NEW CHARACTERIZATIONS OF MAGNETIC SOBOLEV SPACES

HOAI-MINH NGUYEN, ANDREA PINAMONTI, MARCO SQUASSINA, AND EUGENIO VECCHI

ABSTRACT. We establish two new characterizations of magnetic Sobolev spaces for Lipschitz
magnetic fields in terms of nonlocal functionals. The first one is related to the BBM formula,
due to Bourgain, Brezis, and Mironescu. The second one is related to the work of the first
author on the classical Sobolev spaces. We also study the convergence almost everywhere and
the convergence in L' appearing naturally in these contexts.

1. INTRODUCTION

In electromagnetism, a relevant role in the study of particles which interact with a magnetic
field B = V x A, A : R — R3 is played by the magnetic Laplacian (V — i4)? [2, 16, 26].
This yields to nonlinear Schrédinger equations of the type —(V —i4)%u +u = f(u), which have
been extensively studied (see e.g. [1,13,15,17] and the references therein). The linear operator
—(V —iA)%u is defined weakly as the differential of the energy functional

HYRY) 5 u s |V — iA(z)u|?dz,
RN
over complex-valued functions u on RY. Here i denotes the imaginary unit and | - | the standard
Euclidean norm of CV. Given a measurable function A : RV — R and given an open subset
Q of RY, one defines H}(9) as the space of complex-valued functions u € L?(f2) such that
||UHH,14(Q) < oo for the norm

1/2 1/2
lull ey = (lulBa + [y ) Tl = ( /Q [V — iA(2)u[*dx )

In [14], some physically motivated nonlocal versions of the local magnetic energy were in-
troduced. In particular the operator (—A)% is defined as the gradient of the nonlocal energy
functional (=)

N ju(z) — AT Dy (y))
Hj(R )9u»—>(1—s)//RQN P EoT dz dy,

where s € (0,1). Recently, the existence of ground stated of (—A)%u+u = f(u) was investigated
in [12] via Lions concentration compactness arguments. In [28] a connection between the local and
nonlocal notions was obtained on bounded domains, precisely, if @ € RY is a bounded Lipschitz
domain and A € C%(RY), then for every u € H}(Q) it holds

: z+y
| [u(z) — AT u(y) 2 o8
(1.1) ll/‘ni(l —5) /Q/Q g dx dy = QN/Q |[Vu —1A(z)u|*dz,
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where

(1.2) Qn = 1/ w - of2do

2 Jsn-1
being SV~ the unit sphere in RY and w an arbitrary unit vector of RV. See also [23] for the
general case of the p-norm with 1 < p < +o0 as well as [24] where the limit as s \, 0 is covered.
This provides a new characterization of the H}‘ norm in terms of nonlocal functionals extending
the results by Bourgain, Brezis and Mironescu [3,4] (see also [11,25]) to the magnetic setting.
Let {s,}nen be a sequence of positive numbers converging to 1 and less than 1 and set

) 2(1 — s,)diam(Q)252=2p2=252 =N for 0 < r < diam(Q2),
n(r) ==
P 0 for r > diam(2),

where diam(£2) denotes the diameter of Q. We have [} pp(r)r™ ~'dr =1 and, for all 6 > 0,

o0

lim pn(r)rN"tdr = 0.

n—+oo [s
Given u : 2 — C a measurable complex-valued function, we denote
U, (z,y) = ei(:”*y)'A(xTﬂ)u(y), x,y € .
The function ¥, (-, -) also depends on A but for notational ease, we ignore it. Assertion (1.1) can
be then written as

. \II 9 2 .
(1.3) lim / | |$ — y|2(£ 2l pn(|lz —y|) dxdy = ZQN/Q |Vu — iA(z)uldz.

n—-+00

This paper is concerned with the whole space setting. Our first goal is to obtain formula (1.3)
for O = RY and to provide a characterization of H(R”) in terms of the LHS of (1.3) in the
spirit of the work of Bourgain, Brezis and Mironescu.

Here and in what follows, a sequence of nonnegative radial functions {p, }nen is called a sequence
of mollifiers if it satisfies the conditions

o0 o0
(1.4) / pn(r)r¥"ldr =1 and lim pn(r)rN"tdr = 0, for all 6 > 0.
0 n—+o00 Js
In this direction, we have

Theorem 1.1. Let A : RNV — RN be Lipschitz and let {p,}nen be a sequence of nonnegative
radial mollifiers. Then u € HY(RY) if and only if u € L>(RY) and

oz, y) — Uy 2
(1.5) sup // Vol y) =Vul@ D (0 ) ddy < +oo.
neNJ JR2N |"L‘ - y|
Moreover, for u € HY(RY), we have
U, ( -, 2
(1.6)  lim // [Tz y 2("”’9”” pullz — y) da dy = 2QN/ IV — iA(z)u|? da,
n—+oo [ [pan y| RN
— U, (z,2)|?
(17) // oD (o = ) dody
R2N \:c — |

< 2SNV / |Vu — iA(2)ul? dz + 2SN (2 + HVAH%OOURN)) / lul? da.
RN RN
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In this paper, [SY¥~!| denotes the (N — 1)-Hausdorff measure of the unit sphere S¥~! in RV,
The proof of Theorem 1.1 is given in Section 2.

Remark 1.1. Similar results as in Theorem 1.1 hold for more general mollifiers {p, }nen with
slight changes in the constants. See Remark 2.1 for details.

The second goal of this paper is to characterize H(RY) in term of Js(-) where, for > 0,

52
Js( // ————dady, forue Ll (RY).
(W (@) Ta(z,2)| >0} 1T — Y|V T2 foc ()

This is motivated by the characterization of the Sobolev space H'(RY) provided in [5, 18] (see
also [6-10,19-22]) in terms of the family of nonlocal functionals I5 which is defined by, for 6 > 0,

52
//{| Iy ‘N+2dwdy, for u € LL (RY).
u( >

It was showed in [5,18] that if u € LQ(RN), then u € HY(RY) if and only if supy5.1 Is(u) < oo;
moreover,

lim I5(u) QN/ \Vu|?dz, for u € H'(RVY).
oN\0 Q

Concerning this direction, we establish

Theorem 1.2. Let A : RN — RN be Lipschitz. Then u € HY(RY) if and only if u € L*(RY)
and

(1.8) sup Js(u) < +o0.
0<s<1

Moreover, we have, for u € H}‘(]RN),

tim Js(ur) = QN/ IV — iA(x)ul? d
NO RN

and

(1.9) SupJg(u)ch(/ |Vu—iA(a:)u|2d:U+(||VA|%OO(RN)+1)/ |u|2dx>.
6>0 RN RN

Throughout the paper, we shall denote by Cx a generic positive constant depending only on
N and possibly changing from line to line.

