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Abstract

We provide a new proof of the known partial regularity result for the optimal trans-
portation map (Brenier map) between two Holder continuous densities. Contrary to
the existing regularity theory for the Monge-Ampere equation, which is based on the
maximum principle, our approach is purely variational. By constructing a competitor
on the level of the Eulerian (Benamou-Brenier) formulation, we show that locally, the
velocity is close to the gradient of a harmonic function provided the transportation
cost is small. We then translate back to the Lagrangian description and perform a
Campanato iteration to obtain an e-regularity result.

1 Introduction

For a € (0, 1), let py and p; be two probability densities with bounded support which are
C% continuous, bounded and bounded away from zero on their support and let 7" be the
solution of the optimal transportation problem

min IT(z) — x|*po(z)du, (1.1)

THpo=p1 JRd
where with a slight abuse of notation T'fipy denotes the push-forward by 7" of the measure
podzx (existence and characterization of 1" as the gradient of a convex function v are given

by Brenier’s Theorem, see [21, Th. 2.12]). Our main result is a partial regularity theorem
for T

Theorem 1.1. There exist open sets E C spt py and F C spt p1 of full measure such that
T is a CY-diffeomorphism between E and F.

This theorem is a consequence of Alexandrov Theorem [22, Th. 14.25] and the following
e—regularity theorem:



Theorem 1.2. Let T be the minimizer of (1.1) and assume that po(0) = p1(0) = 1. There
exists e(a, d) such that if

1

(2R)4+2 /B T = 2’ pod + R [po]i,QR + RM[PIEQR <e
2R

then, T is CY® inside Bp.

Theorem 1.1 was already obtained by Figalli [11] in the case of planar transportation
between sets and is a slightly weaker version of a result obtained by Figalli and Kim [12]
(see also [9, 15] for a far-reaching generalization), but our proof departs from the usual
scheme for proving regularity for the Monge-Ampere equation. Indeed, while most proofs
use some variants of the maximum principle, our proof is variational. The classical ap-
proach operates on the level of the convex potential 1) and the ground-breaking paper in
that respect is Caffarelli’s [5]: By comparison with simple barriers it is shown that an
Alexandrov (and thus viscosity) solution 1 of the Monge-Ampere equation is C*!, provided
its convexity does not degenerate along a line crossing the entire domain of definition.
The same author shows in [6] by similar arguments that the potential ¢ of the Brenier
map is a strictly convex Alexandrov solution, and thus regular, provided the target do-
main spt p; is convex. The challenge in [12] is to follow the above line of arguments while
avoiding the notion of Alexandrov solution, more precisely, without having access to the
Upper Alexandrov estimate. The e—regularity theorem in [12] in turn is used by Figalli
and De Philippis as the core for a generalization to general cost functions by means of a
Campanato iteration. On the contrary to these papers, we work directly at the level of the
optimal transportation map 7', and besides the L> bound (see (3.11)) given by McCann’s
displacement convexity, we only use variational arguments.

Let us now give an outline of the proof. Asin many e—regularity results, it goes through
a Campanato iteration (see Proposition 3.7). This scheme relies on two ingredients. The
first is an ‘improvement of flatness by tilting”, see Proposition 3.6. This means that if
the energy in a given ball is small then, up to a change of coordinates, the energy has
a geometric decay on a smaller scale. The second ingredient is the invariance of the
variational problem under affine transformations.
The main idea behind the proof of the one-step improvement Proposition 3.6 is the well-
known fact that the linearization of the Monge-Ampere equation gives rise to the Laplace
equation [21, Sec. 7.6]. In Proposition 3.5, we make this statement more quantitative and
prove that if the energy in a given ball is small enough, then in the half-sized ball and up
to an error which is super-linear in the energy, 7' is equal to the gradient of a harmonic
function. Once we have this approximation result, using that by classical elliptic regularity,
harmonic functions are close to their second-order Taylor expansion, we obtain Proposition
3.6.

The core of our proof is thus Proposition 3.5, which is actually established at the Eulerian

'here [pla,r := SUD, yepp % denotes the C%®—semi-norm.



level (i.e. for the solutions of the Benamou-Brenier formulation of optimal transportation,
see [21, Th. 8.1] or [3, Chap. 8]), see Proposition 3.3. It is for this result that we need the
outcome of McCann’s displacement convexity, c¢f. Lemma 3.2, since it is required for the
quasi-orthogonality property (see Step 3 of the proof of Proposition 3.3). Our argument
is variational and proceeds by defining a competitor based on the solution of a Poisson
equation with suitable flux boundary conditions, and a boundary-layer construction. The
boundary-layer construction is carried out in Lemma 2.4; by a duality argument it reduces
to a trace estimate (see Lemma 2.3). This part of the proof is reminiscent of arguments
from [1].

This entire approach to e-regularity is guided by De Giorgi’s strategy for minimal
surfaces (see [16] for instance). Let us notice that because of the natural scaling of the
problem, our Campanato iteration operates directly at the C'**-level for T, as opposed to
[12, 9], where C%“-regularity is obtained first.

Motivated by applications to the optimal matching problem, we extended in [14] to-
gether with M. Huesmann, Proposition 3.5 to arbitrary target measures.

The plan of the paper is the following. In Section 2, we recall some well-known facts
about the Poisson equation and then prove Lemma 2.4, the proof of which is based on the
trace estimate given by Lemma 2.3. In the final section, we prove Theorem 1.2 and then
Theorem 1.1.

Since it simplifies some of the technicalities, we suggest at first reading to consider the
simpler case of transportation between sets i.e. pg = xg and p; = xr for some sets £ and
F. A previous version of this paper treating that case is available on our webpages.

