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Introduction

This thesis is devoted to the rigorous derivation of lower dimensional models for thin
bodies, in the framework of linearised elasto-plasticity. A thin structure, such as a plate
or a shell, is a three-dimensional body whose thickness is very small with respect to the
other dimensions. Understanding the laws governing their motion is very important, since
thin structures comprise a growing proportion of engineering constructions, like aircrafts,
boats, bridges, and oil rigs. To describe the mechanical behaviour of a thin structure, it
is usual to replace three-dimensional theories with lower dimensional theories, since they
are simpler to treat analitically and numerically.

A crucial question is how to mathematically justify lower dimensional models, start-
ing from the three-dimensional ones. In the classical approach these models are usually
deduced via formal asymptotic expansions, which are based on some kinematical and ge-
ometrical restrictions on the class of deformations. For this reason the validity and the
generality of these models is not always clear. It is therefore important to tackle this ques-
tion by a rigorous approach. To this aim, a useful mathematical tool is Γ-convergence, a
powerful theory introduced by Ennio De Giorgi in the 70’s (see [15]). Roughly speaking,
Γ-convergence is a variational convergence which ensures the convergence of minima and
minimisers of a sequence of functionals, to the minima and minimisers of the reduced mod-
els, respectively. This approach has been successfully applied to the stationary case: for in-
stance, in the framework of nonlinear elasticity to plates [25,26,31], beams [3,43,44,48,49],
and shells [24,32,33]. More recently, an increasing interest has been given to evolutionary
problems, where the scope is to understand the change in time of the state of the material.
The approach based on Γ-convergence has been adapted also to the evolutionary setting:
in nonlinear elastodynamics [1,2], crack evolution [6,23], plasticity [13,34,35,45], and de-
lamination problems [42]. For the abstract theory of evolutionary Γ-convergence we refer
to [41].

In this thesis we consider thin structures that exhibit an elasto-plastic behaviour.
These are bodies, whose response is elastic as long as the applied loads do not exceed the
yield stress of the material (that is, the deformation undergone by the body is reversible).
When the yield stress is reached, the material undergoes a plastic deformation, that is,
a permanent deformation in response to the applied forces. To be more specific, we will
focus on the theory of linearised perfect plasticity. Perfect plasticity means that the yield
stress remains constant during the evolution, and hardening and softening effects are
neglected. We suppose that the plastic response of the body is governed by the associative
Prandtl-Reuss flow rule, which is typically used to describe the plastic behaviour of metals.
Furthermore, we assume the material to be homogeneous and isotropic.

The dynamic evolution problem in linearised perfect plasticity can be described as
follows. Let U ⊂ R3 be the reference configuration of a body, let u(t) be the displacement
vectorfield at time t, and let symDu(t) be the symmetric gradient of u(t). The linearised
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2 Introduction

strain symDu(t) is decomposed as the sum of two symmetric matrices: the elastic strain
e(t) and the plastic strain p(t). In the modelling of plastic behaviour of metals, plastic
deformation is usually assumed to be volume preserving: for this reason, we assume p(t, x)
to be a deviatoric matrix for every x ∈ U and every time t. We further suppose that
the evolution is driven by a time-dependent boundary displacement w(t) prescribed on a
portion ∂dU of the boundary of U , by a time-dependent body force f(t), and by a time-
dependent surface force g(t) applied on ∂U \∂dU . The dynamic evolution problem consists
in finding a triplet (u, e, p) such that the following conditions hold for every t ≥ 0:

(c1) kinematic admissibility: symDu(t) = e(t) + p(t) in U and u(t) = w(t) on ∂dU ;

(c2) constitutive law: σ(t) := Ce(t) in U , where σ(t) is the stress field at time t and C is
the elasticity tensor;

(c3) equation of motion: ü(t) − div σ(t) = f(t) in U and σ(t)ν∂Ω = g(t) on ∂U \ ∂dU ,
where ν∂U is the outer unit normal to ∂U ;

(c4) stress constraint: σD(t) ∈ K in U , where σD is the deviatoric part of σ and K is a
given convex and compact set in the space of deviatoric matrices M3×3

D ;

(c5) flow rule: ṗ(t, x) belongs to the normal cone to K at σD(t, x) for every x ∈ U .

We are interested both in dynamic evolutions, and in quasistatic evolutions, where
inertial effects are neglected. More precisely, in quasistatic evolutions the rate of change
in time of the applied loads is so slow that one can assume the system to be at equilibrium
at each time during the evolution. Thus, in the quasistatic framework, the equation of
motion (c3) is replaced with

(c3)′ equilibrium equation: −div σ(t) = f(t) in U and σ(t)ν∂U = g(t) on ∂U \ ∂dU ,

for every t ≥ 0. We remark that system (c1), (c2), (c3)′, (c4), and (c5) gives rise to a rate-
independent process, while the dynamic evolution model (c1)–(c5) is not rate-independent,
because of the inertial term. For the general theory of rate-independent systems we refer
to [40]. Under suitable assumptions on the data, existence and uniqueness of solutions to
system (c1)–(c5) in U has been proved in [5], while the existence of a solution for (c1),
(c2), (c3)′, (c4), and (c5) in U , was originally established in the seminal paper [50], and
more recently revisited in [12] by means of a variational approach.

This thesis consists of two parts. In the first one, we rigorously derive a dynamic
evolution model for a plastic thin plate. In the second part, we consider a plastic shallow
shell in the quasistatic framework. In both cases, we deduce models that belong to the
framework of Kirchhoff-Love theory. This theory was introduced in 1888 (see [29]), and it
is based on the kinematic assumption that straight lines normal to the mid-surface remain
straight and normal after the deformation, within the first order. We underline that in
our results these kinematic properties are not assumed a priori, but they are obtained at
the limit by means of a rigorous convergence argument.

The first result of this thesis, which is discussed in Chapter 2, is the rigorous derivation
of a dynamic evolution model for a thin plate in perfect plasticity. The corresponding result
in the quasistatic case was established in [13].
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Let ω ⊂ R2 be a domain with a C2 boundary and let h > 0. We consider a plate,
whose reference configuration is given by the set

Ωh := ω × (−h
2 ,

h
2 ).

Here ω represents the mid-surface of the plate, while the parameter h denotes its thickness.
We suppose that the body load fh(s) at every time s is purely vertical and the surface

load is zero at every time. We denote by wh(s) the time-dependent boundary displacement
prescribed on a portion Γd,h := ∂dω ×

(
−h

2 ,
h
2

)
of the lateral boundary of the plate.

Let (uh, eh, ph) be a solution of the dynamic evolution problem (c1)–(c5) in Ωh with
this choice of data. The solutions (uh, eh, ph) provided by the existence results belong to
the space

BD(Ωh)× L2(Ωh;M3×3
sym)×Mb(Ωh ∪ Γd,h;M3×3

D ),

where BD(Ωh) is the space of functions with bounded deformation on Ωh, and Mb(Ωh ∪
Γd,h;M3×3

D ) is the space of M3×3
D -valued bounded Radon measures on Ωh∪Γd,h. From a me-

chanical point of view this formulation is consistent with the well known fact that displace-
ments in perfect plasticity can develop jump discontinuities along so-called slip-surfaces,
on which plastic strain concentrates. Furthermore, the Dirichlet boundary condition on
Γd,h is relaxed and takes the form

ph(s) = (wh(s)− uh(s))� ν∂Ωh
H2 on Γd,h,

whereH2 denotes the two-dimensional Hausdorff measure and � is the symmetrised tensor
product. The mechanical interpretation of this condition is the following: if the prescribed
boundary displacement is not attained at time s, a plastic slip develops at the boundary
with a strength proportional to wh(s)− uh(s).

Because of the weak regularity of ph (ph and ṗh are only measures in the space variable),
the meaning of condition (c5) has to be clarified. In [5] this issue is overcome by expressing
(c5) as a variational inequality involving only the stress variable σh and the velocity u̇h.
In [7] the authors replace condition (c5) by its equivalent form

(c5)′ maximum dissipation principle: H(ṗh(s)) = (σh)D(s) : ṗh(s) in Ωh ∪ Γd,h,

where H(ξ) := supη∈K ξ : η is the support function of K. The advantage of condition (c5)′,
compared to (c5), is that the equality in (c5)′ has a meaning in a measure sense. This
relies on a notion of duality beween stresses and plastic strains that was introduced in [30]
and further developed in [12] and [22]. However, the definition of the duality requires some
regularity of ∂Ωh and of the relative boundary of Γd,h in ∂Ωh. Since in our framework ∂Ωh

has only Lipschitz regularity, we prefer not to dwell on duality and we formulate (c5) as
an energy inequality:

(c5)′′ energy inequality: for every 0 ≤ t1 ≤ t2

Qh(eh(t2)) +
1

2
‖u̇h(t2)‖2L2 +

∫ t2

t1

Hh(ṗh(s)) ds ≤ Qh(eh(t1)) +
1

2
‖u̇h(t1)‖2L2

+

∫ t2

t1

∫
Ωh

(σh(s) : symDẇh(s) + üh(s) · ẇh(s)) dx ds

+

∫ t2

t1

∫
Ωh

fh(s)e3 · (u̇h(s)− ẇh(s)) dx ds,
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where

Qh(eh(s)) :=
1

2

∫
Ωh

Ceh(s, x) : eh(s, x) dx

is the stored elastic energy at time s, while Hh(ṗh(s)) is the plastic dissipation potential
at time s, defined according to the theory of convex functions of measure (see Section 1.2).
When the stress-strain duality is defined and (c1)–(c4) are satisfied, one can prove that
conditions (c5)′ and (c5)′′ are in fact equivalent. For the reader’s convenience the proof
of the existence for system (c1)–(c4), and (c5)′′ is sketched in Section 2.3. In view of
the subsequent analysis, a particular attention is paid to the dependence of the involved
quantities on the thickness parameter h.

Existence of a dynamic evolution (uh, eh, ph) in Ωh is therefore established for every
h > 0. Our main goal is to study the asymptotic behaviour of (uh, eh, ph), as h tends to 0,
and characterise its limit as a solution of a suitable limiting problem. This is the subject
of Section 2.4.

To discuss the limiting behaviour of (uh, eh, ph) it is convenient to rescale Ωh to a
domain Ω independent of h and to rescale time by setting t := hs. According to this
change of variables, we define the rescaled displacement uh on [0,+∞)× Ω as

uh(t, x) :=
(
uh( th , (x

′, hx3)) · eα , huh( th , (x
′, hx3)) · e3

)
(1)

for x = (x′, x3), α = 1, 2. The spatial scaling of uh is consistent with that of dimension
reduction problems in linearised elasticity. In particular, the ratio of order h between
the vertical and the tangential displacements can be rigorously justified starting from
nonlinear elasticity, under the small strain assumption (see [26]). Note, however, that in
linearised elasticity the problem is invariant under further scalings of uh, while this is not
the case in plasticity, because of the different homogeneity of the elastic energy and the
dissipation potential. The scaling (1) is the correct one to see both elastic and plastic
contributions in the limit as h→ 0 (see also [13]).

The time scaling of uh is also consistent with the results in the context of elasticity
(see, e.g., [1]): oscillations in Ωh occur at a slow time scale, so that a time scaling is needed
to observe oscillations in the limit as h→ 0.

The scaling for eh and ph is chosen in such a way that the sequence of the rescaled
triplets (uh(t), eh(t), ph(t)) still satisfies the additive decomposition symDuh(t) = eh(t) +
ph(t) in Ω for every t. Finally, we perform the same scaling as in (1) on the boundary
datum wh, while for the body load we set

fh(t, x) := 1
hfh( th , (x

′, hx3)).

In Theorem 2.4.1 we prove that, under suitable assumptions on the initial data and on
the rescaled boundary condition and body load, the rescaled triplets (uh(t), eh(t), ph(t))
converge, up to subsequences, to a limiting triplet (u(t), e(t), p(t)) for every time t ≥ 0.

We now describe the conditions satisfied by the limiting triplet. For every t ≥ 0 we
have

(d1)∗ reduced kinematic admissibility: u(t) is a Kirchhoff-Love displacement, that is,

u(t, x) = (ūα(t, x′)− x3∂αu3(t, x′), u3(t, x′)) for x = (x′, x3), α = 1, 2,

where ū(t) ∈ BD(ω) and u3(t) ∈ BH(ω), the space of functions with bounded
Hessian. The strains e(t) and p(t) satisfy

symDu(t) = e(t) + p(t) in Ω, p(t) = (w(t)− u(t))� ν∂ΩH2 on ∂dΩ,

ei3(t) = 0 in Ω, pi3(t) = 0 in Ω ∪ ∂dΩ, i = 1, 2, 3.
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We note that the averaged tangential displacement ū(t) may have jump discontinuities,
while, because of the embedding of BH(ω) into C(ω), the normal displacement u3(t) is
continuous, but its gradient may have jump discontinuities. In particular, the discontinuity
sets of u(t), that is, the limiting slip surfaces, are vertical surfaces. Condition (d1)∗ does
not imply, in general, that e(t) and p(t) are affine with respect to x3. However, they admit
the following decomposition:

e(t) = ē(t) + x3ê(t) + e⊥(t), p(t) = p̄(t)⊗ L1 + p̂(t)⊗ x3L1 − e⊥(t), (2)

where the components ē(t), ê(t) ∈ L2(ω;M2×2
sym), e⊥(t) ∈ L2(Ω;M2×2

sym), p̄(t), p̂(t) ∈Mb(ω ∪
∂dω;M2×2

sym) satisfy

symDū(t) = ē(t) + p̄(t) in ω, p̄(t) = (w̄(t)− ū(t))� ν∂ωH1 on ∂dω,

and

−D2u3(t) = ê(t) + p̂(t) in ω, p̂(t) = (∇u3(t)−∇w3(t))� ν∂ωH1 on ∂dω.

Moreover, the vertical displacement u3(t) attains the boundary condition u3(t) = w3(t)
on ∂dω. Here, w̄(t) and w3(t) are the Kirchhoff-Love components of the limiting displace-
ment w(t).

Since the component e⊥(t) has a non trivial dependence on the variable x3, the limiting
problem has a genuinely three-dimensional nature and in general cannot be reduced to a
purely two-dimensional setting. This feature was already observed in the quasistatic case
(see [13]) and is in contrast with the purely elastic case (see [46]).

In addition, the limiting triplet (u(t), e(t), p(t)) satisfies the following conditions for
every t ≥ 0:

(d2)∗ reduced constitutive law: σ(t) := C∗e(t) in Ω, where C∗ is the reduced elasticity
tensor, which is defined through a suitable minimisation formula (see (2.2.9));

(d3)∗ equations of motion: setting

f̄(t, x′) =

∫ 1/2

−1/2
f(t, x) dx3,

we have

div σ̄(t) = 0 in ω, ü3(t)− 1
12div div σ̂(t) = f̄(t) in ω,

with corresponding Neumann boundary conditions on ∂ω\∂dω, where σ̄(t) := C∗ē(t)
and σ̂(t) := C∗ê(t);

(d4)∗ reduced stress constraint: σ(t) ∈ K∗ in Ω, where K∗ := ∂H∗(0) is the subdifferential
of the reduced dissipation potential H∗ (whose expression is given in (2.2.11) through
a minimisation formula) at 0;

(d5)∗ reduced maximum dissipation principle:

H∗(ṗ(t)) = 〈σ(t), ṗ(t)〉r .
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In (d3)∗ we denoted the limiting vertical body load by f . The left-hand side in (d5)∗ is
defined using the theory of convex functions of measures, while the right-hand side involves
an ad-hoc notion of “reduced” stress-strain duality, introduced in [13, Section 7] for the
study of the quasistatic case. We refer to Section 2.2 for the definition of the duality.

We note that the stretching component σ̄(t) and the bending component σ̂(t) of the
stress decouple in the equations of motion (d3)∗, while the whole stress σ(t) is involved
in the stress constraint (d4)∗ and in the maximum dissipation principle (d5)∗. Thus, the
component σ⊥(t) will in general play a role in satisfying these two conditions, leading
to a non trivial dependence of the solutions on the thickness variable x3. As mentioned
earlier, this behaviour is not peculiar of the dynamic case, but was already observed in
the quasistatic case. Indeed, an explicit example in [14] shows that the yielding threshold
may be reached at different times along the vertical fibers of the plate, thus giving rise
to a solution with σ⊥ 6= 0. The emergence of this multiyield behaviour was also observed
in [28], where a formal asymptotic expansion of small strain oscillations in an elastoplastic
plate with hardening was considered.

The proof of Theorem 2.4.1 is based on two main steps: first we deduce suitable
compactness estimates for the three-dimensional evolutions, and then we pass to the limit
in the equations via Γ-convergence arguments. Compactness estimates are obtained from
the energy inequality (d5)′′ and from some a posteriori regularity estimates for the three-
dimensional problem (see (2.3.8) and (2.3.9)). Clearly the dependence of these inequalities
on h is crucial in order to obtain meaningful bounds. While the behaviour of the energy
inequality under scaling is relatively straightforward, dealing with the a posteriori estimate
is more delicate. At this stage it is essential to have a purely vertical body load. Once
these bounds are established, compactness is granted via Ascoli-Arzelà Theorem.

To pass to the limit in the equations, we cannot rely directly on Γ-convergence tech-
niques, because of the inertial term. However, the key ideas of the proof are borrowed
from this theory. More precisely, to deduce the limiting equations of motion we construct
suitable sequences of test functions for the three-dimensional problems. This is remi-
niscent of the recovery sequence construction in Γ-convergence. To pass to the limit in
(d5)′′ we apply a Γ-liminf inequality satisfied by Q∗ and H∗. Once we have a limiting
energy inequality, condition (d5)∗ follows by using the reduced stress-strain duality and
its properties.

The last section of Chapter 2 is devoted to the study of some properties of solutions to
the limiting system (d1)∗–(d5)∗. In Proposition 2.5.1 we prove uniqueness of the normal
displacement and of the elastic strain. This does not ensure uniqueness of the solution to
the limiting problem. Indeed, in Proposition 2.5.2 we show that for “tangential” initial
and boundary data system (d1)∗–(d5)∗ reduces to a two-dimensional quasistatic evolution,
whose solutions are in general not unique (see, e.g., [50]).

The second part of this thesis, which corresponds to Chapter 3, is devoted to the
rigorous justification of a quasistatic evolution model for a shallow shell, in the framework
of linearised perfect plasticity. Roughly speaking, a shallow shell is a shell where the
amount of deviation from a plane, measured normally to the plane, is very small. More
precisely, we assume the deviation to be of the same order of the thickness of the shell.
Hence, our analysis is reminiscent of that developed in [13] for an elasto-plastic thin plate,
but the nontrivial geometry of the shell gives rise to a substantial amount of additional
difficulties.

We consider a three-dimensional shallow shell occupying the reference configuration
Σh := Ψh(Ω). Here Ω := ω×

(
−1

2 ,
1
2

)
, where ω ⊂ R2 is a C2 domain, and 0 < h� 1. The
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map Ψh : Ω→ Σh is given by

Ψh(x) := (x′, hθ(x′)) + hx3νSh
(x′) for every x = (x′, x3) ∈ Ω,

where νSh
is the outer unit normal to the two-dimensional surface

Sh := {(x′, hθ(x′)) : x′ ∈ ω},

and θ : ω → R is a scalar function.
Let T > 0. Let wh(t) be a time-dependent displacement prescribed on a subset ∂dΣh :=

Ψh(∂dΩ) of the lateral boundary of Σh (where ∂dΩ is a portion of the lateral boundary of
Ω), and assume there are no external loads.

Let (uh, eh, ph) be a solution of (c1), (c2), (c3)′, (c4), and (c5) in Σh with this
choice of data. The scope of Chapter 3 is to characterise the limiting behaviour of
(uh(t), eh(t), ph(t)), as h tends to 0. As we did in Chapter 2, it is convenient to rescale the
triplet (uh(t), eh(t), ph(t)), in such a way to have it defined on Ω. In particular, we define
the rescaled displacement uh on [0, T ]× Ω as

uh(t, x) := (uh(t,Ψh(x)) · eα, huh(t,Ψh(x)) · e3). (3)

We note that here no time-scaling is performed. This would be superflous, since the
problem is rate-independent. In Theorem 3.5.3 we show the convergence of the rescaled
triplets (under suitable assumptions on the initial data and on the rescaled boundary
condition) to a limiting triplet (u(t), e(t), p(t)) in the space

BD(Ω)× L2(Ω;M3×3
sym)×Mb(Ω ∪ ∂dΩ,M3×3

sym),

which is a solution of the following limiting problem: for every t ∈ [0, T ] we have

(e1)∗ reduced kinematic admissibility: u(t) is a Kirchhoff-Love displacement, and

symDu(t) +∇θ �∇u3(t) = e(t) + p(t) in Ω,

p(t) = (w(t)− u(t))� ν∂Ω on ∂dΩ,

ei3(t) = 0 in Ω, pi3(t) = 0 in Ω ∪ ∂dΩ, i = 1, 2, 3,

where ν∂Ω is the outer unit normal to ∂Ω, and w(t) is the limiting boundary diplace-
ment;

(e2)∗ reduced constitutive law: σ(t) := C∗e(t), where C∗ is the reduced elasticity tensor
defined in (d2)∗ ;

(e3)∗ equilibrium equations:

div σ̄(t) = 0 in ω, 1
12div div σ̂(t) + σ̄(t) : D2θ = 0 in ω,

with corresponding Neumann boundary conditions on ∂ω \ ∂dω, where ∂dω is the
projection of ∂dΩ on the plane {x3 = 0};

(e4)∗ reduced stress constraint: σ(t) ∈ K∗ in Ω, where K∗ is the set introduced in (d4)∗ ;
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(e5)∗ reduced maximum dissipation principle:

H∗(ṗ(t)) = 〈σ(t), ṗ(t)〉∗ .

The dissipation potential H∗ in (e5)∗ coincides with that of (d5)∗, while the duality at
the right-hand side is slightly different from that used in (d5)∗, because of the different
kinematic admissibility of the limiting triplet. For θ ≡ 0, the model above coincides with
that of [13], that also corresponds to (d1)∗–(d5)∗ when the inertial term is neglected. When
θ is different from 0, curvature effects need to be taken into account in the limit. This
results in the appearance of the term ∇θ�∇u3(t) in the kinematic admissibility condition
and into a coupling of the stretching component σ̄(t) and the bending component σ̂(t) in
the equilibrium equations.

Since u(t) is a Kirchhoff-Love displacement, its symmetrised gradient is affine with
respect to x3, and the strains e(t) and p(t) can be still decomposed as in (2). Because of
the new kinematic admissibility condition, the zeroth and first order moments of e(t) and
p(t) now satisfy

symDū(t) +∇θ �∇u3(t) = ē(t) + p̄(t) in ω, p̄(t) = (w̄(t)− ū(t))� ν∂ωH1 on ∂dω,

and

D2u3(t) = −(ê(t) + p̂(t)) in ω, p̂(t) = (∇u3(t)−∇w3(t))� ν∂ωH1 on ∂dω,

for every t ∈ [0, T ], where ν∂ω is the outer unit normal to ∂ω. As for the system (d1)∗–
(d5)∗, the limiting problem (e1)∗–(e5)∗ is genuinely three-dimensional, because the com-
ponent e⊥(t), that has a non trivial dependence on the variable x3, may in general play a
role in satisfying (e4)∗ and (e5)∗.

Now we describe the strategy of the proof of Theorem 3.5.3. The abstract theory
of evolutionary Γ-convergence for rate-independent processes developed in [41] cannot be
applied directly here. Indeed, this theory consists in considering separately the Γ-limit
of the stored energy functionals and of the dissipation distances, and in coupling them
through the construction of a joint recovery sequence. This approach is not applicable to
our case, since in perfect plasticity the stored elastic energy and the plastic dissipation
must be considered together to get the right compactness properties. As a first step,
we focus on the static case. We study the Γ-limit, as h tends to 0, of the total energy
functional

Eh(v, η, q) :=
1

2

∫
Σh

Cη(x) : η(x) dx+

∫
Σh∪∂dΣh

H

(
dq

d|q|

)
d|q|

defined on all triplets (v, η, q) satisfying

symDv = η + q in Σh, q = (wh − v)� ν∂Σh
H2 on ∂dΣh.

In Theorem 3.4.3, we show that the Γ-limit of Eh (rescaled to the domain Ω) is the
functional

I(u, e, p) :=

∫
Ω
Q∗(e(x)) dx+H∗(p)

for every (u, e, p) ∈ AGKL(w), that is, the class of all (u, e, p) satisfying the kinematic
admissibility condition (e1)∗. The main difficulty in the proof of this result, compared
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with that of [13], is the following: the scaled sisplacement u in (3), which can be also
written as

u = R−1
h v ◦Ψh,

where

Rh :=

1 0 0
0 1 0
0 0 1

h

 ,

does not belong to BD(Ω), since we only know that

sym(RhDuRhF
−1
h ) ∈Mb(Ω;M3×3

sym), (4)

where Fh := DΨhRh. Furthermore, we cannot rely on the classical Korn-Poincaré inequal-
ity for BD functions, as it was done in [13]. Indeed, if we expand F−1

h with respect to h
(see Lemma 3.2.1), we obtain

sym(RhDuRhF
−1
h )αβ = (symDu− ∂3u�∇θ)αβ +O(h2)‖u‖BV ,

sym(RhDuRhF
−1
h )α3 = 1

h

(
(symDu− ∂3u�∇θ)α3 +O(h2)‖u‖BV

)
,

sym(RhDuRhF
−1
h )33 = 1

h2

(
∂3u3(1 +O(h2)) + h2∇u3 · ∇θ +O(h4)‖u‖BV

)
,

where O(hp) is a quantity uniformly bounded by hp in Ω and BV (Ω) is the space of
functions with bounded variation on Ω. We note that the remainders are controlled by the
BV -norm of u, which is not a priori bounded. Therefore, a bound on sym(RhDuRhF

−1
h )

does not provide, in general, any bound on symDu. To overcome this obstacle, it is
convenient to express the scaled displacement in intrinsic curvilinear coordinates, i.e., we
define the vectorfield

u(h) := (DΨh)TRhu.

The advantage is that the quantity (4), written in these coordinates (see Proposition 3.3.1),
has a simpler form; namely, it is related to

(Rh symDu(h)Rh)ij − Γkij(h)uk(h),

where Γkij(h) are the scaled Christoffel symbols of Σh. In this expression, the first term is a
rescaled symmetrised gradient, while the second term depends only on the displacement,
and not on its derivatives. This allows us to show, for the vectorfield of curvilinear
coordinates u(h), an ad-hoc Korn-Poincaré inequality on a shallow shell (Theorem 3.3.4).
We underline that in this proof, the order of the coefficients Γkij(h) with respect to h is
crucial, and it is a consequence of the shallowness assumption (that is, of the fact that the
amount of the deviation is of order h).

Theorem 3.3.4, together with a compactness result (Lemma 3.4.1), is the key ingredient
to deduce compactness for the sequence of scaled triplets. Another delicate point of the
proof is to show that the limiting triplet (u, e, p) belongs to the class AGKL(w): indeed,
it is not straightforward to establish the Dirichlet boundary condition

p = (w − u)� ν∂ΩH2 on ∂dΩ.

The idea is to extend the scaled triplets by using the boundary datum wh, to an open set V
such that V ∩∂Ω = ∂dΩ. To ensure the necessary bounds, it is again convenient to express
the scaled triplets in their curvilinear coordinates. Finally, the contruction of a recovery
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sequence is based on Lemma 3.2.7, an approximation result which ensures the density of
smooth triplets in AGKL(w). This is a technical lemma, whose proof is analogous to that
of [13, Theorem 4.7].

Once Γ-convergence is established in the static case, the proof of the convergence of
the quasistatic evolutions is rather standard. We consider the three-dimensional problem
and the limiting problem in terms of their variational formulation, where the equilibrium
equations are replaced by a stability condition, and the maximum dissipation principle by
an energy balance. To deduce the global stability in the reduced problem, we use as test
functions in the three-dimensional problem the recovery sequence provided by Theorem
3.4.3. The energy equality follows from the Γ-liminf inequality provided again by Theorem
3.4.3.

In the last part of Chapter 3 we extend the result about the convergence of quasistatic
evolutions to the case of nonzero external loads (Theorem 3.6.7). As usual in perfect
plasticity, we require a safe load condition that is uniform with respect to h, to guarantee
the coercivity of the total energy functional, and to overcome the lack of continuity of the
work of external loads with respect to the convergence of the displacements. Moreover,
a key result is a semicontinuity property for the plastic dissipation and the stress-strain
duality (Proposition 3.6.8).

The content of Chapter 2 corresponds to the article [37], while the results of Chapter 3
are contained in [38]. These two papers have been both obtained in collaboration with
Maria Giovanna Mora.



Chapter 1

Preliminary results

In this Chapter we collect the main notations, definitions and classical results that we
will use in the present thesis.

We will assume that Latin indices like i, j, k take their values in the set {1, 2, 3} and
Greek indices like α, β, γ in the set {1, 2}.

Moreover we will adopt the repeated index summation convention, for example

Aijxj

means
3∑
j=1

Aijxj .

1.1 Notations

Vectors and matrices

• u · v :=
∑n

i=1 uivi: scalar (or inner) product in Rn;

• |u| :=
√
u · u: Euclidean norm in Rn;

• δij :=

{
1, if i = j

0, if i 6= j
: Kronecker symbol;

• {e1, e2, . . . , en}: canonical basis of Rn;

• Mm×n: set of all real matrices with m rows and n columns;

• Mn×n
sym : set of all symmetric matrices of order n;

• AT : transpose of a matrix A ∈Mm×n;

• symA := A+AT

2 : symmetric part of a square matrix A ∈Mn×n;

• trA :=
∑n

i=1 aii: trace of a square matrix A ∈Mn×n;

• Mn×n
D : set of all deviatoric matrices, i.e., symmetric matrices of order n with zero

trace;

• In×n: identity matrix of order n;

11



12 1. Preliminary results

• AD := A− 1
n (trA) In×n: deviatoric part of a matrix A ∈Mn×n ;

• detA: determinant of a square matrix A ∈Mn×n;

• cofA: cofactor matrix of a square matrix A ∈Mn×n;

• (a⊗ b)ij := aibj : tensor product of two vectors a, b ∈ Rn;

• (a� b)ij := 1
2 (aibj + ajbi): symmetrised tensor product of two vectors a, b ∈ Rn;

Functional spaces.

• L(X;Y ): space of all linear and continuous functionals between two normed spaces
X and Y ;

• X ′ := L(X;R): dual of X;

• X([a, b];Y ): space of all functions from [a, b] into Y which belong to X, where X,Y
are two Banach spaces.

Let Ω be a subset of Rm.

• Ck(Ω;Rn): space of all continuously differentiable functions of order k from Ω ⊆ Rm
into Rn, in particular Ck(Ω) := Ck(Ω;R);

• C∞(Ω;Rn) := {u ∈ Ck(Ω;Rn) for every k ∈ N}: space of smooth functions;

• C∞c (Ω;Rn) := {u ∈ C∞(Ω;Rn) : supp u is compact }: space of smooth functions
with compact support;

• Lp(Ω;Rn) := {u : Ω → Rn : u Lebesgue measurable , ‖u‖Lp(Ω) < +∞}: Lebesgue
spaces, where

‖u‖Lp :=

{{∫
Ω | u(x) |p dx

} 1
p if p ∈ [1,+∞),

inf{M ≥ 0 :| u(x) |≤M for a.e. x ∈ Ω} if p = +∞.

Let α := (α1, . . . , αk) ∈ Nk be a multi-index and let | α |= α1 + · · ·+ αm. Then let
us define:

• W k,p(Ω;Rn) := {u ∈ Lp(Ω;Rn) : ∂αu ∈ Lp(Ω;Rn), for | α |≤ k}: Sobolev space,
provided with norm

‖u‖Wk,p :=


{∫

Ω

∑
|α|≤k | ∂αu(x) |p dx

} 1
p

if p ∈ [1,+∞),

max
|α|≤k

‖ ∂αu ‖L∞ if p = +∞.

