A BONNET-MYERS TYPE THEOREM FOR QUATERNIONIC
CONTACT STRUCTURES

DAVIDE BARILARI’” AND STEFAN IVANOV?*

ABSTRACT. We prove a Bonnet-Myers type theorem for quaternionic contact manifolds
of dimension bigger than 7. If the manifold is complete with respect to the natural sub-
Riemannian distance and satisfies a natural Ricci-type bound expressed in terms of deriva-
tives up to the third order of the fundamental tensors, then the manifold is compact and
we give a sharp bound on its sub-Riemannian diameter.
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1. INTRODUCTION AND MAIN RESULTS

Bonnet-Myers theorem is classical among comparison theorems in Riemannian geometry
[37]. It states that, if the Ricci curvature of a complete d-dimensional Riemannian manifold
(M, g) is bounded below by (d — 1)k > 0, then the manifold M is compact and its diameter
is at most 7/\/k.

Several generalizations of this theorem, in variuos smooth settings (and even in the non-
smooth one of metric measure spaces, see for instance [38]) have been recently investigated,
introducing suitable notion of curvature or Ricci bound. Among these, different versions of
Bonnet-Myers theorem have been obtained in the setting of sub-Riemannian geometry (cf.
discussion in Section .

Recall that a sub-Riemannian structure (D, g) on a smooth, connected manifold M of
dimension d > 3 is defined by a vector distribution D of constant rank k& < d and a smooth
metric g assigned on D. The distribution is required to satisfy the Hérmander condition, or
to be bracket-generating, that means

(1> span{[le, [Xj27 [ R [ij—lej ]m(‘r) ‘ m > 1} =T, M, Vo € M,

for some (and then any) set X1,..., X € I'(D) of local generators for D.
Given a sub-Riemannian structure on M, the sub-Riemannian distance is defined by:

dsr(z,y) = inf{l(y) [ ¥(0) = 2, ¥(T) =y, v horizontal}.
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2 BONNET-MYERS FOR QUATERNIONIC CONTACT STRUCTURES

where a Lipschitz continuous path v : [0,7] — R is horizontal if it satisfies §(t) € D) for
almost every ¢, and in this case we set

(0= [ oG

By the classical Chow-Rashevskii theorem (see for instance [0, Chapter 3]), the condition
implies that dgp is finite and continuous on M x M. We say that the sub-Riemannian
manifold is complete if (M, dsg) is complete as a metric space.

A sub-Riemannian Bonnet-Myers theorem states, under suitable curvature conditions,
that the manifold M is compact and gives a bound on its sub-Riemannian diameter. For
more details on sub-Riemannian geometry we refer to classical references such as [16, [36]
and the more recent ones [0 [35] [39].

Remark 1. Notice that if the sub-Riemannian structure is defined as the restriction of a
Riemannian metric g on M to a distribution D, in general the sub-Riemannian diameter
is bigger than the Riemannian one. Thus, even if one is able to control the Riemannian
curvature of (M, g) and apply a classical Bonnet-Myers theorem, one can prove compactness
of M, but has no a priori estimate on the sub-Riemannian diameter.

In this paper we focus on quaternionic contact structure. A quaternionic contact (qc)
structure, introduced in [I7], appears naturally as the conformal boundary at infinity of the
quaternionic hyperbolic space. The qc structure gives a natural geometric setting for the
quaternionic contact Yamabe problem, [23] 43, 31, 29]. A particular case of this problem
amounts to find the extremals and the best constant in the L? Folland-Stein Sobolev-type
embedding, [2I] and [22], with a complete description of the extremals and the best constant
on the quaternionic Heisenberg groups [29] 30} 27].

A quaternionic contact structure carry a natural sub-Riemannian structure with a codi-
mension three distribution. Curvature conditions are expressed in terms on bounds on stan-
dard curvature tensors of quaternionic contact geometry. These conditions can be expressed
only in terms of sub-Riemannian quantities (cf. Theorems [1|and [2|) and are obtained through
the computation of the sub-Riemannian coefficients of the generalized Jacobi equation, first
introduced in [9, [44] and subsequently developed in [I1, 10, [6].

1.1. Quaternionic contact structure. A quaternionic contact manifold (M,Q,g) is a
(4n + 3)-dimensional manifold M with a codimension-three distribution D equiped with
Sp(n)Sp(1) structure. Explicitly, the distribution D is locally described as the kernel of a
1-form n = (n1,m2,m3) with values in R? together with a compatible Riemannian metric g
and a rank-three bundle QQ consisting of endomorphisms of D locally generated by three
almost complex structures I, Io, I3 : D — D satisfying the identities of the imaginary unit
quaternions. Namely, if {«, 5,7} is any cyclic permutation of {1,2,3} we have

(2) Iolg=—Igly =1, I}=1I5=1I=I,03l, = —id,.

Moreover I, I, I3 are compatible with the metric g, in the following sense: for every a =
1,2,3 and X,Y € D we have

91X, 1Y) =g(X,Y), 20(I,X,Y) = dno(X,Y).

From the sub-Riemannian view-point, these structures are fat, i.e. for any non zero section
X of D, TM is (locally) generated by D and [X,D]. This is a direct consequence of the
quaternionic relations of the almost complex structures. For completeness a proof is given
in Section [2l The fat condition is open in the C! topology, however it gives some restriction
on the rank k of the distribution (for example dim M < 2k — 1, [36], Prop. 5.6.3]).

Ezample 1 (Quaternionic Hopf fibration). A classical example of quaternionic contact struc-
ture is the quaternionic Hopf fibration

(3) S 4 L P, n> 1.
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Here D = (kerm,)"’ is the orthogonal complement of the kernel of the differential of the
Hopf map 7, and the sub-Riemannian metric is the restriction to D of the standard round
metric on S**3. The sub-Riemannian distance on the quaternionic Hopf fibration can be
computed explicitly and its diameter is 7, as it is proved in [I5]. This example is one of the
simplest (non-Carnot) sub-Riemannian structures of corank greater than 1, and is included
in the sub-class of 3-Sasakian structures.

Ezample 2 (Quaternionic Heisenberg group). An example of quaternionic contact structure
that is not 3-sasakian is the quaternionic Heisenberg group. It is defined as

RT3 — H" @ Im(H)

endowed with the group law
1
(z,w) - (¢, w) = (z + 2w+ w + 2Im(z2’)> .

If we take D = H™ (which has dimension 4n) with the standard Euclidean metric, it easy to
see that it is bracket generating and defines a quaternionic contact structure.

1.2. Biquard connection, torsion and curvature. On a qc manifold of dimension 4n+3
with n > 2 with a fixed metric g on the horizontal distribution D there exists a canonical
connection, called Biquard connection, defined in [I7]. Biquard shows that there exists a
unique supplementary subspace V to D in T'M and a unique connection V with torsion T,
such that:
(i) V preserves the decomposition H @ V and the Sp(n)Sp(1) structure on D, Vg = 0,
Vo € T'(Q) for o € T(Q), and its torsion on D is given by T'(X,Y) = —[X, Y]y;
(ii) for £ € V, the endomorphism T'(¢,.);p of D lies irﬂ (sp(n) @ sp(1))* C gl(4n);
(iii) the connection on V is induced by the natural identification ¢ of V' with the subspace
sp(1) of the endomorphisms of D, i.e., Vi = 0.
When the dimension of M is at least eleven, [I7] shows that the supplementary wvertical
distribution V is (locally) generated by three Reeb vector fields &1,&2, &3 determined by the
conditions

(4) %(5,8) = 50467 (gaJdna)hg =0, (gaJdnﬂ)\D = —(5,84d77a)\p,

where _ denotes the interior multiplication: more explicitly X & = ®(X,-) where X is a
vector field and @ is a differential 2-form.