Notation

In the paper we will use the following notation. The symbols ~, 2 < indicate estimates
that hold up to a global constant C', which only depends on the dimension d and the Holder
exponent « (if applicable). For instance, f < ¢g means that there exists such a constant
with f < Cg, f ~ g means f < g and g < f. An assumption of the form f < 1 means
that there exists € > 0, only depending on the dimension and the Holder exponent, such
that if f < ¢, then the conclusion holds. We write |E| for the Lebesgue measure of a set E.
Inclusions will always be understood as holding up to a set of Lebesgue measure zero, that
is for two sets E and F, E C F means that |E\F| = 0. When no confusion is possible,
we will drop the integration measures in the integrals. For R > 0 and zy € R%, Bg(x()
denotes the ball of radius R centered in xyg. When xy = 0, we will simply write Br for

Br(0). We will also use the notation
1
f=m= F
Br

|Br| /5,
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For a function p defined on a ball B we introduce the Hélder semi-norm of exponent
ae(0,1)
p(z) — ply
Plani= sup 2D 2P0
z#Yy€BR ‘x - y‘

2 Preliminaries

In this section, we first recall some well-known estimates for harmonic functions.

Lemma 2.1. Given f € L*(0B;) with average zero, we consider a solution ¢ of

—Ap=0 inB
o (2.1)
w=1f on 0By,
where v denotes the outer normal to 0B;. We have
Vel? S | f2 (2.2)
Bl 631
sup (V20> + [V + Vo) S | Vel (2.3)
Bij2 By
and for every 0 <r <1, letting A, := B1\Bi_.,
[ werse | p 2.0)
Ar 0B

Proof. We start with (2.2). Changing ¢ by an additive constant, we may assume that
[, ¢ = 0. Testing (2.1) with ¢, we obtain

/B vel= [ s
1/2 1/2
L))"
<([,7) (fwer)

where we used the trace estimate in conjunction with Poincaré’s estimate for mean-value
zero. This yields (2.2).

Estimate (2.3) follows from the mean-value property of harmonic functions applied to Vi
and its derivatives.

We finally turn to (2.4). By sub-harmonicity of |[V¢|? (which can for instance be inferred
from the Bochner formula), we have the mean-value property in the form

/ |V90|2§/ IVp|> forr < 1.
OB, 0B
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Integrating this inequality between r and 1, using Pohozaev identity (see [10, Lem. 8.3.2]),

that is,
2 dp ’
@- [ vl = [ weel- [ () 25)
By 9B B, \ OV

where V. is the tangential part of the gradient of ¢, and (2.2), we obtain (2.4). O
We also need similar estimates for solutions of Poisson equation.

Lemma 2.2. Given g € C%%(B)) such that g(0) = 0, we consider a solution  of

{—Ag@ =g in By (2.6)
0 1 '
5 = T HI1(0By) fBl g on 0B,
where v denotes the outer normal to 0B;. We have
sup (IV2l* + [Vel?) S L9z (2.7)
1

In particular,
| 1we s gz )
By

and letting for r <1, A, := B1\Bi_, there holds

| 1ol s rlgl 29)
Ay

Proof. Estimate (2.7) follows from global Schauder estimates [19] and the fact that since
9(0) =0, [lgllzoe(B)) < [9lan- N

We will need a trace estimate in the spirit of [1, Lem. 3.2].

Lemma 2.3. For0 < r <1, letting A, :== B1\Bi_,, there holds for every suitable function

"
([ aBlw—@)?)l/szrW(/ol / T|v¢|2)1/2+rdﬂ A [1av. e

where (z) = fo W(t,x)dt. Here suitable means that v is integrable on A, x (0,1), so
that Vb, 8,57,0 are deﬁned as distributions and 1 (x) is well-defined, with the understanding
that the right-hand side is finite when these distributions admit Lebesque densities that
are square integrable and integrable, respectively (this amounts to a Sobolev space of mized
integrability).



Proof. Without loss of generality, we may assume that the right-hand side of (2.10) is
finite. Since by (even) reflection and subsequent convolution, we learn that C1(A4, x [0, 1])
is dense with respect to the topology defined by the right-hand side of (2.10), we may
assume that 1 € C1(4, x [0,1]).

Because of fol V(¢ — )2 < fol |V1)|?, we may rewrite (2.10) in terms of v := 1) — ¥ as

1 1/2 ) 1 1/2 1 1
2 < 1/2 V 2 + / / a
v T v _ v|.
</0 /8B1 ) ~ (/0 /A| ‘ ) r(d+1)/2 0 A,.| ' ’

1/2
Since for every x € By, folv = 0, we have (fol 1)2) < [|v], so that it is enough to

prove
1 1/2 ) 1 1/2 1 1 1/2
2 < 1/2 / / |V |2> 4 / (/ 2)
v S v _ v .
(/6B1/0 ) ( A, Jo r(d+1)/2 Ay 0

1/2
Introducing V := (fol 02) and noting that [VV|? < f01 |Vv|?, we see that it is sufficient

to establish
1/2 12 .
2 1/2 2
</aBlv> <l (/ATIV\/l) +—T(d+1)/2/AT|V\. (2.11)

We now cover the sphere 0B, with (geodesic) cubes @ of side-length ~ r in such a way that
there is only a locally finite overlap. Then the annulus A, is covered with the corresponding
conical sets Q. By summation over () and the super-additivity of the square function, for
(2.11) it is enough to prove for every @

1/2 1/2 |
2 1/2 2
(/Qv) </ (/‘va) +—T(d+1)/2/Q'\V\.

Since @, is the bi-Lipschitz image of the Euclidean cube (0,7)¢, it is enough to establish

1 2
2 2
/{O}X(O ryd=1 v SJ T/(O r)d |VV| - rd+1 (/(D ) |V|> : (212)

By rescaling, for (2.12) it is sufficient to consider r = 1. By the fundamental theorem of
calculus we have for every 2’ € (0,1)471

1 1
|V(O,x’)|§/0 |81V(x1,x’)|dx1+/0 IV (21, 27)|das.