• W k,p
0 (Ω;Rn) := C∞c (Ω;Rn)

‖.‖
Wk,p

: closure of Cc(Ω;Rn) in W k,p(Ω;Rn);

• Hk(Ω;Rn) := W k,2(Ω;Rn) and Hk
0 (Ω;Rn) := W k,2

0 (Ω;Rn);

• → denotes the strong convergence of a sequence in a functional space;

• ⇀ denotes the weak (or weak*) convergence of a sequence in a functional space.
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1.2 Functions of bounded deformation and bounded Hes-
sian

In this section we recall some notions of measure theory, and the most important
properties of functions with bounded deformation and bounded Hessian.

Measures

The Lebesgue measure on Rn is denoted by Ln and the (n− 1)-dimensional Hausdorff
measure by Hn−1. Given a Borel set B ⊂ Rn and a finite dimensional Hilbert space X,
Mb(B;X) denotes the space of bounded Borel measures on B with values in X, endowed
with the norm ‖µ‖Mb

:= |µ|(B), where |µ| ∈ Mb(B;R) is the variation of the measure µ.
For every µ ∈ Mb(B;X) we consider the Lebesgue decomposition µ = µa + µs, where µa

is absolutely continuous with respect to the Lebesgue measure Ln and µs is singular with
respect to Ln. If µs = 0, we always identify µ with its density with respect to Ln. If
the relative topology of B is locally compact, by Riesz Representation Theorem Mb(B;X)
can be identified with the dual of C0(B;X), which is the space of continuous functions
ϕ : B → X such that the set {ϕ ≥ ε} is compact for every ε > 0. The weak∗ topology
of Mb(B;X) is defined using this duality. The duality between measures and continuous
functions, as well as between other pairs of spaces, according to the context, is denoted
by 〈·, ·〉.

Convex functions of measures

Let U be an open set of Rn and let Γ0 an open subset (in the relative topology) of
∂U . For every µ ∈ Mb(U ∪ Γ0;X) let dµ/d|µ| be the Radon-Nikodým derivative of µ
with respect to its variation |µ|. Let H0 : X → [0,+∞) be a convex and positively
one-homogeneous function such that

r|ξ| ≤ H0(ξ) ≤ R|ξ| for every ξ ∈ X,

where r and R are two constants, with 0 < r ≤ R. According to the theory of convex
functions of measures, developed in [27], we introduce the nonnegative Radon measure
H0(µ) ∈Mb(U ∪ Γ0) defined by

H0(µ)(A) :=

∫
A
H0

( dµ
d|µ|

)
d|µ|

for every Borel set A ⊂ U ∪ Γ0. We also consider the functional H0 : Mb(U ∪ Γ0;X) →
[0,+∞) defined by

H0(µ) := H0(µ)(U ∪ Γ0) =

∫
U∪Γ0

H0

( dµ
d|µ|

)
d|µ|

for every µ ∈Mb(U ∪ Γ0;X). One can prove that H0 is lower semicontinuous on Mb(U ∪
Γ0;X) with respect to weak* convergence (see, e.g., [4, Theorem 2.38]).

Lipschitz functions with values into a Banach space

Let T > 0 and let X be the dual of a separable Banach space. We denote by
Lip([0, T ];X) the space of Lipschitz functions on [0, T ] with values in X. If

f ∈ Lip([0, T ];X),
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then the weak∗ limit

ḟ(t) := w∗- lim
s→t

f(s)− f(t)

s− t
(1.2.1)

exists for a.e. t ∈ [0, T ] (see, e.g., Theorem 7.1 in [12]). If in addition X is separable, then
for every f ∈ Lip([0, T ];X) the limit in (1.2.1) is actually in the strong topology of X, the
map t 7→ ḟ(t) is measurable by Pettis Theorem, and

Lip([0, T ];X) = W 1,∞([0, T ];X).

Functions with bounded deformation

Let U ⊂ Rn be an open set. The space BD(U) of functions with bounded deformation
is the space of all u ∈ L1(U ;Rn), whose symmetric gradient (in the sense of distributions)
symDu belongs to the space Mb(U ;Mn×n

sym ). It is easy to see that BD(U) is a Banach
space with the norm

‖u‖BD := ‖u‖L1 + ‖ symDu‖Mb
.

We say that a sequence (uk)k converges to u weakly∗ in BD(U) if uk ⇀ u weakly in
L1(U ;Rn) and symDuk ⇀ symDu weakly∗ in Mb(U ;Mn×n

sym ). Every bounded sequence
in BD(U) has a weakly∗ converging subsequence. Moreover, if U is bounded and has a
Lipschitz boundary, then BD(U) can be continuously embedded in Ln/(n−1)(U ;Rn) and
compactly embedded in Lp(U ;Rn) for every p < n/(n − 1). Moreover, every function
u ∈ BD(U) has a trace, still denoted by u, which belongs to L1(∂U ;Rn). Now we recall
the classical Korn-Poincaré inequality in BD.

Theorem 1.2.1. Let Γ be a nonempty open subset of ∂U . Then there exists a constant
C > 0, depending on U and Γ, such that

‖u‖BD ≤ C(‖u‖L1(Γ) + ‖ symDu‖Mb
). (1.2.2)

for every u ∈ BD(U).

For the general properties of BD(U) we refer to [51].

Functions with bounded Hessian

The space BH(U) of functions with bounded Hessian is the space of all functions
u ∈W 1,1(U), whose Hessian D2u (in the sense of distributions) belongs to Mb(U ;Mn×n

sym ).
It is easy to see that BH(U) is a Banach space endowed with the norm

‖u‖BH := ‖u‖W 1,1 + ‖D2u‖Mb
.

If U has the cone property, then BH(U) coincides with the space of functions in L1(U)
whose Hessian belongs to Mb(U ;Mn×n

sym ). If U is bounded and has a Lipschitz boundary,

BH(U) can be embedded into W 1,n/(n−1)(U). If U is bounded and has a C2 boundary,
then for every function u ∈ BH(U) one can define the traces of u and ∇u, still denoted
by u and ∇u: they satisfy u ∈ W 1,1(∂U), ∇u ∈ L1(∂U ;Rn), and ∂u

∂τ = ∇u · τ ∈ L1(∂U)
for every τ tangent vector to ∂U . If in addition n = 2, then BH(U) embeds into C(U),
which is the space of continuous functions on U . For the general properties of BH(U) we
refer to [17].

Finally, we recall the Poincaré inequality in BH(ω) (see, e.g., [17, Proposition 1.3]).
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Theorem 1.2.2. Let γ be a nonempty open subset of ∂ω. Then there exists a constant
C > 0 depending on ω and γ such that

‖u‖BH ≤ C(‖u‖L1(γ) + ‖∇u‖L1(γ) + ‖D2u‖Mb
) (1.2.3)

for every u ∈ BH(ω).

1.3 Γ-convergence

In this Section we provide the definition and some properties of Γ-convergence.

Definition 1.3.1. Let X be a metric space, let ε > 0 and let Fε, F : X → R ∪ {±∞}.
Then Fε Γ-converges to F if the following hold:

(i) (liminf inequality) for every sequence (xε) converging to x

F (x) ≤ lim inf
ε→0

Fε(xε); (1.3.1)

(ii) (existence of a recovery sequence) there exists a sequence (xε) converging to x
such that

F (x) = lim
ε→0

Fε(xε). (1.3.2)

We recall also the definition of equi-coercivity.

Definition 1.3.2. A sequence Fε : X → R ∪ {±∞} is equi-coercive if for every s ∈ R
there exists a compact set Ks such that {x ∈ X : Fε(x) ≤ s} ⊆ Ks.

Now we can state the main convergence result of Γ-convergence.

Theorem 1.3.3. Let X be a metric space and let (Fε) be a equi-coercive sequence of
functions on X and assume that Fε Γ-converges to F . Then there exists

min
X

F = lim
ε→0

inf
X
Fε.

Moreover, if (xε) is a precompact sequence such that limε→0 Fε(xε) = limε→0 infX Fε, then
every limit of a subsequence of (xε) is a minimum point for F .





Chapter 2

A dynamic evolution model for
perfectly plastic plates

2.1 Overview of the chapter

In this Chapter we consider the dynamic evolution of a linearly elastic-perfectly plastic
thin plate subject to a purely vertical body load. As the thickness of the plate goes to
zero, we prove that the three-dimensional evolutions converge to a solution of a certain
reduced model. In the limiting model admissible displacements are of Kirchhoff-Love type.
Moreover, the motion of the body is governed by an equilibrium equation for the stretching
stress, a hyperbolic equation involving the vertical displacement and the bending stress,
and a rate-independent plastic flow rule. Some further properties of the reduced model
are also discussed.

The chapter is organized as follows. In Section 2.2 we describe the formulation of the
problem. In Section 2.3, we prove the existence of three-dimensional dynamic evolutions.
Section 2.4 concerns the convergence of dynamic evolutions. Finally, in Section 2.5 we
discuss some properties of the reduced problem.

2.2 Setting of the problem

2.2.1 The three-dimensional problem

In this section we describe the setting of the three-dimensional problem.

The reference configuration. Let h > 0 and let ω ⊂ R2 be a domain (that is, an open,
connected, and bounded set) with a C2 boundary. We consider a thin plate whose reference
configuration is given by

Ωh := ω × (−h
2 ,

h
2 ).

We set Ω := Ω1 and for x ∈ Ω we write x = (x′, x3), where x′ ∈ ω and x3 ∈ (−1/2, 1/2).
We suppose that the boundary of ω is partitioned into two disjoint open sets ∂dω, ∂nω
(which are the Dirichlet and the Neumann part of ∂ω, respectively) and their common
boundary ∂|∂ω∂dω, that is,

∂ω = ∂dω ∪ ∂nω ∪ ∂|∂ω∂dω.

We assume that ∂|∂ω∂dω = {P1, P2}, where P1 and P2 are two points of ∂ω. Moreover,

we define Γd,h := ∂dω × (−h
2 ,

h
2 ) and Γn,h := ∂Ωh \ Γd,h. We also set ∂dΩ := Γd,1 and

17



18 2. A dynamic evolution model for perfectly plastic plates

∂nΩ := Γn,1. We will denote the outer unit normal to ∂Ωh and to ∂ω by ν∂Ωh
and by ν∂ω,

respectively.

The stored elastic energy. Let C be the three-dimensional elasticity tensor, considered as
a symmetric positive definite linear operator C : M3×3

sym → M3×3
sym, and let Q : M3×3

sym →
[0,+∞) be the quadratic form associated with C, defined by

Q(ξ) :=
1

2
Cξ : ξ for every ξ ∈M3×3

sym.

It turns out that there exists two positive constants αC and βC, with αC ≤ βC, such that

αC|ξ|2 ≤ Q(ξ) ≤ βC|ξ|2 for every ξ ∈M3×3
sym. (2.2.1)

These inequalities imply that

|Cξ| ≤ 2βC|ξ| for every ξ ∈M3×3
sym. (2.2.2)

It is convenient to introduce the quadratic form Qh : L2(Ωh;M3×3
sym)→ [0,+∞) given by

Qh(e) :=

∫
Ωh

Q(e(x)) dx

for every e ∈ L2(Ωh;M3×3
sym). It describes the stored elastic energy of a configuration of

Ωh, whose elastic strain is e. Since Qh is a convex functional, it is lower semicontinuous
with respect to the weak convergence of L2(Ωh;M3×3

sym). We set Q := Q1.

The plastic dissipation. Let K be a convex and compact set in M3×3
D , whose boundary

∂K is interpreted as the yield surface. We assume that there exist two positive constants
rK and RK , with rK ≤ RK , such that

B(0, rK) ⊂ K ⊂ B(0, RK), (2.2.3)

where B(0, r) := {ξ ∈ M3×3
D : |ξ| ≤ r}. The support function of K, which represents the

three-dimensional plastic dissipation potential, is the function H : M3×3
D → R given by

H(ξ) := sup
τ∈K

ξ : τ for every ξ ∈M3×3
D .

It is easy to see that H is convex, positively 1-homogeneous, and satisfies the triangle
inequality. Moreover, by (2.2.3) one deduces that

rK |ξ| ≤ H(ξ) ≤ RK |ξ| for every ξ ∈M3×3
D . (2.2.4)

From standard convex analysis we also have that the set K coincides with the subdiffer-
ential ∂H(0) of H at 0.

Let µ ∈ Mb(Ωh ∪ Γd,h;M3×3
D ) and let dµ/d|µ| be the Radon-Nikodým derivative of µ

with respect to its variation |µ|. According to the theory of convex functions of measures
(see [27]), we define the nonnegative Radon measure Hh(µ) as

Hh(µ)(B) :=

∫
B
H
( dµ
d|µ|

)
d|µ|

for every Borel set B ⊂ Ωh ∪ Γd,h. We also consider the functional

Hh : Mb(Ωh ∪ Γd,h;M3×3
D )→ [0,+∞)
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defined by

Hh(µ) := Hh(µ)(Ωh ∪ Γd,h).

One can prove (see, e.g., Chapter II–Section 4 in [51]) that

Hh(µ) = sup
{∫

Ωh∪Γd,h

τ : dµ :

τ ∈ C0(Ωh ∪ Γd,h;M3×3
D ), τ(x) ∈ K for a.e. x ∈ Ωh ∪ Γd,h

}
.

From this characterisation it is clear that Hh is lower semicontinuous with respect to the
weak∗ convergence of Mb(Ωh ∪ Γd,h;M3×3

D ).

We also define the total variation of a function µ : [0, T ]→Mb(Ωh ∪ Γd,h;M3×3
D ) in an

interval [a, b] ⊂ [0, T ] as

Vh(µ; a, b) := sup
{ N∑
j=1

‖µ(sj)− µ(sj−1)‖Mb
: a = s0 ≤ s1 ≤ · · · ≤ sN = b, N ∈ N

}
,

and the dissipation of µ in [a, b] as

Dh(µ; a, b) := sup
{ N∑
j=1

Hh(µ(sj)− µ(sj−1)) : a = s0 ≤ s1 ≤ · · · ≤ sN = b, N ∈ N
}
.

It follows from (2.2.4) that

rKVh(µ; a, b) ≤ Dh(µ; a, b) ≤ RKVh(µ; a, b).

Moreover, if µ is absolutely continuous on [a, b] with values in Mb(Ωh ∪ Γd,h;M3×3
D ), then

one has

Dh(µ; a, b) =

∫ b

a
Hh(µ̇(s)) ds (2.2.5)

(see Theorem 7.1 in [12]). We set H := H1, V := V1, and D := D1.

Kinematic admissibility. Given a boundary datum w ∈ H1(Ωh;R3), we define the class
Ah(w) of admissible displacements and strains, as the set of all triplets (u, e, p) ∈ BD(Ωh)×
L2(Ωh;M3×3

sym)×Mb(Ωh ∪ Γd,h;M3×3
D ) such that

symDu = e+ p in Ωh, p = (w − u)� ν∂Ωh
H2 on Γd,h.

We set A(w) := A1(w) for every w ∈ H1(Ω;R3).

The trace of stresses. We recall that, if σ ∈ L2(Ωh;M3×3
sym) with div σ ∈ L2(Ωh;R3), we can

define the trace [σν∂Ωh
] ∈ H−1/2(∂Ωh;R3) of its normal component through the formula

〈[σν∂Ωh
], ϕ〉 :=

∫
Ωh

σ : symDϕdx+

∫
Ωh

div σ · ϕdx

for every ϕ ∈ H1(Ωh;R3). In the following we say that [σν∂Ωh
] = 0 on Γn,h if 〈[σν∂Ωh

], ϕ〉 =
0 for every ϕ ∈ H1(Ωh;R3) with ϕ = 0 on Γd,h.
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2.2.2 The reduced problem

In this section we introduce the setting of the limiting problem.

The reduced stored elastic energy. Let M : M2×2
sym →M3×3

sym be the operator given by

Mξ :=

 ξ11 ξ12 λ1(ξ)
ξ12 ξ22 λ2(ξ)
λ1(ξ) λ2(ξ) λ3(ξ)

 for every ξ ∈M2×2
sym, (2.2.6)

where the triplet (λ1(ξ), λ2(ξ), λ3(ξ)) is the unique solution of the minimum problem

min
λi∈R

Q

ξ11 ξ12 λ1

ξ12 ξ22 λ2

λ1 λ2 λ3

 .

We observe that (λ1(ξ), λ2(ξ), λ3(ξ)) can be characterised as the unique solution of the
linear system

CMξ :

 0 0 ζ1

0 0 ζ2

ζ1 ζ2 ζ3

 = 0 (2.2.7)

for every ζi ∈ R, i = 1, 2, 3. This implies that M is a linear map and

(CMξ)i3 = (CMξ)3i = 0 for every i = 1, 2, 3. (2.2.8)

Let Q∗ : M2×2
sym → R be the quadratic form given by

Q∗(ξ) := Q(Mξ) for every ξ ∈M2×2
sym.

It follows from (2.2.1) that

αC|ξ|2 ≤ Q∗(ξ) ≤ βC|ξ|2 for every ξ ∈M2×2
sym.

We define the reduced elasticity tensor as the linear operator C∗ : M2×2
sym →M3×3

sym given by

C∗ξ := CMξ for every ξ ∈M2×2
sym. (2.2.9)

Note that we can always identify C∗ξ with an element of M2×2
sym in view of (2.2.8). Moreover,

by (2.2.7) we have

C∗ξ : ζ = C∗ξ :

ζ11 ζ12 0
ζ12 ζ22 0
0 0 0

 for every ξ ∈M2×2
sym, ζ ∈M3×3

sym. (2.2.10)

This implies that

Q∗(ξ) =
1

2
C∗ξ :

ξ11 ξ12 0
ξ12 ξ22 0
0 0 0

 for every ξ ∈M2×2
sym.

Finally, we introduce the functional Q∗ : L2(Ω;M2×2
sym)→ [0,+∞), defined as

Q∗(e) :=

∫
Ω
Q∗(e(x)) dx
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for every e ∈ L2(Ω;M2×2
sym). It describes the reduced elastic energy of a configuration,

whose elastic strain is e.

The reduced plastic dissipation. In the reduced problem the plastic dissipation potential
is given by the function H∗ : M2×2

sym → [0,+∞), defined as

H∗(ξ) := min
λi∈R

H

ξ11 ξ12 λ1

ξ12 ξ22 λ2

λ1 λ2 − (ξ11 + ξ22)

 (2.2.11)

for every ξ ∈ M2×2
sym. From the properties of H it follows that H∗ is convex, positively

1-homogeneous, and satisfies

rK |ξ| ≤ H∗(ξ) ≤
√

3RK |ξ| for every ξ ∈M2×2
sym.

The set K∗ := ∂H∗(0) represents the set of admissible stresses in the reduced problem
and can be characterised as follows:

ξ ∈ K∗ ⇔

ξ11 ξ12 0
ξ12 ξ22 0
0 0 0

− 1

3
(tr ξ)I3×3 ∈ K, (2.2.12)

(see Section 3.2 in [13]).

For every µ ∈Mb(Ω ∪ ∂dΩ;M2×2
sym) we define the functional

H∗(µ) :=

∫
Ω∪∂dΩ

H∗
( dµ
d|µ|

)
d|µ|.

We also define the reduced dissipation of a function µ : [0, T ]→Mb(Ω∪ ∂dΩ;M2×2
sym) in an

interval [a, b] ⊂ [0, T ] as

D∗(µ; a, b) := sup
{ N∑
j=1

H∗(µ(sj)− µ(sj−1)) : a = s0 ≤ s1 ≤ · · · ≤ sN = b, N ∈ N
}
.

If µ is absolutely continuous on [a, b] with values in Mb(Ω ∪ ∂dΩ;M2×2
sym), then

D∗(µ; a, b) =

∫ b

a
H∗(µ̇(s)) ds (2.2.13)

(see Theorem 7.1 in [12]).

Reduced kinematic admissibility. We introduce the set KL(Ω) of Kirchhoff-Love displace-
ments, defined as

KL(Ω) := {u ∈ BD(Ω) : (symDu)i3 = 0, i = 1, 2, 3}.

We note that u ∈ KL(Ω) if and only if u3 ∈ BH(ω) and there exists ū ∈ BD(ω) such that

uα(x) = ūα(x′)− x3∂αu3(x′) for x = (x′, x3) ∈ Ω, α = 1, 2.

We call ū, u3 the Kirchhoff-Love components of u.
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Given a prescribed displacement w ∈ H1(Ω;R3)∩KL(Ω), we introduce the set AKL(w)
of Kirchhoff-Love admissible triplets, defined as the class of all triplets

(u, e, p) ∈ KL(Ω)× L2(Ω;M3×3
sym)×Mb(Ω ∪ ∂dΩ;M3×3

sym)

such that

symDu = e+ p in Ω, p = (w − u)� ν∂ΩH2 on ∂dΩ,

ei3 = 0 in Ω, pi3 = 0 in Ω ∪ ∂dΩ, i = 1, 2, 3.

The linear space {ξ ∈ M3×3
sym : ξi3 = 0, i = 1, 2, 3} is isomorphic to M2×2

sym. Thus,
in the following, given (u, e, p) ∈ AKL(w), we will always identify e with a function in
L2(Ω;M2×2

sym) and p with a measure in Mb(Ω ∪ ∂dΩ;M2×2
sym).

The following closure property holds.

Lemma 2.2.1. Let (wn)n be a sequence in H1(Ω;R3) ∩ KL(Ω) and let (un, en, pn) ∈
AKL(wn) be a sequence of admissible triplets. Assume that un ⇀ u weakly∗ in BD(Ω),
en ⇀ e weakly in L2(Ω;M2×2

sym), pn ⇀ p weakly∗ in Mb(Ω ∪ ∂dΩ;M2×2
sym), and wn ⇀ w

weakly in H1(Ω;R3). Then (u, e, p) ∈ AKL(w).

Proof. The result easily follows by adapting the proof of Lemma 2.1 in [12].

We now give a characterisation of the class of Kirchhoff-Love admissible triplets. To
this purpose, we introduce the following definitions.

Definition 2.2.2. Let f ∈ L2(Ω;M2×2
sym). We denote by f̄ , f̂ ∈ L2(ω;M2×2

sym) and by
f⊥ ∈ L2(Ω;M2×2

sym) the following orthogonal components (in the sense of L2(Ω;M2×2
sym)) of

f :

f̄(x′) :=

∫ 1
2

− 1
2

f(x′, x3) dx3, f̂(x′) := 12

∫ 1
2

− 1
2

x3f(x′, x3) dx3

for a.e. x′ ∈ ω, and
f⊥(x) := f(x)− f̄(x′)− x3f̂(x′)

for a.e. x ∈ Ω. We call f̄ the zeroth order moment of f and f̂ the first order moment of f .

Definition 2.2.3. Let q ∈Mb(Ω ∪ ∂dΩ;M2×2
sym). We denote by q̄, q̂ ∈Mb(ω ∪ ∂dω;M2×2

sym)
and by q⊥ ∈Mb(Ω ∪ ∂dΩ;M2×2

sym) the following measures:∫
ω∪∂dω

ϕ : dq̄ :=

∫
Ω∪∂dΩ

ϕ : dq,

∫
ω∪∂dω

ϕ : dq̂ := 12

∫
Ω∪∂dΩ

x3ϕ : dq

for every ϕ ∈ C0(ω ∪ ∂dω;M2×2
sym), and

q⊥ := q − q̄ ⊗ L1 − q̂ ⊗ x3L1,

where ⊗ denotes the usual product of measures. We call q̄ the zeroth order moment of q
and q̂ the first order moment of q.

With these definitions at hand one can prove the following characterisation of the class
AKL(w).

Proposition 2.2.4. Let w ∈ H1(Ω;R3)∩KL(Ω) and let (u, e, p) ∈ KL(Ω)×L2(Ω;M2×2
sym)×

Mb(Ω∪ ∂dΩ;M2×2
sym). Then (u, e, p) ∈ AKL(w) if and only if the following three conditions

are satisfied:
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• symDū = ē+ p̄ in ω and p̄ = (w̄ − ū)� ν∂ωH1 on ∂dω;

• D2u3 = −(ê+ p̂) in ω, u3 = w3 on ∂dω, and p̂ = (∇u3 −∇w3)� ν∂ωH1 on ∂dω;

• p⊥ = −e⊥ in Ω and p⊥ = 0 on ∂dΩ.

Proof. The statement easily follows from the definition of moments and from the formula
(symDu)αβ = (symDū)αβ − x3∂

2
αβu3 for α, β = 1, 2.

Stress-strain duality. In the reduced model, we shall consider the set Σ(Ω) of admissible
stresses, defined as

Σ(Ω) := {σ ∈ L∞(Ω;M2×2
sym) : div σ̄ ∈ L2(ω;R2), div div σ̂ ∈ L2(ω)}.

For every σ ∈ Σ(Ω) we can define the trace [σ̄ν∂ω] ∈ L∞(∂ω;R2) of its zeroth order
moment normal component as

〈[σ̄ν∂ω], ψ〉 :=

∫
ω
σ̄ : symDψ dx′ +

∫
ω

div σ̄ · ψ dx′ (2.2.14)

for every ψ ∈ W 1,1(ω;R2). Note that, since σ̄ ∈ L∞(ω;M2×2
sym) and W 1,1(ω;R2) embeds

into L2(ω;R2), all terms at the right-hand side of (2.2.14) are well defined.
Let T (W 2,1(ω)) be the space of all traces of functions in W 2,1(ω) and let (T (W 2,1(ω)))′

be its dual space. For every σ ∈ Σ(Ω) we can define the traces b0(σ̂) ∈ (T (W 2,1(ω)))′ and
b1(σ̂) ∈ L∞(∂ω) of its first order moment as

−〈b0(σ̂), ψ〉+
〈
b1(σ̂),

∂ψ

∂ν∂ω

〉
:=

∫
ω
σ̂ : D2ψ dx′ −

∫
ω
ψ div div σ̂ dx′ (2.2.15)

for every ψ ∈ W 2,1(ω). Note that the right-hand side of (2.2.15) is well defined since
σ̂ ∈ L∞(ω;M2×2

sym).
If σ̂ ∈ C2(ω,M2×2

sym), one can prove that

b0(σ̂) = div σ̂ · ν∂ω +
∂

∂τ∂ω
(σ̂τ∂ω · ν∂ω) ,

b1(σ̂) = σ̂ν∂ω · ν∂ω,

where τ∂ω is the tangent vector to ∂ω.
Since [σ̄ν∂ω] ∈ L∞(∂ω;R2), the expression [σ̄ν∂ω] = 0 on ∂nω has a clear meaning.

The same applies to b1(σ̂). As for b0(σ̂), in the following we say that b0(σ̂) = 0 on ∂nω if
〈b0(σ̂), ψ〉 = 0 for every ψ ∈W 2,1(ω) with ψ = 0 on ∂dω.

We also consider the space of admissible plastic strains Π∂dΩ(Ω), which is the set of all
measures p ∈Mb(Ω∪∂dΩ;M2×2

sym) for which there exists (u, e, w) ∈ BD(Ω)×L2(Ω;M2×2
sym)×

(H1(Ω;R3) ∩KL(Ω)) such that (u, e, p) ∈ AKL(w).
For every σ ∈ Σ(Ω) and ξ ∈ BD(ω) we define the distribution [σ̄ : symDξ] on ω as

〈[σ̄ : symDξ], ϕ〉 := −
∫
ω
ϕdiv σ̄ · ξ dx′ −

∫
ω
σ̄ : (∇ϕ� ξ) dx′

for every ϕ ∈ C∞c (ω). It follows from Theorem 3.2 in [30] that [σ̄ : symDξ] ∈Mb(ω) and
its variation satisfies

|[σ̄ : symDξ]| ≤ ‖σ̄‖L∞ | symDξ| in ω.
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Given σ ∈ Σ(Ω) and p ∈ Π∂dΩ(Ω), we define the measure [σ̄ : p̄] ∈Mb(ω ∪ ∂dω) as

[σ̄ : p̄] :=

{
[σ̄ : symDū]− σ̄ : ē in ω,

[σ̄ν∂ω] · (w̄ − ū)H1 on ∂dω.

For every σ ∈ Σ(Ω) and v ∈ BH(ω) we define the distribution [σ̂ : D2v] on ω as

〈[σ̂ : D2v], ψ〉 :=

∫
ω
ψv div div σ̂ dx′ − 2

∫
ω
σ̂ : (∇v �∇ψ) dx′ −

∫
ω
vσ̂ : D2ψ dx′

for every ψ ∈ C∞c (ω). From Proposition 2.1 in [18] it follows that [σ̂ : D2v] ∈ Mb(ω) and
its variation satisfies

|[σ̂ : D2v]| ≤ ‖σ̂‖L∞ |D2v| in ω.

Given σ ∈ Σ(Ω) and p ∈ Π∂dΩ(Ω), we define the measure [σ̂ : p̂] ∈Mb(ω ∪ ∂dω) as

[σ̂ : p̂] :=


−[σ̂ : D2u3]− σ̂ : ê in ω,

b1(σ̂)
∂(u3 − w3)

∂ν∂ω
H1 on ∂dω.

We are now in a position to introduce a duality between Σ(Ω) and Π∂dΩ(Ω). For every
σ ∈ Σ(Ω) and p ∈ Π∂dΩ(Ω) we define the measure [σ : p]r ∈Mb(Ω ∪ ∂dΩ) as

[σ : p]r := [σ̄ : p̄]⊗ L1 +
1

12
[σ̂ : p̂]⊗ L1 − σ⊥ : e⊥.

We also introduce the duality pairings

〈σ̄, p̄〉 := [σ̄ : p̄](ω ∪ ∂dω), 〈σ̂, p̂〉 := [σ̂ : p̂](ω ∪ ∂dω)

and

〈σ, p〉r := [σ : p]r(Ω ∪ ∂dΩ) = 〈σ̄, p̄〉+
1

12
〈σ̂, p̂〉 −

∫
Ω
σ⊥ : e⊥ dx. (2.2.16)

One can show (see Proposition 7.8 in [13]) that

H∗(p) = sup
{
〈σ, p〉r : σ ∈ Σ(Ω), σ(x) ∈ K∗ for a.e. x ∈ Ω

}
. (2.2.17)

Finally, the following integration by parts formula holds (see Proposition 3.5 in [14]).

Proposition 2.2.5. Let σ ∈ Σ(Ω), w ∈ H1(Ω;R3) ∩ KL(Ω), and (u, e, p) ∈ AKL(w).
Then ∫

Ω∪∂dΩ
ϕd[σ : p]r +

∫
Ω
ϕσ : (e− symDw) dx

= −
∫
ω
σ̄ : (∇ϕ� (ū− w̄)) dx′ −

∫
ω

div σ̄ · ϕ(ū− w̄) dx′

+

∫
∂nω

[σ̄ν∂ω] · ϕ(ū− w̄) dH1 +
1

12

∫
ω
σ̂ : (u3 − w3)D2ϕdx′

+
1

6

∫
ω
σ̂ : (∇ϕ� (∇u3 −∇w3)) dx′ − 1

12

∫
ω
ϕ(u3 − w3)div div σ̂ dx′

+
1

12
〈b0(σ̂), ϕ(u3 − w3)〉 − 1

12

∫
∂nω

b1(σ̂)
∂(ϕ(u3 − w3))

∂ν∂ω
dH1

for every ϕ ∈ C2(ω).
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2.3 Existence of three-dimensional dynamic evolutions

In this section we adapt the existence result of [5] of a dynamic evolution for perfectly
plastic bodies to the context of a thin plate. Indeed, in view of the dimension reduction
analysis of the next section, it is crucial to understand the dependence of all the involved
quantities on the thickness parameter h.

We start by describing the assumptions on the data of the problem.

Forces. We assume the applied body loads to be purely vertical and with the following
regularity:

fh ∈W 1,1
loc ([0,+∞);L2(Ωh)). (2.3.1)

We assume there are no traction forces on the Neumann part of the boundary Γn,h.

