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1. INTRODUCTION

Let .Z be the class of all continua K contained in R?, endowed with the Hausdorff
distance. A classical result due to S. Golab (see [8], Section 3, or [6], Theorem 3.18)
states that the length, that is, the function K +— J#1(K), is lower semicontinuous
on .%. Variants of this semicontinuity result, together with well-known compactness
properties of %, play a key role in the proofs of several existence results in the
Calculus of Variations, from optimal networks [9] to image segmentation [2] and quasi-
static evolution of fractures [3|. In particular, Golab’s theorem has been extended to
general metric spaces in [1], Theorem 4.4.17, and [9], Theorem 3.3.”

It should be noted that none of the proofs of Golab’s theorem mentioned above is
completely elementary. On the other hand, the counterpart of this result for paths,
namely that the length of a path 7 : [0,1] — X is lower semicontinuous with respect to
the pointwise convergence of paths, is elementary and almost trivial. This sharp con-
trast is due to the fact that the definitions of length of a path and of one-dimensional
Hausdorff measure of a set are utterly different, even though they aim to describe
(essentially) the same geometric quantity. More precisely, the length of a path, being
defined as a supremum of finite sums which are clearly continuous, is naturally lower
semicontinuous, while the definition of Hausdorff measure is based on Caratheodory’s
construction, and is designed to achieve o-subadditivity, not semicontinuity.

In this note we point out a couple of relations/similarities between the one-
dimensional Hausdorff measure of continua and the length of paths, which we then

1 Compared to the published version, we have added two pictures, corrected the proof of
Lemma 2.22 and a few small mistakes, and modified the definition of §-partition in Subsection 2.7,
in order to make the statement of Proposition 2.8 stronger (consequently, we have also modified
Lemma 2.18).

1 As usual, a continuum is a connected compact metric space (or subset of a metric space), and
the length of a set is its one-dimensional Hausdorff measure 7.

2 The proof in [1] is actually incomplete; the missing steps were given in [9].
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use to give two independent (and relatively elementary) proofs of Golab’s theorem.
We think, however, that these results are interesting in their own right.
Firstly, in Theorem 2.5 we show that for every continuum X there holds

HN(X) = sup { ) diam(En} ,

where the supremum is taken over all finite families { F; } of disjoint connected subsets
of X. (Note the resemblance with the definition of length of a path.)

Secondly, in Theorem 4.4 we show that every continuum X with finite length
admits some sort of canonical parametrization; more precisely, there exists a path
v : I — X with length equal 2521 (X) which “goes through almost every point of X
twice, once moving in a direction, and once moving in the opposite direction”, the
precise statement requires some technical definitions and is postponed to Section 4.

This paper is organized as follows: Sections 2 and 4 contain the two results men-
tioned above (Theorems 2.5 and 4.4) and the corresponding proofs of Golab’s theo-
rem. Section 3 contains a review of some basic facts about paths with finite length in
a metric space which are used in Section 4, and can be skipped by the expert reader.
This review is self-contained and limited in scope; a more detailed presentation of
the theory of paths with finite length in metric spaces can be found in [1|, Chapter 4,
while continua with finite length have been studied in detail in [4] (see also [7]).

Since the results described in this paper are rather elementary (in particular Theo-
rem 2.5), we strove to keep the exposition self-contained, and avoid in particular the
use of advanced results from Geometric Measure Theory. On the other hand, proofs
are sometimes just sketched, with all steps clearly indicated but many details left to
the reader.

2. A CHARACTERIZATION OF LENGTH

The main results in this section are the characterizations of the length of sets
with countably many connected components (and in particular of continua) given in
Theorem 2.5 and Proposition 2.8. Using the former result we give our first proof of
Golab’s theorem (Theorem 2.9).

2.1. Notation. Through this paper X is a metric space endowed with the distance
d. Given z € X and FE, E’ subsets of X we set:

B(z,r) closed ball with center  and radius r > 0;
) diameter of E, i.e., sup{d(z,2') : z,2' € E};
) distance between x and FE, i.e., inf{d(x,2) : 2’ € E};
dist(E, E') distance between E and E', i.e., inf{d(z,2) : x € E, 2/ € E'};?
) Hausdorff distance between E and E’, i.e., the infimum of all » > 0 s.t.
dist(z, E') < r for every x € E and dist(2, E) < r for every 2’ € F';
Lip(f) Lipschitz constant of a map f between metric spaces;
|E| = ZY(E), Lebesgue measure of a Borel set E contained in R.

2.2. Hausdorff measure. For every set E contained in X, the one-dimensional
Hausdorff measure of E is defined by

HNE) := sup 4 (E) = lim A5 (E) ,

3 Since the infimum of the empty set is o0, dist(E, E') = +oo if either E or E’ are empty.
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where, for every § € (0, +o00],
G (E) = inf { Zdiam(Ei)} :
i

the infimum being taken over all countable families { E;} of subsets of X which cover
E and satistfy diam(E;) < 0.

2.3. Remark. Among the many properties of ! we recall the following ones.

(i) ! is a o-subadditive set function (that is, an outer measure on X) and is
o-additive on Borel sets. Moreover ! agrees with the (outer) Lebesgue measure
1 when X =R.

(ii) Given a Lipschitz map f: X — Y for every set E contained in X there holds
A (f(E)) < Lip(f) #(E).

(iii) If 2451 (E) = 0 for some § € (0, +oc] then S (E) = 0.

2.4. The set function Ls. For every § € (0,+00] and every set E in X we define
Ls(E) := sup { Z diam(Ei)} ,
i

where the supremum is taken over all finite, disjoint families {E;} of continua con-
tained in F with diam(E;) < .

2.5. Theorem. Let E be a subset of X which is locally compact and has countably
many connected components.* Then, for every § € (0, +o0],

HYE) = Ls(E). (2.1)

2.6. Remark. (i) The assumption that E has countably many connected components
cannot be dropped. Indeed Ls(E) = 0 for every totally disconnected set E, and there
are examples of such sets with #1(FE) > 0, even compact and contained in R.

(ii) Theorem 2.5, together with Lemma 2.11, implies the following weaker state-
ment: for any set E as above, 7! (FE) agrees with the supremum of Y, diam(F;) over
all finite disjoint families {F;} of connected subsets of E. Concerning this identity,
it is not clear if the assumption that E is locally compact can be weakened or even
removed. The role of compactness in our proof is briefly discussed in Remark 2.16.

Using Theorem 2.5 we can actually show that .#'(E) can be approximated by
>, diam(F;) using any partition of £ made of connected subsets £; with sufficiently
small diameters. For a precise statement we need the following definition.

2.7. d-Partitions. Let E be a subset of X and let 6 € (0,4+00]. We say that a
countable family {E;} of subsets of E is a d-partition of E if the sets E; are Borel,
connected, s#1-essentially disjoint (i.e., #1(E; N E;) = 0 for every i # j), cover all
of E except a subset E' with J#(E’) <0, and satisfy diam(E;) < 4.

