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ABSTRACT. The paper deals with existence, multiplicity and asymptotic behavior of entire solutions for a
series of stationary Kirchhoff fractional p—Laplacian equations. The existence presents several difficulties
due to the intrinsic lack of compactness arising from different reasons and the suitable strategies adopted
to overcome the technical hurdles depend on the specific problem under consideration. The results of
the paper extend in several directions recent theorems. Furthermore, the main assumptions required in the
paper weaken the hypotheses used in the recent literature on stationary Kirchhoff fractional problems. Some
equations treated in the paper cover the so called degenerate case, that is the case in which the Kirchhoff
function M is zero at zero. In other words, from a physical point of view, when the base tension of the
string modeled by the equation is zero: a very realistic case. Last but not least no monotonicity assumption
is required on M and also this aspect makes the models more believable in several physical applications.

Keywords: stationary Kirchhoff problems, nonlocal p—Laplacian operators, Hardy coefficients and critical

exponents
MSC 2010: 35R11 and 35J60 and 35J20 and 35B09.

1. INTRODUCTION

In this paper we study a series of problems involving the stationary Kirchhoff fractional p—Laplacian
operator u — M ([u]? ))(—A)5u for functions u, defined in the entire RY and belonging to suitable fractional
Sobolev spaces in which the Gagliardo semi—norm

// )|pd dy
7 foan |x—y|N+ps

is well defined. The operator (—A)7 is the fractional p-Laplacian, which for every function ¢ € C§° (RM)
may be defined, up to normalization factors, as

(@) — e(y) P2 (p(x) — o(y)) p

(=A)pp(z) =2 lim  — g v

e—0t RN\ B, (z)
for all z € RY, where B.(x) = {y e RN : |z — y| < }.
The nonlocal coefficient M is the main Kirchhoff function related to the elliptic part of the problem and
is assumed throughout the paper, without further mentioning, that

M)0<s<l<p<oo,sp<N,M: RS‘ — Ra' s a monnegative continuous function and there exists
0 € [1,N/(N — ps)) such that tM(t) < 0.4 (t) for any t € RY, where 4 (t) = fg M(7)dr
holds.

A typical prototype for M, due to Kirchhoff in 1883, is given by M(t) = a+bt?~! for t > 0, with a,b > 0
and a +b > 0. When M(t) > 0 for all ¢ > 0, Kirchhoff problems are said to be non—degenerate and this
happens for example if ¢ > 0 and b > 0 in the model case. Otherwise, if M(0) = 0 and M (¢t) > 0 for all
t > 0, the Kirchhoff problems are called degenerate and this occurs in the model case when ¢ = 0 and b > 0.

In the large literature on Kirchhoff problems, the transverse oscillations of a stretched string, with non—
local flexural rigidity, depends continuously on the Sobolev deflection norm of u via M([u]2,). Sometimes
the Kirchhoff function M is assumed Lipschitz continuous, but not always monotone, as in [10], even if the
model proposed by Kirchhoff is clearly monotone. Note that when the inertial effects of longitudinal modes
can be neglected, the tension is spatially uniform along the string and can be directly computed from the
elongation of the string according to the Hooke law and arriving to the form of M proposed by Kirchhoff
and derived properly by Carrier. In any case, M measures the change of the tension on the string caused
by the change of its length during the vibration. The presence of the nonlinear coefficient M is crucial to be
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considered when the changes in tension during the motion cannot be neglected. In the case of linear string
vibrations, the tension is constant that is M (¢) = M (0), but nonlinear vibrations are more realistic.

The existence theorems we prove should use new techniques in order to overcome the nonlocal nature of
the problems as well as the lack of compactness, and the suitable strategies adopted depend of course on the
problem under consideration.

The first equation we treat is

M () (=) =7 = Mol K@)~ in BY, (L1)
] x S

where v and A are real parameters, the exponent ¢ is such that 0p < ¢ < p¥, with pf = Np/(N — ps) the
critical exponent in the sense of Sobolev, and the positive weights w and K satisfy

(w) w>0ae. in RN and w € L?(RY), with p = p’/(pt — q) and Op < q < pZ,

(K) K >0ae. in RY and K € L= (R").
When yielding with (1.1) we assume also (w) and (K), without further mentioning.

Problem (1.1) is fairly delicate due to the intrinsic lack of compactness, which arise from the Hardy term
and the nonlinearity with critical exponent p%. For this reason we assume that (1.1) is non—degenerate, that
is

inf M(t)=a>0. (1.2)

terRy
Stationary non—degenerate Kirchhoff problems have been extensively studied in the last decades, but usually
under the request that M is increasing in Rg , as in [17, 26, 29] and the reference therein. We replace
the monotonicity assumption by (M). In particular, as shown in [2, 31], the Kirchhoff function M(t) =
1+t + (1 +t)~L k € (0,1), verifies both (M) and (1.2), but is not monotone. In fact, we have that
inf, p+ M(t) = a > 0, with a = k=*/(-+1(14+k) < M(0) = 2. Furthermore, (M) is satisfied taking 6 = k+1,
provided that k is so small that k& < sp/(N — sp).

The main solution space for (1.1) is the fractional Beppo-Levi space D*?(R¥), that is the completion of
C§°(RYN) with respect to [-]s,. As it is well known, D*P(RY) = (D*P(RN),[-],,) is a uniformly convex
Banach space. By Theorems 1 and 2 of [23]

_ P _
S, [ MO oy,
(N —ps)p=t775P ry [z[P (N —ps)p= 7P
for all u € D$P(RY), where Cn,p is a positive constant depending only on N and p. Thus, the fractional
Sobolev embedding D*?(RN) < LP: (RY) and the fractional Hardy embedding D*?(RN) < LP(RN, |z]|~7%)
are continuous, but not compact. However, we are able to introduce the best fractional critical Sobolev and
Hardy constant S = S(N,p,s) and H = H(N,p, s) given by

[|u Z <Cnp

ul? ulP P
ueD P ®Y) [[ulp uen P @) [[ully Ry |[P?
u#0 : u#0

Of course the numbers S and H are strictly positive. We refer to Theorem 1.1 of [18] for the sharp Hardy
constant H.
Define k = k(q, M) by
_ alg—6p)
0(a—p) "

Clearly x € (0,a], being § > 1 and p < p < ¢ by assumption on 6 and g. There are cases, besides the
obvious one M = a, in which k = a, that is § = 1 in (M), as shown in Section 2. Problem (1.1) has a
variational nature and, under the above structural assumptions, (weak) solutions of (1.1) are exactly the
critical points of the underlying functional J, x, which satisfies the geometry of the mountain pass lemma.
The main existence result for problem (1.1) is given in terms of critical points u.,» found at special mountain
pass levels. These solutions are simply called mountain pass solutions.

Theorem 1.1. Suppose that (1.1) is non—degenerate, that is (1.2) holds. Then for every v € (—oo,kH)
problem (1.1) admits a non—trivial mountain pass solution u~ x for any A > 0 and u, x satisfies the asymptotic
behavior

lim [uy,x]s,p =0, (1.4)
A— 00
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whenever || K| = 0. While if ||[K||oo > 0, then there exists \* = X*(y) > 0 such that for any A > \*
problem (1.1) admits a non-trivial mountain pass solution u~ x which satisfies again (1.4).

Theorem 1.1 extends in several directions Theorem 1.3 of [16]. A very natural appealing open problem is
to prove existence of nontrivial solutions for (1.1), when M (0) = 0 and M (¢) > 0 for all ¢ > 0.
Next, we study problem (1.1) in the degenerate case, that is when

M(0) = inf M(1) = 0.

But we require that v = 0, that is that the Hardy term does not appear any longer. A very intriguing open
question is to prove existence of solutions in the degenerate case, assuming only that

inf M(t)=0.

teRy
Up to now this case has been never treated, since it seems particularly delicate to handle, even if extremely
interesting, not only from a mathematical point of view, but especially in applications.

More precisely, we next consider
M([u]? ) (=A)ju = Mw(@)ul?*u + K(z)|u

8,p P
when (1.2) is replaced by M (0) = 0 and

(My1) For any T > 0 there exists m; > 0 such that M(t) > m, for allt > 7.
(Mz) There exists b > 0 such that M(t) > bt for any t € [0,1].

The degenerate case is very appealing and it is covered in famous well known papers in Kirchhoff theory, as
[10, 27]. In particular, in [10] the Kirchhoff function M is assumed Lipschitz continuous, but not monotone.
Also in the degenerate case there are several functions M which are not increasing in R{, but satisfy (M),
(M) and (Ms), see Section 3 for details.

From a physical point of view the fact that M (0) = 0 means that the base tension of the string is zero, a
very realistic model. The existence theorem for (1.5) is

Pi=2y in RV, (1.5)

Theorem 1.2. Let M(0) =0 and ps < N < 2ps. Suppose that M satisfy (Mi) and (Msz). Then problem
(1.5) admits a non—trivial mountain pass solution uy for any A > 0 and uy satisfies the asymptotic behavior

li op =0, 1.6
Jim [un]s,p (1.6)

whenever || K|l = 0. While if | K|lcc > 0, then there exists \* > 0 such that for any X > X\* problem (1.5)
admits a non—trivial mountain pass solution uy which satisfies again (1.6).