Taking squares, integrating and using Jensen’s inequality, we get

/ V2§/ yalw%r/ V2.
{0}x(0,1)d—1 (0,1)d (0,1)d

2
Using Poincaré inequality in the form f(o 1ya V2 < f(o 1)d VV|* + (fm 1yd |V|) , we obtain
(2.12). O



This trace estimate is used in a similar spirit as in [1, Lem. 3.3] to obtain

Lemma 2.4. Let f € L*(0B; x (0,1)) be such that for a.e. x € 9By, fo x,t)dt = 0. For
r > 0 we introduce A, := B1\B1_, and define A as the set of measurable pcm*sis, q): A, X
(0,1) = R x R? with |s| < 1/2, q square-integrable, and such that for ¢ € CY(By x [0, 1])1,

/ / 504 + - Vi = / [ g (2.13)

1/(d+1)
Provided r > (fol Jon, f2) , there exists (s,q) € A with

1 1 1
G (2.14)
0 r 0 1

Proof. We first note that the class A is not empty: For ¢ € (0, 1), let u; be defined as the
(mean-free) solution of the Neumann problem

— Ay = —ﬁ Jop, [ n A x(0,1)

Qu — f on 0By x (0,1)
Gu = () on 0B;_, x (0,1),
and set ¢(z,t) := Vu(z). The definition s(z,t) := — fo divg(z, z)dz = |A ‘ fo Jo, f then

ensures that (2.13) is satisfied, and r > (fo faBl f2> yields |s| < 1/2.
As in [1, Lem. 3.3], we now prove (2.14) with help of duality:

3 st ] S [ [
+/ [}

ot ([ e
+/0 /aBlw}’

where the swapping of the sup and inf is allowed since the functional is convex in (s, q)
and linear in v (see for instance [4, Prop. 1.1]). Minimizing in (s, ¢), and using fol f=0

iiFor (s,q) regular, (2.13) just means d;s+divg = 0in A,, s(-,0) = s(-,1) =0, ¢-v = 0 on dB;_,. x (0,1)
and ¢-v = f on 0B; x (0,1)



which allows us to smuggle in 9 := fol ¥, we obtain

[ e[ e [ )
:Stip{‘/o [ 3avervionn+ [ [ sw-a)
<sw{- [ [ 40+ a0)

AL L) ([ L)

With the abbreviation F' := ( fo Jom, fQ) we have just established the inequality

;qngA/ / 3lal* < sup {F (/0 /le —W)W - %/0 [ i+ \atw\} -

Using now (2.10), where we denote the constant by Cp, and Young’s inequality, we find
1/(d+1)
that provided r > (2CoF)?“*V (in line with our assumption r > <f01 Jom, f2> );

sl Lweesfiorcstaf [y o)
F2r = r/ f2
B,

This concludes the proof of (2.14). ]

3 Proofs of the main results

3.1 The optimal transport problem: Lagrangian and Eulerian
formulations
In order to set up notation, we start by recalling some well-known facts about optimal

transportation. Let py and p; be two densities with compact support in R? and equal mass
and let T be the minimizer of

min T (x) — 2| po(x)dw, (3.1)
THpo=p1 JRd

where by a slight abuse of notation T'§p, denotes the push-forward by T' of the measure
podz. If T" is the optimal transportation map between p; and pg, then (see for instance [3,
Rem. 6.2.11])

T(T(x)) =z, and  T(T'(y))=vy  forae. (x,y) € sptpy X sptp;. (3.2)
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By another abuse of notation, we will denote 71 := T".

Now for t € [0,1] and = € R? we set Ty(x) := tT(z) + (1 — t)x and consider the
non-negative and R%valued measures respectively defined through

p(" t) = Ttﬂﬂo and j(? t) = Ttﬁ [(T - Id)pO] : (33)

It is easy to check that j(-,t) is absolutely continuous with respect to p(-,t). The couple
(p, j) solves the Eulerian (or Benamou-Brenier) formulation of optimal transportation (see
21, Th. 8.1] or [3, Chap. 8], see also [20, Prop. 5.32] for the uniqueness), i.e. it is the
minimizer of

ML .
mm{/ / —5)* : Op+divi=0, p(-,0) = po, p(~,1):p1}, (3.4)
0 Jrap

where the continuity equation including its boundary conditions are imposed in a distri-
butional sense and where the functional is defined through (see [2, Th. 2.34]),

1
1
v L
J; Lght= g Je
0 R +00

Since T is the gradient of a convex function, by Alexandrov Theorem [22, Th. 14.25], T is
differentiable a.e., that is for a.e. x, there exists a symmetric matrix A such that

dj

2
y dp if j is absolutely continuous with respect to p,
0

otherwise.

T(x) =T(xg) + A(x — xo) + o|x — x0]).

Moreover, A coincide a.e. with the absolutely continuous part of the distributional deriva-
tive DT of the map 7. We will from now on denote VT'(xg) := A. For ¢t € [0,1], by [21,
Prop. 5.9], p(-,t) (and thus also j) is absolutely continuous with respect to the Lebesgue
measure. The functional can be therefore rewritten as

1 1 1 1
[ [t = [ i e
0 JRd P o JRrd P

l|j|2(x t) = {p(zl,t) l7(x,t)|* if p(x,t) #0
p Y

0 otherwise.

where

Moreover, the Jacobian equation
p(t, Ty (x)) det VTi(z) = pofa), (3.5)

holds a.e. (see [22, Ex. 11.2] or [21, Th. 4.8]) and in particular, p;(7'(x))det VT (z) =
po().



The proof of Theorem 1.2 is based on the decay properties of the excess energy

T )= B TP (3.6)

Br

When clear from the context we will use the short-hand notation
£ = g(po, pl,T, ]_)

As will be shown in the proofs of Proposition 3.7 and Theorem 1.1, up to a change of
variables it is not restrictive to assume that po(0) = p1(0) = 1.

3.2 An L™ bound on the transport

Let us first prove an L*> control on 7' — x by the energy. This result is important in order
to localize the transport problem.

Lemma 3.1. Let T' be a minimizer of (3.1) and assume that % < po < 2in By and that
E < 1. Then,
sup [T — x| 4+ [T~ — 2| < V@2, (3.7)
B34

As a consequence, for every t € [0, 1]

Ty (Byys) € Bsi. (3.8)
Moreover, fort € [0, 1], we have for the pre-image

T, ' (Bi/2) C Bsya. (3.9)

Proof. We begin with the proof of (3.7). Since we assume that % < po < 2, it is enough to
prove that

1/(d+2)
sup [T —z| + |T7" — 2| < ( |T—x|2) :
B1

Bsa
We first prove the estimate on 7. Let u(z) := T'(z) — x. By monotonicity of T, for a.e.
x,y € By,

(u(z) —u(y)) - (z —y) = —|z —yf* (3.10)
Let y € Bsy be such that (3.10) holds for a.e. x € By. By translation we may assume
that y = 0. By rotation, it is enough to prove for the first coordinate of u that

1/(d+2)
w(0) ( / \uP) .
1/4

Taking y = 0 in (3.10), we find for a.e. x € By

u(0) - @ < u(z) @+ 2" < Ju(@)]” + 2.