The proof of Theorem 1.2 is given in Section 3.
As pointed out in [13], a physically meaning example of magnetic potential in the space is
1
A(x,y,z) = 5(_y7$70)’ (ajvyvz) ERsv

which in fact fulfills the requirement of Theorems 1.1 and 1.2 that A is Lipschitz. Furthermore,
in the spirit of [6], as a byproduct of Theorems 1.1 and 1.2, for u € L*(RY), if we have

. Uy (x,y) — Uy (z, 7)|?
lim //RQN (@, 7) pr(lz —yl)dody =0

n—~4-00 |z — y|?

or

lim J 0
5%5() ,



4 H.-M. NGUYEN, A. PINAMONTI, M. SQUASSINA, AND E. VECCHI

then

VRu = — ASu,

V3u = ARu,
namely the direction of VRu, V3u is that of the magnetic potential A. In the particular case
A = 0, this implies that u is a constant function.

The LP versions of the above mentioned results are given in Sections 2 and 3. In addition to
these results, we also discuss the convergence almost everywhere and the convergence in L' of
the quantities appearing in Theorems 1.1 and 1.2 in Section 4.

The paper is organized as follows. The proof of Theorems 1.1 and 1.2 are given in Sections 2 and
3 respectively. The convergence almost everywhere and the convergence in L' are investigated in
Section 4.

2. PROOF OF THEOREM 1.1 AND ITS LP VERSION

The proof of Theorem 1.1 can be derived from a few lemmas which we present below. The
first one is on (1.7).

Lemma 2.1 (Upper bound). Let A : RN — RN be Lipschitz and let {p,}nen be a sequence of
nonnegative radial mollifiers. We have, for all u € HY(RY),

U, (x y — U, (z,2)?
I w2 o — ) dedy
R2N -
S2|SN_1|/ |vu—iA(x)u2dx+2|SN—1|(2+||VA||§OO(RN))/ lu|? da.
RN RN

Proof. Since C2°(RY) is dense in HL(RY) (cf. [16, Theorem 7.22]), using Fatou’s lemma, without
loss of generality, one might assume that u € C}(RY). Recall that

0 / pollzl)dz = ‘SN_1|/ pn(r)rN "t dr =[SV
RN 0
Since
— Yy (z,7)P?
//]R?N |x—y‘2 pn(jz —y|) dx dy
{lz—y|>1}

< 2//Rw (lu(y)? + [u(@)[*) pul|x — yl) dw dy < 4]SV 71 /RN uf? dz.

it suffices to prove that

U (z,y) — Uy(z, x)|?
er [ wn D (o — gl do dy
R2N

|z —y?
{le—yl<1}

< 2IsNVY </ |Vu — iA(z)ul* dz + ||VAH%O<>(RN)/ |u|2dm> .
RN RN
For a.e. z,y € RN, we have

a\I[%(;’y):ei(ﬂv—y) A( )Vu( ) — {A(x;y>+;(y—x)-VA(x;y)}x
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It follows that
oV, (x, + T+
23) |72 < 9u(w) A +A () A |l + o[V A(E) futo)

This implies

OV, ( .
\*\ < IVu(y) — iA@)u(y)| + VAl =@z = yllu(y)l,
which yields, for ,y € RV with |z —y| < 1,

|Wo(z,y) — Vylz, x)
|z —y?

|2 1
§2/0 [Vu(ty + (1 —t)z) —iA(ty + (1 — t)a)u(ty + (1 - t)z)[* dt

1
(2.4) +2||VA]%OO(RN)/O ‘u(ty—i—(l—t)x)‘?dt.

Since, for f € L2(RY), in light of (1.4) and (2.1), we get

1
///‘f(ty+<1—t>w)!2pn(lw—y|>dtdxdy
RN JRN Jo

=/ fla >2da:/ pu(l2]) dz = [V~ 1|/ () d,
RN RN
we then derive from (2.4) that

Uy (2,y) — Uy(z, 2)|?
L, = 2O (o~ yl) da dy

|z — yl?
{lo—y|<1}

<28V [ 1Vuly) 1A dy + 28V VA e, [ u0) P,
RN RN
which is (2.2). O

We next establish the following result which is used in the proof of (1.6) and in the proof of
Theorem 1.2.

Lemma 2.2. Let u € C?(RY), A: RN — RN be Lipschitz, and let {p,}nen be a sequence of
nonnegative radial mollifiers. Then

U, ( - v, 2
(2.5) hginf // [Wu(o y Z(x,x)] pn(|lx —y|) dedy > 2QN/ |Vu — iA(z)u|? dz.
n—=+oo J Jr2N — RN

Moreover, for any (e,) \( 0, there holds

‘I/ -, 2+en
(2.6) liminf // [P y 2J(r€ 2)l pn(lx —y|) de dy > 2QN/ |Vu — iA(z)ul? dz.
R2N — y[*en RN

n—-+00

Throughout this paper, for R > 0, let Br denote the open ball in RY centered at the origin
and of radius R.

Proof. Fix R > 1 (arbitrary). Using the fact
e — (1+it)| < Ct?, fort € R,
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we have, for =,y € Bgp,

o) = (146 =) 460 )ut)] < [wate) - (1460 4(2FY) ) utw)

r+y
+lo = yl|4(52) = AW |luw)] < Cllullcz(g (1 + [Allwr )z = ol

Here and in what follows, C' denotes a positive constant. On the other hand, we obtain, for
z,y € Bp,

u(z) — u(y) — Vu(y) - (z = y)| < Cllullc2splz -yl
It follows that

@7 |[ule.y) - vue,2)] - (Valy) - iA@)uw)) - (- o)

2
< Cllulle2ry (1 + |Allwrssy) 1z — vl

Since
(2.8) i [[ o= yPoulle ) dedy =,
n—-+00 BrxBp
{lz—y|<1}
it follows from (2.7) that
\I/ 2
liminf// y) = 2($,$)] pn(lz —y|) dz dy
n—+00 BRXBR ‘m - y‘

{lz—yl<1}

. 2
> liminf //B 5 ’(Vu(y) - 1A(y)u(y)) (z - y)‘ pn(lz — y|) dz dy.

n—-o0 |z —y|?
{le—y|<1}

We have, by the definition of @y,

. 2
lim inf //BRxBR Vu 1A(y)u(y)) i y)‘ pn(lz —y[) dz dy

n—-+00 |z —y|?