When p = 2, the restriction 2s < N < 4s was also required in [2, 24] for somehow related fractional
degenerate Kirchhoff Dirichlet problems in bounded domains and it implies N € {1, 2, 3}. Similarly, condition
(My) already appears in [2], where it is largely explained as it weakens analogous growth conditions on M
required at 0 in the degenerate case in the literature on Kirchhoff problems. We refer to [2] for further
details.

Theorem 1.2 is very general and extends in several directions the existence results obtained in [21], when
©=01in [21].

In the last part of the work, we extend the results given in [31] for the nonhomogeneous fractional p—
Laplacian Schrodinger—Kirchhoff equations to the degenerate case M(0) = 0 and consider

M([ul? ) (=A)pu + V(@) |ulP~2u = f(z,u) + g(z,u) + h(z) nRY. (1.7)
For (1.7) we assume that M satisfies only (M) and (M;). The function h can be viewed as a perturbation
term and h is assumed throughout the paper to be in L (RN), where V' is the conjugate exponent of some

fized v € [p, p%].
On the potential function V' we suppose

(V1) V € C(RY) satisfies iI]gN V(z) >V > 0.
e
(V2) There exists R > 0 such that lim meas({z € Br(y): V(z) <¢}) =0 for any ¢ > 0.

ly|—o0
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Condition (V3) is weaker than the coercivity assumption V(z) — oo as |z| — oo usually required in
Schrodinger problems. Assumption (Va) was originally introduced by Bartsch and Wang in [6] to overcome
the lack of compactness in problems defined in the entire space RY.

The natural space where finding solutions for (1.7) is W, that is the completion of C§°(RY) with respect
to the norm

1
Jullw = (ul2 + el ),y = [ V@luda)Pds,

with V satisfying (V7). By standard arguments, it is clear that also W = (W, || - ||w) is a uniformly convex
Banach space, see Lemma 10 in the Appendix of [31].
The nonlinearity f : RY x R — R is a Carathéodory function verifying condition

(F) There exists g € (0p,p?) such that either
(f1) f(z,t) = w(x)|t|]?%t for a.a x € RN and all t € R, where w satisfies (w), or
(f2) f wverifies both assumptions
(a) there erists a positive function w of class L= (R™N) such that w(x) = o(1) as |z| — oo and
If(z,t)| < w(z)[t|L for a.a v € RN and all t € R,

¢
(b) 0 < qF(x,t) <tf(z,t) for a.ax € RN and allt € R\ {0}, where F(x,t) = / fz,7)dr.
0

The nonlinearity g : RN x R — R is a Carathéodory function satisfying condition
(G) There are exponents v and p in (0p,pt) such that for all € > 0 there exists C. > 0 and

lg(@,t)| < Opelt|?? " +rCc|t]

for a.a. x € RN and all t € R, and either
(i) Op < p < q and pG(x,t) < tg(z,t) for a.a x € RY and all t € R, where G(x,t) = fotg(xﬂ')dT,
or
(ii) ¢ < p < pt and 0 < uG(z,t) < tg(x,t) for a.a x € RN and all t € R.

Simple examples of subcritical nonlinear terms which satisfy conditions (F) and (G) are given by f(z,t) =
w(z)[t|772t, with w > 0 a.e. in RY and w either satisfying (w), or with w in L=(R") and w(z) = o(1) as
|z] = oo, and by g(z,t) = ¢(x)(t), with ¢ € L®(RYN), » > 0 a.e in RN and (¢) = r|t|" =2t + plt|* 2,
provided that 6p < min{q, pu} and p < r < p*.

The condition inf{G(z,t) : € RN, |[t| = 1} > 0, assumed in [31], is no longer required in this paper
thanks to the presence of the nontrivial nonlinearity f. We state below the main existence result for problem
(1.7).

Theorem 1.3. Let M(0) = 0 and suppose that M, V, f and g satisfy (M), (V1)-(Va), (F) and (G),
respectively. Then there exists a number § > 0 such that for all perturbations h € L¥ (RN), with ||h|, < 0,
problem (1.7) admits a nontrivial mountain pass solution ug in W. If furthermore h is nontrivial, then (1.7)
admits at least a second independent nontrivial solution u; in W.

Finally, if g =0, then the assertion above continues to hold assuming only (V1) on the potential V.

The last part of Theorem 1.3, that is when g = 0 in (1.7), takes inspiration from the paper [19] and covers
also the interesting case in which V is a positive constant. Furthermore, Theorem 1.3 extends in several
directions previous accomplishments, as the existence results obtained in [7, 15, 22, 33, 34] and in a broad
sense [8].

Finally, we study equation (1.7), still requiring only (V}) on the potential V', but including the term g,
provided that V| f, g and h are radial functions in x.

Theorem 1.4. Let N > 2 and M(0) = 0. Suppose that (My), (V1), (F) and (G) hold, and that V, f,
g and h are radial functions in x. Then there exists a number § > 0 such that for all radial perturbations
h e LY (RN), with |kl < 8, problem (1.7) admits a nontrivial radial mountain pass solution ug in W.
If furthermore h is nontrivial, then (1.7) admits at least a second independent nontrivial radial solution u;
in W.

Theorem 1.4 not only covers the so called degenerate and nonlocal case, but also it encloses general
nonlinearities and perturbations. Therefore Theorem 1.4 extends in several directions the existence results
obtained in [14, 25].
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The paper is organized as follows. In Section 2 we prove the existence Theorem 1.1 for the Hardy
problem (1.1) and the asymptotic behavior (1.4). Section 3 is devoted to the study of the degenerate
problem (1.5) and to the proof of the existence Theorem 1.2 and of the validity of (1.6). Finally, Sections 4
and 5 deal with the proof of Theorems 1.3 and 1.4 for the degenerate Schrodinger—Kirchhoff equation (1.7),
respectively.

2. THE NON-DEGENERATE PROBLEM (1.1)

In this section we prove the existence result for problem (1.1) and we recall that throughout the section
(M), (w), (K) and (1.2) hold.
Let L9(RY, w) be the weighted Lebesgue space endowed with the norm

g’w:/ w(z)|ullde
RN

By Proposition A.6 of [3] the Banach space LI(RY,w) = (LY(RY,w), || - ||4.w) is uniformly convex. Further-
more, combining some ideas of Lemma 2.3 of [3], Lemma 2.2 of [4] and Lemma 2.6 of [32], see also Lemma 2.3
of [30], we have

Lemma 2.1. The embedding D*P(RY) — LY(RYN w) is continuous, with
lullgw < Cuwluls, for allu € DP(RY), (2.1)

[[u

and Cyy, = Sil/prH}p/q > 0. Furthermore, the above embedding is also compact.

Proof. By (w), the Hélder inequality and (1.3), for all u € D*P(RY)

1/paq
= ([ wt@ras) ([
RN RN
that is (2.1) holds.

To prove the second part of the lemma, we need to show that if u,, — u in D*P(RY), then ||u, — /4., — 0
as n — o0o. Thanks to the Holder inequality

/RN\BR () |y — ulldz < L(/RN\BR w(@%;) v =o(1) (2.2)

as R — oo, being w € L*(RY) and |Ju,, — ullf. = L < oo for all n € N by (1.3). Moreover, for all R > 0 the
embedding D*?(RY) < W*P(Bg) is continuous and so the embedding D*?(R") << L"(Bpg) is compact
for all v € [1,p%), by Corollary 7.2 of [12]. In fact, using (1.3) and the Holder inequality

lally ey < Crllull?, + W2, < (Cr/S + Dul?,

s,p =
for all u € D*P(RY), where Cr = (wn/N)P*/NRP and wy is the measure of the unit sphere SV=1 = {2
RY : |z| =1} of RY.

Fix € > 0. There exists R. > 0 so large that fRN\BRw(:ENun — u|?%dx < € by (2.2). Take a subsequence

[[u

1/p;
p:daz) < Sfl/prH;,/q[u]s,p’

(tn, )k C (Un)n. Since u,, — win LY (Bg,) for all v € [1,p*), then up to a further subsequence, still denoted
by (tn, )k, we have that u,, — u a.e. in Br_. Thus w(z)|u, — u|? — 0 a.e. in Bg_. Furthermore, for each
measurable subset £ C Bpg_, by the Holder inequality we have

/Ew(m)\unk —u|dz < L(/Ew(x)de>1/p.

Hence, (w(x)|u,, — u|?)y is equi-integrable and uniformly bounded in L'(Bg_), since w € L?(RY) by (w).
Then, the Vitali convergence theorem implies

lim w(x) [, — u|%dz =0
k—o0 B, )

and so u, — u in LY(Bg_,w), since the sequence (u,, ) is arbitrary.
Consequently, fBR w(x)|uy, —ul%dx = o(1) as n — oco. In conclusion, as n — oo

lwn —ulld,, = / w(x)|u, — u|9dx + / w(z)|uy, — ul9dx < e+ o(1).
’ RN\Bpg, Br,
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This completes the proof, being € > 0 arbitrary. ]
We say that u € DSP(RY) is a (weak) solution of (1.1) if

M2, )08~ / )l )tz g

|[Ps
[ @@l el + [ K@)lu@)P 2u@plads,
for all € D*P(RY), where
[ ) =)~ aot) = )
A . .

|z —y|NHes

Problem (1.1) has a variational structure and J, » : D*P(RY) — R, defined by

1 5y A 1
Jya(u) = = ([u]? ) — —lullly — =ul|? .,
) = S () = Sl =

where [|ul|pr x = (fpn K (2)|u(z)[P>dz)!/P:, is the underlying functional associated to (1.1). Obviously, J,
is well defined and of class C*(D*P?(RY)).