If F is locally compact, has finite length and countably many connected compo-
nents, then Theorem 2.5 implies that there exist §-partitions for every ¢ > 0.

4 A connected component of F is any element of the class of nonempty connected subsets of F
which is maximal with respect to inclusion; the connected components are closed in E, disjoint, and
cover E (for more details see [5], Chapter 6).
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2.8. Proposition. Let E be a subset of X. Then every §-partition {E;} of E satisfies
HNE) =Y AN E) > diam(E;) . (2.2)

If in addition E is locally compact and has countably many connected components,
then for every m < 1 (E) there exists 0 > 0 such that every §-partition {E;} of E
with § < g satisfies

> diam(E;) > m. (2.3)

Using Theorem 2.5 we can also prove the following version of Gotab’s theorem.

2.9. Theorem. For everym =1,2,..., let F, be the class of all nonempty compact
subsets of X with at most m connected components. Then the function K v 7' (K)
is lower-semicontinuous on Sy, endowed with the Hausdorff distance.

2.10. Remark. The statement of Golab’s theorem is often restricted to the case
m = 1, and in the metric setting reads as follows (cf. [1], Theorem 4.4.17): let be
given a sequence of continua K, contained in a complete metric space X, which
converge in the Hausdorff distance to some closed set K; then K is a continuum, and
liminf 1 (K,) > s#'(K). The assumption that X is complete is needed here to
ensure that the limit K is compact and connected, but not to prove the semicontinuity
of length.

The rest of this section is devoted to the proofs of Theorems 2.5 and 2.9, and Propo-
sition 2.8. We begin with the proof of Theorem 2.5; the key estimate is contained in
Lemma 2.17.

2.11. Lemma. Let E be a connected set in X. Then *(E) > diam(E).

Proof. It suffices to prove that 1 (FE) > d(zg, 1) for every xg,z1 € E. Let indeed
f: X — R be the function defined by f(z) := d(z,z¢). Then

AN (B) 2 | f(E)| = diam(f(E)) > |f(21) — f(wo)| = d(z1,20),

where the first inequality follows from Remark 2.3(ii) (and Lip(f) = 1), while the first
equality follows from the fact that f(F) is an interval (because E is connected). [

2.12. Lemma. For every set E in X and § > 0 there holds #(E) > Ls(E).

Proof. Consider any family {£;} as in the definition of Ls(F): Lemma 2.11 yields
HANE) 2> ANE) > diam(E;),
and we obtain /! (E) > Ls(E) by taking the supremum over all {F;}. O

2.13. Lemma. Let E be a subset of X and let {E;} be the family of all connected
components of E. Then Ls(E) =), Ls(E;) for every § > 0.”

The proof of this lemma is straightforward, and we omit it.

5 The sum at the right-hand side of this equality is defined as the supremum of all finite subsums,
and is well defined even if the family {E;} is uncountable.
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2.14. Lemma. Let U be a nonempty compact set in X, and let F' be a connected com-
ponent of U. If FNOU = @ then F is also a connected component of X . Accordingly,
if X is connected and F # X then FNoU # @.

Proof. Let % be the family of all sets A such that FF C A C U and A is open
and closed in U. Then .# is closed by finite intersection, and F' agrees with the
intersection of all A € .Z (see [5], Theorem 6.1.23).

If FNOU = @ then the intersection of the compact sets A N U with A € % is
empty, which implies that ANOU is empty for at least one A € .%#.9 This means that
F is the intersection of all A € .% such that AN9OU = @. Note that these sets A are
open and closed in X, and then F' is connected and agrees with the intersection of
a family of open and closed sets. This implies that F' is a connected component of

X. U

2.15. Corollary. Let E be a connected set in X, let B = B(x,r) be a ball with
center x € E such that EN B is compact and E\ B # @, and let F be the connected
component of E N B that contains x. Then 1 (BN E) > #Y(F) > r.

Proof. By applying Lemma 2.14 with £ and £ N B in place of X and U, we obtain
that F intersects B. Then diam(F) > r, and Lemma 2.11 yields Y (F) >r. O

2.16. Remark. The compactness assumptions in Lemma 2.14 and Corollary 2.15 are
both necessary. Indeed it is possible to construct a bounded connected set E in R?
and a ball B with center = € E such that E\ B # @, but the connected component
F of EN B that contains x consists just of the point x; in particular F N 0B = &,
and 1 (F) = 0.

2.17. Lemma. Let E be a set in X which is connected and locally compact. Then
HGHE) < Ls(E) for every § > 0.

Proof. We can clearly assume that Ls(E) is finite. We fix for the time being ¢ > 0,
and choose a finite disjoint family {E;} of continua contained in F with diam(FE;) <
such that

> diam(E;) > Ls(E) —«. (2.4)

Next we set E' := E \ ( Us; EZ) Since the union of all F; is closed and F is locally
compact, for every x € E’ we can find a ball B(xz,r) with radius » < §/10 such that
E N B(x,r) is compact and contained in E’. Using Vitali’s covering lemma (cf. [1],
Theorem 2.2.3), we can extract from this family of balls a subfamily of disjoint balls
Bj = B(xj,r;) such that the balls B} := B(z;,5r;) cover £

Then the balls B;- together with the sets F; cover the set E, and since their diam-
eters do not exceed d, the definition of /! (F) yields

AN E) <) diam(E;) + Y diam(B)) < Ly(E) + 10 ) ;. (2.5)
i J J
On the other hand, by Corollary 2.15, for every j we can find a closed, connected

set F); contained in B; N E with diameter at least r;. Since the balls B; are disjoint
and contained in E’, we have that the sets F; together with the sets E; form a disjoint

6 The basic fact behind this assertion is that every family of compact sets with empty intersection
admits a finite subfamily with empty intersection.
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family of continua contained in F with diameters at most J, and therefore, using the
definition of Ls(FE) and (2.4),

Ls(E) > ) diam(E;) + »  diam(F;) > Ls(E) —e + > 15,

which implies € > >, r;. Hence (2.5) yields H3(F) < Ls(E) 4+ 10¢, and the proof is
complete because ¢ is arbitrary. O

Proof of Theorem 2.5. By Lemma 2.12, it suffices to prove that
Ls(E) > Y (E). (2.6)

We assume first that E is connected. In this case Lemma 2.17 and the definition of
Lg in Subsection 2.4 yield

Ls(E) > Ly (E) > #(E)  for every 0 < §' <6,

and we obtain (2.6) by taking the limit as §' — 0.

If E is not connected, then (2.6) holds for every connected component of E, and
we obtain that it holds for E as well using Lemma 2.13, the subadditivity of .#*,
and the fact that E has countably many connected components. O

The next lemma is used in the proof of Proposition 2.8.