{lz—y|<1}
> 20 /B Vu(y) — iA(y)u(y)? dy.

By the arbitrariness of R > 1 we get

Uy(z,y) — ¥ 2
lim inf // RGN u(2, 7)) pn(|z —y|) dx dy > QQN/ |Vu — iA(z)u|* dx,
n—+oo JJreN |z — yl|?

{lz—yl<1}

which implies (2.5).
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Assertion (2.6) can be derived as follows. We have, by Hélder’s inequality,

U, (z y U, (z,z)|?
// | ) (z.2)] pu(lz —y|)dz dy
BRXBR

—yl?
{lz—yl<1}
2+en Qiyﬂln
v, 2+en
<\ e D (e~ yl)d dy J[ outte—siaray
BRXBR y‘ " BRXBR
{la—yl<1} {lz—yl<1}
Since, for every R > 0, there holds
Tren
li —y|)dxd =1
Jm | L el ey ,
{lz—yI<1}
we get (2.6) from (2.9) and the arbitrariness of R > 1. O

We are ready to prove (1.6).

Lemma 2.3 (Limit formula). Let A : RN — RN be Lipschitz and let {p,}nen be a sequence of
nonnegative radial mollifiers. Then, for u € H}‘(RN),

U, ( - 2
lim // RCR)) u(@,2)| pn(|r —y|) dxdy = QQN/ \Vu — iA(z)u|? dz.
R2N RN

nFoo v — yP?

Proof. By Lemma 2.1 and the density of C2°(RY) in H}(R"), one might assume that u € C2(RY).
From Lemma 2.2, it suffices to prove that, for u € C2(RY),

oz, y) — ¥ 2
(2.10)  limsup // [Pu(2,9) u(z,2)| pn(|lz —y|)dxdy < ZQN/ |Vu — iA(z)u|? dr.
R2N RN

n—+o0 |z —y|?
Fix R > 4 such that suppu C Bp/s. Using (2.7) and (2.8), one derives that

N 2
limsup// ¥) = Vulz, 2) pu(lz — yl) dz dy
BRXBR

n—-+00 ’1’ - y’2
{lz—yl<1}

. 2
= fimsup //B B Fuly) - huly) (@ =) pn(lz = y|) dz dy,

n—+oo |z —y|?
{lz—yl<1}
which yields
U, 2
(2.11) hmsup// ) 2($’$)| pn(|z —y|) dz dy
n——+00 BrxBgr y|

{le—yl<1}

< 2Qu /R Vuly) ~ 1AG)uly) dy.
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On the other hand, we have

oz, y) — ¥ 2
(2.12) limsup //RQN [P, 4) u(,7) pn(|lz —y|) dz dy

n——+o0o |13 - y|2
{lz—y|>1}

<timsup [[ 2 (jula)? + ) P)pule = o) de dy = 0

n—+oo
{lz—y|=1}

and the fact that

(2.13) if (z,y) ¢ Br x Bg and |z — y| < 1 then |¥,(z,y) — ¥, (x,z)| =0,

by the choice of R. Combining (2.11), (2.12), and (2.13) yields (2.10). O

The following result is about uniform bounds for the integrals in (1.5).

Lemma 2.4. Let A: RN — RN be Lipschitz and let {p, }nen be a sequence of nonnegative radial
mollifiers. Then u € HY(RY) if u € L2(RYN) and

Uy (2, y) — Uy(z, )2
(2.14) sup // [P, y) 2(”“””)‘ pn(|z — y]) do dy < +oc.
neN R2N |ZL‘ - y|

Proof. Let {7} be a sequence of nonnegative mollifiers with supp 7,,, C By which is normalized
by the condition [pn Tm(x)de = 1. Set

Um = U * Ty

U, (2,y) — Uy, (z,2)
I @O (2~ ) ddy.
R2N

We estimate

|z — yl|?
We have
[ ) o 1y e
v (@ VAT u(y — 2) — ulz — 2 T (2 z2
Z//RQNUR( — DL R

By the change of variables ¢/ = y—z and 2’ = x— 2z and using the inequality |a+b|?> < 2(|a|?+|b|?)
for all a,b € C and applying Jensen’s inequality, we deduce that

U, ( xy — VU, (z,)|?
L DO (e — ) e dy

—y
W, ( -, 2
<[ / [Zu(z,v) 2‘“’)' on(Jz — ) dz dy
R2N |z — 9
1 )_ei(a:fy)-A(i) |U( )|2
(2.15) +2/ / / 5 Tm (2) pr(|z — y|) dz dx dy.
RN JRN JRN lz — ]

Since, for t € R,
e — 1] < CJtl,



NEW CHARACTERIZATIONS OF MAGNETIC SOBOLEV SPACES 9

it follows that, for all z, y, z € RV,

ei(xfy)-A(%Jrz) _ ei(xfy)-A(%) ei(xfy)-(A(%Jrz)fA(i)) 1

< Ol VA poo oy |2 — yl|2] < Clz — yl[2].

Here and in what follows in this proof, C' denotes some positive constant independent of m and
n. Taking into account the fact that supp 7,,, C By, we obtain

Al +z) ei(m—y).A(i) (y)[2

el@=y)-
2.16 / / / Tm(2)pn(lx — y|) dzdx d
SUN NS o (on(le — ) d= e dy

< / / Clu(y) Prin(2)pul| — y]) dz dx dy < C.
RN JRN JRN

Combining (2.14), (2.15), (2.16) yields

U, ( -, 2
(2.17) // Wy (2,9) = Qury @O 00 oy <
R2N |z —y?

On the other hand, by Lemma 2.2 we have

LG -, 2
(2.18) hmmf// W (2,9) n(®:2)] pn(|z—y|) dx dy > 2QN/ |Vt —1A (%) Uy |? dez.
R2N RN

n—o0 |z — y|?

