MINIMIZING MOVEMENTS FOR MEAN CURVATURE FLOW OF PARTITIONS

G. BELLETTINI!'2 | SH.YU. KHOLMATOV %3

ABSTRACT. We prove the existence of a weak global in time mean curvature flow of a bounded partition of
space using the method of minimizing movements. The result is extended to the case when suitable driving
forces are present. We also show that the minimizing movement solution starting from a partition made by
a union of bounded convex sets at a positive distance agrees with the classical mean curvature flow, and the
motion is stable with respect to the Hausdorff convergence of the initial partition.

1. INTRODUCTION

Mean curvature evolution of partitions became popular in recent years because of its applications in
material science and physics, especially evolutions of grain boundaries and motion of immiscible fluid
systems, see e.g. [9, 5, 34, 28] and references therein. Behaviour of the motion in the two phase case, i.e.
in the case of classical motion by mean curvature of a boundary as a gradient flow of the area functional,
is rather well-understood, see for instance [25, 22, 17, 23, 33, 6, 11] and references therein.

Mean curvature evolution of interfaces in the multiphase case in general involves motion of surface
junctions in R™, or triple and multiple points in the plane, an already nontrivial problem. We refer to
the survey [34] and references therein for recent results on curvature evolution of planar networks.

Not much seems to be known in higher space dimensions; short time existence of the motion of
subgraph-type partitions has been derived in [21, 20] and well-posedness and short time existence of the
motion by mean curvature of three surface clusters have been recently shown in [16].

Even in the two phase case, the classical flow describes the motion only up to the appearance of the
first singularity. In order to continue the motion through singularities, several notions of generalized so-
Iutions have been suggested: Brakke varifold-solution [9], the viscosity solution (see [23] and references
therein), the Almgren-Taylor-Wang [ 1] and Luckhaus-Sturzenhecker [3 1] solutions, the minimal barrier
solution (see [60] and references therein); we also refer to [ 19, 26] for other types of solutions. At the mo-
ment the lack of the comparison principle in the multiphase case results in a lot of difficulties to extend
such notions as viscosity and barrier solutions, while besides Brakke solution, some other generalized
solutions have been successfully extended to partitions. For example, the authors of [29] have proved
the existence of a distributional solution of mean curvature evolution of partitions on the torus using the
time thresholding method introduced in [35], see also [36, 18]; furthermore the authors of [27] showed
that their solution is indeed a Brakke solution.

In [14] De Giorgi generalized the Almgren-Taylor-Wang and Luckhaus-Sturzenhecker approach to
what he called the minimizing movements method. In the present paper, we prove the existence of
a generalized minimizing movement solution in P,(N + 1), the collection of all partitions of R",
n > 2, having N + 1 > 2 components, with the first N -components bounded. This is the multiphase
generalization of the evolution of a compact boundary in the two-phase case (N = 1), for which the
generalized minimizing movement solution has been introduced and studied in [1, 31].

Let us recall the definition in [ 14] (see also [2, 4]).

Definition 1.1 (Generalized minimizing movement ). Let S be a topological space, F : S x § X
[1,400) X Z — [—o00,+00] be a functional and u : [0,+00) — S. We say that u is a generalized
minimizing movement associated to F, S (shortlya GM M associated to F' ) starting from a € S and
we write w € GMM (F,a), if there exist w : [1,+00) X Z — S and a diverging sequence {\;} such
that

dim w(Aj, [\t]) = u(t) forany t >0,

oo
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and the functions w(\, k), X\ > 1, k € Z, are defined inductively as w(\ k) = a for k <0 and
F\kw\k+1),w(\ k) = miglF()\, k,s,w(\k)) Vk > 0.
sE

When GM M (F,a) is a singleton, it is called the minimizing movement starting from a and denoted
by MM(F,a). In the present paper we apply this definition for S = P,(N + 1) endowed with the
L' (R™) -topology, and following [15],

A N+1
F(A,B;\) = Per(A) + — Z / d(z,0Bj)dx, A,BePy(N+1),
2 = Ja;an,

N+1
where Per(A) = 3 3~ P(A;) is the perimeter of the partition A = (Ay,..., Ayy1), d(-, E) is the
j=1

distance function from E C R", and a € P(IN + 1) is an initial partition. We shall also consider the
functional
N+1 N+1

A
Frr(A,B;\) = Per(A) + > / Hjdz + 5 > / d(x,8B;)dz, A,BePy(N+1)
j=1 74 j=1 Y AjAB;

for suitable driving forces H;, 1 =1,..., N + 1 (see Section 5).
Our main result is the following (see Theorems 4.10 and 5.1 for the precise statements):

Theorem 1.2. For any G € Py(N + 1), GMM (F,G) is nonempty, i.e. there exists a generalized
minimizing movement starting from G. Moreover,

1) any such movement M(t) = (Mi(t),..., Mn11(t)) is locally T%H -Hélder continuous in time;
N N

2) U M;(t) is contained in the closed convex envelope of the union | G; of the bounded com-
j=1 j=1

ponents of G forany t > 0.
Finally, similar results are valid for Fp.

To prove Theorem 1.2 we establish uniform density estimates for minimizers of F' and Fp. A lower-
type density estimate for minimizers of [’ could be proven using the slicing method for currents as in
the thesis [10], or also using the infiltration technique of [30, Lemma 4.6] (see also [32, Section 30.2]).
In Section 3 we prove that (A, rp)-minimizers of Per in R™ (Definition 3.5) satisfy uniform density
estimates using the method of cutting out and filling in with balls, an argument of [31].

In Theorems 6.5 and 6.7 we also show the following consistency and stability result.

Theorem 1.3. Suppose that C = (Cy,...,Cn11) € Po(N + 1), where C1,...,Cn are convex sets
whose closures are disjoint. Then the generalized minimizing movement associated to F' and starting
from C is a minimizing movement { M} = MM (F,C) and writing

M(t) = (Ml(t)? B MN+1(t))7
we have that each M;(t) agrees with the classical mean curvature flow starting from C;, up to the
extinction time. Moreover, if a sequence {G*)} C Py (N 4 1) convergesto C € Py(N +1) in the Haus-

dorff distance, then any M®) € GMM (F,G®*)) converges to {M} = MM(F,C) in the Hausdorff
distance.

The proof of the consistency with the classical mean curvature flow relies on the results of [7], while
for the stability in the Hausdorff distance we employ the comparison results from [8].

The plan of the paper is the following.

In Section 2 we set the notation and recall some results from the theory of finite perimeter sets. Section
3 is devoted to the definitions of partitions and density estimates for (A, ry) -minimizers. In Section 4 we
prove the existence of minimizers of F' in Pp(/N + 1) (Theorem 4.2), the density estimates (Theorem
4.6), and — one of our main results — the existence of GM M for F' (Theorem 4.10). The existence of
GMM for Fy is shown in Section 5. Finally in Section 6 we prove that the minimizers of F(-,G;\)
with disjoint G (Definition 6.1) is also disjoint provided A is large enough (Theorem 6.5) and as a

nontrivial application of this fact, we show Theorem 1.3.
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2. NOTATION AND PRELIMINARIES

In this section we introduce the notation and collect some important properties of sets of locally finite
perimeter. The standard references for BV -functions and sets of finite perimeter are [3, 24].

We use Ny to denote the set of all nonnegative integers. Given a finite subset I C Ny, we write ||
for the number of elements of I. The symbol B, (x) stands for the open ball in R™ centered at = € R”
of radius r > 0. The characteristic function of a Lebesgue measurable set ' is denoted by xr and its
Lebesgue measure by |F|; we set also wy, := |B1(0)|. We denote by E° the complement of E in R™.

Op(R™) (resp. Op,(R™)) is the collection of all open (resp. open and bounded) subsets of R™. The
set of Li (R™)-functions having locally bounded total variation in R" is denoted by BVj,.(R") and

loc
the elements of

BVioe(R",{0,1}) :={E CR": xg € BVioc(R")}
are called locally finite perimeter sets. Givena E € BVj,.(R",{0,1}) we denote by
a) P(E,Q):= [,|Dxg| the perimeter of E in Q € Op(R");
b) OF the measure-theoretic boundary of E :
OF :={zxeR": 0<|B,NE|<|B,| Vp>0};
¢) 0*F the reduced boundary of F;
d) vgp the outer generalized unit normal to 0*F
For simplicity, we set P(E) := P(E,R™) provided E € BV (R",{0,1}). Further, given a Lebesgue
measurable set £ C R"™ and « € [0, 1] we define
E@ = {xGR": lim ]Bp(x)ﬂE|:a}'
p—0+ | By()|
Unless otherwise stated, we always suppose that any locally finite perimeter set &2 we consider coincides
with E(D) (so that by [24, Proposition 3.1] F coincides with the topological boundary). We recall
that 0*F = OF and Dxp = vpdH" 'L 9*E, where H" ! is the (n — 1) -dimensional Hausdorff

measure in R™ and L is the symbol of restriction. Given a nonempty set £ C R", d(-, E) stands for
the distance function from £ and

d(z,0F) = d(x, E) — d(z,R" \ E)
is the signed distance function from OF, negative inside E.
Theorem 2.1. [13] Let E € BVjoc(R",{0,1}). Then for any v € 0*E
i FETE 2 DR
Theorem 2.2. [3, Theorem 3.61] For every E € BVi,.(R™,{0,1})
H YR\ (EQ UEUJE)) = 0.
Moreover, H* Y (E(1/2)\ 9*F) = 0.

