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Abstract

We prove existence and regularity for the solutions to a Cahn—Hilliard system de-
scribing the phenomenon of phase separation for a material contained in a bounded
and regular domain. Since the first equation of the system is perturbed by the
presence of an additional maximal monotone operator, we show our results using
suitable regularization of the nonlinearities of the problem and performing some
a priori estimates which allow us to pass to the limit thanks to compactness and
monotonicity arguments. Next, under further assumptions, we deduce a continuous
dependence estimate whence the uniqueness property is also achieved. Then, we
consider the related sliding mode control (SMC) problem and show that the chosen
SMC law forces a suitable linear combination of the temperature and the phase to
reach a given (space-dependent) value within finite time.
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1 Introduction

The Cahn—Hilliard equation, originally introduced in [6] and first studied mathematically
in the seminal paper [22], yields a description of the evolution phenomenon of the solid—
solid phase separation. In general, an evolution process goes on diffusively. However, the
phenomenon of the solid-solid phase separation does not seem to follow this structure:
e.g., when a binary alloy is cooled down sufficiently, each phase concentrates and the
material quickly becomes inhomogeneous, forming a fine-grained structure in which each
of the two components appears more or less alternatively (see, e.g., [32]). The Cahn-
Hilliard equation is a celebrated model which describes this process (usually known as
spinodal decomposition) by the simple framework of partial differential equations. The
mathematical literature concerning this problem is rather vast. Let us quote [7,11,15,24,
26,33,36,37,42] and also refer to [10] in which a forced mass constraint on the boundary
is considered.
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In the present contribution, we consider the following Cahn—Hilliard system perturbed
by the presence of an additional maximal monotone nonlinearity:

(I +Llp) =AY+ (= f ae inQ:=Qx(0,7), (1.1)
O —Ap =0 a.e. in Q, (1.2)
p=-vAp+E&+m(p)—vy9 ae. in Q, (1.3)

C(t) € A(av(t) + bo(t) —n*) for a.e. t € (0,7), (1.4)
€ € B(e) ae. in Q, (1.5)

where 2 C R? is an open, bounded, connected subset of class C!, T is some final time,
¥, ¢ and p denote the temperature, the order parameter and the chemical potential,
respectively. We point out that here ¥ does not represent the absolute temperature, but
it is related to it by

)=06 -0, (1.6)

where O, denotes a critical temperature. Moreover, n* is a function in H*(2) with null
outward normal derivative on the boundary of €2, f is a source term and a, b, ¢, v are
constants. In particular, let ¢ and ~ be positive. The above system is complemented by
homogeneous Neumann boundary conditions for both ¥ and ¢, that is,

On) =0Onp=0at=0 onX:=01x(0,T), (1.7)

where I" is the boundary of 2 and 0, is the outward normal derivative, and by the initial
conditions

9(0)=7o,  ¢(0) =¢pp inQ. (1.8)
The term £ + w(¢p), appearing in (1.3), represents the derivative of the potential W asso-
ciated with the phase configuration. In the literature (see, e.g., [14,23]), W is frequently
assumed to be a double-well potential. More generally, W can be defined as the sum
W = 3—1— T, where E : R — [0, +0o0] is a proper, l.s.c. and convex function and 7: R — R
is a function in C'(R) such that 7 := 7’ is Lipschitz continuous. Due to the properties of
B\, the subdifferential (()B\ =: [ is well defined and is a maximal monotone graph. In our
problem a maximal monotone operator A : H := L?(Q) — 2 also appears. We assume
that 0 € A(0) and ||v||g < C(1 + ||z||g) for all z € H, v € Az, for some constant C' > 0.
For a comprehensive presentation of the theory of maximal monotone operators, we refer,

e.g., to [1,3,38].

Let us spend some words about the thermodynamic derivation of the system (1.1)-
(1.5). We move from the following expression for the local free energy:

v
¥(0.9) = B(1 = 1n8) (6~ O.)¢ + O~ + W) + 5IV6P). (19
where © denotes the absolute temperature, as in (1.6). The quantity

e=19+Llp (1.10)

appearing (under time derivative) in (1.1) represents a rescaled internal energy of the
system, since a standard thermodynamic relation postulates that

U=T+68, (1.11)
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where U is the internal energy and S := —g—g denotes the entropy. Then, by an easy
computation, we find out that

U= @Bl - 16) (6~ 0.)¢ + O ~ g+ W(e) + 51Vl
v
-6 (Co(1 —In©®) —co — yop — pp + W(p) + §|V90!2) = ¢oO + 70, (1.12)
so that, by adding the constant —cy©,.. and dividing by cg, from (1.6) we exactly have that

e—9+lp  with =29 (1.13)

Co

On the other hand, by considering the total free energy

F(O,0) = /qu(@, 2) (1.14)

and taking the variational derivative %, we actually recover the phase equation (1.3).

Indeed, by a standard computation, we infer that
—1%(0 =0+ O( — p+W(p) —vAp) —vVO - Ve = 0. (1.15)

Dividing by ©, observing that (cf. (1.6))

@c Yo
— l—— | = —9 1.1

thanks to a first order linearization, and neglecting the higher order term —gVve - Vo,

we finally obtain (1.3) with v = &%
As usual for Cahn-Hilliard system, in the Problem (P) stated by (1.1)-(1.8) the
integral mean value of o(¢) remains constant during the whole evolution. Indeed, fixing

an arbitrary ¢t € (0,7") and integrating (1.2) over 2, we infer that

d

pr g o(t) =0, (1.17)

whence it immediately follows that
1 1
m(p(t) = — / ot) = / co  for every t € (0,T). (1.18)
€2 Jo € Ja

We also observe that system (P) is a fourth-order problem constructed as the conserved
version of the following phase-field system:

O (V+Llp) —kAV+( = f ae. inQ, (1.19)

Op —vAp+E+7(p) =0 ae. in Q, (1.20)
C(t) € A(W(t) + ap(t) —n*) for a.e. t € (0,T), (1.21)
€ € B(p) ae. inQ, (1.22)
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Oat =0, Onp=0 onZX, (1.23)

where k and « are positive coefficients. Phase-field systems have been widely studied in the
literature. We refer, without any sake of completeness, e.g., to [4,5,19,23,25,31,32,34,40]
and references therein for the well-posedness and long-time behavior results. In particular,
the above system (1.19)—(1.24) has been thoroughly discussed in [21], where existence
and regularity of the solutions is proved and, under further assumptions, uniqueness and
continuous dependence on the initial data are deduced.

In the paper, we first show the existence of solutions for Problem (P) (see (1.1)—(1.8)).
In order to carry out this purpose, we consider the approximating problem (P.), obtained
from (P) by approximating A and by their Yosida regularizations. In performing our
uniform estimates we often refer to [12], where the authors propose the study of a nonlinear
diffusion problem as an asymptotic limit of a particular Cahn—Hilliard system. Then, we
pass to the limit as € \, 0 and show that some limit of a subsequence of solutions for (P.)
yields a solution of (P). Next, we let a/ = b which is, in some sense, a physical restriction
since the argument of the variable in the operator A is thus proportional to the internal
energy of the system. We also write Problem (P) for two different sets of data f;, n},
Yo, and ¢y, ¢ = 1,2. By suitably performing contracting estimates for the difference
of the corresponding solutions, we deduce the continuous dependence result whence the
uniqueness property is also achieved.

The second part of the paper is devoted to the sliding mode control (SMC) problem.
Hence, the main idea behind this scheme is first to identify a manifold of lower dimension
(called the sliding manifold) where the control goal is fulfilled and such that the original
system restricted to this sliding manifold has a desired behavior, and then to act on the
system through the control in order to constrain the evolution on it, that is, to design
a SMC-law that forces the trajectories of the system to reach the sliding surface and
maintains them on it (see, e.g., [30,35]). The main advantage of sliding mode control is
that it allows the separation of the motion of the overall system in independent partial
components of lower dimensions, and consequently it reduces the complexity of the control
problem. In particular, we prove the existence of sliding modes for the solutions of our
system (P) for a suitable choice of the operator A and the coefficients a and b. We take
a=1,b=/(and A = pSign, where p is a positive coefficient and Sign : H — 27 is a
maximal monotone operator defined as Sign(v) = . if v # 0 and Sign(0) = B1(0), if
v =0 (here, B;(0) denotes the closed unit ball of H). Thus we prescribe a state-feedback
control law acting on the rescaled internal energy (¢ + f¢) of the system in order that
the dynamics of the system modified in this way forces the value (9(t) + €p(t)) to reach
a manifold of the phase space in a finite time and then lie there with a sliding mode
(cf. [2,18]).

