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1. INTRODUCTION

For a set £ C R™ the Gaussian measure is defined as

1 |2
y(FE :ﬁ/e_ 2 dx.
(E) ES

Note that the Gauss space (R™,) is a probability space, since v(R™) = 1. It plays a central role
in various branches of Probability Theory. For a smooth set F, the Gaussian perimeter is defined
as

1 |
P,(E) = 50E /aE e” 2 dH"  (z).
This definition can be extended to general sets of locally finite perimeter by replacing F with the
so called reduced boundary, see Section 2. The isoperimetric inequality in Gaussian space states
that among all subsets of R™ with prescribed Gaussian measure halfspaces have the least Gaussian
perimeter. More precisely, given s € R and setting H; = {x € R" : z,, < s}, we have

Py (E) = Py(H;) (1)

for all Borel subsets E C R™ such that v(E) = «v(Hy), with equality holding if and only if E
coincides with Hy up to a rotation around the origin. Inequality (1) was indipendently established
in [3], [18], while the equality case was obtained much later in [8].

Let us now set for all s € R

D(s) = \/%/ e~ % dt.

Note that ® is an increasing function from R into (0,1) and that

VH) = (s),  Py(H,) = ——e% |

With this notation the Gaussian isoperimetric inequality can be restated in the following analytical
way

1 (@1 (v(m)?
PyE)> —e 5
V2r
In this paper we consider th of sets E symmetric around the origin, i.e., ¥ = —FE. We show that

when restricted to this class balls B, centered at the origin are local minimizers for the perimeter,
at least when r is not too big. More precisely we have the following local minimality result.

Theorem 1. Let n > 2 and o € (0,1/2). There exist 6 and k such that if r € [o,v/n+1—o0], E
is a set of locally finite perimeter with E = —F, v(E) = v(B,) and vy(EAB,) < 4, then

P,(E) - P,(B,) > r(n,0)1(EAB,) (2)
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Let us now comment briefly on this result. First, observe that Theorem 1, beside stating
the local minimality of balls B, when r € (0,/n + 1), provides also a quantitative estimate of the
isoperimetric gap P, (FE)— P, (B,) in terms of the square of the measure of the symmetric difference
between E and B,.. In this respect this inequality is close to the recente quantitative isoperimetric
inequalities in Gaussian space proved in [4], [13], [16], [17]. Note also that the constant x in (2)
is uniformly bounded from below when r is away from 0 and y/n + 1. In addition, Proposition 1
shows that the result above is sharp in the sense that if » > v/n+ 1 then B, is never a local
minimizer for the perimeter. Also the power 2 is optimal, as it can be easily checked with an
argument similar to the one used for the quantitative inequality in the Euclidean case, see [11,
Section 4]. However, if balls B, are not in general global minimizers among symmetric sets with
the same Gaussian measure, at least if r is sufficiently small, see Proposition 2.

Our Theorem 1 is closely related to a well known conjecture, known as Symmetric Gaussian
Problem, see [14]. Indeed, as observed in [14], if this conjecture were true it would imply the
global minimality of B, or of its complement in R™. This is precisely what happens in the 1-
dimensional case where one can prove that B, is always a local minimizer of the perimeter among
all symmetric sets with the same Gaussian measure, see Section 4. Moreover, balls are the unique
global minimizers for r > rg, where 7 is the unique positive number such that

1 e 1
Vord IR S
while R\ B, is the unique global minimizers when 0 < r < Ry.

We conclude this introduction with a few words about the proof of Theorem 1, which is
achieved following the strategy introduced in this context by Cicalese and Leonardi in [10] and
later on modified in [1]. More precisely, we first prove inequality (1) for nearly spherical sets, i.e.,
sets that are close in C! to a ball B, with the same Gaussian volume and symmetric around the
origin. Then we extend it to the general case with a contradiction argument based on the regularity
theory for sets of minimal perimeter, see a more detailed account of this strategy in Section 3, before
the proof of Theorem 1. Note that in our case the above strategy is more complicated. An obvious

To

difficulty comes from the constraint that the competing sets must be symmetric with respect to the
origin. However the main source of problems is represented by possible unbounded competitors of
balls.

2. NEARLY SPHERICAL SETS

In the following we shall denote by B,(zg) the ball with center at zy and radius r. If the
center is at the origin we shall write B;..

We recall the basic definitions of the theory of sets of finite perimeter. If F is any Borel subset
of R™ and 2 C R™ is an open set, the perimeter of E in §) is defined by setting

P(E;Q) =sup{/ divepdr : ¢ € CZ(GR"), (¢l < 1}-
E

The perimeter of F in R™ is denoted by P(FE). We say that E has locally finite perimeter if
P(E;Q) < o for all bounded open sets €. It is well known, see [2, Ch. 3], that E is a set of locally
finite perimeter if and only if its characteristic function X, has distributional derivative Dx
which is a measure in R™ with values in R™. Then, from the above definition we have immediately
that P(E;Q) = |Dx,|(£2) for every open set .

From Besicovitch derivation theorem we have that for [Dyx ,|-a.e. © € R™ there exists

2 xXr) = — 11’1’1M an I/E xX)| =
= DBy M I ¥
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The set 9*FE where (3) holds is called the reduced boundary of E, while the vector v¥(z) is the
generalized exterior normal at x. For all the properties of sets of finite perimeter used herein we
refer to the book [2].

As recalled in the Introduction, the Gauss space is the space R™ endowed with the measure ~
given for any Lebesgue measurable set £ C R™ by

1 —lz|?
E)=——_ 7 da.
W) = /E 5 d

Similarly to the Euclidean case, the Gaussian perimeter of a Borel set E in an open set {2 is defined

by setting
P, () = sup { [ tive—o 0y pe CE@ORY, ol < 1}.
E

The Gaussian perimeter of E in the whole R will be denoted by P,(F). If E has finite Gaussian
perimeter then E has locally finite perimeter (in the Euclidean sense) and

_ 1 —lel® 1
)= G

where, for 0 < s < n, H® stands for the s-dimensional Hausdorff measure. In the following we
shall denote by H? the measure defined by setting for every Borel set £/ C R"

s 1 _e?
HW(E):WLe 2 dH®.