Remark 2. In this paper we restrict our attention to quaternionic contact structure of di-
mension strictly bigger that seven. If the dimension of M is seven Duchemin shows in [20]
that if we assume, in addition, the existence of Reeb vector fields as in , then the Biquard
result holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure
satisfying (4). This implies the existence of the connection with properties (i), (ii) and (iii)
above.

The fundamental 2-forms w, of the qc structure are defined by
2Wa|D = dna|Da §awa =0, eV,

The torsion restricted to D has the form
3
T(X,Y)=~[X,Y]y =2 wa(X,Y)&.
a=1
The properties of the Biquard connection are encoded in the torsion endomorphism
T(&,.)p- It is completely trace-free, tr(T'(§,.)p) = T'(&,.)jpola = 0 and can be decomposed

into symmetric and skew-symmetric parts, T'(§q, -)jp = T%(&q, Jip + Lau, respectively where

lthe perpendicular is computed with respect to the inner product (A|B) = Z?:l g(A(e;), B(es)), for
A, B € End(H).
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u is a traceless symmetric (1,1)-tensor on D which commutes with Iy, Is, I3, see [17]. When
n = 1 the tensor u vanishes identically and the torsion is a symmetric tensor, T = T§0 .

The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors 79 U on D defined in
having the properties determine completely the symmetric and the skew-symmetric
parts of torsion endomorphism, respectively [31] (cf. and in the Appendix.)

The gc-Ricci tensor Ric and the normalized qc-scalar curvature S of the Biquard connec-
tion are defined with the usual horizontal traces of the curvature of the Biquard connection
(cf. in the Appendix.)

A gc structure is said to be qc-Finstein if the horizontal qc-Ricci tensor is a scalar multiple
of the metric. As shown in [31, 28] the qc-Einstein condition is equivalent to the vanishing
of the torsion endomorphism of the Biquard connection. In this case S is constant and
the vertical distribution is integrable. It is also worth recalling that the horizontal qc-
Ricci tensors and the integrability of the vertical distribution can be expressed in terms of
the torsion of the Biquard connection according to in the Appendix (see [31], cf. also
[29, 33, 32]) .

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is locally true
if in addition the gc scalar curvature is a positive constant [31].

1.3. Main results. Our main result reads as follows, in terms of the qc Ricci tensor and
the curvature tensor associated with the Biquard connection.

Theorem 1. Let (M, g,Q) be a 4n+3-dimensional complete gc manifold withn > 1. Assume
that there exists a constant £ > 0 such that

3
(5) Ric(X,X)—ZR(X,IaX,IaX,X)24(n—1)n, VX eD.
a=1
Then (M, g,Q) is compact manifold with finite fundamental group, and its sub-Riemannian
diameter is not greater than 7/+/k.

Remark 3. The bound on the sub-Riemannian diameter given in Theorem [I] is sharp since
the equality is attained for the quaternionic Hopf fibration, where x can be chosen equal to
1 and the sub-Riemannian diameter is 7 (cf. Example [I| and Remark . Moreover, since
R(X, X, X, X) = 0, the left hand side in is indeed a trace on a 4(n — 1)-dimensional
subspace of D.

Theorem [I] can be also restated as follows, in terms of the horizontal part of torsion tensors
and scalar curvature.

Theorem 2. Let (M, g,Q) be a 4n+3-dimensional complete gc manifold withn > 1. Assume
that there exists a constant k > 0 such that

(6) 2nT(X, X) + (4n —8)U(X,X) +2(n—1)S > 4(n—1)x, VX e€D.

Then (M, g,Q) is compact manifold with finite fundamental group, and its sub-Riemannian
diameter not greater than 7/+/k.

The proofs of Theorems [I] and [2] are given in Section f] We stress that, thanks to the
results in [31] and the proof of [34, Theorem 4.2.5], the condition (6]) can be rewritten only
in terms of the qc structure and its Lie derivatives.

Proposition 3. Let {X1,..., X4} be a local orthonormal basis for D and {a, B,7} be any
cyclic permutation of {1,2,3}. We have the following relations:

(i) The symmetric part of the torsion endomorphism is determined entirely by the Lie
derivative of the metric

3
TUEXY) = sLeg(X V), TUX,Y) = 13 (£e,) (X, Y)
a=1
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(ii) The skew-symmetric part of the torsion described by U satisfies

1 1
UX.Y) =19((Le,To) X 1Y) = 29((Le, L) X, Y)

1 4n
+ % Zg((ﬁéﬁja)ITXia Xl)g(X? Y)a
=1

(iii) The normalized qc scalar curvature is written as

1 In
S = dna(gﬂv ‘57') - dn‘r(gaa ‘5,3) - dnﬁ(g‘r, ga) - % Zg((ﬁﬁﬁla)ITXia Xz)
=1

Remark 4. We note that Theorems[I] and [2] generalize Bonnet-Myers results for the sub-class
of qc manifold with integrable vertical space obtained in [24] simplifying considerably the
Bonnet-Myers positivity condition and giving moreover explicit diameter bounds.

Remark 5 (3-Sasakian case). Assume that the qc manifold is 3-Sasakian. In this case, we
have from [31, Corollary 4.13] and [31, Theorem 3.12] that

" =U =0, S =2.

Therefore, @ is satisfied with x = 1 and we recover the universal diameter bound for 3-
Sasakian manifold, established in [40]. The diameter bound is attained for the quaternionic
Hopf fibration (cf. Example [1).

Notice that in [40] the authors use curvature tensors RY associated with the Levi-Civita
connection. Using the relation between RY and the curvature tensor R associated with the
Biquard connection (see [31], Corollary 4.13]) we have

3 3
Y R(X,I.X,1,X,X)=)Y RI(X,[,X,[,X,X)+9=12,

a=1 a=1

where we apply the identity >°°_; RI(X, I, X, I, X, X) = 3, valid for 3-Sasakian manifolds,
and proved in [42, Prop. 3.2].

We also state the following interesting corollary of Theorem [2] when n = 2.

Corollary 4. Let (M, g,Q) be a 11-dimensional complete qc manifold. Assume T° =0 and
S > 2k >0, then M is compact with sub-Riemannian diameter not greater than m/+/k.

We note that qc manifolds with 79 = 0 are characterized with the condition that the
almost contact structure on the corresponding twistor space is normal, see [19].

1.4. Relation with previous literature. Other sub-Riemannian Bonnet-Myers type re-
sults are found in the literature, proved with different techniques and for different sub-
Riemannian structures. The three dimensional contact case has been considered using second
variation like formulas in [41] (for CR structures) and in [25]. In [12] and [I3], a version of
Bonnet-Myers has been proved using heat semigroup approach for Yang-Mills type structures
with transverse symmetries and Riemannian foliations with totally geodesic leaves, respec-
tively. Using Riccati comparison techniques for 3D contact [7], 3-Sasakian [40] and general
contact sub-Riemannian structure [I]. See also [I1] for a general approach to sub-Riemannian
Bonnet-Myers theorem through curvature invariants.