Concerning the study of optimal control problems for phase-field systems, we quote
[13, 14,20, 29]. Recent investigations have been also addressed to the optimal control
problem for Cahn-Hilliard systems: let us mention [8,9,15-17,27]. We also refer to [43,44]
which deals with the convective Cahn—Hilliard equation, and to [28,41], where some
discretized versions of the general Cahn—Hilliard systems are studied.

In the present contribution, assuming a = 1, b = ¢ and A = pSign in (1.1)—(1.8), we
prove the existence of sliding modes for Problem (P) by identifying p* > 0 such that the
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following property is fulfilled: for every p > p*, there exists a solution (¢, ¢, 1) to Problem
(P) and a time 7™ such that, for every t € [T, T]

W(t) +Llo(t) =n" ae. in Q. (1.25)

It is curious and interesting that we are able to handle a feedback law and prove the
mentioned property just for the internal energy of the system, which is a special linear
combination of the variables ¥ and ¢. However, for a discussion of the SMC laws, linear
and nonlinear, that can be considered for phase field systems, we refer to the Introduction

of [2].

The paper is organized as follows. In Section 1, we list our assumptions, state the
problem in a precise form and present our results. The next sections are devoted to the
corresponding proofs: Section 3-6 deal with existence and regularity, while uniqueness
and continuous dependence are proved in Section 7. In Section 8, we show the existence
of sliding modes.

2 Main results

In this section, we state the main results.

2.1 Preliminary assumptions

We assume 2 C R? to be open, bounded, connected, of class C* and we write || for its
Lebesgue measure. Moreover, I and d, still stand for the boundary of €2 and the outward
normal derivative, respectively. Given a finite final time 7" > 0, for every ¢t € (0, T we set

Qt = (Oat) X Q? Q = QT? (21)
S = (0,6) xT, ¥ =3 (2.2)

In the following, we set for brevity:

H=1L1*Q), V=HY(Q), Vo=HiQ), W={uecHQ): 0qu=_0o0n00N}, (2.3)
with usual norms || - ||z, || - [[v and inner products (-, ) g, (-, )y, respectively. The symbol
V* denotes the dual space of V' while the pair (-,-)y+ represents the duality pairing
between V* and V. Moreover, we identify H with its dual space.

2.2 Operators

In this subsection we describe the operators appearing in the problem under study.

The operator m. We consider the operator m : V* — R defined by

m(z¥) : L

= ﬁ<z*, Dy+y forall 2* e V™ (2.4)
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We observe that, if z* € H, then

m(z") = |ﬁl|/9z*dyc. (2.5)
The double-well potential W. We introduce the double-well potential ¥V as the sum
W =35+7, (2.6)

where R R
B : R — [0, +0o0] is proper, Ls.c. and convex with 5(0) = 0, (2.7)
7:R = R, 7 € C'(R) with 7 := @’ Lipschitz continuous. (2.8)

Since B is proper, l.s.c. and convex, the subdifferential 3 := 83 is well defined. We denote
by D(B) and D(3) the effective domains of /3 and [3, respectively, and also assume that
int(D(f3)) # 0. Thanks to these assumptions, ( is a maximal monotone graph. Moreover,

-~

as [ takes its minimum in 0, we have that 0 € 5(0).

The operator B. We introduce the operator B induced by 8 on L?*(Q) in the following
way:

B:L*Q) — L*(Q) (2.9)
€ € B(p) <= &(x,t) € Blp(z,t)) forae. (z,t) € Q. (2.10)

We notice that R
B =0p, B =09, (2.11)

where
d: L*(Q) — (—o0, +od] (2.12)
[ B) ifue L2(Q) and B(u) € LY(Q),

lu) = { —i—Qoo elsewhere, with u € L*(Q). (2.13)

The operator A. We consider the maximal monotone operator
A:H— H. (2.14)

We assume that
0 € A(0) (2.15)

and that there exists a constant C'4 > 0 such that

lvllg < Ca(l+||n||g) for every n € H, v € An. (2.16)

The operator A. We introduce the operator A induced by A on L?(0,T; H) in the
following way

A:L*0,T;H) — L*(0,T; H) (2.17)
€ Aln) <= ((t) € A(n(t)) forae. t € (0,7T). (2.18)

We notice that also A is a maximal monotone operator.
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The operator Sign. An example of maximal monotone operator A which satisfies
(2.14)—(2.16) is the operator

Sign : H — 2% (2.19)

L ifu#£0

i S B T 7
Sign(v) { Bi(0) ifv =0, (2.20)

where B;(0) is the closed unit ball of H. Sign is the subdifferential of the map ||-|| : H — R
and is a maximal monotone operator on H which satisfies (2.15)—(2.16).

The operator N. We also consider the operator
N:DWN)CV* =V, (2.21)

defined on its domain

DN) :={w e V*: m(w*) =0}. (2.22)

For every w* € D(N), we define w = Nw* if w € V, m(w) = 0 and w is a solution of the
following variational equation

/ Vw - Vzdr = (w*, 2)y»y forall zeV. (2.23)
Q

If w* € D(N) N H, then w is the unique solution to the elliptic problem

—Aw =w* a.e.in ),
dyw =0 a.e. in I, (2.24)
m(w) = 0.

We observe that, due to elliptic regularity, w € W. Moreover, for every v*, w* € D(N),
v = Nv* and w = Nw* we have that

(W N Yy y = (W, 0)ysy = / Vw - Vovdx
Q
= (" why-y = ", Nw')y- v

Consequently, by defining

[w*[[3 = || VN (w* — m(w*))”i,3 + |m(w*) > for all w* € V¥, (2.25)
it turns out that || - [y« is a norm in V*.
2.3 Setting of the problem and results
Now, we describe the state system. We assume
g? V? ’7 E (07 +m)7 a7 b E R? (2.26)

feL*0,T,H), (2.27)
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ntew, YeH, g€V, B(goo) € L'(Q), m(po) = mo € int(D(B)).  (2.28)
We look for a triplet (¥, ¢, u) satisfying at least the regularity requirements

¥ € HY(0,T;V*)N L®0,T; H) N L*(0,T;V), (2.29)
o€ HY0, T; V)N L>(0,T; V)N L*0,T; W), (2.30)
e L*0,T;V), (2.31)

and solving the Problem (P), that is,
(0 +Llp) — AV + (= f ae inQ, (2.32)
O —Ap =0 ae. in Q, (2.33)
w=—-vAp+E+m(p)—v9 ae. in Q, (2.34)
C(t) € A(av(t) + bp(t) —n*) for a.e. t € (0,7T), (2.35)
£ € p(p)ae in@, (2.36)
On0 =0np =0upu=0 onx, (2.37)
H0) =do,  »(0) =¢o in (2.38)
Theorem 2.1 (Existence) Assume (2.7)—(2.8), (2.14)—(2.16) and (2.26)—(2.28). Then
Problem (P) (see (2.32)—(2.38) ) has at least one solution (9, ¢, ) satisfying (2.29)—(2.31).
Theorem 2.2 (Regularity) Assume (2.7)—(2.8), (2.14)—(2.16), (2.26)—(2.27),
neW, YoV, wo €W, B%po) € H, mgycint(D(B)) (2.39)
and that there exists €y € (0, 1] such that
| = vApo + Be(o) + m(po) = VWollv < ¢ for every e € (0, &), (2.40)

for some positive constant ¢, where . is the Yosida reqularization of B (see (3.9)). Then
Problem (P) (see (2.32)—(2.38)) has at least one solution (0, ¢, ) satisfying

Y€ H'(0,T; H)N L™(0,T;V) N L*0,T; W), (2.41)
w € W0, T; VYN H*(0,T; V)N L>(0,T; W), (2.42)
p € L0, T; V)N L*0,T; W). (2.43)

Remark. We fix t € (0,7) and integrate (2.33) over 2. We infer that

/Q (1) / Au®) (2.44)

Integrating by parts the second term of the left-hand side of (2.44), we obtain that

d

i et =0 (2.45)

Consequently we conclude that

1 1
m(p(t)) = 9] /Q o(t) = @/ngo =m(pg) = mgy for every t € (0,T). (2.46)
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Change of variables. In the following it we will be useful to consider the equiva-
lent modified form of the initial Problem (P) (see (2.32)—(2.38)). We make a change of
variables and set

n = ad+bp —n", o = ag + by — n*. (2.47)

