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Abstract. We prove a Bonnet-Myers type theorem for quaternionic contact manifolds
of dimension bigger than 7. If the manifold is complete with respect to the natural sub-
Riemannian distance and satisfies a natural Ricci-type bound expressed in terms of deriva-
tives up to the third order of the fundamental tensors, then the manifold is compact and
we give a sharp bound on its sub-Riemannian diameter.
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1. Introduction and main results

Bonnet-Myers theorem is classical among comparison theorems in Riemannian geometry
[37]. It states that, if the Ricci curvature of a complete d-dimensional Riemannian manifold
(M, g) is bounded below by (d− 1)κ > 0, then the manifold M is compact and its diameter
is at most π/

√
κ.

Several generalizations of this theorem, in variuos smooth settings (and even in the non-
smooth one of metric measure spaces, see for instance [38]) have been recently investigated,
introducing suitable notion of curvature or Ricci bound. Among these, different versions of
Bonnet-Myers theorem have been obtained in the setting of sub-Riemannian geometry (cf.
discussion in Section 1.4).

Recall that a sub-Riemannian structure (D, g) on a smooth, connected manifold M of
dimension d ≥ 3 is defined by a vector distribution D of constant rank k ≤ d and a smooth
metric g assigned on D. The distribution is required to satisfy the Hörmander condition, or
to be bracket-generating, that means
(1) span{[Xj1 , [Xj2 , [. . . , [Xjm−1 , Xjm ]]]](x) | m ≥ 1} = TxM, ∀x ∈M,

for some (and then any) set X1, . . . , Xk ∈ Γ(D) of local generators for D.
Given a sub-Riemannian structure on M , the sub-Riemannian distance is defined by:

dSR(x, y) = inf{`(γ) | γ(0) = x, γ(T ) = y, γ horizontal}.
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Paris-Diderot, Batiment Sophie Germain, Case 7012, 75205 Paris Cedex 13, France
] University of Sofia, Faculty of Mathematics and Informatics, blvd. James Bourchier 5,

1164, Sofia, Bulgaria, & Institute of Mathematics and Informatics, Bulgarian Academy of
Sciences

E-mail addresses: davide.barilari@imj-prg.fr, ivanovsp@fmi.uni-sofia.bg .
Date: March 20, 2017.

1
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where a Lipschitz continuous path γ : [0, T ] → R is horizontal if it satisfies γ̇(t) ∈ Dγ(t) for
almost every t, and in this case we set

`(γ) =
∫ T

0

√
g(γ̇(t), γ̇(t))dt.

By the classical Chow-Rashevskii theorem (see for instance [5, Chapter 3]), the condition
(1) implies that dSR is finite and continuous on M ×M . We say that the sub-Riemannian
manifold is complete if (M,dSR) is complete as a metric space.

A sub-Riemannian Bonnet-Myers theorem states, under suitable curvature conditions,
that the manifold M is compact and gives a bound on its sub-Riemannian diameter. For
more details on sub-Riemannian geometry we refer to classical references such as [16, 36]
and the more recent ones [5, 35, 39].

Remark 1. Notice that if the sub-Riemannian structure is defined as the restriction of a
Riemannian metric g on M to a distribution D, in general the sub-Riemannian diameter
is bigger than the Riemannian one. Thus, even if one is able to control the Riemannian
curvature of (M, g) and apply a classical Bonnet-Myers theorem, one can prove compactness
of M , but has no a priori estimate on the sub-Riemannian diameter.

In this paper we focus on quaternionic contact structure. A quaternionic contact (qc)
structure, introduced in [17], appears naturally as the conformal boundary at infinity of the
quaternionic hyperbolic space. The qc structure gives a natural geometric setting for the
quaternionic contact Yamabe problem, [23, 43, 31, 29]. A particular case of this problem
amounts to find the extremals and the best constant in the L2 Folland-Stein Sobolev-type
embedding, [21] and [22], with a complete description of the extremals and the best constant
on the quaternionic Heisenberg groups [29, 30, 27].

A quaternionic contact structure carry a natural sub-Riemannian structure with a codi-
mension three distribution. Curvature conditions are expressed in terms on bounds on stan-
dard curvature tensors of quaternionic contact geometry. These conditions can be expressed
only in terms of sub-Riemannian quantities (cf. Theorems 1 and 2) and are obtained through
the computation of the sub-Riemannian coefficients of the generalized Jacobi equation, first
introduced in [9, 44] and subsequently developed in [11, 10, 6].

1.1. Quaternionic contact structure. A quaternionic contact manifold (M,Q, g) is a
(4n + 3)-dimensional manifold M with a codimension-three distribution D equiped with
Sp(n)Sp(1) structure. Explicitly, the distribution D is locally described as the kernel of a
1-form η = (η1, η2, η3) with values in R3 together with a compatible Riemannian metric g
and a rank-three bundle Q consisting of endomorphisms of D locally generated by three
almost complex structures I1, I2, I3 : D → D satisfying the identities of the imaginary unit
quaternions. Namely, if {α, β, τ} is any cyclic permutation of {1, 2, 3} we have
(2) IαIβ = −IβIα = Iτ , I2

α = I2
β = I2

τ = IαIβIτ = −id|D .
Moreover I1, I2, I3 are compatible with the metric g, in the following sense: for every α =
1, 2, 3 and X,Y ∈ D we have

g(IαX, IαY ) = g(X,Y ), 2g(IαX,Y ) = dηα(X,Y ).
From the sub-Riemannian view-point, these structures are fat, i.e. for any non zero section

X of D, TM is (locally) generated by D and [X,D]. This is a direct consequence of the
quaternionic relations of the almost complex structures. For completeness a proof is given
in Section 2. The fat condition is open in the C1 topology, however it gives some restriction
on the rank k of the distribution (for example dimM ≤ 2k − 1, [36, Prop. 5.6.3]).

Example 1 (Quaternionic Hopf fibration). A classical example of quaternionic contact struc-
ture is the quaternionic Hopf fibration
(3) S3 ↪→ S4n+3 π−→ HPn, n ≥ 1.
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Here D = (kerπ∗)⊥ is the orthogonal complement of the kernel of the differential of the
Hopf map π, and the sub-Riemannian metric is the restriction to D of the standard round
metric on S4n+3. The sub-Riemannian distance on the quaternionic Hopf fibration can be
computed explicitly and its diameter is π, as it is proved in [15]. This example is one of the
simplest (non-Carnot) sub-Riemannian structures of corank greater than 1, and is included
in the sub-class of 3-Sasakian structures.

Example 2 (Quaternionic Heisenberg group). An example of quaternionic contact structure
that is not 3-sasakian is the quaternionic Heisenberg group. It is defined as

R4n+3 = Hn ⊕ Im(H)
endowed with the group law

(z, w) · (z′, w′) =
(
z + z′, w + w′ + 1

2Im(zz̄′)
)
.

If we take D = Hn (which has dimension 4n) with the standard Euclidean metric, it easy to
see that it is bracket generating and defines a quaternionic contact structure.

1.2. Biquard connection, torsion and curvature. On a qc manifold of dimension 4n+3
with n ≥ 2 with a fixed metric g on the horizontal distribution D there exists a canonical
connection, called Biquard connection, defined in [17]. Biquard shows that there exists a
unique supplementary subspace V to D in TM and a unique connection ∇ with torsion T ,
such that:

(i) ∇ preserves the decomposition H ⊕ V and the Sp(n)Sp(1) structure on D, ∇g = 0,
∇σ ∈ Γ(Q) for σ ∈ Γ(Q), and its torsion on D is given by T (X,Y ) = −[X,Y ]|V ;

(ii) for ξ ∈ V , the endomorphism T (ξ, .)|D of D lies in1 (sp(n)⊕ sp(1))⊥ ⊂ gl(4n);
(iii) the connection on V is induced by the natural identification ϕ of V with the subspace

sp(1) of the endomorphisms of D, i.e., ∇ϕ = 0.
When the dimension of M is at least eleven, [17] shows that the supplementary vertical

distribution V is (locally) generated by three Reeb vector fields ξ1, ξ2, ξ3 determined by the
conditions
(4) ηα(ξβ) = δαβ, (ξαydηα)|D = 0, (ξαydηβ)|D = −(ξβydηα)|D ,
where y denotes the interior multiplication: more explicitly XyΦ = Φ(X, ·) where X is a
vector field and Φ is a differential 2-form.

Remark 2. In this paper we restrict our attention to quaternionic contact structure of di-
mension strictly bigger that seven. If the dimension of M is seven Duchemin shows in [20]
that if we assume, in addition, the existence of Reeb vector fields as in (4), then the Biquard
result holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure
satisfying (4). This implies the existence of the connection with properties (i), (ii) and (iii)
above.

The fundamental 2-forms ωα of the qc structure are defined by
2ωα|D = dηα|D, ξyωα = 0, ξ ∈ V.

The torsion restricted to D has the form

T (X,Y ) = −[X,Y ]|V = 2
3∑

α=1
ωα(X,Y )ξα.