Condition (1.2) gives that M (t) > 0 for any t € R} and (M) yields that ¢t — t~%.#(t) is nonincreasing
in R*. Consequently, for all g > 0

pK’

thM(t) < M (to)t?  for all t > t. (2.3)
Now, as in [17], we prove that the functional J, » has the geometric features required to apply the mountain

pass theorem of Ambrosetti and Rabinowitz of [1].

Lemma 2.2. For every v € (—oo,aH) and A > 0 there exist o« > 0 and p € (0,1] such that J, x(u) > «
for all u € D*P(RN), with [u]s, = p, and a function e € C(RYN), with [e]s, > p and J, \(e) < 0. The
function e depends only on v~ when K >0 a.e. in RV,

Proof. Fix v € (—oo,aH) and A > 0. By (K), (1.2), (1.3) and (2.1) there exists a positive constant Sk such
that for all u € D*P(RY)

a p A 1
Jw,A(U)Z};[ | —gH ||qw—p8\ e
a v A ot
> -—-— p— —Chul, — Sklu]sp.
> (4= 27 ), - Scan, - Sl
Setting
+
a A .
() = ( — )tp— —Clt? — SktPs  forall t € [0,1],
0= (5 -2 )¢ -2 0.1

we note that there exists p € (0,1] such that max,e(o,1] 74,1 (t) = 7y,2(p) > 0, since v* < aH and p < ¢ < p}
by (M) and (w). Consequently, J, x(u) > a = n,\(p) > 0 for all u € D¥P(RY), with [u],, = p.
Now take v € C§°(RY) such that [v]s, = 1. By (2.3) we have for t — oo
6P » tp*
Jya(tv) < A (1)— ’ [o]2h, + 7~ *||7f|| —>\*||’U||qw -

p g~ —09,

S

since p < 0p < ¢ < p* by (M) and (w). Hence, taking e = 7ov, with 79 > 0 sufficiently large, we obtain at
once that [e]s, > 2 and J, x(e) < 0. In particular, [e]s, > p and e depends on v~ . Furthermore, e can be
taken independent of A whenever K > 0 a.e. in RV, otherwise e could depend also on \, as claimed. O

From the proof of Lemma 2.2 it is apparent that if e is the function determined at some v € (—oo,aH)
and Ao > 0, then e is such that J, x(e) < 0 for all A > Ao and [e]s, > 2 > p = p(v,\), being p € (0, 1].

We recall in passing that, if X is a real Banach space, a C'(X) functional J satisfies the Palais-Smale
condition at level ¢ € R if any Palais—Smale sequence (uy,), at level ¢, that is such that

J(up) = ¢ and J'(up) -0 in X' asn — oo (2.4)

admits a convergent subsequence in X.
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Fix v € (—o0,aH), A > 0 and put

CyA —;glgtgl[% Jya(g(t)),

I' = {g € C([0,1], D>*(RY)) : g(0) = 0, g(1) = e}

Obviously cy,» > 0 thanks to Lemma 2.2.

Before proving that J, x satisfies the Palais-Smale condition at level ¢, ) in D*P (RY), we introduce an
asymptotic condition for the level ¢, . This result is exactly Lemma 4.3 of [16] (see also Lemma 6 of [17]
for a somehow related fractional non—degenerate Kirchhoff Dirichlet problem) and will be crucial not only
to get (1.4), but above all to overcome the lack of compactness due to the presence of a Hardy term and a
critical nonlinearity.

Lemma 2.3. For all v € (—o0,aH) it results

lim ¢,y =0.
A—00 v

Proof. Fix v € (—o0o,aH) and \g > 0. Let e € C$°(RY) be the function obtained by Lemma 2.2, depending
on v~ and possibly on Ag. Hence the functional J, ) satisfies the mountain pass geometry at 0 and such
e for all A > Ag. In particular, there exists ¢, n > 0 verifying J, x(¢,xe) = max;>o J, x(te). Therefore,
() \(ty,n€),€) = 0 and then

5 (M el el = vllellh) = A el + 75 e

5,p
> )\th B Hle 19w

i (2.5)

by the fact that A > Ag. We claim that {¢, x}x>», is bounded in R. Indeed, using (M) and (2.3) we get

v

=
< (9//1(1) + H)tj{g[e]gg;

for any XA € A, with A = {\ > Xg : ¢ty \[e]sp > 1}. Hence, from (2.5) and (2.6) it follows

th \lels , Mt \[e]s ) — b llelly < 0.2 \[els ) + —
(2.6)

(9///(1) + L) (€] > Agt? P lel|?,, for any A € A,

which implies the boundedness of {t, x}xea, since Op < ¢ by (w), |lellqw > 0 and e depends on v~ and Ag
by Lemma 2.2 and its remark. It follows at once that indeed {t x}r>», is bounded. This proves the claim.

Fix now a sequence (Ag)r C [Ag,00) such that Ay — 0o as k — oo. Obviously (¢4, )r is bounded in R.
Hence, there exists a subsequence of (A;)x, still relabeled (A)r, and a constant 7 > 0 such that t, x, — 7
a}s1 k — oo. By the continuity of M, also (M(tz A lelb p))k is bounded, and so by (2.5) there exists L.~ such
that

Nt 3 lellg + 2275, e
We assert that 7 = 0. In fact, if 7 > 0 we get

p K<L - for any k € N. (2.7)

,
) =0

which contradicts (2.7). Thus 7 = 0 and ¢, » — 0 as A — oo, since the sequence (Ag)y is arbitrary.
Consider now the path g(t) = te, ¢ € [0, 1], belonging to I'. By Lemma 2.2

i q-1 P
i, (WS el 25

1 vy~
0 <eyas max Jy Ag(8) < Jyaltyne) < ];///(ti,x[e]é’,p) + ?II (LS

Moreover, ///(tz‘/\[e]’;’p) — 0 as A — oo by the continuity of .#. This completes the proof of the lemma,

since e depends only on vy~ a

Now, following the key idea of the proof of Lemma 4.5 in [16], given when M = 1 and p = 2, we prove
the validity of the Palais-Smale condition for J, ) at level ¢, in D*P(RY).
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Lemma 2.4. Let v € (—oo,kH) be fized. If |K|| = 0, then J, \ satisfies the Palais-Smale condition at
level ¢y x for all X > 0. While if |K||s > 0, then there exists \* = X*(y) > 0 such that J, x satisfies the
Palais—Smale condition at level cy x for any A > \*.

Proof. Fix v < kH and let (u,), C D*P(RY) be a Palais-Smale sequence of J,,  at level ¢, for all A > 0.
By (M) and (1.3)

1 1 1
J%/\(un) - §<J;,A(un)vun> > 5‘%([u’ﬂ]s,p) gM([un]s p)[un]gp
11 ) <1 1 > -
95 = 2l (3 = -l 23)
11 A1 11 .
> (55— 3 )M unlt ol = 37 (5 = D)l + (3= - hunll

Then, thanks to (1.2), (2.4) and (2.8) there exists o, » > 0 such that as n — oo
Cyx Tt U%A[UN]SW +o(1) > Mv[“n]g,pa
11\ At (1 1) (2.9)
py=a|l———-)——-—=]>0
’ <9p q) H\p q

since v < kH. Therefore, (u,), is bounded in D*?(RY).
By (1.3) and Lemma 2.1, there exists u, ), € D*P(RY) such that, going if necessary to a subsequence

Up — Uy A in Ds’p(RN)a [un]s,p — Oy X
Up — Uy,y I Lp:(RN), lun =ty llpr, & — £y 2,
U Uy . 2.10
n By (W), i =t a1 = 1 (210
B4R
Up = Uyx ID Lq(RN,w), Up = Uy, x &€ In RY.
In particular, by (2.4) and (2.8)
» 1 1 p:
cyato(l) > M’Y[un]s,p Tl [|un e, K (2.11)
q Ds N
where 11 is given in (2.9).
First, we assert that
lim o, =0. (2.12)

A—00
Otherwise, limsup,_,,, ay,x» = ay > 0. Hence there is a sequence k — A;, T oo such that a, ), — a, as
k — oco. Then, letting k — oo we get from (2.11) and Lemma 2.3 that

0> pyad > 0.
This contradiction proves the assertion (2.12). Moreover,
[Uyalsp < nh_{lgo[un]s,p = Qo

since 4, — U4z, and so (K), (1.3) and (2.12) implies that

)\li_>rr010||u%,\ P K = AILIEOHU%AHH = /\ILH;O[U%/\]s,p =0. (2.13)

Thanks to (2.4), we have as n — oo

o(1) = M([un]{ ) (un, ¢)s.p = /RN

o () P20, () o ()
e

dzx

—A w(x)Iun(x)l"_zun(x)@(x)dfc—/ K () un () |+~ *un (2) () d,
RN RN

for any ¢ € DSP(RY). By (2.10), the sequence (Uy,),, defined in R*V \ Diag (R*) by
_ ‘un(x) — un(y)‘p72(un(w) — un(y))

(@,y) = Un(z,y) = & — y| (N +p) /7 ’
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is bounded in L (R*N) as well as U,, — U, a.e. in R*N, where

[ty A (@) = uy A () P2 (uy 2 (2) — 1y 2 (1))
u’Y A(SU y) |l'—y|(N+ps)/pl .