Due to (2.47), from (2.32)—(2.38) we obtain the modified problem (P):

Oi(n+ (al —b)p) — An+bAp — An* +al = af a.e. in Q, (2.48)
Bip— Apu=0 ae. inQ, (2.49)
f=—vAp+E+ () — %07 —bp+7t) ae inQ, (2.50)
C(t) € A(n(t)) for ae. £ € (0,T), (2.51)

€ € B(p) ae. in Q, (2.52)

Out) = Onp = Dapt =0 on 3, (2.53)

n(0) = no, ©(0) = ¢ in Q. (2.54)

Theorem 2.3 (Uniqueness and continuous dependence) Assume (2.7)—(2.8),
(2.14)~(2.16) and (2.26)—(2.28). Ifa, b > 0 and al = b, then the solution (n,¢, 1) of
problem (P) (see (2.48)~(2.54)) is unique. Moreover, we assume that fi, 17, 0., ©o,,
i = 1,2, are given as in (2.27)—(2.28) and (n;, i, i), © = 1,2, are the corresponding
solutions. If

m(po,) = m(o,), (2.55)

then the estimate

[ — 772||L°°(0,T;H)ﬁL2(O,T;V) + [lp1 — 902||L°°(0,T;V*)OL2(O,T;V)

< c([lvo, = wosllve + Ino, — moslle + 11 = foll 2oy + lImf — m3llw) (2.56)

holds true for some constant ¢ that depends only on 2, T and the structure (2.7)—(2.8),
(2.14)(2.16) and (2.26)—(2.28) of the system.

Theorem 2.4 (Sliding mode control) Assume (2.7)—(2.8), (2.14)—(2.16), (2.26), a =
1, b=/ and
ferL=0,T H), (2.57)

7EW, eV, poeW, %) €H, mge int(D(B)). (2.58)

We consider A = pSign, where p is a positive coefficient, Sign is defined as in (2.19) and
o is an element of the range of Sign, i.e.,

o(t) € Sign(J(t) + lp(t) —n*) for a.e. t € (0,T), (2.59)

Then, for some p* > 0 and for every p > p*, there exists a solution (9, ¢, u) to Problem
(P) (see (2.32)—(2.38)) and a time T* such that, for everyt € [T*, T

I(t) + Llp(t) =n" a.e. in . (2.60)
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3 Existence - The approximating problem (F.)

The following three sections are devoted to the proof of the existence Theorem 2.1.

Let us stress that, from now on, the symbol ¢ stands for different positive constants
which depend only on |Q2], on the final time T, the shape of the nonlinearities and on the
constants and the norms of the functions involved in the assumptions of our statements.

Yosida regularization of A. We consider the Yosida regularization of A. For ¢ > 0

we define ; ; -t
AH—snH oA lZUHEAT (3.1)
€

where I denotes the identity operator. Note that A, is Lipschitz continuous and maximal
monotone, with Lipschitz constant 1/¢, and satisfies the following properties. Denoting
by J. = (I +eA)~! the resolvent operator, for all § > 0 we have that

Acn € A(Jen), (3:2)
(A€)5 = A€+67 (3.3)
[Aenll e < | A0, (3.4)
lim || Acnl| i = | A"l (3.5)

where A% is the element of the range of An having minimum norm.

Remark. We point out a key property of A., which is a consequence of (2.16):
lollg < Ca(l+|nllxa) forallp e H, v e Am. (3.6)

Indeed notice that 0 € A(0) and 0 € 1(0): consequently, for every e > 0, 0 € (I +cA)(0).
This fact implies that J.(0) = 0. We also recall that A is a maximal monotone operator,
hence J. is a contraction. Then, from (2.16) and (3.2), it follows that

[Anlla < CalllJnlla +1)
< Ca([[Jen = JO0l| e + ()0l g + 1)
< Calllnlla +1).

Yosida regularization of Sign. Let us introduce the operator Sign. : H — H as the
Yosida regularization at level € > 0 of the operator Sign. We observe that Sign.(v) is the
gradient at v of the C'' functional || - ||z defined as

1 lvll &
ollae == mi}}{Q—EHw — UH%I + ||lw||g} = / min{s/e, 1} ds for every v € H. (3.7)
we 0

We also recall that
v

max {¢, [|v]|x}

Sign.(v) = for every v € H. (3.8)
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Moreau-Yosida regularization of 5 and B\ We introduce the Yosida regularization
of 8. For every € > 0 we define

I—(I+¢ep)™t
£

B&ZRHRv 5&2

(3.9)

We remark that . is Lipschitz continuous with Lipschitz constant 1/ and satisfies the
following properties. Denoting by R. = (I +&8)~! the resolvent operator, for all § > 0
and for every ¢ € D(f) we have that

B:() € B(R-), (3.10)
(66)5 = ﬁsﬂia (311)
1B-()] < 8%, (3.12)
lln(l) Bs(QO) = 50<90)7 (313)

where 3°() is the element of the range of 8 having minimum modulus. For & > 0, we
also introduce 65 R — [0, +o0] as the standard Moreau-Yosida regularization of ﬁ

N (- 1
Be = m1n{6(m)+2—€\x—y|} (3.14)

yEeR

and we recall that, for every ¢ € D(g),

B:(¢) < Blp). (3.15)

Moreover, 3. is the Frechet derivative of BE. Then, for every ¢, s € D(B), we have that

Butoa) = Bulon) + | " Bus) ds. (3.16)

Regularization of the initial data. We denote by ¢y and . the regularization of
the initial data vy and (g, respectively, obtained solving the following elliptic problems:

?905 — €A1905 = 190 in Q,

{ OnUo: =0 on I (3.17)
Poe — gA(pOE = %o in Qa

{ Onpo: =0 on I. (3.18)

Since vg € H and g € V, by elliptic regularity we infer that vo. € W and ¢y €
W N H*(Q). Moreover, integrating over {2 the first equation of (3.18), we obtain that

1 1
my = —/ Yo = —/ Voe =: Moe- (3.19)
19 Jo 19 Jo

From (2.28) and (2.46) it immediately follows that mg. € int(D(3)). Since [ is maximal
monotone, testing the first equation of (3.18) by [:(¢o:) and integrating over €2, we have
that

/Q (0e — o) (io0e) = —¢ / V0B (0o) < 0. (3.20)
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Recalling that 3. is the subdifferential of 3., from (3.20) we infer that

/ﬂa o:) /ﬁe o) /9005 ©0)B: (o) < 0. (3:21)

Consequently, due to (2.28), (3.15), (3.21) and the definition of B., we conclude that

0 </5e Poc) /55 o) /5 o) < +o0, (3.22)

whence there exists a positive constant ¢, independent of e, such that || B (o)1) < e
Now, we test (3.17) by o and integrate over 2. We obtain that

1 1
/|1908|2+5/ |v190€|2:/1901908 < 5/ |190|2+§/ [90e|?. (3.23)
Q Q Q Q Q

Since ¥y € H, from (3.23) it immediately follows that efo. — 0in V as € \, 0. Besides,
there exists a positive constant ¢, independent of €, such that |||z < ¢. Then, testing
the first equation of the system (3.17) by an arbitrary function v € V' and passing to the
limit as € N\, 0, we obtain that

lim / Do + 5/ Ve - Vv — / dov ] =0 forall v e V, (3.24)
eNo Q Q Q

whence Jp. — Yy in H. Moreover, from (3.23) and (3.24) we infer that

/|190|2 gnminf/ 0. ? <hmsup/ o2 < /wo\? (3.25)
Q eN\0 Q e\0

Thanks to (3.25), ||Yocllz — |[Jollz and this ensures, due to the weak convergence
already proved, that vy, — v in H.