The properties of the Biquard connection are encoded in the torsion endomorphism
T (ξ, .)|D. It is completely trace-free, tr(T (ξ, .)|D) = T (ξ, .)|D ◦Iα = 0 and can be decomposed
into symmetric and skew-symmetric parts, T (ξα, .)|D = T 0(ξα, .)|D + Iαu, respectively where

1the perpendicular is computed with respect to the inner product 〈A | B〉 =
∑4n

i=1 g(A(ei), B(ei)), for
A, B ∈ End(H).
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u is a traceless symmetric (1,1)-tensor on D which commutes with I1, I2, I3, see [17]. When
n = 1 the tensor u vanishes identically and the torsion is a symmetric tensor, Tξ = T 0

ξ .
The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors T 0, U on D defined in (33)

having the properties (34) determine completely the symmetric and the skew-symmetric
parts of torsion endomorphism, respectively [31] (cf. (35) and (36) in the Appendix.)

The qc-Ricci tensor Ric and the normalized qc-scalar curvature S of the Biquard connec-
tion are defined with the usual horizontal traces of the curvature of the Biquard connection
(cf. (37) in the Appendix.)

A qc structure is said to be qc-Einstein if the horizontal qc-Ricci tensor is a scalar multiple
of the metric. As shown in [31, 28] the qc-Einstein condition is equivalent to the vanishing
of the torsion endomorphism of the Biquard connection. In this case S is constant and
the vertical distribution is integrable. It is also worth recalling that the horizontal qc-
Ricci tensors and the integrability of the vertical distribution can be expressed in terms of
the torsion of the Biquard connection according to (38) in the Appendix (see [31], cf. also
[29, 33, 32]) .

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is locally true
if in addition the qc scalar curvature is a positive constant [31].

1.3. Main results. Our main result reads as follows, in terms of the qc Ricci tensor and
the curvature tensor associated with the Biquard connection.

Theorem 1. Let (M, g,Q) be a 4n+3-dimensional complete qc manifold with n > 1. Assume
that there exists a constant κ > 0 such that

(5) Ric(X,X)−
3∑

α=1
R(X, IαX, IαX,X) ≥ 4(n− 1)κ, ∀X ∈ D.

Then (M, g,Q) is compact manifold with finite fundamental group, and its sub-Riemannian
diameter is not greater than π/

√
κ.

Remark 3. The bound on the sub-Riemannian diameter given in Theorem 1 is sharp since
the equality is attained for the quaternionic Hopf fibration, where κ can be chosen equal to
1 and the sub-Riemannian diameter is π (cf. Example 1 and Remark 5). Moreover, since
R(X,X,X,X) = 0, the left hand side in (5) is indeed a trace on a 4(n − 1)-dimensional
subspace of D.

Theorem 1 can be also restated as follows, in terms of the horizontal part of torsion tensors
and scalar curvature.

Theorem 2. Let (M, g,Q) be a 4n+3-dimensional complete qc manifold with n > 1. Assume
that there exists a constant κ > 0 such that
(6) 2nT 0(X,X) + (4n− 8)U(X,X) + 2(n− 1)S ≥ 4(n− 1)κ, ∀X ∈ D.
Then (M, g,Q) is compact manifold with finite fundamental group, and its sub-Riemannian
diameter not greater than π/

√
κ.

The proofs of Theorems 1 and 2 are given in Section 5. We stress that, thanks to the
results in [31] and the proof of [34, Theorem 4.2.5], the condition (6) can be rewritten only
in terms of the qc structure and its Lie derivatives.

Proposition 3. Let {X1, . . . , X4n} be a local orthonormal basis for D and {α, β, τ} be any
cyclic permutation of {1, 2, 3}. We have the following relations:

(i) The symmetric part of the torsion endomorphism is determined entirely by the Lie
derivative of the metric

T 0(ξ,X, Y ) = 1
2Lξg(X,Y ), T 0(X,Y ) = 1

2

3∑
α=1

(Lξαg)(IαX,Y ).
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(ii) The skew-symmetric part of the torsion described by U satisfies

U(X,Y ) =1
4g((LξβIα)X, IτY )− 1

4g((LξβIα)IτX,Y )

+ 1
2n

4n∑
i=1

g((LξβIα)IτXi, Xi)g(X,Y ),

(iii) The normalized qc scalar curvature is written as

S = dηα(ξβ, ξτ )− dητ (ξα, ξβ)− dηβ(ξτ , ξα)− 1
2n

4n∑
i=1

g((LξβIα)IτXi, Xi).

Remark 4. We note that Theorems 1 and 2 generalize Bonnet-Myers results for the sub-class
of qc manifold with integrable vertical space obtained in [24] simplifying considerably the
Bonnet-Myers positivity condition and giving moreover explicit diameter bounds.

Remark 5 (3-Sasakian case). Assume that the qc manifold is 3-Sasakian. In this case, we
have from [31, Corollary 4.13] and [31, Theorem 3.12] that

T 0 = U = 0, S = 2.

Therefore, (6) is satisfied with κ = 1 and we recover the universal diameter bound for 3-
Sasakian manifold, established in [40]. The diameter bound is attained for the quaternionic
Hopf fibration (cf. Example 1).

Notice that in [40] the authors use curvature tensors Rg associated with the Levi-Civita
connection. Using the relation between Rg and the curvature tensor R associated with the
Biquard connection (see [31, Corollary 4.13]) we have

3∑
α=1

R(X, IαX, IαX,X) =
3∑

α=1
Rg(X, IαX, IαX,X) + 9 = 12,

where we apply the identity
∑3
α=1R

g(X, IαX, IαX,X) = 3, valid for 3-Sasakian manifolds,
and proved in [42, Prop. 3.2].

We also state the following interesting corollary of Theorem 2, when n = 2.

Corollary 4. Let (M, g,Q) be a 11-dimensional complete qc manifold. Assume T 0 = 0 and
S ≥ 2κ > 0, then M is compact with sub-Riemannian diameter not greater than π/

√
κ.

We note that qc manifolds with T 0 = 0 are characterized with the condition that the
almost contact structure on the corresponding twistor space is normal, see [19].

1.4. Relation with previous literature. Other sub-Riemannian Bonnet-Myers type re-
sults are found in the literature, proved with different techniques and for different sub-
Riemannian structures. The three dimensional contact case has been considered using second
variation like formulas in [41] (for CR structures) and in [25]. In [12] and [13], a version of
Bonnet-Myers has been proved using heat semigroup approach for Yang-Mills type structures
with transverse symmetries and Riemannian foliations with totally geodesic leaves, respec-
tively. Using Riccati comparison techniques for 3D contact [7], 3-Sasakian [40] and general
contact sub-Riemannian structure [1]. See also [11] for a general approach to sub-Riemannian
Bonnet-Myers theorem through curvature invariants.

A compactness result, obtained by applying Riemannian classical Bonnet-Myers theorem
to a suitable Riemannian extension of the metric (cf. Remark 1) is obtained in [14] for contact
manifolds and in [24] for quaternionic contact manifolds with integrable vertical space.
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1.5. Structure of the paper. In Section 2 we recall some results about the sub-Riemannian
Jacobi equation and the curvature invariants. In Sections 3 and 4 we carefully compute these
invariants for quaternionic contact structures and express them with respect to standard
tensors of quaternionic contact geometry. To perform these computations, we introduce
a generalized Fermi frame along the geodesic. In Section 5 we use these computations to
prove the Bonnet-Myers theorem. Appendix A resumes geometric properties of quaternionic
contact structures.

2. Curvature of sub-Riemannian qc structures

In this section we resume the basic facts on sub-Riemannian geodesic flows and curvature
needed to prove our results. For a more comprehensive presentation we refer the reader to
[6, 11, 10].

2.1. Quaternionic contact sub-Riemannian structures are fat. A sub-Riemannian
structure is said to be fat if for any non zero section X of D, TM is (locally) generated by
D and [X,D]. This is equivalent to show that for every non zero horizontal vector X ∈ D
the following map is surjective

LX : D → TM/D, LX(Y ) := [X,Y ] mod D
Notice that the map LX is tensorial, in the sense that for each x ∈M the value of [X,Y ](x)
mod Dx depends only on X(x) and Y (x). Moreover dimTxM/Dx = 3. The fat property
follows from the following linear algebra observation.

Lemma 5. The vectors {LX(IαX)}α=1,2,3 are linearly independent in TxM/Dx.