Boundary displacement. On Γd,h we prescribe a boundary displacement

wh ∈ H2
loc([0,+∞);H1(Ωh;R3)) ∩W 3,1

loc ([0,+∞);L2(Ωh;R3)). (2.3.2)

Initial data. Let

(u0,h, e0,h, p0,h) ∈ Ah(wh(0)) ∩ (H1(Ωh;R3)× L2(Ωh;M3×3
sym)× L2(Ωh;M3×3

D )),

v0,h ∈ H1(Ωh;R3),
(2.3.3)

be the initial data. Setting σ0,h := Ce0,h, we assume that

−div σ0,h = fh(0)e3 in Ωh, [σ0,hν∂Ωh
] = 0 on Γn,h,

(σ0,h)D ∈ K a.e. in Ωh,
(2.3.4)

and

v0,h = ẇh(0) on Γd,h. (2.3.5)

Theorem 2.3.1. Assume (2.3.1)– (2.3.5). Then there exists a triplet (uh, eh, ph), with

uh ∈W 2,∞
loc ([0,+∞);L2(Ωh;R3)) ∩ Liploc([0,+∞);BD(Ωh)),

eh ∈W 1,∞
loc ([0,+∞);L2(Ωh;M3×3

sym)),

ph ∈ Liploc([0,+∞);Mb(Ωh ∪ Γd,h;M3×3
D )),

satisfying the following system of equations:

(i) kinematic admissibility: (uh(t), eh(t), ph(t)) ∈ Ah(wh(t)) for every t ≥ 0;

(ii) initial conditions: (uh(0), eh(0), ph(0)) = (u0,h, e0,h, p0,h) and u̇h(0) = v0,h;

(iii) stress constraint: (σh)D(t) ∈ K a.e. in Ωh for every t ≥ 0, where σh(t) := Ceh(t);

(iv) equation of motion: for a.e. t ≥ 0{
üh(t)− div σh(t) = fh(t)e3 in Ωh,

[σh(t)ν∂Ωh
] = 0 on Γn,h;

(2.3.6)
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(v) energy inequality: for every 0 ≤ t1 ≤ t2

Qh(eh(t2)) +
1

2
‖u̇h(t2)‖2L2 +

∫ t2

t1

Hh(ṗh(s)) ds ≤ Qh(eh(t1)) +
1

2
‖u̇h(t1)‖2L2

+

∫ t2

t1

∫
Ωh

(σh(s) : symDẇh(s) + üh(s) · ẇh(s)) dx ds

+

∫ t2

t1

∫
Ωh

fh(s) ((u̇h)3(s)− (ẇh)3(s)) dx ds. (2.3.7)

Moreover, the following estimates hold:

• there exists a constant C > 0, independent of h, such that

‖üh‖L∞([0,t];L2) + ‖ėh‖L∞([0,t];L2) ≤ C(‖ symDv0,h‖L2 + ‖ḟh‖L1([0,t];L2)

+ ‖...wh‖L1([0,t];L2) + ‖ẅh‖L∞([0,t];L2) +
√
t ‖ symDẅh‖L2([0,t];L2)) (2.3.8)

for every t > 0;

• there exists a constant C ′ > 0, independent of h, such that

‖ph(t2)− ph(t1)‖Mb
≤ C ′

(
‖eh‖L∞([0,T ];L2)‖eh(t2)− eh(t1)‖L2

+ ‖u̇h‖L∞([0,T ];L2)‖u̇h(t2)− u̇h(t1)‖L2

+ ‖eh‖L∞([0,T ];L2)

∫ t2

t1

‖ symDẇh(t)‖L2 dt

+ ‖üh‖L∞([0,T ];L2)

∫ t2

t1

‖ẇh(t)‖L2 dt

+ ‖u̇h − ẇh‖L∞([0,T ];L2)

∫ t2

t1

‖fh(t)‖L2 dt
)

(2.3.9)

for every T > 0 and every t1, t2 ∈ [0, T ].

Remark 2.3.2. The energy inequality (v) formally corresponds to the inequality∫
Ωh∪Γd,h

(σh)D(t) : ṗh(t) dx ≥ Hh(ṗh(t)) (2.3.10)

for a.e. t ≥ 0. Indeed, it is enough to choose t1 = t and t2 = t + δ in (v), divide the
inequality by δ, and pass to the limit as δ tends to zero. Using the kinematic admissibility
ėh(t) = symDu̇h(t) − ṗh(t), integration by parts, and (2.3.6), eventually yield (2.3.10).
Note, however, that the left-handside of (2.3.10) is in general not well defined, since
(σh)D(t) ∈ L∞(Ωh;M3×3

D ) and ṗh(t) ∈Mb(Ωh ∪ Γd,h;M3×3
D ).

The formal equivalence of (v) and (2.3.10) suggests that (v) contains all the relevant
information stored in the Prandtl-Reuss flow rule (see equation (d5)′ in the introduction).
Indeed, the converse inequality

(σh)D(t) : ṗh(t) ≤ Hh(ṗh(t)) in Ωh ∪ Γd,h
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is an immediate consequence of (iii) and of the definition of Hh (if the left-handside is well
defined). Moreover, as we will see in the proof of Theorem 2.4.1, condition (v) is enough
to recover the limiting flow rule in the dimension reduction analysis of next section.

If the stress-strain duality in the sense of [12, 22, 30] is defined, the formal arguments
above can be rigorously justified; thus, one can show that any solution to (i)–(v) satisfies
condition (2.3.7) with an equality and this energy balance is equivalent to the Prandtl-
Reuss flow rule (see, e.g., [7]). In this case uniqueness of solutions for the system (i)–(v)
can also be proved by standard methods.

In the absence of a notion of stress-strain duality or of additional regularity, the energy
balance could in principle fail. This difficulty in establishing the energy equality under
general assumptions was already noted in [47] (Remark 6).

Proof. Proof of Theorem 2.3.1 We give here only a sketch of the proof (all the details can
be found in Theorem 1.3 of [5] or in Theorem 4.1 of [7] in a slightly different setting).
In order to simplify the notation we omit the dependence of the fields on h. Moreover,
we denote the space {u ∈ H1(Ω;R3) : u = 0 on ∂dΩ} by H1

∂dΩ(Ω;R3) and its dual by

H−1
∂dΩ(Ω;R3).

We first prove existence for a visco-elastic regularisation of the problem. We start by
regularising the initial velocities. More precisely, let ε > 0 and let vε0 ∈ H1(Ω;R3) be the
solution of the boundary value problem

−εdiv symDvε0 + vε0 = v0 in Ω,

vε0 = ẇ(0) on ∂dΩ,

[symDvε0ν∂Ω] = 0 on ∂nΩ.

(2.3.11)

The standard theory of linear elliptic equations gives

vε0 → v0 in H1(Ω;R3)

and
ε div symDvε0 → 0 in L2(Ω;R3).

Using a time-discretisation procedure and arguing exactly as in Theorem 3.1 of [7], one can
prove the existence and uniqueness of a triplet (uε, eε, pε), with uε ∈ H1

loc([0,+∞);H1(Ω;R3))∩
W 1,∞
loc ([0,+∞);L2(Ω;R3))∩H2

loc([0,+∞);H−1
∂dΩ(Ω;R3)), eε ∈ H1

loc([0,+∞);L2(Ω;M3×3
sym)),

and pε ∈ H1
loc([0,+∞);L2(Ω;M3×3

D )), satisfying the following conditions:

• kinematic admissibility: (uε(t), eε(t), pε(t)) ∈ A(w(t)) for every t ≥ 0;

• initial conditions: (uε(0), eε(0), pε(0)) = (u0, e0, p0) and u̇ε(0) = vε0;

• stress constraint: (σε)D(t) ∈ K a.e. in Ω for every t ≥ 0, where σε(t) := Ceε(t);

• equation of motion: for every t ≥ 0 and every ϕ ∈ L2(0, t;H1
∂dΩ(Ω;R3))∫ t

0
〈üε(s), ϕ(s)〉 ds+

∫ t

0

∫
Ω

(σε(s) + ε symDu̇ε(s)) : symDϕ(s) dx ds

=

∫ t

0

∫
Ω
f(s)ϕ3(s) dx ds; (2.3.12)
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• flow rule: for a.e. t ≥ 0

H(ṗε(t)) = (σε)D(t) : ṗε(t) a.e. in Ω. (2.3.13)

We now prove the following bound: for every t > 0

‖üε‖2L∞([0,t];L2) + ‖ėε‖2L∞([0,t];L2) + ε‖ symDüε‖2L2([0,t];L2)

≤ C(ε2‖div symDvε0‖2L2 + ‖ symDvε0‖2L2 + ‖ḟ‖2L1([0,t];L2) + ‖...w‖2L1([0,t];L2)

+ ‖ẅ‖2L∞([0,t];L2) + (ε+ t)‖ symDẅ‖2L2([0,t];L2)), (2.3.14)

where C > 0 is a constant independent of t and h.
To prove (2.3.14), we extend continuously the fields involved by setting for s < 0

uε(s) = u0 + svε0, w(s) = w(0) + sẇ(0), eε(s) = e0, pε(s) = p0, f(s) = f(0).

We introduce the time incremental quotient

Dδa(t) :=
a(t)− a(t− δ)

δ
.

Let T > 0, t ∈ (0, T ], and δ > 0. Using the equation of motion, for every test function
ϕ ∈ L2([0, t+ δ];H1

∂dΩ(Ω;R3)) we have (2.3.12) and

∫ t+δ

δ
〈üε(s− δ), ϕ(s)〉 ds+

∫ t+δ

δ

∫
Ω

(σε(s− δ) + ε symDu̇ε(s− δ)) : symDϕ(s) dx ds

=

∫ t+δ

δ

∫
Ω
f(s− δ)ϕ3(s) dx ds.

Subtracting (2.3.12) from the previous equation and choosing ϕ = 1
δχ(0,t)D

δ(u̇ε− ẇ) yield∫ t

0
〈Dδ(üε − ẅ)(s), Dδ(u̇ε − ẇ)(s)〉 ds

+

∫ t

0

∫
Ω
Dδ(σε + ε symDu̇ε)(s) : Dδ symD(u̇ε − ẇ)(s) dx ds

+

∫ t

0

∫
Ω
Dδẅ(s) ·Dδ(u̇ε − ẇ)(s) dx ds−

∫ t

0

∫
Ω
Dδf(s)Dδ((u̇ε)3 − ẇ3)(s) dx ds

=
1

δ

∫ δ

0

∫
Ω
f(0)Dδ((u̇ε)3 − ẇ3)(s) dx ds

−1

δ

∫ δ

0

∫
Ω

(σ0(s) + ε symDvε0(s)) : Dδ symD(u̇ε − ẇ)(s) dx ds.

Integrating by parts, the right-hand side can be rewritten as

1

δ

∫ δ

0

∫
Ω
f(0)Dδ((u̇ε)3 − ẇ3)(s) dx ds

+
1

δ

∫ δ

0

∫
Ω

div(σ0(s) + ε symDvε0(s)) ·Dδ(u̇ε − ẇ)(s) dx ds

−1

δ

∫ δ

0
〈[(σ0(s) + ε symDvε0(s))ν∂Ω], Dδ(u̇ε − ẇ)(s)〉 ds
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=
ε

δ

∫ δ

0

∫
Ω

div symDvε0(s) ·Dδ(u̇ε − ẇ)(s) dx ds

≤ ε ‖div symDvε0‖L2‖Dδ(u̇ε − ẇ)‖L∞([0,T ];L2),

where the equality follows from (2.3.4) and (2.3.11). We now focus on the term∫ t

0

∫
Ω
Dδσε(s) : Dδ symDu̇ε(s) dx ds.

Using the kinematic admissibility symDu̇ε = ėε + ṗε a.e. in [0,+∞)×Ω, we have that for
every τ ∈ L2([0, t+ δ];L2(Ω;M3×3

sym))∫ t

0

∫
Ω

symDu̇ε(s) : τ(s) dx ds =

∫ t

0

∫
Ω
ėε(s) : τ(s) dx ds+

∫ t

0

∫
Ω
ṗε(s) : τ(s) dx ds

and∫ t+δ

δ

∫
Ω

symDu̇ε(s− δ) : τ(s) dx ds =

∫ t+δ

δ

∫
Ω
ėε(s− δ) : τ(s) dx ds

+

∫ t+δ

δ

∫
Ω
ṗε(s− δ) : τ(s) dx ds.

Testing the difference of the two previous equations by τ = 1
δχ(0,t)D

δσε, we obtain∫ t

0

∫
Ω
Dδ symDu̇ε(s) : Dδσε(s) dx ds

=

∫ t

0

∫
Ω
Dδ ėε(s) : Dδσε(s) dx ds+

∫ t

0

∫
Ω
Dδṗε(s) : Dδ(σε)D(s) dx ds

−1

δ

∫ δ

0

∫
Ω

symDvε0 : Dδσε(s) dx ds

≥ Q(Dδeε(t))−
1

δ

∫ δ

0

∫
Ω

symDvε0 : Dδσε(s) dx ds,

where we used that Dδeε(0) = 0 and∫ t

0

∫
Ω
Dδṗε(s) : Dδ(σε)D(s) dx ds ≥ 0

as a consequence of the stress constraint and of the flow rule (2.3.13). SinceDδ(u̇ε−ẇ)(0) =
0, applying the Holder inequality we deduce

1

2
‖Dδ(u̇ε − ẇ)(t)‖2L2 +Q(Dδeε(t)) + ε‖Dδ symDu̇ε‖2L2([0,t];L2)

≤ ε ‖div symDvε0‖L2‖Dδ(u̇ε − ẇ)‖L∞([0,T ];L2) + 2βC‖ symDvε0‖L2‖Dδeε‖L∞([0,T ];L2)

+ ‖Dδf‖L1([0,T ];L2)‖Dδ((u̇ε)3 − ẇ3)‖L∞([0,T ];L2)

+
(
2βC
√
t‖Dδeε‖L∞([0,T ];L2) + ε‖Dδ symDu̇ε‖L2([0,T ];L2)

)
‖Dδ symDẇ‖L2([0,T ];L2)

+ ‖Dδ(u̇ε − ẇ)‖L∞([0,T ];L2)‖Dδẅ‖L1([0,T ];L2)

for every T > 0 and t ∈ [0, T ]. By Young inequality and passing to the limit as δ tends to
0, we obtain (2.3.14).
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As a consequence of (2.3.14), we deduce, in particular, that

uε ∈W 2,∞
loc ([0,+∞);L2(Ω;R3)),

so that the equation of motion (2.3.12) can be written in the strong formulation{
üε(t)− div(σε(t) + ε symDu̇ε(t)) = f(t)e3 in Ω,

[(σε(t) + ε symDu̇ε(t))ν∂Ω] = 0 on ∂nΩ
(2.3.15)

for a.e. t ≥ 0.
We now discuss how to pass to the limit, as ε→ 0. Arguing as in Proposition 4.3 of [7],

from the equation of motion and the flow rule we obtain the following energy balance:

Q(eε(t))+
1

2
‖u̇ε(t)‖2L2 +

∫ t

0
H(ṗε(s)) ds+ε

∫ t

0

∫
Ω
| symDu̇ε(s)|2 dx ds = Q(e0)+

1

2
‖vε0‖2L2

+

∫ t

0

∫
Ω

((σε(s) + ε symDu̇ε(s)) : symDẇ(s) + üε(s) · ẇ(s)) dx ds

+

∫ t

0

∫
Ω
f(s) ((u̇ε)3(s)− ẇ3(s)) dx ds (2.3.16)

for every ε > 0 and every t > 0. Combining this inequality with (2.3.14) and using
Ascoli-Arzelà and Helly Theorem, we deduce the existence of

u ∈W 2,∞
loc ([0,+∞);L2(Ω;R3)) ∩BVloc([0,+∞);BD(Ω)),

e ∈W 1,∞
loc ([0,+∞);L2(Ω;M3×3

sym)), p ∈ BVloc([0,+∞);Mb(Ω ∪ ∂dΩ;M3×3
D ))

such that, up to subsequences,

uε(t) ⇀ u(t) weakly∗ in BD(Ω),

u̇ε(t) ⇀ u̇(t) weakly in L2(Ω;R3),

eε(t) ⇀ e(t) weakly in L2(Ω;M3×3
sym),

pε(t) ⇀ p(t) weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3
D )

(2.3.17)

for every t ∈ [0, T ]. From these convergences we immediately deduce that (u, e, p) satisfies
conditions (i)–(iii). By (2.3.16) we have that

ε symDu̇ε → 0 strongly in L2
loc([0,+∞);L2(Ω;M3×3

sym)).

Since üε ⇀ ü weakly∗ in L∞loc([0,+∞);L2(Ω;R3)), we can pass to the limit in the weak
formulation of (2.3.15) and, thus, deduce condition (iv).

Taking the difference of the equations of motion (2.3.15) and (2.3.6) and testing by
u̇ε − ẇ on [0, t]× Ω, one can prove (see Lemma 4.5 in [7]) that

u̇ε → u̇ strongly in L∞loc([0,+∞);L2(Ω;R3)),

eε → e strongly in L∞loc([0,+∞);L2(Ω;R3)).
(2.3.18)

We now write the energy balance (2.3.16) between two times t1 ≤ t2 and using the previous
convergences and the lower semicontinuity of the elastic energy and of the dissipation, we
obtain
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Q(e(t2)) +
1

2
‖u̇(t2)‖2L2 +D(p; t1, t2) ≤ Q(e(t1)) +

1

2
‖u̇(t1)‖2L2

+

∫ t2

t1

∫
Ω

(σ(s) : symDẇ(s) + ü(s) · ẇ(s)) dx ds+

∫ t2

t1

∫
Ω
f(s) (u̇3(s)− ẇ3(s)) dx ds.

(2.3.19)

Let T > 0. Using the inequality

rK‖p(t2)− p(t1)‖Mb
≤ D(p; t1, t2)

in (2.3.19), we deduce that

rK‖p(t2)− p(t1)‖Mb
≤ 2βC‖e‖L∞([0,T ];L2)‖e(t2)− e(t1)‖L2

+ ‖u̇‖L∞([0,T ];L2)‖u̇(t2)− u̇(t1)‖L2 + 2βC‖e‖L∞([0,T ];L2)

∫ t2

t1

‖ symDẇ(t)‖L2 dt

+ ‖ü‖L∞([0,T ];L2)

∫ t2

t1

‖ẇ(t)‖L2 dt+ ‖u̇3 − ẇ3‖L∞([0,T ];L2)

∫ t2

t1

‖f(t)‖L2 dt (2.3.20)

for every t1, t2 ∈ [0, T ] with t1 ≤ t2. Hence, p is locally Lipschitz continuous on [0,+∞)
with values in Mb(Ω∪Γd;M3×3

D ), inequality (2.3.9) is satisfied, and (2.3.19) gives condition
(v). Using the kinematic admissibility, one can prove that u is locally Lipschitz continuous
on [0,+∞) with values in BD(Ω). Finally, inequality (2.3.8) easily follows from (2.3.14).

2.4 Convergence of dynamic evolutions

In this section we discuss the convergence of three-dimensional dynamic evolutions,
when the parameter h tends to 0. As it is usual in dimension reduction problems, we
perform a change of variable in order to set the problem on a fixed domain Ω. We also
perform a rescaling of the time variable (as done, e.g., in [1] in the context of nonlinear
elasticity). We thus consider the change of variable φh : Ω→ Ωh given by

φh(x) := (x′, hx3)

for every x = (x′, x3) ∈ Ω. We define the linear operator Λh : M3×3
sym →M3×3

sym as

Λhξ :=

 ξ11 ξ12
1
hξ13

ξ12 ξ22
1
hξ23

1
hξ13

1
hξ23

1
h2
ξ33


for every ξ ∈M3×3

sym.
Let t 7→ (uh(t), eh(t), ph(t)) be a dynamic evolution in Ωh with boundary datum wh,

force term fh, and initial conditions (u0,h, e0,h, p0,h) and v0,h, as in Theorem 2.3.1. We
associate with it an h-rescaled dynamic evolution in Ω, defined as follows:

t 7→ (uh(t), eh(t), ph(t)) ∈ BD(Ω)× L2(Ω;M3×3
sym)×Mb(Ω ∪ ∂dΩ;M3×3

sym),

where for every t ≥ 0 and a.e. x ∈ Ω

uhα(t, x) := (uh)α
(
t
h , φh(x)

)
α = 1, 2, uh3(t, x) := h(uh)3

(
t
h , φh(x)

)
,

eh(t, x) := Λ−1
h eh

(
t
h , φh(x)

)
,

(2.4.1)
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and for every t ≥ 0

ph(t) := 1
hΛ−1

h φ#
h ph

(
t
h

)
. (2.4.2)

Here φ#
h q ∈Mb(Ω ∪ ∂dΩ;M3×3

D ) denotes the pull-back measure of q, defined as∫
Ω∪∂dΩ

ψ : dφ#
h q :=

∫
Ωh∪Γd,h

ψ ◦ φ−1
h : dq

for every ψ ∈ C0(Ω ∪ ∂dΩ;M3×3
D ). Finally, we rescale the boundary datum wh as

whα(t, x) := (wh)α
(
t
h , φh(x)

)
α = 1, 2, wh3 (t, x) := h(wh)3

(
t
h , φh(x)

)
(2.4.3)

for every t ≥ 0 and a.e. x ∈ Ω, and the vertical force fh as

fh(t, x) := 1
hfh
(
t
h , φh(x)

)
(2.4.4)

for every t ≥ 0 and a.e. x ∈ Ω.

The rescaled triplet satisfies the following conditions:

• kinematic admissibility: for every t ≥ 0 we have

symDuh(t) = eh(t) + ph(t) in Ω,

ph(t) = (wh(t)− uh(t))� ν∂ΩH2 on ∂dΩ,

ph11(t) + ph22(t) + 1
h2
ph33(t) = 0 in Ω ∪ ∂dΩ;

(2.4.5)

• stress constraint: σhD(t) ∈ K a.e. in Ω for every t ≥ 0, where σh(t) := CΛhe
h(t);

• equation of motion: for a.e. t ≥ 0
(
h2ühα(t)

üh3(t)

)
− div Λhσ

h(t) = fh(t)e3 in Ω,

[Λhσ
h(t)ν∂Ω] = 0 on ∂nΩ;

(2.4.6)

• energy inequality: for every 0 ≤ t1 ≤ t2

Q(Λhe
h(t2)) +

1

2

∥∥∥(hu̇hα(t2)
u̇h3(t2)

)∥∥∥2

L2
+

∫ t2

t1

H(Λhṗ
h(s)) ds

≤ Q(Λhe
h(t1)) +

1

2

∥∥∥(hu̇hα(t1)
u̇h3(t1)

)∥∥∥2

L2

+

∫ t2

t1

∫
Ω

(
σh(s) : Λh symDẇh(s) +

(
hühα(s)
üh3(s)

)
·
(
hẇhα(s)
ẇh3 (s)

))
dx ds

+

∫ t2

t1

∫
Ω
fh(s) (u̇h3(s)− ẇh3 (s)) dx ds. (2.4.7)
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We now state the assumptions on the rescaled data of the problem.

Forces. We consider a sequence of vertical loads (fh) ⊂ W 1,1
loc ([0,+∞);L2(Ω)) such that

for every T > 0 there exists a constant C(T ) > 0 for which

‖fh‖W 1,1([0,T ];L2) ≤ C(T ) (2.4.8)

for every h > 0. We also assume that there exists f ∈ L∞loc([0,+∞);L2(Ω)) such that

fh(t)→ f(t) strongly in L2(Ω) (2.4.9)

for every t ≥ 0.

Boundary displacements. We consider a sequence of boundary displacements

(wh) ⊂ H2
loc([0,+∞);H1(Ω;R3)) ∩W 3,1

loc ([0,+∞);L2(Ω;R3)) (2.4.10)

such that for every T > 0 there exists a constant C(T ) > 0 for which

∥∥∥(hẇhα
ẇh3

)∥∥∥
W 2,1([0,T ];L2)

+ ‖Λh symDwh‖H2([0,T ];L2) ≤ C(T ) (2.4.11)

for every h > 0. We assume that for every t ≥ 0

wh(t) ⇀ w(t) weakly in L2(Ω;R3), (2.4.12)

Λh symDẇh(t)→ η(t) strongly in L2(Ω;M3×3
sym), (2.4.13)

and (
hẇhα
ẇh3

)
→ ẇ3e3 strongly in L1

loc([0,+∞);L2(Ω;R3)) (2.4.14)

for some w ∈ H2
loc([0,+∞);H1(Ω;R3)∩KL(Ω)) and some η ∈ H1

loc([0,+∞);L2(Ω;M3×3
sym)).

Initial data. We fix a triplet (uh0 , e
h
0 , p

h
0) ∈ H1(Ω;R3)× L2(Ω;M3×3

sym)× L2(Ω;M3×3
sym) satis-

fying the kinematic admissibility conditions (2.4.5) and an initial velocity vh0 ∈ H1(Ω;R3)
such that, setting σh0 := CΛhe

h
0 , we have

−div Λhσ
h
0 = fh(0)e3 in Ω, [Λhσ

h
0ν∂Ω] = 0 on ∂nΩ, (σh0 )D ∈ K a.e. in Ω, (2.4.15)

and

vh0 = ẇh(0) on ∂dΩ (2.4.16)

for every h > 0. Moreover, we suppose that(
h(vh0 )α
(vh0 )3

)
→ v0e3 strongly in L2(Ω;R3), (2.4.17)

Λhe
h
0 → ẽ0 strongly in L2(Ω;M3×3

sym), (2.4.18)

‖Λh symDvh0‖L2 + ‖Λhph0‖Mb
≤ C (2.4.19)

for some v0 ∈ H1(Ω;R3), ẽ0 ∈ L2(Ω;M3×3
sym), and some constant C independent of h.

We are now in a position to state the main result of this paper.
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Theorem 2.4.1. Assume (2.4.8)– (2.4.19) and let (uh, eh, ph) be an h-rescaled dynamic
evolution for the boundary datum wh, the force term fh, and the initial data (uh0 , e

h
0 , p

h
0)

and vh0 . Then there exists a map t 7→ (u(t), e(t), p(t)) of class

Liploc([0,+∞);KL(Ω)× L2(Ω;M3×3
sym)×Mb(Ω ∪ ∂dΩ;M3×3

sym))

with u3 ∈W 2,∞
loc ([0,+∞);L2(ω)), such that, up to subsequences,

uh(t) ⇀ u(t) weakly∗ in BD(Ω), (2.4.20)

u̇h3(t)→ u̇3(t) strongly in L2(Ω), (2.4.21)

eh(t)→ e(t) strongly in L2(Ω;M3×3
sym), (2.4.22)

Λhe
h(t)→Me(t) strongly in L2(Ω;M3×3

sym), (2.4.23)

ph(t) ⇀ p(t) weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3
sym) (2.4.24)

for every t ≥ 0. The map t 7→ (u(t), e(t), p(t)) satisfies the following system of equations:

(i) kinematic admissibility: (u(t), e(t), p(t)) ∈ AKL(w(t)) for every t ≥ 0;

(ii) initial conditions: (u(0), e(0), p(0)) = (u0, e0, p0) and u̇3(0) = (v0)3, where uh0 ⇀ u0

weakly∗ in BD(Ω), eh0 → e0 strongly in L2(Ω;M3×3
sym), and ph0 ⇀ p0 weakly∗ in

Mb(Ω ∪ ∂dΩ;M3×3
sym) (these limits exist, up to subsequences);

(iii) stress constraint: σ(t) ∈ K∗ a.e. in Ω for every t ≥ 0, where σ(t) := Cre(t);

(iv) equations of motion: for every t ≥ 0{
div σ̄(t) = 0 in ω,

[σ̄(t)ν∂ω] = 0 on ∂nω,
(2.4.25)

and for a.e. t ≥ 0 {
ü3(t)− 1

12div div σ̂(t) = f̄(t) in ω,

b0(σ̂(t)) = b1(σ̂(t)) = 0 on ∂nω,
(2.4.26)

where

f̄(x′) :=

∫ 1/2

−1/2
f(x′, x3) dx3 for a.e. x′ ∈ ω;

(v) flow rule: for a.e. t ≥ 0
H∗(ṗ(t)) = 〈σ(t), ṗ(t)〉r . (2.4.27)

Proof. The proof of Theorem 2.4.1 is subdivided into six steps.

Step 1: Compactness estimates. We first deduce some a priori estimates. Writing the
estimate (2.3.8) on [0, t/h] and performing the scaling, we obtain

∥∥∥(hühα
üh3

)∥∥∥
L∞([0,t];L2)

+ ‖Λhėh‖L∞([0,t];L2) ≤ C
(
‖Λh symDvh0‖L2 + ‖ḟh‖L1([0,t];L2)

+
∥∥∥(h...

whα...
wh3

)∥∥∥
L1([0,t];L2)

+
∥∥∥(hẅhα

ẅh3

)∥∥∥
L∞([0,t];L2)

+
√
t ‖Λh symDẅh‖L2([0,t];L2)

)
(2.4.28)
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for every t > 0. By the assumptions on the data we deduce that for every T > 0 there
exists a constant C(T ) > 0, depending on T but independent of h, such that∥∥∥(hühα

üh3

)∥∥∥
L∞([0,T ];L2)

+ ‖Λhėh‖L∞([0,T ];L2) ≤ C(T ). (2.4.29)

We now write the rescaled energy inequality (2.4.7) with t1 = 0 and t2 ∈ [0, t]. By (2.2.1)
and (2.2.2) we have

αC‖Λheh‖2L∞([0,t];L2) +
1

2

∥∥∥(hu̇hα
u̇h3

)∥∥∥2

L∞([0,t];L2)

≤ βC‖Λheh0‖2L2 +
1

2

∥∥∥(h(vh0 )α
(vh0 )3

)∥∥∥2

L2
+ 2βC‖Λheh‖L∞([0,t];L2)

∫ t

0
‖Λh symDẇh(s)‖L2 ds

+
∥∥∥(hühα

üh3

)∥∥∥
L∞([0,t];L2)

∫ t

0

∥∥∥(hẇhα
ẇh3

)∥∥∥
L2
ds

+ (‖u̇h3‖L∞([0,t];L2) + ‖ẇh3‖L∞([0,t];L2))

∫ t

0
‖fh(s)‖L2 ds.

By the Cauchy inequality, the assumptions on the data and (2.4.29), we deduce that for
every T > 0 there exists a constant C(T ) > 0, depending on T but independent of h, such
that

‖Λheh‖L∞([0,T ];L2) +
∥∥∥(hu̇hα

u̇h3

)∥∥∥
L∞([0,T ];L2)

≤ C(T ). (2.4.30)

Finally, we perform the scaling in (2.3.9) and by (2.4.29) and (2.4.30) we get

‖Λhph(t2)− Λhp
h(t1)‖Mb

≤ C(T )
(
‖Λheh(t2)− Λhe

h(t1)‖L2

+
∥∥∥(hu̇hα(t2)− hu̇hα(t1)

u̇h3(t2)− u̇h3(t1)

)∥∥∥
L2

+

∫ t2

t1

‖Λh symDẇh(t)‖L2 dt

+

∫ t2

t1

∥∥∥(hẇhα(t)
ẇh3 (t)

)∥∥∥
L2
dt+

∫ t2

t1

‖fh(t)‖L2 dt
)

(2.4.31)

for every T > 0 and every t1, t2 ∈ [0, T ].

We now deduce some compactness properties for the triplets (uh, eh, ph), as h→ 0. By
(2.4.29), (2.4.30), and the Ascoli-Arzelà Theorem we infer the existence of

e, ẽ ∈W 1,∞
loc ([0,+∞);L2(Ω;M3×3

sym))

with eαβ = ẽαβ for α, β = 1, 2 and ei3 = 0 for i = 1, 2, 3, such that, up to subsequences,

eh(t) ⇀ e(t) weakly in L2(Ω;M3×3
sym), (2.4.32)

Λhe
h(t) ⇀ ẽ(t) weakly in L2(Ω;M3×3

sym) (2.4.33)

for every t ≥ 0. Moreover, by (2.4.29) and (2.4.31) the functions Λhp
h are equi-Lipschitz

continuous in time with values in Mb(Ω∪Γd;M3×3
D ). Therefore, again by the Ascoli-Arzelà

Theorem and by (2.4.19) there exist

p ∈ Liploc([0,+∞);Mb(Ω ∪ ∂dΩ;M3×3
sym)), p̃ ∈ Liploc([0,+∞);Mb(Ω ∪ ∂dΩ;M3×3

D )),
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with pαβ = p̃αβ for α, β = 1, 2 and pi3 = 0 for i = 1, 2, 3, such that, up to subsequences,

ph(t) ⇀ p(t) weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3
sym), (2.4.34)

Λhp
h(t) ⇀ p̃(t) weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3

D ) (2.4.35)

for every t ≥ 0.
We now prove the weak∗ compactness in BD(Ω) of the sequence of displacements (uh).