With a similar technique, testing (3.18) by ¢q. and integrating over €2, we obtain that
w0 — o in H. Now, we test (3.18) by —Ayg. and integrate over 2. We obtain that

1 1
/ Viodl? + ¢ / Agodl? = / Voo Voo < = / Vigol? + = / Vool (3.26)

Since ¢y € V, from (3.26) it immediately follows that epg. — 0 in W as ¢ N\, 0.
Furthermore, there exists a positive constant ¢, independent of ¢, such that ||V | g < c.
Recalling that [|@o||nz < ¢, we conclude that ||¢oe|[v < ¢. Then, testing the the first
equation of the system (3.18) by —Aw, where w is an arbitrary function in W, and
passing to the limit as € N\ 0, we obtain

lim / Vo - Vw + E/ Appe - Aw — / Vgo-Vw | =0 for all w e W, (3.27)
8\0 (¢} (9] Q

whence po. — g in V. Moreover, from (3.26)—(3.27) we infer that

/|Vg00|2 gliminf/ |V oe|? Slimsup/ |Voe|? §/|Vgpo|2. (3.28)
Q N0 Jo N0 Jo Q
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Thanks to (3.28), ||Veoe|lz — ||Vollm and this ensures, due to the weak convergence
already proved, that ¢g. — ¢ in V. Now, let us summarize the main properties of 1.
and ¢o.. For every € € (0,1) we have that

Do: €W,  @oe € WNHYQ), mo. € int(D(B)), [B(¢o)llni < ¢ (3.29)
g{% 190 — Yoellm = 0, g{g o — @ocllv =0, (3.30)
_VA()OOE + ﬁs((POe) + 71-(9005> - 71906 S V (331)

Regularization of f. We denote by f. the regularization of f, constructed in such a
way that

f- € C*([0,T); H) for all € > 0, li{‘r(l) I.f- = fll20,1:m) = 0. (3.32)
For example, we can consider f. as the solution the following system:
N _
f(0) = f.(T) = 0.

Approximating problem (P.). We look for a triplet (¥, pe, 1. ) satisfying at least the
regularity requirements

Y. € H'(0,T; H) N L>(0,T; V)N L*(0,T; W), (3.34)
e € WhS(0,T; VYN HY0,T; V)N L>(0,T; W), (3.35)
pe € L0, T; V)N L*0,T; W), (3.36)

and solving the approximating problem (F):

Oy (V. +lp.) — AV + (. = f. ae. inQ, 3.37

(3.37)

Orpe — Ape =0 a.e. in Q, (3.38)

pe = —vAp. + & +m(pe) — v ae. in Q, (3.39)
C(t) € Ac(ad(t) + bp(t) —n*) for a.e. t € (0,T), (3.40)
& € B(pe) ae. in @, (3.41)

OnV: = Opnpe = Onpte =0 on X, (3.42)

U:(0) = Voe,  #(0) = po- in Q, (3.43)

where /5. and A, are the Yosida regularizations of 5 and A defined in (3.1) and (3.9). We
notice that the homogeneous Neumann boundary conditions are already contained in the
conditions (3.34)—(3.36) due to the definition of W (see (2.3)).

We observe that, for almost every ¢t € (0,7), we can re-write the approximating
problem (P:) in the following way:

(000 + 60) (), 2 + / V() - Vo4 (1), 2Dy = (L(1), 2oy forall €V,
(3.44)
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(Orpe(t), 2)ve v + / Vie(t)-Vz=0 forall z €V, (3.45)
pe(t) = —vApe(t) + &(t) + m(pe(t)) — y0e(t) in H, (3.46)
<€<t) < Ae(mge( ) + b(ps( ) - 77*>> (347)
€ € B(p:) ae. in Q, (3.48)
Onpe =0 a.e. on X, (3.49)
9.(0) = Yoe, ©:(0) = o in Q. (3.50)
Since mg. = my, recalling the definition of N (see (2.21)—(2.24)), we have that dyp.(t) €
D(N). Hence, (3.45) can be written as
NOwpe(t) = m(p=(t)) — pe(t) in 'V, (3.51)
and this and (3.45) entail
m(pe(t)) — NOowpe(t) = —vAp(t) + &(t) + m(pe(t)) — v0(t) in H. (3.52)

4 Existence - Global a priori estimates

In this section, we will deduce some a priori estimates inferred from (3.44)—(3.52).

In the remainder of the paper we often owe to the Hélder inequality and to the el-
ementary Young inequalities in performing our a priori estimates. For every x,y > 0,

€ (0,1) and § > 0 there hold
zy < axs + (1-— a)yﬁ, (4.1)

1
ry < 6x + Eyz. (4.2)

Moreover, we also use the inequality deduced from the compactness of the embedding
V C H C V* (see [39, Lemma 8, p. 84]): for all 6 > 0 there exists a constant K > 0 such
that

Izlla < éll=llv

for all z € H. (4.3)

In the following, the symbol ¢ stands for different positive constants which depend only
on |, on the final time T, on the shape of the nonlinearities and on the constants and
the norms of the functions involved in the assumptions of our statements.

First a priori estimate. According to (3.19), m(dyp:) = 0. Consequently, d;p. €
D(N) and we can test (3.45) by NO,p.. Integrating over (0,t), ¢t € (0,7, we obtain that

[ 1ot

Recalling that

¢
%/* ds +/ Vit - VNOyp. = / |0s e | %/ +/ 0. = 0. (4.4)
Qt 0 Q¢

V/ P:0ipe = o /I% __/|9005| (4.5)
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we combine (3.44) tested by 7v., (4.4) and (4.5). Then we subtract (3.46) tested by ;.
and integrate over (0,t¢). We have that

Y 2, 7 2 !
— V. (t = Vi, R
%/QI ()Hﬁ/@' |+/O||6tso(

= gttt lontir [ Ao [ 20f [ ot | oo o)

- ds+ S0l + | Aoutt)

As 7 is a Lipschitz continuous function with Lipschitz constant C, = ||7’||~, we obtain
that

m(p=(s)] < Im(pe(s)) = w(O) + [7(0)] < Crle=(s)[ + 7 (0)]. (4.7)
Consequently, thanks to (4.7), we infer that

IIV%(S)—W(%(S))H?vZ/QIV%(S)—W(%(S))|2+/Q|W<Ps( s) = 7' (e () Vipe(s)|”

<2 [ (PP it ) +2 [ (FI9008 + 171170001 )
<2 [ Jouo)f 462 [ o) + 49U O)F +27 [ [Vl +22 [ [Tpulo)?

— (P 14C2) / o) P+ (202 +2072) / Veou(s) P4 O)12] < cllpe(s)[+1). (4.8)

Due to (4.8), we obtain that the last term on the right-hand side of (4.6) is estimated as
follows

I I
| vee=nenoe. < 5 [ Wl ds+ g [ veds) = nlos)l ds
' 1 t t
< 5 [ o)
0

Due to the liear growth of A. stated by (3.6), we have that

2. ds +c/0 (e ()13 + 1) ds. (4.9)

3 [ o< [ o< ek ase ] [ ook a

e\IQ

/0A<1+um9<>+b%<>—nu s+ 2 [ 1ol s

t

IN
~[=2

S—

* Y
AC3 (L + [aPlI0.() 1% + b2lloe ()% + %) ds + / 19-() 1% ds
7
< 2104+ TaCHof [ 10l ds + T3P [ Nan(ol o

v * v
+2ac3r g+ 2 [ 10,1 ds

( / 19-(5)1% ds + / o ()13 ds + 1>. (4.10)
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Moreover, by applying (4.2) to the fourth term on the right-hand side of (4.6), we have

that
t
Y Y 2, 7 2 7 2, 7 2
- e < = - — 9|7 == - — 9, ds. 4.11
P g [anee gy L= e g [ as @

We rearrange the right-hand side of (4.6) using (4.9)—(4.11) and obtain that

) 2 ) 2 1 !
I (t VU, 6905

gl i !
< 00l + Fllendy + | Btend + 7 [ 1800 ds

+c< [ e as+ [ oot ds+1)+ﬁ [ i@ as @

Due to (3.29)—(3.30), the first three terms of the right-hand side of (4.12) are bounded
and similarly the fourth term, thanks to (3.32). Then, applying the Gronwall lemma, we
conclude that there exists a positive constant ¢, independent of €, such that

il 2 2 L
ot 0+ [ 1905 o

whence it immediately follows that

M- ds + Sleetols + | Bulou(o)

M ds-+ Sliec0l + [ Bleut) < (@.13)

(| Ve ] oo OT;H)N20TV) < G (4.14)
el aromvancery)y < ¢ (4.15)
||58(908)||L°°(07T;L1(Q)) < c (4.16)

Due to (4.14)—(4.16), by (3.6) we have that

1¢ell o0, < e (4.17)
and, consequently, by comparison in (3.44) we infer that

Haﬂ?EHLQ(O’T;V*) S C. (418)

Second a priori estimate. Recalling that mo. = mgy due to (3.45), we have that
@-(8)—mgy € D(N) for every s € (0,T). We test (3.52) at time s by (¢-(s) —mg) € D(N)

and we infer that

(6(5), 9(5) = mo)m = —(NOupe(s), p=(s) — mo)u + (m(pe(s)), p<(s) —mo)u
HV(Ape(s), p(5) = mo)u — (1(=(s)), pe(s) — mo) i +v(0=(s), pe(s) —mo)u.  (4.19)