Thus, if E is a set of locally finite perimeter in R™ we may write
P,(E) =H!"Y (0" E).

A set £ C R™ is said to be nearly spherical if there exist a ball B, and a Lipschitz function
w:S" ! — (=1/2,1/2) such that

E={y=tre(1+u(z)): 2 €S, 0<t <1} (4)

In the following, given any function u : S~ ! — R we shall always assume that v is extended to
R™\ {0} by setting u(z) = u(ﬁ)
It is easily checked that if E is defined as in (4) then its Gaussian measure and it Gaussian

perimeter are given, respectively, by the two formulas below

n

AWE) = s [ (1 ua)e

_ r2z|?(tu(x))?
2

(5)

pr=l [Dru(@)? _r2asuen?

Py(E) = CORE /Snil(l +u(z)" 1+ me dH" ", (6)

where D, u stands for the tangential gradient of  on S*~!.
When F is a measurable set such that v(F) = v(B,) we shall often use the following notation

D, (E) = (27T)n/2 [P’Y(E) - P’Y(BT)] (7)

to denote its Gaussian isoperimetric deficit with respect to the ball B,..

Next theorem states that if r is smaller than a critical radius depending on the dimension,
the Gaussian isoperimetric deficit of a nearly spherical set symmetric with respect to the origin is
strictly positive and the following Fuglede type estimate holds.

Theorem 2. Let n > 2 and r € (0,/n+ 1). There exist € € (0,1/2), depending on n and r, and
Ko, depending only on n, with the following property. If E is a nearly spherical set as in (4) with
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lullwroesn-1y < €, symmetric with respect to the origin and such that v(E) = v(B,), then
PA(E) = P(By) 2 5o (n 41— 1) a3 12601 ®)

Proof. Step 1. Fix r € (0,4/n+ 1). Using the expression of P,(E) provided in (6) we may split

n/2 n—1 n—1 _r2atw? |.D.,-U‘2 n—1
D’Y(E):(Q”T) [P’y(E)*P'y(Br)] =r (14w e 2 1+(7*1 dH
S§n—1

14 u)?
_|_,,,n71/ {(1 +u)n7167
S§n—1

2 -2
=" lem T [ 4 e T L. 9)

r2(1+uw)?
2

e ann

Observe that v1+t > 1+ % — % for all ¢ > 0. Therefore, from the smallness assumption
[l wree@n-1y < e < 3, we get

D,ul?
I = 1 n—1_—r?(utu?/2) 1 ‘7'7 —1) a n—1
! /Sn—l( +U) c + (1+u)2 7

1 1 |Dyul*> 1 |Dyult _
> 1 n—1_—7r%(utu?/2) (7 T - T )d n—1
,/Sn_l( +u)"" e 5Uta? SOtuf H

= (1 - Ce) / (14 u) "l 2 Doyl ayn ! > (1 - Ce) / |D-ul? dH 7!, (10)
2 Sn—l 2 S

n—1

for some constant C' depending only on n, but not on r. Concerning the integral term I, we have,
by Taylor expansion,

L= / [(1+ u)r e (wtu?/2) 1] dH" !
Sn—l

4

1.2 n—1 ("*1)(”*2)7 A YIS 2 19/mn—1
—(n—1 r)/snilud”)'-[ e R A R,

where the remainder term R; can be again estimated by Ce||u||3, for some constant C' depending
only on n. Therefore, recalling the previous estimate (10) and the equality in (9) we have

7‘2 ].
r*~"eT D (E) > f/ |DyuldH™ 4+ (n—1— 7‘2)/ wdH" !
2 S§n—1 S§n—1
4

(n—1)(n—-2) INo 7 2 Jq/m—1 2
+ [f — ('fl — 5)7" + ?:| /Snil u dH — C‘EHUHWL%S"’I)' (11)

To estimate the integral of w in the previous inequality we are going to use the assumption that
the Gaussian measures of F and B, are equal. This equality, using (5), can be written as

1 7-2t2 w 2 thg
/ ! dt/ [(1 +u)e” ERanlP } dH" ' =0
0 Sn—1

Using again Taylor expansion, we then easily get

1 7‘2 ’2
0= / tn—le_ 2t dt/ [(1 + u)ne_TQtZ(u+u2/2) _ 1] dHn—l
0 Sn—1

1 1242 -1 o2n + 1)r2t2 434
= / t"lem 2 dt/ [(n — %t u + (n(n ) _Q@ntDr 2 )uﬂ dH" ' + Ry
0 Sn—1 2 2 2

_ 2 4
:/ {(nan )+ (n(n Da,  (2n+1)rby, LT Cn)u2:| dH" + Ry, (12)
Sn—1

2 2 2
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1
) Cn:/
0

where we have set

1 EE 1
an = / t"TreT 2 dt, b, = /
0 0

and where the remainder term Rj is estimated as before

|R2‘ < 05””“%2(871.—1)- (13)
A simple integration by parts gives that
r? 2 2
po— Man €7 ~nn+2)a, (n+2)e”T e T
n=2 T 20 T 4 - 4 T2

Thus, inserting the above values of b,, and ¢, into (12) we immediately get that

—1 =92 2
/ wdH ! = —u/ w2dH"! — 7T R,. (14)
Snfl 2 Snfl

Then, substituting in (11) the integral of u on S*~! by the right hand side of the above equality,
we obtain the following estimate

2 1 —1+7r?
Tl_nGTDV(E) Z */ |D7—U‘2d%n_1 — u/ u2 dHn_l — C€||UH‘2/I/1.2(STL—1)- (15)
2 §n—1 2 S§n—1

Step 2. For any integer k > 0, let us denote by yx 4, i = 1,...,G(n, k), the spherical harmonics
of order k, i.e., the restrictions to S*~! of the homogeneous harmonic polynomials of degree k,
normalized so that ||yk:||z2n-1) = 1, for all K > 0 and i € {1,...,G(n,k)}. The functions ys;
are eigenfunctions of the Laplace-Beltrami operator on S*~! and for all k and %

—Agn—lyk’i = k(k +n— Q)yk,z .