Remark 2.3. Given E € BVj,.(R",{0,1}) the map 2 € Op(R") — P(E,Q) extends to a Borel
measure in R", so that P(E, B) = H" (BN 0*E) for every Borel set B C R".

Theorem 2.4. [32, Theorem 16.3] If E and F' are Caccioppoli sets, and we let
{vg=vr}={2 € ENIF: vig(x)=vr(z)},
{ve=—vp}={2 € ENIJ'F: vg(z)=—-vr(x)},
then ENF, E\F and EUF are locally finite perimeter sets with

PENF)~ (FNO'E)U(ENO'F)U{vg =vr}, 2.1)
O(E\F)~ (F<0) NO*E)U(ENO*F)U{vp = —vp}, (2.2)
F(EUF) = (FONoE)U(EQNdF)U{ve =vr}, (2.3)

where A ~ B means H" 1(AAB) = 0. Moreover, for every Borel set B C R"
P(ENF,B)=P(E,FNB)+ P(F,ENB)+ H" ' ({vg =vr} N B), (2.4)
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P(E\F,B) = P(E,FONB)+ P(F,ENB) + H" ' ({vg = —vp} N B), (2.5)

P(EUF,B)=P(E,FONB)+ P(F,EYNB)+ H" ' ({vg =vr} N B). (2.6)
Finally, recall that for every E, F' € BVj,(R",{0,1}) and ©Q € Op(R")
P(ENF,Q)+ P(EUF,Q) < P(E,Q) + P(F,Q). 2.7)

3. PARTITIONS

Now we give the notions of partition, (A, rg)-minimizer and bounded partition. The main result of
this section is represented by the density estimates for (A, rg) -minimizers (Theorem 3.6).

Definition 3.1 (Partition). Given an integer N > 2, an N -tuple C = (C4,...,Cn) of subsets of R"
is called an N -partition of R" (a partition, for short) if

(@) C; € BVipe(R™,{0,1}) forevery i =1,...,N,
N

(b) > |CiNK|=|K]| for each compact K C R".
i=1

The collection of all N -partitions of R"™ is denoted by P(N). Our assumptions C; = CZQ) implies
C; N C;j =0 for i # j. Notice also that we do not exclude the case C; = 0.

The elements of P(N) are denoted by calligraphic letters A, 5,C, ... and the entries (also called
components) of A € P(N) by the corresponding roman letters (Aj,..., Ay). The functional

N
(A, Q) € P(N) x Op(R") — Pex(A, Q) := % S P(4;,9)
7j=1

is called the perimeter of the partition A in . For simplicity, we write Per(A) := Per(A,R"™). We
set

N
AAB = | ] A;AB;
j=1
and

N
|AAB| =) "|A;AB], (3.1)
j=1
where A is the symmetric difference of sets, i.e. EAF = (E\ F)U (F \ E).
We say that the sequence { A} C P(N) convergesto A € P(N) in L} (R") if

N
(ABAA) N K| = [(APA4) K| —0  as k— +oo
j=1
for every compact set K C R™. Since E € BVjo.(R™,{0,1}) — P(E,Q) is L{ (R™)-lower semi-
continuous for any 2 € Op(R"), the map A € P(N) — Per(A4,Q) is Li (R™)-lower semicontinu-

loc
ous. The following compactness result can be proven using [3, Theorem 3.39] and a diagonal argument.

Theorem 3.2 (Compactness). Ler { AV} C P(N) be a sequence of partitions such that

sup Per(A?, Q) < +o0 VQ € Op,(R"). (3.2)
>1
Then there exist a partition A € P(N) and a subsequence { A} such that AW) convergesto A in
Li (R™) as k — +oo.

loc

The next result is proven for the convenience of the reader.
Proposition 3.3 (Boundaries of “neighboring” sets). Let A € P(N). Then
N
H”‘1<6*Ai v U a*Aj) —0 Vi=1,...,N.

j=1,j#i
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Proof. The case N = 2 is classical, so we suppose [N > 3. It is enough to consider 7 = 1. Set

N
O =oran (Jora), =0 =04\ 50,

=2

We divide the proof into four steps.
Step 1. If x € 0*A; then there exists at most one j € {2,..., N} suchthat z € 0*A;. Indeed,

3
otherwise up to a relabelling we would have = € 9*A; N 9* Ay N 0* A3 and hence > |Arg?r| <1,
=1
3
where B, := B,(z). Now by Theorem 2.1 we get 1 > > lim |A|j];ﬁr| = 2, a contradiction.

j=1 r—0t
Step 2. If there exists a unique j € {2,..., N} sothat x € 0*A; N JA;, then = € 0 A;.
Indeed, since Ay is closed, and = ¢ OAy thereis p > 0 such that dist(x,0Ax) > p for every
k # 1,7, Hence, for every r € (0, p) up to an L" -negligible set we have B, = (A; U A;) N B, (and
AiNAj=0). Thus, P(A1,B,) = P(A;,B;) forall r € (0, p), and since = € 0* Ay,

va,(x) :=— lim 7DXAj(BT) = lim 7DXA1(BT> = —vy, ()
J r—0+ P(Aj, B,,a) r—0t P(Al, Bf,«) ! ’
hence |v4;(z)| = 1. This yields x € 0" A;.

Step 3. If x € E(S), there are at least two indices 2 < k < { < N such that x € A, NOA;. Indeed,
since x € JA;, there exists at least one k € {2,..., N} such that x € JA. If k is unique with this
property, by Step 2 2 € 9* A, and hence, by definition z € X().

Step 4. Now we prove H”_I(E(S)) = 0. We may suppose that »(%) is bounded, otherwise we
consider ¥(*) N Bg(0) and then let R — +oo.

By Steps 2 and 3, 2 € X(*) if and only if 2 € (0A; \ 9*4;) N (9A; \ 0*A;) for some i > j > 1,

N N
therefore %(5) C | J (04, \ 0*4;) and > P(A;, %)) = 0. Hence for every ¢ > 0 there exists an
3=2 J=2

N
open set U C R™ such that ©(®) C U and 3" P(A;,U) < . Since X(*) C 9*A;, by Theorem 2.1

7j=2
for every x € £, r1="P(Ay, B,(z)) — wy_1 as r — 0T, thus there exists p(z) > 0 such that

w1 _ P(A1,B,(x))
2 — rn—1

< 2wp-1 Vr € (0, p(z)). (3.3)

Fix 6 > 0 and consider the collection of balls F := {B,.(z) : = € (), r € (0, min{d, p(x)}), B,(z) C
U}. Clearly, this is a fine cover of »(%) and hence by Vitali Covering Lemma there exists an at most

countable disjoint subfamily F/ C F with X(*) C U Bsy,. Now using (3.3), the definition of parti-
By, €F
tion and (2.7) for the Hausdorff premeasures we get

n— s n— n— Wn—1 pn— n—
Higs' (5¢)) < Z W (5ry)" = 25" Z Tlrk f<2.5m Z P(Ay, By,)

BTk €F/ B’“k €F/ B’“k €F/

—9. 5”*1P<A1, U Brk) <2.5"1P(A,U) =2 5”*113( L]j A;, U)

By, €F' =2

N
<2-5"71Y " P(A;,U) <2-5" e,
j=2

Thus, letting §,¢ — 0%, we establish H"~1(£(®)) = 0. O
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Remark 3.4. From Proposition 3.3 it follows that

N N
1
Per(A, Q) ZH” HQnotA) =23 >, HTHQNOA;NO"A).
] 1 j:u:l,z';éj

Since H"~1(QNO*A; N O*A;) is the area of the interface between the phases A; and A;, Per(A, )
measures the total perimeter of the interfaces in (2.

3.1. (A, 7o) -minimizers. In order to prove Theorem 4.6 it is convenient to give the following definition.

Definition 3.5 ( (A, ro) -minimizers). Given A > 0 and ¢ € (0,+00] we say that a partition A €
P(N) isa (A, 1) -minimizer of Per in R"™ (a (A, ro) -minimizer, for short) if

Per(A, B,) < Per(B, B,) + A|AAB|
whenever B € P(N), AAB CC B,, and r € (0,79).
The crucial technical tool is the following.

Theorem 3.6 (Density estimates for (A, r()- minimizers). Let A € P(N) be a (A, rg) -minimizer
and i € {1,...,N}. Then either 0A; =0 (ie. A; =0 or A; = R”)or there exists ¢(N,n) € (0,1)
such thatfor any x € 0A; and r € (0,7¢), where Ty := min{ry, 4(N A} if A>0 and 79 :=rg if
A =0, the following density estimates hold.:

1 \n _ AN By (2)| L 1 n
(33) = Bo(z)| = 2 2 (1 2N = 1)) : Sh
P(A;, B.(z)) 2N —1
¢(N,n) < o < SN 1) NWp, - (3.5)
Moreover,
N
D> HTHOA\ 07 A;) = 0. (3.6)

Proof. We may suppose i = 1 and 0A; # (. Moreover, since 0*A; = 0A;, it suffices to show
(3.4)-(3.5) whenever x € 9*A;. Choose r € (0,79) such that B, := B,(x) satisfies

N
> HHOB,N0*Aj) =0 (3.7)
j=1

and define the competitor B € P(N) as

B:=(A1UB,, A3\ B,,..., Ax \ B,).