2.18. Lemma. Let F' be a continuum in X, let {E;} be a countable family of con-
nected subsets of X, and let E' be the union of all E;. Then

ANF\E')+ " diam(E;) > diam(F) .

)

Proof. Take zg,x; € F such that d(zg,z1) = diam(F'), and let f : X — R be the
Lipschitz function given by f(x) := d(x, o). Then

AN (F\E') + Zdiam(Ez-) > |f(F\ E")| + Zdiam(f(Em
=|f(F\E)| + Z |f(E:)| = |f(F)| = diam(F),

where the first inequality follows from the fact that Lip(f) = 1, for the equality we
use that each f(E;) is an interval, for the second inequality we use that the sets f(E;)
together with f(F\ E’) cover f(F'), and the last inequality follows from the fact that
f(F) is an interval that contains f(xg) = 0 and f(z1) = d(xo, 1) = diam(F). O

Proof of Proposition 2.8. To prove (2.2) we use the definition of d-partition and
estimate 1 (E;) > diam(E;) (see Lemma 2.11).

To prove the second part of the statement, we first choose §; > 0 such that
HY(E) > m + 61, and use Theorem 2.5 to find finitely many disjoint continua Fj
contained in E such that

> diam(Fj) > m + 61 . (2.7)
J

Then we take §y with 0 < 69 < 07 such that dist(F}, Fj,) > &g for every j # k.
Consider now any d-partition {E;} of E with § < . Let E’ be the union of all 1.
For every j, let I; the the collection of all indices 7 such that Ej; intersects F};, and
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let E; be the union of all F; with ¢ € I;. By the choice of §y the collections I; are
pairwise disjoint, and therefore

HANEN\E')+ ) diam(E;) >

> [%1(@ \Ej)+ > diam(Ei)] > " diam(F}),
7 iGIj Ji

where the last inequality follows from Lemma 2.18. Since {F;} is a d-partition of E

we obtain that

5+ diam(E;) > ) diam(F}), (2.8)
i J
and putting together (2.7), (2.8) and the fact that 6 < dp < §; we obtain (2.3). O

We now pass to the proof of Theorem 2.9.

2.19. d-chains and d-connected sets. Given § > 0, a J-chain in X is any finite
sequence of points {z; : i = 0,...,n} contained in X such that d(z;_1,x;) < 0 for
every ¢ > 0. We call zy and z,, endpoints of the §-chain, and we say that the J-chain
connects xg and x,. The length of the d-chain is

length({z;}) = > _d(z;_1,7;).
=1

Finally, we say that a set F in X is d-connected if every couple of points z,z’ € FE is
connected by a d-chain contained in E.

2.20. Lemma. If E is a connected set in X then it is §-connected for every § > 0.

Proof. Fix x € E and let A, be the set of all points 2’ € E which are connected to
x by a d-chain contained in . We must show that A, = E.
One easily checks that:

e A, is closed in E and contains x;
o if 2/ € A, then B(2/,0) N E is contained in A,; thus A, is open in E.

Since A, is nonempty, open and closed in F, and E is connected, we conclude that
A, = E, as desired. O

2.21. Lemma. Let K be a compact set in X with at most m connected components,
which contains a §-connected subset K'. Then

A K) > diam(K') —ms . (2.9)
Proof. We can assume that m is finite. We then take xg, 1 € K’ such that
0 :=d(zg,21) > diam(K') — 4, (2.10)
and let H := f(K) where f : X — R is defined by f(z) := d(z,x0). It is easy to
check that:
(a) Lip(f) = 1, and therefore 7' (K) > |H| > ¢ — [(0,¢) \ H
(b) the sets f(K') and H contain 0 = f(zg) and £ = f(x1);

)
(c) H has at most m connected components because so does K;
(d) the set f(K') is d-connected because K’ is d-connected and Lip(f) = 1.

)
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Statements (b) and (c) imply that the open set (0,¢) \ H has at most m — 1 con-
nected components, while statements (b) and (d) imply that each of these connected
components has length at most ¢; in particular

[(0,0)\ H| < (m —1)5. (2.11)
Using the estimate in (a), (2.10), and (2.11) we finally obtain (2.9). O

2.22. Lemma. Let K be a compact set in X with at most m connected components,
let K' be a §-connected subset of K, and let U be a closed set in X which contains
K’ and satisfies

dist(K’,0U) > r (2.12)

for some r > 0.7 Then
HNENU) > (1 . §) diam(K") — ms . (2.13)
r

Proof. We can clearly assume that both s#1(K NU) and m are finite.
Let {K;} be the collection of all connected components of K NU that intersect K’,
and let N be their number. We claim that N is finite, and more precisely

Ngm—i—%%”l(KﬁU). (2.14)

To prove this estimate, note that the components K; which do not intersect OU are
also connected components of K (apply Lemma 2.14 with K, U N K and Kj; in place
of X and U and F, respectively), and therefore their number is at most m.

There are now two cases: either there are no components K; that intersect OU,®
and then N < m, which implies (2.14), or there are components K; that intersect
OU. Since these components intersect also K’ they satisfy

A K;) > diam(K;) > r

(use Lemma 2.11 and assumption (2.12)), and since their number is at least N —m
we obtain

AN KNU) > (N —m)r,
which implies (2.14).

K\K’
_KI

FIGURE 1. In this example, K has three connected components, while
K NU has six connected components, four of which intersect K’.

Let now K” be the union of all components K;. Then K" contains K’ and is
compact (because it is a finite union of closed subsets of K), and applying Lemma 2.21
with K" in place of K we obtain

AN KNU) > (K") > diam(K') — N§.

TIf QU is empty then dist(K’, dU) = 400 (cf. Footnote 3) and then (2.12) holds for every r > 0.
8 This includes the case when U is empty.
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Using estimate (2.14) we then get
J
(1+ 7)%1(1( AU) > diam(K") — md,
r
which in turn implies (2.13). O

Proof of Theorem 2.9. We must show that for every sequence of compact sets
K, € %,, that converge in the Hausdorfl distance to some K € .%#,, there holds
liminf ! (K,) > #'(K). Taking into account Theorem 2.5 it suffices to prove that

n—-+o0o

lim inf ' (K,) > diam(E;) (2.15)

for every finite family {E;} of disjoint continua contained in K.
Since the sets F; are compact and disjoint, we can find » > 0 and a family of
disjoint closed sets U; such that each U; contains E; and satisfies?

Then (2.15) follows by showing that, for every i,
lim inf AN K, NU;) > diam(E;) . (2.17)
n——+0oo

Let us fix ¢ and choose ¢ such that 0 < § < r. Since F; is connected, it is also
d-connected (Lemma 2.20) and therefore it contains a d-chain {xq, ..., z;} with

d(xg,xg) > diam(E;) — 6.