The conclusion now immediately follows from (2.17) and (2.18) after letting m — +oo. O

We are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Theorem 1.1 is a direct consequence of Lemmas 2.1, 2.3 and 2.4. O

Remark 2.1. Let {p,}nen be a sequence of non-negative radial functions such that

1 1
/ pn(r)yrN"tdr =1,  lim pn(r)rN"tdr =0, for every § > 0,
0

n—-+0o 5

and
o

lim pn(r)rN 3 dr = 0.

n—-+oo Jq
Theorem 1.1 then holds for such a sequence {p;,}nen provided that the constant 2 in (1.7) is
replaced by an appropriate positive constant C independent of u. This follows by taking into
account the fact that, for u € L2(RV),

U, ( - v 2
lim sup // [Pz y u(@,2)| pn(lz —y|) dz dy
R2N

n—-+4o0o y|2
{lz—y|>1}

<2lmswp [ (u@)? + [uw)P)palle — yle — o] P dody = .
n——+o0o R2N
{lz—y[>1}
For example, this applies to the radial sequence
pn(r) =2(1 — s,)r27 22N for r > 0,
which provides a characterization of H}X(RN ) and yields

z+y
. ju() = A ) /. )
lim (1—s, //RQN |$_y|N+2sn dxdy = 2QnN |Vu —iA(x)ul|” dx.

n—>+oo
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Consider now the space (C",|-|,) (n > 1), endowed with the norm

2y == (IR, -, Rz) [P+ |(S21, -, S2)[P) 7,

where | - | is the Euclidean norm of R™ and $a, Sa denote the real and imaginary parts of a € C
respectively. We emphasize that this is not related to the p-norm in R™. In what follows, we
use this notation with n = N and n = 1. Notice that |z|, = |z| whenever z € R", which makes
our next statements consistent with the case A = 0 and u being a real valued function. Also

| |2 =], consistently with the previous definition. Define, for some w € SV=1,
1

2.19 = - w-olldo.

(219) Qupi= [ lwo-olpdo

We have, for z € CV, (see [3,23]),
(2.20)

/ |z-ofbdo = / IRz - o do +/ 1Sz - 0P do = [R2[PpQn.p + 1S2[PpQNp = |2[5pQ N p-
SN—1 SN—1 SN—1

Using the same approach and technique, one can prove the following LP version of Theorem 1.1.

Theorem 2.1. Let p € (1,+00), A: RN — RN be Lipschitz, and let {p,}nen be a sequence of
nonnegative radial mollifiers. Then u € Wl’p(RN) if and only if u € LP(RY) and

U, (z,y) — Uy, )5
sup // | ) ul )’ppn(|$ —y|)dx dy < +oo.
neN J JR2N |3j - y|p

Moreover, for u € Wl’p(]RN), we have

\I/ -, b
i [ AR oy dvdy = b, [ | (90— il da
R2N RN

n—+oo |z — ylP
and
— Uy (z,2)[p
(2.21) pu(lz — y|) dz dy
R2N |=T —ylp

< Chnyp /RN |Vu —iA(z)ulb dr + CN,p(2 + ||VAHpOO(RN)) /RN lulb d,
for some positive constant Cy ), depending only on N and p.
Remark 2.2. Assume that C' is a positive constant such that, for all a,b € C,
la+bp < C(lalh + [bF).
Then assertion (2.21) of Theorem 2.1 holds with Cy, = [SV~1|C.

3. PROOF OF THEOREM 1.2 AND ITS LP VERSION
Let us set, for o € SV~1,
My(g,x) :==sup — /|g:c+sa]ds
t>0 t

and denote ., by #n, en = (0,...,0,1). We have the following result which is a direct
consequence of the theory of maximal functions, see e.g., [29, Theorem 1, page 5].
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Lemma 3.1 (Maximal function estimate). There exists a universal constant C' > 0 such that,
for all 0 € SN—1,

| M ttgPds<C [ lgPde. for allg e IRY).
RN RN

The following lemma yields an upper bound of Js(u) in terms of the norm of u in H}(RY).

Lemma 3.2 (Uniform upper bound). Let A : RY — RY be Lipschitz and u € H{(RY). We have

sup Js(u) < Cn (/ Vu —iA(z)u|? de + (||VA||%OO(RN) +1) / |u|2dx> .
>0 RN RN

Proof. By density of C2°(RY) in H}(RY), using Fatou’s lemma, we can assume that u € C}(RY).
For each § > 0, let us define

Asi={(z.y) € BN ¢ [ Wy, ) — Wulw,2)| > 6, o —y| < 1}

and
By = {(:U,y) e R . |Uy(2,y) — Uy(z,2)| > 6, |z —y| > 1}.
We have

— Uy (z,7)|?
//RZN |z — IN+2 By drdy < //RZN yx V2 L{ja—y|>1} dz dy.
Since |Wy(z,y) — Vyul(z,2)| < |u(z)] + \u )| and

[ G prtedvsn [ et an

{lz—y|>1}

62
- 1. dzdy<C 2 da.
o T gpesstoctedn < O [ s

We are therefore interested in estimating the integral

52
———dx dy.
//./45 |$ - y|N+2
Let us now define

X5 = {(ac,h,a)eRN (0,1) x SN2 Uy (2, + ho) — Uy (z, 7)) >5}.

it follows that

Performing the change of variables y = x + ho, for h € (0,1) and o € SN 1 yields

——da d // dhdwda—/ // — dhdz do,
IR= I

where C, denotes the set
Co = {(a:,h) € RY x (0,1) : |Uy(x,x + ho) — Uy (x,z)| > 5}, oesVL

Without loss of generality it suffices to prove that, for ¢ = ey = (0,...,0,1) € SV =1,

2
(3.1) // %dhdm <Cn (/ \Vu — iA(z)u>dz + ||VA”%00(RN)/ |u|2d:r) .
CeN RN RN

We have, by virtue of (2.3),
(3.2) ‘\Il(x, z + hey) — U(z, q:)’ < hotl(|Vu — iAu], @) + BV All o o v (Ju], ).
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Using the fact that if a + b > § then either a > 6/2 or b > §/2, we derive that