Therefore if we write

o G(n,
k=0 i=1 gn—1

we have
oo G(n,k) oo G(nk
||uH2L2(S"*1) = Z Z ak i |D7u||i2(8"*1) = Zk(k +n— Z ak i (16)
k=0 i=1 k=1

Note that since F is symmetric with respect to the origin, we have that u is an even function, hence
in the harmonic decomposition only the terms with k even will appear. In particular a;; = 0 for
all i =1,...,n. Note also that from (14) and (13) we have

|ao,1| < Cellul|L2(gn-1). (17)
Thus, from (15),(16) and (17) we have
1 00 G(n,k) n— 1 T ’I“ o G(n,k)
rl_ne iz k+n—2) Z ai Z Z a‘kz CV()EH/U’”VV1 2(Sn—1)

k=2 =1 k=2 i=1

G(n,2) e G(n,k)

n+1—r2 1
N IS 1] Y a ol

i=1 k=4 i=1

00 G(n,k
Zco(n—l—l—rQ)Zk (k+n-—2) Z _CO€||UH12/V1,2(SIL71)’
k=4 i=1
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for some positive constants ¢y, Cy depending only on n. Using again (17) and the fact that a1 ; =0
for i =1,...,n, from the previous inequality we deduce that there exist two constants c¢;,C7 > 0
depending only on n such that

2

T D(E) 2 e+ 1= )|l — Crellulnagn )
From this inequality (8) immediately follows provided that we choose

1 —Cl(”J’l_’"Q)}. (18)

O<6§min{§, 20,
O

The following uniform estimate is a straightforward consequence of the previous theorem.

Corollary 1. Letn > 2 and ro € (0,v/n+1). There exist ¢ € (0,1/2), k1 > 0, depending only on
n and ro, such that if r € (0,70] and E is a nearly spherical set as in (4) with ||ullyw1.0@n-1) <€,
then

P,(E) — Py(B,) > kir " "y (EAB,)%. (19)

Proof. Fix ry and a nearly spherical set E as in the statement. Then, arguing as in the proof of
(12), we get

n 222 (14w)2 2|22
W(EAB,«):LE/ (14 w)re™ == — 7 | d
(27’1’)2 B
n 1 242
_ r E/ o= dt/ ’(1_’_u)nefr2t2(u+u2/2)_1|d7_[n71
(271')2 0 §n—1
< C(n)r"/ lu dH™ 1, (20)
S§n—1

where in the last inequality we have used the assumption that ||ul[yy1,00 gn-1) < 1/2. Then, choosing

ezmin{l 401(714’177'(2))}’

2’ 20,
where ¢; and C; are as in (18), from (20) and (8) we get at once
C(n)rmtt
2
VEAB)® < === [Py (E) = Py(By)],
for a suitable constant C'(n). Hence (19) follows. O

Consider the isoperimetric problem in the Gaussian space
min{ P, (E) : y(E) = m} (21)
for some fixed m > 0. The Euler-Lagrange equation associated with the minimum problem (21)
Hop —x-vF =\ on OF, (22)

where Hyg is the sum of the the principal curvatures of the boundary of E and X is a suitable
Lagrange multiplier. Observe that B, is a solution of (22), hence a critical point of the isoperimetric
problem (21) for all » > 0. Theorem 2 shows that if 0 < r < v/n + 1 then B, is also a local minimizer
for the isoperimetric problem with respect to small variations, close to B, in C' and symmetric
with respect to the origin. In this respect the above theorem is sharp since if r > v/n + 1 then
B, is never a local minimizer for the Gaussian perimeter under the constraints v(E) = m and
FE = —F, as it can be shown by a simple second variation argument.
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Proposition 1. Letn > 2, r > /n+ 1 and k a positive integer. For every € > 0 there exists a
function u € C*(S"71), with lul|crgn-1) < € such that the corresponding nearly spherical set

E={y=tre(1+u(z)): 2€S" 1, 0<t<1} (23)
is symmetric with respect to the origin, y(E) = v(B,) and P,(E) < Py(B,).

Proof. Fix r > v/n + 1, a positive integer k and ¢ > 0. Given an even function ¢ € C°(S"~1)
such that

/ o(x)dH" =0, (24)
S§n—1
let X € C°(R™;R™) be a vector field such that X (—z) = —X(z) and

|z|?

ez x -
X(z) = ng(m)z for z € Ba, \ B:. (25)

Let @ be the flow associated to X, that is the unique C*° map ® : R® x (—1,1) — R™ such that
for all z € R™ and t € (—1,1)

o

E(w,t) = X(®(z,t)), P(z,0)=uz. (26)
Set By = ®(-,t)(B,) for all t € (—1,1). Since ¥(x,t) = —P(—x,t) is also a solution to (26), by
uniqueness we have that ®(—x,t) = —®(x,t), hence each FE; is symmetric with respect to the

origin. Moreover, there exists § > 0 such that for |¢t| < J the set F; is a nearly spherical set as in
(23) and the corresponding function u satisfies [|u[|cxgn-1y < . We claim that we can choose ¢ so
that y(E;) = v(B,) for [t| < J. To see this, let us choose 6 > 0 so that Br CC E; CC B,. Then,
see [15, Prop. 17.8], for all ¢t € (=6, 0)

4 (Ey) = . X VEfe*# dH" 1

ai’ T EmE o, |
The equality v(E;) = (B,) will follow by observing that the integral on the right hand side of
the above formula vanishes for all ¢ € (=4, ). Indeed, if ¢ > r/2 is such that B, CC E}, from the
divergence theorem, recalling (24) and (25), we have

X P gt = [ x. e danq/ div (Xe %) do
o, oB, |zl E\B,

ﬁ /BBQ @(ﬁ) dH" ' + /Et\BQ div (ﬁg@(%)) dz = 0.

Set now p(t) = (2m)2 P, (E;) for t € (—4,5). Using the formula for the first variation of the
perimeter, see [15, Th. 17.5], the divergence theorem on manifolds and (24), we have

z|? 212
p’(O)z/ (div, X — X - z)e™ % dH”—lz/ (X.EHGBT—X-m)e—% dHn
oB 9B, |z

r

o Gt =)o =

Thus, in order to conclude the proof it will be enough to show that we may always choose ¢
satisfying (24) and such that p”’(0) < 0.