10



Integrating the previous inequality over the ball B,.(re;), we obtain

u(0) - req 5][ u|? 4 72,
By(rer)

w0 S [ W

Optimizing in 7 yields the first part of (3.7). We now prove the estimate on T~!. By
the above argument for 7" in the ball By/s instead of Bsy4, it is enough to show that
T'(Bsss) C Bys. Assume that there exists y € Bsjy and x € R? with T'(z) = y but
|z| > 4/5. Let then z € OB1a,ayN [z, y]. By monotonicity of T’

so that

0<(T(x) =T(2)) - (z— =)
=(y—2)(z=2)+(-T(2)) (z - 2)
1
< —qgl A e 2T () — 2]
<l (gt sw [Tl .
33+

which is absurd if £ < 1 by the L* bound on T on the ball B1 (344)-

Since (3.8) is a direct consequence of (3.7), we are left with the proof of (3.9). If z € R?
is such that T3(x) € By, then by (3.7) in the form of |73(0)| = o(1), where o(1) denotes a
function that goes to zero as £ goes to zero,

114 0(1)) > [Ti(x) ~ Ti(0)
=t*|T(z) — T(0)]* +2t(1 — t)(T(z) — T(0)) - v + (1 — t)?|z|?
%@ﬂﬂ@—T@F+u—qu

L win {|7(2) - T(O)P, |2} .

—_

o |

From this we see that x or T'(z) is in B%Jro(l) C Bsys. In the first case, (3.9) is proven
while in the second, we have thanks to (3.7) that x € T-Y(T'(z)) C T~ (B — 1)) € Bsjs
from which we get (3.9) as well. O

3.3 McCann’s displacement convexity

Our second lemma is a localized version of McCann'’s displacement convexity (see [17, Cor.
4.4]), wich gives an upper bound for the density.
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Lemma 3.2. Assume that py(0) = p1(0) = 1 and that € + [poa.1 + [p1)ar < 1. Then for
t €10,1], there holds

sup p(t, ) < 1+ [pola,1 + [p1]a,1- (3.11)

By 2
Proof. We start by pointing out that since po(0) = p1(0) = 1 and [po]a1 + [p1]ar <K 1 we
have for i =0, 1,

S;lp |1 - pz| S [pi]a,l < 1. (312)
1

For every t € (0, 1), the map T} has a well-defined inverse p(t, -)—a.e. (see the proof of [21,
Th. 8.1]) so that for x € By s, (3.5) can be written as

_ alT@)
P ) = G VT T (@)

By concavity of det(-)'/? on non-negative symmetric matrices, we have
det VI(T; H(z)) > (det VT(T; Y (2)))"
By (3.5), det VT(T; '(z)) = %, so that
plt,2) < (po(T7H (@) (pu(T(T ()"
Since £ < 1 and (3.12) holds, by (3.9) and (3.7), we have T, '(By o) € By and T(T, ' (By2)) C
By. By (3.12), we then have

p(t,z) < (1+ [polas) ™ (1 + [p1)as)"

which by Young’s inequality concludes the proof of (3.11). O

3.4 The harmonic approximation lemma: Eulerian version

We now can turn to the proof of Theorem 1.2. We first prove that the deviation of the veloc-
ity field v := j—i) from being the gradient of a harmonic function is locally controlled by the
Eulerian energy. The construction we use is somewhat reminiscent of the Dacorogna-Moser
construction (see [20]). As stated in the introduction, the crucial point in (3.15) below is
that the right-hand side is strictly super-linear in fol 5, /l)| J|?, and at least quadratic in

[/)O]a,l + [pl]a,l-

Proposition 3.3. Let (p,j) be the minimizer of (3.4). Assume that py(0) = p1(0) = 1
and that

E+ [polai + [p1]a1 < 1. (3.13)
Then, there exists @ harmonic in By, and such that
L
[ owets [ ] SRl + ol (314)
Bi/s 0o JB, P
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and
d+2
d

! 1 . 2 ! 1 412 1 2 2
[ di-evers ( Iy —m) ool + [l (3.15)
0 JBy, P o JB P

Proof. Without loss of generality, we may assume that fol 5, %| J|? < 1 since otherwise we
can take ¢ = 0. Notice that since pg(0) = p1(0) = 1, thanks to (3.13), if we let

Y := [pola,1 + [P1]a and p = p1 — po,

we have by (3.11)
p<1+n (3.16)

and since p(0) = p1(0) = 1,
Sgp |5IO| 5 [pO]a,l + [pl]a,l =7. (317)

The proof is divided into four steps. In the first one we choose a good radius R for
which the flux of j through dBp is well controlled in L?. This leads to the definition
of the function ¢ in the second step. In the third step we prove a quasi-orthogonality
property which is used in the last step to take advantage of the minimality property of
(p, 7). By constructing a competitor with small energy we then conclude the proof of (3.15).

Step 1 [Choice of a good radius] Using (3.16), and Fubini, we have

1 1 1 1 1
[ fue=[  [ues[ [ i (3.18)
1/2 JoBR JO Bi1\B 5 J0 0o JB P

We can thus find R € (1/2,1) such that

1 1 1
[ [ues [ [ e .19
9Br Jo 0 JB P

We then have for every function ¢ € H'(Bg x (0,1)) 1,

1 1
/ / p@t§+j-VC=/ Cf+ [ <. 1)p1 —<(-0)po, (3.20)
0 Br 0 OBRr Br

where f := j - v denotes the normal component of j.

For the convenience of the reader, we give a short proof of (3.20). From (3.18), j €
L*(B; x (0,1)) and the map J(R) := j(R-,-) € L*((1/2,1), L*(0B; x (0,1))). We can thus

lilyve consider here are larger class of test functions than C'(Bg x [0, 1]) since we want to apply (3.20)
to the function ¢ defined in (3.23).