52 52 52

// 3dhdx§// 3dhdx+// 2 dhdx
Cop It (hottn (|Vu—iAu|,z)>5/2) P (R2|VAl| oo v M (ful.2)>5/2) T
52 52

g// mdhdm—k// = dhda,

{httn (|Vu—iAul,x)>5/2} {RIVAIN oo AN (Jul,2)>0/2}

where the last inequality follows recalling that since (x,h) € Cc, then h € (0,1). As usual, by
using the theory of maximal functions stated in Lemma 3.1, we have

2
(3.3) // %dhdm < C’N/ \Vu — iA(z)u|* dx
{(hottn (IVu—idu),z)>5/2) RN
and
52 2 2
(3.4) -5 dhdx < Cn ||V A7 |ul” dx.
{RIV Al oo vy o (ul ) >5/2 T2 RN
Assertion (3.1) follows from (3.3) and (3.4). The proof is complete. O

We next establish
Lemma 3.3 (Limit formula). Let A: RY — R be Lipschitz and u € Hy(RY). Then

li = Vu —iA 24
lim Js(w) = Qu [ [Vu—iA(a)ul*da.

where Qn is the constant defined in (1.2).

Proof. By virtue of Lemma 3.2, for every § > 0 and all w € H}(RY), we have

35)  Js(w) < Ox (/RN [V — iA(@)wl? o+ (IV A2 gy + 1) /RN |w\2d:v> |

Since
Vo2, y) — Uy(z,7)| < [Wy(x,y) — Uy(z, 2)| + [Vyo(,y) — Vyu(z, 7)),
it follows that, for every ¢ € (0,1),

52
Js(u) < // ———dxdy
() (W (@)W (2,0)|>(1—e)o} |7 — YN +2

52
+ // " _drdy.
W)~V ()| >e8} [T — YN

This implies, for € € (0,1) and u, v € H}‘(]RN),
(3.6) Js(u) < (1 — 8)_2J(1_5)5<U) + 5_2J€5(u —0).
From (3.5) and (3.6), we derive that, for u,u, € H}(RY) and ¢ € (0,1),

(37) Jé(u) - (1 - 5)72*](175)5(“71)

<e20n </ IV (u — up) — iA(z) (v — up)|? dz + (HVAH%OO(RN) +1) / lu — up | dac)
RN RN
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and

(3.8) (1 —e)*Js/1—e)(un) — Js(u)

20N </RN IV (u — up) —iA(x) (v — up)|* dz + (HVAH%OO(RN) +1) / lu — y,|? da:)
Since CH(RY) is dense in HY(RY), from (3.7) and (3.8), it suffices to prove the assertion for
u € CHRYN). This fact is assumed from now on

Let R > 0 be such that suppu C Bg/p. We claim that, for every o € SV=1. there holds

hm//
INO rhEBRX(]oo‘\IJ(

w(z,x+0ho) =V, (z,2)
Sh

1
dhdx = — / Vu —iAu) - o|?dx.
h>1} h? 2 Jrw I )l

Without loss of generality, we can assume o = ey € SV ~!. Then, we aim to prove that
ou
v, (z, :E+§heN) Wy (z,x)

. 1 )
%1\1(%// - h>1} hgdhdq: 3 /RN 8y—N(x) —iAn(x)u(zx)

where A ~ denotes the N-th component of A. To this end, we consider the sets

Co (2',8) = {(a;N,h)eRx (0, 00) : h>1},

2
dzx,

U, (z,z+ dhen) — Wy (2, x)
oh

(x,z)| h > 1},

00) : hottn(|Vu —1Au|

(@) := {(xN,h) € R x (0,00) : gj}:
F(z') -

{(mN,h)ERx (0,

) + W2V A oo () Ay (Ju], ) > 1}.
Therefore, we obtain xc, (2.6 (TN, h) < XF@ (2N, h) for ae. (z,h) € Br x (0,00) (by (3.2)
the proof of Lemma 3.2) and

/B / h3X]-‘(;g/) ZEN,h) dhdx <71y + I,
R

where we have set

T, = / / L dnas,
{(@.h)eBRx(0,00): Mx ([Vu—iAul@)h>1/2} P

/ / L dhdz,
{ (2.n)€BRx(0.00): 2|V Al yoo vy -#n (ful.2)>1/2} T2

and we have denoted x the characteristic function. We have, by the theory of maximal functions

I, <C / \Vu — iA(z)u|?dz,
RN
and, by a straightforward computation

Iy < C||[VA]| poo mvy [l oo (rvy| BR
The validity of Claim (3.9) with o = ex now follows from Dominated Convergence theorem since
lim = /
51\‘ XCe (z! )(:Eth) XE(z )($N7h)7

for a.e. (z,h) € Br x (0,00),
and, by a direct computation

ou . 2
(%—N(x) —iAn(x)u(z)| dx.

& 1 1
/ / Xs(x’)(xNah)ﬁdhdx = /
Bgr J0 Br

2
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Now, performing a change of variables we get

52 > 1
———dxdy = h)— dhdo d
//{|\I/u(x,y)\llu(x,x)|>6, eBr) |z — y|N+2 €T ay /BR /SN—I/O X&(é)(% )hg odz,

where
Vy(z,z+ dho) — Wy (z,x)

5h h > 1}.

Co(8) := {(w,h) € Br x (0,00) : '

Exploiting (3.9), we obtain

52
(3.10) lim // ————dxdy = = / |(Vu — iAu) - o|* dx do.
NO J J{ W (2,y)— Uy (z,2)|>5, s€BR} |z — y|[N+2 sN-1.JBg

On the other hand, since suppu C Bpg/s, we have

52
(3.11) hm// O drdy
INO S S (10 (2,9)— W (,2) 56, 2€RN\ B} [T — Y[V T2

52
:lim// ————=dxdy = 0.
N0 J J{zeRN\Bp, yEBR/2} |z —y[N+?