Proof. Let us start by showing that, for every non zero horizontal vector X ∈ D the four
vectors X, I1X, I2X, I3X are mutually orthogonal. First notice that for every τ = 1, 2, 3 and
every horizontal vector X ∈ D one has
(7) g(IτX,X) = dη(X,X) = 0.
Moreover, if {αβτ} is a cyclic permutation of {123}, thanks to (2) and (7), one has for α 6= β

g(IαX, IβX) = −g(X, IαIβX) = −g(X, IτX) = 0.
To prove that the sub-Riemannian structure is fat it is sufficient to show that the image

through LX of the vectors IβX for β = 1, 2, 3 is a basis of TxM/Dx, for every x ∈ M . This
is equivalent to say that for every X the matrix Ωαβ = ηα(LX(IβX)) is invertible, which
follows from

Ωαβ = ηα(LX(IβX)) = −dηα(X, IβX) = −2g(IαX, IβX) = −2δαβg(X,X). �

2.2. Sub-Riemannian geodesic flow. Sub-Riemannian geodesics are horizontal curves
that are locally minimizers for the length (between curve with same endpoints). The sub-
Riemannian Hamiltonian H : T ∗M → R is defined as

H(λ) := 1
2

k∑
i=1
〈λ,Xi〉2, λ ∈ T ∗M,

where X1, . . . , Xk is any local orthonormal frame for D and 〈λ, v〉 denotes the action of a
covector λ ∈ T ∗xM on a vector v ∈ TxM , based at x ∈M . Let σ be the canonical symplectic
form on T ∗M . The Hamiltonian vector field ~H is defined by the identity σ(·, ~H) = dH.
Then the Hamilton equations are

(8) λ̇(t) = ~H(λ(t)).
Solutions of (8) are called extremals, and one can prove that their projections γ(t) := π(λ(t))
on M are geodesics [5, Chapter 4]. The Hamiltonian H is constant along an extremal λ(t)
and we say that the extremal is length-parametrized if H(λ(t)) = 1/2.
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Since the sub-Riemannian structure defined on the qc manifold is fat, any minimizer can
be recovered uniquely in this way. This statement is not true in full generality, since there
can exist minimizing trajectories might not satisfy the Hamiltonian equation (8). These
trajectories are called abnormal minimizers and are related to the main open problems in
sub-Riemannian geometry (see for instance [4] for a discussion).

2.3. Jacobi equation revisited. Given an extremal λ(t) of the sub-Riemannian Hamil-
tonian flow and a vector field V (t) along λ(t) we define

V̇ (t) := d

dε

∣∣∣∣
ε=0

e−ε
~H

∗ V (t+ ε).

the Lie derivative of V in the direction of ~H. A vector field J (t) along λ(t) is a sub-
Riemannian Jacobi field if
(9) J̇ = 0.
If M has dimension d, the set of solutions of (9) is a 2d-dimensional vector space. The
projections π∗J (t) are vector fields on the manifold M corresponding to one-parameter
variations of γ(t) = π(λ(t)) through geodesics. In the Riemannian case, this coincides with
the classical construction of Jacobi fields.

Next, let us write (9) using the symplectic structure σ of T ∗M . Observe that on T ∗M
there is a natural notion of vertical subspace at λ ∈ T ∗M , namely

Vλ := kerπ∗|λ = Tλ(T ∗π(λ)M) ⊂ Tλ(T ∗M).

Then V is a smooth (Lagrangian) sub-bundle of T (T ∗M). If one considers the frame Ei =
∂pi |λ(t), and Fj = ∂xj |λ(t) induced by coordinates (x1, . . . , xd) on M , then the vector field
J (t) has components (p(t), x(t)) ∈ R2d, that means

J (t) =
d∑
i=1

pi(t)Ei(t) + xi(t)Fi(t).

and the elements of the frame satisfy the equation

(10) d

dt

(
E
F

)
=
(
A(t) −B(t)
R(t) −A(t)∗

)(
E
F

)
,

for some smooth families of d× d matrices A(t),B(t),R(t), where B(t) = B(t)∗ and R(t) =
R(t)∗. The structure of (10) follows from the fact that the frame is Darboux, namely

σ(Ei, Ej) = σ(Fi, Fj) = σ(Ei, Fj)− δij = 0, i, j = 1, . . . , d.
The idea is then to look for a suitable Darboux frame {Ei(t), Fi(t)}di=1 along λ(t) such

that the equations above are in normal form.

2.4. Curvature coefficients in quaternionic contact. The normal form of the sub-
Riemannian Jacobi equation (10) has been first studied by Agrachev-Zelenko in [2, 3] and
subsequently completed by Zelenko-Li in [44]. In particular, there exist a normal form of
(10) where the matrices A(t) and B(t) are constant. Here we give an ad-hoc statement for
quaternionic contact sub-Riemannian structures, following the notation and the presentation
of [10].

Remark 6. It is convenient to split the set of indices 1, . . . , 4n+3 into three subsets a, b, c with
cardinality |a| = |b| = 3 and |c| = 4n − 3. The index a parametrizes the three-dimensional
complement to the distribution, while b and c together parametrize the set of indices on the
distribution.

This splitting is related to the fact that the Lie derivative LX : Dx → TxM/Dx in the
direction of a nontrivial horizontal vector X ∈ Dq induces a well defined, surjective linear
map with 3-dimensional image (the “a” space) and a 4n − 3-dimensional kernel (the “c”
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space). The orthogonal complement of the kernel within Dx is a 3-dimensional space (the
“b” space).

Accordingly to this decomposition, any (4n+3)×(4n+3) matrix L is written in the block
form

L =

Laa Lab Lac
Lba Lbb Lbc
Lca Lcb Lcc

 ,
with similar notation for row or column vectors.
Theorem 6. Let λ(t) be a sub-Riemannian extremal of a qc sub-Riemannian structure.
There exists a smooth moving frame along λ(t)

E(t) = (Ea(t), Eb(t), Ec(t))∗, F (t) = (Fa(t), Fb(t), Fc(t))∗,
such that the following holds true for any t:

(i) span{Ea(t), Eb(t), Ec(t)} = Vλ(t).
(ii) It is a Darboux basis, namely

σ(Eµ, Eν) = σ(Fµ, Fν) = σ(Eµ, Fν)− δµν = 0, µ, ν = a, b, c.

(iii) The frame satisfies the structural equations
Ėa = Eb, Ėb = −Fb, Ėc = −Fc,

Ḟa =
∑

µ=a,b,c
Raµ(t)Eµ, Ḟb =

∑
µ=a,b,c

Rbµ(t)Eµ − Fa Ḟc, =
∑

µ=a,b,c
Rcµ(t)Eµ.

where the curvature matrix R(t) = R(t)∗ is

R(t) =

Raa(t) Rab(t) Rac(t)Rba(t) Rbb(t) Rbc(t)
Rca(t) Rcb(t) Rcc(t)

 ,
and satisfies the additional condition Rab(t) = −Rab(t)∗.

Remark 7. If we fix another frame {Ẽ(t), F̃ (t)} satisfying (i)-(iii) for some matrix R̃(t), then
there exists a constant n × n orthogonal matrix O that preserves the structural equations
and such that

Ẽ(t) = OE(t), F̃ (t) = OF (t), R̃(t) = OR(t)O∗.
For more details about the uniqueness of this frame we refer the reader to [10].
2.5. Ricci curvature and Bonnet-Myers theorem. We can state now a corollary of the
general results obtained in [11] (an analogue statement of the one mentioned here is [40,
Thm. 5]) that gives a Bonnet-Myers type theorem that we will use to prove our results.
Theorem 7. Let (M,D, g) be a complete qc sub-Riemannian manifold. Assume that there
exists κ > 0 such that for any length-parametrized extremal λ(t) one has

tr(Rcc(t)) ≥ 4(n− 1)κ,
Then M is compact and its sub-Riemannian diameter is bounded by π/

√
κ. Moreover M has

finite fundamental group.
In the following sections we will compute the quantity tr(Rcc(t)) for every sub-Riemannian

extremal on a qc manifold and deduce the main theorems stated in the Introduction.

3. Structural equations for the coordinate frame

In what follows latin indices i, j, k, . . . belong to {1, . . . , 4n} and Greek ones α, β, τ, . . .
belong to {1, 2, 3}, corresponding to quaternions (following the same quaternionic indices
notation of Appendix A).

We start by choosing a convenient local frame on M , associated with a given trajectory.
Here {X1, . . . , X4n} will denote a local orthonormal frame for the metric g on D.
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3.1. Fermi frame. Given a geodesic γ(t) = π(λ(t)), we define a convenient local frame on
M which is an application of a standard result in differential geometry, called Fermi normal
frame along a smooth curve.

Lemma 8. Given a geodesic γ(t), there exists a Q-orthonormal frame, i.e., a horizontal
frame Xi, i ∈ {1, . . . , 4n}, and vertical frame ξα, α = 1, 2, 3 in a neighborhood of γ(0), such
that for all α, β ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n},

(i) the frame is orthonormal for the Riemannian metric g +
∑
β η

2
β,

(ii) ∇XiXj |γ(t) = ∇ξαXj |γ(t) = ∇Xiξβ|γ(t) = ∇ξαξβ|γ(t) = 0.
In particular, for all α, β, τ ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n}

((∇XiIα)Xj)|γ(t) = ((∇XiIα)ξβ)|γ(t) = ((∇ξβIα)Xj)|γ(t) = ((∇ξβIα)ξτ )|γ(t) = 0.

The proof of this Lemma is postponed to Appendix A.5.