Consider now any n such that dg (K, K) < ¢ (that is, any n sufficiently large). By
the definition of Hausdorff distance, for every point z; in the d-chain we can choose a
point y; € K,, with d(z;,y;) <, and we set K], := {yo,...,yx}. One readily checks
that

(a) K is a 30-chain, and therefore is 3d-connected;

(b) diam(K))) > d(yo, yx) > d(xo, zx) — 26 > diam(E;) — 36;

(c) dist(K!,0U;) > dist(K/, X \ U;) > dist(E;, X \ U;) — 6 >r — .19
We can then apply Lemma 2.22 with K,,, K/,, U;, 3§ and r — § in place of K, K', U,
¢ and r, respectively, and obtain

B
HNE,NU;) > (1 - T%) diam(K?) — 3mé

> (1 - r3—65> (diam(E;) — 36) — 3ms.

To obtain (2.17) we take the liminf as n — +oo and then the limit as § — 0. O

3. BASIC PROPERTIES OF PATHS IN METRIC SPACES

In this section we recall some basic facts concerning paths with finite length, fo-
cusing in particular on two results that will be used in the following section, namely
Propositions 3.4 and 3.5. Both statements are well-known at least in the Euclidean
case.

9 If there is only one E; we can take U; := X, and then dist(E;, X \ U;) = +oo (Footnote 3).
10 Note that this chain of inequalities holds also when OU; and X \ U; are empty.
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3.1. Paths. A path in X is a continuous map v : I — X where I = [ag,a1] is a
closed interval. Then z¢ := 7(ap) and z; := 7y(a1) are called endpoints of 7, and we
say that v connects xg to x1. If x9 = x1 we say that v is closed.

The multiplicity of v at a point € X is the number (possibly equal to +00)

m(y,z) == #(y ().
The length of v is

lngth() = length(. 1) = sup { 3 d(2(6-).2(6) |
=1

where the supremum is taken over all n = 1,2,... and all increasing sequences
{to,...,tn} contained in I.'!

The length of ~ relative to a closed interval J contained in I, denoted by
length(y, J), is the length of the restriction of v to J. If v has finite length it is
sometimes useful to consider the length measure associated to v, namely the (unique)
positive measure p, on I which satisfies

p([to, t1]) = length(y, [to, t1]) for every [to, t1] C I.

We say that 7 is a geodesic if it has finite length and minimizes the length among
all paths with the same endpoints.
We say that + has constant speed if there exists a finite constant ¢ such that

length(~, [to,t1]) = c(t1 —to) for every [to,t1] C I.
An (orientation preserving) reparametrization of « is any path v’ : I’ — X of the
form
Y =nvor
where 7 : I’ — I is an increasing homeomorphism.

3.2. Remark. Here are some elementary (and mostly well-known) facts.

(i) The length is lower semicontinuous with respect to the pointwise convergence
of paths. More precisely, given a sequence of paths 7, : I — X which converge
pointwise to v : I — X, it is easy to check that

< Tim
length(v) < l;girg length(yy,) .

(ii) Every path v : I — X with finite length ¢, which is not constant on any
subinterval of I, admits a Lipschitz reparametrization 4 : [0,1] — X with constant
speed £, namely 7' := vy oo~ where o : I — [0,1] is the homeomorphism given by

1
o(t):= zlength(’y, [ag,t]) for every t € I = [ap, a1].
(iii) If v is constant on some subinterval of I then the function o defined above
is continuous, surjective, but not injective. However, we can still consider the left-
inverse 7 defined by

7(s) :=min{t : o(t) = s} for every s € [0,1],

and even though 7 is not continuous, one can check that 7/ := v o 7 is a continuous
path with constant speed ¢, and m(y',z) = m(vy,x) for all points z € X except
countably many.

11 The length of v is sometimes called variation and denoted by Var(vy, I'); paths with finite length
are called rectifiable.
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(iv) If ~y is Lipschitz then length(~y, J) < Lip(7) |J| for every interval J contained in
I, and more generally p(E) < Lip(y) | E| for every Borel set E contained in /. Thus
the length measure p, is absolutely continuous with respect to the Lebesgue measure
on I, and more precisely it can be written as p, = p.Z ! with a density p: I — R
such that 0 < p < Lip(v) a.e

(v) If v has constant speed ¢ then Lip(y) = ¢, length(y) = c¢|I| and p, = ¢ L.
Conversely, it is easy to check that if Lip(y)|I| < length(y) < 400 then v has
constant speed ¢ = Lip(y) = length(~)/|I|.

3.3. Remark. The following result is worth mentioning, even though it will not be
used in the following: if v is Lipschitz and p is taken as in Remark 3.2(iv), then for
a.e. t € I there holds

) d(y(t + h), v(t)) ) length(% [t —h,t+ h])
lim = lim
h—0 |h h—0+ 2h

—pH). (31

The second equality in (3.1) is a straightforward consequence of Lebesgue’s differen-
tiation theorem, while the first one is not immediate and will not be proved here.
The first limit in (3.1) is called metric derivative of vy (see [1|, Definition 4.1.2 and
Theorem 4.1.6).

We can now state the main results of this section.

3.4. Proposition. Let X be a continuum with 1 (X) < +oo, and let x # z' be
points in X. Then x and x’ are connected by an injective geodesic v : [0,1] — X with
constant speed and length ¢ < 7 (X).

If X is a subset of R™, this statement can be found for example in [6], Lemma 3.12.
A slightly more general version of this statement (in the metric setting) can be found
in [1], Theorem 4.4.7. For the sake of completeness we give a proof below, which
follows essentially the one in [6].

3.5. Proposition. Let v : I — X be a path with finite length. Then the multiplicity
m(y,-) : X — [0,400] is a Borel function and

length(y / m(y,z) dA (z). (3.2)
In particular m(vy, ) is finite for 1 -a.e. v € X.

3.6. Remark. (i) Formula (3.2) can be viewed as the one-dimensional area formula in
the metric setting, in particular if coupled with the existence of the metric derivative,
see Remark 3.3.

(ii) Formula (3.2) can easily re-written in local form: for every Borel function
f:X — [0,400] there holds

1@ = [ f@yme.g) an @), (3.3)

This means that the push-forward of the length measure p. according to the map
7 agrees with the measure #' on X multiplied by the density m(v,-); in short

Yo (py) = m(y, ) A

The rest of this section is devoted to the proofs of Propositions 3.4 and 3.5. We
begin with some preliminary lemmas.
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3.7. Lemma. Take X,x,2’ as in Proposition 3./. Then, for every § > 0, x and '
are connected by a 6-chain {x; : i =0,...,n} (see Subsection 2.19) such that

length({z;}) < 4.1 (X). (3.4)

Proof. We can assume ¢ < d(z,x’), otherwise it suffices to take the d-chain consisting
just of the points z, 2’ and use Lemma 2.11 to obtain (3.4).