Then AAB CC B; forevery s € (r,7g) and thus, by (A, o) -minimality,

0 <2Per(B, Bs) — 2Per(A, B;) = P(A1 UB,;,B;) — P(A1, Bs)

N (3.8)
+Z( P(A;\ By, By) — (Aj,BS)> +20|B, \ A +20Y |4, 0 B, .
j=2
By the disjointness of the A;’s we have
N
> AN B[ =B\ Ay (3.9)

Moreover, recalling that Ag.l) = Aj, from (2.5), (3.7) and H"1(Bs; N {va; = —vp,}) =0, we get
P(A;\ B,,B,) = P(A;, B;\ By) + H" (4, 0B,) Vje{2,....,N}.  (3.10)
Thus,
N N N
ST P\ By, By) =Y P(A;, B\ By) + Y HH(A;n0B,).
j=2 j=2

J=2
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By the disjointness of the A;’s, Theorem 2.2 and the choice of  in (3.7),

N
ST A N OB = HYAY N 9B,) = HPTLH (R \ Ay) NOB,).

j=2
Therefore,
N N
> P(Aj\ By,B,) = > P(A;, B\ B,) + H" '(R"\ A1) N OB,). (3.11)
=2 =2
Finally, since H" 1 (Bs N {va, = vp.}) =0 by (3.7), from (2.6) we deduce
P(A;UB,, Bs) = P(A1, Bs \ By) + H" Y ((R™\ A1) N OB,). (3.12)
Now inserting (3.9), (3.11), (3.12) in (3.8) we get
N
P(A1,B,)+ Y _ P(Aj, By) <2H" (R \ A1) N OB,) + 4A|(R™\ A1) N B, |. (3.13)
j=2

Applying (2.7) and using the disjointness of the A;’s we get
N N
N P(A;,B,) = P( U Aj,BT> — P(R"\ Ay, B,) = P(Ay, B,)
j=2 j=2

and thus from (3.13),
P(R™\ Ay, B,) < H" N ((R"\ A1) N0B,) + 2A|(R™ \ A1) N B,|. (3.14)
Adding H"L((R™\ A1) NOB,) to both sides of this inequality and using (3.7) we establish
P((R"\ A1) N By) < 2H" 7 ((R"\ A1) N9B;) + 2A|(R™ \ A1) N By. (3.15)

Now by the isoperimetric inequality [12],

n

nwy|(R"\ A1) N B, < 2" (BT A1) NOB,) + 2A[(R"\A)N Bl (3.16)

: A n
Since r < To < m,

1/n

1 nw
2A|(R™\ A1) N B,|n < 20w}/ < ——"——.
As aresult, from (3.16) we obtain
1 1 n—1
(1= s ) el MR A 0B < HOTH(R Ay N OB).
3 (1= gy =gy o/ "I\ ) 0 B < AR A1) 00B)
Integrating this differential inequality we get
1

1 n
n >7 - n
(BN A)N B 2 5 (1 2(N—1)> et

ie.
‘AlmBrlgl—i(l— 1 )n
| B 2n 2(N —-1)

which is the upper volume density estimate in (3.4). Moreover, since 2Ar < m, from (3.14) we
obtain
nwn o, 2N -1 1
oN —1) 2N —1)"
fora.e. r € (0,7). Now the left-continuity of p — P(A;, B,) implies the upper perimeter density
estimate.

Let us prove the lower volume density estimate. As above we may suppose i = 1 and 0A; # 0.
Take x € 0*A; and set

I:={je{2,...,N}: H" Y(B;(x)Nd*A; N *A;) > 0}.
7
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Write as usual B, := B,(x) and let r € (0,7¢) satisfy (3.7). By virtue of Proposition 3.3 and Remark
3.4,
N
P(A1,B,) =Y H'" (B, Nd" A1 NO*Aj) = > H" (B, NI* A NI*Ay). (3.17)

j=2 jel
Since x € A, one has I # (). Forevery j € I let us define the competitor BU) e P(N) as
BY = (A1 \ By, Ag, ..., Aj 1, Aj U (AN By, Ajia, ..., AN).
By the (A, rg)-minimality of A, for every s € (r,7¢) one has
P(A1,Bs)+ P(Aj,Bs) < P(A1\ By, Bs) + P(A; U (A1 N B,), Bs) + 4A|A1 N B,|. (3.18)

From (3.7) and (2.1)
O (A1NB,) = (A1 NIB,) U (B, NJ"Ay). (3.19)

Moreover, H" *(Bs N {va, = va,np,}) = 0 forany j € I, therefore, from (2.6)
P(A;U(A1NB,), By) = K" 1 (A1N B,) O N B,no* A;) + 1" 1AV N B,nd* (AN B,)). (3.20)
Now according to Theorem 2.2, (3.7), H" *(A; N B, N 0*Aj) =0, and (3.19)
H (AN B) Y N B, nd*A;) =H" (B, N 0*A;) — H" (B, N d*(A; N B,) N §* A;)

=P(A;, Bs) — H" 1B, N 9*A; N9 A;).
Similarly, since H"~}(A; N B, Nd*(A1 N B,)) =0, forany j € [
HHAY 1 BN 9% (41 0 By)) =H" (B, N (410 B,)) — H""Y(B, N 0" (A1 N B,) N 9*A;)

=H""1(A1NOB,) + P(A1,B,) — H" 1(B, N 9* A1 N 0* A;).
Therefore, from (3.20) we get
P(A;U (A1 N B,),Bs) =P(Aj, Bs) + H" (A, N dB,)

(3.21)
+ P(A1, B;) — 2H" Y(B, N 0* A1 N 9* A;).

Inserting this and
P(Ay\ By, By) = P(Ay, B\ B,) + H" ' (A; N OB,)
(whose proof is the same as (3.10)) in (3.18) and using (3.7) once more we get
HY(B, N0* A1 NO*A;) <H" (A1 NIB,) +2A|A1 N B,|. (3.22)
Summing these inequalities in j € I and using (3.17) and |I| < N — 1, we obtain
P(A1,B,) < (N —1)H" Y (A, NdB,) + 2(N — 1)A|A; N B,|,

whence
P(A;NB,) < NH" Y (A;NdB,) +2(N — 1)A|A; N B,|. (3.23)

1/n
Since 2(N — 1)A|A; N B, |Y/™ < #2— forany r < 7, from the isoperimetric inequality we get

1 n—
S nen 410 B, < H" (A, N8B,).

Now integrating this differential inequality we obtain the lower volume density estimate

1 n
’Al ﬂBr\ > <2JV,> wnrn.

The lower perimeter density estimate in (3.5) follows from the volume density estimates and the relative
isoperimetric inequality for the ball [3, page 152].
Finally, (3.6) is a consequence of a standard covering argument. O
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Remark 3.7. Let a1, as > %47 Ay >0, A2 >0, rg € (0,+00]. Suppose that A € P(N) satisfies
Per(A, B,) < Per(B, B;) + M| AAB|*t 4+ Ao| AAB|*?

whenever B € P(N), AAB CC B, and r € (0,7r9). Then repeating the proof of Theorem 3.6, one
obtains that (3.15) and (3.23) are replaced by

P((R"\ A1) N B,) SQ'H”_l((R" \ A1) NOB;) + A1|(R™\ A1) N B |** + Ag|(R™\ Ay) N B, |*?
and
P(Al N BT) < NHnil(Al N 8B7») + 2(N — 1)A1‘A1 N BT’al + 2(N — 1)A2|A1 N BT‘QQ

respectively and, thus, that for every i = 1,..., N either dA; = () or for every x € 0A; and for any
r € (0,70), the relations (3.4)-(3.6) hold, where

3 —1/7’L nwl/"l no ln+1 1 —
. min{rg, wn (m) 2 } if Ay =0,
- . “1/n 1/n 1 —1/n 1/n 1 X
min{rg, wy / (78(%0—”1)& ) nop=ntl (), / (78(]7:/@1)/\2 ) nag=ntl b if Ay > 0.

This will be used in the proof of Theorem 5.1.
3.2. Bounded partitions. The multiphase analog of a bounded phase in R” is the following.

Definition 3.8 (Bounded partition). A partition C = (C1,...,Cn11) € P(N + 1) is called bounded
if C; is bounded for each i =1,..., N.

Therefore, C'y41 is the only unbounded entry of C. We denote by P,(N + 1) the collection of all
bounded partitions of R™.
Given A € P,(IN + 1), we denote by

co(A)

N
the closed convex hull of |J A;. Since AAB CC R" forevery A,B € P,(N + 1),
i=1

N—+1
AAB| = |A;AB,|
j=1

is the L'(R") -distance in Py(N + 1).
The following compactness result can be proven similarly to Theorem 3.2.

Theorem 3.9 (Compactness). Ler A¥) € Py(N + 1), k=1,2,..., and Q € Opy(R"™) be such that

sup Per(A®) < 400, co( Ay c  VEk>1.
k>1

Then there exist A € Py(N +1) and a subsequence {A*)} convergingto A in L'(R") as | — +oo.