Thus, going if necessary to a further subsequence, we get U,, — U, » in v (R2V), and so

<u'm 30>s,p - <u’y,)\7 <P>s,p
for any ¢ € D®P(RY), since |p(z) — ¢(y)| - |x — y|~N+P8)/P ¢ LP(R?N). Then, using (2.10) and the
facts that [, |7 2u, — |uy A9 2u,. in LY (RN, w) Pi=20, = |uy P2, in LIPS (RN, K), by
Preposition A.8 of [3], we obtain

T

|ty 2 (@) [P~ 2uq 2 (@) ()
- /R . d

(a )\)<u7)\7 > |x|ps

= [ @@ s@pla)ds + [ K@@l
R
for any ¢ € D*P(RY). Hence, u, is a critical point of the C'(D*P(R")) functional

1
Pk (2.14)

S0 A (@) p(x)de

q,w

1 ¥ A
_ P P
Jo, 1 (1) = ];M(%,A)[U]é’,p pll ullf — 3” ullg

S

By the Holder inequality we have

{u, v) s p| < [u]’s’;,l[v}sﬁp for all u,v € Ds’p(RN)

and so, for any u € D*P(RY), the functional (u, -)s, is linear and continuous on D*?(RY). Consequently,
(2.4), (2.10) and (2.14) give as n — o0

o(1) = (T3 x(un) = Jo, (Uyn)s tin =ty n) = M([unlf ) [unl,
+ M(al )uy I8, = M([unlf ) (ns iy 2)sp — M(ad ) (U x,Un) s p
_ ’y/ (|Un|p_2un - \u%)\|p_2u%)\)(un - U'N\)d

[P

X
i\ / ) (|2, — [ty 2] 20y 2) (1 — 1 3)

- K@)
RN
= M(af \)(oF \ = [uyal8,) = Yllualfy + Ylluya

+ g llps g +o(1)

Pi—2 pzd“v,)\)(“n — Uy )dz

— |ty

Ip

p K

z;K + 0(1)

= M(aZ \)([un = uy2]gp) = lun = uy Al = lun — uy,

In fact, thanks to (2.10) it results

nh—%o RN w(@)(un| T2 up — Juy A1y 3) (Un — 1y 2 )da = 0.

Furthermore, using again (2.10) and the celebrate Brézis & Lieb lemma of [5]
[un]é)p [tn — U%A]p,p + [u% ]p + 0(1)7

il Al e + o),

\% + lluy sl T o(1)

as n — oo. Finally, we have used the fact that [u,]sp, — oy 2 as n — oco.
Hence, we have obtained the main formula

HunH K = = |lun —

s = ltn =

_ P _ pS ; _ P
M(O‘ )\) hm [un U’N\}S,p = nlggoHun u'y)\”p;,K +7nlggollun Uy [y (2.15)
Py
= Lo+

Let us divide the proof in two parts.
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Case ||K|| = 0. Clearly ¢, x = 0 in (2.15). Assume for contradiction that z, 5 > 0. Then, from (1.3)
and (2.15)

M(ag \) m [up —uyaJ5, = i [lu, —uy |l < eH lim [lun, —uq x|

< M(a? y) lim [u, — uy,]

p
b
n—00 8:p

which is impossible. Hence, 1,y = 0 for all A > 0. Thus, using also (2.15) and the fact that £, y = 0, we get

nlgﬂo[“n - U%A]Isj,p = nh~>ngo||un —uy |5 =0

by (1.2). In conclusion, u, — u, y in D*P(RY) as n — oo for all A > 0 as required.
Case |K||co > 0. By (2.11) and the Brézis & Lieb lemma, we get as n — o0
1 1 * 1 1 *
cyato(l) > (—) un|?s o = (—){Eps + ||uy 2
aactolt) = (2=l = (2= o2 ) [+ s
Then, Lemma 2.3 and (2.13) imply that

ﬁ;K +o(1).

lim £, =0. (2.16)
Since v < aH there exists ¢ € [0,1) such that v = ca H. Thus, (2.15) can be rewritten as

(1—c)M(a? ) nh_)rréo[un —uynls, +eM(af ) nll)rr;o[un —uyall, = Ezfx + 1

Now, for all A > 0 we have Eff/\ +yTd > (1 —C)S||K||;op/p:a€];)>\ +caH? \ by (K), (1.3) and (1.2), being
¢ > 0. Therefore, since v© = ca H,

> (1= S| K| al . (2.17)

Consequently, (2.16) and (2.17) imply at once that there exists A* = A\*(y) > 0 such that £,y = 0 for all
A > A*. In other words,

nh_g;ollun — Uy Allpr,x =0
for all A > A*. From now on we can proceed as in the first case, and prove that 2,y = 0 for all A > A*.
Thus, using also (2.15), we get u, — u,,x in DSP(RY) as n — oo for all A > \* as required, and the proof

is complete. O

As already noted in the Introduction, besides the obvious case M = a, in which k = a, there are several non
monotone Kirchhoff functions for which k = a, that is § = 1. For instance, M (¢t) = 2 in [0,1], M(t) =3—tin
[1,2], M(t) = 1in [2,3], M(t) =t — 2 in [3,2+/3] and finally M (t) = 2v/3 — 2 in [2y/3, 00) is a non monotone
function satisfying (M), with 6 = 1.

Proof of Theorem 1.1 Fix v € (—oo,kH). Thanks to Lemmas 2.2 and 2.4 the functional J, » satisfies all
the assumptions of the mountain pass theorem for any A > 0 when ||K||o = 0 and for any A > A\*, with
A= A*(y) > 0 if | K||oc > 0. This guarantees the existence of a critical point u, ) € D¥P(RY) for J, » at
level ¢, . Since J x(uy,n) = cyx > 0 = J, A(0) we have that u, y # 0. Moreover the asymptotic behavior
(1.4) holds thanks to (2.13). O

3. THE DEGENERATE PROBLEM (1.5)

In this section we study the degenerate problem (1.5) and in passing we recall that (M) is assumed
throughout the paper.
If 4 (to) > 0 for some ty > 0, then (M) yields that

tO. M (t) > A (to)t?  for all t € [0, 1] (3.1)
and we have the following

Lemma 3.1. Suppose that .# is not identically zero in R™ and that (M) holds, with @ = 1. Then M(0) =
My > 0.



STATIONARY KIRCHHOFF FRACTIONAL p-LAPLACIAN EQUATIONS 11

Proof. Suppose that .# (1) > 0, for simplicity. By (3.1) we know that
M) < (L / M(r

for all ¢t € [0,1]. Now, let (¢,), be a sequence such that ¢, € (0,1) for all n € N and ¢, | 0 as n — co. By
the mean value theorem, we obtain the existence of a sequence (7,,),, with 7,, € (0,¢,), such that

A (Dt < M(1p)t, forallmeN (3.2)

and so # (1) < M(r,) for all n € N, being t,, > 0. Observe that M(7,) — M(0) as n — oo, since 7, — 0
as n — oo and M is continuous. Hence, letting n — oo in (3.2) we get M (0) > .#(1). This completes the
proof, since .# (1) > 0 by assumption. |

As note in [9], condition (M) gives that M(¢) > 0 for any ¢ > 0. In particular, under (M) and (M),
Lemma 3.1 implies that 6 > 1 when M(0) = 0. The vice versa is false. Indeed, when a > 0 and b > 0, the
canonical Kirchhoff function M (t) = a + bt has the property that M(0) = a > 0, but M satisfies (M) for
any 6 > 2.

We say that u € DSP(RY) is a (weak) solution of (1.5) if

M phep = A [ w@lu@)ula)ola)da

+/RN K (@)u(z)P

for all ¢ € D*P(R"). The underlying functional associated to problem (1.5) is Jy : D*P(RY) — R, given by

1 A
Ia(u) = = ([u)? u
() = S A ([ulsp) = Ll o
Obviously, also Jy is well defined and of class C*(D*P(R")). For (1.5) we somehow follow the strategies
developed in Section 2, but for convenience of the reader we give details.