A compactness result, obtained by applying Riemannian classical Bonnet-Myers theorem
to a suitable Riemannian extension of the metric (cf. Remark [1]) is obtained in [I4] for contact
manifolds and in [24] for quaternionic contact manifolds with integrable vertical space.
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1.5. Structure of the paper. In Section[2]we recall some results about the sub-Riemannian
Jacobi equation and the curvature invariants. In Sections[3]and [4] we carefully compute these
invariants for quaternionic contact structures and express them with respect to standard
tensors of quaternionic contact geometry. To perform these computations, we introduce
a generalized Fermi frame along the geodesic. In Section [b| we use these computations to
prove the Bonnet-Myers theorem. Appendix [A]resumes geometric properties of quaternionic
contact structures.

2. CURVATURE OF SUB-RIEMANNIAN QC STRUCTURES

In this section we resume the basic facts on sub-Riemannian geodesic flows and curvature
needed to prove our results. For a more comprehensive presentation we refer the reader to
[6, 1T, 10].

2.1. Quaternionic contact sub-Riemannian structures are fat. A sub-Riemannian
structure is said to be fat if for any non zero section X of D, TM is (locally) generated by
D and [X,D]. This is equivalent to show that for every non zero horizontal vector X € D
the following map is surjective

Lx:D—TM/D, Lx(Y):=[X,Y] modD

Notice that the map Lx is tensorial, in the sense that for each x € M the value of [ X, Y](z)
mod D, depends only on X (z) and Y (z). Moreover dimT,M /D, = 3. The fat property
follows from the following linear algebra observation.

Lemma 5. The vectors {Lx(IoX)}a=123 are linearly independent in T, M /D,.

Proof. Let us start by showing that, for every non zero horizontal vector X € D the four
vectors X, 1 X, [ob.X, I3 X are mutually orthogonal. First notice that for every 7 = 1,2, 3 and
every horizontal vector X € D one has

(7) 9[- X, X) = dn(X, X) = 0.
Moreover, if {a37} is a cyclic permutation of {123}, thanks to (2)) and (7)), one has for a # 3
9T X, I3X) = —g(X, I13X) = —g(X, I, X) = 0.

To prove that the sub-Riemannian structure is fat it is sufficient to show that the image
through Lx of the vectors IgX for f =1,2,3 is a basis of T, M/D,, for every x € M. This
is equivalent to say that for every X the matrix Qu5 = 1.(Lx([gX)) is invertible, which
follows from

Qg =N (Lx(IpX)) = —dna(X, 1X) = —2g(1a X, [3X) = —20059(X, X). O

2.2. Sub-Riemannian geodesic flow. Sub-Riemannian geodesics are horizontal curves
that are locally minimizers for the length (between curve with same endpoints). The sub-
Riemannian Hamiltonian H : T*M — R is defined as

1 . 2 *

>IN X)?, \eT*M,

H()\) = 5
i=1

where X,..., X} is any local orthonormal frame for D and (\,v) denotes the action of a
covector A € TY M on a vector v € T, M, based at x € M. Let o be the canonical symplectic
form on T*M. The Hamiltonian vector field H is defined by the identity o(-, ) = dH.
Then the Hamilton equations are

(8) Mt) = H(D)).-

Solutions of (8]) are called extremals, and one can prove that their projections y(t) := m(A(¢
on M are geodesics [5, Chapter 4]. The Hamiltonian H is constant along an extremal A(
and we say that the extremal is length-parametrized if H(A(t)) = 1/2.

)
t)
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Since the sub-Riemannian structure defined on the qc¢ manifold is fat, any minimizer can
be recovered uniquely in this way. This statement is not true in full generality, since there
can exist minimizing trajectories might not satisfy the Hamiltonian equation ({8]). These
trajectories are called abnormal minimizers and are related to the main open problems in
sub-Riemannian geometry (see for instance [4] for a discussion).

2.3. Jacobi equation revisited. Given an extremal A(¢) of the sub-Riemannian Hamil-
tonian flow and a vector field V (¢) along A\(¢) we define

_ 4
B de e=0

the Lie derivative of V in the direction of H. A vector field J(t) along A(t) is a sub-
Riemannian Jacobi field if

V(t) : e AV (t 1 e).

(9) J =0.
If M has dimension d, the set of solutions of @D is a 2d-dimensional vector space. The
projections m,J (t) are vector fields on the manifold M corresponding to one-parameter
variations of v(t) = w(A(t)) through geodesics. In the Riemannian case, this coincides with
the classical construction of Jacobi fields.

Next, let us write @ using the symplectic structure o of T*M. Observe that on T*M
there is a natural notion of vertical subspace at A € T* M, namely

Wy = ker |y = Th (T M) C TN(T*M).
Then V is a smooth (Lagrangian) sub-bundle of T'(T*M). If one considers the frame E; =

Op; Ay, and Fj = Oy, |5@) induced by coordinates (x1,...,24) on M, then the vector field
J (t) has components (p(t), z(t)) € R??, that means

d
T(t) =D pi(t)Ei(t) + zi(t) Fy(t).
i=1

and the elements of the frame satisfy the equation

(10) d (B _ (Alt) -B(t) E)

dt \F) \R(t) —A@)")\F)’
for some smooth families of d x d matrices A(t), B(t), R(t), where B(t) = B(t)* and R(t) =
R(t)*. The structure of follows from the fact that the frame is Darboux, namely

O'(Ei,Ej) :U(E,Fj) :O'(EiaFj)_5ij :O, Z,j = 1,...,d.

The idea is then to look for a suitable Darboux frame {F;(t), Fi(t)}%_; along A(t) such
that the equations above are in normal form.

2.4. Curvature coefficients in quaternionic contact. The normal form of the sub-
Riemannian Jacobi equation has been first studied by Agrachev-Zelenko in [2, 3] and
subsequently completed by Zelenko-Li in [44]. In particular, there exist a normal form of
where the matrices A(t) and B(t) are constant. Here we give an ad-hoc statement for
quaternionic contact sub-Riemannian structures, following the notation and the presentation
of [10].

Remark 6. It is convenient to split the set of indices 1,...,4n+3 into three subsets a, b, ¢ with
cardinality |a| = |b] = 3 and |¢| = 4n — 3. The index a parametrizes the three-dimensional
complement to the distribution, while b and ¢ together parametrize the set of indices on the
distribution.

This splitting is related to the fact that the Lie derivative Lx : Dy — T,M /D, in the
direction of a nontrivial horizontal vector X € D, induces a well defined, surjective linear

W

map with 3-dimensional image (the “a” space) and a 4n — 3-dimensional kernel (the “c”
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space). The orthogonal complement of the kernel within D, is a 3-dimensional space (the
“b” space).
Accordingly to this decomposition, any (4n+3) x (4n+3) matrix L is written in the block

form
Laa Lab Lac
L=1Loa Lo Lpc|,
Lca ch Lcc

with similar notation for row or column vectors.

Theorem 6. Let A\(t) be a sub-Riemannian extremal of a gc sub-Riemannian structure.
There exists a smooth moving frame along \(t)

E(t) = (Ea(t), Ey(1), Ec(1))",  F(t) = (Fa(t), Fy(t), Fe(t))",
such that the following holds true for any t:

(i) span{E,(t), Ep(t), Ec(t)} = V-
(ii) It is a Darboux basis, namely

o(E,E) =0(F,,F)=0(E,F,)— 06, =0, W, v =a,b,c.