Since ∂dω is open in ∂ω, there exists an open set A ⊂ R2 such that ∂dω = A ∩ ∂ω. Let
Ω′ := (ω ∪A)× (−1

2 ,
1
2). By (2.4.11) and (2.4.12) we have that

symDwh(t) ⇀ symDw(t) weakly in L2(Ω;M3×3
sym) (2.4.36)

for every t ≥ 0. Thus, for every t ≥ 0 we can extend wh(t) and w(t) to Ω′ in such a
way that wh(t) ⇀ w(t) weakly in L2(Ω′;R3) and symDwh(t) ⇀ symDw(t) weakly in
L2(Ω′;M3×3

sym) for every t ≥ 0.

We now extend the triplets (uh, eh, ph) to Ω′ by setting

uh(t) := wh(t) in Ω′\Ω, eh(t) := symDwh(t) in Ω′\Ω, ph(t) := 0 in Ω′\(Ω∪∂dΩ)

and we note that symDuh(t) = eh(t) + ph(t) in Ω′. Similarly, we set

e(t) := symDw(t) in Ω′ \ Ω, p(t) := 0 in Ω′ \ (Ω ∪ ∂dΩ).

By (2.4.32) and (2.4.34) we deduce that eh(t) ⇀ e(t) weakly in L2(Ω′;M3×3
sym) and ph(t) ⇀

p(t) weakly∗ in Mb(Ω
′;M3×3

sym), for every t ≥ 0. Thus,

symDuh(t) = eh(t) + ph(t) ⇀ e(t) + p(t) weakly∗ in Mb(Ω
′;M3×3

sym).

Since uh(t) = wh(t) in Ω′ \ Ω and wh(t) is bounded in L2(Ω′;R3), the Korn-Poincaré in-
equality implies that the sequence (uh(t)) is uniformly bounded in BD(Ω′). Consequently,
there exist u(t) ∈ BD(Ω′) and a subsequence uhj (t) such that uhj (t) ⇀ u(t) weakly∗ in
BD(Ω′). Since

u(t) = w(t) in Ω′ \ Ω and symDu(t) = e(t) + p(t) in Ω′,

the Korn-Poincaré inequality ensures that the limit u(t) is uniquely determined. Therefore,
the whole sequence converges in Ω′ and in particular,

uh(t) ⇀ u(t) weakly∗ in BD(Ω) (2.4.37)

for every t ≥ 0.
Since ei3(t) = pi3(t) = 0, it is easy to see that

(u(t), e(t), p(t)) ∈ AKL(w(t))

for every t ≥ 0. Moreover, u ∈ Liploc([0,+∞);KL(Ω)), owing to the time regularity of e,
p, and w, and as a consequence of Lemma 2.2.1,

(u̇(t), ė(t), ṗ(t)) ∈ AKL(ẇ(t)) (2.4.38)

for a.e. t ≥ 0.
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Finally, combining (2.4.29), (2.4.30), (2.4.37), together with the Ascoli-Arzelà Theo-
rem, we conclude that

u3 ∈W 2,∞
loc ([0,+∞);L2(Ω))

and

hu̇hα(t) ⇀ 0 weakly in L2(Ω) for α = 1, 2, (2.4.39)

u̇h3(t) ⇀ u̇3(t) weakly in L2(Ω) (2.4.40)

for every t ≥ 0. Moreover, we also have that

hu̇hα ⇀ 0 weakly∗ in W 1,∞([0, T ];L2(Ω)) for α = 1, 2, (2.4.41)

u̇h3 ⇀ u̇3 weakly∗ in W 1,∞([0, T ];L2(Ω)) (2.4.42)

for every T > 0.

The previous arguments also prove that, up to subsequences, uh0 ⇀ u0 weakly∗ in
BD(Ω), eh0 → e0 strongly in L2(Ω;M3×3

sym), and ph0 ⇀ p0 weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3
sym),

for some (u0, e0, p0) ∈ AKL(w(0)), and the initial conditions are satisfied.

Step 2: Identification of the limiting elastic strain. We claim that

ẽ(t) = Me(t) (2.4.43)

for every t ≥ 0, where ẽ satisfies (2.4.33) and M is the operator defined in (2.2.6).

We first show that (2.4.43) holds for a.e. t ≥ 0. Owing to (2.2.7), this is equivalent to
prove that for a.e. t ≥ 0

Cẽ(t, x) :

 0 0 λ1

0 0 λ2

λ1 λ2 λ3

 = 0

for every λi ∈ R and a.e. x ∈ Ω. Let (a, b) ⊂ (−1
2 ,

1
2) and let U ⊂ ω be an open set. Let

(`n) ⊂ C1([−1
2 ,

1
2 ]) and (λin) ⊂ C1

c (ω) be two sequences such that `′n → χ(a,b) strongly in

L4(−1
2 ,

1
2) and λin → λiχU strongly in L4(ω) for every i = 1, 2, 3, as n→∞.

We define

φhn(t, x) := ψ(t)

2hλ1
n(x′)`n(x3)

2hλ2
n(x′)`n(x3)

h2λ3
n(x′)`n(x3)

 ,

where ψ ∈ L2(0,+∞). Testing (2.4.6) by φhn yields∫ +∞

0

∫
Ω

(
h2ühα(t)
üh3(t)

)
· φhn(t) dx dt+

∫ +∞

0

∫
Ω
CΛhe

h(t) : Λh symDφhn(t) dx dt

=

∫ +∞

0

∫
Ω
fh(t)(φhn)3(t) dx dt.

Owing to (2.4.30), (2.4.33), (2.4.41), and (2.4.42), we can pass to the limit as h→ 0 and
then, as n→ +∞. This yields

∫ +∞

0

∫
U×(a,b)

ψ(t)Cẽ(t, x) :

 0 0 λ1

0 0 λ2

λ1 λ2 λ3

 dx dt = 0.
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Since the sets (a, b), U and the function ψ are arbitrary, we deduce that for a.e. t ≥ 0
ẽ(t) = Me(t) a.e. in Ω. Since ẽ and Me are continuous functions of time, this implies
(2.4.43).

This argument also proves that ẽ0 = Me0, where ẽ0 is the limit in (2.4.18).

Step 3: Equations of motions. Let T > 0. Let ϕ ∈ L2([0, T ];KL(Ω) ∩ H1(Ω;R3)) with
ϕ = 0 on ∂dΩ. We test the rescaled equation of motion (2.4.6) by ϕ on [0, T ] × Ω. This
yields∫ T

0

∫
Ω

(
h2ühα(t)
üh3(t)

)
· ϕ(t) dx dt+

∫ T

0

∫
Ω
CΛhe

h(t) : symDϕ(t) dx dt

=

∫ T

0

∫
Ω
fh(t)ϕ3(t) dx dt,

where we used that Λh symDϕ(t) = symDϕ(t) since ϕ(t) ∈ KL(Ω). As a consequence of
(2.4.30), (2.4.33), (2.4.41), and (2.4.42), we can pass to the limit in the previous equation
and obtain∫ T

0

∫
ω
ü3(t) · ϕ3(t) dx′ dt+

∫ T

0

∫
Ω
σ(t) :

(
symDϕ̄(t)− x3D

2ϕ3(t) 0
0 0

)
dx dt

=

∫ T

0

∫
ω
f̄(t)ϕ3(t) dx′ dt, (2.4.44)

where σ(t) := C∗e(t) = CMe(t).

By choosing ϕ = (ϕ̄, 0) with ϕ̄ ∈ L2([0, T ];H1(ω;R2)), ϕ̄(t) = 0 on ∂dω, in (2.4.44) we
deduce that ∫ T

0

∫
ω
σ̄(t) : symDϕ̄(t) dx′ dt = 0.

This implies that for a.e. t ≥ 0 ∫
ω
σ̄(t) : symDϕ̄ dx′ = 0

for every ϕ̄ ∈ H1(ω;R2), ϕ̄ = 0 on ∂dω. The continuity of σ̄ with respect to time implies
that the above equation is actually satisfied for every t ≥ 0. By Lemma 7.10–(i) in [13]
we conclude that

div σ̄(t) = 0 in ω, [σ̄(t)ν∂ω] = 0 on ∂nω

for every t ≥ 0.

We now choose ϕ in (2.4.44) of the form ϕ = ϕ3e3, with ϕ3 ∈ L2([0, T ];H2(ω)),
ϕ3(t) = 0 and ∇ϕ3(t) = 0 on ∂dω and obtain∫ T

0

∫
ω
ü3(t)ϕ3(t) dx′ dt− 1

12

∫ T

0

∫
ω
σ̂(t) : D2ϕ3(t) dx′ dt =

∫ T

0

∫
ω
f̄(t)ϕ3(t) dx′ dt.

By Lemma 7.10–(ii) in [13] this implies that

ü3(t)− 1

12
div div σ̂(t) = f̄(t) in [0,+∞)× ω,

together with the corresponding Neumann boundary conditions.
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Step 4: Stress constraint. We recall that (CΛhe
h)D(t) ∈ K a.e. in Ω for every t ≥ 0 and

every h. Since CΛhe
h(t) ⇀ σ(t) weakly in L2(Ω;M3×3

sym) for every t ≥ 0 and K is a closed
and convex set, we have that σD(t) ∈ K a.e. in Ω. By (2.2.12) this is equivalent to saying
that σ(t) ∈ K∗ a.e. in Ω for every t ≥ 0.

Step 5: Flow rule. We first observe that

H∗(ṗ(t)) ≥ 〈σ(t), ṗ(t)〉r (2.4.45)

for a.e. t ≥ 0. This follows from (2.2.17) combined with the fact that σ(t) ∈ K∗ a.e. in Ω
for every t ≥ 0. Moreover, as a consequence of Proposition 2.2.5, (2.4.25), (2.4.26), and
(2.4.38), we have that

〈σ(t), ṗ(t)〉r =

∫
Ω
σ(t) : (symDẇ(t)− ė(t)) dx− 1

12

∫
ω

div div σ̂(t)(u̇3(t)− ẇ3(t)) dx′

=

∫
Ω
σ(t) : (symDẇ(t)− ė(t)) dx+

∫
ω
(f̄(t)− ü3(t))(u̇3(t)− ẇ3(t)) dx′

(2.4.46)

for a.e. t ≥ 0.

On the other hand, we can pass to the limit in the rescaled energy inequality arguing
as follows. By (2.4.35), the lower semicontinuity of the dissipation and the definition of
D∗, it turns out that

D∗(p; 0, T ) ≤ lim inf
h→0

D(Λhp
h; 0, T )

for every T > 0. Combining this inequality with the regularity of p, (2.2.5), and (2.2.13),
we have that ∫ T

0
H∗(ṗ(t)) dt ≤ lim inf

h→0

∫ T

0
H(Λhṗ

h(t)) dt (2.4.47)

for every T > 0. We now write the rescaled energy inequality (2.4.7) with t1 = 0 and
t2 = T . Using the lower semicontinuity of Q, the definition of Q∗, and the assumptions
on the data (3.5.6) and (2.4.13)–(2.4.18), we deduce that

Q∗(e(T )) +
1

2
‖u̇3(T )‖2L2 +

∫ T

0
H∗(ṗ(t)) dt ≤ Q∗(e(0)) +

1

2
‖u̇3(0)‖2L2

+

∫ T

0

∫
Ω

(
C∗e(t) : symDẇ(t) + ü3(t)ẇ3(t)

)
dx dt+

∫ T

0

∫
ω
f̄(t) (u̇3(t)− ẇ3(t)) dx′ dt

(2.4.48)

for every T > 0. Here we used that ηαβ(t) = symDwαβ(t) by (2.4.13) and (2.4.36). By
the time regularity of e and u, inequality (2.4.48) can be rewritten as∫ T

0
H∗(ṗ(t)) dt ≤

∫ T

0

∫
Ω
σ(t) : (symDẇ(t)− ė(t)) dx dt

+

∫ T

0

∫
ω
(f̄(t)− ü3(t))(u̇3(t)− ẇ3(t)) dx′ dt.

Hence, by (2.4.46) ∫ T

0
H∗(ṗ(t)) dt ≤

∫ T

0
〈σ(t), ṗ(t)〉r dt. (2.4.49)
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Combining the above inequality with (2.4.45), we deduce the flow rule (2.4.27).

We also note, for future references, that the flow rule implies that the inequality in
(2.4.49) is actually an equality. Therefore, by (2.4.46) inequality (2.4.48) is an equality,
as well. In other words, the following energy balance holds:

Q∗(e(T )) +
1

2
‖u̇3(T )‖2L2 +

∫ T

0
H∗(ṗ(t)) dt = Q∗(e(0)) +

1

2
‖u̇3(0)‖2L2

+

∫ T

0

∫
Ω
C∗e(t) : symDẇ(t) dx dt+

∫ T

0

∫
ω

(
ü3(t)ẇ3(t) + f̄(t) (u̇3(t)− ẇ3(t))

)
dx′ dt

(2.4.50)

for every T > 0.

Step 6: Strong convergence of the stress and the velocity. We conclude the proof by
showing the strong convergence of the sequences (u̇h3(t)), (eh(t)), and (Λhe

h(t)).

By (2.4.7), (2.4.50), and the assumptions on the data we have

lim sup
h→0

{
Q(Λhe

h(T )) +
1

2

∥∥∥(hu̇hα(T )
u̇h3(T )

)∥∥∥2

L2
+

∫ T

0
H(Λhṗ

h(t)) dt
}

≤ Qr(e(0)) +
1

2
‖u̇3(0)‖2L2 +

∫ T

0

∫
Ω
σ(t) : symDẇ(t) dx dt

+

∫ t

0

∫
ω
(ü3(t)ẇ3(t) + f̄(t)(u̇3(t)− ẇ3(t)) dx′ dt

= Q∗(e(T )) +
1

2
‖u̇3(T )‖2L2 +

∫ T

0
H∗(ṗ(t)) dx dt.

Recalling (2.4.47) and

Q∗(e(T )) ≤ lim inf
h→0

Q(Λhe
h(T )), ‖u̇3(T )‖2L2 ≤ lim inf

h→0
‖u̇h3(T )‖2L2 ,

the inequality above implies that u̇h3(t)→ u̇3(t) strongly in L2(Ω) and

Q(Λhe
h(t))→ Q∗(e(t)) = Q(Me(t))

for every t ≥ 0. Since

Q(Λhe
h(t)−Me(t)) = Q(Λhe

h(t)) +Q(Me(t))−
∫

Ω
CΛhe

h(t) : Me(t) dx,

equations (2.4.33) and (2.4.43) imply that

lim
h→0
Q(Λhe

h(t)−Me(t)) = 0

for every t ≥ 0. Hence, by (2.2.1) we conclude that Λhe
h(t) → Me(t) strongly in

L2(Ω;M3×3
sym) for every t ≥ 0. As an immediate consequence, we deduce that eh(t)→ e(t)

strongly in L2(Ω;M3×3
sym) for every t ≥ 0.

This concludes the proof of Theorem 2.4.1.

Remark 2.4.2. A key ingredient in the proof of Theorem 2.4.1 is given by the higher reg-
ularity estimates (2.3.8) and (2.3.9). Using (2.4.1)–(2.4.4) these estimates can be written
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in the scaled variables. This leads to inequalities (2.4.28) and (2.4.31), which are instru-
mental to deduce compactness of the three-dimensional evolutions in the energy space.
At this point, is it crucial to have a purely vertical body load. Indeed, in the presence
of a nontrivial tangential force, the regularity estimates (2.3.8) and (2.3.9) do not have
the right invariance property with respect to scaling in h, because of the different order
of magnitude of the horizontal and vertical loads in terms of h (which is, in turn, due
to the different order of magnitude of the horizontal and vertical displacements), so that
the simple scaling argument described above does not allow to make the dependence on h
fully explicit in estimates (2.4.28) and (2.4.31).

2.5 Some properties of the reduced model

In this section we collect some results about uniqueness for the reduced dynamic model,
that has been derived in the previous section. We first prove uniqueness of the vertical
displacement, of the elastic strain, and of some components of the plastic strain.

Proposition 2.5.1. Let t 7→ (u(t), e(t), p(t)) be a reduced dynamic evolution, that is, a
solution to system (i)–(v) in Theorem 2.4.1. Then the vertical displacement u3, the elastic
strain e, and the plastic strain components p̂ and p⊥ are unique.

Proof. Let (u, e, p) and (v, η, q) be two solutions. Let σ(t) := C∗e(t) and τ(t) := C∗η(t).
Subtracting the two equations of motion for u3 and v3 leads to

ü3(t)− v̈3(t)− 1

12
div div (σ̂(t)− τ̂(t)) = 0 in ω

for a.e. t ≥ 0. Multiplying this equation by u̇3(t) − v̇3(t) and integrating on [0, T ] × ω
yields∫ T

0

∫
ω
(ü3(t)− v̈3(t))(u̇3(t)− v̇3(t)) dx′ dt

− 1

12

∫ T

0

∫
ω

div div (σ̂(t)− τ̂(t))(u̇3(t)− v̇3(t)) dx′ dt = 0. (2.5.1)

Since u̇3(0) = v̇3(0), we have∫ T

0

∫
ω
(ü3(t)− v̈3(t))(u̇3(t)− v̇3(t)) dx′ dt =

1

2
‖u̇3(T )− v̇3(T )‖2L2 . (2.5.2)

On the other hand, by Proposition 2.2.5, (2.4.25), and (2.4.26), we obtain

− 1

12

∫ T

0

∫
ω

div div (σ̂(t)− τ̂(t))(u̇3(t)− v̇3(t)) dx′ dt

=

∫ T

0

∫
Ω

(σ(t)− τ(t)) : (ė(t)− η̇(t)) dx dt+

∫ T

0
〈σ(t)− τ(t), ṗ(t)− q̇(t)〉r dt, (2.5.3)

where we have also used that (u̇(t)− v̇(t), ė(t)− η̇(t), ṗ(t)− q̇(t)) ∈ AKL(0) for a.e. t ≥ 0.
Since e(0) = η(0), we have∫ T

0

∫
Ω

(σ(t)− τ(t)) : (ė(t)− η̇(t)) dx dt = Q∗(e(T )− η(T )). (2.5.4)
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Moreover, using the flow rule, (2.2.17), and the fact that τ(t) ∈ K∗ a.e. in Ω, we infer that

〈σ(t)− τ(t), ṗ(t)〉r ≥ 0

for a.e. t ≥ 0. Similarly,
〈τ(t)− σ(t), q̇(t)〉r ≥ 0

for a.e. t ≥ 0. Summing up the previous inequalities and integrating in time yields∫ T

0
〈σ(t)− τ(t), ṗ(t)− q̇(t)〉r dt ≥ 0. (2.5.5)

Gathering (2.5.1)–(2.5.5) we deduce that

1

2
‖u̇3(T )− v̇3(T )‖2L2 +Q∗(e(T )− η(T )) ≤ 0.

By (2.2.1) we conclude that u̇3 = v̇3, hence u3 = v3, and that e = η. Finally, by Proposi-
tion 2.2.4 we deduce that p̂ = q̂ and p⊥ = q⊥.

The following proposition gives a two-dimensional characterisation of the reduced dy-
namic evolution model for a specific choice of the data.

Proposition 2.5.2. For every t ≥ 0 let

w(t, x) =

(
w̄(t, x′)

0

)
for a.e. x ∈ Ω,

where w̄ ∈ H2
loc([0,+∞);H1(ω;R2)). Let (u0, e0, p0) ∈ AKL(w(0)) be of the form

u0(x) =

(
ū0(x′)

0

)
, e0(x) = ē0(x′) for a.e. x ∈ Ω, p0 = p̄0 ⊗ L1.

Then a map t 7→ (u(t), e(t), p(t)) is a reduced dynamic evolution, that is, a solution to
(i)–(v) in Theorem 2.4.1, with boundary datum w, force term f̄ = 0, and initial conditions
(u(0), e(0), p(0)) = (u0, e0, p0) and u̇3(0) = 0, if and only if

u(t, x) =

(
ū(t, x′)

0

)
, e(t, x) = ē(t, x′) for a.e. x ∈ Ω, p(t) = p̄(t)⊗ L1 (2.5.6)

for every t ≥ 0, where

t 7→ (ū(t), ē(t), p̄(t)) ∈ BD(ω)× L2(ω;M2×2
sym)×Mb(ω ∪ ∂dω;M2×2

sym)

satisfies the following conditions:

(a) symDū(t) = ē(t) + p̄(t) in ω, p̄(t) = (w̄(t)− ū(t))� ν∂ωH1 on ∂dω for every t ≥ 0;

(b) (u(0), e(0), p(0)) = (u0, e0, p0);

(c) σ̄(t) ∈ K∗ a.e. in ω for every t ≥ 0;

(d) for every t ≥ 0 {
div σ̄(t) = 0 in ω,

[σ̄(t)ν∂ω] = 0 on ∂nω;
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(e) H∗( ˙̄p(t)) = 〈σ̄(t), ˙̄p(t)〉r for a.e. t ≥ 0.

Proof. Assume that t 7→ (u(t), e(t), p(t)) is a reduced dynamic evolution with the given
data. We have to prove that (2.5.6) and (a)–(e) are satisfied. To do this we argue as in
Proposition 7.16 in [13]. The theory of convex functions of measure ensures that

H∗(ṗ(t)) = H∗(ṗa(t)) +H∗(ṗs(t)). (2.5.7)

By the Fubini-Tonelli Theorem and the Jensen inequality we have

H∗(ṗa(t)) =

∫
ω∪∂dω

∫ 1
2

− 1
2

H∗( ˙̄pa(t) + x3
˙̂pa(t)− ė⊥(t)) dx3 dx

′

≥
∫
ω∪∂dω

H∗
(∫ 1

2

− 1
2

( ˙̄pa(t) + x3
˙̂pa(t)− ė⊥(t)) dx3

)
dx′

= H∗( ˙̄pa(t)) (2.5.8)

for a.e. t ≥ 0. Let λ(t) := | ˙̄ps(t)|+ | ˙̂ps(t)| for a.e. t ≥ 0. Then the measure ˙̄ps(t) + x3
˙̂ps(t)

is absolutely continuous with respect to λ(t) for every x3 ∈ (−1
2 ,

1
2). Thus, by the Radon-

Nikodým Theorem we can write

ṗs(t) =
(d ˙̄ps(t)

dλ(t)
+ x3

d ˙̂ps(t)

dλ(t)

)
λ(t)

gen.
⊗ L1,

where
gen.
⊗ denotes the generalised product of measures (see, e.g., Definition 2.27 in [4]).

By the Fubini-Tonelli Theorem and the Jensen inequality, we obtain

H∗(ṗs(t)) =

∫
ω∪∂dω

∫ 1
2

− 1
2

H∗
(d ˙̄ps(t)

dλ(t)
+ x3

d ˙̂ps(t)

dλ(t)

)
dx3 dλ(t)

≥
∫
ω∪∂dω

H∗
(∫ 1

2

− 1
2

(d ˙̄ps(t)

dλ(t)
+ x3

d ˙̂ps(t)

dλ(t)

)
dx3

)
dλ(t)

= H∗( ˙̄ps(t)) (2.5.9)

for a.e. t ≥ 0. Combining (2.5.7)–(2.5.9), we conclude that

H∗(ṗ(t)) ≥ H∗( ˙̄pa(t)) +H∗( ˙̄ps(t)) = H∗( ˙̄p(t)) (2.5.10)

for a.e. t ≥ 0.
On the other hand, by (2.2.16), (2.2.17), (2.4.26), (2.4.27), and Proposition 2.2.5, we

deduce that

H∗(ṗ(t)) = 〈σ(t), ṗ(t)〉r = 〈σ̄(t), ˙̄p(t)〉+
1

12
〈σ̂(t), ˙̂p(t)〉 −

∫
Ω
σ⊥(t) : ė⊥(t) dx

≤ H∗( ˙̄p(t))−
∫

Ω
σ⊥(t) : ė⊥(t) dx− 1

12

∫
ω
σ̂(t) : ˙̂e(t) dx′ −

∫
ω
u̇3(t)ü3(t) dx′.

(2.5.11)

Here we used that w3(t) = 0 and f̄(t) = 0 for every t ≥ 0.
Therefore, by (2.5.10) we have
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∫
Ω
σ⊥(t) : ė⊥(t) dx+

1

12

∫
ω
σ̂(t) : ˙̂e(t) dx′ +

∫
ω
u̇3(t)ü3(t) dx′

=
d

dt

(
Q∗(e⊥(t)) +

1

12
Q∗(ê(t)) +

1

2
‖u̇3(t)‖2L2

)
≤ 0

for a.e. t ≥ 0. Integrating with respect to time, this inequality yields

Q∗(e⊥(t)) +
1

12
Q∗(ê(t)) +

1

2
‖u̇3(t)‖2L2

≤ Q∗(e⊥(0)) +
1

12
Q∗(ê(0)) +

1

2
‖u̇3(0)‖2L2 = 0.

Since u3(0) = 0, this implies that u3 = 0 and ê = e⊥ = 0. By Proposition 2.2.4 we deduce
that p̂ = p⊥ = 0. In other words, (2.5.6) is satisfied.

Condition (a) follows immediately from Proposition 2.2.4, (b) is straightforward, and
(d) follows from (2.4.25). Since σ(t) ∈ K∗ a.e. in Ω, it is easy to check that σ̄(t) ∈ K∗ a.e.
in ω, that is, (c) holds. Finally, (2.5.11) and (2.5.10) yield (e).

Conversely, if t 7→ (u(t), e(t), p(t)) is of the form (2.5.6) and conditions (a)–(e) are
satisfied, it is trivial to check that t 7→ (u(t), e(t), p(t)) is a reduced dynamic evolution.

Remark 2.5.3. The previous proposition suggests that, in general, one cannot expect
uniqueness for the components ū and p̄ of a reduced dynamic evolution. Indeed, Proposi-
tion 2.5.2 shows that for some specific choice of the data the reduced dynamic evolution
coincides with a two-dimensional quasistatic model, for which uniqueness of displacement
and plastic strain in general fails (see, e.g., [50]).



Chapter 3

A quasistatic evolution model for
perfectly plastic shallow shells

3.1 Overview of the chapter

In this Chapter we rigorously deduce a quasistatic evolution model for shallow shells by
means of Γ-convergence. The starting point of the analysis is the three-dimensional model
of Prandlt-Reuss elastoplasticity. We study the asymptotic behaviour of the solutions, as
the thickness of the shallow shell tends to 0. As in the case of plates, the limiting model is
genuinely three-dimensional. Limiting displacements are of Kirchhoff-Love type, and the
stretching and bending components of the stress are coupled in the flow rule and in the
stress constraint. Moreover, in contrast with the case of plates, the equilibrium equations
are not decoupled, because of the presence of curvature terms. An equivalent formulation
of the limiting problem in rate form is also deduced. We discuss the case of external loads.

Let us now briefly outline the content of this Chapter. In Section 3.2 we describe the
setting of the problem. In Section 3.3 we prove a Korn Poincaré inequality on a shallow
shell. Section 3.4 is devoted to the Γ-convergence of the static functionals, while in Section
3.5 we study the convergence of the quasistatic evolutions. Finally, Section 3.6 we consider
the general case where external loads are applied to the shallow shell.

3.2 Setting of the problem

3.2.1 The three-dimensional problem

We start by describing the setting of the three-dimensional problem.

The reference configuration

Let ω ⊂ R2 be a domain (that is, an open, connected, and bounded set) with a C2

boundary. Let ∂dω and ∂nω be two disjoint open subsets of ∂ω such that

∂dω ∪ ∂nω = ∂ω and ∂dω ∩ ∂nω = {P1, P2},

where P1 and P2 are two points of ∂ω (here topological notions refer to the relative topology
of ∂ω). The set ∂dω is the Dirichlet boundary of ω and ∂nω is the Neumann boundary.
We also consider the set

Ω := ω × (−1
2 ,

1
2)

45
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and its Dirichlet boundary
∂dΩ := ∂dω × (−1

2 ,
1
2).

Let θ ∈ C3(ω). For every 0 < h� 1 we consider the two-dimensional surface

Sh :=
{

(x′, hθ(x′)) : x′ ∈ ω
}
.

A shallow shell of thickness h is a three-dimensional body whose reference configuration
is given by the set

Σh := Ψh(Ω),

where Ψh : Ω→ R3 is the function

Ψh(x) := (x′, hθ(x′)) + hx3νSh
(x′) for every x = (x′, x3) ∈ Ω (3.2.1)

and νSh
is the outer unit normal to Sh given by

νSh
(x′) =

1√
1 + h2|∇θ(x′)|2

(−h∂αθ(x′)eα + e3) for every x′ ∈ ω.

Here {ei} denotes the canonical basis of R3. The Dirichlet boundary of Σh is given by
the set

∂dΣh := Ψh (∂dΩ) .

For every 0 < h� 1 we introduce the diagonal matrix

Rh :=

1 0 0
0 1 0
0 0 1

h

 (3.2.2)

and we define
Fh(x) := DΨh(x)Rh (3.2.3)

for every x ∈ Ω. The elementary properties of the determinant give

detDΨh(x) = hdetFh(x) (3.2.4)

for every x ∈ Ω. The asymptotic behaviour of Fh, as h → 0, is made explicit by the
following result.

Lemma 3.2.1. As h→ 0, the following expansions hold:

(Fh)αβ = δαβ − h2x3∂
2
αβθ +O(h3), (Fh)α3 = −h∂αθ +O(h3),

(Fh)3β = h∂βθ +O(h3), (Fh)33 = 1− 1
2h

2|∇θ|2 +O(h3),

where O(h3) denotes a quantity that is uniformly bounded by h3 in Ω. Moreover, Fh is
invertible for h small enough and the following expansions hold:

(F−1
h )αβ = δαβ + h2(x3∂

2
αβθ − ∂αθ∂βθ) +O(h3), (F−1

h )α3 = h∂αθ +O(h3),

(F−1
h )3β = −h∂βθ +O(h3), (F−1

h )33 = 1− 1
2h

2|∇θ|2 +O(h3),

and
detFh = 1 +O(h2).

Proof. See, e.g., [10, Theorem 3.3-1].
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The stored elastic energy

Let C be the three-dimensional elasticity tensor, considered as a symmetric positive
definite linear operator C : M3×3

sym →M3×3
sym, and let Q : M3×3

sym → [0,+∞) be the quadratic
form associated with C, defined by

Q(ξ) := 1
2Cξ : ξ for every ξ ∈M3×3

sym.

It turns out that there exists two positive constants αC and βC, with αC ≤ βC, such that

αC|ξ|2 ≤ Q(ξ) ≤ βC|ξ|2 for every ξ ∈M3×3
sym. (3.2.5)

These inequalities imply that

|Cξ| ≤ 2βC|ξ| for every ξ ∈M3×3
sym. (3.2.6)

The integral ∫
Σh

Q(η(x)) dx

describes the stored elastic energy of a configuration of the shallow shell Σh with elastic
strain η ∈ L2(Σh;M3×3

sym).

The plastic dissipation

Let K be a convex and compact set in M3×3
D , whose boundary ∂K is interpreted as

the yield surface. We assume that there exist two positive constants rK and RK , with
rK ≤ RK , such that

B(0, rK) ⊂ K ⊂ B(0, RK), (3.2.7)

where B(0, r) := {ξ ∈ M3×3
D : |ξ| ≤ r}. Let H : M3×3

D → R be the support function of K,
that is,

H(ξ) := sup
τ∈K

ξ : τ for every ξ ∈M3×3
D .

It is easy to see that H is convex, positively 1-homogeneous, and satisfies the triangle
inequality. Moreover, by (3.2.7) one deduces that

rK |ξ| ≤ H(ξ) ≤ RK |ξ| for every ξ ∈M3×3
D . (3.2.8)

From standard convex analysis we also have that the set K coincides with the subdiffer-
ential ∂H(0) of H at 0.