“u(z)p(a)de,

pb,K

Lemma 3.2. Suppose that # is not identically zero. For any A > 0 there exist a > 0 and p > 0 such that
Jn(u) > a for allu € DSP(RN), with [u]s, = p, and a function e € C§(RYN), with [e]s, > p and Jx(e) < 0.
The function e is independent of X when K > 0 a.e. in RN

Proof. By assumption there exists tg > 0 such that . (¢f) > 0.
Fix A > 0 and take u € D*P(RY), with [u]s, < to. By (M), (K), (1.3), (2.1) and (3.1) there exists a
positive constant Sk such that

A\ 1
In(w) 2 mlullh, =l = -l
A q Py
> m[u] o= qC [u]?, — Sk [ulsp,

where m = . (t2)t5 %" /p > 0, as shown above. Setting
A .
na(t) = mt% — Ecg,tq — SktPs for all t € [0, tg],

we note that there exists p € (0,%o] such that max,cjo ., () = na(p) > 0, since Op < ¢ < p; by (w).
Consequently, Jy(u) > a =n\(p) > 0 for all u € D*P(RY), with [u]s, = p.
Now, take v € C§°(RY) such that [v]s, = 1. By (2.3) we have as t — oo

tPs

ol — = [[0][%  — o0,

td
Ja(tv) <mtf — \—

S
since Op < g < p% by (w). Hence, taking e = mov, with 79 > 0 sufficiently large, we obtain at once that

le]lsp > 2tp and Jx(e) < 0. In particular, [e];, > p and e does not depend on A whenever K >0 a.e. in
RY, |
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Again from the proof of Lemma 3.2 it is apparent that if e is the function determined at some Ay > 0,
then e is such that Jy(e) < 0 for all A > A\g and [e]s,, > 2to > p = p(A), being p € (0, to].
Fix A > 0 and set

en = ;Ien; e Jx(g(t)),

I'={g€C(0,1],D*"(RY)) : g(0) = 0, g(1) = e}.
Obviously ¢y > 0 thanks to Lemma 3.2.
Lemma 3.3. If ./ is not identically zero, then

lim ¢y, = 0.
A—00

Proof. We can proceed exactly as in the proof of Lemmas 3.2 and 2.3, formally taking v = 0, Ay > 0,
replacing .2 (1) by . (t5)/t3 in (2.6) and defining

A={A> X : tale]sp > to}-
We leave the further details to the reader. (]
Let (up), C D*P(RY) be a Palais-Smale sequence for Jy at level c) € R. Then
Ja(up) = ey and  Ji(up) =0 asn — oo. (3.3)

Next, we prove the validity of the Palais-Smale condition for .J at level cy in D*P(R¥), following somehow
the main idea of the proof of Lemma 3.4 in [2], given for p = 2, see also [9]. It is exactly at this point that
we need also (M;) and (Mz). Just to clarify the two simple examples,

4t sete[0,1],
Mi(t)={6-2t sete]l,2], M,(t) = Vt + arctan t,
t se t € [2,00],

are not monotone, but satisfy (M), with § = 2, as well as (M) and (Ms).

Lemma 3.4. Let (M;)—(Mz) hold and suppose that ps < N < 2ps. If |K|lcc = 0, then the functional J
satisfies the Palais—Smale condition at level ¢y for all X > 0. While if || K||co > 0, then there exists \* > 0
such that Jy satisfies the Palais—Smale condition at level ¢y for any A > \*.

Proof. Fix A > 0. Let (uy,), C D*P(R") be a Palais-Smale sequence of Jy at level cy. Due to the degenerate
nature of (1.5), we have to consider two situations. Either inlf\l[un]s’p =dy >0or ing[un]s,p = 0. Hence, let
ne ne

us divide the proof in two parts.
Case inf;[un]sm = dy > 0. We claim that (u,), is bounded in D$P(RY). By (M), with 7, = d’, there
ne

exists my = m,, > 0 such that

M([u,]f,) >my for any n € N. (3.4)
Using (M), we get
1
Jk(un)_§<*}//\(un)aun>
S 1 » 1 » P 11 P3
= 5%([11‘“]5,1)) - QM([un]s,p)[un]s,p + g - g ||U”fl pt, K (35)
11 11 p:
> (55— 3 )Mz w2y + (5 = 2 Jlunll

Then, thanks to (3.3) and (3.4), there exists o) > 0 such that as n — oo
1 1
ex +oa[unls,p +o(1) > my (9p - q) [unl? -
Therefore, (uy), is bounded in D*P(RY), since 1 < p < p < ¢ by (M), (w) and Lemma 3.1.
By (1.3) and Lemma 2.1, there exists uy € D*?(R") such that, going if necessary to a subsequence

Up — uy in Ds’p(RN)7 [un]s,p — Qy,
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Uy, — Uy N Lpz(RN), ltwn, — ux

pr, K — f)\, (36)
Up — uy in LYRY, w), Up — uy a.e. in RV,

In particular, by (3.5) as n — o0

ex +o(1) ( - ) unl? (3.7)

Moreover ay > 0, since dy > 0. Therefore M ([u,]2 ) — M(aX) > 0 as n — oo, by the continuity of M and
the fact that 0 is the unique zero of M thanks to (/\/ll)
First, we assert that
lim ay =0. (3.8)

A—00
Otherwise, lim supy_,,, ax = o > 0. Hence there is a sequence kK — Ay 1 oo such that a,, = a as k — oo.
Then, letting k — oo we get from (3.7) and Lemma 3.3 that

1 1
0>———-|MP)a? >0
<9p q) ()

y (M1). This contradiction proves the assertion (3.8). Moreover,
[u)\}s,p < nlggo[un]s,p = Qy,
since u,, — uy in D*?(RY), and so (K), (1.3) and (3.8) implies that
Jlim [luallps, e = lim [uz]s,p = 0. (3.9)

Thanks to (3.3), as in Lemma 2.4, we obtain

M@ ey = [ wl@lin@[ 2 ()p(w)ds

+ [ K(@)|ua(@)[P " Pun (@) (x)d
RN
for any ¢ € D$P(RY). Hence, u, is a critical point of the C*(D*P(R")) functional
A 1 .
Jon (1) = EM( Vg, - P Z;HUIIZ%,;« (3.10)

Consequently, (3.3), (3.6) and (3.10) give as n — oo
o(1) = (Jx(un) = T, (un), tn — ur) = M([un]? ) [un]? ), + M(aX)[urlt,
= M([un] ) (un, ux)sp — M () (ux, tn)s p

Y / 2) (1t 72 — |7 2un) (1 — up)de

— [ K(@)(|lun P2 p:72u,\)(un—u,\)dx (3.11)

RN
= M(O{I))\)(O};\ - [u)\]zsg, )
= M (X)) ([un —unlt,) — Hun

Thus, we have obtained the main formula

r+o(1)

p:K —|—o(1).

e (3.12)
Suppose that || K||c = 0. Then £, = 0 in (3.12) and so u,, — uy in DSP(RY) as n — oo for all A > 0, being

M(ak) > 0.
Otherwise, if ||K||co > 0, by (3.3), (3.5), (3.6) and the Brézis & Lieb lemma, we get as n — oo

-+ 0(1) = Jal1tn) = (4 (1), tr) > (1 - 1*) ‘

q P
1 1 *
(-2l
q DPs

Py 1 L
M(ah) nl;rr;o[un — uk]g,p = nlgr;@”un

pi, K

Z;K} +0(1).



14 MAICOL CAPONI AND PATRIZIA PUCCI

Then, Lemma 3.3 and (3.9) imply that
lim £y = 0. (3.13)

A—00

Therefore, by (K) and (3.12), we have as n — oo

bk = SIK NP M () — un

[un — ux e T o(1),

where S is the best fractional Sobolev constant given in (1.3). Consequently, using (3.6), for all A € R
& > S|IK|| M (aR) . (3.14)

We claim that there exists A* > 0 such that £, = 0 for all A > A*. Otherwise there exists a sequence
k — A T oo such that £y, = ¢, > 0. Observe that (3.11) implies in particular

M(X) (o} = [un]f,) = £,
for any A > 0. Then, denoting o, = ay and uy, = ug, by (3.14) we get
; S s S/N - :
(67PN = M ()N (of = [uxl?,)"™ = SIK (7 M (o).

Thanks to the above inequality, (M3) and (3.8), we obtain for k sufficiently large

2s/N s/N —p/p —ps —p/pt p(l—ps/N
af N = (af = fwel?,)" 2 SIKI M(ap) PN 2 eS| K oy,

where ¢ = b'P5/N_ Hence, since ag, > 0 for all k € N, it follows that for all k sufficiently large
ai(ZPS/Nfl) > CSHKH;OP/P:_

This is impossible by (3.8), being 2ps > N by assumption. The claim is so proved.
Therefore, for all A > \*

lim |lun — urllps,x = 0.
n— o0 e

Consequently, by (3.12), u, — uy in Ds”’(RN) as n — oo for all A > \*, as required. This completes the
proof of the first case.

Case ian[un]syp = 0. If 0 is an accumulation point of ([uy]sp)n, then there is a subsequence strongly
ne

convergent to uy = 0 in D*P(R"Y) and so ¢y = Jyx(uy) = 0, which contradicts ¢y > 0. Hence, 0 is an isolated
point for the real sequence ([ty]sp)n. Then there is a subsequence ([un,]s,p)r such that gng[unk]s,p =dy >0,
€

and we can proceed as before. This completes the proof of the second case and of the lemma. ([l

Proof of Theorem 1.2 Thanks to Lemmas 3.2 and 3.4 the functional Jy satisfies all the assumptions of the
mountain pass theorem for any A > 0 when || K||cc = 0 and for any A > A*, with A* > 0, if || K||oc > 0. This
guarantees the existence of a critical point uy € D*P(R™) for Jy at level cy. Since Jy(uy) = cy > 0= J»(0)
we have that uy # 0. Moreover the asymptotic behavior (1.6) holds thanks to (3.9). O

4. THE SCHRODINGER—-KIRCHHOFF EQUATION (1.7)

This section is dedicated to the study of the Schrédinger—Kirchhoff equation (1.7). First, by Theorem 6.7
and Corollary 7.2 of [12] we have the following embedding result for the uniformly convex Banach space W
defined in the Introduction.

Lemma 4.1. Let (V1) hold. If v € [p,pt], then the embeddings
W — WP(RY) — L¥(RY)
are continuous. In particular, there exists a constant C,, > 0 such that
lull, < Cullu|lw  for all w € W.