By Lemma 2.20, x and «’ are connected a d-chain {x;}, and possibly removing
some points from the chain, we can further assume that

d(xi,xj) >6 if |j—i] > 2. (3.5)

Consider now the balls B; := B(z;,§/2) with i = 0,...,n, and note that 2#'(B;) >
0/2 by Corollary 2.15, while (3.5) implies that B; and B do not intersect if [j —i| > 2,
which means that every point in X belongs to at most two balls in the family {B;}.
Using these facts and the estimate § > d(x;_1, z;) we obtain

n

2 (X Z%ﬂ Zg %1ength({xl}) 0
=0

3.8. Lemma. For every path vy : I — X there holds 7' (y(I)) < length(7y).

Proof. It suffices to show that 4 (v(I)) < length(y) for every § > 0 (cf. Subsec-
tion 2.2). Using the continuity of v, we partition I into finitely many closed intervals
I; with disjoint interiors so that

diam(v(I;)) < § for every i.
Using the definition of ' and the fact that diam(y(I;)) < length(y, I;), we obtain

1)) < Zdiam(’y([i)) < Zlength(’y, I;) = length(y). O

3.9. Lemma. If v: I — X is an injective path then length(y) = S (~v(I)).

Proof. By Lemma 3.8 and the definition of length it suffices to show that for every
increasing sequence {to,...,t,} in I there holds

Zd(*y(ti_l),’y(ti)) S %I(V(I)) .
=1

Since the sets E; := v([t;_1,t;]) are connected, then diam(FE;) < #*(E;) (Lemma 2.11),
and since v is injective, the intersection E; N E; contains at most one point for every
i # 7, and in particular is #'-null. Hence

Zn:d('y(ti_l Zdlam ) < Z%pl ) < A A(D)). O
i=1

Proof of Proposition 3.4. The idea is simple: for every § > 0 we take the (almost)
shortest d-chain {27} that connects x and 2’, and consider the set T's of all couples
(t2,22) € [0,1] x X with suitably chosen times ¢ € [0,1]. Passing to a subsequence,
we can assume that the compact sets I's converge in the Hausdorff distance to some
limit set I" as 0 — 0; we then show that I' is the graph of a path 7 : [0,1] — X with
the desired properties.

We set I :=[0,1] and L := #1(X). The proof is divided in several steps.
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Step 1: construction of the §-chain {x{}. Fix § > 0, and let .Fs be the class of
all §-chains with initial point x and final point 2/, and let Ls be the infimum of the
length over all §-chains in .%s5. By Lemma 3.7 we know that .%s is not empty and
Ls <A4L.

We then choose a d-chain {a:f :1=0,...,ns} in F5 whose length £ satisfies

Ls<Uls<Ls+d<4L+9. (3.6)

Step 2: construction of the set T's. Fix § > 0 and let {20 : i =0,...,ns} be the J-
chain chosen in Step 1. We can clearly assume that the points x? are all different, and
find an increasing sequence of numbers tf with ¢ = 0,...,ng such that the first one
is 0, the last one is 1, and the differences t? — tf_l are proportional to the distances
d(x?_;,2?). This means that

d(l‘?fl’ :Ef)

= (3.7)
e
for every i = 1,...,ng, and in particular we have that
d(zd_,,20) 5 0
e —— = SR A G . 3.8
! i1 Ls — U5 d(x,:v’) (3.8)

Finally, we set
[s5:= {(tf,xf) 1i=0,...,n5}.

Step 3: construction of the set I'. The sets I'5 defined in Step 2 are contained in the
compact metric space [0, 1] x X, and by Blaschke’s selection theorem (see for example
[1], Theorem 4.4.15) we have that, possibly passing to a subsequence, they converge
in the Hausdorff distance as § — 0 to some compact set I' contained in [0, 1] x X.

Step 4: T is the graph of a Lipschitz path v : I — X. Formula (3.7) implies that
each T's is the graph of a map ~s from a subset of I to X with Lipschitz constant £s.

This immediately implies that ' is the graph of a Lipschitz map + from a subset of
I to X with Lip(y) < ¢ where (recall (3.6))

¢:=liminf {5 = liminf Ly < 4L. (3.9)
0—0 0—0
Moreover the projection of T's on I is the set Is := {t{}, and taking into account

estimate (3.8) and the fact that I5 contains 0 and 1, we get that I5 converges to I
in the Hausdorff distance as § — 0. This implies that the projection of I on [ is I
itself, which means that the domain of ~ is I.

Step 5: v connects x and x’'. Since 338 =z and :E?w =12’ for every 6 > 0, each

['s contains the points (0,z) and (1,2’), and therefore so does I', which means that
7(0) = z and (1) = 2'.

Step 6: ¢ < length(y). For every § > 0 we can extract from the image of 7 a
d-chain that connects x and 2’ and has length at most length(y). This implies that
l5s <length(7) (cf. Step 1), and using (3.9) we obtain the claim.

Step 7: 7 has constant speed, and length(y) = ¢. By Step 4 and Step 6 we have
that Lip(y) < ¢ < length(y). Then the claim follows from Remark 3.2(v).

Step 8: ~ is a geodesic. Let +' be any path connecting x and x’. Arguing as in
Step 6 we obtain ¢ < length(+’), which implies length(v) < length(y') by Step 7.
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Step 9: 7 is a injective. Assume by contradiction that there exists tg € I and s > 0
such that v(t9) = v(to + s). Then the path 4/ : [0,1 — s] — X defined by

(T if 0 <t <t,
MOTSS S
Yt +s) iftg<t<1l-—s.

is well-defined, connects z and 2/, and has length ¢(1 — s), which is strictly smaller
than the length of ~, contrary to the fact that v is a geodesic.

Step 10: length(y) < #(X). Apply Lemma 3.9. O

We pass now to the proof of Proposition 3.5.

3.10. Piecewise regular paths. Let I be a closed interval. We say that a finite
family {I;} is a partition of I if the I; are closed intervals contained in I, have pairwise
disjoint interiors, and cover I, and we say that a path v : I — X is piecewise reqular
on the partition {I;} if it is either constant or injective on each I;.

3.11. Lemma. Lety: I — X be a path with finite length, and let {I;} be a partition
of I. Then there exists a path ~' : I — X such that:
(i) +' is piecewise reqular on the partition {I;};
(ii) +' agrees with ~ at the endpoints of each I; and v'(I;) C ~v(I;);
(iii) length(v/, I;) = 1 (7/(L;)) < A1 (y(I;)) < length(y, I;) for every i.

/

Proof. We define 4/ on each interval I; = [a;, a!