N _
Moreover, |J A; C Q.
i=1

4. EXISTENCE OF GENERALIZED MINIMIZING MOVEMENTS FOR BOUNDED PARTITIONS
Given E, F C R"™ set
a(E,F) ::/ d(xz,0F)dx.
EAF
Note that 6(E,F) = 0 if |[EAF| = 0 whereas ¢(E,F) = 4+oc if 0F = () and |[EAF| > 0.
Moreover, X,Y C R" are measurable and Y # (),
/ d(z,0Y)dx = / d(z,dY)dx — / d(z,dY)dz if X NY is bounded,
XAY X Y
4.1)
/ d(z,0Y)dx = / d(z,0Y)dx — / d(z,0Y)dz if X°N Y is bounded.
XAY e e

9



Now the nonsymmetric distance between A, B € P,(N + 1) is defined as
N+1

o(A,B) =Y (A Bi),

i=1
where N + 1 > 2. Observe that for every B € P,(N + 1) the map o(-,B) is L'(R")-lower semicon-
tinuous.

Definition 4.1 (The functional F'). We let F : Py(N + 1) x Py(N + 1) x [1,+00) — [0, +00] be the
functional defined as

\ 1 N+1 \ N+1
F(B, ;) = Per(B) + 5 o(5, 4) = | ; P(B) + ; /B o o)z

The domain of F' is independent of Z, and F' is the natural generalization of the Almgren-Taylor-
Wang functional [1] to the case of partitions [15, 10]. One can readily check that the map B € P,(N +
1) — F(B, A; \) is L'(R™) -lower semicontinuous.

Theorem 4.2 (Existence of minimizers of ). Given A € Py(N + 1) and X\ > 1 the problem

inf  F(B,A;\) 4.2)
BePy(N+1)

has a solution. Moreover, every minimizer A(\) = (A1(N), ..., An1+1(N)) satisfies the bound
N
L 4i(%) € co(A).
i=1

Proof. Given a partition B € P,(N + 1) define the competitor B’ € P,(N + 1) as

N
B = (31 Neo(A),..., By Neo(A), R\ | J(Bin co(.A))). 4.3)
i=1
Since co(.A) is convex and closed, by the comparison theorem of [2, page 152] we have P(B;) >
P(Binco(A)) fori=1,...,N, and

P(Byi1) = P( (VJ B¢> > P(( Lj\j Bi)ﬂco(A)) - P< G(Bﬁco(.A))) - P(R”\G(Bmco(/t))),
i=1 )

i=1 =1 =1

N
with equality if and only if | |J B; \ co(A)| = 0. In addition, for i = 1,..., N
i=1

/ d(x,0A;)dx :/ d(:z:,@Aﬁdaz—{—/ d(x,0A;)dx
B;AA; Bi\A4; Ai\B;

2/ d(x,@Ai)d:er/ d(x,0A;)dx 4.4)
(BiNco(A))\A; A\ (BiNco(A))
:/ d(xz,04;)dx,

(Binco(A))AA;

where we used the nonnegativity of the distance function and A;\ B; = A;\ (B;Nco(A)). The equality
in (4.4) holds if and only if

N N
'Ul B \CO(.A)) = 0. For the same reason, since A%, = 'Ul A; C co(A),
1= 1=

/ d(x,é?ANH)dx —/ d({E,aAN_H)d{L‘
By i1AAN

B]C\LI—IAA?V-‘—I

>

/ d(m, (9AN+1)d1'.
(Byry1Neo(A)AAS

10



So we have
F(B, A \) > F(B’,A; A) VB € Py(N +1)

N
‘91 B;\ CO(A)‘ > 0.

Let {B*)} C P,(N+1) be a minimizing sequence, which can be supposed so that co(B*)) C co(A)
and F(B®), A;\) < F(T, A;)), T:=(0,...,0,R") being the trivial partition, so that

and the inequality is strict whenever

N
A A
k
Per(B*)) < 5 o(T,A) = B ]El /Aj (d(az, 0A;) + d(l‘,aAz\r+1)) dz Vk > 1.

By Proposition 3.9 there exists A(\) € P, (N + 1) such that B*) — A()) in L'(R") as k — +oo.
Then the L'(R") -lower semicontinuity of F'(-,.4; \) implies that .A(\) is a solution to (4.2).

N
Now let A(X) be a minimizer of F(-, 4; ). If | [J A;j(A) \ co(A)| > 0, then, as shown above,
j=1

F(A\N), A;\) > F(A(N), A; \), where A()\)' is defined as in (4.3), which contradicts the minimality
of A(M). O

N
Remark 4.3. Let C' C R™ be a compact convex set. Suppose that G € P,(N +1) satisfies |J G; C C;
i=1

J
from Theorem 4.2 it follows that every minimizer A(\) € Py(N+1) of F(-,G; \) satisfies co(A(N)) C
C'. This property gives an a priori bound for minimizers of F'(-, G; A) using only the bound for the initial
partition and will be used in the proofs of Theorems 4.10 and 5.1.

Remark 4.4. Suppose that G € P,(N + 1) and G; = ) for some ¢ € {1,..., N}. Then by definition
of & every minimizer A(X\) € Pp(N + 1) of F(-,G;\) satisfies A;(\) = (). In particular, for G =
(G,0,...,0,R" \ G), the GMM problem for F(-,G;\) agrees with the GM M problem of the
Almgren-Taylor-Wang functional

E e BV(R")— P(E) + )\/ d(z,0G)dz. 4.5)
EAG
N+l
Proposition 4.5 (Behaviour of A()\) as time goes to 0). Let A € Py(N + 1) be such that ) |A;\
j=1

Aj| =0, and A(N) be a minimizer of F(-, A; \). Then:
a) /\Erfoo [AN)AA| =0,
b) /\ETOO Per(A())) = Per(A),
c) )\Erfoo Ao(A(N),A) =0.

Proof. a) Choose any sequence A\, — +oo. Since F(A(Mg), A;A\k) < F(A, A; \;) = Per(A), we
have Per(A()\)) < Per(A) and
lim o(A(\), A) =0. (4.6)

k—+o00
Moreover, by Theorem 4.2 co(A(X)) C co(A), therefore Proposition 3.9 yields the existence of a
subsequence {\g, }; and of B € P,(N + 1) such that A(\,) — B in L'(R") as | — +oo. Now the
lower semicontinuity of o(-,.A) and (4.6) imply o(B,.A) = 0. Then from the assumption on A we get
A = B. Since )y is arbitrary, a) follows.
b) Since Per(A(A)) < Per(.A), from a) we obtain

Per(A) < 1/\imJirnf Per(A())) < limsup Per(A())) < Per(A).
—Too A—+00

¢) From b) we have

lim sup Ao (A(N), A) < 2limsup(Per(A) — Per(A()))) = 0.
A—+400 A——400



Theorem 4.6 (Density estimates). Suppose that A € Py(N + 1) and let A(X\) € Py(N + 1) bea
minimizer of F(-, A;\). Then for every i € {1,...,N + 1} either 0A;(\) is empty or there exists
¢(N,n) € (0,1) such that

1 \n |4\ N B(@)] 1 1 \n
(2(]\7 n 1)) S TB@ ST (1= ay) @7
¢(N,n) < P(Ai(?,zifgr(w)) < 2]\2[; L o (4.8)

forany x € 0A;(\) and r € (0, min{1, 2>\N(dia£co(,4)+2) }). Moreover

N+1

ZH” L9A4;(N)\ 07 A4;(N) = 0.

Proof of Theorem 4.6. Fix ry > 0. Thenforevery x € R" and C € P,(N+1) suchthat CAA(N) CC
B,(x) with p € (0,rp), by Theorem 4.2 one has

d(z,04;) < diamco(A)+2p Vi=1,...,N+1, z€ CAA(N).
Therefore the minimality of A()\) implies
Per(A(X), B,(x)) < Per(C, B,(x)) + % (diam co(A) + 2r9) [CAA(N)],
ie.
A(X) isa (A, 7o) -minimizer with A = % (diam co(A) + 2ro).
Now application of Theorem 3.6 to A(A) with 7o = 1 finishes the proof. O

Remark 4.7. The density estimates show that the entries of A(\) are Lebesgue-equivalent to open sets.
Indeed, since using £\ E C OE, and E \ E C OE (E being the interior of E), we have
N+1 . N+1 N+1 i N+1

D IAMAA ] < YT TAMN N AN+ D TA4N AN <2 104,00
Jj=1 j=1 =1 j=1

N+1 N+1 .
Now by the density estimates > |0A;(\)| = 0, and therefore ) |A;(A)AA;(N)| =0.
j=1 j=1

To prove the existence of GM M, we need the following volume-distance inequality from [1].

Proposition 4.8. Suppose that C' is a compact subset of R, A C R" is Lebesgue measurable, 9,0
and v are positive numbers such that

)\/ d(z,C)dx <7, (4.9)
A

and

H" N C N B,(z) >0
whenever x© € C and 0 < r < ¢. Then for each p € (5,400 )
I

1A\ C| < [2r<§)"*1H“—1(0)

where
I = 22", B(n) /6, (4.10)

and ((n) is the Besicovitch constant.

Remark 4.9. The assertion of Proposition 4.8 still holds for v = 0. Indeed, v = 0 in (4.9) implies that
|A\ C|] = 0.