13



find a Lebesgue point R € (1/2,1) of J such that (3.19) holds. This means in particular
that

1 R+-e¢ 1
lim —/ / / j(ra,t) — (R, ) dtdH™ () dr = 0 (3.21)
0B1 JO

e—0 25 R—e

For 0 < ¢ <« 1 we now introduce the cut-off function

1 if |x] < R—¢
ne(z) = Rj”' ifR—e<|z|<R
0 otherwise

and obtain by admissibility of (p, j)

[ st —ctom = [ | [ oo+ icn -

! 1! .
=/ / nsﬁthJrneVCJ——/ / Cj-v.
0 R2 € 0 BR\BRfs

Letting £ go to zero and using (3.21), we obtain (3.20).

Step 2 [Definition of ¢| Let ¢ be a solution of

—Ap =0 in Br (3.22)
5 T+ s 0 o0 08,
with f := fol fdt. Notice that by (3.20) applied to ¢ = 1, we get
5/0 = - fa
Br 8BR
so that (3.22) is indeed solvable. We then define
—Ap=40d in Bp —Ap=d in Bp (3.23)
g—f:f on 8BR, g_f:_meRép on 6BR,

so that ¢ = ¢ + ¢. We will argue that it is enough to establish

1 1 1 1 %
I —|j—pvco“|2s(/ / —W) A2, (3.24)
0o JBr P 0o JB, P
1o L
/ VEP < / / Liip 42 (3.25)
Bgr 0 JB P

14
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Moreover, defining for 1 > r > 0, A, := Br\Bpg@—r), we will show that

[ var sy ( [ e +v2) . (3.26)
A OBR

Applying (2.2) from Lemma 2.1 (with the radius 1 replaced by R ~ 1) we have,

) , Y , (319)&(3.17) 1 1, ,
/ Yl s/ Yl s/ TP +supl®l? < // Lip + 2,
Byja Br OBr Br 0o JB, P

and thus (3.14) holds. Since by (2.8) from Lemma 2.2 (with the radius 1 replaced by
R~ 1),

/B IVl* S (3.27)
R

estimate (3.25) is obtained by

1
- R 1 .
/ |V¢I2§/ |V90!2+/ IVSOIQS,/ / —|51* + 2
Bgr Bgr Br 0 B1 P

Similarly, (3.26) follows from (2.4) and (2.9).
Assume now that (3.24) is established. We then get (3.15):

// —|j = pVe|* = // —|j = pV@+ pVe|?
BR BR
// —|j = oV + // p| V|
BR BR

a+2
(3.24)& 316 (3.27) J) )
(// |J|> + 77
B, P

Step 3 [Quasi-orthogonality] We start the proof of (3.24). To simplify notation, we will
assume from now on that R = 1/2. Here we prove that

! 1. _ ! 1. ~
/ / L - ovep < / / Lip—a -y / Va. (3.28)
0 JBy, P 0 JBy, P By /s

Notice that if p = 0 then 57 = 0 and thus also j — pVgE = 0, so that the left-hand side of
(3.28) is well defined (see the discussion below ( . Based on this we compute

// —|j— oV = // ~|51* - // J-Vo+ = //,OIV<P|2
By P By P By B
— - “Li? - 1—— v —// i—V3)-V
2/O/BMH //B ver= [ 5-veve
(3.16) 1 1 1. 1— ! ~ ! . _
< 5// _|]|2_Tv// |V90|2—// (j—Vo)-V
0 JBy,y P 0 JBy) 0 JBy

15



P1
— <>
t=1 r/2
(1 =t)po +|tp1, V)
+(5,9)
~ A, ~
((L=1t)po +tp1, V) jv=Ff
t=0
9By IB121-r) P0 OBija1—p)  OBip

Figure 1: The definition of (7, ).

Using (3.20) with ¢ = ¢ and testing (3.23) with ¢, we have

Ai@wu—va-v¢=éama([f—7):

where we recall that f = fol f. This proves (3.28).

Step 4 [The main estimate| In this last step, we establish that

2 2 2 dil 2
/!/ k- [ 193l <(/’/ |ﬂ> i (3.29)
By P Biya B P

Thanks to (3.28) and (3.25), this would yield (3.24). By minimality of (p, j), it is enough
to construct a competitor (g, ) that agrees with (p,j) outside of By /2 % (0,1) and that
satisfies the upper bound given through (3.29). We now make the following ansatz (see
Figure 1)

5.3 [ o1+ (L= 0, VP) in Byjaa—r x (0,1),
’ (tpr + (1 —=t)po+5s,Vo+¢q) in A, x(0,1),

with (s,q) € A, where A is the set defined in Lemma 2.4 with f replaced by f — f and the
radius 1 replaced by 1/2. Notice that if |s| < 1/2, by (3.13) and py(0) = p1(0) = 1,
1
- <p. .
157 (3.30)
Thanks to (3.23) for @, (2.13) for (s, ¢) and (3.20) for (p, 5), (7, ) extended by (p, j) outside
of By, x (0,1) is indeed admissible for (3.4).

—.5\ /(d+1)
By Lemma 2.4, if r > (fol faBl/z(f - f)2>

/01 /A lal” S 7"/01 /aBl/z(f—T)Q‘ (3.31)

16
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By definition of (p, }),

1 1
1~ ~ 1 ~ -
/ / :|J|2—/ Vel S/ / — |V90|2—/ Vel
0 JBy P By 2 0 JBija1-r) P1 +( - )PO Bi/a1-r)
1
1
+/ / V5 +q]*. (3.32)
0o JA,. P

The first two terms on the right-hand side can be estimated as

/1/ 1 ‘VS0’2 ‘V@|2 / / 1_p0)+(1_t)(1_p1)yva|2
0 By tor (L=t Bija(i-r) tpr+ (1 —=1t)po
(3.13) ,
S 7/ Vol
Bl/2(1 ’r’

(3 25) ,
<o ([ ] dueeat). 3:3)
B P
We now estimate the last term of (3.32):

1 1 , (3300 1 Y )
/‘/ Lverqr < /(/|V¢|+MI
o Ja, P 0o JA,.
(3.31) — Y
< /|V¢\+3/ (f=T)
Ay 9By /s

(3.26) B
S / Pt
8B1/2

Taking r to be a large but order-one multiple of

, (//) (L) = L)
[ (L) (] L)

Plugging this and (3.33) into (3.32),

/(d+1) 1 1
//Jﬁ/‘WW(U/\M ﬂﬂ//wmﬂ
Bijs P B2 B, P 0o JB P
d+2
' A 2
s(/‘/ 4ﬂ) L
0o JB, P

where we have used Young’s inequality and the fact that 2 > jﬁ This proves (3.29). O

/(d+1)

17



Remark 3.4. The quasi-orthogonality property ( 8) is a generalization of the following
classical fact: If ¢ is a harmonic function with a—“p f on OBy, then for every divergence-

free vector-field b with b-v = f on 0B;

b=Vl = [ b= [ VP
By By

B1

so that the minimizers b of the left-hand side coincide with the minimizers of the right-hand
side. See for instance [18, Lem. 2.2] for an application of this idea in a different context.