(iii) The frame satisfies the structural equations

E, = By, Ey = —F, E.=-F,
Fo= Y Rau(t)E,, =Y Ryt)E,—F, Foy= Y Reu(t)E,.
pu=a,b,c pu=a,b,c pu=a,b,c

where the curvature matriz R(t) = R(t)* is

Raa(t) Rab(t) Rac(t)
R(t) = | Rea(t) Run(t) Rec(?) |,
Rca(t) Rcb(t) RCC(t)
and satisfies the additional condition Rap(t) = —Rap(t)*.

Remark 7. If we fix another frame {E(t), F(t)} satisfying (i)-(iii) for some matrix R(¢), then
there exists a constant n x n orthogonal matrix O that preserves the structural equations
and such that

E(t)=OE(t), F(t)=O0F(t), R(t)=O0R(t)O"
For more details about the uniqueness of this frame we refer the reader to [10].
2.5. Ricci curvature and Bonnet-Myers theorem. We can state now a corollary of the

general results obtained in [I1] (an analogue statement of the one mentioned here is [40]
Thm. 5]) that gives a Bonnet-Myers type theorem that we will use to prove our results.

Theorem 7. Let (M, D, g) be a complete gc sub-Riemannian manifold. Assume that there
exists k > 0 such that for any length-parametrized extremal \(t) one has

tr(Ree(t)) > 4(n — 1)k,
Then M is compact and its sub-Riemannian diameter is bounded by w/\/k. Moreover M has

finite fundamental group.

In the following sections we will compute the quantity tr(R..(t)) for every sub-Riemannian
extremal on a gc manifold and deduce the main theorems stated in the Introduction.

3. STRUCTURAL EQUATIONS FOR THE COORDINATE FRAME

In what follows latin indices i,7j,k,... belong to {1,...,4n} and Greek ones a, 3, 7,...
belong to {1,2,3}, corresponding to quaternions (following the same quaternionic indices
notation of Appendix .

We start by choosing a convenient local frame on M, associated with a given trajectory.
Here {X1,...,X4n} will denote a local orthonormal frame for the metric g on D.
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3.1. Fermi frame. Given a geodesic y(t) = m(A(t)), we define a convenient local frame on
M which is an application of a standard result in differential geometry, called Fermi normal
frame along a smooth curve.

Lemma 8. Given a geodesic ¥(t), there exists a Q-orthonormal frame, i.e., a horizontal
frame X;, 1 € {1,...,4n}, and vertical frame &, o = 1,2,3 in a neighborhood of ¥(0), such
that for all a, p € {1,2,3} and i,j € {1,...,4n},

(i) the frame is orthonormal for the Riemannian metric g + 3> 4 7]%,

(i) VxiXjlyo) = Ve Xjlvn = Vxilslyo) = Vealplyn = 0.
In particular, for all o, B, 7 € {1,2,3} and 1,5 € {1,...,4n}

(Vx, 1) X5) vy = (VxiLa)8p) vty = (Ve La) X)) ey = (VegLa)ér) )
The proof of this Lemma is postponed to Appendix

3.2. Commutator relations and Poisson brackets. Fix {X;, Xo,... , X4,} a horizontal
frame and &, for a = 1,2, 3 vertical frame and introduce the momentum functions wu;, v, :
T*M — R defined by

uz()\):<>\,Xl>, izl,...,4n,

va(N) = (N &), a=1,23.
The momentum functions define coordinates (u,v) on each fiber of T*M. In turn, they
define local vector fields 0, and 0, on T*M (satisfying 7.0y, = 0y, = 0). Moreover, they
define also the Hamiltonian vector fields #; and ¢,. The Hamiltonian frame associated with

{&a, Xi} is the local frame on T*M around A(0) given by {0y,, Oy, , Ui, Ua }-
The sub-Riemannian Hamiltonian and the corresponding Hamiltonian vector field are

1 an an
H = §Zu,ul, H = Zuzﬁ,
i=1 =1

We will use the short notation a8 = 7, where «, § = 1, 2, 3, for the quaternionic multiplica-
tion. The following 3 x 3 skew-symmetric matrix contains the vertical part of the covector:

V = Vag = Vap = Uavg
with the convention v,2 = —v; = 0 which is the standard identification R? = s0(3).

Remark 8. For functions f,g € C*°(T*M), the symbol {f, g} denotes their Poisson bracket.

The symbol f always denotes the Lie derivative in the direction of H. We make systematic
use of symplectic calculus (see for instance [8] for reference).

In what follows, we fix a geodesic y(t) with corresponding lift A(¢) and a Fermi frame
associated with it and given by Lemma |8 Repeated indices are implicitly summed over.

Lemma 9 (Commutators). We have the following identities

[X Y] ga) = *dna(Xv Y) = *29(IaXa Y)

[va]v ) - g(VXK Z) - g(vYXv Z)

[5047X]7€5) = dna(fﬂvX) = —d%(fa,X) = _g(vaouéﬂ)-

[5047 X],Y) = —T(fa, X, Y) + g(vﬁaXa Y)

[£a7£5]7§"/) = —dm(fa,&) = Sg(éafhgv) + g(V§a§57§7) - g(vfafmf’y)
([€a: €8], X) = pap([X,&p) = pas(laX;Ea)

(a) g([X,Y],8a) = —dna(X,Y) = —29(1a X, Y)
(b) 9([X,Y],Z2) =0

(C) g([gavX]agﬁ =

(d) 9([€a, X],Y) = =T (&, X,Y)

(e) g([gaagﬁ]afw) = _dnv(gaafﬁ) Sg(gaﬁ §'y)
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(f) g([fa,ﬁg],X) = paﬁ(IﬁX7 5,3)

Proof. 1t is obtained by a direct computation by combining the definition and the properties
of the torsion of the Biquard connection and using the choice of Fermi frame. O

As a consequence of the previous identities we compute the following Poisson brackets of
momentum functions.

Lemma 10 (Poisson brackets). The momentum functions wu;, v, have the following proper-
ties:

(@) {va, ui} = dna(&r, Xi)vr + (=T (Sar Xiy X)) + 9(Ve, Xi, X)) ur,

(b") {va,vg} = —dnr(§ar €p)vr + pap(Ip Xk, Ep)us,

() {ui,ujt = —29(1- Xi, Xj)vr + g(Xg, [Xi, Xj])ug
Moreover, when evaluated along the extremal A(t), one has

( ) {Uonuz} = _T(fom i ');

( ) {Uonvﬁ} = _dnT(gouf,B)UT +pa,3(Iﬁ'7 5,3) Sg(faﬁ,gr)vv' "‘paﬂ(lﬁ’;}/vgﬁ),
(c) {Uuuj} = —2g9(I; Xi, Xj Jur.

(d) Ouy{uiuj} =0,

() Ovo{uisuj} = —29(1aXi, Xj),

Proof. Let us prove, as an example, formula (c’).
{ui, uj} = vag(€a, [Xi, Xj]) + urg (X, [Xi, X;])
= —vadna(Xi, Xj) + ukg(Xg, [Xi, Xj]) = —2v09(LaXi, Xj) + upg( Xy, [Xi, Xj]).