If v € [1,p%), then the embedding W << L¥(Bpg) is compact for any R > 0.
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We say that u € W is a (weak) solution of problem (1.7) if
M([uls,){u, <P>sp+/ V(@)u(@)["~u(z)p(x)do
- [ fau@)p@io+ | gau@)pio+ | by

RN
for any ¢ € W. Obviously, also problem (1.7) has a variational structure and the underlying functional
associated is I, defined in W by

I(u) = J(u) — H(w), J(u) = })(///([u]f;,y ),

(4.1)

H(u) = F(z,u)dz + G(z,u)dx + h(z)udz.
RN RN RN

By Lemma 2 of [31] we know that J : W — R is of class C'(W) and
T(0.) = MlZ) )+ [ Vi@lula) ula)p(o)ds

for all u,p € W.
The next results takes somehow inspiration from Lemma 3.1 of [19].

Lemma 4.2. Assume (Vi) and (F). Then the functional ®(u) = [pn F(z,u)dz is of class C*(W) and for
any firedu € W

/ flz,u(x)e(x)dx  for all p € W. (4.2)
Furthermore, ® : W — W' is weak—to—strong sequentially continuous.

Proof. First, ® is well defined on W. Indeed, using the Holder inequality and Lemma 4.1, we get
q

< f
OS/RN F(z,u)dr < {4 el = vl ta )

1
glleollllz < ||wHoo?q||U||€v under (f2)—(a)
Hence, denoting for simplicity by K, either ||wl[|,Cy./q or [[w]|«cCq/q, we get at once

0< / F(z,u)dz < K, |ul|},- (4.3)
RN

Obviously, the functional ® is Gateaux differentiable in W and (4.2) holds for all u,p € W. Thus, we only
need to prove that ®'(u,) — ®'(u) in W’ if u,, — w in W. Let (u,), C W and v € W such that w,, — u in
W. Then there exists a constant C' such that for all n € N

|unllw <C and |jullw < C.

First, suppose that (f;) holds in (F). Using Lemma 2.1 we know that u, — wu in LI(R™ w) and so
[t |9 20y, — |u? 2 in LY (RN, w), thanks to Proposition A.8 of [3]. Fixed v € W, with ||v|lw = 1, by the
Hoélder inequality and Lemma 2.1 we get as n — oo

) 1/
[ i) = st otde < ([ awllant2u, = 2] ) ol

, 1/q
< CU,(/ () ||un| T2, — \u|q_2u‘q dw) = o(1).
RN

Consequently, ®'(u,,) = ®’(u) in W’ as n — o0, as required.
Now suppose that (f2)—(a) holds in (F). Fixed € > 0, there exists R, > 0 such that for |z| > R,

|f(z,u(x)] < elu()|9™! and  |f(z,un(2))] < elun(z)|77"! for all n € N. (4.4)

Consider a subsequence (un, )k C (un)n. By Lemma 4.1 we get that u,, — u in LI(Bg_). Hence, up to a
further subsequence, still denoted by (uy, )i for simplicity, there exists a function ¢ € LI(Bpg,) such that

n, — wae. in B, and |u,, | <@ ae. in By and for all k € N.
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Consequently, using (f2)—(a) we have that f(x,u,, (z)) = f(z,u(x)) for a.a. 2 in Bg, and
|f (2, un,)| < |lw]leep?™" € LY (Bg.) for all k € N.

The Lebesgue dominated convergence theorem implies that f(x,uy, ) — f(z,u) in L9 (Bg,) and so f(x,u,)—
f(z,u) in LY (Bg.) as n — oo, since the sequence (uy, ) is arbitrary.
Fix v € W, with |jv||yr = 1. Then

1/q'

1) = gl < (/] 1) - fawl?ds) ol

1/q
S(751</ ‘f(xaun)_f($7u)‘q dl’) :0(1)
Br,
as n — oco. Now, by the Holder inequality, Lemma 4.1, (f2)—(a) and (4.4)

/R (@ um) — f(a,u)] - Jolde < / (@) - ol + / ()] - olde

N\Brg, RN\Br, N\Br,

< 5/ U |71 - ulda + 5/ lu|T™t - Julde
R RN

N\Br, Br,
<elollg(lunlld" + lullg™)
—1 1
< eC(lunllfy ™ + llullfy ") < e,

where xk = QCgC’q_l. Hence, as n — oo

(/) = @ (), 0} < [ [ F(o0a) = )] foldo < e + o),

RN
Then, being € > 0 arbitrary, we get at once that
9 (up) — @' (u)||lw: = sup  [{(®'(up) — ®'(u),v)| =0 asn— oo.

veW,||v||lw=1

This complete the proof. (]

Clearly, the proof of Lemma 4.2 does not use at all (fz)—(b) in (F). Combining Lemma 4.2 with Lemma 3
of [31], we have that H € C1(W) and

H (), 0) = [ fl,ul@))p(e)dz + /

B [ s u@)p@ide+ [ ha)pta)ds

RN
for all u, ¢ € W. Consequently, the underlying functional I associated to problem (1.7) is well defined and
of class C1(W).

Before proving Theorem 1.3. let us note that (G) yields

|G(z,t)| < elt|?” + C.|t|" for a.a z € RY and all t € R. (4.5)

Lemma 4.3. Suppose that (My), (V1), (F) and (G) hold. Then there exist numbers o >0, p >0 and § > 0
such that I(u) > o for allu € W, with ||lullw = p, and for all h € L (RN), with ||h|, < 8, and there exists
a radial function e € C°(RYN), with |le|lw > p and I(e) < 0.
Proof. By the Holder inequality, Lemma 4.1, (3.1) with o = 1, (4.3) and (4.5), for v € W, with [Ju|w <1,
and putting = min{.#(1),1}/p, we have
1 [4 I
I(u) > 5(//(1)[14239 +llullyv) = Kuollullfy —ellullg, = Cellully = Al [l

(7 0 2
> Bllully — eCyp llullw — Kuwllullly — C=CT [[ullyy — Cu 1Al [lullw

B Op—1 —1 r r—
= (Sl = Kullully" = C-Crlulli = Cullbll ) lullw,

choosing € = ﬁ/Qng > 0. Define

n(t) = gtef’*l — K, tt—Cc.ortmt forallt €0,1].
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There exists p € (0, 1] such that max;cjo,1)7(t) = 1(p) > 0, since 1 < Op < min{q, r} by (M), (F) and (G).
Taking 6 = n(p)/2C,, we obtain that I'(u) > a = pn(p)/2 > 0 for all u € W, with |Ju|lw = p and for all
h e LY (RN), with ||Al|,, < 4.
Fix a radial function v of class Cg°(RY), with |lv[lw = 1. For a.a z € RV, by (F) we obtain that the
function ¢ + t~9F(z, tv(x)) is nondecreasing in Rt and so
F(z,tv(x)) > t7F(z,v(x)) forallt > 1.

Clearly [x F(z,v)dz > 0 by (F) and the fact that v € Cg°(RY) and ||[v]w = 1. Hence, as t — oo

/ F(z,tv)dx > tq/ F(z,v)dx — co. (4.6)
RN RN

Similarly, for a.a x € RY the function ¢ — ¢t #G(x,tv(z)) is nondecreasing in R* by (G) in both cases (i)
and (4¢). Then
G(z,tv)dz > t“/ G(z,v)dx forallt > 1. (4.7
RN RN
Moreover, (1.3) implies that [v]s, > 0. Consequently, by (2.3) with ¢, = 1, (4.6) and (4.7), putting again
8 = max{.#(1),1}/p, we have for all t > 1

I(tv) < 1(//1(1)#)[@]{33; +tpHv||§,V> f/RNF(x,tv)dxf/G(x,tv)dx —t/R h(z)vda

p RN N

<tq F(z,v)dx + t" G(x,v)dx) under (G)— ()

< Bt% —t | h(z)vdx — RN RY

RN tq/ F(x,v)dx under (G)— (i)
RN

— —00,

since 1 < p < g by (M), (F) and Lemma 3.1 since M (0) = 0. Choosing e = 7ov, with 79 > 0 large enough,
we get at once that e is radial, ||e|]lw > p and I(e) < 0. This completes the proof. O

Let us recall a standard definition. Let X be a real Banach space and Z be a functional of class C*(X).
We say that Z satisfies the Palais—Smale condition, if any Palais—Smale sequence (u, ), C X, that is with
the properties that (Z(uy)), is bounded and Z'(u,) — 0 in X’ as n — oo, admits a subsequence which
(strongly) converges in X.

It is exactly for proving that I possesses this property in W that we essentially use (V). This is also
evident from the next crucial lemma.