To this aim, let us evaluate p”(0). Note that the general formula for the second variation of the
Gaussian perimeter is quite complicate, see for instance [4, Eq. (17)]. However in our case, since
B, satisfies the Euler-Lagrange equation (22), it simplifies a lot. Indeed, see [4, Prop. 3] we have

|z

PO = [ DA PP L POX PP - (7] e
OB,
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where |11, |? is the sum of the squares of the principal curvatures of dB,. Hence,

v~ s [, [P (o)) - eli) = eli) T

_ €7 1 2 n—1 2 2 n—1
=55 | (D) = e — )R .

Then, choosing ¢ = ys, where ys is any homogeneous harmonic polynomial of degree 2, normalized
so that ||lya|/z2(sn-1) = 1, (24) is obviously satisfied and from the above formula we get

N
N

e (2n n—1 1) (n+1-1r2)e7

= <0

thus concluding the proof. g

3. L'-LOCAL MINIMALITY

In this section we show how to derive from Theorem 2 the L'-local minimality of balls centered
at the origin with sufficiently small radii. Our proof follows the strategy devised in [1] with a few
difficulties due to the fact that in the Gauss space the presence of a density in the measure v does
not allow us to reduce the proof to the case of bounded sets as it happens in the Euclidean case.

We now introduce a functional that will be used in the proof of the L!-local minimality of the
ball. Given r > 0 for every set E of locally finite perimeter we define

J(E) = P“/(E) + AI'V(EABT) + A2|’7(E) - A/(Br)|7 (27)

where Ay, Ay > 0. Next lemma, which is the counterpart in our setting of [1, Lemma 4.1], shows
that if Ay is sufficiently large, then the unique minimizer of J among all sets of locally finite
perimeter F is the ball B,.

Lemma 1. Let n > 2. There exists Co(n) > 0 such that if r > 0, Ay > Cy (r + %) and Ay > 0,
then B, is the unique minimizer of J among all sets E C R™ of locally finite perimeter.

Proof. Let n: R — [0, 1] be a smooth function such that n = 0 outside the interval (1/3,3), n =1
on the interval (1/2,2). Fix r > 0 and denote by X, the vector field
X, (z) = n<m> = for all x € R™.
r/ |zl
Then

J(E) = J(By) = 8*EXT P dHI T - /83 X, - vPr dH ! + Ay (BEAB,)

= / (divX, — X, x) dy— / (divX, — X, - x) dy+ Av(EAB,)
E B,

= / (divX, — X, - z) dy+ Ay(EAB,).
EAB,

Since by construction ||div X, — X, - z||oc < Co(2 + 1) for some constant Cyy depending only on n,
the result immediately follows. O

One difficulty in the proof of L'-local minimality of the balls B, for small radii is that the
Gaussian measure is not scaling invariant. The following simple lemma is a helpful tool to deal
with this issue.
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Lemma 2. Letn > 2, 0 € (0,1/2). For every e > 0 there exists 6 < 0/2 depending only one,n,o,
such that for allr € [o,v/n+1] and T € (0,6)
PV(BT) - PW(BTf‘r) < EPW(HS(T,T))a (28)
where the half space Hy(y ry is such that y(Hyerry) = v(Br) — v(Br—7).
Proof. For r € [0, vn+ 1], we set

s(r,7)2
f(r,T)zef(z) forO0<7<r, f(r,0)=0.

Then, for 0 < 7 < /2 we have

2 )2
P,(B,)— P(y(B,—,) = nw, 1" le”T —(r— 7')”7167%

P’Y(HS(T‘,T)) (27T)n;1 f(rv T) - f(ra 0)
Therefore, by the Cauchy’s mean value theorem there exists ¥ € (0, 7), such that

_g _(r=0)? n =92
P,(B;) — Py(Br_;) _nwn —(n—1)(r—9)"2e =2+ (r—19)" ' (29)
Py(Hsrr) (2m) 2 fs(r,ﬂ)e_wg(r, )

On the other hand, since by definition

1 s(r7) t2 nw r t2
— e T dt = us t"lem T dt
\ 27 [W (2’”)5 \/7‘77' ’

differentiating this equation with respect to 7 we have that

0s nw
—(r,0) = ——nw,(r —9)" e
e ) = ()

s(r,9)2—(r—9)2
2

Thus, inserting this value in (29) we have

Py(B,) ~ Ply(Brer) _ —(n—1) + (r — )?

P, (Hy(r,r)) - —s(r,9)(r —9)
< 2
=071 (y(By) — ¥(Br_s))(r — V)
2 4

< <

- —9-1(C(n)d)o — —d-1(C(n)1)c’
for a suitable constant depepnding only on n. Then the conclusion follows since ®~1(7) — —oo as
T—0". O

As in [1] the proof of Theorem 1 uses heavily the regularity theory for area minimizing sets.
For the reader’s convenience we recall the relevant definitions and the main results that we need
in the sequel.

Definition 1. Let £ C R" be a set of locally finite perimeter, w, 7y > 0 and let 2 be an open subset
of R™. We say that F is a (w,7o)-quasiminimizer of the (Euclidean) perimeter in  if for every
ball B,(z) C Q with ¢ < 79 and any set F' of locally finite perimeter such that EAF CC B,(x)

P(E; By(x)) < P(E; Bo()) + wo". (30)

Note that this notion of minimality is slightly weaker than the so called almost minimality
where on the right hand side of (30) the term wo™ is replaced by A|EAF |, where A is a fixed positive
constant. Nevertheless, the regularity theory for perimeter minimizers or almost minimizers carries
also to quasiminizers. In particular we have the following two results. For the first one we refer
to [19, Th. 1.9], see also [15, Th. 21.14]. For a proof of Theorem 4 the reader may see [10, Prop.
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2.2] or [15, Th. 26.6]. Note that when dealing with a set of finite perimeter E we always tacitly
assume that E is a Borel set such that its topological boundary dF coincides with the support of
the perimeter measure, i.e.,

OF ={z € R": 0 < |EN B,(z)| < w,r" for every r > 0},

see for instance [15, Prop. 12.19]. Finally, we say that a sequence of measurable sets Ej, converges
to E, or converges locally to E, in an open set € if the characteristic functions E, converge in
L'(€2), respectively in L}, (), to x,. Observe that

Ej, converge locally in R" to £ = ~(Ep) = v(E) as h — oo. (31)

Theorem 3. Let E}, be a sequence of (w,To)-quasiminimizers in Q converging locally to a set of
locally finite perimeter E. Then the two following properties hold:

(i) if xp, € OER, NQ and xp, — x € Q, then x € OF;
(ii) if © € OE N, then there exists a sequence xy such that xp, € OE, NQ for all h and xp, — x.