3.2. Commutator relations and Poisson brackets. Fix {X1, X2, . . . , X4n} a horizontal
frame and ξα for α = 1, 2, 3 vertical frame and introduce the momentum functions ui, vα :
T ∗M → R defined by

ui(λ) = 〈λ,Xi〉, i = 1, . . . , 4n,
vα(λ) = 〈λ, ξα〉, α = 1, 2, 3.

The momentum functions define coordinates (u, v) on each fiber of T ∗M . In turn, they
define local vector fields ∂vα and ∂ui on T ∗M (satisfying π∗∂vα = π∗∂ui = 0). Moreover, they
define also the Hamiltonian vector fields ~ui and ~vα. The Hamiltonian frame associated with
{ξα, Xi} is the local frame on T ∗M around λ(0) given by {∂ui , ∂vα , ~ui, ~vα}.

The sub-Riemannian Hamiltonian and the corresponding Hamiltonian vector field are

H = 1
2

4n∑
i=1

uiui, ~H =
4n∑
i=1

ui~ui.

We will use the short notation αβ = τ , where α, β = 1, 2, 3, for the quaternionic multiplica-
tion. The following 3× 3 skew-symmetric matrix contains the vertical part of the covector:

V = Vαβ = vαβ = vαvβ

with the convention vα2 = −v1 = 0 which is the standard identification R3 w so(3).

Remark 8. For functions f, g ∈ C∞(T ∗M), the symbol {f, g} denotes their Poisson bracket.
The symbol ḟ always denotes the Lie derivative in the direction of ~H. We make systematic
use of symplectic calculus (see for instance [8] for reference).

In what follows, we fix a geodesic γ(t) with corresponding lift λ(t) and a Fermi frame
associated with it and given by Lemma 8. Repeated indices are implicitly summed over.

Lemma 9 (Commutators). We have the following identities
(a’) g([X,Y ], ξα) = −dηα(X,Y ) = −2g(IαX,Y )
(b’) g([X,Y ], Z) = g(∇XY,Z)− g(∇YX,Z)
(c’) g([ξα, X], ξβ) = dηα(ξβ, X) = −dηβ(ξα, X) = −g(∇Xξα, ξβ).
(d’) g([ξα, X], Y ) = −T (ξα, X, Y ) + g(∇ξαX,Y )
(e’) g([ξα, ξβ], ξγ) = −dηγ(ξα, ξβ) = Sg(ξαβ, ξγ) + g(∇ξαξβ, ξγ)− g(∇ξβξα, ξγ)
(f’) g([ξα, ξβ], X) = ραβ(IβX, ξβ) = ραβ(IαX, ξα)

Along the curve we have the following simplifications
(a) g([X,Y ], ξα) = −dηα(X,Y ) = −2g(IαX,Y )
(b) g([X,Y ], Z) = 0
(c) g([ξα, X], ξβ) = 0
(d) g([ξα, X], Y ) = −T (ξα, X, Y )
(e) g([ξα, ξβ], ξγ) = −dηγ(ξα, ξβ) = Sg(ξαβ, ξγ)
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(f) g([ξα, ξβ], X) = ραβ(IβX, ξβ)

Proof. It is obtained by a direct computation by combining the definition and the properties
of the torsion of the Biquard connection (38) and using the choice of Fermi frame. �

As a consequence of the previous identities we compute the following Poisson brackets of
momentum functions.

Lemma 10 (Poisson brackets). The momentum functions ui, vα have the following proper-
ties:

(a’) {vα, ui} = dηα(ξτ , Xi)vτ + (−T (ξα, Xi, Xk) + g(∇ξαXi, Xk))uk,
(b’) {vα, vβ} = −dητ (ξα, ξβ)vτ + ραβ(IβXk, ξβ)uk,
(c’) {ui, uj} = −2g(IτXi, Xj)vτ + g(Xk, [Xi, Xj ])uk.

Moreover, when evaluated along the extremal λ(t), one has
(a) {vα, ui} = −T (ξα, Xi, γ̇),
(b) {vα, vβ} = −dητ (ξα, ξβ)vτ + ραβ(Iβ γ̇, ξβ) = Sg(ξαβ, ξτ )vτ + ραβ(Iβ γ̇, ξβ),
(c) {ui, uj} = −2g(IτXi, Xj)vτ .
(d) ∂uk{ui, uj} = 0,
(e) ∂vα{ui, uj} = −2g(IαXi, Xj),

Proof. Let us prove, as an example, formula (c’).
{ui, uj} = vαg(ξα, [Xi, Xj ]) + ukg(Xk, [Xi, Xj ])

= −vαdηα(Xi, Xj) + ukg(Xk, [Xi, Xj ]) = −2vαg(IαXi, Xj) + ukg(Xk, [Xi, Xj ]).
The last term vanishes when evaluated along the extremal, thanks to the properties of Fermi
frame. Other formulas follows analogously. �

Lemma 11 (Some arrows). We have the following expressions along the extremal
(a)
−−−−−→
{ui, uj} = −2g(IαXi, Xj)~vα − ukX`g([Xi, Xj ], Xk)∂u` − ukξβg([Xi, Xj ], Xk)∂vβ ,

(b)
−−−−−→
{vα, ui} = −T (ξα, Xi, Xk)~uk −K`

αi∂u` − J
β
αi∂vβ ,

where we set
K`
αi := vτX`dηα(ξτ , Xi)− ukX`T (ξα, Xi, Xk) + ukX`g(∇ξαXi, Xk),(11)

Jβαi := vτξβdηα(ξτ , Xi)− ukξβT (ξα, Xi, Xk) + ukξβg(∇ξαXi, Xk).

Proof. To prove (a) one computes
−−−−−→
{ui, uj} = −2g(IαXi, Xj)~vα + ~uk((((

((((g(Xk, [Xi, Xj ])− 2vα
−−−−−−−−→
g(IαXi, Xj) + uk

−−−−−−−−−−→
g(Xk, [Xi, Xj ])

= −2g(φαXi, Xj) ~vα + 2vα(((((
(((X`g(IαXi, Xj)∂u` + 2vα(((((

((ξτg(IαXi, Xj)∂vτ
− ukX`g(Xk, [Xi, Xj ])∂u` − ukξτg(Xk, [Xi, Xj ])∂vτ ,

where the barred terms vanishes by Fermi frame. Similarly for (b) one gets
−−−−−→
{vα, ui} =

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
dηα(ξτ , Xi)vτ + (−T (ξα, Xi, Xk) + g(∇ξαXi, Xk))uk

=����
��

dηα(ξτ , Xi)~vτ + (−T (ξα, Xi, Xk) +(((((
((g(∇ξαXi, Xk)) ~uk

+
−−−−−−−→
dηα(ξτ , Xi)vτ +

(−−−−−−−−−−−−−−−−−−−−−−−→
−T (ξα, Xi, Xk) + g(∇ξαXi, Xk)

)
uk

= −T (ξα, Xi, Xk)~uk −K`
αi∂u` − J

β
αi∂vβ

again the barred terms vanishes by Fermi frame. The expression of the coefficients K`
αi and

Jβαi are obtained from direct computations. �

Lemma 12. Let vα(t) = 〈λ(t), ξα|γ(t)〉, for α = 1, 2, 3. Then, along the geodesic, we have

(12) ∇γ̇ γ̇ = −2vαIαγ̇.
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Proof. Indeed γ(t) = ui(t)Xi|γ(t), with ui(t) = 〈λ(t), Xi|γ(t)〉. Then, suppressing the explicit
dependence on t one has

∇γ̇ γ̇ = u̇iXi + uiuk���
�∇XkXi = {H,ui}Xi

= uk{uk, ui}Xi = −2ukvαg(IαXk, Xi)Xi = −2vαg(Iαγ̇, Xi)Xi = −2vαIαγ̇,
where the barred term vanishes along the trajectory thanks to the properties of Fermi frame.

�

3.3. Fundamental computations. The frame {∂u, ∂v, ~u,~v} is a basis of the tangent space
to T ∗M . We compute the differential equations of this frame along an extremal.

Lemma 13. Along the extremal λ(t), we have

∂̇v = 2A∂u,
∂̇u = −~u+G∂v,

~̇u = 2C~u− 2A∗~v +B∂u +D∂v,

~̇v = L~u+M∂u + 2N∂v,

where we defined the following matrices, computed along λ(t):
Aβi := g(Iβ γ̇, Xi), 3× 4n matrix,
Giα := −T (ξα, γ̇, Xi) 4n× 3 matrix,
Bi` := −ujukX`g([Xj , Xi], Xk) = R(γ̇, X`, Xi, γ̇)
Cij := vαg(IαXi, Xj), 4n× 4n skew-symmetric matrix,
Diβ := −ujukξβg([Xj , Xi], Xk) = R(γ̇, ξβ, Xi, γ̇)

Lβj := −1
2
(
T 0(IβXj , γ̇) + T 0(Iβ γ̇, Xj)

)
Mα` := K`

αjuj , Mα` = −2vτρζ(X`, γ̇) + 1
2(∇X`T

0)(Iαγ̇, γ̇),

Nαβ := Jβαjuj , 2Nαβ = −2vτρζ(ξβ, γ̇) + 1
2(∇ξβT

0)(Iαγ̇, γ̇).

in the last two formulas {ατζ} is a cyclic permutation of {123}, or ζ = ατ (as product of
quaternions).