Let q ∈ Mb(Σh ∪ ∂dΣh;M3×3
D ) and let dq/d|q| be the Radon-Nikodým derivative of q

with respect to its variation |q|. The integral∫
Σh∪∂dΣh

H
( dq
d|q|

)
d|q|

describes the plastic dissipation potential on a configuration of the shallow shell Σh with
plastic strain q.



48 3. A quasistatic evolution model for perfectly plastic shallow shells

Kinematic admissibility and energy

Given a boundary datum z ∈ H1(Σh;R3), we define the class A(Σh, z) of admissible
displacements and strains, as the set of all triplets (v, η, q) ∈ BD(Σh) × L2(Σh;M3×3

sym) ×
Mb(Σh ∪ ∂dΣh;M3×3

D ) such that

symDv = η + q in Σh, q = (z − v)� ν∂Σh
H2 on ∂dΣh, (3.2.9)

where ν∂Σh
is the outer unit normal to ∂Σh. We define the total energy as

Eh(v, η, q) :=

∫
Σh

Q(η(x)) dx+

∫
Σh∪∂dΣh

H
( dq
d|q|

)
d|q| (3.2.10)

for every admissible triplet (v, η, q) ∈ A(Σh, w).

3.2.2 The rescaled problem

In this section we introduce a suitable scaling of the admissible triplets and of the total
energy.

Let z ∈ H1(Σh;R3). To any triplet (v, η, q) ∈ A(Σh, z) we associate a triplet (u, e, p)
defined as follows:

u := R−1
h v ◦Ψh, e := η ◦Ψh, p :=

1

detDΨh
Ψ#
h (q), (3.2.11)

where Ψh and Rh are defined in (3.2.1) and (3.2.2), and Ψ#
h (q) is the pull-back measure

of q, that is, ∫
Ω∪∂dΩ

ϕ : dΨ#
h (q) =

∫
Σh∪∂dΣh

ϕ ◦Ψ−1
h : dq

for every ϕ ∈ C0(Ω ∪ ∂dΩ;M3×3
D ). It is clear that u ∈ L1(Ω;R3), e ∈ L2(Ω;M3×3

sym), and

p ∈Mb(Ω ∪ ∂dΩ;M3×3
D ). Moreover, we have that

sym(RhDuRhF
−1
h ) ∈Mb(Ω;M3×3

sym) (3.2.12)

and ∫
Ω
ϕ : d sym(RhDuRhF

−1
h ) =

∫
Σh

(detDΨ−1
h )ϕ ◦Ψ−1

h : d(symDv) (3.2.13)

for every ϕ ∈ C0(Ω;M3×3
sym). Indeed, if v is smooth, then by direct computations and by

(3.2.3) we obtain
(symDv) ◦Ψh = sym(RhDuRhF

−1
h ), (3.2.14)

so that (3.2.12) and (3.2.13) follow by an approximation argument.
We also introduce the rescaled boundary datum w ∈ H1(Ω;R3), defined as

w := R−1
h z ◦Ψh (3.2.15)

and we note that∫
∂dΣh

ϕ ◦Ψ−1
h : dq =

∫
∂dΣh

ϕ ◦Ψ−1
h : ((z − v)� ν∂Σh

) dH2

= h

∫
∂dΩ

ϕ : (Rh(w − u)� (cof Fh)Rhν∂Ω) dH2 (3.2.16)
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for every ϕ ∈ C(Ω;M3×3
sym), where ν∂Ω is the outer unit normal to ∂Ω.

Since (v, η, q) ∈ A(Σh, w), we deduce by (3.2.9), (3.2.11), (3.2.13), and (3.2.16), that

sym(RhDuRhF
−1
h ) = e+ p in Ω,

p =
1

detFh
Rh(w − u)� (cof Fh)Rhν∂ΩH2 on ∂dΩ.

(3.2.17)

Motivated by the results above, we introduce the space

Vh(Ω) :=
{
u ∈ L1(Ω;R3) : sym(RhDuRhF

−1
h ) ∈Mb(Ω;M3×3

sym)
}
.

For every w ∈ H1(Ω;R3) we denote by Ah(Ω, w) the class of all triplets

(u, e, p) ∈ Vh(Ω)× L2(Ω;M3×3
sym)×Mb(Ω ∪ ∂dΩ;M3×3

D )

satisfying (3.2.17). According to the scaling (3.2.11) and to (3.2.4), the total energy can
be written as

Eh(v, η, q) = h

∫
Ω
Q(e(x)) detFh(x) dx+ hHh(p),

where

Hh(p) :=

∫
Ω∪∂dΩ

H

(
dp

d|p|

)
detFh d|p|.

We thus define the scaled energy as

Ih(u, e, p) :=

∫
Ω
Q(e(x)) detFh(x) dx+Hh(p) (3.2.18)

for every (u, e, p) ∈ Ah(Ω, w). This will be the starting point of the asymptotic analysis
of Sections 3.4 and 3.5.

3.2.3 The limiting problem

In this section we introduce the limiting functional, that describes the asymptotic
behaviour of the rescaled energy Ih, as h tends to 0.

The reduced stored elastic energy

Let M : M2×2
sym →M3×3

sym be the operator given by

Mξ :=

 ξ11 ξ12 λ1(ξ)
ξ12 ξ22 λ2(ξ)
λ1(ξ) λ2(ξ) λ3(ξ)

 for every ξ ∈M2×2
sym, (3.2.19)

where the triplet (λ1(ξ), λ2(ξ), λ3(ξ)) is the unique solution of the minimum problem

min
λi∈R

Q

ξ11 ξ12 λ1

ξ12 ξ22 λ2

λ1 λ2 λ3

 .

We observe that (λ1(ξ), λ2(ξ), λ3(ξ)) can be characterised as the unique solution of the
linear system

CMξ :

 0 0 ζ1

0 0 ζ2

ζ1 ζ2 ζ3

 = 0 (3.2.20)
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for every ζi ∈ R. This implies that M is a linear map and

(CMξ)i3 = (CMξ)3i = 0. (3.2.21)

Let Q∗ : M2×2
sym → R be the quadratic form given by

Q∗(ξ) := Q(Mξ) for every ξ ∈M2×2
sym. (3.2.22)

It follows from (3.2.5) that

αC|ξ|2 ≤ Q∗(ξ) ≤ βC|ξ|2 for every ξ ∈M2×2
sym.

We define the reduced elasticity tensor as the linear operator C∗ : M2×2
sym →M3×3

sym given by

C∗ξ := CMξ for every ξ ∈M2×2
sym. (3.2.23)

Note that we can always identify C∗ξ with an element of M2×2
sym in view of (3.2.21). More-

over, by (3.2.20) we have

C∗ξ : ζ = C∗ξ :

ζ11 ζ12 0
ζ12 ζ22 0
0 0 0

 for every ξ ∈M2×2
sym, ζ ∈M3×3

sym. (3.2.24)

This implies that

Q∗(ξ) =
1

2
C∗ξ :

ξ11 ξ12 0
ξ12 ξ22 0
0 0 0

 for every ξ ∈M2×2
sym.

Finally, we introduce the functional Q∗ : L2(Ω;M2×2
sym)→ [0,+∞), defined as

Q∗(e) :=

∫
Ω
Q∗(e(x)) dx

for every e ∈ L2(Ω;M2×2
sym). It describes the reduced elastic energy of a configuration,

whose elastic strain is e.

The reduced plastic dissipation

In the reduced problem the plastic dissipation potential is given by the function H∗ :
M2×2
sym → [0,+∞), defined as

H∗(ξ) := min
λi∈R

H

ξ11 ξ12 λ1

ξ12 ξ22 λ2

λ1 λ2 − (ξ11 + ξ22)

 (3.2.25)

for every ξ ∈ M2×2
sym. From the properties of H it follows that H∗ is convex, positively

1-homogeneous, and satisfies

rK |ξ| ≤ H∗(ξ) ≤
√

3RK |ξ| for every ξ ∈M2×2
sym.

The set K∗ := ∂H∗(0) represents the set of admissible stresses in the reduced problem
and can be characterised as follows:

ξ ∈ K∗ ⇔

ξ11 ξ12 0
ξ12 ξ22 0
0 0 0

− 1

3
(tr ξ)I3×3 ∈ K, (3.2.26)

(see [13, Section 3.2]). For every p ∈Mb(Ω ∪ ∂dΩ;M2×2
sym) we define the functional

H∗(p) :=

∫
Ω∪∂dΩ

H∗
( dp
d|p|

)
d|p|.
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Generalised Kirchhoff-Love triplets and limiting energy

We consider the set KL(Ω) of Kirchhoff-Love displacements, defined as

KL(Ω) := {u ∈ BD(Ω) : (symDu)i3 = 0}.

We note that u ∈ KL(Ω) if and only if u3 ∈ BH(ω) and there exists ū ∈ BD(ω) such that

uα(x) = ūα(x′)− x3∂αu3(x′)

for every x = (x′, x3) ∈ Ω. We call ū, u3 the Kirchhoff-Love components of u.
For every u ∈ KL(Ω) we define the measure

Ēu := symDu+∇θ �∇u3.

Given a prescribed displacement w ∈ H1(Ω;R3) ∩KL(Ω), the set AGKL(w) of gener-
alised Kirchhoff-Love triplets is defined as the class of all triplets

(u, e, p) ∈ KL(Ω)× L2(Ω;M3×3
sym)×Mb(Ω ∪ ∂dΩ;M3×3

sym)

such that
Ēu = e+ p in Ω, p = (w − u)� ν∂ΩH2 on ∂dΩ,

ei3 = 0 in Ω, pi3 = 0 in Ω ∪ ∂dΩ.

The linear space {ξ ∈ M3×3
sym : ξi3 = 0, i = 1, 2, 3} is isomorphic to M2×2

sym. Thus,
in the following, given (u, e, p) ∈ AGKL(w), we will always identify e with a function
in L2(Ω;M2×2

sym), Ēu with a measure in Mb(Ω;M2×2
sym), and p with a measure in Mb(Ω ∪

∂dΩ;M2×2
sym). We observe that the class AGKL(w) is nonempty as it contains (w,E∗w, 0).

Finally, the limiting energy will be given by the functional I : AGKL(w) → [0,+∞),
defined as

I(u, e, p) := Q∗(e) +H∗(p) (3.2.27)

for every (u, e, p) ∈ AGKL(w).
We conclude this section by collecting some properties of the class AGKL(w). The

following closure property holds.

Lemma 3.2.2. Let (wn) be a sequence in H1(Ω;R3) ∩ KL(Ω) and let (un, en, pn) be a
sequence of triplets such that (un, en, pn) ∈ AGKL(wn) for every n. Assume that un ⇀ u
weakly∗ in BD(Ω), en ⇀ e weakly in L2(Ω;M2×2

sym), pn ⇀ p weakly∗ in Mb(Ω∪∂dΩ;M2×2
sym),

and wn ⇀ w weakly in H1(Ω;R3). Then (u, e, p) ∈ AGKL(w).

Proof. The result easily follows by adapting the proof of [12, Lemma 2.1].

A characterisation of triplets in AGKL(w) can be given in terms of moments, whose
definition is recalled below.

Definition 3.2.3. Let f ∈ L2(Ω;M2×2
sym). We denote by f̄ , f̂ ∈ L2(ω;M2×2

sym) and by
f⊥ ∈ L2(Ω;M2×2

sym) the following orthogonal components (in the sense of L2(Ω;M2×2
sym)) of

f :

f̄(x′) :=

∫ 1
2

− 1
2

f(x′, x3) dx3, f̂(x′) := 12

∫ 1
2

− 1
2

x3f(x′, x3) dx3

for a.e. x′ ∈ ω, and
f⊥(x) := f(x)− f̄(x′)− x3f̂(x′)

for a.e. x ∈ Ω. We call f̄ the zeroth order moment of f and f̂ the first order moment of f .
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Definition 3.2.4. Let q ∈Mb(Ω ∪ ∂dΩ;M2×2
sym). We denote by q̄, q̂ ∈Mb(ω ∪ ∂dω;M2×2

sym)
and by q⊥ ∈Mb(Ω ∪ ∂dΩ;M2×2

sym) the following measures:∫
ω∪∂dω

ϕ : dq̄ :=

∫
Ω∪∂dΩ

ϕ : dq,

∫
ω∪∂dω

ϕ : dq̂ := 12

∫
Ω∪∂dΩ

x3ϕ : dq

for every ϕ ∈ C0(ω ∪ ∂dω;M2×2
sym), and

q⊥ := q − q̄ ⊗ L1 − q̂ ⊗ x3L1,

where ⊗ denotes the usual product of measures. We call q̄ the zeroth order moment of q
and q̂ the first order moment of q.

With these definitions at hand one can prove the following result.

Proposition 3.2.5. Let w ∈ H1(Ω;R3)∩KL(Ω) and let (u, e, p) ∈ KL(Ω)×L2(Ω;M2×2
sym)×

Mb(Ω∪∂dΩ;M2×2
sym). Then (u, e, p) ∈ AGKL(w) if and only if the following three conditions

are satisfied:

(i) symDū+∇θ �∇u3 = ē+ p̄ in ω and p̄ = (w̄ − ū)� ν∂ωH1 on ∂dω;

(ii) D2u3 = −(ê+ p̂) in ω, u3 = w3 on ∂dω, and p̂ = (∇u3 −∇w3)� ν∂ωH1 on ∂dω;

(iii) p⊥ = −e⊥ in Ω and p⊥ = 0 on ∂dΩ,

where ν∂ω is the outer unit normal to ∂ω.

Proof. The proof is analogous to that of [13, Proposition 3.4].

Finally, we prove an approximation result in terms of smooth triplets. First of all, we
give a definition.

Definition 3.2.6. The space L2
∞,c(Ω;M2×2

sym) is the set of all p ∈ L2(Ω;M2×2
sym) satisfying:

(i) ∂iα∂
j
βp ∈ L

2(Ω;M2×2
sym) for every i, j ∈ N ∪ {0},

(ii) there exists a set U ⊂⊂ ω ∪ ∂nω such that p = 0 a.e. on ω \ U ×
(
−1

2 ,
1
2

)
.

We note that functions in L2
∞,c(Ω;M2×2

sym) have a smooth dependence on the variable

x′; namely, if p ∈ L2
∞,c(Ω;M2×2

sym), then p(·, x3) ∈ C∞c (ω∪∂nω;M2×2
sym) for a.e. x3 ∈

(
−1

2 ,
1
2

)
.

Lemma 3.2.7. Let w ∈ H1(Ω;R3) ∩ KL(Ω) and let (u, e, p) ∈ AGKL(w). Then there
exists a sequence of triplets

(uk, ek, pk) ∈
(
H1(Ω;R3)× L2(Ω;M2×2

sym)× L2
∞,c(Ω;M2×2

sym)
)
∩ AGKL(w)

such that

uk ⇀ u weakly* in BD(Ω), (3.2.28)

ek → e strongly in L2(Ω;M2×2
sym), (3.2.29)

pk ⇀ p weakly∗ in Mb(Ω ∪ ∂dΩ;M2×2
sym), (3.2.30)

‖pk‖Mb
→ ‖p‖Mb

, (3.2.31)

as k → +∞.
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Proof. The proof is analogous to [13, Lemma 4.5] and [13, Theorem 4.7]. The only differ-
ence is in the definition of the zeroth order moment of ek, that we detail below. Following
the same notation of [13], we replace ēk on page 629 with

ēk :=
∞∑
j=1

(
(ϕj ē) ∗ ρδj + (∇ϕj � ū) ∗ ρδj − (ϕj∇θ �∇u3) ∗ ρδj

)
+∇θ �

∞∑
j=1

(
(ϕj∇u3 +∇ϕju3) ∗ ρδj

)
,

and ēδ,1 on page 632 with

ēδ,1 = (ū ◦ φδ) ◦ ∇ϕ1 + ϕ1 sym((ē ◦ φδ)Dφδ)− ϕ1 sym
(
((∇u3 �∇θ) ◦ φδ)Dφδ

)
+ (u3 ◦ φδ)∇θ �∇ϕ1 + ϕ1∇θ � (Dφδ)

T (∇u3 ◦ φδ).

Using this definition, equation (4.38) in [13] is replaced by

ēδ,1 → ū�∇ϕ1 + ϕ1ē+ u3∇ϕ1 �∇θ strongly in L2(ω;M2×2
sym).

On page 633 of [13] we replace eδ with

eδ := e− (ϕ1 + ϕ2)(ē+ x3ê) + ēδ,1 + ēδ,2 + x3(êδ,1 + êδ,2)

+
2∑

α=1

(−ū�∇ϕα − u3∇θ �∇ϕα + x3u3D
2ϕα + 2x3∇ϕα �∇u3).

and formula (4.55) on page 634 with

ēk :=

m∑
i=1

(ϕiē) ◦ τi,k + ϕ0ē+

m∑
i=1

(∇ϕi � ū) ◦ τi,k +∇ϕ0 � ū−
m∑
i=1

(ϕi∇θ �∇u3) ◦ τi,k

+∇θ �
m∑
i=1

(
(u3∇ϕi) ◦ τi,k + (∇ϕiu3) ◦ τi,k)

)
+ u3∇θ �∇ϕ0

By implementing these changes the construction of [13, Lemma 4.5] and [13, Theorem 4.7]
provides the desired approximating sequence.

3.3 A Korn-Poincaré inequality on a shallow shell

In this section we prove an ad hoc version of the Korn-Poincaré inequality for shal-
low shells. To this purpose it is useful to express displacements in intrinsic curvilinear
coordinates. More precisely, to any displacement u : Ω→ R3 we associate the vectorfield
u(h) : Ω→ R3 defined by

u(h) := (DΨh)TRhu, (3.3.1)

whose components are the scaled curvilinear coordinates of u with respect to the con-
travariant basis of Σh. In particular, from (3.2.3) and (3.3.1) it follows immediately that

Rhu(h) = F Th Rhu. (3.3.2)

In the following proposition we express the strain in terms of the curvilinear coordi-
nates.
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Proposition 3.3.1. Let 0 < h � 1. Let u ∈ Vh(Ω) and let u(h) be defined by (3.3.1).
Then u(h) ∈ BD(Ω) and the following equality holds:

F Th sym(RhDuRhF
−1
h )Fh = E(h, u(h)), (3.3.3)

where

E(h, u(h))ij := (Rh(symDu(h))Rh)ij − Γkij(h)uk(h) (3.3.4)

and the quantities Γkij(h) are given by

Γσαi(h) = Γσiα(h) := (∂α(F Th )F−Th )iσ, Γ3
αi(h) = Γ3

iα(h) :=
1

h
(∂α(F Th )F−Th )i3,

Γα33(h) :=
1

h
(∂3(F Th )F−Th )3α, Γ3

33(h) :=
1

h2
(∂3(F Th )F−Th )33.

(3.3.5)

Proof. Assume u smooth. Differentiating (3.3.2) yields

(RhDu)ij = (F−Th RhDu(h))ij + ∂j(F
−T
h )ik(Rh)klu(h)l.

This implies that

sym(RhDuRhF
−1
h )ij = sym(F−Th RhDu(h)RhF

−1
h )ij

+
1

2

(
∂m(F−Th )ik(Rh)klu(h)l(Rh)mn(F−1

h )nj + ∂p(F
−T
h )jk(Rh)kru(h)r(Rh)pq(F

−1
h )qi

)
.

Using the equality

F Th ∂m(F−Th ) = −∂m(F Th )F−Th ,

direct computations lead to(
F Th sym(RhDuRhF

−1
h )Fh

)
ij

= sym(RhDu(h)Rh)ij

+
1

2

((
∂l(F

T
h )F−Th Rh

)
ik

(Rh)lj +
(
∂m(F Th )F−Th Rh

)
jk

(Rh)mi

)
uk(h).

To deduce (3.3.3) it remains to show that, if we set

2Γkij(h) :=
(
∂l(F

T
h )F−Th Rh

)
ik

(Rh)lj +
(
∂m(F Th )F−Th Rh

)
jk

(Rh)mi,

then Γkij(h) satisfies (3.3.5). By (3.2.2) and (3.2.3) we have that

∂α(Feβ) = ∂β(Feα), ∂α(Fe3) =
1

h
∂3(Feα).

Using these equalities and again (3.2.2), we obtain

2Γσαβ(h) =
(
∂β(F Th )F−Th

)
ασ

+
(
∂α(F Th )F−Th

)
βσ

= 2
(
∂β(F Th )F−Th

)
ασ

and

2Γσα3(h) =
1

h

(
∂3(F Th )F−Th

)
ασ

+
(
∂α(F Th )F−Th

)
3σ

= 2
(
∂α(F Th )F−Th

)
3σ
.

The other equalities in (3.3.5) can be proved similarly.

The general case follows by an approximation argument.
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Remark 3.3.2. Note that (3.3.4) coincides, up to a scaling, with the quantity considered
in [11, Theorem 1.3.1]. Moreover, the coefficients Γkij(h) are the suitably scaled Christoffel
symbols of Σh. In particular, for h = 1 (that is, when Rh is replaced by the identity
matrix and thus, Fh is equal to DΨh) they exactly coincide with the Christoffel symbols
of Σh. Indeed, following the notation of [11, Section 1.2], let gi := Fhei = ∂iΨh (where ei
is the canonical basis of R3), and let gj := F−Th ej , so that gi · gj = δij . Then

Γkij(h) = gk · ∂jgi,

which is the usual definition of the Christoffel symbols in differential geometry.

In the following lemma we study the dependence of Γkij(h) on the thickness parameter
h.

Lemma 3.3.3. The following expansions hold:

Γσαβ(h) = h2∂2
αβθ ∂σθ − h2x3∂

3
αβσθ +O(h3), (3.3.6)

Γ3
αβ(h) = ∂2

αβθ +O(h2), (3.3.7)

Γσα3(h) = −h∂2
ασθ +O(h2), (3.3.8)

Γi33(h) = Γ3
α3(h) = 0, (3.3.9)

where O(hp) denotes a quantity uniformly bounded by hp, as h→ 0.

Proof. Let ghi := Fhei and gh,i := F−Th ei. These definitions, (3.2.2), and (3.3.5) lead to

Γσαi(h) = gh,σ · ∂αghi ,

Γ3
αi(h) =

1

h
gh,3 · ∂αghi ,

Γα33(h) =
1

h
gh,α · ∂3g

h
3 ,

Γ3
33(h) =

1

h2
gh,3 · ∂3g

h
3 .

(3.3.10)

By direct computations we have that

ghα = eα + h∂αθ e3 + hx3∂ανSh
, gh3 = νSh

.

Since ghi · gh,j = δij , we immediately deduce that

gh,3 = νSh
,

while by applying Lemma 3.2.1 we obtain

gh,α = eα + h∂αθ e3 +O(h2).

Since

νSh
= e3 − h∂1θ e1 − h∂2θ e2 +O(h2),

∂ανSh
= −h∂2

1αθ e1 − h∂2
2αθ e2 +O(h2),

∂2
αβνSh

= −h∂3
1αβθ e1 − h∂3

2αβθ e2 +O(h2),

we deduce (3.3.6)–(3.3.8) from (3.3.10). Equalities (3.3.9) follow again from (3.3.10) by
observing that ∂3g

h
3 = 0 and

gh,3 · ∂αgh3 =
1

2
∂α(νSh

· νSh
) = 0.

This concludes the proof of the lemma.
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We are ready to prove the announced Korn-Poincaré inequality on a shallow shell.

Theorem 3.3.4. There exist h0 > 0 and C > 0, depending on Ω and ∂dΩ, such that

‖u‖L1 + ‖Rh(symDu)Rh‖Mb
≤ C

(
‖E(h, u)‖Mb

+ ‖u‖L1(∂dΩ)

)
(3.3.11)

for every 0 < h ≤ h0 and every u ∈ BD(Ω).

Proof. Assume, by contradiction, that for every n ∈ N there exist hn → 0+ and (un) ⊂
BD(Ω) such that

‖un‖L1 + ‖Rhn(symDun)Rhn‖Mb
= 1 (3.3.12)

and
‖E(hn, u

n)‖Mb
+ ‖un‖L1(∂dΩ) → 0. (3.3.13)

By (3.3.12) the sequence (un) is uniformly bounded in BD(Ω); therefore, there exists
u ∈ BD(Ω) such that un ⇀ u weakly* in BD(Ω) and strongly in L1(Ω;R3), up to
subsequences. On the other hand, it follows from (3.3.4) and (3.3.9) that

(Rhn(symDun)Rhn)αβ = (symDun)αβ = E(hn, un)αβ + Γiαβ(hn)uni ,

(Rhn(symDun)Rhn)α3 =
1

hn
(symDun)α3 = E(hn, un)α3 + Γσα3(hn)unσ,

(Rhn(symDun)Rhn)33 =
1

h2
n

(symDun)33 = E(hn, un)33.

Using (3.3.13), Lemma 3.3.3, and the strong convergence of (un) in L1(Ω;R3), we deduce
that

Rhn(symDun)Rhn → symDu strongly in Mb(Ω;M3×3
sym) (3.3.14)

with (symDu)i3 = 0 and (symDu)αβ = u3∂
2
αβθ. Thus, u ∈ KL(Ω) and

un → u strongly in BD(Ω). (3.3.15)

Together with (3.3.13), this implies that u = 0 on ∂dΩ.
Let now ū ∈ BD(ω) and u3 ∈ BH(ω) be the Kirchhoff-Love components of u. Since

(symDū)αβ − x3∂
2
αβu3 = u3∂

2
αβθ, (3.3.16)

we obtain that ∂2
αβu3 = 0. Moreover, the boundary condition u = 0 on ∂dΩ implies that

ū− x3∇u3 = 0 on ∂dΩ, hence ∇u3 = 0 on ∂dω, and u3 = 0 on ∂dω. By (1.2.3) we deduce
that u3 = 0 in ω. Thus, symDū = 0 in ω by (3.3.16) and, in turn, symDu = 0 in Ω.
Since u = 0 on ∂dΩ, it follows from (1.2.2) that u = 0 in Ω. Since ‖u‖BD = 1 by (3.3.12),
(3.3.14), and (3.3.15), we arrive at a contradiction.

3.4 Γ-convergence of the static functionals

In this section we study the asymptotic behaviour of minimisers of the rescaled energy
Ih, as h tends to 0. We begin with a compactness result for scaled displacements.

Lemma 3.4.1. Let (wh) ⊂ H1(Ω;R3) be such that ‖wh‖L2(∂dΩ) ≤ C for every 0 < h� 1.

Let (uh) be a sequence in Vh(Ω) such that

‖ sym(RhDu
hRhF

−1
h )‖Mb

+ ‖Rh(wh − uh)� (cof Fh)Rhν∂Ω‖L1(∂dΩ) ≤ C (3.4.1)
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for every 0 < h� 1. Then there exists u ∈ KL(Ω) such that, up to subsequences,

uh → u strongly in L1(Ω;R3) (3.4.2)

and

sym(RhDu
hRhF

−1
h )αβ ⇀ (Ēu)αβ weakly* in Mb(Ω), (3.4.3)

as h→ 0.

Proof. For every h we consider the vectorfield uh(h) given by the curvilinear coordinates
of uh, defined according to (3.3.1). For simplicity of notation, we write u(h) instead of
uh(h).

By Lemma 3.2.1 the sequence (Fh) is uniformly bounded with respect to h. Thus, by
(3.3.3) and (3.4.1) we deduce that

‖E(h, u(h))‖Mb
≤ C

for every 0 < h � 1. Since |a � b| ≥ 1√
2
|a||b| for every a, b ∈ Rn, it follows from (3.4.1)

that ∫
∂dΩ
|Rh(wh − uh)||(cof Fh)Rhν∂Ω| dH2 ≤ C

for every 0 < h� 1. Moreover,

|(cof Fh)Rhν∂Ω| ≥
|Rhν∂Ω|
| cof F−1

h |
≥ C|Rhν∂Ω| ≥ C,

where we used that cof F−1
h → I3×3 uniformly by Lemma 3.2.1. Therefore, we conclude

that

‖Rh(wh − uh)‖L1(∂dΩ) ≤ C.

In particular, we have that ‖wh−uh‖L1(∂dΩ) ≤ C, hence ‖uh‖L1(∂dΩ) ≤ C for every h small
enough. By Lemma 3.2.1 we can write

(DΨh)TRh = I3×3 +

0 0 ∂1θ
0 0 ∂2θ
0 0 0

+O(h), (3.4.4)

hence by (3.3.1) we have that ‖u(h)‖1,∂dΩ ≤ C for every h.

By applying Theorem 3.3.4 to the sequence (u(h)), we deduce that

‖u(h)‖L1 + ‖Rh(symDu(h))Rh‖Mb
≤ C.

Thus, there exists ũ ∈ KL(Ω) such that u(h) ⇀ ũ weakly* in BD(Ω) and strongly in
L1(Ω;R3), up to subsequences. In particular, we deduce that (3.4.2) holds with u ∈ KL(Ω)
defined by

uα := ũα − ∂αθ ũ3, u3 := ũ3. (3.4.5)

Indeed, by (3.3.1) and (3.4.4) we have that

uh = ((DΨh)TRh)−1u(h) = u(h) +

0 0 −∂1θ
0 0 −∂2θ
0 0 0

u(h) + uh∗ , (3.4.6)
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where

‖uh∗‖L1 ≤ Ch‖u(h)‖L1 ≤ Ch,

with C independent of h. Passing to the limit in (3.4.6), we obtain (3.4.2) and (3.4.5).

Since Fh → I3×3 uniformly as h tends to 0, equality (3.3.3) implies that E(h, u(h)) and
sym(RhDu

hRhF
−1
h ) have the same weak* limit in Mb(Ω;M3×3

sym). In particular, by (3.3.6)
and (3.3.7) we obtain

E(h, u(h))αβ ⇀ (symDũ)αβ − ũ3∂
2
αβθ weakly* in Mb(Ω),

and by (3.4.5) we have

(symDũ)αβ − ũ3∂
2
αβθ = (symDu)αβ + sym(D(u3∇θ))αβ − u3∂

2
αβθ

= (symDu)αβ + (∇θ �∇u3)αβ

= (Ēu)αβ.

This proves (3.4.3) and concludes the proof.

Remark 3.4.2. As a consequence of the continuous embedding of BD(Ω) in L3/2(Ω;R3)
and of the compact embedding of BD(Ω) in Lp(Ω;R3) for every p < 3

2 , in Lemma 3.4.1 we

also have that uh ⇀ u weakly in L3/2(Ω;R3) and uh → u strongly in Lp(Ω;R3) for every
p < 3

2 .

The following theorem is the main result of this section. The proof is in the spirit of
Γ-convergence.

Theorem 3.4.3. Let (wh) ⊂ H1(Ω;R3) be such that

‖wh‖L2(∂dΩ) ≤ C for every 0 < h� 1, (3.4.7)

sym(RhDw
hRhF

−1
h )→ z strongly in L2(Ω;M3×3

sym), (3.4.8)

where C > 0 is independent of h and z ∈ L2(Ω;M3×3
sym). Let (uh, eh, ph) ∈ Ah(Ω, wh) be

a minimiser of Ih. Then there exist w ∈ KL(Ω) ∩ H1(Ω;R3) and a triplet (u, e, p) ∈
AGKL(w) such that, up to subsequences,

wh → w strongly in H1(Ω;R3), (3.4.9)

sym(RhDw
hRhF

−1
h )αβ → (E∗w)αβ strongly in L2(Ω), (3.4.10)

uh → u strongly in L1(Ω;R3), (3.4.11)

sym(RhDu
hRhF

−1
h )αβ ⇀ (Ēu)αβ weakly∗ in Mb(Ω), (3.4.12)

eh →Me strongly in L2(Ω;M3×3
sym), (3.4.13)

phαβ ⇀ pαβ weakly∗ in Mb(Ω ∪ ∂dΩ). (3.4.14)

Moreover, (u, e, p) is a minimiser of I and

lim
h→0
Ih(uh, eh, ph) = I(u, e, p). (3.4.15)

Remark 3.4.4. By the definition (3.2.19) of the operator M convergence (3.4.13) implies,
in particular, that ehαβ → eαβ strongly in L2(Ω).
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Proof of Theorem 3.4.3. The proof is subdivided into four steps. First of all, as a conse-
quence of Lemma 3.2.1, we note that the following expansions hold:

sym(RhDvRhF
−1
h )αβ = (symDv − ∂3v �∇θ)αβ +O(h2)‖v‖H1 ,

sym(RhDvRhF
−1
h )α3 = 1

h

(
(symDv − ∂3v �∇θ)α3 +O(h2)‖v‖H1

)
,

sym(RhDvRhF
−1
h )33 = 1

h2

(
∂3v3(1 +O(h2)) + h2∇v3 · ∇θ +O(h4)‖v‖H1

) (3.4.16)

for every v ∈ H1(Ω;R3).