One of the main results of the present paper reads as follows.
12



Theorem 4.10 (Existence of GMM ). Let G € Py(N + 1). Then GM M (F,G) is non empty. More-
over, there exists a constant ¢ = ¢(N,n,G) > 0 such that for any M € GMM (F,G),

IMOAME)| < et — |71 Vet >0, |t—t] <1 @.11)

and

N
U ) Cco(G)  Vt>0. (4.12)

N+l
In addition, if ) |G;\ G;j| =0, then (4.11) holds for any t,t' > 0 and |t —t'| < 1.

j=1
Proof. Set 2R := diamco(G). Let L(\, k) = (Li(A\k),...,Ln+1(N k), A > 1, k € Ny be
defined as follows: L£(\,0) := G, and for k > 1

F(‘C()U k‘),ﬁ()\, k— 1); )‘) = Aeﬁgl(i]r\fl—i—l) F(A7‘C()‘a k— 1); )‘)7

recall that the existence of minimizers follows from Theorem 4.2 and also
N
U LiAk) Ceo(G)  VAZ1, keN,. (4.13)
j=1
Clearly, F(L(\, k), LN\ k—1);\) < F(L(A\k—1),L(\, k—1);)\), hence
Ao (LN k), LNk —1)) <2(Per(L(N\ k—1)) — Per(L(\, k)  Vk>1. (4.14)

Therefore, the sequence k € Ny — Per(L(\, k)) is nonincreasing, and Per(L(\, k)) < Per(G) for all
k € Ny and A > 1 since £(\,0) =G.
Forevery t,t' >0, 0 <t—t <1 letus prove

O, DAL, MD)] < 8N, Gt — ¢/|7T + &N, n, G|t — |20 A1/ (4.15)

provided that X is sufficiently large depending on |t — /|, n, N and R, where

BNV 1) (R + 1)

¢(N,n,G) = < 8['(N +1) -

) Per(9).

¢(N,n,G) := +/8'(N + 1) Per(G

and T is given by (4.10) for the choice of 6 = ¢(N,n) in (4.8).
Set ko := [At'], mgo := [A\t]. Let A > TwinN be so large that mo > ko + 3 > 4. We apply
Proposition 4.8 as follows: for i € {1,..., N + 1} and k > ko + 1 we take

A= Li\E)AL(A k — 1),

C =0Li(\k—1).

C satisfies the lower perimeter density estimate according to Theorem 4.6 with § = ¢(N,n), and since
it satisfies also the upper density estimates, we have |A\ C| = | A|. Thus (4.9) follows from (4.14) with

= 2(Per(L(\, k — 1)) — Per(L(\, k).

Now choose
n _ t/|71/(n+1) _ n

P = INANRTTD) : TANAR+ 1)
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From Proposition 4.8 for £ > kg + 1 we get

N—+1
LA K)ALE = 1) = > LA k)AL (A k = 1)]
j=1

(P(Lj(M\ Kk —1)))

1

+

n—1
_VAT|t — #7250
- 2\1/2

N|=
[N

(Per(ﬁ()\, k— 1)) — Per(L(), k:)))

<.
Il

n SN(N +1)(R+1) It — t/‘%-‘rl (Per([,(/\, k—1)) — Per(L(A, k)))

l l
From the inequality > a; < (I Y a?)'/? we get
: t

=1 )
N+1 N+1 1/2
(P k=) <((V 4+ 1) Y PL; (A k—1))
j=1 j=1
=(2(N + 1) Per(C(A K~ 1)))1/2 < (2v+ 1) Per(g)>1/2
Now using
3 (Per(ﬁ()\, k—1)) — Per(L(), k))) < Per(G),
k=ko+1
and
3 (Per(ﬁ()\, k— 1)) — Per(£(), k))) 2
k=ko+1
<(mo — ko) ( > (Per(£(nk— 1)) — Per(£(, k)))) * < (mo — ko)? <Per(g))1/2
k=ko+1
we get
L)AL, M) < % 1L R)ALO & — 1)
k=ko+1

=

8T(N + 1) Per(G))® mo 1
g( W+1 (g)> Per(ﬁ()\,k—1))—Per(£(/\,k))>2

n—1
A2t — ¢[00 S

=Y (Per(ﬁ()\, k — 1)) — Per(L(A, k)))
k=ko+1

AN+ 1)(R+1)

- 8T'(N + 1) Per(G) <m0/\—k‘0)§ N 8N(N +1)(R+1) Per(g)\t—t'\n%l.

It — t/|2(7i;+11) n

By the definition of kg and mg we have

mo — ko

14
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hence, using (a + b)1/2 < a'/2 + /2,

8['(N + 1) Per(G) (‘t o l) 1/2

[ DAL, )] < 3

]t_t/‘#fl)

GOV ADBRAD ooy ety

n
. n-lo =iy y—1/2
<&N,n,Q)|t — |71 + &N, n,G)|t — /| 2= \~/2,

which is (4.15).
Now we prove the assertions of the theorem. Using (4.13), the inequality Per(L(\, k)) < Per(G),

Proposition 3.9 and a diagonal argument we obtain the existence of a diverging sequence {\;} and
M(t) € Py(N + 1) such that

Jim |k, Mt AM(E)] = 0 (4.16)

for every rational ¢ > 0 and also (4.12) holds. By (4.15) M(t) satisfies
IMOAME)| <N, n, G|t — |71 Wt e QN (0, +00), [t —#] < 1.

Hence this map extends uniquely to amap {M(t): t > 0} C Pp(N + 1) satisfying (4.11) and (4.12).

It remains to show that M € GM M (F,G). Since L£(\,0) = G, and we need just to prove (4.16) for
any t > 0. Case t =0 is trivial: M(0) =G. Fix t > 0. Forevery ¢ € (0,1) take t. € QN (0,+00)
such that |t —t.| < "', Since M satisfies (4.11), from (4.15) and (4.16) we deduce

Lt sup | £, Pt )AM ()] < limsup | £, et AL O, [Mete])]
k—400 k—+o0

+ lim sup | L (g, [Agte]) AM(te)| + lim sup [M(t.) AM(t)]
k——+o0 k=400

<28(N,n,G)|t — t.| 71 < 28(N,n,G)e.

Hence, (4.16) is obtained letting £ — 0.

N+1
Finally, let ) |G\ G| = 0. Given t € (0,1), choosing X sufficiently large, from (4.15) we get
j=1

|L(N\, [M)ALN,0)| <L, [M)ALN )|+ | LN, 1)AG|
T n ¢(N,n,G)

n—1

AL/2|t — 1|20FD)

1
<eNV,m, G|t - 5 + LA 1)AG.

Now letting A — +o00 and using Proposition 4.5 a) we establish
IMHAM(O)] <EN, 7, G) t7.
O

In order to improve the Holder exponent n%rl to the value % in (4.11) we expect to be useful, for

minimizers A(X) of F(-,.A;\), an estimate of the form

N+1

ST sup d(-,04;) <OV
i1 Ai(VAA;

We miss the proof of such an estimate; however, a partial result in this direction is given in Lemma 6.4.
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5. EXISTENCE OF GM M FOR BOUNDED PARTITIONS IN THE PRESENCE OF EXTERNAL FORCES

In this section we consider the problem of the mean curvature evolution of bounded partitions with
forcing terms. Given A € Pp(/N + 1) and measurable functions H; : R” — R, i =1,...,N + 1,
consider the functional

N+1
Fu(B, A\ = F(B, AN + Y / Hdz, BePy(N+1).
i=1 B

When N =1 and Hs = 0, we get the Almgren-Taylor-Wang functional with an external force H;
which is nonnegative outside a sufficiently large ball.
We suppose:

loc

H;c L (R"),i=1,...,N +1,forsomep >nand Hy 1 € L'(R"); 5.1
there exists R > 0 such that H; > Hy . a.e. in R™ \ Bg(0) foranyi =1,..., N; '

in particular Fy (-, A; ) is well-defined and L!(R™) -lower semicontinuous.
The aim of this section is to prove the following result, generalizing Theorem 4.10.

Theorem 5.1. Suppose that H; : R — R, i =1,..., N+1, satisfy (5.1)andlet G € Py,(N+1). Then
GMM (Fy,G) is non empty. Moreover, there exists a constant C = C(N,n,G,p,Hy,...,Hn4+1) >0
such that for any M € GMM (Fy,G)

IMOAME)| < Clt — |71, Wi¢ >0, [t—t] <1 (5.2)
and
N
U M;(t) C closed convex hull of co(G) U Br(0) vt > 0. (5.3)
j=1

N+l
In addition, if ) |G;\ G;j| =0, then (5.2) holds for any t,t' >0 and |t —t'| < 1.
j=1

Since the proof of this theorem is a minor modification of the proof of Theorem 4.10, we just sketch
it.
Proof. Step 1. Given A € Pp(N + 1), the problem

inf  Fy(B,A;\)
BG]Pb(N+1)

has a solution. Let D stand for the closed convex hull of co(A) U Br(0) and forevery B € Pp(N +1)
define the competitor B’ € P,(N + 1) as

N
B = (31mD,...,BNmD,R”\U(BmD)>.
=1

Observe that

N
Fr(B, A;\) = F(B, AN+ / (H; — Hyy1)dz 4+ | Hyyide. (5.4)
j=1 Bj Rn

N
By Remark 4.3 we have F(B, A;\) > F(B', A; \) with the equality if and only if | |J B; \ D| = 0.
j=1

Since H; > Hy41 ae. in R™\ D, one has also



Therefore, (5.4) implies Fi; (B, A; \) > Fy(B', A; \) with the strict inequality when | Lj\j B;\D| > 0.
Now proceeding as in the proof of Theorem 4.2 we can show that there exists a minimizer] z% Fr(, A N).
Moreover, every minimizer A()\) satisfies
co(A(N)) € D. (5.5)
Now we prove the density estimates for A4(\).