Proof. By a direct computation we get (simplifications are due to Fermi frame properties)

∂̇vβ = [uj~uj , ∂vβ ] = −∂vβ (uj)~uj + uj [~uj , ∂vβ ] = uj [~uj , ∂vβ ](ui)∂ui + uj [~uj , ∂vβ ](vα)∂vα
= −uj∂vβ{uj , ui}∂ui − uj����

��∂vβ{uj , vα}∂vα = ujg(2IβXj , Xi)∂ui = 2g(Iβ γ̇, Xi)∂ui .
∂̇ui = [uj~uj , ∂ui ] = −∂ui(uj)~uj + uj [~uj , ∂ui ] = −~ui − uj����

��
∂ui{uj , u`}∂u` − uj∂ui{uj , vα}∂vα

= −~ui − ujT (ξα, Xj , Xk)∂ui(uk)∂vα = −~ui − T (ξα, γ̇, Xi)∂vα
~̇ui = [uj~uj , ~ui] = −~ui(uj)~uj + uj [~uj , ~ui] = −{ui, uj}~uj + uj

−−−−−→
{uj , ui}

= 2vαg(IαXi, Xj)~uj + 2g(IαXi, γ̇)~vα + ujukX`g([Xi, Xj ], Xk)∂u` + ujukξβg([Xi, Xj ], Xk)∂vβ .

~̇vβ = [uj~uj , ~vβ] = −~vβ(uj)~uj + uj [~uj , ~vβ] = −{vβ, uj}~uj + uj
−−−−−→
{uj , vβ}

= T (ξβ, Xj , Xk)uk~uj + uj
−−−−−→
{uj , vβ}

= T (ξβ, Xj , Xk)uk~uj − uj [−T (ξα, Xj , Xk)~uk −K`
αj∂u` − J

β
αj∂vβ ]

= [T (ξβ, Xj , γ̇) + T (ξβ, γ̇, Xj)]~uj +K`
αjuj∂u` + Jβαjuj∂vβ �

The previous proof is completed thanks to the next lemma.

Lemma 14. In terms of Biquard curvature we have
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(a) Bi` = −ujukX`g([Xj , Xi], Xk) = R(γ̇, X`, Xi, γ̇)
(b) Diβ = −ujukξβg([Xj , Xi], Xk) = R(γ̇, ξβ, Xi, γ̇)
(c) Mα` = −2vτρζ(Xl, γ̇) + 1

2(∇X`T 0)(Iαγ̇, γ̇),
(d) 2Nαβ = −2vτρζ(ξβ, γ̇) + 1

2(∇ξβT 0)(Iαγ̇, γ̇),
where in the last two formulas {ατζ} is a cyclic permutation of {123}.

Proof of Lemma 14. We use classical tricks in curvature calculations

R(γ̇, Xi, X`, γ̇) = ukujg(∇Xk∇XiX` −∇Xi∇XkX` −∇[Xk,Xi]X`, Xj)

=
hhhhhhhhhhh
ukujXkg(∇XiX`, Xj)−

(((
((((

(((
((

ukujg(∇XiX`,∇XkXj)− ukujXig(∇XkX`, Xj)
+ ukuj((((

((((
(

g(∇XkX`,∇XiXj)− ukujg(
���

���∇[Xk,Xi]X`, Xj).

where the cancellation ��XX follows from properties of Fermi frame, while HHYY is due to the
identity ukXkg(∇XiX`, Xi) = 0 (notice that the last identity is the derivative in the direction
of γ̇(t) of the following one g(∇XiX`, Xj)|γ(t) = 0). Thus using that the torsion among
horizontal vector fields is vertical

R(γ̇, Xi, X`, γ̇) = −ukujXig(∇XkX`, Xj)
= −ukujXig(∇X`Xk, Xj)− ukujXig([Xk, X`], Xj).

On the other hand, the term g(∇X`Xk, Xj) is skew-symmetric in k, j and we have a sym-
metric sum so the first term is zero and

R(γ̇, Xi, X`, γ̇) = −ukujXig([Xk, X`], Xj).

Along the same path one can show that

R(γ̇, ξβ, X`, γ̇) = −ukujξβg([Xk, X`], Xj).

Applying (41), (42), we have

R(γ̇, ξβ, X`, γ̇) = (∇γ̇U)(IβX`, γ̇)− 1
4(∇γ̇T 0)(IβX`, γ̇)

− 1
4(∇γ̇T 0)(X`, Iβ γ̇) + 1

2(∇X`T
0)(Iβ γ̇, γ̇)

− 2g(Iτ γ̇, X`)ρζ(Iβ γ̇, ξβ) + 2g(Iζ γ̇, X`)ρτ (Iβ γ̇, ξβ),

where {βτζ} is a cyclic permutation of {123}. Further, we have using (11)

Mα` = K`
αiui = uivτX`dηα(ξτ , Xi)− uiukX`T (ξα, Xi, Xk) + uiukX`g(∇ξαXi, Xk)

= −uivτX`g(∇Xiξα, ξτ ) + 1
4uiuk(∇X`T

0)[(IαXi, Xk) + (IαXk, Xi)]

= −2vτρζ(Xl, γ̇) + 1
2(∇X`T

0)(Iαγ̇, γ̇),

where {ατζ} is a cyclic permutation of {123}, the skew-symmetric parts in i and k of the
first line are cancelled and the first term of the second line is evaluated as follows

uiX`g(∇Xiξα, ξτ ) = uig(∇X`∇Xiξα, ξτ ) + ui((((
((((

(
g(∇Xiξα,∇X`ξτ )

= uig(∇Xi∇X`ξα, ξτ ) + uiR(X`, Xi, ξα, ξτ ) +
((((

(((
((

uig(∇[X`,Xi]ξα, ξτ )
= 2ρζ(X`, γ̇) +

hhhhhhhhhuiXig(∇X`ξα, ξτ )

Similarly one gets the formula for Nαβ �
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4. Symplectic products and canonical frame

In this section, for n-tuples v, w of vector fields along λ(t), the symbol σ(v, w) denotes the
matrix σ(vi, wj). Notice that σ(v, w)∗ = −σ(w, v) and that d

dtσ(v, w) = σ(v̇, w) + σ(v, ẇ).
Moreover

σ(Av,Bw) = Aσ(v, w)B∗.
where, for n-tuple of vectors v and a matrix L, the juxtaposition Lv denotes the n-tuple of
vectors obtained by matrix multiplication.

4.1. Derivatives of ∂v and symplectic products of the coordinate frame. By a direct
computation one gets from Lemma 13 the following relations.

Lemma 15. Along the extremal, we have

∂̇v = 2A∂u,
∂̈v = 2Ȧ∂u + 2AG∂v − 2A~u,
...
∂v = (4ȦG+ 2AĠ− 2AD)∂v + (2Ä+ 4AGA− 2AB)∂u + 4AA∗~v + (−4Ȧ− 4AC)~u

= (4ȦG+ 2AĠ− 2AD)∂v + (2Ä+ 4AGA− 2AB)∂u + 4~v − 4(3V A+ vγ̇∗)~u

To prove the fourth equality we used (13) and (15) below. We then compute symplectic
products of the elements of the basis.

Lemma 16. The non-zero brackets between ∂ui , ∂vα , ~ui, ~vα are
(a) σ(∂u, ~u) = 1,
(b) σ(∂v, ~v) = 1,
(c) σ(~u, ~u) = {ui, uj} = −2C,
(d) σ(~v,~v) = {vα, vβ} = SV + χ,
(e) σ(~u,~v) = {ui, vα} = P ,

where, according to (38),

χαβ = −ραβ(Iβ γ̇, ξβ) = ραβ(ξβ, Iβ γ̇) = −g([ξα, ξβ], γ̇) = −χβα,

and, thanks to (36),

Piα = {ui, vα} = T (ξα, Xi, γ̇) = T (ξα, γ̇, Xi) + 2U(IαXi, γ̇) = −Giα + 2U(IαXi, γ̇).