Step 0: Convergence of (wh). In this step we prove (3.4.9) and (3.4.10).
By (3.4.16) and the fact that ∂3θ = 0 we deduce that

‖ sym(RhDw
hRhF

−1
h )‖L2 ≥ ‖ symDwh − ∂3w

h �∇θ‖L2 −O(h2)‖wh‖H1 .

This implies that for h small enough

‖wh‖L2(∂dΩ) + ‖ sym(RhDw
hRhF

−1
h )‖L2

≥ ‖wh‖L2(∂dΩ) + ‖ symDwh − ∂3w
h �∇θ‖L2 −O(h2)‖wh‖H1

≥ C‖wh‖H1 , (3.4.17)

where the last estimate follows from a generalised Korn inequality in H1 for shallow shells
(see, e.g, [10, Theorem 3.4-1]). By (3.4.7) and (3.4.8) we conclude that the sequence (wh)
is uniformly bounded in H1(Ω;R3) for h small enough. Thus, there exists w ∈ H1(Ω;R3)
such that

wh ⇀ w weakly in H1(Ω;R3), (3.4.18)

up to subsequences. Convergence (3.4.18) yields

symDwh − ∂3w
h �∇θ ⇀ symDw − ∂3w �∇θ weakly in L2(Ω;M3×3

sym).

Owing to (3.4.8) and (3.4.16), we also have that (symDwh − ∂3w
h � ∇θ)αβ → zαβ and

(symDwh − ∂3w
h �∇θ)i3 → 0 strongly in L2(Ω). Therefore, we deduce that

symDwh − ∂3w
h �∇θ → symDw − ∂3w �∇θ strongly in L2(Ω;M3×3

sym) (3.4.19)

and (symDw − ∂3w �∇θ)i3 = 0. Since ∂3θ = 0, this last equality implies that

(symDw − ∂3w �∇θ)33 = ∂3w3 = 0,

and consequently

(symDw − ∂3w �∇θ)α3 = (symDw)α3 = 0.

In other words, (symDw)i3 = 0, that is, w ∈ KL(Ω). In particular, we have that ∂3wα =
−∂αw3, hence ∂3w �∇θ = −∇w3 �∇θ, so that (3.4.16) and (3.4.19) give (3.4.10).

To conclude it remains to show that convergence (3.4.18) is strong. By applying
again [10, Theorem 3.4-1] we obtain

‖wh − wh′‖H1

≤ C(‖wh − wh′‖L2(∂dΩ) + ‖ symDwh − ∂3w
h �∇θ − symDwh

′
+ ∂3w

h′ �∇θ‖L2)

(3.4.20)
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for every 0 < h, h′ � 1. By (3.4.18) and the compactness of the trace operator we have
that wh → w strongly in L2(∂dΩ;R3). Thus, by (3.4.19) and (3.4.20) we conclude that
(wh) is a Cauchy sequence in H1(Ω;R3), hence (3.4.9) holds.

Step 1: Compactness. Since

(wh, sym(RhDw
hRhF

−1
h ), 0) ∈ Ah(Ω, wh), (3.4.21)

the minimality of (uh, eh, ph) implies

Ih(uh, eh, ph) ≤ Ih(wh, sym(RhDw
hRhF

−1
h ), 0) ≤ C (3.4.22)

for every 0 < h � 1, where the last inequality is a consequence of (3.2.5), (3.4.8), and
Lemma 3.2.1. Using again Lemma 3.2.1, (3.2.5), and (3.2.8), the bound (3.4.22) yields

‖eh‖L2 + ‖ph‖Mb
≤ C (3.4.23)

for every 0 < h� 1. Thus, there exist ẽ ∈ L2(Ω;M3×3
sym) and p̃ ∈Mb(Ω ∪ ∂dΩ;M3×3

sym) such
that, up to subsequences,

eh ⇀ ẽ weakly in L2(Ω;M3×3
sym), (3.4.24)

ph ⇀ p̃ weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3
D ). (3.4.25)

We introduce e ∈ L2(Ω;M3×3
sym) and p ∈Mb(Ω∪∂dΩ;M3×3

sym) defined by eαβ := ẽαβ, ei3 := 0,
and pαβ := p̃αβ, pi3 := 0, respectively.

Since Q is convex and detFh → 1 uniformly, as h→ 0, by Lemma 3.2.1, we have

lim inf
h→0

∫
Ω
Q(eh) detFh dx ≥

∫
Ω
Q(ẽ) dx ≥ Q∗(e), (3.4.26)

where the last inequality follows from the definition of Q∗. Analogously, by the Reshetnyak
Theorem and the definition of H∗ we deduce

lim inf
h→0

Hh(ph) ≥
∫

Ω∪∂dΩ
H

(
dp̃

d|p̃|

)
d|p̃| ≥ H∗(p). (3.4.27)

By (3.2.17) and (3.4.23) we can apply Lemma 3.4.1. Thus, there exists u ∈ KL(Ω)
such that, up to subsequences,

uh → u strongly in L1(Ω;R3), (3.4.28)

sym(RhDu
hRhF

−1
h )αβ ⇀ (Ēu)αβ weakly∗ in Mb(Ω). (3.4.29)

We claim that (u, e, p) ∈ AGKL(w). Combining (3.4.24), (3.4.25), and (3.4.29), we
deduce that Ēu = e+ p in Ω.

To conclude it remains to show that p = (w − u) � ν∂ΩH2 on ∂dΩ. We argue as
in [12, Lemma 2.1]. Since γd is open in ∂ω, there exists an open set A ⊆ R2 such that
γd = A ∩ ∂ω. We set U := (ω ∪A) ×

(
−1

2 ,
1
2

)
. We extend θ to U in such a way that

θ ∈ C3(U). Consequently, Ψh ∈ C2(U ;R3) and Fh ∈ C1(U ;M3×3) for every 0 < h � 1.
Let uh(h) and wh(h) be the vectorfields given by the curvilinear coordinates of uh and wh,
defined according to (3.3.1). For simplicity we write u(h) and w(h) instead of uh(h) and
wh(h). By (3.3.1), (3.4.4), and (3.4.9) we have that

w(h)→ w̃ := w + w3∇θ strongly in L2(Ω;R3). (3.4.30)
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By Proposition 3.3.1, Lemma 3.3.3, and (3.4.8), the sequence (symDw(h)) is also strongly
convergent in L2(Ω;M3×3

sym) for h small enough. Thus, by the Korn inequality the conver-
gence in (3.4.30) is strong in H1(Ω;R3). Moreover, we can extend w(h) and w̃ to U in
such a way that

w(h) ⇀ w̃ weakly in H1(U ;R3). (3.4.31)

We now define the triplet (v(h), η(h), q(h)) ∈ BD(U) × L2(U ;M3×3
sym) ×Mb(U ;M3×3

sym)
as

v(h) :=

{
u(h) in Ω,

w(h) in U \ Ω,
η(h) :=

{
R−1
h F Th e

hFhR
−1
h in Ω,

R−1
h E(h,w(h))R−1

h in U \ Ω,

and

q(h) :=

{
R−1
h F Th p

hFhR
−1
h in Ω ∪ ∂dΩ,

0 in U \ (Ω ∪ ∂dΩ) ,

where E(h,w(h)) is defined as in (3.3.4). We have that

(symDv(h))ij = η(h)ij + q(h)ij + (R−1
h )ikΓ

m
kl(h)vm(h)(R−1

h )lj in U. (3.4.32)

Indeed, this equality holds in Ω and in U \ Ω as a consequence of (3.2.17), (3.3.3), and
(3.3.4), while on ∂dΩ it follows from (3.2.17), (3.3.2), and the definition of the cofactor.

By (3.3.1), (3.4.4), (3.4.28), and (3.4.31) we deduce that

v(h)→ v strongly in L1(U ;R3), (3.4.33)

where

v :=

{
u+ u3∇θ in Ω,

w̃ in U \ Ω.

Since (η(h)) is uniformly bounded in L2(Ω;M3×3
sym) by (3.4.24), Lemma 3.2.1, (3.3.4), and

(3.4.31), we have that there exists η ∈ L2(U ;M3×3
sym) such that

η(h) ⇀ η weakly in L2(U ;M3×3
sym), (3.4.34)

up to subsequences. Finally, it follows from Lemma 3.2.1 and (3.4.25) that

q(h) ⇀ q weakly∗ in Mb(U ;M3×3
sym), (3.4.35)

where

q :=

{
p in Ω ∪ ∂dΩ,
0 in U \ (Ω ∪ ∂dΩ) .

Passing to the limit in (3.4.32) by (3.4.33)–(3.4.35) and Lemma 3.3.3, we obtain

symDv = η + q + v3D
2θ in U.

In particular, since w̃ = w + w3∇θ, the previous equality on ∂dΩ reads as

p = (w − u+ (w3 − u3)∇θ)� ν∂ΩH2 on ∂dΩ.

Since pα3 = 0, ν∂Ω · e3 = 0 on ∂dΩ, and ∂3θ = 0, this implies that u3 = w3 on ∂dΩ and, in
turn, the desired equality.
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Step 2: Existence of a recovery sequence. We show that for every (v, η, q) ∈ AGKL(w)
there exists a sequence of triplets (vh, ηh, qh) ∈ Ah(Ω, wh) such that

vh → v strongly in L1(Ω;R3), (3.4.36)

sym(RhDv
hRhF

−1
h )αβ ⇀ (Ēv)αβ weakly∗ in Mb(Ω), (3.4.37)

ηh →Mη strongly in L2(Ω;M3×3
sym), (3.4.38)

qhαβ ⇀ qαβ weakly∗ in Mb(Ω ∪ ∂dΩ), (3.4.39)

Hh(qh)→ H∗(q), (3.4.40)

and
lim
h→0
Ih(vh, ηh, qh) = I(v, η, q). (3.4.41)

Owing to Lemma 3.2.7, it is enough to construct an approximating sequence for a triplet

(v, η, q) ∈
(
H1(Ω;R3)× L2(Ω;M3×3

sym)× L2
∞,c(Ω;M3×3

sym)
)
∩ AGKL(w). (3.4.42)

Indeed, in the general case one can argue by density as in [13, Theorem 5.4].
Let (v, η, q) be as in (3.4.42). Since q ∈ L2(Ω;M3×3

sym), we have that q = 0 on ∂dΩ and
v = w on ∂dΩ. Let φ1, φ2, φ3 ∈ L2(Ω) be such that

Mη =

η11 η12 φ1

η21 η22 φ2

φ1 φ2 φ3

 . (3.4.43)

As q ∈ L2(Ω;M3×3
sym), by the measurable selection lemma (see, e.g., [21]) and by the defi-

nition of H∗ there exist ξ1, ξ2 ∈ L2(Ω) such that

H∗(q) = H

q11 q12 ξ1

q21 q22 ξ2

ξ1 ξ2 − (q11 + q22)

 . (3.4.44)

We approximate the functions φi and ξα by means of elliptic regularisations, namely for
every h we consider the solutions φhi ∈ H1

0 (Ω) and ξhα ∈ H1
0 (Ω) of the problems{

−h∆φhi + φhi = φi in Ω,

φhi = 0 on ∂Ω,

{
−h∆ξhα + ξhα = ξα in Ω,

ξhα = 0 on ∂Ω.

Similarly, for every h we define µhi ∈ H1
0 (Ω) as the solutions of the problems{

−h∆µhα + µhα = −z3α in Ω,

µhα = 0 on ∂Ω,

{
−h∆µh3 + µh3 = ∇(w3 − v3) · ∇θ − z33 in Ω,

µh3 = 0 on ∂Ω,

where z3i are the components of the function z in (3.4.8). The standard theory of elliptic
equations implies that

φhi → φi strongly in L2(Ω), (3.4.45)

ξhα → ξα strongly in L2(Ω), (3.4.46)

µhα → −z3α strongly in L2(Ω), (3.4.47)

µh3 → ∇(w3 − v3) · ∇θ − z33 strongly in L2(Ω), (3.4.48)
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as h→ 0, and

‖∇φhi ‖L2 + ‖∇ξhα‖L2 + ‖∇µhi ‖L2 ≤ Ch−
1
2 (3.4.49)

for every h. We also introduce the function kh ∈ L2(Ω;M3×3), defined componentwise as

khαβ(x′, x3) := 2h

∫ x3

0

(
∂βφ

h
α(x′, s) + ∂βξ

h
α(x′, s) + ∂βµ

h
α(x′, s)

)
ds,

k3β(x′, x3) := h2

∫ x3

0

(
∂βφ

h
3(x′, s) + ∂βµ

h
3(x′, s)− ∂βq11(x′, s)− ∂βq22(x′, s)

)
ds,

khα3 := 2h(φhα + ξhα + µhα), kh33 := h2(φh3 + µh3 − q11 − q22).

We are now in a position to define the recovery sequence. We set

vhα := vα + whα − wα + 2h

∫ x3

0

(
φhα(x′, s) + ξhα(x′, s) + µhα(x′, s)

)
ds,

vh3 := v3 + wh3 − w3 + h2

∫ x3

0

(
φh3(x′, s) + µh3(x′, s)− q11(x′, s)− q22(x′, s)

)
ds.

It is straightforward to check that

Dvh = Dv +Dwh −Dw + kh.

This leads us to define

qh := q +

 0 0 ξh1
0 0 ξh2
ξh1 ξh2 −(q11 + q22)

 ,

ηh := sym(Rh(Dv +Dwh −Dw)RhF
−1
h ) + sym(Rhk

hRhF
−1
h )− qh.

Since φhi , ξ
h
α, µ

h
i ∈ H1

0 (Ω), q ∈ L2
∞,c(Ω;M2×2

sym), and v = w on ∂dΩ, we have that vh = wh

on ∂dΩ. Hence, it is clear that (vh, ηh, qh) ∈ Ah(Ω, wh).
It follows from (3.4.9) and (3.4.45)–(3.4.48) that vh → v strongly in L2(Ω;R3). In

particular, (3.4.36) holds. By definition of qh we immediately deduce (3.4.39). Owing to
(3.4.46), we obtain that

qh → q +

 0 0 ξ1

0 0 ξ2

ξ1 ξ2 −(q11 + q22)

 strongly in L2(Ω;M3×3
sym). (3.4.50)

Convergence (3.4.50), together with (3.4.44) and Lemma 3.2.1, implies (3.4.40).
We now prove (3.4.38). Since v, w ∈ KL(Ω), expansions (3.4.16) imply that

sym(Rh(Dv −Dw)RhF
−1
h )αβ = (Ēv − E∗w)αβ +O(h2),

sym(Rh(Dv −Dw)RhF
−1
h )α3 = O(h),

sym(Rh(Dv −Dw)RhF
−1
h )33 = ∇θ · ∇(v3 − w3) +O(h2).

(3.4.51)

Thus, by (3.4.8) and (3.4.10) we deduce that

sym(Rh(Dv +Dwh −Dw)RhF
−1
h )αβ → (Ēv)αβ strongly in L2(Ω),

sym(Rh(Dv +Dwh −Dw)RhF
−1
h )α3 → zα3 strongly in L2(Ω),

(3.4.52)
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and

sym(Rh(Dv+Dwh−Dw)RhF
−1
h )33 → z33+∇θ ·∇(v3−w3) strongly in L2(Ω). (3.4.53)

From (3.4.45)–(3.4.49) it follows that

(Rhk
hRh)iβ → 0 strongly in L2(Ω),

(Rhk
hRh)α3 → 2 (φα + ξα − z3α) strongly in L2(Ω),

(Rhk
hRh)33 → φ3 +∇(w3 − v3) · ∇θ − z33 − q11 − q22 strongly in L2(Ω).

This, together with the uniform convergence F−1
h to I3×3, implies that

sym(Rhk
hRhF

−1
h )αβ → 0 strongly in L2(Ω),

sym(Rhk
hRhF

−1
h )α3 → φα + ξα − z3α strongly in L2(Ω),

sym(Rhk
hRhF

−1
h )33 → φ3 +∇(w3 − v3) · ∇θ − z33 − q11 − q22 strongly in L2(Ω).

Combining the convergences above with (3.4.43), (3.4.50), (3.4.52), and (3.4.53), yields
(3.4.38).

Finally, (3.4.37) follows from (3.4.38) and (3.4.39), while (3.4.41) is a consequence of
(3.2.22), (3.4.38), and (3.4.40).

Step 3: Conclusion. Let (v, η, q) ∈ AGKL(w). By Step 2 there exists a sequence (vh, ηh, qh)
in Ah(Ω, wh) such that (3.4.36)–(3.4.41) hold. Therefore,

I(v, η, q) ≥ lim
h→0
Ih(vh, ηh, qh) ≥ lim sup

h→0
Ih(uh, eh, ph), (3.4.54)

where the last inequality follows from the minimality of (uh, eh, ph). On the other hand,
by (3.4.26) and (3.4.27)

lim inf
h→0

Ih(uh, eh, ph) ≥ I(u, e, p). (3.4.55)

Combining (3.4.54) and (3.4.55), we conclude that (u, e, p) is a minimiser of I. Moreover,
by choosing (v, η, q) = (u, e, p) in (3.4.54) we deduce (3.4.15).

It remains to prove (3.4.13). From (3.4.26), (3.4.27), and (3.4.15) it follows that

lim
h→0

∫
Ω
Q(eh) detFh dx = Q∗(e).

Since detFh → 1 uniformly, as h→ 0, this implies that

lim
h→0

∫
Ω
Q(eh) dx = Q∗(e). (3.4.56)

On the other hand, by (3.2.22) we have

Q(eh −Me) = Q(eh) +Q∗(e)− CMe : eh.

Therefore, owing to (3.4.24), (3.4.56), and (3.2.21), we get

lim
h→0

∫
Ω
Q(eh −Me) dx = 0.

By the coercivity (3.2.5) of Q this implies (3.4.13).
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Remark 3.4.5. In our framework we cannot rely on the abstract theory of evolutionary Γ-
convergence for rate-independent systems, developed in [41]. Indeed, this theory consists in
studying separately the Γ-limit of the stored-energy functionals and that of the dissipation
potentials, and in coupling them through the construction of a joint recovery sequence.
This technique has been successfully applied, for example, in [34] and in [35], where the
presence of hardening gives rise to an energy functional that is coercive in the L2 norm
both with respect to e and p. This approach is not suited to our case, since the elastic
energy is coercive only with respect to the elastic strain e, while the plastic strain p can
be controlled only through the dissipation. For this reason, to identify the correct limiting
energy we studied the Γ-convergence of the total energy functional, given by the sum of
the stored energy and of the dissipation distance.

3.5 Convergence of quasistatic evolutions

In this section we focus on the convergence of the quasistatic evolution problems as-
sociated with the functionals Ih and I.

We fix a time interval [0, T ] with T > 0 and we give the following definitions.

Definition 3.5.1. Let 0 < h � 1 and let wh ∈ Lip([0, T ];H1(Ω;R3)). An h-quasistatic
evolution for the boundary datum wh is a function t 7→ (uh(t), eh(t), ph(t)) from [0, T ] into
Vh(Ω)× L2(Ω;M3×3

sym)×Mb(Ω ∪ ∂dΩ;M3×3
D ) that satisfies the following conditions:

(qs1) global stability: for every t ∈ [0, T ] we have that (uh(t), eh(t), ph(t)) ∈ Ah(Ω, wh(t))
and ∫

Ω
Q(eh(t)) detFh dx ≤

∫
Ω
Q(η) detFh dx+Hh(q − ph(t)) (3.5.1)

for every (v, η, q) ∈ Ah(Ω, wh(t));

(qs2) energy balance: ph ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M3×3
sym)) and for every t ∈ [0, T ]∫

Ω
Q(eh(t)) detFh dx+Dh(ph; 0, t)

=

∫
Ω
Q(eh(0)) detFh dx+

∫ t

0

∫
Ω
Ceh(s) : sym(RhDẇ

h(s)RhF
−1
h ) detFh dx ds.

(3.5.2)

In the formula (3.5.2) the notation Dh(ph; 0, t) stands for the dissipation of ph in the
interval [0, t], defined as

Dh(µ; a, b) := sup
{ N∑
j=1

Hh(µ(sj)− µ(sj−1)) : a = s0 ≤ s1 ≤ · · · ≤ sN = b, N ∈ N
}

for every µ ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M3×3
sym)) and every 0 ≤ a ≤ b ≤ T .

Definition 3.5.2. Let w ∈ Lip([0, T ];H1(Ω;R3)∩KL(Ω)). A reduced quasistatic evolution
for the boundary datum w is a function t 7→ (u(t), e(t), p(t)) from [0, T ] into BD(Ω) ×
L2(Ω;M2×2

sym)×Mb(Ω ∪ ∂dΩ;M2×2
sym) that satisfies the following conditions:
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(qs1)* reduced global stability: for every t ∈ [0, T ] we have that

(u(t), e(t), p(t)) ∈ AGKL(w(t))

and
Q∗(e(t)) ≤ Q∗(η) +H∗(q − p(t)) (3.5.3)

for every (v, η, q) ∈ AGKL(w(t));

(qs2)* reduced energy balance: p ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M2×2
sym)) and for every t ∈ [0, T ]

Q∗(e(t)) +D∗(p; 0, t) = Q∗(e(0)) +

∫ t

0

∫
Ω
C∗e(s) : E∗ẇ(s) dx ds. (3.5.4)

In the formula (3.5.4) the notation D∗(p; 0, t) stands for the reduced dissipation of p in
the interval [0, t], defined as

D∗(µ; a, b) := sup
{ N∑
j=1

H∗(µ(sj)− µ(sj−1)) : a = s0 ≤ s1 ≤ · · · ≤ sN = b, N ∈ N
}

for every µ ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M2×2
sym)) and every 0 ≤ a ≤ b ≤ T .

In the following we will show the convergence of a sequence of h-quasistatic evolutions
to a reduced quasistatic evolution, as h → 0. This will be proved under the following
assumptions on the boundary and initial data.

Boundary displacements.

We consider a sequence of boundary displacements

(wh) ⊂ Lip([0, T ];H1(Ω;R3)) (3.5.5)

such that for every 0 < h� 1

‖wh‖W 1,∞([0,T ];L2(∂dΩ;R3)) + ‖ sym(RhDw
hRhF

−1
h )‖W 1,∞([0,T ];L2) ≤ C (3.5.6)

with a constant C > 0, independent of h. Furthermore, we assume that for every t ∈ [0, T ]

sym(RhDw
h(t)RhF

−1
h )→ z(t) strongly in L2(Ω;M3×3

sym), (3.5.7)

sym(RhDẇ
h(t)RhF

−1
h )→ ż(t) strongly in L2(Ω;M3×3

sym) (3.5.8)

for some z ∈ Lip([0, T ];L2(Ω;M3×3
sym)).

Initial data.

Let (uh0 , e
h
0 , p

h
0) ∈ Ah(Ω, wh(0)) such that∫

Ω
Q(eh0) detFh dx ≤

∫
Ω
Q(η) detFh dx+Hh(q − ph0) (3.5.9)

for every (v, η, q) ∈ Ah(Ω, wh(0)). Moreover, we assume that

eh0 → ẽ0 strongly in L2(Ω;M3×3
sym) (3.5.10)
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for some ẽ0 ∈ L2(Ω;M3×3
sym) and for every 0 < h� 1

‖ph0‖Mb
≤ C (3.5.11)

for some constant C > 0, independent of h.
We are now in a position to state the main result of this paper.

Theorem 3.5.3. Assume (3.5.5)–(3.5.11). For every 0 < h� 1 let

t 7→ (uh(t), eh(t), ph(t))

be an h-quasistatic evolution for the boundary datum wh such that (uh(0), eh(0), ph(0)) =
(uh0 , e

h
0 , p

h
0). Then there exist w ∈ Lip([0, T ];H1(Ω;R3)∩KL(Ω)) and a reduced quasistatic

evolution

(u, e, p) ∈ Lip
(
[0, T ] ;BD(Ω)× L2(Ω;M2×2

sym)×Mb(Ω ∪ ∂dΩ;M2×2
sym)

)
for the boundary datum w such that, up to subsequences,

wh(t)→ w(t) strongly in H1(Ω;R3), (3.5.12)

uh(t)→ u(t) strongly in L1(Ω;R3), (3.5.13)

sym(RhDu
h(t)RhF

−1
h )αβ ⇀ (Ēu(t))αβ weakly∗ in Mb(Ω), (3.5.14)

eh(t)→Me(t) strongly in L2(Ω;M3×3
sym), (3.5.15)

phαβ(t) ⇀ pαβ(t) weakly∗ in Mb(Ω ∪ ∂dΩ), (3.5.16)

as h→ 0, for every t ∈ [0, T ].

Remark 3.5.4. Given a boundary datum wh and a triplet (uh0 , e
h
0 , p

h
0) ∈ Ah(Ω, wh(0))

satisfying (3.5.9), the existence of an h-quasistatic evolution t→ (uh(t), eh(t), ph(t)) with
boundary datum wh and initial condition (uh(0), eh(0), ph(0)) = (uh0 , e

h
0 , p

h
0) follows from

[12, Theorem 4.5]. In [12] this result is proven for ∂Ω of class C2, but, as observed in [22],
Lipschitz regularity of the boundary is sufficient in absence of external forces. Furthermore,
since the problem is rate-independent, one can always assume the data to be Lipschitz
continuous in time (and not only absolutely continuous), up to a time scaling.

For the proof of Theorem 3.5.3 we will need some preliminary results. The first one is
a characterisation of the global stability condition (qs1)* of the reduced problem.

Lemma 3.5.5. Let w ∈ H1(Ω;R3) ∩KL(Ω) and let (u, e, p) ∈ AGKL(w). The following
conditions are equivalent:

(a) Q∗(e) ≤ Q∗(η) +H∗(q − p) for every (v, η, q) ∈ AGKL(w);

(b) −H∗(q) ≤
∫

Ω
C∗e : η dx for every (v, η, q) ∈ AGKL(0).

Proof. Assume (a) and let (v, η, q) ∈ AGKL(0). For every ε > 0 we have that (u+ εv, e+
εη, p+ εq) ∈ AGKL(w), therefore

Q∗(e) ≤ Q∗(e+ εη) +H∗(εq).

Using the positive homogeneity of H∗, dividing by ε and sending ε to 0, we get (b).
Conversely, (b) implies (a) by convexity of Q∗ and H∗.
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Arguing in the same way as in the previous lemma, one can prove the following char-
acterisation of the global stability condition (qs1) of the h-quasistatic evolution problem.

Lemma 3.5.6. Let 0 < h � 1, let w ∈ H1(Ω;R3), and let (u, e, p) ∈ Ah(Ω, w). The
following conditions are equivalent:

(a)

∫
Ω
Q(e) detFh dx ≤

∫
Ω
Q(η) detFh dx+Hh(q − p) for every (v, η, q) ∈ Ah(Ω, w);

(b) −Hh(q) ≤
∫

Ω
Ce : η detFh dx for every (v, η, q) ∈ Ah(Ω, 0).

The next lemma concerns a variant of the Gronwall inequality.

Lemma 3.5.7. Let φ, ψ : [0, T ] → [0,+∞) be such that φ ∈ L∞(0, T ) and ψ ∈ L1(0, T ).
Assume that

φ(t)2 ≤
∫ t

0
φ(s)ψ(s) ds

for every t ∈ [0, T ]. Then

φ(t) ≤ 1

2

∫ t

0
ψ(s) ds

for every t ∈ [0, T ].

Proof. We define

F (t) :=

∫ t

0
φ(s)ψ(s) ds

for every t ∈ [0, T ]. Thus, F ∈ AC([0, T ]) and by assumption φ(t)2 ≤ F (t) for every
t ∈ [0, T ]. Therefore,

F ′(t) = φ(t)ψ(t) ≤ F (t)1/2ψ(t)

for a.e. t ∈ [0, T ]. This leads to

F (t)1/2 ≤ 1

2

∫ t

0
ψ(s) ds

for every t ∈ [0, T ], which implies the thesis by using the assumption again.

We have now all the ingredients to prove Theorem 3.5.3.

Proof of Theorem 3.5.3. The proof is split into five steps.

Step 0: Convergence of wh. Hypothesis (3.5.6) and estimate (3.4.17) ensure that the
sequences (wh(t)) and (ẇh(t)) are uniformly bounded with respect to h in H1(Ω;R3),
with a constant independent of t ∈ [0, T ], that is,

‖wh‖W 1,∞([0,T ];H1) ≤ C

for every 0 < h� 1. By the Ascoli-Arzelà Theorem there exist w ∈ Lip([0, T ];H1(Ω;R3))
and a subsequence (wh), not relabeled, such that

wh(t) ⇀ w(t) weakly in H1(Ω;R3),
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for every t ∈ [0, T ]. Arguing as in Step 0 of the proof of Theorem 3.4.3, we infer that
w(t) ∈ KL(Ω) and the above convergence is strong, namely (3.5.12) holds. Moreover,

sym(RhDw
h(t)RhF

−1
h )αβ → (E∗w(t))αβ strongly in L2(Ω) (3.5.17)

for every t ∈ [0, T ]. In particular, by (3.5.7) we have that

zαβ(t) = (E∗w(t))αβ. (3.5.18)

Step 1: Compactness estimates. We claim that there exists C > 0, independent of h, such
that

‖eh(t2)− eh(t1)‖L2 ≤ C|t2 − t1| ‖ sym(RhDẇ
hRhF

−1
h )‖L∞([0,T ];L2) (3.5.19)

‖ph(t2)− ph(t1)‖Mb
≤ C|t2 − t1| ‖ sym(RhDẇ

hRhF
−1
h )‖L∞([0,T ];L2) (3.5.20)

for every t1, t2 ∈ [0, T ] and every 0 < h� 1.
From (3.5.2), (3.2.5), (3.2.8), Lemma 3.2.1, and the Hölder inequality it follows that

(αC +O(h2))‖eh(t)‖2L2 + (rK +O(h2))‖ph(t)− ph0‖Mb

≤ (βC +O(h2))

∫ t

0
‖eh(s)‖L2‖ sym(RhDẇ

h(s)RhF
−1
h )‖L2 ds+ (βC +O(h2))‖eh0‖2L2 .

Owing to (3.5.6), (3.5.10), (3.5.11), and the Cauchy inequality, we deduce that

sup
t∈[0,T ]

‖eh(t)‖L2 + sup
t∈[0,T ]

‖ph(t)‖Mb
≤ C (3.5.21)

for every h sufficiently small.
We now use condition (qs1) at time t1. Let

v = uh(t2)− uh(t1)− wh(t2) + wh(t1),

η = eh(t2)− eh(t1)− sym(RhDw
h(t2)RhF

−1
h ) + sym(RhDw

h(t1)RhF
−1
h ),

q = ph(t2)− ph(t1).

Since (v, η, q) ∈ Ah(Ω, 0), by Lemma 3.5.6 we have that

−
∫

Ω
Ceh(t1) :

(
eh(t2)− eh(t1)

)
detFh dx

+

∫
Ω
Ceh(t1) :

(
sym(RhDw

h(t2)RhF
−1
h )− sym(RhDw

h(t1)RhF
−1
h )
)

detFh dx

≤ Hh(ph(t2)− ph(t1)) ≤ Dh(ph; t1, t2),

where the last inequality is an immediate consequence of the definition of Dh. Using the
previous inequality in the energy balance (3.5.2) written at times t1 and t2, we get∫

Ω
Q(eh(t2)) detFh dx−

∫
Ω
Q(eh(t1)) detFh dx−

∫
Ω
Ceh(t1) :

(
eh(t2)− eh(t1)

)
detFh dx

≤
∫ t2

t1

∫
Ω
C
(
eh(s)− eh(t1)

)
: sym(RhDẇ

h(s)RhF
−1
h ) detFh dx ds.
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We observe that the left-hand side of the previous inequality is exactly∫
Ω
Q(eh(t2)− eh(t1)) detFh dx.