We will also need a regularity theorem stating that if F' is a perimeter quasiminimizer, suffi-
ciently close in L' to a smooth open set E, then F is indeed C® close to E.

Theorem 4. Let E}, be a sequence of equibounded (w,ro)-quasiminimizers in R™, converging in
R™ to a bounded open set E of class C2. Then, for h large enough Ej, is of class Clz and

OF), = {x + v (x)vF(x) : x € OF}
with ¢, — 0 in CT* for all a € (0, 3).

We are now ready to prove our main result. Roughly speaking it states that if B, is a ball whose
radius is below the critical value v/n + 1, then it is a local minimizer of the Gaussian perimeter
among all sets with the same Gaussian measure and symmetric with respect to the origin. Moreover
this local minimality property holds with a uniform quantitative estimate, provided r is away from
0 and from v/n + 1.

Before giving the proof of this theorem, let us briefly describe its strategy. We argue by
contradiction assuming that there exists a sequence of symmetric sets Ej, with v(Ep) = v(By, ),
such that e, = y(ELAB,,,) — 0 as h — oo, for which the inequality (2) is violated. At this point,
as first observed in this context by Cicalese and Leonardi in [10], one may replace the sets Ej, with
a new sequence Fj, still violating inequality (2), but converging in C1® to a ball Br. This leads
to a contradiction with the local minimality property of By, provided the constant x is sufficiently
small. The new sequence Fj, is obtained by minimizing the functionals

In(F) = Py(F) + M|y (FABy, ) — en| + Ao|[v(F) = v(Br,)|, (32)

for suitable A;, As > 0, among all subsets of R symmetric with respect to the origin. The choice of
this particular functional is inspired by a similar one first introduced in [1] and later on successfully
modified in [5], [6], [7], [12]. To get the C'* convergence of the minimizers F, we prove that they
are also (w,rp)-quasiminimizers of the Euclidean perimeter in every ball Bg, a fact that in our
case is not completely trivial, since each Fj, minimizes the functional J;, only among sets which are
symmetric with respect to the origin. At this point, if we knew that the sets Fj, were equibounded,
the C1* convergence would follow immediately from Theorem 4. However, there is no reason why
this should be true and to overcome this difficulty we have to show that even if the Fj, may be
unbounded they all split into two regions, a bounded one which converge in C1'® to the ball By
and another one of small mass which disappears at infinity.
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Proof of Theorem 1. Throughout this proof we are going to use the following notation. Given a
measurable set E we denote by r(FE) the radius of the ball centered at the origin such that

V(E) =(Brx))- (33)

Step 1. We argue by contradiction assuming that there exists a sequence Ej of sets symmetric
with respect to the origin, with v(Ex) = v(By, ), rn € [0,v/n + 1 — o], such that

en =Y(EnAB,,) =0, Py(Ep) = Py(By,) < kej, (34)

for a suitable x that will be fixed later in the proof. Let us fix
1 ~
A > C’o(\/n T14+ f), Ao > max{3A,,C}, (35)
o

where Cj is the constant provided in Lemma 1 and Cisa constant, depending only on n and o,
that will be fixed later.
For every h we consider the following minimum problem

min { J,(F) : F = —F, F has locally finite perimeter}, (36)

where J, is the functional defined in (32).

The existence of a minimizer for the the problem in (36) is readily proved by observing that any
minimizing sequence is compact with respect to the local convergence in R™ and recalling the lower
semicontinuity of the perimeter and the continuity of the Gaussian measure, see (31), with respect
to the local convergence in R™.

Let us now assume, without loss of generality, that r, — 7 for h — oo and observe that the
minimizers Fj}, converge locally in L' to Br. In fact, since by the minimality of Fj,

Py(F,) < Py(Ey) < C(n),  forall h,

we have, see [2, Th. 3.39], that up to a (not relabelled) subsequence, they converge locally in R"
to some set of locally finite perimeter F. We claim that F = Br. To see this let us take a set of
locally finite perimeter E, symmetric with respect to the origin. By the minimality of F}, we have
that

Py(Fn) + My(FrABy,) — enl + Aoy (Fr) — v(Br,)| < Ju(E).

Recalling (31), from the previous inequality we get immediately that
P (F) + My(FABy) + Ao [Y(F) = 3(By)| < Py(E) + My (EABy) + Asly(E) — (By)|.

Hence, recalling the first inequality in (35), Lemma 1 yields F = Br.
Note that for every Bpr there exist w > 0,79 € (0,1) such that, for h large, the sets Fj, are all
(w, r9)-quasiminimizers in Br. The proof of this latter property is given in Lemma 3 below.
Step 2 We claim that for h large

V(FRAB,, ) > % (37)

To this end observe that by the minimality of F},, the inequality in (34) and Lemma 1 again, we
have

Py (Fr) + A |Y(FLAB,,) — en| + Aoy (Fr) —v(Br, )| < Py(En)
< Py(By,) + rej, < Py(Fp) + My(FRABy,) + kej,. (38)

If v(FRLAB,,) > €r/2, inequality (37) is trivially satisfied. Otherwise, if v(FrAB;,,) < /2, from
(38) we deduce

K
En — ’Y(FhABrh)) < ’Y(FhABTh) + A*fi

Hence, the claim (37) follows for h sufficiently large, since £, — 0 by (34).
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Since y(F,) may be different from ~(B,, ), it is convenient to consider the balls B, (g, defined as
n (33). From (37) and (38), recalling the second inequality in (35), we have for h large

'7(FhABTh)