3.5 The harmonic approximation lemma: Lagrangian version

We now prove that (3.15) together with the L* bounds of Lemma 3.1 and elliptic regularity
imply a similar statement in the Lagrangian setting, namely that the distance of the
displacement 7" — x to the set of gradients of harmonic functions is (locally) controlled
by a super-linear power of the energy. This is reminiscent of the harmonic approximation
property for minimal surfaces (see [16, Sec. II1.5]).

Proposition 3.5. Let T' be the minimizer of (3.1) and assume that po(0) = p1(0) = 1.
Then there exists a function ¢ harmonic in Byg, such that

d+2
/ T — (z+ V)’po S EF1 + [pol21 + [p1]aa (3.34)
Byys

and
/B Vol <€+ [l + . (3.35)
1/8

Proof. Notice first that we may assume that £ + [po]?, + [p1]2, < 1 since otherwise we
can take ¢ = 0.

We recall the definitions of the measures

p('v t) = Tiipo and .7(7 t) =Tt [(T - [d)/?o] :

We note that the velocity field v = fll_i) satisfies v(Ty(z),t) = T'(z) — x for a.e. = € spt py
(this can be seen arguing for instance as in the proof of [21, Th. 8.1]). Hence, by definition
of the expression %| 7|? and that of p,

' Lo ' 2 ' , (32 2
L[ osit= [ [ wkdo= [ [ reafm s [ 1 -aP-
0 JBy, P 0 JBy 0 JT,71(B1)s) B

By Proposition 3.3, we infer that there exists a function ¢ harmonic in B4 such that

! I dt2
] Slimovel seBalait oy ad [ (VP S E+llt oy
B4 By ( )
3.36
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We now prove (3.34). By the triangle inequality we have

/ T — (x4 Vo) [po < // +V900Tt|po+// [V — Voo T?p.
By/g By s Bis

Using that for ¢ € [0, 1], |Ti(x) — z| < |T(z) — x|, the second term on the right-hand side
is estimated as above:

! 2 (38) 2 12 ! 2
/ / Vo —VpoTil"py S sup [V / / T — (" po
0 JByg Bs 16 0 JBig

(2.3) ,
<e / Vgl
By

(3.36)

S E(E+poliy +1mlia)-

We thus just need to estimate the first term. Recall that v = j—i satisfies v(Ty(x),t) =

T'(x) —x, so that we obtain for the integrand T'(z) — (z+ V(T (z)) = (v(t,-) — V) (Ti(x))
for a.e. x € sptpy. Hence, by definition of p and by our convention on how to interpret
%] J — pVp|* when p vanishes,

// (2 + Voo T) 2 = // o — Vpl2dp
Bl/S Tt Bl/8
:// L= pvgp?
0 JTu(Bys) P

(3.8) 1 1 (3:36) 440
= // —|j = oVl S EF +[po]y + [p1]as
By P

3.6 The one-step improvement result

Analogously to De Giorgi’s proof of regularity for minimal surfaces (see for instance [16,
Chap. 25.2]), we are going to prove an “excess improvement by tilting”-estimate. By
this we mean that if at a certain scale R, the map T is close to the identity, i.e. if
E(po, p1, T, R) + R**([po], + [p1]21) < 1, then on a scale §R, after an affine change of
coordinates, it is even closer to be the identity by a geometric factor. Together with (3.34)
from Proposition 3.5, the main ingredient of the proof are the regularity estimates (2.3)
from Lemma 2.1 for harmonic functions.

Proposition 3.6. For every o’ € (0,1) there ezist 0 = 0(d,a, ') > 0, e(d,a, ') > 0 and
Cy(d, o, ') > 0 with the property that for every R > 0 such that po(0) = p1(0) =1 and

E(po, p1, T, R) + R**([pola r + [pilap) <. (3.37)
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there exist a symmetric matrix B with det B = 1 and a vector b such that, letting \ :=
1
p1(b)a, & := Bz, § := AB(y — b) and then

T(#) = AB(T(x) = ), jo() = polz) and  pu(d) = Api(y), (3.38)
there holds
E(po, p1, T, OR) < 6 E(po, pr, T, R) + CoR* ([po) g + (1)) - (3.39)
Moreover, py(0) = p1(0) =1 and

1
B = 1d]* + 5 [b1* + A = 1] 5 E(po, p1, T, B) + B* (ol + [p1]a.r)- (3.40)

Proof. By a rescaling & = R, which amounts to the re-definition 7'(%) := R™T(R%)
(which preserves optimality) and b= R~'b, we may assume that R = 1.

As usual, we let € := E(pg, p1,T,1). Let ¢ be the harmonic function given by Proposition
3.5 and then define b := Vip(0), A := V2p(0) and set B := e~/ so that det B = 1. Using
(2.3) from Lemma 2.1 and (3.35) from Proposition 3.5, we see that the first part of (3.40)
is satisfied. By definition of A and since p;(0) = 1, and [pola.1 + [p1]ar S 1,

(3.40)
A= 1P = o) — 1P < pP*[pa]in S (€ + 1) [pa]2 s,

which gives the last part of (3.40). Using Young’s inequality with p = o' and ¢ = (1—a) ™!
we obtain for o > 0,

Co
-1 <68+ 22y, (3.41)

where Cj, is a constant which depends only on a.
Defining p; and 7" as in (3.38) we have by (3.40) and (3.37)

7= aPi={ AB(T = b) = B lafp
By BBy

SVf urwB*x+wﬁm+u—Aﬁf B2y
Bag B

20

sf T — (B2 4 b)py + 0% (82€ + 0-2[]%)
Bsg

where in the last line we used (3.41) with § = 6? and the fact that py < 1 on By. We split
the first term on the right-hand side into three terms

f o=yl
Bag

S T-@eVola+f (B 1d-AaPpu+f [T —b- Aslpy
Bag Bag Bag
5][ T — (z+V)|?po + 0% B2 — Id — A]* +sup |V — b — Az|?.