Thus, from (3.2.5), (3.2.6), Lemma 3.2.1, and the Hölder inequality it follows that

(αC +O(h2))‖eh(t2)− eh(t1)‖2L2

≤ (2βC +O(h2))

∫ t2

t1

‖eh(s)− eh(t1)‖L2‖ sym(RhDẇ
h(s)RhF

−1
h )‖L2 ds.

By Lemma 3.5.7 we deduce that

‖eh(t2)− eh(t1)‖L2 ≤ C
∫ t2

t1

‖ sym(RhDẇ
h(s)RhF

−1
h )‖L2 ds,

hence (3.5.19).

Using again the energy balance (3.5.2) at times t1 and t2, together with (3.2.8) and
Lemma 3.2.1, we obtain

(rK +O(h2))‖ph(t2)− ph(t1)‖Mb

≤
∫

Ω
Q(eh(t1)) detFh dx−

∫
Ω
Q(eh(t2)) detFh dx

+

∫ t2

t1

∫
Ω
Ceh(s) : sym(RhDẇ

h(s)RhF
−1
h ) detFh dx ds

≤ C sup
t∈[0,T ]

‖eh(t)‖L2

(∫ t2

t1

‖ sym(RhDẇ
h(s)RhF

−1
h )‖L2 ds+ ‖eh(t2)− eh(t1)‖L2

)
≤ C|t2 − t1| ‖ sym(RhDẇ

hRhF
−1
h )‖L∞([0,T ];L2),

where the last inequality follows from (3.5.21) and (3.5.19), and C > 0 is a constant
independent of h. This proves (3.5.20) and concludes Step 1.

Step 2: Reduced kinematic admissibility. By (3.5.6), (3.5.19), and (3.5.20) we can apply
the Ascoli-Arzelà Theorem to the sequences (eh) and (ph) and deduce the existence of
ẽ ∈ Lip([0, T ];L2(Ω;M3×3

sym)) and p̃ ∈ Lip([0, T ];Mb(Ω ∪ ∂dΩ;M3×3
D )) such that, up to

subsequences,

eh(t) ⇀ ẽ(t) weakly in L2(Ω;M3×3
sym), (3.5.22)

ph(t) ⇀ p̃(t) weakly∗ in Mb(Ω ∪ ∂dΩ;M3×3
D ) (3.5.23)

for every t ∈ [0, T ]. We introduce e ∈ Lip([0, T ];L2(Ω;M3×3
sym)) and p ∈ Lip([0, T ];Mb(Ω ∪

∂dΩ;M3×3
sym)) defined by eαβ(t) := ẽαβ(t), ei3(t) := 0 for every t ∈ [0, T ], and pαβ(t) :=

p̃αβ(t), pi3(t) := 0 for every t ∈ [0, T ], respectively.

Since (uh(t), eh(t), ph(t)) ∈ Ah(Ω;wh(t)), and owing to (3.5.6) and (3.5.21), we can
apply Lemma 3.4.1 and infer that for every t ∈ [0, T ] there exists u(t) ∈ KL(Ω) and a
subsequence uhj (t), possibly depending on t, such that

uhj (t)→ u(t) strongly in L1(Ω;R3), (3.5.24)

sym(RhDu
hj (t)RhF

−1
h ))αβ ⇀ (Ēu(t))αβ weakly∗ in Mb(Ω). (3.5.25)
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Furthermore, arguing as in Step 1 of the proof of Theorem 3.4.3, and using (3.5.22) and
(3.5.23), we infer that (u(t), e(t), p(t)) ∈ AGKL(w(t)). Now we want to prove that u(t)
is uniquely determined. Assume that there exist t ∈ [0, T ] and two subsequences (uhj (t))

and (uh
′
j (t)) with two limits u1(t) and u2(t). We set z(t) := u1(t)− u2(t). Since

(u1(t), e(t), p(t)), (u2(t), e(t), p(t)) ∈ AGKL(w(t)),

we have that z(t) ∈ KL(Ω) and

E∗z(t) = 0 in Ω, z(t) = 0 on ∂dΩ.

Hence, we have
symDz̄(t) +∇z3(t)�∇θ = x3D

2z3(t) in Ω. (3.5.26)

Thus, D2z3(t) = 0 in Ω and the boundary condition z̄(t) − x3∇z3(t) = 0 on ∂dΩ gives
∇z3(t) = 0 on ∂dω and z3(t) = 0 on ∂dω. By (1.2.3) we deduce that z3(t) = 0 in ω. Hence,
symDz̄(t) = 0 in ω by (3.5.26) and, in turn, symDz(t) = 0 in Ω. Since z(t) = 0 on ∂dΩ,
it follows from (1.2.2) that z(t) = 0 in Ω. This proves that u(t) is uniquely determined,
hence convergences (3.5.24) and (3.5.25) hold for the whole sequence. Thus, (3.5.13) and
(3.5.14) are proved.

It remains to check that u ∈ Lip([0, T ];BD(Ω)). Since e, p, and w are Lipschitz
continuous, by kinematic admissibility we infer that

(u, Ēu) ∈ Lip([0, T ];L1(∂dΩ;R3)×Mb(Ω;M2×2
sym)).

Now let us consider the first order moments of u and Ēu. One can prove that

‖Ê∗u(t)‖Mb
≤ C‖Ēu(t)‖Mb

, ‖û(t)‖L1 ≤ C‖u(t)‖L1 ,

with C > 0. These estimates, together with the relations ûα(t) = −∂αu3(t) and Ê∗u(t) =
−D2u3(t), imply that

(u3,∇u3, D
2u3) ∈ Lip([0, T ];L1(∂dΩ)× L1(∂dΩ;R2)×Mb(Ω;M2×2

sym))

and, in turn, owing to (1.2.3), that u3 ∈ Lip([0, T ];BH(ω)). It follows now from (3.5.26)
that symDu ∈ Lip([0, T ];BD(ω)). Therefore it is a consequence of (1.2.2) that

u ∈ Lip([0, T ];BD(Ω)).

The previous arguments, together with (3.5.10) and (3.5.11), also prove that, up to sub-
sequences,

uh0 → u0 strongly in L1(Ω;R3),

(sym(RhDu
h
0RhF

−1
h )αβ ⇀ (Ēu0)αβ weakly* in Mb(Ω),

(eh0)αβ → (e0)αβ strongly in L2(Ω),

(ph0)αβ ⇀ (p0)αβ weakly* in Mb(Ω),

for some (u0, e0, p0) ∈ AKL(w(0)). Since (uh(0), eh(0), ph(0)) = (uh0 , e
h
0 , p

h
0), we have that

(u(0), e(0), p(0)) = (u0, e0, p0).

Step 3: Reduced global stability. We prove (3.5.3). Let t ∈ [0, T ]. By Lemma 3.5.5
condition (3.5.3) at time t is equivalent to

−H∗(q) ≤
∫

Ω
C∗e(t) : η dx for every (v, η, q) ∈ AGKL(0). (3.5.27)
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Let (v, η, q) ∈ AGKL(0). By Step 2 in the proof of Theorem 3.4.3 there exists a sequence
(vh, ηh, qh) ∈ Ah(Ω, 0) such that

ηh →Mη strongly in L2(Ω;M3×3
sym), (3.5.28)

Hh(qh)→ H∗(q). (3.5.29)

By Lemma 3.5.6 and (3.5.1) at time t we have that

−Hh(qh) ≤
∫

Ω
Ceh(t) : ηh detFh dx

for every 0 < h � 1. By (3.5.22), (3.5.28), and (3.5.29) we can pass to the limit in the
previous estimate, as h tends to 0, and deduce that

−H∗(q) ≤
∫

Ω
Cẽ(t) : Mη dx for every (v, η, q) ∈ AGKL(0).

Since Cẽ(t) : Mη = CMe(t) : Mη = C∗e(t) : η by (3.2.24), this inequality reduces to
(3.5.27).

Step 4: Identification of the limiting elastic strain. We now prove that ẽ(t) = Me(t) for
every t ∈ [0, T ].

Let t ∈ [0, T ]. For every ψ ∈ H1(Ω;R3) with ψ = 0 on ∂dΩ we consider the triplets
(±ψ,± sym(RhDψRhF

−1
h ), 0) as test functions in condition (b) of Lemma 3.5.5 at time t.

This leads to ∫
Ω
Ceh(t) : sym(RhDψRhF

−1
h ) detFh dx = 0

for every 0 < h � 1. Let (a, b) ⊂ (−1
2 ,

1
2) and let U ⊂ ω be an open set. Let (`n) ⊂

C1([−1
2 ,

1
2 ]) and (λin) ⊂ C1

c (ω) be sequences such that `′n → χ(a,b) strongly in L4(−1
2 ,

1
2)

and λin → λiχU strongly in L4(ω) for every i = 1, 2, 3, as n→∞.
We define

φhn(x) :=

2hλ1
n(x′)`n(x3)

2hλ2
n(x′)`n(x3)

h2λ3
n(x′)`n(x3)

 . (3.5.30)

Since φhn ∈ H1(Ω;R3) and φhn = 0 on ∂dΩ, we have∫
Ω
Ceh(t) : sym(RhDφ

h
nRhF

−1
h ) detFh dx = 0. (3.5.31)

Using that F−1
h = I3×3 +O(h) by Lemma 3.2.1, we obtain that

sym(RhDφ
h
nRhF

−1
h )αβ = O(h), sym(RhDφ

h
nRhF

−1
h )i3 = λin`

′
n +O(h).

These expansions, together with (3.5.22) and the uniform convergence of detFh to 1, allow
us to pass to the limit in (3.5.31), first as h→ 0, and then, as n→∞. This yields

∫
U×(a,b)

Cẽ(t) :

 0 0 λ1

0 0 λ2

λ1 λ2 λ3

 dx = 0.

Since the sets (a, b) and U are arbitrary, we conclude from (3.2.20) that ẽ(t) = Me(t) a.e.
in Ω. In particular, we have that ẽ0 = Me0, where ẽ0 is the limit in (3.5.10).
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Step 5: Reduced energy balance. The lower semicontinuity of Q∗ and D∗, together with
(3.5.22) and (3.5.23), imply that

Q∗(e(t)) ≤ lim inf
h→0

∫
Ω
Q(eh(t)) detFh dx,

D∗(p; 0, t) ≤ lim inf
h→0

Dh(ph; 0, t)
(3.5.32)

for every t ∈ [0, T ]. Passing to the limit in the energy balance (3.5.2) yields

Q∗(e(t)) +D∗(p; 0, t)

≤ lim sup
h→0

{∫
Ω
Q(eh(0)) detFh dx+

∫ t

0

∫
Ω
Ceh(s) : sym(RhDẇ

h(s)RhF
−1
h ) detFh dx ds

}
=

∫
Ω
Q(ẽ0) dx+

∫ t

0

∫
Ω
Cẽ(s) : ż(s) dx ds,

where the second equality is a consequence of (3.5.8), (3.5.6), (3.5.10), (3.5.21), and the
Dominated Convergence Theorem. By Step 4 and (3.5.18) we conclude that

Q∗(e(t)) +D∗(p; 0, t) ≤ Q∗(e0) +

∫ t

0

∫
Ω
C∗e(s) : E∗ẇ(s) dx ds.

As it is standard in the variational theory for rate-independent processes, the converse en-
ergy inequality follows from the minimality condition (qs1*) (see, e.g., [39, Theorem 4.4]
or [12, Theorem 4.7]). We have thus proved that t 7→ (u(t), e(t), p(t)) is a reduced qua-
sistatic evolution.

To conclude the proof it remains to show the strong convergence of eh(t) to Me(t) for
every t ∈ [0, T ]. Since we have showed that the right-hand side of (3.5.2) converges to the
right-hand side of (3.5.4), we have that

lim
h→0

{∫
Ω
Q(eh(t)) detFh dx+Dh(ph; 0, t)

}
= Q∗(e(t)) +D∗(p; 0, t)

for every t ∈ [0, T ]. Thus, by (3.5.32) and Lemma 3.2.1 we deduce that

Q∗(e(t)) = lim
h→0

∫
Ω
Q(eh(t)) detFh dx = lim

h→0

∫
Ω
Q(eh(t)) dx

Since

Q∗(e(t)) =

∫
Ω
Q(Me(t)) dx,

convergence (3.5.15) follows from (3.5.22), Step 4, and the coercivity (3.2.5) of Q. The
proof of Theorem 3.5.3 is concluded.

3.5.1 Characterisation of reduced quasistatic evolutions in rate form

We conclude this section with a characterisation of reduced quasistatic evolutions.
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Stress-strain duality

In the framework of the reduced problem we introduce a notion of duality between
elastic stresses and plastic strains. Here we follow [13, Section 7].

We define the set Σ(Ω) of admissible stresses as

Σ(Ω) := {σ ∈ L∞(Ω;M2×2
sym) : div σ̄ ∈ L2(ω;R2), div div σ̂ ∈ L2(ω)}.

For every σ ∈ Σ(Ω) we can define the trace [σ̄ν∂ω] ∈ L∞(∂ω;R2) of its zeroth order
moment normal component as

〈[σ̄ν∂ω], ψ〉 :=

∫
ω
σ̄ : symDψ dx′ +

∫
ω

div σ̄ · ψ dx′ (3.5.33)

for every ψ ∈ W 1,1(ω;R2). Note that, since σ̄ ∈ L∞(ω;M2×2
sym) and W 1,1(ω;R2) embeds

into L2(ω;R2), all terms on the right-hand side of (3.5.33) are well defined.

Let T (W 2,1(ω)) be the space of traces of functions in W 2,1(ω) and let (T (W 2,1(ω)))′

be its dual space. For every σ ∈ Σ(Ω) we can define the traces b0(σ̂) ∈ (T (W 2,1(ω)))′ and
b1(σ̂) ∈ L∞(∂ω) of its first order moment as

−〈b0(σ̂), ψ〉+
〈
b1(σ̂),

∂ψ

∂ν∂ω

〉
:=

∫
ω
σ̂ : D2ψ dx′ −

∫
ω
ψ div div σ̂ dx′ (3.5.34)

for every ψ ∈ W 2,1(ω). Note that the right-hand side of (3.5.34) is well defined since
σ̂ ∈ L∞(ω;M2×2

sym). If σ̂ ∈ C2(ω,M2×2
sym), one can prove that

b0(σ̂) = div σ̂ · ν∂ω +
∂

∂τ∂ω
(σ̂τ∂ω · ν∂ω) ,

b1(σ̂) = σ̂ν∂ω · ν∂ω,

where τ∂ω is a unit tangent vector to ∂ω (see [16, Théorème 2.3]).

Let (h,m0,m1) ∈ L∞(∂ω;R2) × T (W 2,1(ω)))′ × L∞(∂ω). Since [σ̄ν∂ω] ∈ L∞(∂ω;R2),
the expressions [σ̄ν∂ω] = h on ∂nω and b1(σ̂) = m1 on ∂nω have a clear meaning. As for
b0(σ̂), we say that b0(σ̂) = m0 on ∂nω if 〈b0(σ̂) −m0, ψ〉 = 0 for every ψ ∈ W 2,1(ω) with
ψ = 0 on ∂dω.

We also define the space of admissible plastic strains Π∂dΩ(Ω) as the set of all mea-
sures p ∈ Mb(Ω ∪ ∂dΩ;M2×2

sym) for which there exists (u, e, w) ∈ BD(Ω) × L2(Ω;M2×2
sym) ×

(H1(Ω;R3) ∩KL(Ω)) such that (u, e, p) ∈ AGKL(w).

For every σ ∈ Σ(Ω) and ξ ∈ BD(ω) we define the distribution [σ̄ : symDξ] on ω as

〈[σ̄ : symDξ], ϕ〉 := −
∫
ω
ϕdiv σ̄ · ξ dx′ −

∫
ω
σ̄ : (∇ϕ� ξ) dx′

for every ϕ ∈ C∞c (ω). It follows from [30, Theorem 3.2] that [σ̄ : symDξ] ∈Mb(ω) and its
variation satisfies

|[σ̄ : symDξ]| ≤ ‖σ̄‖L∞ | symDξ| in ω.

Given σ ∈ Σ(Ω) and p ∈ Π∂dΩ(Ω), we define the measure [σ̄ : p̄] ∈Mb(ω ∪ ∂dω) as

[σ̄ : p̄] :=

{
[σ̄ : symDū] + σ̄ : (∇θ �∇u3)− σ̄ : ē in ω,

[σ̄ν∂ω] · (w̄ − ū)H1 on ∂dω,
(3.5.35)
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where (u, e, w) ∈ BD(Ω) × L2(Ω;M2×2
sym) × (H1(Ω;R3) ∩KL(Ω)) are such that (u, e, p) ∈

AGKL(w). Note that since ∇u3 ∈ BV (ω;R2) and BV (ω;R2) embeds into L2(ω;R2), the
term σ̄ : (∇θ�∇u3) is in L1(Ω). Moreover, definition (3.5.35) is independent of the choice
of (u, e, w).

For every σ ∈ Σ(Ω) and v ∈ BH(ω) we define the distribution [σ̂ : D2v] on ω as

〈[σ̂ : D2v], ψ〉 :=

∫
ω
ψv div div σ̂ dx′ − 2

∫
ω
σ̂ : (∇v �∇ψ) dx′ −

∫
ω
vσ̂ : D2ψ dx′

for every ψ ∈ C∞c (ω). From [19, Proposition 2.1] it follows that [σ̂ : D2v] ∈Mb(ω) and its
variation satisfies

|[σ̂ : D2v]| ≤ ‖σ̂‖L∞ |D2v| in ω.

Given σ ∈ Σ(Ω) and p ∈ Π∂dΩ(Ω), we define the measure [σ̂ : p̂] ∈Mb(ω ∪ ∂dω) as

[σ̂ : p̂] :=


−[σ̂ : D2u3]− σ̂ : ê in ω,

b1(σ̂)
∂(u3 − w3)

∂ν∂ω
H1 on ∂dω,

(3.5.36)

where (u, e, w) ∈ BD(Ω) × L2(Ω;M2×2
sym) × (H1(Ω;R3) ∩KL(Ω)) are such that (u, e, p) ∈

AGKL(w). Note that definition (3.5.36) is independent of the choice of (u, e, w).
We are now in a position to define the duality between Σ(Ω) and Π∂dΩ(Ω). For every

σ ∈ Σ(Ω) and p ∈ Π∂dΩ(Ω) we define the measure [σ : p]∗ ∈Mb(Ω ∪ ∂dΩ) as

[σ : p]∗ := [σ̄ : p̄]⊗ L1 +
1

12
[σ̂ : p̂]⊗ L1 − σ⊥ : e⊥.

We also introduce the duality pairings

〈σ̄, p̄〉 := [σ̄ : p̄](ω ∪ ∂dω), 〈σ̂, p̂〉 := [σ̂ : p̂](ω ∪ ∂dω)

and

〈σ, p〉∗ := [σ : p]∗(Ω ∪ ∂dΩ) = 〈σ̄, p̄〉+
1

12
〈σ̂, p̂〉 −

∫
Ω
σ⊥ : e⊥ dx. (3.5.37)

The next two results concern some useful properties of the stress-strain duality. We
first show that the duality satisfies an integration by parts formula.

Proposition 3.5.8. Let σ ∈ Σ(Ω), w ∈ H1(Ω;R3) ∩ KL(Ω), and (u, e, p) ∈ AGKL(w).
Then∫

Ω∪∂dΩ
ϕd[σ : p]∗ +

∫
Ω
ϕσ : (e− E∗w) dx

= −
∫
ω
σ̄ : (∇ϕ� (ū− w̄)) dx′ −

∫
ω

div σ̄ · ϕ(ū− w̄) dx′ +

∫
∂nω

[σ̄ν∂ω] · ϕ(ū− w̄) dH1

+
1

12

∫
ω
σ̂ : (u3 − w3)D2ϕdx′ +

1

6

∫
ω
σ̂ : (∇ϕ� (∇u3 −∇w3)) dx′

−
∫
ω
ϕ(u3 − w3)

(
1

12
div div σ̂ + σ̄ : D2θ + div σ̄ · ∇θ

)
dx′

−
∫
ω
(u3 − w3)σ̄ : (∇ϕ�∇θ) dx′ +

∫
∂nω

ϕ(u3 − w3)[σ̄ν∂ω] · ∇θ dH1

+
1

12
〈b0(σ̂), ϕ(u3 − w3)〉 − 1

12

∫
∂nω

b1(σ̂)
∂(ϕ(u3 − w3))

∂ν∂ω
dH1

for every ϕ ∈ C2(ω).
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Proof. The proof follows from [14, Proposition 4] by observing that∫
Ω∪∂dΩ

ϕd[σ : p]∗ =

∫
Ω∪∂dΩ

ϕd[σ : (p−∇θ �∇u3)]r +

∫
ω
ϕσ̄ : (∇θ �∇w3) dx′

+

∫
ω
ϕσ̄ : (∇θ �∇(u3 − w3)) dx′,

where [σ : p]r is the notion of duality introduced in [13,14]. Moreover, by (3.5.33) we have∫
ω
ϕσ̄ : (∇θ �∇(u3 − w3)) dx′

=

∫
ω
σ̄ : symD(ϕ(u3 − w3)∇θ) dx′ −

∫
ω
(u3 − w3)σ̄ : (∇ϕ�∇θ) dx′

−
∫
ω
ϕ(u3 − w3)σ̄ : D2θ dx′

= −
∫
ω
ϕ(u3 − w3)div σ̄ · ∇θ dx′ +

∫
∂nω

ϕ(u3 − w3)[σ̄ν∂ω] · ∇θ dH1

−
∫
ω
(u3 − w3)σ̄ : (∇ϕ�∇θ) dx′ −

∫
ω
ϕ(u3 − w3)σ̄ : D2θ dx′,

where we used that ϕ(u3 − w3)∇θ ∈ BH(ω;R2), hence ϕ(u3 − w3)∇θ ∈ W 1,1(ω;R2) and
u3 = w3 on ∂dω by Proposition 3.2.5.

The next lemma is a characterisation of the dissipation potential H∗ in terms of the
duality.

Lemma 3.5.9. Let p ∈ Π∂dΩ(Ω). Then the following equalities hold:

H∗(p) = sup{〈σ, p〉∗ : σ ∈ Σ(Ω) ∩ K∗(Ω)} = sup{〈σ, p〉∗ : σ ∈ Θ(Ω)}, (3.5.38)

where
K∗(Ω) :=

{
σ ∈ L2(Ω;M2×2

sym) : σ(x) ∈ K∗ for a.e. x ∈ Ω
}

and Θ(Ω) is the set of all σ ∈ Σ(Ω) ∩ K∗(Ω) such that [σ̄ν∂ω] = 0 on ∂nω and b0(σ̂) =
b1(σ̂) = 0 on ∂nω.

Proof. Let Γ :=
(
∂nω ×

(
−1

2 ,
1
2

))
∪
(
ω ×

{
±1

2

})
. From [51, Chapter II, Section 4] it follows

that

H∗(p) = sup

{∫
Ω∪∂dΩ

σ : dp : σ ∈ C∞(R3;M2×2
sym) ∩ K∗(Ω), supp σ ∩ Γ = ∅

}
≤ sup{〈σ, p〉∗ : σ ∈ Θ(Ω)}
≤ sup{〈σ, p〉∗ : σ ∈ Σ(Ω) ∩ K∗(Ω)}.

The converse inequality can be proved as in [13, Proposition 7.8] by an approximation
argument, where the density result is provided in our framework by Lemma 3.2.7.

Now we are ready to state and prove the main result of this section.

Theorem 3.5.10. Let w ∈ Lip([0, T ];H1(Ω;R3) ∩ KL(Ω)). Let t 7→ (u(t), e(t), p(t)) be
a map from [0, T ] into KL(Ω) × L2(Ω;M2×2

sym) ×Mb(Ω ∪ ∂dΩ;M2×2
sym). Let σ(t) := C∗e(t).

Then the following conditions are equivalent:
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(a) t 7→ (u(t), e(t), p(t)) is a reduced quasistatic evolution for the boundary datum w;

(b) t 7→ (u(t), e(t), p(t)) is Lipschitz continuous and

(b1) for every t ∈ [0, T ] we have (u(t), e(t), p(t)) ∈ AGKL(w(t)), σ(t) ∈ Θ(Ω),
div σ̄(t) = 0 in ω and 1

12div div σ̂(t) + σ̄(t) : D2θ = 0 in ω;

(b2) for a.e. t ∈ [0, T ] there holds

H∗(ṗ(t)) = 〈σ(t), ṗ(t)〉∗.

Proof. Arguing as in [12, Theorem 5.2] one can prove that every reduced quasistatic evo-
lution is Lipschitz continuous.

We first prove the equivalence between (qs1*) and (b1). Let t ∈ [0, T ]. By Lemma 3.5.5
we have to show that (b1) is equivalent to the following condition:

−H∗(q) ≤
∫

Ω
σ(t) : η dx for every (v, η, q) ∈ AGKL(0). (3.5.39)

Assume (3.5.39). Let B ⊂ Ω be a Borel set and let χB be its characteristic function. Let
ξ ∈M2×2

sym and let η := χBξ. By choosing (0, η,−η) ∈ AGKL(0) as test function in (3.5.39),
we have that

σ(t, x) : ξ ≤ H∗(ξ) for a.e. x ∈ B.

Since B is arbitrary, we conclude that σ(t) ∈ K∗(Ω).
Let now v ∈ H1(Ω;R3) ∩ KL(Ω) be such that v = 0 on ∂dΩ. Since (±v,±Ēv, 0) ∈

AGKL(0), equation (3.5.39) implies∫
Ω
σ(t) : Ēv dx = 0 (3.5.40)

for every v ∈ H1(Ω;R3) ∩ KL(Ω) with v = 0 on ∂dΩ. By choosing v = ψαeα with
ψ ∈ H1(ω;R2) and ψ = 0 on ∂dω in (3.5.40), we deduce that∫

ω
σ̄(t) : symDψ dx′ = 0

for every ψ ∈ H1(ω;R2), ψ = 0 on ∂dω. Since this holds, in particular, for every ψ ∈
C∞c (ω;R2), we have

div σ̄(t) = 0 in ω. (3.5.41)

Moreover, by [13, Lemma 7.10-(i)] we obtain

[σ̄(t)ν∂ω] = 0 on ∂nω. (3.5.42)

We now choose v in (3.5.40) of the form v = ϕe3, with ϕ ∈ H2(ω), ϕ = 0 and ∇ϕ = 0
on ∂dω. This leads to∫

ω
σ̄(t) : (∇θ �∇ϕ) dx′ − 1

12

∫
ω
σ̂(t) : D2ϕdx′ = 0.

By (3.5.41), (3.5.42), and (3.5.33) we obtain∫
ω
σ̄(t) : (∇θ �∇ϕ) dx′ =

∫
ω
σ̄(t) : ∇(ϕ∇θ) dx′ −

∫
ω
ϕσ̄(t) : D2θ dx′

= −
∫
ω
ϕσ̄(t) : D2θ dx′.
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Thus, we deduce that ∫
ω
ϕσ̄(t) : D2θ dx′ +

1

12

∫
ω
σ̂(t) : D2ϕdx′ = 0

for every ϕ ∈ H2(ω), ϕ = 0 and ∇ϕ = 0 on ∂dω. Since this holds, in particular, for every
ϕ ∈ C∞c (ω), we have

σ̄(t) : D2θ +
1

12
div div σ̂(t) = 0 in ω.

Moreover, by [13, Lemma 7.10-(ii)] we obtain that b0(σ̂) = b1(σ̂) = 0 on ∂nω. In particular,
σ(t) ∈ Θ(Ω) and (b1) holds.

Assume now (b1) and let (v, η, q) ∈ AGKL(0). Applying Proposition 3.5.8 to (v, η, q)
and ϕ = 1 yields

〈σ(t), q〉∗ = −
∫

Ω
σ(t) : η dx.

Since σ ∈ Θ(Ω), we deduce (3.5.39) by Lemma 3.5.9.

We now show, that if (b1) holds, then (qs2*) and (b2) are equivalent. Assume (b1).
Since p is Lipschitz continuous, [12, Theorem 7.1] guarantees that

D∗(p; 0, t) =

∫ t

0
H∗(ṗ(s)) ds (3.5.43)

for every t ∈ [0, T ]. Moreover, using Lemma 3.2.2 one can prove that (u̇(t), ė(t), ṗ(t)) ∈
AGKL(ẇ(t)) for a.e. t ∈ [0, T ]. Applying Proposition 3.5.8 to (u̇(t), ė(t), ṗ(t)) and ϕ = 1
yields

〈σ(t), ṗ(t)〉∗ =

∫
Ω
σ(t) : (E∗ẇ(t)− ė(t)) dx. (3.5.44)

Differentiation of (qs2*) with respect to time, together with (3.5.43) and (3.5.44), yields
(b2), and conversely, integration of (b2) with respect to time yields (qs2*).

Remark 3.5.11. Observe that, in contrast with the plate model deduced in [13], the equilib-
rium equations div σ̄(t) = 0 and 1

12div div σ̂(t) + σ̄(t) : D2θ = 0 are coupled. In particular,
in the case of plates one can show that the reduced quasistatic evolution problem can be
written in the two-dimensional domain ω, when initial and boundary data are “horizon-
tal”, [13, Proposition 7.6]. This result is in general false for a shallow shell with θ 6≡ 0.
We also underline that, as in the case of plates, the reduced problem is genuinely three-
dimensional. Indeed, in general, the stress component σ⊥(t), which has a non trivial
dependence on x3, is different from 0 (for an explicit example see, e.g., [14, Section 5]).
From a mechanical point of view, this is due to the plastic response of the material, since
the location of the plastic zone (that is, the region where σ(t) ∈ ∂K∗) may depend also
on the thickness variable x3.

3.6 Applied loads

In this section we show that Theorem 3.5.3 still holds when the shallow shell is sub-
jected to applied loads. We consider a body force of density

fh ∈ Lip([0, T ];L3(Σh;R3))
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and a surface force of density

gh ∈ Lip([0, T ];L∞(∂nΣh;R3)),

where
∂nΣh := Ψh

(
∂nω × (−1

2 ,
1
2)
)
.

We also set
∂Σ−h := Ψh

(
ω × {−1

2}
)
, ∂Σ+

h := Ψh

(
ω × {1

2}
)
.

For every t ∈ [0, T ] we introduce the functional Lh(t) ∈ (BD(Σh))′, defined as

〈Lh(t), v〉 :=

∫
Σh

fh(t) · v dx+

∫
∂nΣh

gh(t) · v dH2

for every v ∈ BD(Σh). We assume the following safe-load condition: there exist a function
ρh ∈ Lip([0, T ];L2(Σh;M3×3

sym)), with (ρh)D ∈ Lip([0, T ];C(Σh;M3×3
sym)), and a constant

α > 0 such that

−div ρh(t) = fh(t) in Σh,

ρh(t)ν∂Σh
= gh(t) on ∂nΣh, ρh(t)ν∂Σh

= 0 on ∂Σ−h ∪ ∂Σ+
h ,

(ρh(t))D + ξ ∈ K

(3.6.1)

for every ξ ∈M3×3
D with |ξ| ≤ α.

Remark 3.6.1. As proved in [12], conditions (3.6.1) are crucial to guarantee the existence
of a quasistatic evolution t 7→ (uh(t), eh(t), ph(t)) in presence of nonzero loads. Note that
we assume (ρh(t))D ∈ C(Σh;M3×3

sym) and not in L∞(Σh;M3×3
sym) as in [12], since we prefer

not to rely on the notion of stress-strain duality in this setting.