1] as follows:

o if y(a;) = v(a}) we let 4/ be the constant path y(a;);
o if y(a;) # v(a}), we let 4/ be any injective path from I; to X’ := ~(I;) which
connects 7y(a;) to y(a}) (such path exists because X’ has finite length, cf. Propo-

sition 3.4).
The path ~' satisfies statements (i) and (ii) by construction, while (iii) follows from
Lemmas 3.8 and 3.9. O

Proof of Proposition 3.5. The proof is divided in three cases.

Case 1: ~ is injective. In this case the multiplicity m(v,-) is the characteristic
function of the compact set y(I), and therefore is Borel, while identity (3.2) follows
from Lemma 3.9.

Case 2: v 1is piecewise reqular. We easily reduce to the previous case.

The general case. We choose a sequence of piecewise regular paths v, : I — X
that approximate v in the following sense:

(a) 7, converge to 7 uniformly;

(b) length(yy,) < length(v) for every n;

(¢) m(Yn,x) < m(y,x) for every x € X and every n;

(d) m(yn,x) — m(v,z) as n — +oo for every z € X.
More precisely, we construct -, as follows: for every n we choose a partition {I'} of
I so that

max diam(/;') - 0 asn — +oo. (3.10)

]

and then take 7, according to Lemma 3.11. Then statements (a), (b), (¢) and (d)
can be readily derived from (3.10) and statements (ii) and (iii) in Lemma 3.11.
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We can now prove that the multiplicity m(vy,-) is Borel and (3.2) holds. The first
part of this claim follows by the fact that m(vy,-) agrees with the pointwise limit of
the multiplicities m(7y,,-) (statement (d)), which are Borel measurable because the
paths ~, fall into Case 2. To prove (3.2), note that statements (a) and (b) and the
semicontinuity of length imply that

(e) length(y,) — length(vy) as n — 400,

while statements (c) and (d) and Fatou’s lemma yield

fX (Vn, - d%ﬂl—)fx ) dA as n — +oo.
We already know that (3.2) holds for each 7,, and using statements (e) and (f) we
can pass to the limit (as n — 400) and obtain that (3.2) holds for v as well. O

4. PARAMETRIZATIONS OF CONTINUA WITH FINITE LENGTH

In this section we address the following question: can we parametrize a continuum
X by a single path v : I — X, and if yes, what can we require about 7

First of all, note that in general a continuum cannot be parametrized by a one-to-
one path, and not even by a path with multiplicity equal to 1 at almost every point
(take for example any network with a triple junction).'? On the other hand, it is easy
to see that every network can be parametrized by a closed path that goes through
every arc in the network twice, once in a direction and once in the opposite direction.

In Theorem 4.4 we show that something similar holds for every continuum X with
finite length, and more precisely there exists a closed path that goes through almost
every point of X twice, once in a direction and once in the opposite direction.

Before stating the result, we must give a precise formulation of the requirement
in italic. If X is a network made of regular arcs of class C' in R”, we simply ask
that + has multiplicity equal to 2 and degree equal to 0 at every point of X except
junctions. The problem in extending this condition to general continua is that the
usual definition of degree cannot be easily adapted to the metric setting. To get
around this issue, in Subsection 4.1 we introduce a suitable weaker notion of path
with degree zero.

Unless further specification is made, in the following X is a metric space.

4.1. Paths with degree zero. Given a Lipschitz path v : I — X, a locally bounded
Borel function f : X — R, and a Lipschitz function g : X — R, we introduce the

notation
d
[ 1d0:= [rom oom e (4.1)

Note that g oy is Lipschitz, and therefore the derivative in the integral at the right-
hand side is well-defined at almost every ¢ € I and bounded in ¢, and the integral
itself is well-defined.

We say that v has degree zero (at almost every point of its image) if

/fdg =0 for every f,g: X — R Lipschitz. (4.2)
.

12 By network we mean here a connected union of finitely many arcs (that is, images of injective
Lipschitz paths) which intersect at most at the endpoints; a point which agrees with n endpoints,
n > 3, is called an n-junction.
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4.2. Remark. (i) A simple approximation argument shows that if v has degree zero
then fv fdg = 0 for every Lipschitz function g : X — R and every bounded Borel
function f: X — R.

(ii) If X is a finite union of oriented regular arcs in R™, or more generally an
oriented 1-rectifiable set, and + : I — X is a Lipschitz path, then for J#'-almost
every € X one can define the degree of v at z, denoted by deg(, ). Moreover for
every f,g: X — R there holds

= x@x ($ T 1{17
[ 1d0:= [ @) 5@ desor)an @), (143)

where 0g/0T is the tangential derivative of g. Using this formula it is easy to check
that (4.2) holds if and only if deg(y,z) = 0 for J#'-a.e. z € X. This justifies the use
of the expression “path with degree zero” in Subsection 4.1.

(iii) Formula (4.2) can be reinterpreted in the framework of metric currents by
saying that the push-forward according to v of the canonical 1-current associated to
the (oriented) interval [ is trivial.

4.3. Proposition. Let v : I — X be a Lipschitz path, and let f,g : X — R be
Lipschitz functions. Then the following statements hold.

(i) [Invariance under reparametrization| Let 7 : I' — I be an increasing homeo-
morphism such that v o T is Lipschitz. Then

Lfdg=AOdeg. (4.4)

In particular, v has degree zero if and only if v o T has degree zero.

(ii) [Stability| Given a sequence of paths vy, : I — X which are uniformly Lipschitz
and converge uniformly to vy, then

/fdg—>/fdg as n — —+o00.
Tn vy

In particular, if each vy, has degree zero, then v has degree zero.

(iii) [Parity| If v has degree zero then the multiplicity m(y,x) is finite and even for
H-a.e xv e X.

We can now state the main result of this section.

4.4. Theorem. Let X be a continuum with finite length. Then there exists a path
v :[0,1] — X with the following properties:
(i) v is closed, Lipschitz, surjective, and has degree zero;
(i) m(y,z) =2 for # -a.e. x € X, and length(y) = 2 71 (X);
(iii) v has constant speed, equal to 2 71 (X).

4.5. Remark. (i) The existence of a Lipschitz surjective path v : [0,1] — X with
Lip(y) < 2.1 (X) was first proved in [10]. Here we simply point out that v can be
taken of degree zero.

(ii) An immediate corollary of this result is that every continuum X with finite
length is a rectifiable set of dimension 1.

(iii) If X is contained in R™, then one can apply Rademacher’s differentiability
theorem to the parametrization v and prove with little effort that X admits a tangent
line in the classical sense at #'-a.e. point.
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The rest of this section is devoted to the proofs of Proposition 4.3 and Theorem 4.4.
At the end of the section we give another proof of Gotab’s theorem based on the latter.