The last term vanishes when evaluated along the extremal, thanks to the properties of Fermi
frame. Other formulas follows analogously. O

Lemma 11 (Some arrows). We have the following expressions along the extremal
=
(&) {ui,ujp = —29(1aXi, X;)Ua — up Xeg([Xi, X;], Xi)Ou, — u€pg([Xi, X;], Xi) O,
(b) {vayart = —T(Eas Xi Xp )it — K00, — J20

’U[37
where we set

(11) K. o= v, Xodna (&0, Xi) — un XoT (€ay Xiy X1) + ue Xeg(Ve, Xi, Xi),
Jgi = U-rgﬂdna(gﬂ Xz) - Uk&BT(gou Xi, Xk) + ukﬁﬁg(vgaXi, Xk;)

Proof. To prove (a) one computes

{ui, vy ; = —29(1aXi, Xj)Ua + uhg( XX X)) — 2009(10Xi, X j + urg (X, [Xi, X;])
= _2g(¢aXia Xj Vg + QUQMaug + QUamavT

— up Xog( X, [ Xi, Xj1)Ou, — wilrg(Xi, [ Xi, X;])00.,

where the barred terms vanishes by Fermi frame. Similarly for (b) one gets
{va ui} = dno(&r, Xi)vr + (=T (€ar Xi, Xi) + 9(Ve, Xi, X))
= 7 X)Ur + (=T (6o, Xi, Xi) + 9(VeaXm Xy))
+ dna(&r, Xihvr + (=T (€as X, Xi) + 9(Ve, Xi, X)) s
T (€ Xi, Xp )iy, — K200, — J250,,

again the barred terms vanishes by Fermi frame. The expression of the coefficients K f;i and
JB are obtained from direct computations. Il

Lemma 12. Let va(t) = (A(t),&alqy(r)), for a =1,2,3. Then, along the geodesic, we have
(12) Vi = —20a10.
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Proof. Indeed ~(t) = u;(t) Xily (), with u;(t) = (A(t), Xil4()). Then, suppressing the explicit
dependence on t one has
Vi = 4 X + wiup Vo X = {H, ui } X;
= up{uk, u; } X; = —2ukvag(Ia X, Xi) Xi = —2va9(1a7y, Xi) Xi = —2va107,
where the barred term vanishes along the trajectory thanks to the properties of Fermi frame.
O

3.3. Fundamental computations. The frame {9, d,, 4, U} is a basis of the tangent space
to T*M. We compute the differential equations of this frame along an extremal.

Lemma 13. Along the extremal A(t), we have

9, = 2A0,,
Oy = —i + GOy,
i@ =207 — 2A*T + B8, + DO,

= Li+ M8, + 2NJ,,

where we defined the following matrices, computed along A(t):

Apgi = g1y, Xs), 3 X 4n matriz,
Gia = =T (8o, ¥, Xi) 4n x 3 matriz,
Big := —ujup Xeg([X;, Xi], Xi) = R(Y, X¢, X3, )
Cij = vag(IaXi, Xj), 4n x 4n skew-symmetric matriz,
Dig := —ujur€pg([X;, Xi], Xp) = R(%, &8, Xi, )

1

1 .
Moy = Kfjuj,  Map = —2vrpc(Xp, ) + §(VXZTO)(IO<%7)7

N o
Naﬁ = Jaﬁjujv QNaB = _QUTPC(EB/)/) + §(V§ﬁT0)(Ia7,v).

in the last two formulas {a7(} is a cyclic permutation of {123}, or ( = at (as product of
quaternions).

Proof. By a direct computation we get (simplifications are due to Fermi frame properties)

Ovs = Uiy, Oug] = =00y (uj) 5 + iy, Ovy| = uj (U5, Oug ) (i) O, + [, Ovy ) (Va) Do,
= —u;Oys{Uj, Ui} Ou; — Oy Aty 00} O, = ujg(215 X5, Xi)Ou;, = 29(1p7y, Xi) O,
o = iy, Ou;] = —0u, (uj) iy + ujliiy, Ou,) = —il; — w0y Ay g Ouy — O, {5, Vo } O,
= —; — uiT (Eas Xj, Xi)Ou; (W) Qv = — 1 — T'(Eas 5 Xi)Ou,
i = g ) = ()i + ity @) = sy}t + (o, )
= 20a9(LaXi, X)) + 29(1aXi, ¥)Va + wjur Xeg([Xi, X;], Xi)Ou, + ujurépg([Xi, X;], Xi)Oug-
i = [y, 5] = ~ (s + w;it;, B5) = —{vg,0;}0; + u{uz, v}
= T(Es, X, Xp)ugil; +u; (g, 050
= T (&8, Xj, Xp)untly — uj[—T(€a, X, Xi) — KL j0u, — J;00,)
= [T(8, X5,4) + T(€p, % Xty + Kb juidu, + Jou;0,, O

Ou

The previous proof is completed thanks to the next lemma.

Lemma 14. In terms of Biquard curvature we have
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(a) Bip = —ujupXeg([X;, Xi], Xi) = R(¥, Xy, Xi,9)
(b) Dig = —ujurépg([X;, Xi], Xi) = R(¥,&5, X4, %)
(¢) Moo = —20:pc(X1,%) + 3(Vx,T°) (Lo, 7),
(d) 2Nag = —20:pc(€5,%) + 2(Ve, TO) (Ta: ),

where in the last two formulas {aT(} is a cyclic permutation of {123}.
Proof of Lemma [ We use classical tricks in curvature calculations
R(ﬁ/,XZ',Xg,"}/) = ukujg(VXkVXng — inVXkXK — V[Xk,Xi]Xfa Xj)
:W— Up U A7 VX, Xj) — ueu; Xig(Vix, Xe, Xj)
+ upujg (Ve X Vi XG) — urtjg(VigxgXe, X;)-

where the cancellation XX follows from properties of Fermi frame, while YX is due to the
identity u, Xkg(Vx,X¢, Xi) = 0 (notice that the last identity is the derivative in the direction
of 4(t) of the following one g(Vx, Xy, Xj)|y) = 0). Thus using that the torsion among
horizontal vector fields is vertical

R(’% Xla X€7 7) = _ukquZg(vXkau X])
= —upui Xig(Vx, X, Xj5) — wpu; X9 ([ Xk, Xo], X5).

On the other hand, the term ¢(Vx, X, X;) is skew-symmetric in k, j and we have a sym-
metric sum so the first term is zero and

R(Y, Xi, X¢, ) = —upuj X;9([ Xk, Xol, X;).
Along the same path one can show that
R(Y,8p, Xe. ) = —upu;§pg([ X, Xo], X;).
Applying , , we have
R(Y,&p, Xo,y) = (V3U) (I Xe, ) — i(WTO)(IﬁXe,"V)
VST (X ) + 5(Vx,T0) (T3, 9)
= 29(I+, Xo)pc (157, €p) + 29(1cy, Xe)or (157, €p),
where {7(} is a cyclic permutation of {123}. Further, we have using
Mae = KSyu; = wivy Xedno (&, Xi) — wiug XoT (Eay X, Xi) + wiug Xeg(Ve, Xiy Xi)

1
= —uv, X09(Vx,60, &) + Zuiuwxﬂo)[(faxi, Xi) + (Ia Xk, X;))]

. 1 ..
= ~20rp¢(X1,9) + 5 (Vx, T°) L4, ),

where {a7(} is a cyclic permutation of {123}, the skew-symmetric parts in 7 and k of the
first line are cancelled and the first term of the second line is evaluated as follows

ungg(VXiﬁa,éT) = ui.g(szin§0m §T) + uim
= ui9(Vx,Vx,&ar &) +uiR( Xy, Xi, €ay &7) +W

= 2pc(Xe,¥) + uiXi )

Similarly one gets the formula for N,g |
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4. SYMPLECTIC PRODUCTS AND CANONICAL FRAME

In this section, for n-tuples v, w of vector fields along A(t), the symbol o (v, w) denotes the
matrix o(v;, w;). Notice that o(v,w)* = —o(w,v) and that Lo(v,w) = (v, w) + o (v, ).
Moreover

o(Av, Bw) = Ao (v, w)B*.

where, for n-tuple of vectors v and a matrix L, the juxtaposition Lv denotes the n-tuple of
vectors obtained by matrix multiplication.