We recall that there exists a positive constant ¢ such that ||z||y« < ¢||z|| g for all z € H.
Consequently the first term of the right-hand side of (4.19) is estimated as follows:

—(NOwe(s), pc(s) —mo)y = —(0ppe(5), pe(s) — mo)y-
< 0= (s) v+ (llp=(s)[lv+ + [mo|[€2])
= cl|Owp(s)[lv+([[p=(s) [ + 1) (4.20)

g
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Recalling (3.19), we have that

(m(pe(s)), =(s) = mo)w = m(pe(s)) (/ pe(s) — |Q|m0> =0. (4.21)
Q
Due to the Neumann homogeneous boundary conditions for ¢., we have that

/Q Ag.(s) = 0. (4.22)

Thanks to (4.22), we infer that

v(Ape(s), e(s) — mo)m = —v[[ Ve (s)lli — mo/QAsos(S) = —V|[Ve(s)llf; < 0. (4.23)

As 7 is a Lipschitz continuous function with Lipschitz constant C, we obtain that

—(m(pe(s)); e(s) —mo)u < /Q!W(%(S))II%(S)—mo\

< [ (teuto) = w1 + 170001 ) (1o-to)] + o)

[ (cdoo+ 1701 (1ot + ol

Colloa() + (cﬂ\md n |w<o>\) e ()% + ¢

c(llp= ()17 + 1) (4.24)

IN

IN

IN

Moreover, we have that

IN

A(0.(s), o) —mo)s < 7 / 192(5)][i02(3)] + Il / 19.(5)

() + Yl=(s) 7 + YImol [9=(5) 171 + vImol €]
c(19-() 17 + llpe ()7 +1). (4.25)

Consequently, rearranging the right-hand side of (4.19) using (4.20)—(4.21) and (4.23)—
(4.25), we obtain that

(6.(5), 9. (s) — mo)n < c(natsae(sn

IA A

vt e () + 19:() % + 1). (4.26)

Due to a useful inequality stated in [24, Section 5], it turns out that

[€(8)] < cl€(s)(we(s) —mo) +1]. (4.27)
We integrate (4.27) over €2 and, due to (4.26), we infer that

1€-(s) L2y < C{(SE(S), (s) — mo)u + 1]

< c<uatgo€<s>\ vt lloel) % + 19 ()% + 1). (4.28)

Due to (4.14)—(4.15), from (4.28) we conclude that there exists a positive constant c,
independent of ¢, such that

1€l 20,1521 @)y < €. (4.29)
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Third a priori estimate. As 7 is a Lipschitz continuous function with Lipschitz con-
stant C, for every s € (0,7) we have that

2

m(e(NP < (I7(pe(s)) — w(0)] + | (0)))
< (Crlge(s)] + |7 (0)])*
< ¢(lp(s)P +1). (4.30)

Now, integrating (3.52) over €2, squaring the resultant and using (4.14)—(4.18) and (4.30),
we obtain that

2 3 2 2 2
m(ua(s)]? < W(H&@)um) Tl () +v||z95(s>|rH)

< (16 + lecllEs + 192G + 1), (4.31)
Consequently, integrating (4.31) over (0,7) and recalling the previous a priori estimates

(4.14)—(4.15) and (4.29), we conclude that there exists a positive constant ¢, independent
of €, such that

[ (e || 20,7y < e (4.32)

Fourth a priori estimate. We recall that the Poincaré inequality states that there
exists a positive constant ¢, such that

||z||%, < cp||VzH§{ for all z € V with m(z) = 0. (4.33)

We integrate over (0,7") the square of the norms in V' of each term of (3.51). Then,
applying (4.32) and (4.33), we obtain that

T T T
/0 lae()[? ds < 2 / (e ()1 ds +2 / INpe(s)]% ds
T T
< 2 [ mluo)P ds 2, [ [VAO () ds
0 . 0
< c—i—QCp/ 10s0c(3) |3+ ds. (4.34)
0

Due to (4.15), we conclude that there exists a positive constant ¢, independent of ¢, such
that

el 20,y < e (4.35)

Fifth a priori estimate. We test (3.46) at time s € (0,7") by &(s) € V and integrate
the resultant over 2. We obtain that

€=(s)II7 = (ue(s) + vAP:(s) = T(0e(5)) + 10e(s), &(5)) - (4.36)
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Due to the monotonicity of 5., we have that

(A (s), ()i = v / Age(s)€-(5)
— —V/Vgpe(s)-V§5(s)
Q
= v [ Ve <0 (437)

Using (4.37) and the Young inequality, we can estimate (4.36) as follows

&) < (nels) — m(p:(s)) + 70e(s),&(5))
< lpe(s) = m(ee(s) +70(8)l mll€(s) ||

1
&5 + 2(lne ()7 + Im(ee()lla + 2 I10-(s) 7). (4.38)
Due to (4.30), from (4.38) we infer that

1€ (s

I3 < c(llue(s)ll + llee() 17 + 19:() 1% + 1) (4.39)
Then, integrating (4.39) over (0,7") with respect to s and using (4.14)—(4.15) and (4.35),
we have that

IA

)
)
&l 20,10y < (4.40)

for some positive constant ¢, independent of e.

Sixth a priori estimate. We integrate over (0,7") the square of the norms in H of
each term of (3.46). Then, using (4.30), (4.35) and (4.40), we obtain that

T
% / 1Ap. ()l ds

T

T T T
<4 / le(s)I ds + 4 / ()% ds + 4 / I (oe (I ds + 477 / 10.(5)I1% ds

< ( / loe(s) 12 ds + / 19-(3)1% ds + 1). (4.41)

Thanks to (4.14)-(4.15), we conclude that there exists a positive constant ¢, independent
of €, such that

el 20, < c (4.42)

Summary of the a priori estimates. Let us summarize the a priori estimates. From
(4.14)—(4.18), (4.35), (4.40) and (4.42) we conclude that there exists a constant ¢ > 0,
independent of ¢, such that

|De | 72 (0,3 )nLoe 0,1y A2 0. v) <€ (4.43)
lpell £ (0,T;V*)NL® (0,T;VINL2(0,T;W) < G, (4.44)
|CllLeorm) < (4.45)
Il < ¢ (4.46)
el 20y < e (4.47)
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5 Existence - Passage to the limit as ¢ \ 0

Based on available results (cf., e.g., [10]), it turns out that there exists a solution (¥, ¢¢, pte)
of (P.) satisfying the regularity requirements (3.34)—(3.36) and solving (3.37)-(3.43). In
this section we pass to the limit as ¢ N\, 0 and prove that the limit of subsequences of
solutions (9., ¢., pe) for (P.) (see (3.37)—(3.43)) yields a solution (9, ¢, ) of (P) (see
(2.32)-(2.38)).

Thanks to the uniform estimates (4.43)—(4.47), there exists a subsequence {&, } ey With
er \¢ 0 as k — +oo and some limit functions ¢ € H*(0,T; V*)NL>(0,T; H)NL*(0,T;V),
© € HY0,T;V*) N L>(0,T; H) N L*(0,T;W), u € L*0,T;V), ¢ € L*0,T;H) and
¢ € L>(0,T; H) such that

J., =9 in HY0,T;V*)NL®0,T; H), (5.1)
J., =9 in L*0,T;V), (5.2)
o, = in HY0,T;V*)NL®0,T;V), (5.3)
¢., — @ in L*(0,T; W), (5.4)
pe, — o in L2(0,T5V), (5.5)
&, —¢& in L*0,T;H), (5.6)
(., =" ¢ in L>(0,T;H), (5.7)

as k — +oo. From (5.1)—(5.4) and the well-known Ascoli-Arzeld theorem (see, e.g., [39,
Sect. 8, Cor. 4]), we infer that

¥, — 9 in C°([0,T];V*)N L*0,T; H), (5.8)
e, — ¢ in C°([0,T]; H) N L*(0,T5V), (5.9)

as k — 4o00. As 7 is a Lipschitz continuous function, for a.e. s € [0,7] we have that
|7 (p2i(8)) = m(p(s))| < Crlz, (s) = @(s)]-

Thanks to (5.9), we conclude that

(e, (s) — m((s)) in L*(0,T; H), (5.10)
as k — +oo.
Passage to the limit on &. In this paragraph we check that £ € B(p) a.e. in Q. To
this aim, we recall that

o —p i LH0,T H) = LX(Q), (5.11)