Lemma 4.4 (Theorem 2.1 of [31]). Let (V1)—(Va2) hold and let v € [p,p%) be a fized exponent. For any
bounded sequence (vy,)y, in W there exists v € W such that, up to a subsequence,

vp — v strongly in LY (RY)  as n — oc.
Lemma 4.5. Let (My), (V1)~(Va), (F) and (G) hold. Then I satisfies the Palais—Smale condition.
Proof. Let (uy)n be a Palais-Smale sequence of I in W. Then there exists C' > 0 such that
I (un), un)| < Cllupllw  and  |[I(uy,)| < C  for allm € N. (4.8)
Suppose that dp < p < g. Thus, by (M), (F), (G)—(¢) and (4.8) we get

1
C+ Cllunllw = I(un) — ;(I'(Un),uw

1 1 1 1
>—=—- np np P n b - F s Yn
> <9p M>M([u [ p)unls p + <p M)u [b.v /RN (&, un ) d

1 1
o [ twude = [ Gt [ gz
B JrN RN K JRrN

-1
S h(z)u,dx
H RN

> (g5 - % )Mtz oy + (5= 2 )

p p

vV —/ F(z,uy,)dx
RN
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1
+ = | [z un)updz — (B[ |lunll
q JrRN

1 1 1 1
> (ep - #>M([un]€,p)[un]€,p + (p — u) unl® v = Rl [t
Similarly, if ¢ < p < p%, replacing now (G)—(7) by (G)—(ii), we have

1
C+Cllunllw = I(un) — 5<I’(un),un>

1 1 1 1
> Y M np np - - n p - G 9 nd
> (g5 2 Ptz + (5 2wl - [ 6o
1
41 / 92, ) tndz — [l [l
K JrN
1 1 1 1
> 7_*Munzsj un;: +(_> unp — [~ |t
(55 = 2 )Mtz a2, + (3 = 2 Il = Wil b
Therefore, we have proved that for all n
1 1 1 1
C+ Cllunllw > min — — =, — L s,z )z,
bp q Op u ’ ’
1 11 1 (4.9)
+min{ = — =, = — = HunlP v = IRl ||tn -
{p x N}n 12— Bl ]

Due to the degenerate nature of (1.7), we have to consider two situations. Either ing[un]s,p =d>0or
ne

ian [un]s,p = 0. Hence, let us divide the proof in two cases.
ne

Case ilég[un]svp =d > 0. By (M), with 7 = dP, there exists m = m, > 0 such that

M([u,]f,) >m for any n € N. (4.10)

Thus, (4.9) yields at once that for all n
1 1 1 11 11 1
C+ Cllun|lw >min{m<—>,m(—>,—7—} un ||y — Yllwnllw,
| =) (g = )3 o = el =l
where v = C, ||h||,» by Lemma 4.1. Consequently, (uy), is bounded in W, since 1 < p < p < min{q, u} by
(M), (F), (G) and Lemma 3.1, being M (0) = 0.
Hence, there exists a function u € W such that, going if necessary to a subsequence,
Up, = in W, (4.11)

being W a uniformly convex Banach space. Let us prove that (u, ), converges strongly to u in W.

Since M is continuous in R, then (M ([un]?,) — M([u]gﬁp))n is bounded in R. Hence, (4.11) gives that

lim [M([un]? ) — M ([u]? )](u, wn — u)s = 0. (4.12)

N 00 ,p 5,p

Moreover, Lemma 4.2 implies that

lim (f(x,upn) — f(z,u))(uy —u)dz = 0. (4.13)

n—oo JpN
Thanks also to (V3), going if necessary to a further subsequence, still denoted by (uy, )., we have
U, —u  in LP(RY) and in L"(RY) (4.14)

by Lemma (4.4), since p < 0p < r < p* by (M), (G) and Lemma 3.1, being M (0) = 0. Furthermore, using
(G), with e = 1/0p,

lg(z, )| < |t + K, |t|""' for a.a. z € RY and all t € R, (4.15)
where K, = rC4 pp. Then, the Hélder inequality, (4.14) and (4.15) give as n — oo

/ (92, 1) — (2, 0)) (i — )il
RN
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S/ (|un|9p—1 + ‘u|9p—1 +Kr|un|r—1 _’_Kr|u|r—1)’un _ u‘dx
RN

op—1 Op—1 — _
< (lunllgy ™ + llullgy ) lun = wllop + K (a7 + Nlli™") lJun = ulle = o(1).

Clearly (I'(up) — I'(u),u, —u) — 0 as n — oo by (4.11) and the fact that I’(u,) — 0 in W’. Therefore,
combining with (4.11)—(4.13), we obtain as n — oo

o(1) = (I'(un) = I'(u), up — u) = M ([un]? ) ((tn, up — s p = (U, tn —u)s p)
+ [M([ua]? ) — ([U]’§ s tn — u)sp
+ /RN V(@) (|un)P"“un — |uP~*u)(u, — u)dx 4+ o(1)

= M([un]g,p)«um Up — u>s,p - <u, Up — U>S7p)
" /]RN V(@) (fun P2 un — |ulP~?u)(un — w)dz + o(1),

that is

n— oo

lim (M ([n]? ) (st = w)sp — (i — 1))
(4.16)
[ V@l = 20, - wyis ) =o.

In particular, M ([un]? ) ((tn, tn =) s p— (U, n—1)s ) > 0 and similarly also V (2)(Jun [P~ 2, —|u|P~2w) (u, —
u) > 0 by convexity, (M;j) and (Vl) Then, using (4.10) and (4.16), we get

nh—>néo (<un7un - u>s,p - <u7un - u>s,p> = 07

lim V(@) (|un P2 upn — [uP~2u)(u, —u)dz = 0.

n—oo RN

(4.17)

Let us recall the well known Simon inequalities
€7 < kp (|EP72€ = n[P=2n) - (€ —n), p>2,
_ < A B ) -
K, [(1€1P=2¢ = Il =2n) - (€ = m] " (1€ + InlP) P2, 1< p<2,

for all £,n € RY, where k, and K, are positive constants depending only on p. Let us divide the proof into
two cases.

Assume that p > 2. Taking & = up(z) — u,(y) and n = u(z) — u(y) in the Simon inequality, we get by (4.17)

o = vl // Jun(e) — uny) = wl@) + ul) Pl — g~ drdy
R
< kp ((tny tn — s p — (U, un — u)s ) = o(1)
as n — oco. Similarly, as n — oo
lun —ullp,y < kp/ V(@) (fun [P~ 2un — [u]P~?u)(un — u)dz = o(1),
; .

thanks to (V1) and (4.17). In conclusion, ||u, — u|lw — 0 as n — oo, as required.

Assume that 1 < p < 2. By (4.11) there exists ¢ > 0 such that [u,]s, < o for all n € N. Then, using the
Simon, the Holder inequalities and (4.17), we have as n — oo

[u" - U]IS),P § KP(<una Up — u>s,p - <u7 Up — u>s,p)p/2([u ]p + [u]p )(2717)/2

5,p 5,p
< Kp(<unv Un — Us,p — (U Uy, — u>s,p)p/2([u ]p,(z? /24 + [u ]p,(p2 p)/z)

< (st — W p — (U, Uy — u>s’p)p/2 =o(1)
where Kk = 2Kpap(2_p)/ 2 and where we have applied the following elementary inequality

(a+b)27P)/2 < 2=P)/2 L p(2=P)/2 for all a,b > 0, (4.18)
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Similarly, by (4.11) there exists U > 0 such that |luy||,,v < U for all n € N. Moreover, by the Simon, the
Holder inequalities, (4.17) and (4.18), as n — oo

p/2
[wn —ull? < L</ V(@) (|un|P 2wy — [uP~2u) (u, — u)dm) =o(1),
, v

where L = 2KpUp(2’p)/2. Hence, ||u, —ullw — 0 as n — oo also for 1 < p < 2. This completes the proof of
the first case.

Case ian [un]s,p = 0. If 0 is an isolated point for the real sequence ([un]sp)n, then there is a subsequence
ne
([tng]s,p)k such that ]inlf\l[unk]s)p =d > 0, and we can proceed as before.
€

Otherwise, if 0 is an accumulation point of the sequence ([tn]sp)n, then thanks to (1.3) there is a subse-
quence, still relabeled (uy,),, such that

U, — 0 in D¥P(RY), in LP: (RY) and a.e. in RV, (4.19)

We claim that (u,), converges strongly to 0 in W. To this aim, we need only to show that ||u,|, v — 0
thanks to (4.19).
Now, (4.9) and (4.19) yield that as n — oo

. 1 11 1
C + Cllunllpy + o(1) > min { 1L }nunm,v ~ Cunllpy + o(1),

p qp p
where now ¢ = C,||h||,» by Lemma 4.1. In particular, there exists a constant A > 0 such that for all n € N
1 11 1
min< - — =, = — = Hunll? v — (C+Dlunl,v < A.
{2202l - €+ Ol
Hence, (u,), is bounded in LP(RY, V) and so in W. Thus, by (4.19) and Lemma 4.1
U, — 0 in W and in L”(RN). (4.20)

By (4.20) and Lemma 4.2

lim flz,up)upder =0 and  lim h(z)updr =0, (4.21)

n—oo RN n—oo RN

since h € L*' (RV).
Clearly (4.15) yields

< Junllgh + Ko llun |7 = o(1)  asn — oo, (4.22)

/ g(z, up)u,de
]RN

by virtue of (V2), Lemma 4.4 and (4.19), since p < p < r < p% by (M), (G) and Lemma 3.1, being M (0) = 0.
Obviously, (I'(up),un) — 0 as n — oo, by (4.20) and the fact that I'(u,) — 0 in W’. Hence, using the
continuity of M and (4.19)—(4.22) we have as n — oo

o(1) = <I/(un),un> = M([un]gp)[un]g,p + ||uan7V - /]RN J(z,up)upde

—/ 9(x, up )upde — h(x)u,dx
RN

RN
= [lunll},yv +o(1).

This shows the claim.
Therefore, I satisfies the Palais—Smale condition also in this second case and this completes the proof. [

Proof of Theorem 1.3 The proof is divided into two steps.