4.1. Derivatives of 0, and symplectic products of the coordinate frame. By a direct
computation one gets from Lemma [13| the following relations.

Lemma 15. Along the extremal, we have

Oy = 240,
d, = 240, + 2AGH, — 2A1,
Dy = (4AG + 2AG — 2AD)d, + (24 + 4AGA — 2AB)0,, + 4AA*T + (—4A — 4AC) @
= (4AG + 2AG — 2AD)0, + (2A + 4AGA — 2AB)0,, + 47 — 4(3V A 4 vi*)i
To prove the fourth equality we used and below. We then compute symplectic
products of the elements of the basis.

Lemma 16. The non-zero brackets between 0, , Oy, , Ui, Uy are
(a) o(0y,u) =1,
(b) o(0y,v) =1,
(c) o(t, u) = {ui,u;} = —2C,
(d) o(¥,7) = {va,vg} = SV + x,
(e) U(d’? 77) = {Ul‘,'l)a} =P,

where, according to ,
Xas = —PapIs7,€8) = pap(és, 1sY) = —9([£a’ 8] Y) = —XBas
and, thanks to ,
Pio = {ui;va} = T(a, Xiy¥) = T(&a ¥, Xi) +2U(1aXi,¥) = —Gia + 2U (1a X, ).
Lemma 17 (Several identities). We have the following identities
(13) AA* =1, Ay=0, Vo=0, AC=VA-vy", V?=w" ||,
(14) N =—=2A% = 2C%,

(15) A=2VA+ 205, A=2VA+ 209" — 4|jv|?A.

Proof. The identities follow directly from the definitions while ((14]) is precisely
written in terms of A, C' and v. For , working in the Fermi frame along -, we have

Api = {H, Agi} = uji(Api) = —u;jAgi(uy)
= u; Xi(g(LpY, X)) O, (u) + ;& (9(Ipy, Xi)) 0o, (1)
= u; X;(9(Ip¥, Xi)) = g(IsVsy, Xi) = —2vag(Ipla, Xi) = 2VgaAai + 207"
where we used to get the last equality. O
Corollary 18. We also have
(16) AA* =2V, AA*= -2V, ACA*=V, A+AC=3VA+vy*, V3=—|p|*V,

(17) A =2VA 205" —4|v]?PA, AA* = -2V —4|jv|*1
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Proof. The identities follow directly from and (15). For the first one in (17)), we
take the derivative of applying and to get that
A=2VA+2VA + 209" + 205" = 2VA + 2V (2V A + 20%%) + 207" — dvv* A
= 2VA +4(vv* — ||v]|*1)A + 205" — 4vv* A = 2V A + 205" — 4|v|* A.

The second identity in follows from the first one applying . O
Lemma 19 (Derivative of V). We have V # 0. In particular
(18) by =T(&, %, 9)-

In vector notation v = —G*4. In particular if TO = 0 then v =V = 0.
Proof. 1t easily follows by
Uy = {Ha UT} = Uj{ujyvr} = ujT(§T7Xj7;Y) = T(&’TW;)/?;Y)' 0

4.2. Computation of symplectic products. Now we deduce symplectic products of
derivatives of the vector 9, using Lemma [15] Lemma [16, Lemma [I7] and Corollary

Lemma 20. We have

(19) (D, 0y) =0, 0(8y,0p) =0, 0(0p,dy) =0, 0y, &y) = 41,

(20) 0(8y,0y) =0,  0(dy,d,) = —41, a(&,,'a' ) =24V, (D, d,) = —24V,

Proof. The identities ((19) and the first two ones in (20)) follow from Lemmau Lemma and

Lemma We calculate (D, o) = 2A(— 12VA 4v*y )= —24AA*V* — 8Ajv* = 24V
which proves the third one 1n_.. Differentiating the second identity in , one gets
0= 0(dy,0y) + (dy, §v) = d(dy,0y) + 24V which yields the third one in ([20)). O

4.3. Canonical frame. To compute R.. = o(F., F.), we need to compute the elements
of the canonical basis up to F.. The algorithm to recover them (following the general
construction developed in [44]) starts from identifying E, and then works as follows:

E,— Ey— Fy— E.— F. = Ree
The triplet F, is determined by the following four conditions:

(i) W*Ea =0,

(ii) mEe =0,
(iii) (Ea,E ) 1,
(iv) o(Eq, Eq) =0.

Items (i) and (ii) imply that there exists M € GL(3) such that E, = M9,. Condition (iii)
implies that M = O with O € O(3). Finally, (iv) implies that O satisfies the differential
equation

(21) O——Oo(ﬁva,a ) = %ov.

Its solution is unique up to an orthogonal transformation (the initial condition, that we set
0O(0) = 1). Using the structural equations together with , we have

E, = 300,
By =E, = %O(—gvau + ),
(22) Fy=—E, = —%O[(%VQ - gf/)av 3V, + )
Thus we can also compute
(23)  Fy=-10[((~ 27v3 + 27vv _ § )0, + 3(%&/2 _ ;V)a‘v _ gvév + ).

The next step is to compute E.. It is determined by the following conditions:
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((lg (EC,F) =1and o(E, I}) = o(E, Fa) =0,
(iil) T E, = 0.
For (i) we can write
(24) E.=Y8,+Wd,, F.=-E.=—(Y+2WA)3d,— (YG+W)d,+ Y4.
where Y is a (4n — 3) x 4n matrix and W is a (4n — 3) x 3 matrix.
To compute o(E., F¢.),0(E¢, Fy),0(E,, Fb) using , and , we need to know
7(0uy 00); 0D D)y 7(Duy Do)y 0(D0s Do), (Do, Do), (Do, By).
The only non-zero terms using Lemma |15 are given by:
0(8y, 0y) = —2A%,  0(dy,0,) = 41,
0 (D, 0y) = —4(A* + C*A*) = —4(3A*V* 4 40%).
For (ii), observing that o(E., F,) = 0 implies o(E,., },) = 0, we get
(25) YY*=1 = YA*=0, W=Y(A"+C*"A") =Y BAV* +4v*) = Yo"
We obtain from and
B =2(Y + WA+ YC)i.
Finally, using (iii) and the equality above, we get that Y must satisfy
(26) YV =-WA-YC=-Y(AA+CA* +C) = -Y({w* A+ O).
Using Lemma , and , we have
(27) W =YA0* 4+ YA0* + YA0" = —YAu*Adw* — Y Ciw* — 2Y A*ov* + YAT (&0, 74, 7)
=Y A 0"+ YT (&, %, 7) = YT (&, v-)

Observe that Y represents an orthogonal projection on D N span{l,¥, 157, IT"y}L. Then

Y'Y =1- A%A.
Substitute into the second equality of to get
(28) F,=(YC-WAd, — (YG+W)d, + Y.