£, —¢& in L*(0,T; H), (5.12)

as k — +00. Now, we introduce the operator B, induced by 3. on L?(Q) in the following
way

B.: L*(Q) — L*(Q)
& € B(p.) <= &(a,t) € Be(pe(x,t)) for ae. (z,t) € Q. (5.13)
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Due to (5.11)-(5.12), as k — +o00, we have that

B, () =& in L*(Q),
{ Pe,, = ¢ in L*(Q), (5.14)
likrgilolop /Q e ey, = /Q . (5.15)

Thanks to (5.14)—(5.15) and to the general result [1, Proposition 2.2, p. 38|, we conclude
that

¢ €Bly) in L*(Q), (5.16)
with analogous definition for B (see (2.9)—(2.10)). This is equivalent to saying that
€€ B(p) ae inQ. (5.17)

Passage to the limit on (.. In this paragraph we check that ((t) € A(a¥(t)+bp(t)—n*)
for a.e. t € [0,7]. Let us recall that

J., =9 in L*0,T; H), (5.18)
¢., = in L*0,T; H), (5.19)
(o, = ¢ in L*(0,T;H), (5.20)

as k — +00. Setting
N = ey +bpe, — 1", = ad +bo =17,
thanks to (5.18)—(5.19), we have that
Ne, —>m in L*(0,T; H), (5.21)

as k — +o0o. Now, we introduce the operator A. induced by A. on L?*(0,T; H) in the
following way
A.: L*(0,T; H) — L*(0,T; H)

¢ € A(n.) <= ((t) € Ac(n(t)) for ae. t € [0,T]. (5.22)
Due to (5.18)—(5.20), we have that
Ac,(n,) = ¢ in L*(0,T; H),
{ Nep — 1N in L2(0,T; H), (5.23)
lim sup/ CepNen = / (n. (5.24)
k—+oco JQ Q

Thanks to (5.23)—(5.24) and the convergence result [1, Proposition 2.2, p. 38], we conclude
that
¢eA(n) in L*0,T; H), (5.25)

with obvious definition for A (see (2.17)—(2.18)). This is equivalent to saying that

C(t) € A(av(t) + bo(t) —n*) for a.e. t € [0,T]. (5.26)
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Conclusion of the proof Using (5.1)-(5.10), (5.17) and (5.26), we can pass to the
limit as e \, 0 in (3.37)—(3.43) obtaining (2.32)—(2.38) for the limiting functions 1, ¢ and

L.

6 Regularity

This section is devoted to the proof of Theorem 2.2. In order to obtain additional regular-
ity for the solutions, we need further a priori estimates obtained from the approximating
problem (P.) (see (3.37)—(3.43)) in which we take ¥o. = ¥ and o = ¢p.

Seventh a priori estimate. We test (3.37) by ;0. and integrate over @y, t € (0,7].
We have that

1 1
10,02 + ¢ / 0000 + ~ / wvo. )+ | cow.= | fow.+> / V|, (6.1)
. 2 Ja Q 2 Ja

Qt Q+

We now proceed with a formal estimate since we have to differentiate (3.38) and (3.39)
with respect to time. For a rigorous approach, one can argue, e.g., as in [11, Subsection
4.4]. By time differentiation of (3.38) and (3.39) we have

attsoa - Aatﬂ& = 0, (62>

atﬂe = _VAatSOE + 5;(905)@905 + 77/((;05)8t90€ - ’Yatﬁe- (63)

According to (3.19), m(dyp:) = 0. Consequently, d,p. € D(N') and we can test (6.2) by
%./\/' (Oppe). Integrating the resultant over @);, we obtain that

14 14 ) 1
- £ 5 —_ € t E I3 .4
[ Bdng. = 3100~ 10O (6.4
We test (6.3) by %atgpa and integrate over ;. We have that
14
_/ at,usatcps
T JQu
vl ¢ vero,
=2 [ Vo4 [ seapel+ L [ weawt -t [ apon. (69
f}/ Qt fy Qt ’Y t t
By combining (6.1), (6.4) and (6.5), we infer that
oo g [19001+ 2 [ ol + ool = 5 [ 190
Q1
f ! 2 € / 2
feOiet o~ ||3t905( W= | o= | Bl O’ == | 7'(p)0upel”. (6.6)
Q1 Q1 7 JQ T JQ:

By applying 1nequahty (4.2) to the second term on the right-hand side of (6.6), we infer
that

1
100, < | ooy + 5 [ 1007 (6.7
Q¢ Q¢
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Moreover, as (. is a maximal monotone operator, we have that 5. > 0 and consequently

g /
— [ BUp)|Opel” < 0. (6.8)
T JQ

Due to (4.17), we have that

1
- <€at795 S |<z—:|2 + -
Qi 4

1
]@195|2 S c+ — |8t195|2. (69)
Q1 4 Q¢

Qt

As 7 is a Lipschitz continuous function with Lipschitz constant C;, we have that

14

/ g / Cﬂ-g
! / 7 (02)Orpel? < / 7 ()| Bupe? < / G’ (6.10)
fy ¢ fy Qt 7 Qt

Adding ”% th |0s0:|? to both side of (6.6) and rearranging the right-hand side of (6.6)
using (6.7)—(6.10), we obtain that

1 1 vl [? {
L o L / v9.()) + 2 / 100 () B, ds + L 18]
2 Jq Y Jo 2y

2
V*
2 Jq

c.l vl t
%/*—i_HfEH%%O,T;H)_'_( S +7)/0 10upe()][3- ds+c. (6.11)

Thanks to the compactness of the embedding V' C H C V*, the inequality stated by [39,
Lemma 8, p. 84| ensures that, choosing

1\ 3+
vl [ Cl vl :
d=|— + — ,
W\ v 7
we can estimate the fourth term on the right-hand side of (6.11) as follows

C.l vl t vl [* t
( +—) | o)l ds < 2 [0l ds e [ 106
g 0 7 Jo 0

1 14
< QWOH%/ + %Hat%(o)\

2. ds. (6.12)

7
Due to (6.12), from (6.11) we have that

1

1 vl [* 14
~ 9.2+ = 91| + — (N3 ds + — (O3
10+ [ 19001+ 5 [ ol ds + a0l

2

1 ¢ ty
< §Hz90||2v + %H@t%(o)l v el 20y + C/o 5”&%(8)”%* ds

1 l
< 5ol + 5\!@%(0)\!% + 1 fellZ2o i + elellzno -y +c (6.13)

Since (—vAgo + B(po) + m(po) — vYp) is bounded in V' uniformly with respect to e
according to (2.40), we deduce, by comparison in (3.38)—(3.39), that the second term on
the right-hand side of (6.13) is estimated by a positive constant. Hence, due to (2.39),
(3.30)—(3.36) and (4.44), the right-hand side of (6.13) is bounded and we conclude that
there exists a positive constant ¢, independent of ¢, such that

||195||H1(O,T;H)mL°°(O,T;V) + ||90£HleDO(O,T;V*)ﬂHl(O,T;V) <ec (6.14)
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Eighth a priori estimate. From (3.37), we have that
AV, = 09 + L) + ¢ — fo = he. (6.15)

We observe that (6.14) ensures that h. is bounded in L?(0,7’; H) uniformly with respect
to €. Then we infer that there exists a constant ¢ > 0, independent of ¢, such that

|9l &1 0,7,y L= (0,732 0,75w) < € (6.16)

Ninth a priori estimate. Due to (6.14)-(6.16), from (4.28) we deduce that

el Lo 0,01 )y < € (6.17)

Now, using (4.31), we infer that ||m(u.)| z~©r) < ¢. By comparison in (3.35) and (3.51),
it follows that

el oo 0.7y < (6.18)

Moreover, from (4.39), we obtain that ||{.||z~r.z) < ¢. Then, by comparison in (3.39),
we conclude that

||A905||L<>°(0,T;H)mL2(o,T;W) <c. (6.19)

Conclusion of the proof. As (6.14), (6.16) and (6.17)—(6.19) follow uniformly with
respect to e, the same estimates hold true for the limiting functions 9, ¢ and u. Hence,
(2.41)—(2.43) are fulfilled and

\!19“Hl(o,T;H)nLoo(QT;V)mLz(o,T;W) <c, (6.20)
lllw.oo0.0:v)nH (0,15 )L (0.150) < € (6.21)
|l oo 0,7y < €. (6.22)

7 Uniqueness and continuous dependence

This section is devoted to the proof of Theorem 2.3.