K
E}QLS 5

Ay
A(F) (Bl < R (FAB,) + 2
2 2
Thus, we may estimate, for h large

Y(FRAB,,) < y(FhABy(r,)) + Y (Br(r,)ABr,)

FuAB,,
= (BB, 5) + 1(FW) = 1By, < A(FLAB, ) + 120

Therefore, recalling (37), we have
VEWAB,,) < 2y(FyABy(r,)), hence Y(FyAB,(r,) > = (39)
From (38) and the second inequality in (39) we have with some easy computations
Py(Fy) + Aaly(Fu) = 3(Bu,)| < Py(By,) + 6453 (FuA By )
= Py(By(r,)) + [Py(Br,) = Py(By(r,)] + 646y (FrABy (1))
< Py(Br(r,)) + C(n)lr — r(Fn)| + 64k (FrABy(r,))?
< Py(Bur,)) + C(n,0) 7 (Br(r,)) = V(Bp)| + 6457 (FaABy(s,) ),

for a suitable constant C depending only on n and o. Therefore, recalling that Ay > C by (34),
we end up by proving that also the sets F}, satisfy a ‘reverse’ quantitative inequality as the one in
(34), with a possibly bigger constant

P, (Fy) < Py(By(r,))) + 646y (FRLAB,(5,))>. (40)

Note that if we knew that the Fj were equibounded we would have by Theorem 4 that they
were converging in C1'® to the ball B and, taking » sufficiently small, from (40) we would get a
contradiction to (19), thus concluding the proof. Instead, since it may happen that the sets Fj, are
unbounded or that they are not equibounded, we split them as follows

Gn=F,NB,, L,=F,\Bny.
Clearly, the G}, converge in L' to By, while v(Lj,) — 0 as h — oo. Moreover, since
V(ERABy(F,)) < V(FRAGL) +7(GrABy))) +v(Brc,)ABr(r,))
=Y(GrAB;Gy)) +2v(Ln),
from (40) we conclude that
Py(Fp) < Py(By(r,))) + Cor[7(GhABy(a,,))” +7(Ln)?, (41)

for some universal constant Cy not even depending on n.
Step 3. We claim now that for h large

Fy N (Bpy1 \ Bn) = 0. (42)
To prove this we argue by contradiction assuming that for infinitely many h the intersection
Fy, N (Byy1 \ By) is not empty. On the other hand, since F}, N B,, is converging in R" to By, we
have that for A large also (B, 41 \ B,) \ Fj is not empty. Therefore, there exists an increasing
sequence hj — oo such that for any k there exists zx € 9F), N (Bni1 \ Bn) (note that since
the sets F}, are quasiminimizers of the perimeter in every ball Br, they are of class C' and thus

OF}, coincides with the topological boundary). Passing possibly to another, and not relabelled,
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subsequence we may assume that xz — @ for some x € B, 1 \ B,. But this is impossible since by
Theorem 3 the point z should belong to 0B7.
Note that (42) yields in particular that

Gy C B, L, CR" \ B (43)

As an immediate consequence of the above inclusions we have that the sets G}, are quasiminimizers
of the Euclidean perimeter in R"™.

Another consequence of (43) is that for h large P,(F}) = P,(Gr) + Py(Ly). Thus, from (41) we
get that for h large

Py(Gh) < Py(By(r,)) — Py(Lp) + C2k[v(GhAByc,))* + 7(Ln)?.
Now, let s, € R be such that y(Hs,) = v(Lp). From the inequality above and the Gaussian
isoperimetric inequality we have
P’Y(Gh) < P‘Y(BT(Fh)) - P‘Y(Hsh) + CQH[V(GhABT(Gh))z + V(Hsh)2]'
In turn, using (28) with € = 1/2 to estimate P, (B, (p,)), we have that for i sufficiently large

1
Py(Gn) < Py(Bray)) = 5Py (Hs,) + Cor[Y(GrABy(a,))” +7(Hs, )?]- (44)

Finally, observe that
'V(H S)

li =
5o P (H,)
Therefore, from (44) we may conclude that for h sufficiently large

Py(Gh) < Py(Br(g,)) + Cakv(GhABy(a,))*. (45)

Now, since the sets G, are converging to By in R", by Lemma 4 they also converge in C*® to By,
ie.
0Gp, = {x(1 +up(z)) : x € OBr}
where uj, — 0 in C1*(0By5). Thus, still denoting by u; the 0-homogeneous extension of the above
functions uy, we conclude that
(1 +up(x)) — r(Gh)
r(Gh)

Gh:{y:tr(Gh)x(l+ ) : xES”71,0§t<1},

where, since r(G) — T,

(1 +up(x)) — r(Gp)
T(Gh)
Thus, by (19) we conclude that for h sufficiently large

=0 in ChH(S™).

e K
P,(Gh) = Py(Bra,)) = w17(Gr) " " (GrABra,))® > ﬁv(GhﬁBr(G;L))a
n 2
which contradicts (45) if we choose
PR S
Co(n+1)"2
Hence the conclusion follows by this contradiction. O

The arguments used in the proof of next lemma are similar to the ones used for the standard
perimeter. However, in our case the proof is more involved due presence of the constraint ' = —F
in the minimum problems (36).
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Lemma 3. Let n > 2 and 0 € (0,1/2) as in Theorem 1. Moreover, let F}, be a sequence of
minimizers of the (36), with F}, converging locally in R™ to a ball By, with7 € [o,v/n + 1—0c]. There
exists ho such that for very ball Bg, there exist w,ro > 0, such that F}, is a (w,r9)-quasiminimizer
in Br for all h > hy.

Proof. Step 1. Let us fix R > 1. We start proving that there exist 1,9 > 0, depending on R,
such that if x € 0F, N By, 0 < r1, then

[Fy 1 By(a)] < (wa — V)0 (46)
To this end, let us observe that if z € R, p > 0 and G is a set of locally finite perimeter with G =
—G, such that F;,AG CC B,(z) U B,(—z), then from the minimality inequality Jj,(F) < Jp(G)
we get
P,(Eys By(w) U By(~2)) < P, (G: By(w) U By(~)) + (A1 + Ao)y(FLAG).
From this inequality, setting

1 vl 1 v|2

-1 , M(x,0) = ——= max e ,
(2m)2 yEB,(x)

we immediately get the following inequality for the Euclidean perimeter

m(z, 0)P(F; By(xz) U By(—x)) < M(x, 0)P(G; Bo(x) U Bo(—x)) + (A1 + Ao) M (z, 0)| FL AG].