Bag

Bag

20



Recalling B = e=4/2, A = V2(0), and b = V(0), we obtain

. (3.34)
024 [T —aPpy 5 07 (EH L f2 + 0l ) + VR0 + 6 sup [Vl

By Bag
+ 026+ 67 [p)2

(2.3)&(3.35) (dh) o2 ) 9 \2 9 2 2
S 0TIER 4+ (€ + [polay + lplan)” 07 (€ + [polan + [pi]an)

+ 02+ 072 ([po)2 ) + [m]24) -

Since % < 2and £+ [po]21 + [p1]5, < 07 (recall that 6 has not been fixed yet), this

simplifies to
04 |T —22py S 07 IETT 4626 + 67 (|2, + [m]2)) - (3.42)
By
We may thus find a constant C'(d, &) > 0 such that
072 T =Py < C (97 HDEH 102 ) + 07 ([po]2, + (]2
By

We now fix 6(d, o, /) such that C6* < 16>, which is possible because o/ < 1. If & is
small enough, CO-(HD T < %92‘“/5 and thus

072 |T — 2o < 60*'E + 607D ([po]2 ) + [m1]2,) -
By

3.7 The iteration

Equipped with the one-step-improvement of Proposition 3.6, the next proposition is the
outcome of a Campanato iteration (see for instance [13, Chap. 5] for an application of Cam-
panato iteration to obtain Schauder theory for linear elliptic systems). It is a Campanato
iteration on the C1® level for the transportation map 7" and thus proceeds by comparing T
to affine maps. The main ingredient is the affine invariance of transportation. Proposition
3.7, which contains Theorem 1.2, amounts to an e-regularity result.

Proposition 3.7. Assume that po(0) = p1(0) = 1 and that
g(p(), P1; T, 2R) + RQ&([pO]i,QR + [pl]i,QR) <1, (343)
then T is of class CY* in Bg, with

[VT]Oé7R 5 R_ag(p()a P1, T7 2R)1/2 + [pO]oz,ZR + [pl]oz,QR-

21



Proof. By Campanato’s theory, see [8, Th. 5.1], we have to prove that (3.43) implies

. 1 2
sup sup Iglgl m][ T — (Az + b)|2 SR ? E(po,p1,T,2R) + [:00]2:,21% + [101]2:,21%'
? Br(xo)

20€BR TS%R
(3.44)
Let us first notice that (3.43) implies that for every zy € By

&= R_Q][ T — z*py < 1 and R ([pola2r + [p1]ac2r) < 1. (3.45)
Br(zo)

Therefore, in order to prove (3.44), it is enough to prove that (3.45) implies that for r < %R,
1

min ") T — (Az + b)|2 S r2e (R_Qag + [Po]i or T [Pl]i QR) . (3.46)
Ab T Br(l'o) ’ ’
Replacing po by po(zo) *po and p; by p1(xo) ' p1(zo + (%) “ (- — ) and thus T by

1

xo + (M)E (T — x¢) which still satisfies (3.45) thanks to po(0) = p1(0) = 1 and (3.43),

po(@o)
we may assume that po(zo) = p1(xo) = 1. Without loss of generality we may thus assume

that z¢g = 0.

Fix from now on an o’ € (a,1). Thanks to (3.45), Proposition 3.6 applies and there
exist a (symmetric) matrix B; of unit determinant, a vector b; and a positive number \;
such that T} (x) := \ By(T(Byz) —b1), p(x) := po(Biz) and pl(z) := A\ o1 (A By lo+by)
satisfy

& = E(pps p1: T1, OR) < 6 E + CoR* ([pol p + (1o r) - (3.47)

If T is a minimizer of (3.1), then so is Ty with (po,p1) replaced by (p,pi). Indeed,
because det By = 1, T} sends pj on pi and if T is the gradient of a convex function 1
then Ty = Vi where ¢1(x) := A (¢Y(Byz) — by - Bix) is also a convex function, which
characterizes optimality [21, Th. 2.12]. Moreover, for : =0, 1

[P aor < (1 +C(EY* + R™ [pola,r + R® [Po]a,R)) i) a.R- (3.48)

Indeed, (we argue only for p} since the proof for p} is simpler), using that A\, * By ' Byr+b; C
Bp by (3.40),

oon = A sup PO B2 +0) = AT By + )
1], - M1 o
z,y€EBoRr ‘x - y‘
_ oyt gy AT B b)) = (A By Ty 4 by
Y sweBon MBI B e 4 b)) — (ATBr 'y + b))
A1 AN IBT e+ b)) — ;A\ BT iy + b
S/\1d|/\11Bl1|a sup ‘Pl(}l 711 1) 017(11711 Yy ollﬂ
z,y€BygR |(>\1 By x + bl) - <)‘1 By + b1)|
(dta e ) — /
P G Tl /) fjlogyﬂ
zlvyIEBR |'Z‘ - y |

—(d+a —]l |
= A B o]
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By (3.40), we get (3.48).

Therefore, we may iterate Proposition 3.6 K > 1 times to find a sequence of (symmetric)
matrices By with det B, = 1, a sequence of vectors b, a sequence of real numbers A\, and
a sequence of maps 7T} such that setting for 1 < k < K,

Ti(x) == NeBr(Tia (Bra)=bi),  po(x) := py ' (Bra) and  py(x) == Ay~ (N Byt +by),
there holds pf(0) = p¥(0) = 1,

& = E(p, pY, T, O°R) < 07y + Cob®* D R* ([pf 112 g + [0V o gemrg)  (3.49)
and

B~ Id[*+ 0P+ A1 S Eet R (05 s+ [0 o) - (3.50)

Arguing as for (3.48), we obtain that there exists C;(d, «) > 0 such that

[Pz] OFR S <1 + 01(51/2 + R0* ([ - ]a,@’“lR + [Péfl]a,ﬁkflRD [ﬂffl]a,ekflfz- (3-51)

Let us prove by induction that the above together with (3.45) implies that there exists
Cy(d, ;') > 0 such that for every 1 < k < K,

[pz]a 0kR > (1 + 9]904)[ P ]a,@k—le 0 Qkagk’ < CQ (5 + RQa[pO]a R + R [ ]a R) (352)

This will show that we can keep on iterating Proposition 3.6.