Lemma 17 (Several identities). We have the following identities

AA∗ = 1, Aγ̇ = 0, V v = 0, AC = V A− vγ̇∗, V 2 = vv∗ − ||v||21,(13)
γ̈ = −2A∗v = 2Cγ̇,(14)

Ȧ = 2V A+ 2vγ̇∗, Ä = 2V̇ A+ 2v̇γ̇∗ − 4‖v‖2A.(15)

Proof. The identities (13) follow directly from the definitions while (14) is precisely (12)
written in terms of A,C and v. For (15), working in the Fermi frame along γ, we have

Ȧβi = {H,Aβi} = uj ~uj(Aβi) = −uj ~Aβi(uj)
= ujXl(g(Iβ γ̇, Xi))∂ul(uj) + ujξτ (g(Iβ γ̇, Xi))∂vτ (uj)
= ujXj(g(Iβ γ̇, Xi)) = g(Iβ∇γ̇ γ̇, Xi) = −2vαg(IβIαγ̇, Xi) = 2VβαAαi + 2vγ̇∗

where we used (12) to get the last equality. �

Corollary 18. We also have

ȦA∗ = 2V, AȦ∗ = −2V, ACA∗ = V, Ȧ+AC = 3V A+ vγ̇∗, V 3 = −||v||2V,(16)
Ä = 2V̇ A+ 2v̇γ̇∗ − 4‖v‖2A, AÄ∗ = −2V̇ − 4‖v‖21(17)
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Proof. The identities (16) follow directly from (13) and (15). For the first one in (17), we
take the derivative of (15) applying (13) and (14) to get that

Ä = 2V̇ A+ 2V Ȧ+ 2v̇γ̇∗ + 2vγ̈∗ = 2V̇ A+ 2V (2V A+ 2vγ̇∗) + 2v̇γ̇∗ − 4vv∗A
= 2V̇ A+ 4(vv∗ − ||v||21)A+ 2v̇γ̇∗ − 4vv∗A = 2V̇ A+ 2v̇γ̇∗ − 4‖v‖2A.

The second identity in (17) follows from the first one applying (13). �

Lemma 19 (Derivative of V ). We have V̇ 6= 0. In particular
(18) v̇τ = T (ξτ , γ̇, γ̇).
In vector notation v̇ = −G∗γ̇. In particular if T 0 = 0 then v̇ = V̇ = 0.
Proof. It easily follows by

v̇τ = {H, vτ} = uj{uj , vτ} = ujT (ξτ , Xj , γ̇) = T (ξτ , γ̇, γ̇). �

4.2. Computation of symplectic products. Now we deduce symplectic products of
derivatives of the vector ∂v using Lemma 15, Lemma 16, Lemma 17 and Corollary 18.
Lemma 20. We have

σ(∂v, ∂v) = 0, σ(∂v, ∂̇v) = 0, σ(∂v, ∂̈v) = 0, σ(∂v,
...
∂ v) = 41,(19)

σ(∂̇v, ∂̇v) = 0, σ(∂̇v, ∂̈v) = −41, σ(∂̇v,
...
∂ v) = 24V, σ(∂̈v, ∂̈v) = −24V,(20)

Proof. The identities (19) and the first two ones in (20) follow from Lemma 15, Lemma 16 and
Lemma 17. We calculate σ(∂̇v,

...
∂ v) = 2A(−12V A − 4vγ̇∗)∗ = −24AA∗V ∗ − 8Aγ̇v∗ = 24V

which proves the third one in (20). Differentiating the second identity in (20), one gets
0 = σ(∂̈v, ∂̈v) + σ(∂̇v,

...
∂ v) = σ(∂̈v, ∂̈v) + 24V which yields the third one in (20). �

4.3. Canonical frame. To compute Rcc = σ(Ḟc, Fc), we need to compute the elements
of the canonical basis up to Fc. The algorithm to recover them (following the general
construction developed in [44]) starts from identifying Ea and then works as follows:

Ea → Eb → Fb → Ec → Fc → Rcc
The triplet Ea is determined by the following four conditions:

(i) π∗Ea = 0,
(ii) π∗Ėa = 0,

(iii) σ(Ëa, Ėa) = 1,
(iv) σ(Ëa, Ëa) = 0.

Items (i) and (ii) imply that there exists M ∈ GL(3) such that Ea = M∂v. Condition (iii)
implies that M = 1

2O with O ∈ O(3). Finally, (iv) implies that O satisfies the differential
equation

(21) Ȯ = 1
16Oσ(∂̈vα , ∂̈vβ ) = −3

2OV.

Its solution is unique up to an orthogonal transformation (the initial condition, that we set
O(0) = 1). Using the structural equations together with (21), we have

Ea = 1
2O∂v,

Eb = Ėa = 1
2O(−3

2V ∂v + ∂̇v),

Fb = −Ėb = −1
2O[(9

4V
2 − 3

2 V̇ )∂v − 3V ∂̇v + ∂̈v](22)

Thus we can also compute

Ḟb = −1
2O[((−27

8 V
3 + 27

4 V V̇ −
3
2 V̈ )∂v + 3(9

4V
2 − 3

2 V̇ )∂̇v −
9
2V ∂̈v +

...
∂ v].(23)

The next step is to compute Ec. It is determined by the following conditions:
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(i) π∗Ec = 0,
(ii) σ(Ec, Fc) = 1 and σ(Ec, Fb) = σ(Ec, Fa) = 0,
(iii) π∗Ëc = 0.

For (i) we can write
(24) Ec = Y ∂u +W∂v, Fc = −Ėc = −(Ẏ + 2WA)∂u − (Y G+ Ẇ )∂v + Y ~u.

where Y is a (4n− 3)× 4n matrix and W is a (4n− 3)× 3 matrix.
To compute σ(Ec, Fc), σ(Ec, Fb), σ(Ec, Ḟb) using (24), (22) and (23), we need to know

σ(∂u, ∂̇v), σ(∂u, ∂̈v), σ(∂u,
...
∂v), σ(∂v, ∂̇v), σ(∂v, ∂̈v), σ(∂v,

...
∂v).

The only non-zero terms using Lemma 15 are given by:

σ(∂u, ∂̈v) = −2A∗, σ(∂v,
...
∂v) = 41,

σ(∂u,
...
∂v) = −4(Ȧ∗ + C∗A∗) = −4(3A∗V ∗ + γ̇v∗).

For (ii), observing that σ(Ec, Fa) = 0 implies σ(Ec, Ḟb) = 0, we get
(25) Y Y ∗ = 1, Y A∗ = 0, W = Y (Ȧ∗ + C∗A∗) = Y (3A∗V ∗ + γ̇v∗) = Y γ̇v∗.

We obtain from (24) and (25)
π∗Ëc = 2(Ẏ +WA+ Y C)~u.

Finally, using (iii) and the equality above, we get that Y must satisfy
(26) Ẏ = −WA− Y C = −Y (Ȧ∗A+ C∗A∗ + C) = −Y (γ̇v∗A+ C).
Using Lemma 17, (25), (26) and (18), we have

Ẇ = Ẏ γ̇v∗ + Y γ̈v∗ + Y γ̇v̇∗ = −Y γ̇v∗Aγ̇v∗ − Y Cγ̇v∗ − 2Y A∗vv∗ + Y γ̇T (ξτ , γ̇, γ̇)(27)
= Y A∗vv∗ + Y γ̇T (ξτ , γ̇, γ̇) = Y γ̇T (ξτ , γ̇.γ̇)

Observe that Y represents an orthogonal projection on D ∩ span{Iαγ̇, Iβ γ̇, Iτ γ̇}⊥. Then
Y ∗Y = 1−A∗A.

Substitute (26) into the second equality of (24) to get
(28) Fc = (Y C −WA)∂u − (Y G+ Ẇ )∂v + Y ~u.

We calculate from (28) using Lemma 13, (25), (26) and (27) that

(29) Ḟc = (Ẏ C + Y Ċ − ẆA−WȦ)∂u − (Ẏ G+ Y Ġ+ Ẅ )∂v + Ẏ ~u

+ (Y C −WA)(−~u+G∂v)− 2(Y G+ Ẇ )A∂u + Y (2C~u− 2A∗~v +B∂u +D∂v)
= (Ẏ C+Y Ċ−ẆA−WȦ+Y B−2Y GA−2ẆA))∂u−(Ẏ G+Y Ġ+Ẅ−Y CG+WAG−Y D))∂v

+
((((

((((
(((((Ẏ +WA− Y C + 2Y C)~u− 2���Y A∗~v

= (Ẏ C+Y Ċ−ẆA−WȦ+Y B−2Y GA−2ẆA))∂u−(Ẏ G+Y Ġ+Ẅ−Y CG+WAG−Y D))∂v,

where the cancellations in the fourth line follow from (26) and (25).
Applying Lemma 16, Lemma 17, (25) and (26) we obtain from (28) and (29)

Rcc = σ(Ḟc, Fc) = (Ẏ C + Y Ċ − ẆA−WȦ+ Y B − 2Y GA− 2ẆA)Y ∗(30)
= Ẏ CY ∗ + Y ĊY ∗ − ẆAY ∗ −WȦY ∗ + Y BY ∗ − ẆAY ∗

= −Y (γ̇v∗AC + CC)Y ∗ + Y BY ∗ −W (2V A+ 2vγ̇∗)Y ∗ + Y ĊY ∗

= −Y (γ̇v∗AC + CC)Y ∗ + Y BY ∗ − 2Y γ̇v∗vγ̇∗Y ∗ + Y ĊY ∗

= −Y (γ̇v∗AC + CC −B + 2‖v‖2γ̇γ̇∗ − Ċ)Y ∗

= −Y (γ̇v∗(V A− vγ̇∗)− ‖v‖21−B + 2‖v‖2γ̇γ̇∗ − Ċ)Y ∗
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= Y [B + Ċ + ‖v‖2(1− γ̇γ̇∗)]Y ∗,

where we used CijCjk = −vαvβg(IαXi, IβXk) = −||v||21.
Lemma 21. (Derivative of C along γ(t)) We have

Ċki = −g(IτXk, Xi)T (ξτ , γ̇, γ̇)
Proof. By a direct computation

Ċki = {H,Cki} = −uj ~Cki(uj) = −ujXj(vαg(IαXk, Xi) + uj∂vτ (vαg(IαXk, Xi) ~vτ (uj)
= −vα[g(∇γ̇IαXk, Xi) + g(IαXk,∇γ̇Xi)]− ujg(IτXk, Xi)T (ξτ , Xj , γ̇)
= −g(IτXk, Xi)T (ξτ , γ̇, γ̇) �

Finally we derive the following formula for the trace of the matrix Rcc.
Lemma 22. We have

tr(Rcc) = Ric(γ̇, γ̇)−
3∑

α=1
R(γ̇, Iαγ̇, Iαγ̇, γ̇) + 4(n− 1)‖v‖2.