We calculate from using Lemma , and that
(29) E.=(YC+YC-WA-WAD, —(YG+YG+W)d, +Yi
+(YC = WA) (=i + Gdy) — 2(YG 4+ W)AD, + Y (204 — 2A*T + B, + DI,)
= (YC+YC-WA-WA+YB-2YGA—-2W A))0,—(YG+YG+W Y CG+W AG—-Y D))d,
+ (V4 WA-—¥CT )il - 2¥AT
= (YC+YC’—WA—WA+YB—2YGA—2WA))8U—(YG+YG+W—YCG+WAG—YD))8,,,
where the cancellations in the fourth hne follow from and (| .
Applying Lemmau Lemma l and . we obtaln from ) and .
(30) Ree=0(F,, F)=(YC+YC -WA-WA+YB—-2YGA - 2WA)Y*
=YCY*+YCY* —WAY* - WAY* + YBY* — WAY™*
= - Y({w*AC + CC)Y* + YBY* —W(2VA + 205" )Y* + YCY*
~Y(30*AC + CO)Y* + YBY* — 2Y40*u3*Y* + YCY*
~Y (40*AC 4 CC — B +2||v|*4%* — C)Y*
—Y (30" (VA = v3") — [0]°1 = B+ 2l|o]244* - C)Y*
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=Y[B+C+ |[ol(1 =43y,
where we used C;j;Cji, = —vavg9(1aXi, I3 X)) = —||v][?1.
Lemma 21. (Derivative of C' along (t)) We have
Cri = —9(Lr X, Xi) T (&, 4.%)

Proof. By a direct computation
Cri = {H, Cri} = —u;Cri(u;) = —1; X (Vag(IaXr, X;) + 105, (vag(la Xk7X')v7(Uj)
= —va[9(V31aXp, Xi) + g(1a Xk, V5 X5)] = u;g(I- Xy, Xi)T (&7, X, )
= —9(I; X, Xi)T (7,9, 7) U

Finally we derive the following formula for the trace of the matrix R..

Lemma 22. We have
3

tr(Ree) = Ric(4,4) = D R, Lo, Ia¥, %) + 4(n — 1)|Jv]*.

a=1
Proof. Indeed, we obtain from ([30))
tr(Ree) = tr((B + C + |[v]|2(1 — 4%*))Y*Y)

= tr((B+C+ [v]*(1 —49"))(1 — A*A))
4an 3
=3 R(3, X, X3, ) Z Loy, Lo, ) + (4n — 4)] o]

=1 a=1
3
= Ric(%,4) = Y R(¥, In¥, In¥, 7) + 4(n — 1)||v]*.

a=1
where we used tr(C1) = 0 and
tr(CA*A) = CriAigAge = —T(&, 4, )91 X, Xi)g (L%, Xi)g(1s5, Xr)
=T, v, 7)9Up7, Ir1gy) = 0. O
5. PROOF OF THEOREMS [1] AND [2]

Theorem [I]is a direct consequence of Theorem [7] and Lemma [22] To prove Theorem [2] we
use the following Lemma to rewrite the condition in Theorem [T}

Lemma 23. We have the identity

(31) Ric(X,X) — ZS: R(X,1,X,I1,X,X) = 2nT%(X, X) + (4n — 8)U (X, X) + 2(n — 1)S.

a=1

Proof. Fix a unit vector X and set Y = Z = X, V = X into . One obtains the
following expression

3R(X, 1 X, X,X)+R(LX,X, 1 X,X)+ R(LX, [3X,1X,X) - R(I3X,LX,[1 X, X)
=2R(X, 1 X,[1 X,X)+2R(I,X,3X, [ X, X)
=4(T°X, X))+ T X, [1 X)) + 8U(X, X) +48.

Do the same for I, I3 and sum the obtained equalities, we obtain applying the first Bianchi
identity for the Biquard connection .

2R(X, [, X, [, X, X) + 2R(I,X, I;X, [1 X, X) + 2R(X, LX, LX, X)
+2R(I:X, [, X, [, X, X) + 2R(X, I X, I3X, X) + 2R(L X, [LX, I; X, X)

3
=23 R(X,I,X,[.X,X) +2b(I1 X, bX, [3X, X)
a=1
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3
= 4[3T°(X, X)+ Y T(I.X, IaX)] +24U (X, X) + 128
a=1

= 8T9(X, X) 4 24U (X, X) + 128.

From we have b([1 X, L X, I3X,X) = ZTO(X,X) —6U (X, X). Hence,
3
(32) Y R(X,I.X,IoX,X) =65 +4T°(X, X) + 12U(X, X) — 2T°(X, X) 4+ 6U (X, X)
a=1

=2T%(X, X) + 18U (X, X) + 6S.
and the first identity of combined with gives . O
Now, Theorem [2] follows from Theorem [I] and Lemma 23]

APPENDIX A. SOME TECHNICAL FACTS AND USEFUL IDENTITIES

Here we recall some properties of the torsion and curvature of the Biquard connection.
See also [17, 311 [33] 28, B2] for a comprehensive exposition.

A.l. Invariant decompositions. Any endomorphism ¥ of D can be decomposed with
respect to the quaternionic structure (Q, g) uniquely into four Sp(n)-invariant parts ¥ =
Y g+ 4 U=+ 4+ U~ where U commutes with all three I;, ¥~ commutes
with I; and anti-commutes with the others two, etc. The two Sp(n)Sp(1)-invariant compo-
nents are given by

\I’[g] = \IJ+++, \I’[—l] =yt + | + y——t,

They are the projections on the eigenspaces of the Casimir operator YT = I ® [; + b ®
I, + I3 ® I3, corresponding, respectively, to the eigenvalues 3 and —1, see [I8]. Note here
that each of the three 2-forms ws belongs to the [—1]-component and constitute a basis of
the Lie algebra sp(1).

If n = 1 then the space of symmetric endomorphisms commuting with all I, is 1-
dimensional, i.e., the [3]-component of any symmetric endomorphism ¥ on D is proportional

to the identity, W3 = —%idm.

A.2. The torsion tensor. The torsion endomorphism T = T'({,) : H - H, eV
will be decomposed into its symmetric part Tg0 and skew-symmetric part bg, Ty = T£0 + be.
Biquard showed in [I7] that the torsion T¢ is completely trace-free, tr T = tr Tz o I, = 0, its
symmetric part has the properties

TP I = —I,T0, L(To)" =NL(T9) ",
L(Tg) " = L(T) ™t L(T4) = LT .

The skew-symmetric part can be represented as b, = I,U, where U is a traceless symmetric
(1,1)-tensor on D which commutes with Iy, I, I3. Therefore we have T, = Tgoa + I, U.
When n = 1 the tensor U vanishes identically, U = 0, and the torsion is a symmetric tensor,
T = Tg . The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors on D

(33) T(X,Y) = g((T{ h + T + T I3)X,Y) and U(X,Y) = g(uX,Y)

were introduced in [31] and enjoy the properties

(34) T9X,Y) + TN X, YY)+ TY(IX, LY) + T°(I3X, 13Y) = 0,
UX,)Y)=U(LX,LY)=U(LX,Y)=U(I3X,I3Y).