Condition (3.6.1) lead to the following formula (for a proof see, e.g., [12, Lemma 3.1]):

〈Lh(t), φ(v − z)〉 =

∫
Σh

φρh(t) : (η − symDz) dx+

∫
Σh∪∂dΣh

φ(ρh)D(t) : dq

+

∫
Σh

ρh(t) : (v − z)�∇φdx,
(3.6.2)

for every (v, η, q) ∈ A(Σh, z), z ∈ H1(Σh;R3), and for every φ ∈ C1(Σh).
We introduce the following scaling for the forces:

fh(t) := Rhfh(t) ◦Ψh, gh(t) := Rhgh(t) ◦Ψh (3.6.3)

for every t ∈ [0, T ], while we scale ρh(t) as

ρh(t) := ρh(t) ◦Ψh (3.6.4)

for every t ∈ [0, T ]. For every v ∈ BD(Ω) we denote by u ∈ Vh(Ω) the vectorfield defined
in (3.2.11). Owing to (3.6.3), we can rewrite Lh(t) as

〈Lh(t), v〉 = h

∫
Ω
fh(t) · udetFhdx+ h

∫
∂nΩ

gh(t) · u|(cofFh)Rhν∂Ω|dH2

= h

∫
Ω
fh(t) · udetFhdx+ h

∫
∂nΩ

gh(t) · u|cofFhν∂Ω|dH2, (3.6.5)
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where we used that Rhν∂Ω = ν∂Ω on ∂nΩ, because ν∂Ω · e3 = 0 on ∂nΩ. We thus define
the functional

〈Lh(t), u〉 :=

∫
Ω
fh(t) · udetFhdx+

∫
∂nΩ

gh(t) · u|cofFhν∂Ω|dH2 (3.6.6)

for every u ∈ Vh(Ω). In the next proposition we collect some consequences of (3.6.1) in
the scaled domain Ω.

Proposition 3.6.2. Let t ∈ [0, T ]. Then the following hold:

i) for every ξ ∈M3×3
D with |ξ| ≤ α we have

ρhD(t) + ξ ∈ K; (3.6.7)

ii) for every ϕ ∈ H1(Ω;R3) with ϕ = 0 on ∂dΩ we have∫
Ω
ρh(t) : sym(RhDϕRhF

−1
h ) detFh dx = 〈Lh(t), ϕ〉; (3.6.8)

iii) for every ϕ ∈ C1(Ω) we have

〈Lh(t), ϕ(u− w)〉

=

∫
Ω
ϕρh(t) : (e− sym(RhDwRhF

−1
h )) detFh dx

+

∫
Ω∪∂dΩ

ϕdetFhρ
h
D(t) : dp+

∫
Ω
Rhρ

h(t)F−Th Rh : (u− w)⊗∇ϕdetFh dx

(3.6.9)

for every (u, e, p) ∈ Ah(Ω, w), and w ∈ H1(Ω;R3).

Proof. Condition i) immediately follows from the last equation in (3.6.1) and from (3.6.4).

Now we prove (3.6.8). Let ϕ ∈ H1(Ω;R3) with ϕ = 0 on ∂dΩ and let φ := ϕ ◦ Ψ−1
h .

Since φ = 0 on ∂dΣh, the first three conditions in (3.6.1) imply that∫
Σh

ρh(t) : symDφdx = 〈Lh(t), φ〉.

Equation (3.6.8) is now a consequence of (3.6.4), (3.2.14), (3.6.5), and of a change of
variable.

Now we show (3.6.9). Let ϕ ∈ C1(Ω) and let φ := ϕ ◦ Ψ−1
h . Let w ∈ H1(Ω;R3) and

(u, e, p) ∈ Ah(w), let z ∈ H1(Σh;R3) and (v, η, q) ∈ A(Σh, z) be defined as in (3.2.11) and
(3.2.15). By a change of variable we rewrite formula (3.6.2) in Ω and we divide by h. All
the terms in (3.6.9) are straightforward, except for the last one, which comes from the last
integral in (3.6.2). In fact, since ∇φ ◦Ψh = (DΨh)−T∇ϕ, owing to (3.2.11), (3.2.15), and
(3.6.4) we infer∫

Σh

ρh(t) : (v − z)�∇φdx = h

∫
Ω
ρh(t) : Rh(u− w)� (DΨ−Th )∇ϕdetFh dx.

Since DΨ−Th = F−Th Rh, we obtain the last term in (3.6.9) by dividing by h.
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Hypotheses on the forces.

Let F> and F3 be the tangential component and the out-of-plane component of a vector
field F : R3 → R3, respectively. We suppose that there exists a body load f and a surface
load g, with

f> ∈ Lip([0, T ];H1(Ω;R2)), f3 ∈ Lip([0, T ];L3(Ω)), (3.6.10)

g> ∈ Lip([0, T ];H1(∂nΩ;R2) ∩ L∞(∂nΩ;R2)), g3 ∈ Lip([0, T ];L∞(∂nΩ)), (3.6.11)

a matrix-valued
ρ ∈ Lip([0, T ];L3(Ω;M3×3

sym))

and a vector-valued
ρ̃ ∈ Lip([0, T ];L3(Ω;R2)),

such that for every t ∈ [0, T ]

fh(t)→ f(t) strongly in L3(Ω;R3), (3.6.12)

gh(t)→ g(t) strongly in L2(∂nΩ;R3), (3.6.13)

ρh(t)→ ρ(t) strongly in L3(Ω;M3×3
sym), (3.6.14)

1

h
ρhα3(t)→ ρ̃α(t) strongly in L3(Ω) (3.6.15)

for every t ∈ [0, T ], and

ḟh(t)→ ḟ(t) strongly in L3(Ω;R3), (3.6.16)

ρ̇h(t)→ ρ̇(t) strongly in L3(Ω;M3×3
sym), (3.6.17)

1

h
ρ̇hα3(t)→ ˙̃ρα(t) strongly in L3(Ω) (3.6.18)

for a.e. t ∈ [0, T ]. Moreover, we suppose that there exists a constant C > 0, independent
of h, such that

‖ρhD‖W 1,∞([0,T ];L∞) ≤ C, (3.6.19)

‖ρh‖W 1,∞([0,T ];L2) ≤ C (3.6.20)

for every 0 < h� 1.
In the next Lemma we deduce some properties of ρ and ρ̃.

Lemma 3.6.3. Assume (3.6.10)–(3.6.20). Then for every t ∈ [0, T ]

ρi3(t) = 0 in Ω. (3.6.21)

Moreover, ρ(t) satisfies this uniform safe-load condition: for every t ∈ [0, T ]

− div ρ̄(t) = f̄>(t) in ω, (3.6.22)

[ρ̄(t)ν∂ω] = ḡ>(t) on ∂nω, (3.6.23)

− 1

12
div div ρ̂(t)− ρ̄(t) : D2θ = f̄3(t) +

1

12
div f̂>(t)− f̄>(t) · ∇θ in ω, (3.6.24)

b0(ρ̂(t)) = m0(t), b1(ρ̂(t)) = m1(t) on ∂nω, (3.6.25)

ρ(t) + ξ ∈ K∗ (3.6.26)
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for every ξ ∈M2×2
sym such that |ξ| ≤ α. Here

m0(t) = 12ḡ3(t) +
∂

∂τ
(ĝ>(t) · τ∂ω)− f̂>(t) · ν∂ω − 12ḡ>(t) · ∇θ,

m1(t) = ĝ>(t) · ν∂ω.
(3.6.27)

Finally, the following equation holds for every t ∈ [0, T ]:

1

12
div ρ̂(t) + ¯̃ρ(t) + ρ̄(t)∇θ =

1

12
f̂>(t) in ω. (3.6.28)

Proof. It is a consequence of (3.6.14) and (3.6.15) that ρα3(t) = 0 for every t ∈ [0, T ].
Furthermore, if in (3.6.8) we choose a variation ϕ = φhn, where φhn is defined in (3.5.30),
the same argument as in Step 4 of Theorem 3.5.3 implies that ρ33(t) = 0 for every t ∈ [0, T ].
This proves (3.6.21). Because of this property, we will identify ρ(t) with a two-dimensional
matrix.

Assume that ϕ ∈ KL(Ω) in formula (3.6.8). By applying the expansions in (3.4.16)
we deduce that

sym(RhDϕRhF
−1
h )→ E∗ϕ strongly in L2(Ω;M3×3

sym).

Moreover, by Lemma 3.2.1 we have that detFh → 1 and cofFh → I3×3 uniformly, as h
tends to 0. These facts, together with (3.6.12), (3.6.13), and (3.6.14), allow us to pass to
the limit in (3.6.8) and obtain that∫

Ω
ρ(t) : E∗ϕdx =

∫
Ω
f(t) · ϕdx+

∫
∂nΩ

g(t) · ϕdH2. (3.6.29)

Choosing ϕ in (3.6.29) of the form ϕ = (ϕ̄, 0), with ϕ̄ ∈ H1(ω;R2) and ϕ̄ = 0 on ∂dω,
yields ∫

ω
ρ̄(t) : symDϕ̄ dx′ =

∫
ω
f̄>(t) · ϕ̄ dx′ +

∫
∂nω

ḡ>(t) · ϕ̄ dH1.

Therefore, (3.6.22) and (3.6.23) hold.
We now choose ϕ in (3.6.29) of the form ϕ = (−x3∇ψ,ψ), where ψ ∈ H2(ω), ψ = 0

on ∂dω, and ∇ψ = 0 on ∂dω. This leads to

− 1

12

∫
ω
ρ̂(t) : D2ψ dx′ +

∫
ω
ρ̄(t) : ∇θ �∇ψ dx′ =

∫
ω

(
f̄3(t)ψ − 1

12
f̂T (t) · ∇ψ

)
dx′

+

∫
∂nω

(
ḡ3(t)ψ − 1

12
ĝT (t) · ∇ψ

)
dH1.

Therefore, (3.5.34), (3.6.10), (3.6.11), (3.6.22), and integration by parts imply (3.6.24) and
(3.6.25).

Now we prove (3.6.26). We recall that K = ∂H(0). Hence, the last condition in (3.6.1),
together with (3.6.4), leads to∫

U×(a,b)
(ρhD(t) + ξ) : ζ dx ≤

∫
U×(a,b)

H(ζ) dx

for every ζ ∈ M3×3
D , for every open set U ⊆ ω and for every (a, b) ⊆

(
−1

2 ,
1
2

)
. Owing to

convergence (3.6.14), we can pass to the limit in the previous inequality, as h tends to 0.
Since U and (a, b) are arbitrary, we deduce that

(ρ(t) + ξ)D ∈ K
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for a.e. x ∈ Ω. This is equivalent to (3.6.26), by (3.6.21) and (3.2.26).
To conclude we have to prove (3.6.28). To this aim, we consider in (3.6.8) variations

of the form ϕ = (x3φ, 0), with φ ∈ H1
0 (ω;R2). It follows from (3.4.16) that

ρh(t) : sym(RhDϕ(t)RhF
−1
h ) = ρhαβ(t)(x3 symDφ(t)− φ(t)�∇θ)αβ

+O(h2)ρhαβ(t)‖φ(t)‖H1 +
1

h
ρhα3(t)φα(t) +O(h)ρhα3(t)‖φ(t)‖H1 +O(h2)ρh33(t)‖φ(t)‖H1 .

Hence (3.6.12), (3.6.14), and (3.6.15) yield∫
Ω

(
ρ(t) : (x3 symDφ− φ�∇θ) + ρ̃(t) · φ

)
dx =

∫
Ω
f(t) · (x3φ, 0) dx. (3.6.30)

An easy computation shows that∫
Ω

(
ρ(t) : (x3 symDφ− φ�∇θ)− ρ̃(t) · φ

)
dx =

1

12

∫
ω
ρ̂(t) : Dφdx′

−
∫
ω

(ρ̄(t)∇θ · φ− ¯̃ρ(t) · φ) dx′,

while ∫
ω
f(t) · (x3φ, 0) dx =

1

12

∫
ω
f̂>(t) · φdx′.

These two equalities, together with (3.6.30), yield (3.6.28).

Now we give the definitions of h-quasistatic and reduced quasistatic evolution for a
shallow shell subjected to nonzero applied loads.

Definition 3.6.4. Let 0 < h � 1 and let wh ∈ Lip([0, T ];H1(Ω;R3)). An h-quasistatic
evolution for the boundary datum wh is a function t 7→ (uh(t), eh(t), ph(t)) from [0, T ] into
Vh(Ω)× L2(Ω;M3×3

sym)×Mb(Ω ∪ ∂dΩ;M3×3
D ) that satisfies the following conditions:

(qs1) global stability: for every t ∈ [0, T ] we have that (uh(t), eh(t), ph(t)) ∈ Ah(Ω, wh(t))
and ∫

Ω
Q(eh(t)) detFh dx− 〈Lh(t), uh(t)〉

≤
∫

Ω
Q(η) detFh dx+Hh(q − ph(t))− 〈Lh(t), v〉

(3.6.31)

for every (v, η, q) ∈ Ah(Ω, wh(t));

(qs2) energy balance: ph ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M3×3
sym)) and for every t ∈ [0, T ]∫

Ω
Q(eh(t)) detFh dx+Dh(ph; 0, t)− 〈Lh(t), uh(t)〉

=

∫
Ω
Q(eh(0)) detFh dx− 〈Lh(0), uh(0)〉 −

∫ t

0
(〈L̇h(s), uh(s)〉+ 〈Lh(s), ẇh(s)〉) ds

+

∫ t

0

∫
Ω
Ceh(s) : sym(RhDẇ

h(s)RhF
−1
h ) detFh dx ds, (3.6.32)

where

〈L̇h(t), u〉 :=

∫
Ω
ḟh(t) · udetFh dx+

∫
∂nΩ

ġh(t) · u|cofFhν∂Ω| dH2

for every u ∈ Vh(Ω).
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Definition 3.6.5. Let w ∈ Lip([0, T ];H1(Ω;R3)∩KL(Ω)). A reduced quasistatic evolution
for the boundary datum w is a function t 7→ (u(t), e(t), p(t)) from [0, T ] into BD(Ω) ×
L2(Ω;M2×2

sym)×Mb(Ω ∪ ∂dΩ;M2×2
sym) that satisfies the following conditions:

(qs1)* reduced global stability: for every t ∈ [0, T ] we have that (u(t), e(t), p(t)) ∈ AGKL(w(t))
and

Q∗(e(t))− 〈L(t), u(t)〉 ≤ Q∗(η) +H∗(q − p(t))− 〈L(t), v〉 (3.6.33)

for every (v, η, q) ∈ AGKL(w(t)), where

〈L(t), u〉 :=

∫
Ω
f(t) · u dx+

∫
∂nΩ

g(t) · u dH2

for every u ∈ BD(Ω);

(qs2)* reduced energy balance: p ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M2×2
sym)) and for every t ∈ [0, T ]

Q∗(e(t)) +D∗(p; 0, t)− 〈L(t), u(t)〉

= Q∗(e(0))− 〈L(0), u(0)〉 −
∫ t

0
(〈L̇(s), u(s)〉+ 〈L(s), ẇ(s)〉) ds

+

∫ t

0

∫
Ω
C∗e(s) : E∗w(s) dx ds, (3.6.34)

where

〈L̇(t), u〉 :=

∫
Ω
ḟ(t) · u dx+

∫
∂nΩ

ġ(t) · u dH2

for every u ∈ BD(Ω).

It follows from (3.6.9) (where we choose ϕ = 1) that conditions (3.6.31) and (3.6.32)
are equivalent to

(qs1’) for every t ∈ [0, T ] we have that (uh(t), eh(t), ph(t)) ∈ Ah(Ω, wh(t)) and

∫
Ω
Q(eh(t)) detFh dx−

∫
Ω
ρh(t) : eh(t) detFh dx

≤
∫

Ω
Q(η) detFh dx−

∫
Ω
ρh(t) : η detFh dx+Hh(q − ph(t))

−
∫

Ω∪∂dΩ
detFhρ

h
D(t) : d(q − ph(t))

for every (v, η, q) ∈ Ah(Ω, wh(t));
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(qs2’) ph ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M3×3
sym)) and for every t ∈ [0, T ]∫

Ω
Q(eh(t)) detFh dx+Dh(ph; 0, t)−

∫
Ω∪∂dΩ

detFhρ
h
D(t) : dph(t)

−
∫

Ω
ρh(t) : (eh(t)− sym(RhDw

h(t)RhF
−1
h )) dx

=

∫
Ω
Q(eh(0)) detFh dx−

∫
Ω
ρh(0) : (eh(0)− sym(RhDw

h(0)RhF
−1
h )) dx

−
∫

Ω∪∂dΩ
detFhρ

h
D(0) : dph(0) +

∫ t

0

∫
Ω
Ceh(s) : sym(RhDẇ

h(s)RhF
−1
h ) detFh dx ds

−
∫ t

0

∫
Ω
ρ̇h(s) : (eh(s)− sym(RhDw

h(s)RhF
−1
h )) dx ds

−
∫ t

0

∫
Ω∪∂dΩ

detFhρ̇
h
D(s) : dph(s) ds.

Owing to (3.6.22)–(3.6.25), and Proposition 3.5.8, we have that

〈L(t), u− w〉 =

∫
Ω
ρ(t) : (e− E∗w) dx+ 〈ρ(t), p〉∗

for every (u, e, p) ∈ AGKL(w).

Remark 3.6.6. Note that ρ(t) ∈ Σ(Ω) by Lemma 3.6.3, so that the duality 〈ρ(t), p(t)〉∗ is
well defined for every t ∈ [0, T ].

It follows that (3.6.33) and (3.6.34) are equivalent to

(qs1’)* reduced global stability: for every t ∈ [0, T ] we have that (u(t), e(t), p(t)) ∈ AGKL(w(t))
and

Q∗(e(t))−
∫

Ω
ρ(t) : e(t) dx ≤ Q∗(η)−

∫
Ω
ρ(t) : η dx+H∗(q− p(t))− 〈ρ(t), q− p(t)〉∗

for every (v, η, q) ∈ AGKL(w(t));

(qs2’)* reduced energy balance: p ∈ BV ([0, T ];Mb(Ω ∪ ∂dΩ;M2×2
sym)) and for every t ∈ [0, T ]

Q∗(e(t)) +D∗(p; 0, t)−
∫

Ω
ρ(t) : (e(t)− E∗w(t)) dx− 〈ρ(t), p(t)〉∗

= Q∗(e(0))−
∫

Ω
ρ(0) : (e(0)− E∗w(0)) dx− 〈ρ(0), p(0)〉∗

+

∫ t

0

∫
Ω
C∗e(s) : E∗ẇ(s) dx ds−

∫ t

0

∫
Ω
ρ̇(s) : (e(s)− E∗w(s)) dx ds

−
∫ t

0
〈ρ̇(s), p(s)〉∗ ds.

We are ready to state the main result of this section.

Theorem 3.6.7. Assume (3.5.5)–(3.5.8), (3.6.7)–(3.6.9), and (3.6.10)–(3.6.20). Further-
more, assume that (uh0 , e

h
0 , p

h
0) ∈ Ah(Ω, wh(0)) satisfies (3.5.10), (3.5.11), and∫

Ω
Q(eh0) detFh dx− 〈Lh(0), uh0〉 ≤

∫
Ω
Q(η) detFh dx+Hh(q − ph0)− 〈Lh(0), v〉 (3.6.35)
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for every (v, η, q) ∈ Ah(Ω, wh(0)). For every 0 < h � 1 let t 7→ (uh(t), eh(t), ph(t)) be an
h-quasistatic evolution for the boundary datum wh, according to Definition 3.6.4, such that
(uh(0), eh(0), ph(0)) = (uh0 , e

h
0 , p

h
0). Then there exist w ∈ Lip([0, T ];H1(Ω;R3) ∩ KL(Ω))

and a reduced quasistatic evolution

(u, e, p) ∈ Lip
(
[0, T ] ;BD(Ω)× L2(Ω;M2×2

sym)×Mb(Ω ∪ ∂dΩ;M2×2
sym)

)
for the boundary datum w, according to Definition 3.6.5, such that, up to subsequences,

wh(t)→ w(t) strongly in H1(Ω;R3), (3.6.36)

uh(t)→ u(t) strongly in L1(Ω;R3), (3.6.37)

sym(RhDu
h(t)RhF

−1
h )αβ ⇀ (Ēu(t))αβ weakly∗ in Mb(Ω), (3.6.38)

eh(t)→Me(t) strongly in L2(Ω;M3×3
sym), (3.6.39)

phαβ(t) ⇀ pαβ(t) weakly∗ in Mb(Ω ∪ ∂dΩ), (3.6.40)

as h→ 0, for every t ∈ [0, T ].

In the remaining of this section we discuss how to modify the proof of Theorem 3.5.3,
in order to establish Theorem 3.6.7.

The proof of Step 0 of Theorem 3.5.3 is exactly the same. To prove the remaining
steps, it is convenient to start from conditions (qs1’) and (qs2’), and deduce (qs1’)∗ and
(qs2’)∗. Now we focus on the proof of Step 1. It follows from (3.6.7) and Lemma 3.2.1
that

Hh(q)−
∫

Ω∪∂dΩ
detFhρ

h
D : dq ≥

(
α+O(h2)

)
‖q‖Mb

(3.6.41)

for every q ∈Mb(Ω∪∂dΩ;M3×3
D ). Owing to (3.6.41), we can argue as in [12, Theorem 5.2]

and infer that there exists a constant C > 0, independent of h, such that

‖eh(t2)− eh(t1)‖L2

≤ C|t2 − t1|
(
‖ sym(RhDẇ

hRhF
−1
h )‖L∞([0,T ];L2) + ‖ρ̇hD‖L∞([0,T ];L∞) + ‖ρ̇h‖L∞([0,T ];L2)

)
,

(3.6.42)

‖ph(t2)− ph(t1)‖Mb

≤ C|t2 − t1|
(
‖ sym(RhDẇ

hRhF
−1
h )‖L∞([0,T ];L2) + ‖ρ̇hD‖L∞([0,T ];L∞) + ‖ρ̇h‖L∞([0,T ];L2)

)
(3.6.43)

for every t1, t2 ∈ [0, T ] and for every 0 < h � 1. In particular, it follows from (3.5.6),
(3.6.19), and (3.6.20), that the right-hand side of (3.6.42) and (3.6.43) is uniformly
bounded with respect to h. Therefore, Step 1 is proved.

The proof of Step 2 of Theorem 3.5.3 is unchanged.
To conclude the proof of Theorem 3.6.7, we establish a semicontinuity property for the

plastic dissipation and the duality 〈·, ·〉∗.
Proposition 3.6.8. For every t ∈ [0, T ] we have

D∗(p; 0, t) +

∫ t

0
〈ρ̇(s), p(s)〉∗ds− 〈ρ(t), p(t)〉∗ + 〈ρ(0), p(0)〉∗

≤ lim inf
h→0

{
Dh(ph; 0, t) +

∫ t

0

∫
Ω∪∂dΩ

detFhρ̇
h
D(s) : dph(s)ds

−
∫

Ω∪∂dΩ
detFhρ

h
D(t) : dph(t) +

∫
Ω∪∂dΩ

detFhρ
h
D(0) : dph(0)

}
.
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Proof. Let δ > 0, φ ∈ C∞(R) be such that φ(s) = 0 if s ≤ 1 and φ(s) = 1 if s ≥ 2 and
assume that 0 ≤ φ ≤ 1. Let ψδ : Ω→ R given by

ψδ(x) := φ

(
1

δ
dist(x′, ∂nω)

)
for every x ∈ Ω. It follows from the definition of H and (3.6.7) that the measure

detFhH(q)− detFhρ
h : q

is nonnegative for every q ∈Mb(Ω ∪ ∂dΩ;M3×3
D ). Thus,

Hh(ψδṗ
h(t))−

∫
Ω∪∂dΩ

ψδ detFhρ
h
D(t) : dṗh(t)

≤ Hh(ṗh(t))−
∫

Ω∪∂dΩ
detFhρ

h
D(t) : dṗh(t). (3.6.44)

As a consequence of [12, Theorem 7.1] we have

Dh(q; 0, t) =

∫ t

0
Hh(q̇(s)) ds

for every q ∈ AC([0, T ];Mb(Ω ∪ ∂dΩ;M3×3
sym)). Applying this identity to ψδṗ

h(t) and to

ṗh(t), integrating (3.6.44) with respect to time, and using integration by parts we obtain

Dh(ψδp
h; 0, t) +

∫ t

0

∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(s) : dph(s) ds

−
∫

Ω∪∂dΩ
ψδ detFhρ

h
D(t) : dph(t) +

∫
Ω∪∂dΩ

ψδ detFhρ
h
D(0) : dph(0)

≤ Dh(ph; 0, t) +

∫ t

0

∫
Ω∪∂dΩ

detFhρ̇
h
D(s) : dph(s) ds

−
∫

Ω∪∂dΩ
detFhρ

h
D(t) : dph(t) +

∫
Ω∪∂dΩ

detFhρ
h
D(0) : dph(0).

(3.6.45)

We know by (3.5.23) that

ph(t) ⇀ p̃(t) weakly* in Mb(Ω ∪ ∂dΩ;M3×3
D ).

This convergence, together with the lower semicontinuity of D∗, gives

D∗(ψδp; 0, t) ≤ lim inf
h→0

Dh(ψδp
h; 0, t). (3.6.46)

It follows from (3.6.9) that for a.e. t ∈ [0, T ]∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(t) : dph(t)

=

∫
Ω
ψδρ̇

h(t) : (sym(RhDw
h(t)RhF

−1
h )− eh(t)) detFh dx

+

∫
Ω
ψδḟ

h(t) · (uh(t)− wh(t)) detFh dx
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+

∫
Ω
Rhρ̇

h(t)F−Th Rh : (wh(t)− uh(t))⊗∇ψδ detFh dx,

where we also used that ψδ = 0 on ∂nΩ. We already know, owing to Remark 3.4.2 and to
(3.5.22), that for every t ∈ [0, T ]

uh(t) ⇀ u(t) weakly in L3/2(Ω;R3), (3.6.47)

eh(t) ⇀ ẽ(t) weakly in L2(Ω;M3×3
sym), (3.6.48)

wh(t)→ w(t) strongly in H1(Ω;R3). (3.6.49)

By Lemma 3.2.1 we have that detFh → 1 uniformly in Ω as h tends to 0, and the following
expansions hold:

(Rhρ̇
h(t)F−Th Rh)αβ = ρ̇hαγ(t)(δγβ +O(h2)) + ρ̇hα3(t)O(h), (3.6.50)

(Rhρ̇
h(t)F−Th Rh)3β =

1

h
ρ̇h3β(t) + (ρ̇h31(t) + ρ̇h32(t))O(h) + ρ̇h33(t)(∂βθ +O(h2)). (3.6.51)

Moreover, since ∂3ψδ = 0, we have that ((wh(t)−uh(t))⊗∇ψδ)i3 = 0. This fact, together
with (3.6.47)–(3.6.51), (3.5.18), assumptions (3.5.7), (3.6.16)–(3.6.18), and (3.6.21) give

lim
h→0

∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(t) : dph(t)

=

∫
Ω
ψδρ̇(t) : (E∗w(t)− e(t)) dx+

∫
Ω
ψδḟ(t) · (u(t)− w(t)) dx

+

∫
Ω
ρ̇(t) : ∇ψδ � (w(t)− u(t)) dx+

∫
Ω

˙̃ρ(t) · ∇ψδ(w3(t)− u3(t)) dx

=

∫
Ω
ψδρ̇(t) : (E∗w(t)− e(t)) dx+

∫
ω
ψδ

˙̄f>(t) · (ū(t)− w̄(t)) dx′

− 1

12

∫
ω
ψδ

˙̂
f>(t) · (∇u3(t)−∇w3(t)) dx′ +

∫
ω
ψδ

˙̄f3(t)(u3(t)− w3(t)) dx′

+

∫
ω

˙̄ρ(t) : ∇ψδ � (w̄(t)− ū(t)) dx′ − 1

12

∫
ω

˙̂ρ(t) : ∇ψδ � (∇w3(t)−∇u3(t)) dx′

+

∫
ω

˙̃̄ρ(t) · ∇ψδ(w3(t)− u3(t)) dx′,

where we also used that u(t), w(t) ∈ KL(Ω). An integration by parts, the fact that
u3(t) = w3(t) on ∂dω and (3.6.22) yield

lim
h→0

∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(t) : dph(t) =

=

∫
Ω
ψδρ̇(t) : (E∗w(t)− e(t)) dx−

∫
ω
ψδdiv ˙̄ρ(t) · (ū(t)− w̄(t)) dx′

+

∫
ω

˙̄ρ(t) : ∇ψδ � (w̄(t)− ū(t)) dx′ − 1

12

∫
ω

˙̂ρ(t) : ∇ψδ � (∇w3(t)−∇u3(t)) dx′

+

∫
ω
ψδ

(
˙̄f3(t) +

1

12
div

˙̂
f>(t)

)
(u3(t)− w3(t)) dx′

+

∫
ω

(
˙̃̄ρ(t)− 1

12
˙̂
f>(t)

)
· (w3(t)− u3(t))∇ψδ dx′.
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Integrating by parts and using (3.6.24), (3.6.28) we get

lim
h→0

∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(t) : dph(t) =

=

∫
Ω
ψδρ̇(t) : (E∗w(t)− e(t)) dx−

∫
ω
ψδdiv ˙̄ρ(t) · (ū(t)− w̄(t)) dx′

+

∫
ω

˙̄ρ(t) : ∇ψδ � (w̄(t)− ū(t)) dx′ − 1

6

∫
ω

˙̂ρ(t) : ∇ψδ � (∇w3(t)−∇u3(t)) dx′

−
∫
ω
ψδ

(
1

12
div div ˙̂ρ(t) + ˙̄ρ(t) : D2θ + div ˙̄ρ(t) · ∇θ

)
(u3(t)− w3(t)) dx′

− 1

12

∫
ω
(w3(t)− u3(t)) ˙̂ρ(t) : D2ψδ dx

′ +

∫
ω

˙̄ρ(t)∇θ · (w3(t)− u3(t))∇ψδ dx′,

It follows now from Proposition 3.5.8 that for every t ∈ [0, T ]

lim
h→0

∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(t) : dph(t) = 〈[ρ̇(t) : p(t)]∗, ψδ〉. (3.6.52)

Moreover, owing to (3.6.19) and to the estimate

‖ph‖L∞([0,T ];Mb) ≤ C

for every 0 < h � 1 (where C is positive and independent of h), we can apply the
Dominated Convergence Theorem and infer that

lim
h→0

∫ t

0

∫
Ω∪∂dΩ

ψδ detFhρ̇
h
D(s) : dph(s) ds =

∫ t

0
〈[ρ̇(s) : p(s)]∗, ψδ〉 ds. (3.6.53)

Hence (3.6.45), (3.6.46), (3.6.52), and (3.6.53) lead to

D∗(ψδp; 0, t) +

∫ t

0
〈[ρ̇(s), p(s)]∗, ψδ〉ds− 〈[ρ(t), p(t)]∗, ψδ〉+ 〈[ρ(0), p(0)]∗, ψδ〉

≤ lim inf
h→0

{
Dh(ph; 0, t) +

∫ t

0

∫
Ω∪∂dΩ

detFhρ̇
h
D(s) : dph(s)ds

−
∫

Ω∪∂dΩ
detFhρ

h
D(t) : dph(t) +

∫
Ω∪∂dΩ

detFhρ
h
D(0) : dph(0)

}
.

We can pass to the limit as δ tends to 0 in the previous inequality and deduce the thesis.

Now we conclude the proof of Theorem 3.6.7. To prove Step 3, that is, (u(t), e(t), p(t))
satisfies the reduced stability, we note that, arguing as in Lemma 3.5.5, this is equivalent
to require that

−H∗(q) ≤
∫

Ω
(C∗e(t)− ρ(t)) : η dx− 〈ρ(t), q〉∗

for every (v, η, q) ∈ AGKL(0). We can derive this inequality arguing as in Step 3 of
Theorem 3.5.3, using (3.6.52) (with ρ̇hD(t) replaced by ρhD(t)) and sending δ to 0.

The proof of Step 4 does not present additional difficulties with respect to that of
Theorem 3.5.3.

To conclude it remains to prove the energy balance (Step 5). Proposition 3.6.8 pro-
vide the lower energy inequality, while the converse inequality follows, as usual, from the
reduced stability.
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