Proof. Indeed, we obtain from (30)
tr(Rcc) = tr((B + Ċ + ‖v‖2(1− γ̇γ̇∗))Y ∗Y )

= tr((B + Ċ + ‖v‖2(1− γ̇γ̇∗))(1−A∗A))

=
4n∑
i=1

R(γ̇, Xi, Xi, γ̇)−
3∑

α=1
R(γ̇, Iαγ̇, Iαγ̇, γ̇) + (4n− 4)‖v‖2

= Ric(γ̇, γ̇)−
3∑

α=1
R(γ̇, Iαγ̇, Iαγ̇, γ̇) + 4(n− 1)‖v‖2.

where we used tr(Ċ1) = 0 and
tr(ĊA∗A) = ĊkiAiβAβk = −T (ξτ , γ̇, γ̇)g(IτXk, Xi)g(Iβ γ̇, Xi)g(Iβ γ̇, Xk)

= T (ξτ , γ̇, γ̇)g(Iβ γ̇, IτIβ γ̇) = 0. �

5. Proof of Theorems 1 and 2

Theorem 1 is a direct consequence of Theorem 7 and Lemma 22. To prove Theorem 2 we
use the following Lemma to rewrite the condition in Theorem 1.
Lemma 23. We have the identity

(31) Ric(X,X)−
3∑

α=1
R(X, IαX, IαX,X) = 2nT 0(X,X) + (4n− 8)U(X,X) + 2(n− 1)S.

Proof. Fix a unit vector X and set Y = Z = I1X, V = X into (40). One obtains the
following expression

3R(X, I1X, I1X,X) +R(I1X,X, I1X,X) +R(I2X, I3X, I1X,X)−R(I3X, I2X, I1X,X)
= 2R(X, I1X, I1X,X) + 2R(I2X, I3X, I1X,X)
= 4(T 0(X,X) + T 0(I1X, I1X)) + 8U(X,X) + 4S.

Do the same for I2, I3 and sum the obtained equalities, we obtain applying the first Bianchi
identity for the Biquard connection (39).
2R(X, I1X, I1X,X) + 2R(I2X, I3X, I1X,X) + 2R(X, I2X, I2X,X)

+ 2R(I3X, I1X, I2X,X) + 2R(X, I3X, I3X,X) + 2R(I1X, I2X, I3X,X)

= 2
3∑

α=1
R(X, IαX, IαX,X) + 2b(I1X, I2X, I3X,X)
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= 4
[
3T 0(X,X) +

3∑
α=1

T 0(IαX, IαX)
]

+ 24U(X,X) + 12S

= 8T 0(X,X) + 24U(X,X) + 12S.

From (39) we have b(I1X, I2X, I3X,X) = 2T 0(X,X)− 6U(X,X). Hence,
3∑

α=1
R(X, IαX, IαX,X) = 6S + 4T 0(X,X) + 12U(X,X)− 2T 0(X,X) + 6U(X,X)(32)

= 2T 0(X,X) + 18U(X,X) + 6S.

and the first identity of (38) combined with (32) gives (31). �

Now, Theorem 2 follows from Theorem 1 and Lemma 23.

Appendix A. Some technical facts and useful identities

Here we recall some properties of the torsion and curvature of the Biquard connection.
See also [17, 31, 33, 28, 32] for a comprehensive exposition.

A.1. Invariant decompositions. Any endomorphism Ψ of D can be decomposed with
respect to the quaternionic structure (Q, g) uniquely into four Sp(n)-invariant parts Ψ =
Ψ+++ + Ψ+−− + Ψ−+− + Ψ−−+, where Ψ+++ commutes with all three Ii, Ψ+−− commutes
with I1 and anti-commutes with the others two, etc. The two Sp(n)Sp(1)-invariant compo-
nents are given by

Ψ[3] = Ψ+++, Ψ[−1] = Ψ+−− + Ψ−+− + Ψ−−+.

They are the projections on the eigenspaces of the Casimir operator Υ = I1 ⊗ I1 + I2 ⊗
I2 + I3 ⊗ I3, corresponding, respectively, to the eigenvalues 3 and −1, see [18]. Note here
that each of the three 2-forms ωs belongs to the [−1]-component and constitute a basis of
the Lie algebra sp(1).

If n = 1 then the space of symmetric endomorphisms commuting with all Iα is 1-
dimensional, i.e., the [3]-component of any symmetric endomorphism Ψ on D is proportional
to the identity, Ψ[3] = − trΨ

4 id|H .

A.2. The torsion tensor. The torsion endomorphism Tξ = T (ξ, ·) : H → H, ξ ∈ V
will be decomposed into its symmetric part T 0

ξ and skew-symmetric part bξ, Tξ = T 0
ξ + bξ.

Biquard showed in [17] that the torsion Tξ is completely trace-free, tr Tξ = tr Tξ ◦ Iα = 0, its
symmetric part has the properties

T 0
ξαIα = −IαT 0

ξα , I2(T 0
ξ2)+−− = I1(T 0

ξ1)−+−,

I3(T 0
ξ3)−+− = I2(T 0

ξ2)−−+, I1(T 0
ξ1)−−+ = I3(T 0

ξ3)+−−.

The skew-symmetric part can be represented as bξα = IαU , where U is a traceless symmetric
(1,1)-tensor on D which commutes with I1, I2, I3. Therefore we have Tξα = T 0

ξα
+ IαU .

When n = 1 the tensor U vanishes identically, U = 0, and the torsion is a symmetric tensor,
Tξ = T 0

ξ . The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors on D

(33) T 0(X,Y ) = g((T 0
ξ1I1 + T 0

ξ2I2 + T 0
ξ3I3)X,Y ) and U(X,Y ) = g(uX, Y )

were introduced in [31] and enjoy the properties

(34)
T 0(X,Y ) + T 0(I1X, I1Y ) + T 0(I2X, I2Y ) + T 0(I3X, I3Y ) = 0,

U(X,Y ) = U(I1X, I1Y ) = U(I2X, I2Y ) = U(I3X, I3Y ).

From [33, Proposition 2.3] we have

(35) 4T 0(ξα, X, Y ) = −T 0(IαX,Y )− T 0(X, IαY ),
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hence, taking into account (35) it follows

(36) T (ξα, X, Y ) = −1
4
[
T 0(IαX,Y ) + T 0(X, IαY )

]
+ U(IαX,Y ).

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in
addition the qc-Einstein curvature (see (37)) is a positive constant [31].

A.3. Torsion and curvature. Let R = [∇,∇] − ∇[ , ] be the curvature tensor of ∇ and
the dimension is 4n + 3. We denote the curvature tensor of type (0,4) and the torsion
tensor of type (0,3) by the same letter, R(A,B,C,D) := g(R(A,B)C,D), T (A,B,C) :=
g(T (A,B), C), A,B,C,D ∈ Γ(TM). The qc-Ricci tensor Ric, normalized qc-scalar curvature
S, qc-Ricci forms ρα of the Biquard connection are defined, respectively, by the following
formulas

(37)

Ric(A,B) =
4n∑
i=1

R(Xi, A,B,Xi), 4nρα(A,B) =
4n∑
b=1

R(A,B,Xi, IαXi),

8n(n+ 2)S =
4n∑
i=1

Ric(Xi, Xi) =
4n∑
i,j=1

R(Xj , Xi, Xi, Xj),

where X1, . . . , X4n is an orthonormal basis of D.
A qc structure is said to be qc-Einstein if the horizontal qc-Ricci tensor is a scalar multiple

of the metric, Ric(X,Y ) = 2(n+ 2)Sg(X,Y ).
As shown in [31, 28] the qc-Einstein condition is equivalent to the vanishing of the tor-

sion endomorphism of the Biquard connection. In this case S is constant and the vertical
distribution is integrable. It is also worth recalling that the horizontal qc-Ricci tensors and
the integrability of the vertical distribution can be expressed in terms of the torsion of the
Biquard connection [31] (see also [29, 33, 32]). For example, we have

(38)

Ric(X,Y ) = (2n+ 2)T 0(X,Y ) + (4n+ 10)U(X,Y ) + 2(n+ 2)Sg(X,Y ),

ρα(X, IαY ) = −1
2
[
T 0(X,Y ) + T 0(IαX, IαY )

]
− 2U(X,Y )− Sg(X,Y ),

T (ξα, ξβ) = −Sξτ − [ξα, ξβ]|H , S = −g(T (ξ1, ξ2), ξ3),
g(T (ξα, ξβ), X) = −ρτ (IαX, ξα) = −ρτ (IβX, ξβ) = −g([ξα, ξβ], X).