O = GnE W

Thus, dividing both sides of this inequality by m(z, ¢) and observing that if 0 < ¢ < 1 we have
(M(z, 0) — m(z, 0))/m(z, 0) < Cp, for some constant C' depending on R, we get that

P(Fy; By(x) U By(—2)) < (14 Co)P(G; By(z) U By(—2)) + C'|FLAG). (47)
Recalling that F),AG CC B,y(z) U By(—z) from the standard isoperimetric inequality we get
|FWAG| < |By(2) U Bo(—2)| % |Fy AG| ™% < nw,0P(FAG; By(x) U B,(—z))
< nwn0[P(Fy; By(w) U By(—a)) + P(G: By(2) U B,(~2))),
where the last inequality follows by using the precise expression of the reduced boundary of the
symmetric difference of two sets of finite perimeter, see [15, Th. 16.3]. Inserting this inequality in
(47) we conclude that there exists x > 1 depending only on n, A; and Ay and R such that for all
0<oxl1
(1 = x0)P(Fiy; Bo(z) U Bo(—12)) < (1 + x0)P(G; By(x) U By(—1)). (48)
Let us now fix € R” and 0 < ¢ < 1/ and set G = F}, U (By (z) U By (—x)) for some 0 < ¢’ < p.
Note that G is an admissible comparison set since G = —G. With this choice of G, using again the

precise expression of the reduced boundary of the difference between two sets of finite perimeter,
see again [15, Th. 16.3], from (48) we easily obtain that

(1= X0)P(Fi; By(x) U By(—2)) < (14 x0) [H" " (F}” N (B, (z) U By (~)))
+ P(Fp; (Bo(z) U By(—2)) \ (By () U By (—2))),

where F; }(LO) denotes the sets of points in R™ where F} has density 0. From this inequality, letting
o — o, we deduce that if 0 < p < 1/, then

2(1
P(Fy, By(x)) < g*)f)m—l (F\” N 0B,(x)). (49)
Let us now fix z € 0F},. In this way, setting m(g) = |B,(x) \ F)|, we have that m(g) > 0 for all

0 > 0. Since m/(p) = H”fl(F}(LO) NOB,(z)) for a.e. o> 0, from (49) we get that for all o € (0,1/x)

n-1 2Rrp(14+x
m(o) ™ < 1(_X)m/(9)

)
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where k,, is the constant of the Euclidean relative isoperimetric in balls, see for instance [2, Eq. 3.43].
Integrating this inequality we then get that for all 0 < o < 1/x

|By(2) \ Fr| > 90",

hence (46) follows.
Step 2. Let us now prove that there exists an integer hg such that

|Bs \ Fp| =0 for all h > hy. (50)

To prove this inclusion we argue by contradiction assuming that there exists a strictly increasing
sequence hy of integers such that [Bg \ F},, | > 0 for all k. On the other hand, since the sets Fy,, N Bg
are converging in R" to Bz, we have also that |B% N Fp,| > 0 for all k sufficiently large. Thus,
from the relative isoperimetric inequality on balls we have that for all k large P(F,;Bg) > 0,
hence there exists a point z € 0F},,. Without loss of generality we may assume that the sequence
Zp, converges to a point x € E%. We now apply (46) with R=1 and 0 < ¢ < min{r;,o/2}. From

the local convergence of F} in R™ and we then have
|Bo(z)| = lilgn | Fhy, N Bo(zk)| < (wn — 9)0".
From this contradiction (50) immediately follows.
Step 3. Let us now fix R > 1 and set 7 = min{o/4,1/x}, where x is the constant in (49)
(note that this constant depends on R but not on h). Let us consider a ball B,(z) C Bgr, with

0 < o <79, and a set G of locally finite perimeter such that F;,AG CC B,(z), for a given h > hy.
Assume first that |z| > 0 /4 and observe that in this case B,(z) N B,(—x) = . Then, define

G' = [F\ (By(z) U By(—2))] U (G N By(x)) U (=GN By(—x)).
By construction, the set —G’ = G’ and, inserting it in (47) we immediately get that
P(Fy; By(x)) < (1+ Co)P(G; By(x)) + C'|FLAG].
Adding Cp to both sides of this inequality and recalling (49) we have

2C0(1
(1+ Co)P(Fy; By(x)) < (1+ Co)P(G; By(x)) + i’(_;")ﬂ“wéo’ NOB,(x)) + C'|F,AG].
Dividing this inequality by 1 + Cp we immediately get that
P(Fy; By(x)) < P(G; By(2)) +wo", (51)

for a suitable w depending only on n, x, A1, As and R.
If |z| < o/4, recalling the inclusion (50), we have that P(F};B,(z)) = 0 and thus (51) holds
trivially. This concludes the proof of the lemma. a

Now we want to show that B, is not a global minimizer among symmetric sets with prescribed
Gaussian measure, at least if r is small. To this end, we set Cs = R™ \ By, and for every r > 0 we
denote by s(r) the unique number such that

T t2 o0 t2
/ t"lem T dt :/ t"lem T dt (52)
0 s(r)

In other words, s(r) is such that v(B,) = v(Cy())
Proposition 2. For every n > 2 there exists ro > 0 such that
Py(Cyr)) < Py(Br) (53)

for every r < rg.
If n =2, then B, is never a global minimizer.
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Proof. Differentiating (52) with respect to r, we have

n-1 -2 n—1 _s2m
r*TleT T = =" (r)e” 2 s'(r) (54)

In order to show that P, (B,) > P,(Cy() for r small enough, using (54) we evaluate the quotient

as follows
2

P, (B, nle=
B e g (55)
By (Csm) snl(r)e” 2
Since lim, g+ s(r) = 400, lim,_,g+ 8'(r) = —oco. Then there exists rq > 0 such that if r < ry we
have s'(r) < —1. Therefore
P’Y(BT) /
—— =4 (r) > 1,
Py (Cy(r))

hence (53) follows.
For n = 2 we can give the explicit expression of s(r). In fact integrating (52) we have

r2 _ %)
2

l1—e"2 =e¢

and then

2
2

re
(1 - e—é) \/7210g(1 _ e %)

A numerical plot of s”(r) shows that this function is strictly positive for r € [0,4]. Therefore we
have that for all € [0, /3]

s(r) = \/—2log(1 — e*%), s'(r) = —

s'(r) < s'(V/3) ~ —1.063
Since B, is a local minimizer only for 0 < r < /3, the above estimate implies, together with (55),
that B, is never a global minimizer. O

4. THE 1-DIMENSIONAL CASE

In this section we shall briefly discuss the 1-dimensional case. Beside being much simpler, this
case exhibits quite different features. Before stating the local minimality result we recall that in
one dimension a set of locally finite perimeter is locally the union of a finitely many intervals.