Combining (3.10) and (3.11) yields

52 1
lim// dxdy:/ / Vu —iAu) - o|? dz do.
INO S (10 () =W ()50} [T — Y[V T2 2 Jsn-1 Jrr ( )l

In order to conclude, we notice the following, see (2.20),
/ |V -o|?>do =2Qn|V|?, for any V e CV,
SN-1

where @ is the constant defined in (1.2). O
We next deal with (1.8).
Lemma 3.4. Let u € L2(RY) and let A:RY — RY be Lipschitz. Then u € HL(RY) if

(3.12) sup Js(u) < +oo.
6€(0,1)

Proof. The proof is divided into two steps.
Step 1. We assume that v € L2(R™V) N L>®(RY). Set

L:= sup ‘\pu(m7y) - \I’u($ax)|
z,ycRN

In light of (3.12), we obtain
L
/ e0° 1 Js(u)dé < C,
0

for some positive constant C' independent of ¢ € (0,1). By Fubini’s theorem and by the definition
of L, we have

g e—1 1 [V (2,y)—Vu(z,2)| o
/055 Jd(u)dé:/wlw—ylfv”/o 0"t dé dz dy.

It follows that
— U, (x,2) 3¢ €
dedy < C.
2+e//w |x—y|2+f [z -y =
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By virtue of inequality (2.6) of Lemma 2.4, we have

. Uy (z,y) — Uy(z,2) >+ € . 9
| f > —
imin //RQN PP P dx dy > 2QN o |Vu — iA(z)ul|* dz,

which implies u € H}(RY).
Step 2. We consider the general case. For M > 1, define T3 : C — C by setting
z if |z] < M,
Tu(2) = { Mz/|z| otherwise,

and denote
uns = Tar(w).
Then, we have
|Tar(z1) — Tar(22)] < |21 — 22|, for all 21,29 € C.
It follows that
|Wo,, (2, y) — Yo, (x,2)| < [Wyu(x,y) — Yy(z,x)|, forallz ye RN,

Hence we obtain

(3.13) Js(unr) < Js(u).
Applying the result in Step 1, we have up; € H4(RY) and hence by Lemma 3.3,
(3.14) lim Js(upr) = QQN/ |V () — iA(z)up ()| de.
6—0 RN
Combining (3.13) and (3.14) and letting M — +oo, we derive that u € H4(RY). The proof is
complete. O

Remark 3.1. Similar approach used for H'(RY) is given in [18].

Proof of Theorem 1.2. The limit formula stated in Theorem 1.2 follows by Lemma 3.3. Now,
if u € HY{(RY), then (1.9) follows from Lemma 3.2. On the contrary, if u € L*(RY) and (1.8)

holds, it follows from Lemma 3.4 that u € H}(RY). O
Given u a measurable complex-valued function, define, for 1 < p < +o0,
5P
Js.p(u // ————dzxdy, ford >0.
g {|Vu(z,y)—Vy(z,x)|p>d} ‘LL“ - y‘N—i-p

We have the following LP-version of Theorem 1.2.

Theorem 3.1. Let p € (1,400) and let A : RN — RN be Lipschitz. Then u € Wi’p(RN) if and
only if u € LP(RY) and

sup Jsp(u) < oo.
0<6<1

Moreover, we have, for u € le’p(RN),

lin Ja (1) = Qv /R VU Al dr

and
Jsp(u) < vy ( / [V~ iA@)ufl dz + (IVAD . g, +1) / ul? da:) ,
RN RN
for some positive constant Cn, depending only on N and p.

Recall that @y, is defined by (2.19).
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Proof. We have the maximal function estimates in the form
/ |5 (g,7)[Pdr < Cp/ lglbdz,  forall g € LP(RY).
RN RN

for all o € SV~! and g € LP(R"), either complex or real valued. It is readily checked (repeat the
proof of [16, Theorem 7.22] with straightforward adaptations) that C>°(RY) is dense in le’p (RM).
Lemma 3.2 holds in the modified form

Jial) < Covy ([ 190 3Gl o+ (1D ARy +1) [ e,
for all u € Wi’p (RY) and § > 0. To achieve this conclusion, it is sufficient to observe that, see
(3.2),
|\I/(a:, x+ hey) — ¥ (x, x)|p < hatn(|Vu —iAulp, ) + hQI\VA\\Lm(RN)%N(]u\p,x).

The rest of the proof follows verbatim. Lemma 3.3 holds in the form
lim Jsp0) = @y [ (V0= iAGe)uly da,

for every u € Wj"p (RM). In fact, mimicking the proof of Lemma 3.3, one obtains

P 1
lim// v drdy = / / |(Vu —iAu) - o|P dz do.
N0 S0 ) W@ a)lp>o 12— YN P Jsn-1 Jew

The final conclusion follows from (2.20). Lemma 3.4 can be modified accordingly with minor
modifications, replacing | - | with |- |,. O

4. CONVERGENCE ALMOST EVERYWHERE AND CONVERGENCE IN L!

Motivated by the work in [9] (see also [27]), we are interested in other modes of convergence
in the context of Theorems 1.1 and 1.2. We only consider the case p = 2. Similar results hold for
p € (1,400) with similar proofs. We begin with the corresponding results related to Theorem 1.1.
For u € Li (RY), set

loc

\I]u ) - \Ilu ) 2
Dy (u,z) = / [P, ) 2(93 2)| pn(jz —y|)dy, for z € RY.
RN |z =yl

We have

Proposition 4.1. Let A : RN — RN be Lipschitz, u € H}‘(RN), and let (pn) be a sequence of
radial mollifiers such that

supsupt=2p,(t) < +oo.
t>1 n

We have
lim D, (u,z) = 2Qn|Vu(z) — iA(z)u(z)]?, for a.e. z € RV,

n—-+4o0o
and

lim Dy(u, ) = 2Qn|Vu(-) —iAC)u(-)?, in LY(RN).

n—-+o0o

Before giving the proof of Proposition 4.1, we recall the following result established in [10,
Lemma 1] (see also [9, Lemma 2] for a more general version).

Lemma 4.1. Letr >0, z € RY and f € L. (RY). We have

loc

/SN_l /0 |f(x + s0)|dsdo < CnrM(f)().
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Here and in what follows, for z € RY and r > 0, let B,(r) denote the open ball in RY centered
at = and of radius r. Moreover, M(f) denotes the maximal function of f,

1
M(f)(x) = SUD ] Bz(r)\f(y)\dy, r RV,

As a consequence of Lemma 4.1, we have

Corollary 4.1. Let f € LL _(RY) and p be a nonnegative radial function such that

loc

(4.1) /000 p(r)yrN"tdr = 1.