Assume al = b. If fi, 0}, no,, o, @ = 1,2, are given as in (2.27)-(2.28) and (n;, ¢;),
i = 1,2, are the corresponding solutions of problem (P) (see (2.48)(2.54)), then we can
write problem (ﬁ) for both (n;, ¢;), i = 1,2 and take the difference between the respective
equations. Setting n:=mn; — 12, © 1= @1 — o, 1= 1 — po, f = fi — fo, " =0 — 3,
Mo = Mo, — Moy, Po ‘= Yo, — Po,, We obtain that

o — An +bAp — An* + a(C — (2) = af, (7.1)
Opp — Ap =0, (7.2)

p=—vAp+& — &+ m(er) — m(p2) — g(n—bwﬂw*)- (7.3)
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We observe that, due to (2.55), m(yg) = 0. Consequently, thanks to (2.46), m(y) = 0
and p € D(N) a.e. in (0,7) (see (2.22)). Now, we test (7.1) by 7. Integrating over @,
t € (0,T], we have that

1
3 [of s [ et [ v vna | (G- -m)

1 *
=5 [P+ [ af+ann (74)
We test (7.2) by %ng. Integrating over (0,¢), we obtain that

b2 t b2
— [ {Oip(s), No(s))vey ds+ — | Vu-VNe =0,
vV Jo 14 Qr

b? b? b?

—le@®) [} + — = — ol :

S0+ [ o= Tl (75)

Testing (7.3) by —%gp and integrating over ();, we have that

b b?
5 L=t [ o7 [ @ -e)e )
b? b?
-5 [ e —mtealer— e+ I [ =ty (7.6

Then, we combine (7.4)—(7.6) and infer that

2
v*

1 b?
IO+ [ (V0 =050 9n4 196l + et

2

v [ @-Gm-m)+ 7 [ (6 -8l - )

= [ o -ntealior— o0+ 2 [ tg-botnse
Qt t

1 *
ot gl + [ (af + Aoy (r1)

Q1

b2
+_
ol
Since A and [ are maximal monotone, we have that

a /Q (¢ = ) —1m) > 0, (7.8)

b2
— [ (& —&)(p1—2) 20. (7.9)
VJa
Moreover, thanks to the Lipschitz continuity of 7, we infer that
b? b?
—— | [m(p1) = w1 —p2) < — | [7(e1) = 7(@2)lle1 — o2
vV JQ VJa
Cb?

veoJ:

< ol (7.10)
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We also notice that the integral involving the gradients is estimated from below in this
way:

1
|09 b0 T IVl 2 5 | (90l Tl (7.11)
Recalling that
b 2
_E 0 |90| <0, (7-12)

applying inequality (4.2) to the second and fifth term on the right-hand side of (7.7),
using (7.8)—(7.11) and adding to both sides b f(f lo(s)]|% ds, we infer that

V*

1 ! b?
I+ [ 1908 [l s+ e

1 *
< (K +02) [ ooy sty [ 1P+ ol + 5wl 202 o+ 3Ty

(7.13)
where
C.b? b2\ 2
K= + 2<L> ] .
v av
We observe that, for every § > 0,
) 1
le@llz = (@), e (@ver < le@llv-le®llv < SO + S5l @1y (7.14)

Choosing § = +b2 in (7.14), we can estimate the first term of the right-hand side of

(7.13) as follows:

8 [ ety ds <5 [ ety as+ LY [ B ool as 119

Then, due to (7.15), from (7.13) we obtain that

t b2
s+ [ 190+ 5 [l s+ letol-
0 v
' 2 1 2 2 2 * (|12
< [ (SINE+ o) | ds+-llaoll+ gl + 2620 oy 5T
(7.16)

Due to (2.27)—(2.31), the last four terms on the right-hand side of (7.16) are bounded
uniformly with respect to € . Then, by applying the Gronwall lemma, we conclude that

I e + V0l 200y + ]l 20,2y + @)l

Scowa

for some positive constant ¢ which depends only on €2, T" and the structure (2.7)—(2.8),
(2.14)—(2.16) and (2.26)—(2.28) of the system. Now, we recall that (7.17) is equivalent to

w++MﬂH+Hﬂum¢ﬂrwmww) (7.17)

”771 - 772||L°°(0,T;H)mL2(O,T;V) + ||901 - 902HL0<>(0,T;V*)0L2(0,T;V)
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ve + 1m0, = noollm + 11 — fallezorsm + 1In5 — m3llw) - (7.18)

If f1 = fo, i = m3, mo, = Mo, and @o, = ©o,, from (7.18) we conclude that 7, = 7
and o, = @, ie., the solution of problem (P) (see (2.48)—(2.54)) is unique. From this
fact, we immediately infer the uniqueness of the solution for our initial Problem (P) (see
(2.32)-(2.38)).

< ¢(|lo, — o, |

8 Sliding mode control

This section is devoted to the proof of Theorem 2.4. The argument we use in the proof
relies in the following Lemma (see [2, Lemma 4.1, p. 20]).

Lemma 8.1 Let ag, by, ¥y, p € R be such that

ag, bo, Yo >0 and p>ai+2by+ 2% (8.1)

and let ¢ : [0,T] = [0,400) be an absolutely continuous function satisfying ¥(0) = 1
and

V' +p < agp? +by a.e. in the set P:={t € (0,T): (t) > 0}. (8.2)
Then, the following conditions hold true:
1. If 1y =0, then 1 vanishes identically.
2. If g > 0, then there exists T* € (0,T) satisfying T* < 2to/(p — a3 — 2by) such that

Y is strictly decreasing in (0,7*) and v vanishes in [T*,T).

We assume a = 1, b = £ and A = pSign and consider the approximating problem (138)
obtained from (P.) (see (3.37)—(3.43)) with the usual change of variables

e =V + Lo —n",  noe = Yoe + Lipoe — 1" (8.3)
We have that
om. — An. + LAp, — An* + po. = f. a.e. in Q, (8.4)
Oy — Ape =0 a.e. in Q, (8.5)
pe = —vAp. + &+ (@) — (e — lpe +1°) ae. in Q, (8.6)
o.(t) € Sign.(n.(t)) for a.e. t € (0,7), (8.7)
& € Be(pe) ae. in Q, (8.8)
Onle = Onpe = Onpte =0 on X, (8.9)
N:(0) = noe,  =(0) = o in €L (8.10)
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Further a priori uniform estimates. We test (8.4) by J;n. and integrate over Q.
Recalling that

/ podue = pllnellme — plinolze. (8.11)

t

we have that

o+ / VP + plln e = / Vol
t

+p”770HH,€ + An*atns + featns - gASDEatns' (8'12)
Q¢ Q1 Q¢

We observe that ||no|lg: < |[no]|m (cf. (3.7)). Then, thanks to (2.28) and (2.40), the first
two terms on the right-hand side of (8.12) are estimated as follows:

1
5 |19l + ol < (14 p) (8.13)
Q

Due to (2.28) and (3.32), applying (4.2) to the third and fourth term on the right-hand
side of (8.12), we have that

1 1
| svom<g [omp [ arp=g [ lomPae

1 1
fom < [ lomP [ 1pF < [ omP e (8.15)
Q1 Qt Qt Qt

Moreover, integrating by parts the last term of (8.12), we formally have that

—/ (Ap.Om. =1 V. - V(0m:)
t Qt

Iﬁ/Vsos(t)Vns(t)—ﬁ/V%Vno—ﬁ V(0rpe) - V.. (8.16)
Q Q Qt

Using (4.2) and the Hélder inequality, the first term on the right-hand side of (8.16) is

estimated as follows:
<1 [ 1vnp+e [ 190

/V<pE - Vne(t)
1 t 2
:Z/ |V775(t)|2+€2/ ‘V(gpo—k/ O () ds)
Q Q 0

1
<! / Vi (0)? + 262 / Vol + 202
4 Q Q

2

(| [ i) as

1
<3 [Ivn@p e [ [varvere [ vee)? (5.17)
Q Q Qt
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Due to (2.28), the second term on the right-hand side of (8.16) and similarly the second
term on the right-hand side of (8.17) are estimated by a positive constant ¢ independent
of p and €. Indeed