Step 1. Let us prove that there exists ug € W such that I'(ug) = 0 and I(ug) < 0.
First, we claim that there exists a function ¢ € C§°(RY) such that

/RN h(z)yp(z)dz > 0. (4.23)
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Since h € L* (RV) \ {0}, the function

_ JIn@)" 2h(z), i h(z) #0,
o) = {o, it hia) =0 <L)

Then, there exists a sequence (hy,), in C§°(RY) such that h, — ¢ strongly in L"(RY), since C§°(RY) is
dense in L(RY). Hence, there exists ng € N such that

1o
T PR T

v

Thus, by the Holder inequality, we have
v 1 v
/ o (2)B(2)d > —|[Fng — Bl ||l + / h(a)” dz > Sl >0
RN RN

since h # 0. The claim is proved taking ¢ = hy,.
Now, putting M, = maxccjo,,] M(£P), where p > 0 is the number given in Lemma 4.3, by (4.3), (4.5),
with e = 1, and (4.23) we have

! 4 P hole, - x T — z)p(x)dx
100) < S (W02, + Sl = [ Glatiyto—t [ h@vta)a

RN

tP tP , ,
< MWy + S0l + %[ llgy + Cat" [} — t/RNh(x)i/)(fU)dx <0,
for t € (0,1) small enough, since 1 < p < p < r by (M), (G) and Lemma 3.1, being M (0) = 0. Thus, we
obtain
co =inf{I(u) :u € B,} <0,

where B, = {u € W : ||u|lw < p}. Then, by the Ekeland variational principle in B, and Lemma 4.3, there
exists a sequence (vy,), C B, such that

1 1
co < I(vy) <o+ - and I(v) > I(v,) — EH’U — v |lw (4.24)

for all n € N and for any v € B,. Fixed n € N, for all w € Sy, where
Sw={ueW:|u||lw =1},
and for all o > 0 so small that v,, + cw € Pp, we have
I(v, +ow) —I(v,) > —g,
n

by (4.24). Since I is Gateaux differentiable in W, we get

I(v, + ow) — I(vy,) < 1

(I'(vy),w) = lim

o—0 o n

for all w € Sy . Hence
1
0 wa) )] <+

since w € Sy is arbitrary. Consequently, I'(v,) — 0 in W’ as n — oo and so (v,), is a bounded (PS)
sequence of I in B,. Thus, Lemmas 4.3 and 4.5 imply the existence of a function ug € B, such that I’ (ug) = 0
and I(ug) = ¢p < 0.
Step 2. Let us prove that there exists u; € W such that I'(u;) = 0 and I(uq) > 0.

By Lemma 4.3 and the mountain pass theorem, there exists a sequence, say again (v, )n, in W such that
as m — 00

I(v,) > c¢1 and I'(vy,) — 0, where

= inf I(v(t)) > 0
cr = inf max (v(2)) >0,

I = {7 € C(10,1], 1) : 5(0) = 0,7(1) = ¢}

and e € W is the function constructed in Lemma 4.3. Then, Lemma 4.5 implies the existence of a function
uy; € W such that I'(u;) = 0 and I(u1) = ¢1 > 0.
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Finally, since I(ug) = ¢o < I(0) = 0 < I(u1) = ¢1, the solutions ug and u; of (1.7) are nontrivial and
independent. This concludes the proof.

5. THE SCHRODINGER—KIRCHHOFF EQUATION (1.7) IN THE RADIAL CASE

In this section we prove the main existence result for the (1.7) in the radial case. To apply the moun-
tain pass theorem and the Ekeland variational principle, we need the following embedding result obtained
combining Theorem II.1 of [20] with Lemma 4.1.

Lemma 5.1. Let N > 2. For any p < v < p}, the embedding
Wiaqa << LY (RY)
is compact, where Wyaq = {u € W : u is radially symmetric with respect 0}.

Throughout the section we assume that V', f, g and h are radially symmetric functions in x, and that
(M1), (V1), (F) and (G) hold, without further mentioning. Again, the geometry stated in Lemma 4.3
continues to hold. The significant changes now occur in showing the validity of the Palais—Smale condition.
To overcome the non—compactness of the embedding W < L¥(RM), p < v < p¥, we need to restrict the
study searching solutions of (1.7) in Wyaa.

Lemma 5.2. Let N > 2 and M(0) = 0. Then I satisfies the Palais—Smale condition in Wiaq.

Proof. Fix (uy), any Palais—Smale sequence for I in Wy,q. Then, proceeding exactly as in the proof of
Lemma 4.5, we arrive at the same conclusion, replacing (V2) and Lemma 4.4 by Lemma 5.1, being 1 < p <
Op < min{q, pu} by (M), (F), (§) and Lemma 3.1 since M (0) = 0. O

To prove the existence of radial solution for problem (1.7), we need the following result.

Lemma 5.3. Let N > 2 and M(0) = 0. Then there exists a number § > 0 such that for all radial perturbation
h e LY (RN), with ||h||,, < 8, problem (1.7) admits a nontrivial mountain pass radial solution uy in Weaq. If
furthermore h is nontrivial, then (1.7) possesses a second independent nontrivial radial solution uy in Wiaq.
More precisely, ug and uy are nontrivial critical points of the underlying functional I restricted to Wyaq, that
is

M([u]?,) (g e + / V(@) (@) P us (2) (@) do

RN (5.1)

- / £ (o () o)+ / 9, u(@))p(e)dr + / h(z)p(z)de
RN RN R

N

for any ¢ € Wiaq and for k=0,1.

Proof. The proof of this lemma is divided into two steps.

Step 1. As in the proof of Theorem 1.3, since h € L (RN) is a radial function and h # 0, we can choose a
function ¢ € Wraq such that [y h(z)¢(z)dz > 0. Then

co =1inf{I(u) :u € B,} <0,

where B, = {u € Wyaq : |Jullw < p} and p > 0 is the number given in Lemma 4.3. Thus, the Ekeland
variational principle in Ep, Lemma 4.3 and Lemma 5.2 imply the existence of a function ug € B, such that
I(up) = cp <0 and I'(up) =0 in Wiag.

Step 2. By Lemmas 4.3 and 5.2 and the mountain pass theorem, there exists a function u; € Wy,q such that
I(u1) =¢; >0 and I'(uy) = 0 in Wyaq, where

¢ = inf Jnax 1 (v(2)) >0,

I = {y e C([0,1], Wyaa) : 7(0) = 0,7(1) = e}
and e € W,,q is the function constructed in Lemma 4.3.

Hence, we have that ug,u; # 0 are two independent radial solutions of (1.7) in the sense of definition
(5.1). This concludes the proof. O
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Observe that, up to this moment, the functions ug and u; given by Lemma 5.3 are solutions of prob-
lem (1.7) only in the W;,q sense. Now, let us show that these functions are solutions of (1.7) in the whole
space W, that is in sense of definition (4.1). To this aim we use a version of the well known principle of
symmetric criticality, due to Palais in [28], in the form proved in [11] which holds in reflexive strictly convex
Banach spaces.

Let X = (X,| - ||x) be a reflexive strictly convex Banach space. Then, thanks to the Hahn—Banach
theorem, for any f € X’ there exists a unique ugp € X such that

(fuo) = lluollk and [[fllxs = Jluollx, (5-2)

where (-, -) denotes the the dual pairing between X’ and X. Suppose that G is a subgroup of isometries
g: X — X, that is g is linear and ||gu||x = |lu||x for all u € X. Consider the G-invariant closed subspace
of X

Y={ue X :gu=uforall geG}.

Lemma 5.4 (Proposition 3.1 of [11]). Let X, G and ¥ be as before and let T be a C* functional defined on
X such that Tog =17 for allg € G. Then u € X is a critical point of L if and only if u is a critical point of
Ils.

The proof of Lemma (5.4) is a consequence of (5.2) and of the arguments used in the proof of Proposi-
tion 3.1 of [11]. Finally, we have all the ingredients to complete the proof of Theorem 1.4.

Proof of Theorem 1.4 Let SO(N) denote the special orthogonal group, that is
SON)={AecRV*N: A'A = Iy and det A = 1}.

Next, consider the following subgroup of linear operators of W in itself
G={a:W =W :au=wuoA, where A€ SO(N)}.

Observe that G is a subgroup of isometries of W. In fact fixed u in W, for all a € G

u(Ax) — u(Ay
foutty = [ 1 5 |N+p3' e

)|p / / / / np o p
//Rzzv |’ —y‘Nﬂ)s T — N tes GTAY . V(@ )|u(2")[Pdz’ = ||ully,

since |z —y| = |A(z —y)| = |Ax — Ay| = |2’ — y/|, det A =1 and V is a radial function. Moreover, it results
that

Wiaa = {u € W : au = u for all a € G}.

To apply Lemma 5.4 to the functional I, we need to show that [ oa = I for all a € G. As before, fixed
u € W for all a € G we have

L P Py — z,u(Az))dxr
(Toa)(w) = S (auls,) + laull) = [ Fautan)d

. G(z,u(Az))dx — h( Yu(Az)dz
1
= (A2, + / F(@' u(e!))do
— G(2' u(z"))dx' — M2 u(x")dx' = I(u),
RN RN

since V, f, g and h are radial functions in z. Hence, I satisfies Lemma 5.4, with X = W and ¥ = Wiq.
By Lemma 5.3 we know that wug, u; are critical points of I|Wrad7 that is

(I'(ug), ) =0 for any ¢ € Wyaq and for k =0, 1.

Then, using Lemma 5.4, we get that ug and u; are critical points of I in the whole space W. Thus, uy and
uy are solutions of the problem (1.7) in the sense of definition (4.1). O
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