Then, for a.e. x € RV,

1
/ / F(tly — 2) + ) |plly — o) dt dy < CyM(f)(a).
2(1) /0

Proof. Using polar coordinates, we have

/BM /01|f(1f(y—fv)Jrfv)lp(ly—ﬂcl)dtdy=/OT/SN1 /01|f(x+tsa)|sN_1p(3)dtdgd8_

Applying Lemma 4.1, we obtain, for a.e. € RV

1
/SNI/O |f(z+tso)|dtdo < CNM(f)(z).

It follows from (4.1) that, for a.e. z € RV,

/ / 1ty — 2) + 2) p(ly — 2) dedy < CyM(f)(z),
=(r) J0

which is the conclusion. O
We are ready to give the proof of Proposition 4.1.

Proof of Proposition 4.1. We first establish that, for a.e. z € RY,

(42)  |Da(w,2)| < C(M(Vu—iduP)(@) + M(ju?)(@)) +m uly)? dy,
RN\B.(1)

where

m := 2supsupt 2pp(t).
t>1 n

Here and in what follows in this proof, C' denotes a positive constant independent of x. Indeed,
we have, as in (2.4), for a.e. 2,y € RV with |y — 2| < 1,

|z —y|?

1
=)l <2 [ [Vultly =) + ) =34 (tly — 2) + 2)ultly — )+ ) P

1
(4.3) 2 VAR, / fu(t(y — ) + )| dr.
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This implies, for a.e. x € RY,
/ |V (z,y) _\I’u(maxNQ
Bx(1)

pn(ly — z|) dy
2P (1 )

! 2
<2 [ [ [Tultly = )+ 0)  1A(ely — ) +a)ulely ) + ) pully — o]) dry
(1) JO

1
+2HVAH%00(RN)/B(1)/O |u(t(y—x)—i—a?)‘zpn(\y—;c\)dtdy.

Applying Corollary 4.1, we have, for a.e. z € R,

z,y) — U, (z, z)|? )
oy [ PRIy el dy < CM(T A @) + M),

On the other hand, we get

‘\I}u(xay> - \Iju(xvaQ
4.5 / n(ly — x]) dy
@) fop g ey =aD
< Z\U(w)\2+2/ lu@)Pon(ly — )z —y| > dy
RN\B;(1)
< 20u(@)|? +m [u(y)| dy.
RN\ B (1)

A combination of (4.4) and (4.5) yields (4.2). Set, for v € H(R™) and ¢ > 0,

Qe (v) == {a: € RY :limsup | D, (v, z) — 2QN|Vov(z) — iA(x)v(a;)|2’ > 5}.

n—-+00
By (2.7), one has, for v € C2(R") and € > 0,
1Q:(v)] = 0.

Using the theory of maximal functions, see e.g., [29, Theorem 1 on page 5], we derive from (4.2)
that, for any € > 0 and for any w € H4(RY) with m [pn [w(y)[>dy < /2,

(4.6) |Q(w)| < ¢ /]RN <|Vw(x) — iA(:c)w(sc)‘2 + ]w(z)|2> dzx.

g

Fix € > 0 and let v € C2(RY) with max{1,m}|jv — ull 1 mvy < /2. We derive from (4.6) that

C
90.(0)) < 19— )| < Tl —ully v, < Ce.
Since £ > 0 is arbitrary, one reaches the conclusion that |Qy(u)| = 0. The proof is complete. [

We next discuss the corresponding results related to Theorem 1.2. Given u € Li _(RY), set,
for z € RY,
52
- [ _E
(o) —u(wa) >0y [T — Y|V

We have



NEW CHARACTERIZATIONS OF MAGNETIC SOBOLEV SPACES 19

Proposition 4.2. Let A:RY — RY be Lipschitz and let u € H(RN). We have

(4.7) %l{‘% Js(u, z) = Qn|Vu(z) — iA(z)u(z)?,  for a.e. z € RN
and
(48) lim Js(u) = QuIVu() ~ IAQUO)P, in LRY),

Proof. For v € HY(RY), set
M(v,z) = /SNl (|///g(|Vv —idv|, x)]* + ||VAH%OO(RN)\//ZU(|U],$)|2> do, forz € RY,

and denote
52
/{%(m,y)—%(z,x)l>6, y—al<1y |z —y[N+2
We first establish a variant of (4.7) and (4.8) in which Js is replaced by Js. Using (3.2), as in the
proof of Lemma 3.2, we have, for any v € H}(RY),
Js(v,2) < Cn.s (v, ) for all § > 0.

We derive that, for u,u, € H}(RY), and € € (0, 1),

N

Js(u, x) = dy, for xz € RV,

(49) j§(u7 SU) - (1 - 8)_2j(1—€)5(un) ﬂf) < 5_201\7%(“ — Unp, ﬂf),
and
(4.10) (1= &) Js/0o) (un, @) — Js5(u,2) < e 2Cnotl (u — up, ).

On the other hand, one can check that, as in the proof of Lemma 3.3, for u,, € C2(R"),

(4.11) %i\rf‘r(l) Js5(tn, ) = QN|Vun(x) — iA(z)un(2)|?, for z € RY,
We derive from (4.9), (4.10), and (4.11) that, for u € H}(RY),
(4.12) %i\rf(l] Js(u,z) = Qn|Vu(z) — iA(x)u(z)?, for ae. z e RV,
and, we hence obtain, by the Dominate convergence theorem,
(4.13) lin Ja(u) = QulVul) ~ AQu(P. i LY,
since .4 (u,x) € L*(RY). A straightforward computation yields
52

lim L —

N0 Jqy—a>1y |2 — y[NH2
It follows that
(4.14) lim [J5(u, z) — Js(u, )] =0, for a.e. z € RV,

SN0
We also have, for w € C2(RY),
2
i [/ S —
NS S0 )W) |26, ly—oi21} |7 = Y[V
2

dx dy

< lim

< ———dxdy =0,
5\ //{(BRX]RN)U(IR{NXBR), y—a|>1} [ —y[N T2
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where R > 0 is such that suppw C Bg. Using Lemma 3.2 and the density of C2(R") in H il (RM),
we derive that,

(4.15) lim [J5(u, ) — J5(u,-)] = 0 in LY(RM).
N0
The conclusion now follows from (4.12), (4.13), (4.14) and (4.15). O
REFERENCES
[1] G. Arioli, A. Szulkin, A semilinear Schréodinger equation in the presence of a magnetic field, Arch. Ration.