1
—12/ Vo - Vo < 52/ Vol + —/ IVnol? < e. (8.18)
Q Q 4 Q

Applying inequality (4.2) to the last term on the right-hand side of (8.16) we obtain that
1
[ V) v <q [ VPl [ V@ (8.19)
Q¢ t Q1
Then, thanks to (8.13)—(8.19), from (8.12) we infer that

1 1
5 | 10+ 5 [ 19008 + ol (0]
Q¢ Q

1
<Sc(l4p)+ 1 +2T) [ N@p )+ [ [Vl (820)
Qt Q¢

Now, we formally differentiate (8.5) and (8.6) with respect to time and obtain that
Onpe — AOipe = 0, (8.21)

Oppre = —vAOype + BL(p)0ppe + 7' (0e)Oppe — Y(Opme — LOpp:). (8.22)

According to (3.19), m(9,p.) = 0. Consequently, d,p. € D(N') and we can test (8.21) by
N (0sp.) and (8.22) by 0;p., respectively. Integrating over Q;, we have that

. (8.23)

1 1
~ | Oudhe. = 5100 Ol = 51900:(0)]

Q1

OupOrpe = v | |VOp-* + [ BLp)|Ope)?
Qt Qt Q¢

+/ T (Ol = | OupOme + 0y | 10upe|*. (8.24)
¢ Q1 Q¢

Combining (8.23) and (8.24) we obtain that

2
Vv

1
S0 (1)

1
by [ 10l | el = Jloed0)

- ﬁé(WsﬂaﬁOs’Q - / 7T/(905)|at<,05|2 +y OneOpe. (8-25)
Qt t Qt

Thanks to (2.28) and (2.40), the first term on the right-hand side of (8.25) is bounded by
a positive constant ¢ independent of p and € (cf. the analogous bound discussed below
(6.13)). Since f. is maximal monotone, the second term on the right-hand side of (8.25)
is non-positive. As 7 is a Lipschitz continuous function with Lipschitz constant C,, we
have that

—/ T (@)= |* < Cr [ 0upe]*. (8.26)
¢ Qt
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Finally, using (4.2), the last term on the right-hand side of (8.25) is estimated as follows:

1 v C(1+2T) +1
< Z 2 2 2 D)
v o 81?77681?()05 =4 (€2(1 + QT) + 1) At |at77€| + Y v /t |atg0€| ) (8 7)

where the reason of such involved constants will be clear in a moment. Due to (8.26)—
(8.27) and the previous observations, from (8.25) we infer that

et v | VO P+ by | 0]
Qt Q1

ZJA(142T) +1

1
§||at§06(t)|

14

1
< — 2 2. 2
<c+ 1 (52(1 2T 1) o |0me |~ + ('y + C,T) o |0y pe | (8.28)

Multiplying (8.28) by (¢£*(1+ 2T) 4+ 1)/v and adding it to (8.20), we infer that

1 1
1 [ omP g [P+ pln®lne+ [ Vol 10 [ 0.
Qt Q Q¢

Qi
1
+C2||at906(t)| %/* S C(l + P) + 4_1 |vn5’2 + C3 |at906’27 (829)
Qt Qt
where
By(1+2T) + y C(1+2T)+1
01 = 5 02 = )
v 2v
2(1+27) + 1\ 2(1+2T) +1
03272( ( +U )+ ) 1o, +V A + *(1 4 27).

Denoting by Cj the minimum between 1 and C}, and applying the inequality (4.3) with
d = V/Cy/+/2C}5 to the last term on the right-hand side of (8.29), we obtain that

2. ds. (8.30)

C t t
Cs [t < S [ ool ds+ 267G [ owts)
Q¢ 0 0

Thanks to (8.30), from (8.29) we infer that

1 1 Cy [
3 [P+ 5 [190F + ol ®llue + 5 [ 100.600F + Claw. o)l
Qt Q 0
1 t
<cltp)+ g [ VP 2K [ o)} (3.31)
Qt 0

From (8.31), by applying the Gronwall lemma, we conclude that

||at7]e||L2(o,T;H) + ||776HL°°(0,T;V) + ||at90s||L°°(0,T;V*) + ||at905||L2(0,T;V) <c(l+ ;01/2); (8.32)

whence
171 &1 (0,7, )L 0,1y < (1 + 01/2)7 (8.33)

e llwreeomvynm ovy < (1 + ,01/2). (8.34)
Due to (8.33)—(8.34) and the change of variables stated by (8.3), we have that

HﬁeHHl(O,T;H)ﬂLOO(O,T;V) <c(l+ pl/Q). (8.35)
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Proceeding as in the second a priori estimate (cf. (4.19)-(4.27)) and recalling (8.34)-
(8.35), from (4.28) we infer that

€Il oo 0,30 )y < (1 + p'?). (8.36)

Now, with the analogous technique applied in the third a priori estimate, thanks to
(8.34)—(8.36), from (4.31) we obtain that

(i)l < et + %) (8.37)

Then, due to (8.37) and the Poincaré inequality, by comparison in (8.5) we deduce that

el oy < o1+ p72). (8.38)

Finally, with the same computations as explained in the fifth a priori estimate (cf. (4.36)—
(4.38)), thanks to (8.34)—(8.35) and (8.38), from (4.39) we infer that

€|z o,y < (1 + p'?), (8.39)

whence, by comparison of every term in (8.6), we conclude that

| A@e|| Lo 0,11y < e(1+ ,01/2)- (8.40)

Existence of sliding mode. Due to (2.28), (3.32) and (8.40), we can rewrite (8.4) in
the form
Oine — Ane + po. = ge == fo — (Ap. + Arp’, (8.41)
with
19e | 20,73y < (1 + p2), (8.42)

where ¢ depends only on the structure and the data involved in the statement. In order
to prove the existence of sliding mode, we fix the constant ¢ appearing in (8.42) and set

* 2 *
p = 02 + 2c+ THﬁo + gQOO —n HH (843)
and assume p > p*. We also set

Y (t) == |In-(t)||m for t € [0,T]. (8.44)

By assuming h € (0,7) and t € (0,7 — h), we multiply (8.41) by 0. = Sign_(n.) and
integrate over (t,t+ h) x Q. We have that

t+h t+h t+h
/ (Orme(s), 0o(s)) i ds + / / V. - Vo. +p / low(s) 1% ds
t t Q t

t+h
_ / (9:(5), 0.(5))ar ds. (8.45)

Recalling that Sign_(v) is the gradient at v of the C'! functional || - ||z, from (3.7)-(3.8)
we deduce that

d

Ye(t)
(Ome(s), 0:(8))m = E/ min {s/e, 1} ds for a.a. t € (0,7).
0
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Then, for the first term on the right-hand side of (8.45) we have that

t+h Pe(t+h)
/ (Oine(s), 0c(8))mr ds = / min {s/e, 1} ds.
t Pe(t)

We also notice that (3.8) implies that
V(1)
max {e, || ()|}

whence the second integral on the left-hand side of (8.45) is nonnegative. Moreover, as
lloe(s)||m < 1 for every s (see (2.20)) and (8.42) holds, we infer from (8.45) that

Vne(t) - Vo.(t) = >0 ae. in(, forae. te(0,7),

ws(t+h) t+h
/ min {s/e, 1} ds + p/ lo(s)||% ds < he(pt? + 1). (8.46)
e (t) t

At this point, we let € N\, 0. Due to (5.8)—-(5.9), (8.3) and the uniqueness of the solution
of the limit Problem (2.48)—(2.54) (cf. Theorem 2.3) we have that

n.—mn  inC%0,T; H). (8.47)

Besides, using standard weak, weakstar and compactness results, from (8.46) we infer
that
o —="0o in L>=(0,T;H). (8.48)

Then, taking the limit as ¢ \ 0 in (8.46) and denoting by
W(t) == |nt)||lu for t € [0, T, (8.49)
we obtain that
t+h
vl =) +p [ o)l ds
t

Ye(t+h) t+h
< lim min {s/e, 1} ds + plim inf/ lo.(s)||% ds < he(p? + 1) (8.50)
N0 Sy r) N0
for every h € (0,T) and ¢t € (0,7 — h). Finally, we multiply (8.50) by 1/h and let h tend
to zero. We conclude that

V(1) + pllo@®)]|% < c(p? +1) for aa. t € (0,T). (8.51)

As |lo(t)||lg = 1if ||n(t)||z > 0 (see (2.20)), we can apply Lemma 8.1 with ag = by = ¢ and
we observe that our condition p > p* completely fits the assumptions by (8.43). Thus, we
find T* € [0,T) such that n(t) = 0 for every t € [T, T}, i.e., (2.60).
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