Step 2. Let us fix 79 € (0, R) and take any B € Py(N + 1) with A(AN)AB CC B,, r € (0,79).
Then

Per(A()), By) < Per(B, B,) + A1| AN AB|* 1P 4 Ay| AN AB, (5.6)
where
A = N1/P Hg}\}/( |H; — HN+1||LP(D), Ay = % (diam D + 2rg). 5.7

Indeed, from (5.5) one has
d(2,04;) <diam D +2r,  Vj=1,....N+1, z € A\)AB,
hence using (4.1)
N+1

o(8,4) — o(AN), A)| < 3 / d(z,0A,)dz < (diam D + 2r0)| BAAO)|,
j=1 7 BiAA;(\)

since BAA(\) CC B,,. Moreover, from the Holder inequality

‘ / (Hl — HN+1)d:L‘ — / (Hz — HN_H)dl'} § / ’Hl — HN+1|d{L‘
Ai(N) B; Ai(MAB;

K3 3

<l aas( [

py \P 1-1/p
\H; — Hyoi| da:) < | Hi = Hus1 | ooy | Ai(AV) ABi 1P,
A;(N)AB;

Then the concavity of the function ¢ € (0, +00) +— t1=1/P implies that

N
‘Z/ (HZ»—HNH)dx—/ (H; — Hy41)dz
i—1 JA4i(N) B;

<N/ max |H; — Hyll Lo (o) AN ABF 1P,

Now minimality of A(\) (Step 1) yields (5.6). Thus we can apply Remark 3.7 with ay =1 —1/p >
1-1/n, ag =1, ro € (0,R) and

- min{ro, 75} itA; =0,
0= . —1/n 1/n, _P_ .
min{rg, wn / (gX’;N)p*", SAZN} if Ay >0,

to get that for every i € {1,..., N + 1} either 0A4;(\) = 0 or there exists ¢(N,n) € (0,1) such that

N+1
(4.7)-(4.8) hold forany = € DA;(\) and r € (0,7). Inparticular, > H"1(9A;(N)\0*A;(\)) = 0.
7j=1
Step 3. Given G € P,(N+1) let K denote the closed convex hull of co(G)UBR(0). Let L(A,0) :=
G and L(\, k) be defined as

Fu(LOWR), L0k =130 = min | FulA L0k =130, k=1,

Notice that by Step 1 Fp (-, L(A, k—1); \) has a minimizer L£(\, k) € P,(N+1) and co(L(\, k)) C K
forany A > 1 and k£ > 0. Observe that for any A > 1 the map

N
k € Ng — ¥(A k) :=Per(L(\, k)) + Z/ (Hj — Hyy1)dx

17



is nonincreasing. Indeed, since Fr(L(\, k), L(A\,k—1);\) < Fr(L(X\, k—1),L(\, k—1); \), recalling
(5.4) one has

Ao (LK), LAk — 1)) <2(T(N\, k—1) — T(\k)).

In particular,

N
Per(L(\, k) <Per(@) + 3 / \H,; — Hyo|da
j=1 Li(MR)AG; (58)

<Per(G) + Nl;r%%( IH; — Hyi1ll gy =: K-
We claim that for every t,¢' >0, 0 <t —t' <1,
~ n—1
LG AL, D] < CN,n, )t — #757 + C(N, n, Gt — ¢ 20 A~1/2

provided that A\ > max{4/t',4/(t — t')} is sufficiently large so that the density estimates (4.7)-(4.8)
hold for r € (0,6), 6= m, here

C(N,n,G) == < ST(N +1) +

C(N,n,G) := \/ST(N + 1) s,
T is given by (4.10). Set ko := [At'], mg := [At]. By the choice of \, mg > ko + 3 > 4. Applying
Proposition 4.8 with

8N (N + 1)(diam K + 27“0)> .
n Y

A=Lij\NE)ALj(M\ k—1),
C=0Lj(\k—-1),
which satisfies the lower perimeter density estimate according to Step 2 with 6 = ¢(N,n),

vy=U(\NEk—1)—¥(\k)

and
p= n ’t—t/’_l/(n+1) 5= n
AN (diam K + 2rp)A ’ 4N (diam K + 2rg)\’
forany k > ko + 1 we establish
N+1

VATt — ¢/ 20
2\1/2

Bl
[N

(P(Lj(A\ k —1)))
1

ILOLE)ALO K —1)] <

(\Il()\, k—1)— W), k))

<.
Il

N 8N (N + 1)(diam K + 2rq)

- |t — ¢'| "+ (\Il(/\,k 1) \Il()\,k:)>.
According to (5.8)

N4+1 s 1/2
3 (P(Lj(A k1)) §<2(N—|— 1) Per(L(\, & — 1))) < (2(N+ 1),{)

j=1

1/2

Now using

ioj (\P(A, k—1)— T(), k)) < WA, 0) — T(A, mg) < Per(G) — Per(L(\, mo))
k=ko+1

(Hj — HN+1)d$)

+Z(/Q<Hj—HNH>da:—/

j:l l:()\,m())

<Per(Gg) + Nr]g%( |1Hj — Hyt1llpyx) =
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and
1

ZO: (xm, k—1) — U\, k))é §<(m0 ~ ko) zoj (\m,k 1) qz@,@)) © < (k(mo — ko))
k=ko+1 k=ko+1
we get
L)AL, M) < i 1L K)ALO & — 1)
k=ko+1

ST(N + 1)k X

— n—1
)\1/2|t _ t/| 0D g g

(\II(A, k—1)— U\, k:))l/2

N(N +1)(diam K + 2 —
LSV )(;am +200) 1y _ ) (\Il()\,k—l)—\ll(/\,k))
k=ko+1
<\/8F(N+ 1)k (mo - k0)1/2 N 8N (N + 1)(diam K + 2rq) alt — t’|%

By the definition of ky and m( we have mof_ko < |t —t/| + %, hence

I'(N+1 1/2

20 DAL )] < EEEEDE (g L)
|t — ¢/|2FT) A
n 8N (N + 1)(diam K + 2r¢)

/ 1
K|t — t'|n+1
n

~ n—1
<C(N,n,G)|t — t'|71 + C(N,n,G)|t — ¢/| Foorn A~1/2,
Now the proofs of (5.2) and (5.3) are exactly the same as in the proof of Theorem 4.10.
N+1
Step 4. Finally, let us show thatif > |G;\ G| =0, then (5.2) holds for any ¢,¢' > 0, |t —t'| < 1.
=1

We need just to show that |£(\, 1)AG| — 0 as A — +oo, and then we proceed as in the proof of the
final assertion of Theorem 4.10.
Using minimality of £(\,1) we have F(L(\, 1),G;\) < Fu(G,G;\), ie.
A

5 7(£(0),9) < Per(9) = Per(L(\ 1)) + N maxe [ H; = Hy il S v (59)

Choose an arbitrary diverging sequence {\;}. By (5.8) it follows Per(L(Ag,1)) < k forany k& > 1

N
and since |J L;j(Ag, 1) € K, by Theorem 3.9 there exists a (not relabelled) subsequence and A €

j=1
P,(N + 1) such that £(\g, 1) — A in L*(R") as k — +oo. Then the L!(R") -lower semicontinuity
of o and (5.9) yield

2
o(A,G) < liminf o(L(\g, 1),G) < liminf == = 0.
k——+o0 k—+oo Ag

Hence o(A,G) = 0 and by the assumption of G we have A = G. Since {\;} is arbitrary, L(\,1) —
G in L'(R") as A\ — +o0. O

6. UNIQUENESS AND CONSISTENCY OF GM M FOR CONVEX DISJIOINT PARTITIONS

Definition 6.1 (Convex and disjoint partitions). A partition A € Py(N + 1) is called convex if the
bounded components of A are convex and is called disjoint provided

min _dist(A4;, A;) > 0.
1<i<j<N
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N
Notice that if A € P,(N + 1) is disjoint, then Per(A) = > P(A;). Moreover, if A and G are

j=1
disjoint and satisfy
N N
U @;a6)) (UA) (Ua). ©.1)
j=1 j=1
N+1
then 0(A,G) = > [, aq, d(z,0G;)dzx and thus
jzl J J
N
FAG:N) =Y (P(A)) + 2 / d(z, 96 ). 62)
j=1 AjAG;

The aim of this section is to prove the following consistency result.

Theorem 6.2 (Evolution of convex disjoint partitions). Assume that C € Py(N + 1) is disjoint and
convex. Then

GMM(F,C) = {M} = {(Mi,..., Mn11)}
is a singleton. Moreover, for any i = 1,...,N, M;(-) agrees with the classical mean curvature flow
starting from C; up to its extinction time.