By (3.47) and (3.48), (3.52) holds for K = 1 provided Cy = Cpf2*. Assume that
this holds for K — 1. Let us start by the first part of (3.52). Notice that the induction
hypothesis implies that

K—
[oF Mapr-1r < H (1+ ") [pila,r < Cslpila.r, (3.53)

where Cj := [[7~,(1 + 0**) < co. From (3.52) and (3.53) for k = K — 1 we learn that we
may choose the implicit small constant in (3.45) such that we have

1/2
4 (9_“ ( sup H_Qkaé'k) +R* sup [pflagrr + [p’f]mgm) < 1.

1<k<K-—1 1<k<K-1

Plugging this into (3.51), we obtain the first part of (3.52) for k = K.
Let us now turn to the second part of (3.52). Dividing (3.49) by #?** and taking the sup
over k € [1, K|, we obtain by (3.53),

sup 672E <P N(E+ sup  07FE) + CoCiR™ ([pola g + [p1)i ) -
1<k<K 1<k<K-1
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Since o > a, 62~ < 1 and thus

sup 072, < (1= %) [E+ CoCER™ ([polan + [1)a )] -

1<k<K

Choosing Cy := (1 — 0% =)~ max {1, CyC2} we see that also the second part of (3.52)
holds for k = K.

Letting Ak = Hle )\Z’, Ak = Bk:Bk—l s Bl and dk = Zle()\kBk)()\k_lBk_l) ce ()\ZBZ)b“
we see that Ty(x) = AyALT(Ajx) — di.. By (3.50), (3.52) and (3.53),

A — Id* S € + R*[polg g + B*[pi]a r < 1, (3.54)
so that BéekR C A;(Byrg). By the same reasoning, we obtain from (3.50),
Ap— 1] < 1. (3.55)

We then conclude by definition of T} that

1 1
in———— T—-(A > < —o T—A1'A A AT AP
R, T AP S G, A A A A
1 ][ —1A—1 2
= A Ay (T — )|
k R)2
(0*R)* ],
(3.54)&(3.55) 1 ][ )
5 Tk D2 |Tk_37|
(0*R)?2)s5,,,
(3.52

)
< 0 (5 + RQQ[POE,R + RQ&[Pl]i,R) .

From this (3.46) follows, which concludes the proof of (3.44).
]

With this e-regularity result at hand, we now may prove Theorem 1.1 i.e. that 7" is a
CYe diffeomorphism outside of a set of measure zero.

Theorem. For E and F two bounded open sets, let py : E — R and p; : F — R be two
C%« densities with equal masses, both bounded and bounded away from zero and let T be the
minimizer of (3.1). There exist open sets E' C E and F' C F with |[E\E'| = |F\F'| =0
and such that T is a CY* diffeomorphism between E' and F'.

Proof. By the Alexandrov Theorem [22, Th. 14.25], there exist two sets of full measure
E, C E and F; C F such that for all (zg,y0) € Fy X Fy, T and T~ are differentiable
at xo and g, respectively, in the sense that there exist A, B symmetric such that for a.e.
(x,y) € EXF,

T(x) = T(zo)+A(xr—x0)+o(jz—xo|)  and T H(y) =T " (yo)+B(y—yo)+olly—yol).
(3.56)
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Moreover, we may assume that (3.2) holds for every (zg,yo) € F1 x Fy. Using (3.2), it is
not hard to show that if T'(z) = yo, then A = B~ and then by (3.5)

p1(yo) det A = po(xo). (3.57)
We finally let ' := Ey N T (F)) and F' := T(E') = F; N T(E,). Notice that since T
sends sets of measure zero to sets of measure zero, |E\E'| = |F\F’'| = 0. We are going to

prove that £’ and F’ are open sets and that T is a C** diffeomorphism from E’ to F.
Let xy € E’, and thus automatically yo := T'(x¢) € F’, be given; we shall prove that T is
of class C™* in a neighborhood of xy. By (3.56) and the fact that py and p; are bounded
we have in particular

1 5
}zlg%) o3 o T — yo — A(x — x0)|"po = 0. (3.58)

We make the change of variables x = A~Y2% + x, y = AY2§ + 1o, which leads to T(z) :=
ATV2(T(x)~yo), and then define po() := po(wo) " po(x) and p1(9) := po(we) " det™ Api(y).
Note that 7" is the optimal transportation map between py and p; (indeed, if T = V4 for
a convex function ¢, then T = V), where (&) = (x) — yo - #) and that by (3.57),
p0(0) = p1(0) = 1. Moreover, since py and p; are bounded and bounded away from zero,
po and p; are C%“ continuous with Holder semi-norms controlled by the ones of py and py,
so that

lim B (i + [ ]o) = O

Finally, the change of variables is made such that (3.58) turns into

. 1 r A2 A
Il%lg%ﬁ BR\T—:L’\ po = 0.
Hence, we may apply Proposition 3.7 to T to obtain that 7' is of class C1* in a neighborhood
of zero. Similarly, we obtain that T-1is C'* in a neighborhood of zero. Going back to
the original map, this means that 7" is a C*® diffeomorphism of a neighborhood U of x
on the neighborhood T'(U) of T'(xg). In particular, U x T'(U) C E" x F’ so that £’ and F”
are both open and thanks to (3.2), T is a global C'* diffeomorphism from E’ to F'. [

Remark 3.8. If ¥ is a convex function such that Vi = T, Theorem 1.1 shows that
v € C*Y(E") and it solves (in the classical sense) the Monge-Ampére equation which is
now a uniformly elliptic equation. If the densities are more regular then by the Fuvans-
Krylov Theorem (see [7]) and Schauder estimates we may obtain higher reqularity of T
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