Note that for n = 1 the above formulas hold with U = 0.

A.4. Bianchi identity. We shall also need the first Bianchi identity and the general formula
for the curvature [31, 33, 34].

The first Bianchi identity for the Biquard connection reads

b(X,Y, Z, V ) =
∑

(X,Y,Z)
R(X,Y, Z, V ) =

∑
(X,Y,Z)

{
(∇XT )(Y,Z, V ) + T (T (X,Y ), Z, V )

}
(39)

=
∑

(X,Y,Z)
T (T (X,Y ), Z, V ) = 2

∑
(X,Y,Z)

3∑
α=1

g(IαX,Y )T (ξα, Z, V ).

where
∑

(X,Y,Z) denotes the cyclic sum over {X,Y, Z} and we used that (∇XT )(Y,Z, V ) = 0
for horizontal vectors.

We also have the identities, cf. [33, Theorem 3.1] or [34, Theorem 4.3.11],

(40) 3R(X,Y, Z, V )−R(I1X, I1Y,Z, V )−R(I2X, I2Y,Z, V )−R(I3X, I3Y,Z, V )

= 2
[
g(Y, Z)T 0(X,V ) + g(X,V )T 0(Z, Y )− g(Z,X)T 0(Y, V )− g(V, Y )T 0(Z,X)

]
−2

3∑
α=1

[
ωα(Y,Z)T 0(X, IαV )+ωα(X,V )T 0(Z, IαY )−ωα(Z,X)T 0(Y, IαV )−ωα(V, Y )T 0(Z, IαX)

]
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+
3∑

α=1

[
2ωα(X,Y )

(
T 0(Z, IαV )−T 0(IαZ, V )

)
−8ωα(Z, V )U(IαX,Y )−4Sωα(X,Y )ωα(Z, V )

]
;

R(ξα, X, Y, Z) = −(∇XU)(IαY,Z) + ωβ(X,Y )ρτ (IαZ, ξα)(41)

− ωτ (X,Y )ρβ(IαZ, ξα)− 1
4
[
(∇Y T 0)(IαZ,X) + (∇Y T 0)(Z, IαX)

]
+ 1

4
[
(∇ZT 0)(IαY,X) + (∇ZT 0)(Y, IαX)

]
− ωβ(X,Z)ρτ (IαY, ξα)

+ ωτ (X,Z)ρβ(IαY, ξα)− ωβ(Y, Z)ρτ (IαX, ξα) + ωτ (Y, Z)ρβ(IαX, ξα),

where the Ricci two forms are given by

(42)

6(2n+ 1)ρα(ξα, X) = (2n+ 1)X(S) + 1
2(∇eaT 0)[(ea, X)− 3(Iαea, IαX)]

− 2(∇eaU)(ea, X),

6(2n+ 1)ρα(ξβ, IτX) = (2n− 1)(2n+ 1)X(S)− 4n+ 1
2 (∇eaT 0)(ea, X)

− 3
2(∇eaT 0)(Iαea, IαX)− 4(n+ 1)(∇eaU)(ea, X).

A.5. Fermi frame. Here we prove the existence of Fermi frame. We recall the statement

Lemma 24. Given a geodesic γ(t), there exists a Q-orthonormal frame, i.e., a horizontal
frame Xi, i ∈ {1, . . . , 4n}, and vertical frame ξα, α = 1, 2, 3 in a neighborhood of γ(0), such
that for all α, β ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n},

(i) the frame is orthonormal for the Riemannian metric g +
∑
β η

2
β,

(ii) ∇XiXj |γ(t) = ∇ξαXj |γ(t) = ∇Xiξβ|γ(t) = ∇ξαξβ|γ(t) = 0.
In particular, for all α, β, τ ∈ {1, 2, 3} and i, j ∈ {1, . . . , 4n}

((∇XiIα)Xj)|γ(t) = ((∇XiIα)ξβ)|γ(t) = ((∇ξβIα)Xj)|γ(t) = ((∇ξβIα)ξτ )|γ(t) = 0.

Proof. Since ∇ preserves the splitting H ⊕ V we can apply the standard arguments for the
existence of a Fermi normal frame along a smooth curve with respect to a metric connection
(see e.g., [26]). We sketch the proof for completeness.

Let {X̃1, . . . , X̃4n, ξ̃1, ξ̃2, ξ̃3} be a Q-orthonormal basis around p = γ(0) such that X̃a|p =
Xa(p) and ξ̃α|p = ξα(p). We want to find a modified frame Xa = obaX̃b and ξα = oταξ̃τ , which
satisfies the normality conditions along the smooth geodesic γ(t).

Let$ be the sp(n)⊕sp(1)-valued connection 1-forms with respect to the frame X̃1, . . . , X̃4n,
and ξ̃1, ξ̃2, ξ̃3, namely

∇DX̃b = $c
b(D)X̃c, ∇D ξ̃α = $τ

α(D)ξ̃τ , D ∈ Γ(TM).

Consequently, we have

∇DXb = ωcb(D)Xc = [D(oab ) + odb$
a
d(D)](o−1)caXc,

∇Dξβ = ωτβ(D)ξτ = [D(oαβ) + oνβ$
α
ν (D)](o−1)ταXτ

Since the Biquard connection preserves the splitting H ⊕ V , the existence of a Fermi
normal frame along γ(t) is equivalent to the existence of a smooth solution to the system

[D(oab ) + odb$
a
d(D)]|γ(t) = 0, [D(oβα) + oτα$

β
τ (D)]|γ(t) = 0.

A smooth solution to this system on a small neighborhood along γ(t) exists, see e.g., [26,
Theorem 3.1]. Clearly, the solution oab belongs to Sp(n), oab ∈ Sp(n) since the connection
1-forms belong to the Lie algebra sp(n) and the solution oβα ∈ Sp(1) because the connection
1-forms are in the Lie algebra sp(1). �
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Birkhäuser Verlag, Basel, 2006.
[27] S. Ivanov, I. Minchev, and D. Vassilev. The qc yamabe problem on 3-sasakian manifolds and the quater-

nionic heisenberg group. arXiv:1504.03142.



BONNET-MYERS FOR QUATERNIONIC CONTACT STRUCTURES 21

[28] S. Ivanov, I. Minchev, and D. Vassilev. Quaternionic contact einstein manifolds. to appear in Math.
Research Letters (2015); arXiv:1306.0474.

[29] S. Ivanov, I. Minchev, and D. Vassilev. Extremals for the Sobolev inequality on the seven-dimensional
quaternionic Heisenberg group and the quaternionic contact Yamabe problem. J. Eur. Math. Soc.
(JEMS), 12(4):1041–1067, 2010.

[30] S. Ivanov, I. Minchev, and D. Vassilev. The optimal constant in the l2 folland-stein inequality on the
quaternionic heisenberg group. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 11(3):635–662, 2012.

[31] S. Ivanov, I. Minchev, and D. Vassilev. Quaternionic contract Einstein structures and the quaternionic
contact Yamabe problem. Mem. Amer. Math. Soc., 231(1086):vi+82, 2014.

[32] S. Ivanov, A. Petkov, and D. Vassilev. The sharp lower bound of the first eigenvalue of the sub-Laplacian
on a quaternionic contact manifold. J. Geom. Anal., 24(2):756–778, 2014.

[33] S. Ivanov and D. Vassilev. Conformal quaternionic contact curvature and the local sphere theorem. J.
Math. Pures Appl. (9), 93(3):277–307, 2010.

[34] S. P. Ivanov and D. N. Vassilev. Extremals for the Sobolev inequality and the quaternionic contact Yamabe
problem. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2011.

[35] F. Jean. Control of nonholonomic systems: from sub-Riemannian geometry to motion planning. Springer
Briefs in Mathematics. Springer, Cham, 2014.

[36] R. Montgomery. A tour of subriemannian geometries, their geodesics and applications, volume 91 of
Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2002.

[37] S. B. Myers. Riemannian manifolds with positive mean curvature. Duke Math. J., 8:401–404, 1941.
[38] S.-i. Ohta. On the measure contraction property of metric measure spaces. Comment. Math. Helv.,

82(4):805–828, 2007.
[39] L. Rifford. Sub-Riemannian geometry and optimal transport. Springer Briefs in Mathematics. Springer,

Cham, 2014.
[40] L. Rizzi and P. Silveira. Sub-Riemannian Ricci curvatures and universal diameter bounds for 3-Sasakian

manifolds. ArXiv e-prints, Sept. 2015.
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