In particular, for any 4,5 € {1,..., N}, i # j, the function
t € [0,min{t], t1}) — dist(M;(¢), M;(t)) (6.3)
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is nondecreasing, where t;rl is the extinction time of C, [25].
We postpone the proof of this theorem after several auxiliary results. The proof of the following
lemma is an adaptation of the proof of Theorem 3.6.

Lemma 6.3. Given G € Py(N + 1) let G(\) € Py(N + 1) be a minimizer of F(-,G;\). Fix i €
{1,...,N+1}. If v € G;(N\)°NG; and d(z,0G;) > p > 0, then
1 _IB,@ 0G0y
2n = | Bp()|

6.4)

Proof. Since the idea of the proof is the same for any i, we suppose ¢ = 1. Asusual, write B, := B,(x)
and set

I'={je{2,....,N+1}: H*"(B,N9*G1(\) NI*G;(N\)) > 0}.
Clearly, if I = (), then by Remark 3.4 B, C G1(\)° and (6.4) is satisfied, hence we can suppose I # ().

Fix any 7 € (0, p) such that
N+1

> HHOB, N 0*G;(N) = 0. (6.5)
j=1
For each j € I define the competitor B € Py(N + 1) as

B := (Gl()\) U (GJ()\) N Br), GQ()\) ... ,ijl()\), Gj()\) \ B, Gj+1()\), RN GN+1 ()\)) (6.6)
Fix s € (r, p). Recall that arguing as in the proofs of (3.21) and (3.10),
P(G1(M\) U (G;(A) N By), By) =P(G1()\), Bs) + H* ' (G;(A) N 0B,) + P(G;()), Br)

—2H" Y (B, N 9*G1(\) N O*G;(N)),

P(Gj(A)\ By, Bs) =P(Gj(A), Bs \ By) + H" 1 (G;(A) N 0B,).
Therefore from (6.5)
lim (P(Gl()\) U(G4(\) N B,), By)+P(G;(\) \ By, Bs) — P(G1()), Bs) — P(G5(\), BS)>

=2H""HG;(\) N IB,) — 2H" (B, N 9*G1(\) N O*Gj(N)).
20



Now the minimality of G(\) and (4.1) imply
HHG;(N) N OB, —H" (B, N9*G1(\) N 9*G;(N))

) i i (6.7)
22/ (d(y, 9G;) — d(y, 0G1))dy.
Gj()\)ﬂBr
Since B, C G (and hence B, N G, = () we have
d(y,0Gj) — d(y,0G1) = d(y,0G;) +d(y,0G1) >0 Vy € Gj(\) N B, (6.8)
and therefore
H (B, N9*G1(\) N 9*Gj(N) < H" HG;(\) NIB,). (6.9)
Then summation of (6.9) over j € I and use of Remark 3.4 yield
N+1
P(G1(N)°,B,) <> H"1(G;(N) NIB,) Z HYG;(N) NOB,) = H HG1(A\)°NdB,).
jeI
Now adding H"~*(G1(A\)° N OB,) to both sides we get
P(G1(N)°N B,) < 2H" YG1(N\)°NdB,).
From the isoperimetric inequality, for a.e. r € (0 p) we obtain
nwl/mGL (NN B, < 2H NG (V) N OB). (6.10)
Since = € G1(N\)¢, one has |G1(A\)°N By| > 0 for any r > 0, therefore integrating (6.10) in (0, p),
we get (6.4). O

Lemma 6.4. Given G € Py,(N + 1) let G(A) € Py(N + 1) be a minimizer of F(-,G; ). Then for any
ie{l,...,N+1},

A/ on+2
sup  d(z,0G;) < 2 n
2€Gi(N)eNG; VA

Proof. Without loss of generality we suppose @ = 1. By contradiction, let =z € G1(\)° N G be such
that d(z,0G1) > p = VQT:;ZJL*E for some ¢ > (. Possibly decreasing £ we may suppose that
x € dG1(N), and p satisfies (6.5) with r = p, so that the set

J:={je{2,...,N+1}: [B,, NG;j\)| >0}

is nonempty, B3 := B3 (w). Moreover for every y € B, /2, the ball centered at y of radius p/2 is
contained in (G; and hence

d(y,0G;) > d(y,0G1) > p/2  Vje .

Therefore, for each j € J defining the competitor as in (6.6) with r = p/2, from the minimality of
G(A), (4.1) and (6.7) we get

HHG; (M) N 0B,/3) — H”_l(Bp/z NO*G1(A) NO*G;(N))

A ; ; A
z 5 / (d(y, 0G;) = d(y, 9G))dy > ZF1G;(N) 1 By .
G;(MNB, /o

since cZ(y,é?G-) = d(y,0G;) and d(y,0G,) = —d(y,dG,) for any y € B,/5. Summing these
N+1

inequalities over j € J and using U (Gj(A) N B,s) = U(Gj(A) N B,s) =Gi1(A)°N B, (upto
j=1 jeJ

a negligible set), we get

— c n— * * )\ c
H ™ G1N N OB,y) > > H' (B, N0*G1(\) NI Gj(A))+7p|G1(A) N B,
JjeJ
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Now Lemma 6.3 yields

(%)HH M (5)" < HP NG N1 0B, ) < nwn(g)n_l.

But this implies p = ¥ 2"\7;*5 <Y 2\7;}2”, a contradiction, since € > 0. O

Given A CR"™ and § > 0 set
A;‘ ={z e R": dist(z, A) < d}.

The following theorem, valid without any convexity assumption on the components, shows that if
the entries of the initial partition G are far from each other, then so are the entries of minimizers of
F(-,G; \) provided A\ is large.

Theorem 6.5 (Minimizers of F' for a disjoint initial partition). Suppose that G € Py(N + 1) is
disjoint and set

1§£%‘n§1v dist(G;, G;) =: €9 > 0. (6.11)
Then for \ > 2"+ 5nes? any minimizer G(\) of F(-,G;\) satisfies
Gi(\) C (Gj)jm, j=1,...,N. (6.12)

Proof. We claim that the choice of A implies
Gni1(N)E C (G‘;VH)E*OM. (6.13)

Indeed, obviously G'n11(A)°NGG,; C (Gf\,ﬂ);/ly Nowif z € Gn11(N)°NG N1, then d(z, G ) =
d(x,0GN4+1) and therefore by Lemma 6.4

A /2n+2
d(w, Ghrsy) < sup  d(y,0Gy 1) < T
yEGN+1(>\)CﬂGN+1 \/X 4

Hence = € (Gfy1)7, /4

We prove the assertion of the theorem arguing by contradiction. Suppose for example j = 1 and

G1()\) is not contained in (Gl);;/4' In view of (6.13) and (6.11)

N N 4 N
G\ clJamc (U Gj)€0/4 =@t .
=1 1 j=1

j=
Since our assumption implies Gl(A)ﬂ(Gj);;M # () forsome j € {2,..., N}, and by virtue of Remark
4.7 the set G1(\) can be supposed to be open, there exists a ball B, of radius » > 0 whose closure
is contained in G1(\) N (Gj):o/4‘ For shortness, let j = 2. Thus setting B := (G1(\) \ By, G2(\) U
B,,G3(A),...,GN+1(N)), and using P(G1(A)) — P(G1(A\) \ Br) = P(B,), we obtain

2F(G(N),G: \) — 2F(B.G: \) =P(B,) + P(G2(\)) — P(Gs(\) U B,)

+ A/B (d(x,0G1) — d(x,0G3))dx.

Since B, N G2(\) =0, from (2.7) we get

P(B,) + P(G2(\) — P(B, UGy(\)) > 0.
In addition, by the definition of ¢y, d(B,,G1) > %, (thus a?(, 0G1) = d(-,0G1) in B, ); moreover,
since B, C (GQ);;/4, one has

d(z,0G1) — d(z,0Gs) > %0 Vz € B,
and therefore

A
F(G(N).G5\) = F(B,G: \) == [B,| > 0.

This implies that G(A) is not a minimizer of F'(-,G; \). O
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Corollary 6.6. Suppose that G € Py(N + 1) is disjoint. Then for sufficiently large \, G(\) is a
minimizer of F(-,G;\) if and only if each bounded component G;(X\), j =1,...,N, of G(\) isa
minimizer of the Almgren-Taylor-Wang functional (4.5) with G replaced by G .

Proof. Let
min _dist(G;, Gj) =: €9 > 0. (6.14)

1<i<j<N
Suppose that A;, j =1,..., N, minimizes (4.5) with G replaced by G;. By [3], Lemma 2.1] (see
also [8, Proposition 5.5]) there exists ¢(n) > 0 such that

sup d(z,0G;) < @
2€A;AG, A

Therefore, taking
A >é(n)eg?,  é(n) := max{2" %, 16¢(n )} (6.15)

we deduce A; C (Gj);)/47

A asin (6.15), A minimizes F'(-,G; \). Indeed, take any minimizer G(A ) of F(-,G;\). By Theorem
6.5 we have Gj(\) C (Gj):oﬂl’ therefore both (A, G) and (G(\),G) satisfy (6.1). Hence, (6.2) and
the minimality of A; yield

N
),G; \) :Z( ) + A /G s d(z, an)dg;)

Jj=1

j=1,...,N. Set A= (Ay,...,An,R™\ U Aj;). Let us show that for

N
2; (P(Aj) + A/AjAGj d(w,an)dx) = F(A,G;\).