Proposition 3. Let n = 1. For every r > 0, there exists § = §(r) such that if E C R is a set of
finite perimeter, 0 < v(B,AE) < ¢, E = —F and v(E) = v(B,), then
P,(B) > P,(B,) (56)
Moreover, there exists rq such that:
(a) if r > 7o then B, is the unique global minimizer of the perimeter among all the sets E such
that E = —E and v(B,) = v(E).
(b) if r < 1o then Cs = (—00,—s) U (s,+00) is the unique global minimizer of the perimeter
among all the sets E such that E = —F and v(B,) = v(Cs) = v(E).
(¢c) if r =ro, then both B, and Cy, are global minimizers.

Proof. The proof is quite easy, and it is based on the minimality property of the halfline. Fix any
r > 0 and FE such that y(E) = ~(B,). Since a set of locally finite perimeter is locally the union of
a finite number of intervalls, the generic symmetric set £ will be of the type

M

M
E = U(—bi, —G,i) U U(ai, bl) U (—a,a)

=1
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forsome 0 <a<a; <by <---<a;<b;<...,with M € NU{oco} and by, € (0, cc].
Take R > r such that R # a;, R # b;, Vi € N and such that b; < R < a;41 for some j € N. Using
the isoperimetric inequality it is easy to check that if H_; is a halfline such that
1
YH ) = 57(B\ Bp)

then

P,((ENBr)UC) < Py(E).
Therefore we may assume without loss of generality that

k k
E = (—OO, —b) U U(_bi’ —ai) @] U(ai, bz) U (—a, a) U (b, +OO) (57)

i=1 i=1
where k = max{i € N:b; < R} and v(E) = ~v(B,).
Observe that if 0 < a < r then

V2 -2 W2
TP (B) =TT <o <
and thus (56) follows. On the other hand, since v(E) = v(B,), a = r if and only if F = B,..

Br
Therefore we are left with the case a = 0. In this case we fix § < i 27) and let v(B,AFE) < ¢.

This last inequality implies that a; < 5. In fact, if a; > 5, we would have

V2T 3,2 a2 W27 V2T
r) = e Tdr < e <7
0 0

b ()

T'y(B (FAB,) < TV(B

This contradiction shows that a; < 5, hence P, (B,) < P, (E).
Let us prove (a). Let 79 > 0 be such that

).

(M

1 o e 1
— e tdr=_.
vV 2 /—7'0 2
Let r > rg and assume by contradiction that there exists a set E such that E = —E, v(E) = v(B,)
and P,(E) < P,(B,). Arguing as before we may assume
k k
E = (=00, =b) U | J(=bi, —a:) U | J(as, bi) U (b, +00) (58)
i=1 i=1
for some a; > 0. Let s > 0 be such that
1 1 e 2
—y(F)= — e ¥ dx
27( ) V2 /s
and consider Cs = (—o0, —s) U (s,00). Using the isoperymetric inequality and the fact that a; >0
we have
P, (E) > Py(Cs).
Since v(Cs) = v(B,) > & we have that s < r and thus
P,(B,) < P,(H,) < P,(E).

Assume now r < rg. In this case P,(Cs) < P,(B,) since r < s. Hence B, cannot be a global
minimizer.

In case (b) the proof that Cs is a global minimizer among all the symmetric sets follows by the
same argument as in (a).

Finally if r = 1o, Py(B,,) = P,(C;,) and both minimize the Gaussian perimeter among symmetric
sets. 0
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We want to emphatize that this argument applies only when n = 1 because of the rigidity of
the structure of the sets of locally finite perimeter and because in one dimension the measure of
the perimeter of the ball is a strictly decreasing function of the radius . On the other hand, for
n > 1 the measure of the perimeter of the ball is increasing for » < v/n — 1 and decreasing for
r> \/m

The previous minimality result holds indeed also in a quantitative form. The simple proof of
this property uses an argument of [9].

Proposition 4. Let n = 1. For every r > 0 there exists §(r) > 0 such that for any E C R,
E=—-FE, v(E)=~(By) and y(EAB,) < d(r) there exist a positive constant C(r) such that

P(E) - P,(B,) > C(r)y(EAB, )4 log (W;ABT)) (59)
Proof. First, note that it is enough to prove the inequality in the case P,(E) — Py(B,) < do(r),
for some positve dg to be chosen later. Let £ C R be a set of locally finite perimeter. As before,
we may assume without loss of generality that F is of the form (58). Let d(r) be as in Proposition
3. We have 2 cases: a=0and r > a > 0.
Let a = 0. Since 7(EAB,) < 0, as before we have that a; < § and then

2

P(E)=P)(B,) > e % —e™F = f(r).

Then, we set do(r) = f(r). With such a choice of dy(r) we are immediately reduced to the case
a > 0.

Let 0 < a < r. Since v(EAB,) < 0, arguing as in the proof of Proposition 3, we have that there
exists € > 0 such that a > r —e. Let K. such that

a
+2

2 & t2 1
— e 7dt =v(F) - — e” 2 dt
ous /KE 1(E) Var J_q
If we set E' = (—a,a) U Ck., we have P(E') < P(E) and v(E'AB,) > v(EAB,) and then it is
enough to estimate the isoperimetric gap for E’. From this point on, the calculation are exactly
as in [9, Theorem 1.2].
O
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