From [33] Proposition 2.3] we have

(35) ATO(E0, X, Y) = =TI, X,Y) - T°(X,I,Y),
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hence, taking into account (35) it follows
1
(36) (6, X,Y) = = [T X, Y) + TO(X, LY)] + U(LX,Y).

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in
addition the qc-Einstein curvature (see (37)) is a positive constant [31].

A.3. Torsion and curvature. Let R = [V,V] — V[ | be the curvature tensor of V and
the dimension is 4n + 3. We denote the curvature tensor of type (0,4) and the torsion
tensor of type (0,3) by the same letter, R(A, B,C, D) := g(R(A,B)C,D), T(A,B,C) =
9(T(A,B),C), A,B,C,D € T'(TM). The gc-Ricci tensor Ric, normalized qc-scalar curvature
S, qc-Ricci forms p, of the Biquard connection are defined, respectively, by the following
formulas

4n an
Ric(4,B) =Y R(Xi,A,B,X;), 4npa(A,B)=> R(A,B,X;,1.X;),
i=1 b=1
(37) an 4n
8n(n+2)S =Y Ric(X;, Xi) = Y R(X;, Xi, X;, X;),
i=1 ij=1
where X1, ..., X4, is an orthonormal basis of D.

A qc structure is said to be qc-Einstein if the horizontal qc-Ricci tensor is a scalar multiple
of the metric, Ric(X,Y) = 2(n +2)Sg(X,Y).

As shown in [31], 28] the gc-Einstein condition is equivalent to the vanishing of the tor-
sion endomorphism of the Biquard connection. In this case S is constant and the vertical
distribution is integrable. It is also worth recalling that the horizontal qc-Ricci tensors and
the integrability of the vertical distribution can be expressed in terms of the torsion of the
Biquard connection [31] (see also [29, 33| [32]). For example, we have

Ric(X,Y) = (2n+2)T°(X,Y) + (4n + 10)U(X,Y) + 2(n + 2)Sg(X,Y),
Pa(X, IaY) = _% [TO(X> Y) + TO(IaXa Iay)} - QU(X’ Y) - Sg(Xv Y),

T(ga,fﬁ) = _SgT - [&-OmgﬂhH) S = _g(T(fla€2)7§3)a
9(T(&a,€8), X) = —pr(laX, &) = —pr (13X, §p) = —g([a, €8], X).
Note that for n = 1 the above formulas hold with U = 0.

(38)

A.4. Bianchi identity. We shall also need the first Bianchi identity and the general formula
for the curvature [31], 33, [34].
The first Bianchi identity for the Biquard connection reads
(89) BX,Y,Z,V)= Y R(X,Y,ZV)= Y {(VxD)(YV.2,V)+T(T(X.Y),Z,V)}
(X,Y,Z) (X,Y,Z)

3
= Y TTXY),ZV)=2 Y > g(IaX,Y)T (2, V).
(X.Y,Z) (XY, Z) a=1

where }° x y, 7y denotes the cyclic sum over {X,Y, Z} and we used that (VxT)(Y,Z,V) =0
for horizontal vectors.
We also have the identities, cf. [33, Theorem 3.1] or [34, Theorem 4.3.11],

(40) 3R(X,Y,Z,V)— R(ILX,LY,Z, V) - R(ILX,LY,Z, V) - R(I3X,13Y,Z,V)
= 2[g(V, 2)T°(X, V) + g(X, V)T(2,Y) = g(Z, X)T°(Y,V) = g(V.Y)T°(Z, X))

Zgj [walY, Z)TO(X, 1aV)+wa (X, V)TO(Z, 1Y ) ~wa(Z, X)TO(Y, V) ~wa(V, Y )T°(Z, 1. X)|

a=1
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3
Z [20a(X, V) (T2, 1V) =T (12, V) ) ~8a(Z, VU (I X, Y ) ~4Swa( X, Y Jwa(Z, V)]

(41) R(fa, XY, Z) = —(VxU)(IaY, Z) + wﬂ(X’ Y)p’T(IOéZ7 fa)
(XY palaZ ) — § [(VT)(InZ. X) + (VyT°)(Z, 1oX)]

+ 1 [(VATO 1Y, X) + (V2T 1X)] — ws(X, 2)pr (1Y)
+ wT(X’ Z)pﬁ(layv ga) - wﬁ(}/a Z)PT(IaX, ga) + WT(K Z)p,B(IaX7 fa),

where the Ricci two forms are given by

6(2n + 1)pa(fa, X) = (2n + 1)X(S) + %(VeaTO)[(ea, X) = 3(In€a, In X))

—2(Ve,U)(eq, X),

(42) 6(2n + 1)pa(€s, I, X) = (2n — 1)(2n + 1)X(S) — 4”; 1

- g(veaTo)(IaemfaX) —4(n+1)(Ve,U)(€a, X).

(VeuT%)(ea, X)

A.5. Fermi frame. Here we prove the existence of Fermi frame. We recall the statement

Lemma 24. Given a geodesic y(t), there exists a Q-orthonormal frame, i.e., a horizontal
frame X;, 1 € {1,...,4n}, and vertical frame &, o = 1,2,3 in a neighborhood of v(0), such
that for all o, B € {1,2,3} and i,j € {1,...,4n},

(i) the frame is orthonormal for the Riemannian metric g + > 4 77,%7;

(i) Vx; Xjlyw) = Ve Xilyey = Vxi&alyr) = Veaplyy = 0.
In particular, for all o, B, 7 € {1,2,3} and i,j € {1,...,4n}

(Vx, 1) Xj) vy = (Vxi 1a)§p) ) = (Ve 1a) X)) lye) = (Vg La)ér) vy =

Proof. Since V preserves the splitting H & V we can apply the standard arguments for the
existence of a Fermi normal frame along a smooth curve with respect to a metric connection
(see e.g., [26]). We sketch the proof for completeness.

Let {Xl, .. X4n,§1,§2,§3} be a Q-orthonormal basis around p = 7(0) such that Xa‘p =
X, (p) and §a|p = £4(p). We want to find a modified frame X, = o2 X}, and &, = 0]&,, which
satisfies the normality conditions along the smooth geodesic (t).

Let @ be the sp(n)®sp(1)-valued connection 1-forms with respect to the frame X1, Xun,
and &1, &9, &3, namely

VDXI; = WE(D)XC, vDé:oz = w;(D)éT, D e F(TM)'
Consequently, we have

VpXy = wi(D) X, = [D(0f) + oywg(D)] (0™ e Xe,

Vs = wi(D)& = [D(0f) + ng,‘f(D)](o_l);XT
Since the Biquard connection preserves the splitting H @ V, the existence of a Fermi
normal frame along (t) is equivalent to the existence of a smooth solution to the system

[D(0f) + ofw§(D)]}. ., = 0, [D(03) + 0w} (D], = 0.

A smooth solution to this system on a small neighborhood along ~(t) exists, see e.g., [26]
Theorem 3.1]. Clearly, the solution of belongs to Sp(n),of € Sp(n) since the connection
1-forms belong to the Lie algebra sp(n) and the solution o2 € Sp(1) because the connection
1-forms are in the Lie algebra sp(1). O
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