4.6. Additional notation. Let be given a Lipschitz path v : I — X and a Lipschitz
function g : X — R. We write h := g o, and denote by N the set of all s € R such
that one of the following properties fails:

(a) the set h~1(s) is finite;
(b) the derivative h exists and is not 0 at every ¢t € h™2(s).
Thus for every s € R\ N and every x € g~!(s), the following sum is well-defined and

finite: )
)= 3 sen(h(e), (45)
tey=1()
where, as usual, sgn(x) := 1if > 0, sgn(x) := —1 if 2 < 0, and sgn(0) = 0.

4.7. Lemma. Take 7, g, h, N and p as in Subsection /.6. Then |N| = 0 and for
every Lipschitz function f : X — R there holds

[ram [ 5 sl o

R\N €97 1(s)

Proof. To prove that |[N| = 0 we write
N = Ny Uh(Ey) Uh(E1),

where Ny is the set of all s € R such that h=1(s) is infinite, Fy is the set of all t € T
where the derivative of h exists and is 0, Ey is the set of all ¢ € I where the derivative
of h does not exists.

We observe now that | Ng| = 0 and |h(Ep)| = 0 by the one-dimensional area formula
applied to the Lipschitz function h : I — R,'® while |E;| = 0 by Rademacher’s
theorem and then |h(E})| = 0 because h is Lipschitz. We conclude that |[N| = 0.

Let us prove (4.6). Using (4.1), the area formula, and that |N| = 0, we get

Lfdgz/I<fov>hdt=/I<fofy>sgn<h>|iz|dt
/[ > Sy senlio)] as

R\N teh— 1

and we obtain (4.6) by suitably rewriting the sum within square brackets. O

Proof of Proposition 4.3(i). Given g and ~, we take h, N and p as in Subsec-
tion 4.6, and let A’ N’ and p’ be the analogous quantities where -y is replaced by yo .
Thanks to Lemma 4.7, identity (4.4) can be proved by showing that p(z) = p/(z) for
every z such that g(z) ¢ \(N UN").

Taking into account (4.5) and the fact that A’ = h o 7, the identity p(x) = p/(z)
reduces to the following elementary statement: given ¢ € I such that the derivative of

13 The one-dimensional area formula we use reads as follows: if h : I — R is Lipschitz and
f: I = R is either positive or in L*(I) then

[ e~ / [tehzl(s)f@)}ds

In particular [, |h| dt = Jzm(h, s)ds where m(h, s) is the multiplicity of h at s, which implies that
m(h, s) is finite for a.e. s € R.
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h at t exists and is nonzero, and the derivative of ' = hot at t' := 771(¢) exists and
is nonzero, then these derivatives have the same sign (recall that 7 is increasing). O

Proof of Proposition 4.3(ii). In view of (4.1) it suffices to show that

d d
/I(fo%)dt(govn)dt%/l(fov)dt(go'y)dt as n — +00.

This is an immediate consequence of the fact that the functions f o+, converge to
f o~y uniformly, and therefore strongly in L!(I), while the derivatives of the functions
g © Y, converge to the derivative of g o v in the weak™® topology of L>(I). O

The next lemmas are used in the proof of Proposition 4.3(iii).

4.8. Lemma. Let v : I — X be a path with finite length, and let j, be the corre-
sponding length measure (Subsection 3.1). Then for piy-a.e. t € I there holds

p(t) := liminf diam (y(B(t,))) >0

r—0 r

(4.7)

This lemma would be an immediate consequence of formula (3.1), which however
we did not prove. The proof below is self-contained.

Proof. Let E :={t € I : p(t) = 0}. We must prove that p(E) = 0.
Let € > 0 be fixed for the time being. For every t € E we can find r; > 0 such that
the ball (i.e., centered interval) B(t,r;) is contained in I and

diam (v(B(t,74))) < ery.

Consider now the family .# of all balls B(t,r,/5) with ¢t € E. Using Vitali’s covering
lemma (see for example [1], Theorem 2.2.3), we can extract from .# a subfamily of
disjoint balls B; = B(t;,7;/5) such that the balls B} := B(t;,7;) cover E. Thus the
sets 7(Bj) cover y(E) and can be used to estimate AL (E) (see Subsection 2.2):

Ao (v(E)) < Zdiam(’v(Bé))

o€ oE
<ed or=5 ) IBil< I
J J

(for the last inequality we used that the balls B; are disjoint and contained in I).
Since ¢ is arbitrary, we obtain that J#L(v(E)) = 0 and therefore s#1(y(E)) = 0
(cf. Remark 2.3(iii)). Using formula (3.3) we finally get

iolE) = [ m(r,a)a#’ @) =o. O
v(E)

4.9. Lemma. Let v : I — X be a path with finite length, and let E be a Borel subset
of (I with £ (E) > 0. Then there exists a Lipschitz function g : X — R such that
l9(E)| > 0.

Proof. We can assume that v has constant speed 1 (Remark 3.2(iii)), which implies
that « has Lipschitz constant 1 and the length measure p., agrees with the Lebesgue
measure on I.

We set F:= 4 }(E) and F' := I \ F. Since E = ~(F) is not #!-negligible, F
must have positive Lebesgue measure, and using Lemma 4.8 and Lebesgue’s density
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theorem we can find a point ¢ € F where (4.7) holds and F has density 1, and
accordingly F” has density 0.

We define g : X — R by g(x) := d(z,7(t)), and set h := go~. By (4.7) there
exists 0 > 0 such that diam(y(B(¢,7))) > 2dr for every ball B(¢,r) contained in I.
This implies that

sup h(t')= sup d(y(t'),¥(t)) > or.
veB(tr) veB(tr)

Thus the interval h(B(¢,7)) contains [0, dr] and then

|h(B(t,7))| = or. (4.8)
On the other hand, the fact that h is Lipschitz and F’ has density 0 at ¢ implies

|R(F' N B(t,r))| =o(r). (4.9)
Finally, the inclusion
9(E) = h(F) 5 h(B(t,r)) \ h(F'n B(t,r)),

together with estimates (4.8) and (4.9), yields

l9(E)| = or —ofr),
and we conclude by observing that ér — o(r) > 0 for r small enough. O
Proof of Proposition 4.3(iii). We already know that m(y,z) is finite for J#1-
a.e. ¢ € X (Proposition 3.5). Let then E be the set of all z € X such that m(v,x) is
finite and odd, and assume by contradiction that J#1(E) > 0.

By Lemma 4.9 there exists a Lipschitz function g : X — R such that |g(E)| > 0.
Then we take N and p as in Subsection 4.6, and let f : X — R be given by

f@%:$@@@»iMeE\¢%m,

0 otherwise.

For this choice of g and f, the sum between square brackets in formula (4.6) is a
positive odd integer for every s € g(E)\ N and is 0 otherwise, and therefore (4.6)
yields

[ £d5=19B)\ N =19(B)] > 0.
.
This contradicts the assumption that « has degree zero (cf. Remark 4.2(i)). O

The following construction is used in the proof of Theorem 4.4.