(10]
(11]
(12]

(13]

Mech. Anal. 170 (2003), 277-295. 1

J. Avron, I. Herbst, B. Simon, Schrédinger operators with magnetic fields. I. General interactions, Duke Math.
J. 45 (1978), 847-883. 1

J. Bourgain, H. Brezis, P. Mironescu, Another look at Sobolev spaces, in Optimal Control and Partial Differ-
ential Equations. A Volume in Honor of Professor Alain Bensoussan’s 60th Birthday (eds. J. L. Menaldi, E.
Rofman and A. Sulem), IOS Press, Amsterdam, 2001, 439-455. 2, 10

J. Bourgain, H. Brezis, P. Mironescu, Limiting embedding theorems for W*? when s T 1 and applications, J.
Anal. Math. 87 (2002), 77-101. 2

J. Bourgain, H.-M. Nguyen, A new characterization of Sobolev spaces, C. R. Acad. Sci. Paris 343 (2006),
75-80. 3

H. Brezis, How to recognize constant functions. Connections with Sobolev spaces, Russian Mathematical Surveys
57 (2002), 693-708. 3

H. Brezis, New approzimations of the total variation and filters in imaging, Rend Accad. Lincei 26 (2015),
223-240. 3

H. Brezis, H.-M. Nguyen, Non-local functionals related to the total variation and connections with image
processing, preprint. http://arxiv.org/abs/1608.08204 3

H. Brezis, H.-M. Nguyen, The BBM formula revisited, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 27
(2016) 515-533. 3, 16

H. Brezis, H.-M. Nguyen, Two subtle convex nonlocal approrimations of the BV-norm, Nonlinear Anal. 137
(2016), 222-245. 3, 16

J. Davila, On an open question about functions of bounded variation, Calc. Var. Partial Differential Equations
15 (2002), 519-527. 2

P. d’Avenia, M. Squassina, Ground states for fractional magnetic operators, ESAIM COCYV, to appear doi.
org/10.1051/cocv/2016071 1

M. Esteban, P.-L. Lions, Stationary solutions of nonlinear Schrédinger equations with an external magnetic
field. Partial differential equations and the calculus of variations, Vol. I, 401-449, Progr. Nonlinear Differential
Equations Appl., 1, Birkhduser Boston, Boston, MA, 1989. 1, 3

T. Ichinose, Magnetic relativistic Schrédinger operators and imaginary-time path integrals, Mathematical
physics, spectral theory and stochastic analysis, 247297, Oper. Theory Adv. Appl. 232, Birkhauser/Springer,
Basel, 2013. 1

L.D. Landau, E.M. Lifshitz, Quantum mechanics. Pergamon Press, (1977). 1

E. Lieb, M. Loss, Analysis, Graduate studies in Mathematics 14, 2001. 1, 4, 16

D.L. Mills, Nonlinear optics, Springer-Verlag, (1998). 1

H.-M. Nguyen, Some new characterizations of Sobolev spaces, J. Funct. Anal. 237 (2006), 689-720. 3, 15
H.-M. Nguyen, Further characterizations of Sobolev spaces, J. Eur. Math. Soc. 10 (2008), 191-229. 3

H.-M. Nguyen, I'-convergence, Sobolev norms, and BV functions, Duke Math. J. 157 (2011), 495-533. 3
H.-M. Nguyen, Some inequalities related to Sobolev norms, Calc. Var. Partial Differential Equations 41 (2011),
483-509. 3

H.-M. Nguyen, Estimates for the topological degree and related topics, J. Fixed Point Theory 15 (2014), 185—
215. 3

A. Pinamonti, M. Squassina, E. Vecchi, Magnetic BV functions and the Bourgain-Brezis-Mironescu formula,
preprint, https://arxiv.org/abs/1609.097142 2, 10

A. Pinamonti, M. Squassina, E. Vecchi, The Maz’ya-Shaposhnikova limit in the magnetic setting, J. Math.
Anal. Appl. 449 (2017), 1152-1159. 2

A. Ponce, A new approach to Sobolev spaces and connections to I'-convergence, Calc. Var. Partial Differential
Equations 19 (2004), 229-255. 2


http://arxiv.org/abs/1608.08204
doi.org/10.1051/cocv/2016071
doi.org/10.1051/cocv/2016071
https://arxiv.org/abs/1609.097142

NEW CHARACTERIZATIONS OF MAGNETIC SOBOLEV SPACES 21

[26] M. Reed, B. Simon, Methods of modern mathematical physics, I, Functional analysis, Academic Press, Inc.,
New York, 1980 1

[27] A. Ponce, D. Spector, On formulae decoupling the total variation of BV functions, Nonlinear Anal. 154 (2017),
241-257. 16

[28] M. Squassina, B. Volzone, Bourgain-Brezis-Mironescu formula for magnetic operators, C. R. Math. Acad. Sci.
Paris 354 (2016), 825-831. 1

[29] E. M. Stein, Singular integrals and differentiability properties of functions. Princeton University Press, Prince-
ton, N.J., 1970. 10, 18

(H.-M. Nguyen) DEPARTMENT OF MATHEMATICS
EPFL SB CAMA

STATION 8 CH-1015 LAUSANNE, SWITZERLAND
E-mail address: hoai-minh.nguyen@epfl.ch

(A. Pinamonti) DIPARTIMENTO DI MATEMATICA
UNIVERSITA DI TRENTO

VIA SOMMARIVE 14, 38050 Povo (TRENTO), ITALY
E-mail address: andrea.pinamonti@unitn.it

(M. Squassina) DIPARTIMENTO DI MATEMATICA E FIsIica
UNIVERSITA CATTOLICA DEL SACRO CUORE

ViA DEI MUSET 41, 1-25121 BRESCIA, ITALY

E-mail address: marco.squassina@unicatt.it

(E. Vecchi) DIPARTIMENTO DI MATEMATICA

UNIVERSITA DI BOLOGNA

P1azzA D1 PORTA S. DONATO 5, 40126, BOLOGNA, ITALY
E-mail address: eugenio.vecchi2@unibo.it



	1. Introduction
	2. Proof of Theorem 1.1 and its Lp version
	3. Proof of Theorem 1.2 and its Lp version
	4. Convergence almost everywhere and convergence in L1
	References

