\ (5. USw)) = 0.
By setting
(819) KO - S_v \ (SVU\SU) ) Kl - S_Vv \ Sva



thanks to (2.6), (2.7), (2.8), (2.11), (8.18), (8.19) we obtain

(820)  KoUK; is closed, H (KoN Q) = H'(S,), H' (K1NQ) = H'(Svo \ S,),
hence Ko N Q and K1 N Q are (H!, 1) rectifiable, moreover

(821)  F(Ky, K1,7) = F(v) = min{F(z) : z € GSBVIQ) N LI(Q), z = w Q\Q}.

Then (by Lemma 3.2 and Remark 3.3 of [9]) we conclude that (Ko, K1,) is a minimizing
triplet for F' in the class of admissible triplets.

By (8.19), (8.20), (8.21) and trace properties of GSBV? functions, we can say that proper-
ties (2.12), (2.13), (2.14), (2.15) hold true for the minimizing triplet (K, K7, v) obtained
by partial regularity of a weak minimizer for F .

Eventually, by Lemma 3.2 of [9], we get for any other minimizing triplet (Ko, £, u) of F

(8.22) Sy C 8o, (Svu\Su) C (81 Ko)

(8.23) F(u) < F(Ro,R1,u) = F(Ky, Ky,v);
assume by contradiction that inequality in (8.23) is strict, then (by Theorem 3.1) there

is 2 € GSBV?(Q) N LY(Q) s.t.
(8.24) F(z) = minF < F(u)

and, by repeating on z the regularization procedure previously performed on v, we find a
minimizing triplet (3¢, 31, 2) for F fulfilling

(8.25) F(Ko, K1,0) = F(30,31,2) = F(2).

Relationships (8.24) and (8.25) together contradict (8.23) with strict inequality; so in
(8.23) we must have equality, hence properties (2.12), (2.13), (2.14), (2.15) hold true also
for (Ro, R1,u). O

Proof of Theorem 2.1 - The thesis follows immediately by Theorem 2.2 by dropping the
term p [5 |v — g|%dx and exploiting Theorem 7.4 instead of Theorem 7.3. [

Proof of Theorem 2.3 - The thesis follows immediately by Theorem 2.2 with the choice
K = S, U Sy, where v minimizes F and taking into account the assumption a = 3. [

Proof of Theorem 1.1 - It is a Corollary of Theorem 2.2 since (2.10), (2.11) follows from
w=wTo=T1=0, M=0e F(0,),w) < +oo. O
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