4.10. Joining paths. Let I := [0,1], let v : I — X be a closed path, and let
v : I — X be a path whose endpoint +/(0) belongs to the image of 7. We join these
paths to form a closed path v x ' : I — X as follows (see figure 2): we choose t
such that v/(0) = v(tp) and set '

v(3t) if 0 <t <ty/3,

v (3t — to) if tg/3 <t < (to+1)/3,
Y(to+2—3t) if (to+1)/3<t<(to+2)/3,
(3t — 2) if (tp+2)/3<t<1.

(v xy)(t) =
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FIGURE 2. Example of joined paths: 7, 4" and v x ' are described in
(a), (b), (c), respectively (the arrows show how each path goes through
its own image); xo agrees with both endpoints of v and v x v/, 21 and
x9 are the endpoints of 7/, and x1 = ~7/(0) = (o).

The next lemma collects some straightforward properties of  x 4/ that will be used
later. We omit the proof.

4.11. Lemma. Take vy, v and v x~' as in Subsection /.10. The following statements
hold:
(i) if v and v are Lipschitz, then vy x ' is Lipschitz;

(ii) length(y x 4') = length(y) + 2length(v/);

(iii) if v and v have bounded multiplicities, so does v X ~';

(iv) if the path v has multiplicity 2 at all points in its image except finitely many,
~" has multiplicity 1 at all points in its image except finitely many, and the set
~(I) N~/ (I) is finite, then v x v has multiplicity 2 at all points in its image
except finitely many;

(v) for every f: X — R bounded and Borel, and every g : X — R Lipschitz there

holds
| rds= [ rag:
Xy ol

(vi) if v has degree zero (cf. Subsection /J.1) then v X ' has degree zero.

Proof of Theorem 4.4. Let I := [0,1]. We obtain the path v : I — X with the
required properties as limit of the closed paths v, : I — X constructed by the
inductive procedure described in the next two steps.

Step 1: construction of v1. We choose zf, € X and take zp € X which maximizes
the distance from x(. By Proposition 3.4, there exists an injective Lipschitz path
7 : I — X that connects x(, to zog. We then set

vh(2t) if0<t<1/2
T(t) =1 .
Y(2—2t) if1/2<t<1.

Note that that 7 is closed, has degree 0, and its multiplicity is 2 at all points of ~; (1)
except 1(1/2), where it is 1. Clearly length(vy;) = 2length(~).

14 The notation ~vx v is not quite appropriate, because this path does not depend only on v and
’y’, but also on the choice of ¢g.
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Step 2: construction of yn+1, given 7y,. We assume that ~,(I) is a proper subset
of X.1% Then we take a point z,, € X which maximizes the distance from =, (I), and
an injective Lipschitz path «/, : I — X that connects x,, to some point z, € v, (I).

By “cutting off a piece of 4/,” we can assume that this path intersects v, (I) only
at the endpoint x/,. We can also assume that a2/, = ~/,(0). Then we set

Yrgl 1= Yn X Vi, -

Step 3: properties of y,. Using Lemma 4.11, one easily proves that each ~, is
closed and Lipschitz, has degree zero, and satisfies

n—1
£y, :=length(~,) = 2 Z length(v,,) - (4.10)
m=0
Moreover the multiplicity of 7, is bounded and equal to 2 for all points in 7, ([)
except finitely many. This last property, together with formula (3.2), yields

ly := length(y,) < 221 (X). (4.11)

Step 4: reparametrization of vy,. Since the multiplicity of v, is bounded, =, is not
constant on any subinterval of I, and therefore it admits a reparametrization with
constant speed equal to £, (Remark 3.2(ii)). In the rest of the proof we replace =,
by this reparametrization, which still satisfies all the properties stated in Step 3.

Step 5: construction of v. The paths v, : I — X are closed and uniformly
Lipschitz, and more precisely Lip(y,) = £, < 2.1(X). Therefore, possibly passing
to a subsequence, the paths =, converge uniformly to a path v : I — X which is
closed and Lipschitz, and satisfies Lip(y) < 2 1(X).

Step 6: 7 is surjective. Equations (4.10) and (4.11) imply that the sum of the
lengths of all paths ~], is finite, and then

length(y,) — 0 asn — +o0.

Now, recalling the choice of x,, and the fact that v}, connects 2, to v, (I) (cf. Step 2)
we obtain that
dy, := sup dist(z, v, (1)) = dist(zn, 1 (1)) < length(y,),
zeX
and therefore d,, tends to 0 as n — +00, which means that the union of all ~,(I) is
dense in X.
Now, v (1) contains v, (I) for every m > n, and then ~(I) contains 7, (I) for every

n. Hence v(I) contains a dense subset of X, and since it is closed, it must agree with
X.

Step 7: completion of the proof. Since the paths 7, have degree zero, so does
v (Proposition 4.3(ii)), and the proof of statement (i) is complete. This fact, the
surjectivity of -, and Proposition 4.3(iii) imply that

m(y,x) >2 for #'ae recX. (4.12)

On the other hand, estimate (4.11) and the semicontinuity of the length (Re-
mark 3.2(i)) imply

length(y) < 2.21(X). (4.13)

15 This inductive procedure stops if =, is surjective; when this happens, we simply reparametrize

Yn so that it has constant speed, and set v := ~,. In this case it is quite easy to verify that + has
the required properties (we omit the details).
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Now, equations (4.12) and (4.13), together with (3.2), imply that equality must hold
both in (4.12) and in (4.13), and statement (ii) is proved.

To prove statement (iii), note that Lip(y) < 2.#(X) = length(y) (cf. Step 5),
and then v must have constant speed (cf. Remark 3.2(v)). O

We conclude this section by another proof of Golab’s theorem.

Second proof of Theorem 2.9 for m = 1. We must show that for every sequence
of continua K, contained in X which converge in the Hausdorff distance to some
continuum K, there holds lim inf 571 (K,,) > 51 (K).

We can clearly assume that the lengths #'(K,,) are uniformly bounded. For
every n, we apply Theorem 4.4 to the continuum K, and find a path v, : I — X
with I := [0,1] such that ~,(I) = K,, 7, has constant speed and degree zero, and
length() = Lip(ya) = 22 (K,.).

Note that the paths -, are uniformly Lipschitz, and therefore, possibly passing to a
subsequence, they converge uniformly to some path v : I — X, and clearly v(I) = K.

Moreover Proposition 4.3(ii) implies that v has degree zero, and Proposition 4.3(iii)
implies that m(y,r) > 2 for #'-ae. = € K. Then formula (3.2) implies that
length(y) > 2 7 (K).

We can now conclude, using the semicontinuity of length (cf. Remark 3.2(i)):

1 1
.. 1 — L hmi S - > 1 .
légilgof% (Kp) 5 lﬁﬁlféf length(vyy,) > 2length(’y) > (K) O
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