This implies that A is also a minimizer F'(-,G; \).
Conversely, suppose that A satisfies (6.15) and G(A) minimizes F'(-,G; \) andlet A;, j=1,..., N,
be a minimizer (4.5) with G replaced by G;. Recall that A; C <Gj):o/4’ j=1,...,n. Set A=

N
(A1,...,An,R™\ U A;). Then from the minimality of A; and G(\), as well as (6.2), we deduce

N
F(G(V).G:\) <F(A,G ) =Y (P(4) +)\/A - d(, 0G;)dx

d(x,an)d:c) = F(G()),G: N).

< f; (P& ) + /\/

j=1 Gi(NAG;

Thus all inequalities are in fact equalities, which is possible if and only if

P(GJ()\))-F/\/ d(l‘,an) :P(Aj)+>\/ d(x,an)dx, j=1,...,N.
G;(NAG, A;AG;
Hence, G;() is a minimizer of (4.5) with G = G. O
Proof of Theorem 6.2. Suppose that
min _dist(C;, Cj) > g9 > 0. (6.16)
1<i<j<N

By [7, Corollary 5] the Amgren-Taylor-Wang solution M;(-) starting from C; (i.e. GMM starting
from C; and associated with (4.5)), ¢ = 1,..., N, is unique and agrees with the classical mean curva-
ture flow starting from Cj up to its extinction time. Moreover, since M;(-) C C;, forany t > 0 we

have M(t) := (Mi(t), ..., My(t), R\ U A1) € By(N +1).

We claim that GM M (F,C) = {M}. -
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Indeed, let C(\) € P,(N + 1) be a minimizer of F'(-,C;\). By Corollary 6.6 if X\ satisfies (6.15),
then C;(\) minimizes the Almgren-Taylor-Wang functional (4.5) with G = C;. By [7, Remark 8],
Ci(A\) C C;, C;(A) is convex. Hence, C(\) also satisfies (6.16).

Define C(\, k) as C(A,0) =C and

F(C\Kk),C(NE—=1);)) = ' F(A,C(A\ k—1);)).
COK).COMR =10 = | min | FACK ~ 1):)
From the previous observation, for \ satisfies (6.15) and k& > 1 each C;(\, k), i = 1,...,N, isa
minimizer of (4.5) with G = C;(\, k — 1). Therefore, by [7, Corollary 5]

Jim GOV MDAM(5)] =0, vE20,i=1,....N. (6.17)
Since C;(A, [Mt]), M, ( )C Gy, i=1,...,N, from (6. 17) we deduce
lim |C(\, [M]))AM(E)| = lim 2 Ci(A AM;(t)| =0
(im0 ) i ZI (t)

forany ¢ > 0. Thus, GM M (F,C) = {M}.
]

Theorem 6.7 (Stability of convex disjoint partitions). Under the hypotheses of Theorem 6.2, if the
sequence {GMWY} C Py(N + 1) converges to C in the Hausdorff distance HID as h — +oc, then for
any MW e GMM(F,G™"),

hETOOHD(M (t), M(t)) : hETOOZHD M;(t)) =0 Vte[o,?gnjxvltz),

where t;r is the extinction time of C;.

Proof. Let us show first the following comparison principle:

Claim 1. If C € P,(N + 1) is convex and satisfies

O > : 1
1<1£21]12Ndlst(0 Cj) >¢eo >0 (6.18)

then for every G € Py(IN + 1) with G; C C;, i =1,..., N, for every minimizer G(\) of F'(-,G;\),
the inclusion G;(\) C C; holds provided A > é(n)e, 2. In particular, G (A) also satisfies (6.18) unless
Gi(\) = 0.

Indeed, let C;(\)*, i =1,..., N be the maximal minimizer [8, Definition 6.4] of the Almgren-Taylor-
Wang functional (4.5) with G = C;. By [7, Remark 8] C;(\)* C C;, and from Corollary 6.6

N
e = (A1), . Cv )R [ G
1=1

is a minimizer of F'(-,C; ). Since G also satisfies (6.18), by Corollary 6.6 each G;(\), i=1,..., N
is a minimizer of (4.5). Then by [8, Theorem 6.1] one has G;(A) C C;(\)* C C; forany ¢ < N.

Now we show the following stability property of convex sets.

Claim 2. Let C C R™ be a nonempty bounded convex set and a sequence of sets of finite perimeter
G™ converge to C' in Hausdorff distance as h — +oco. Then

M)y T ow), telotl), (6.19)

where G (t) and C(t) are Almgren-Taylor-Wang solutions starting from G(*) and C' respectively
(recall that C'(+) is unique by [7, Corollary 5]), and tTC is the extinction time of C.

Indeed, consider arbitrary sequences {A(®)}, {B®} of convex sets such that AY cc ¢ cc BWY,
I > 1, and AO,BO T ¢ a5 | - —|—oo Then for any [ > 1, there exists h; > 0 such that

AW c c® c BY forany h > hy. Let AD(t) (resp. BO(t))be the minimizing movements starting
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from A (resp. B! ) for the Almgren-Taylor-Wang functional (4.5) and G™ (t)* and G (t), be the
maximal and minimal GM M [8, Definition 7.2] for (4.5) starting from G and so that G, (t) C
GM (t) € GMW™(¢) forall ¢ > 0. By the comparison theorem [8, Theorem 7.3], AV () € G, ( ) and

GM*(t) € BO(t) for any ¢ > 0. Moreover, from [7, Theorem 12] we have A1) (t), BO(t) pill C(t)
as | — +oo forany ¢ € [0,t¢), and since h; — +o00, (6.19) follows.

Now we prove the assertion of the theorem. Let A € P,(N + 1) be a convex disjoint partition with
C; CC A;, i =1,...,N. Then for sufficiently large h, GZ(-h) C A;. Let g(h)()\hk, [Anxt]) be the se-
quence chosen in the definition of M) (t), i.e. G (N 1, [Mnit]) minimizes F(-, G (N, 1, [Anit] —
1); Ang) and GP (N g, Mnst]) — MP(8) in LYR™) as k — +o00. By Claim 1 and Corollary 6.6,
each Ggh)(Ahvk, Anit]), ¢ =1,..., N minimizes (4.5) with G = Gl(h)()\hk [)\h kt] — 1), therefore,
M™ (+) is an Almgren-Taylor-Wang solution starting from GZ(.h). Now as G (h) HD C;, Claim 2 implies
MM @) M), i=1,...,N as h — +oo forany t € [0,£)). O

Acknowledgements. The first author is partially supported by GNAMPA of INdAM.

REFERENCES

[1] F. ALMGREN, J. E. TAYLOR, L. WANG: Curvature-driven flows: a variational approach. SIAM J. Control Optim. 31
(1993), 387-438.
[2] L. AMBROSIO: Movimenti minimizzanti. Rend. Accad. Naz. Sci. XL. Mem. Mat. Appl. 113 (1995), 191-246.
[3] L. AMBROSIO, N. Fusco, D. PALLARA: Functions of Bounded Variation and Free Discontinuity Problems. Oxford
University Press, New York, 2000.
[4] L. AMBROSIO, N. GIGLI, G. SAVARE: Gradient Flows in Metric Spaces and in the Space of Probability Measures.
Birkhéuser-Verlag, Basel, 2008.
[5] J. BALL, D. KINDERLEHRER, P. PODIO-GUIDUGLI, M. SLEMROD: Fundamental Contributions to the Continuum
Theory of Evolving Phase Interfaces in Solids. Springer-Verlag, Berlin, 1999.
[6] G. BELLETTINI: Lecture Notes on Mean Curvature Flow, Barriers and Singular Perturbations. Publications of the Scuola
Normale Superiore di Pisa, Vol. 12, 2013.
[71 G. BELLETTINI, V. CASELLES, A. CHAMBOLLE, M. NOVAGA: Crystalline mean curvature flow of convex sets. Arch.
Ration. Mech. Anal. 179 (2006), 109-152.
[8] G. BELLETTINI, SH. KHOLMATOV: Minimizing movements for mean curvature flow of droplets with prescribed contact
angle. arXiv:1612.04175 [math.AP].
[9] K.A. BRAKKE: The Motion of a Surface by its Mean Curvature. Math. Notes, Vol. 20. Princeton University Press,
Princeton, 1978.
[10] D. CARABALLO: A variational scheme for the evolution of polycrystals by curvature. Ph.D. thesis, Princeton University,
1996.
[11] T. COLDING, W. MINICcOzzI II: A Course in Minimal Surfaces. Graduate Studies in Mathematics, 12, AMS, RI, 2011.
[12] E. DE GIORGI: Sulla proprieta isoperimetrica dell’ipersfera, nella classe degli insiemi aventi frontiera orientata di misura
finita. Atti Accad. Naz. Lincei Mem. CI. Sci. Fis. Mat. Nat. Sez. I (8), 5 (1958), 33-44.
[13] E. DE GIORGI: Complementi alla teoria della misura (n — 1) -dimensionale in uno spazio n dimensionale. Sem. Mat.
Scuola Norm. Sup. Pisa, 1960-61. Editrice Tecnico Scientifica, Pisa, 1961.
[14] E. DE GIORGI: New problems on minimizing movements. Boundary value problems for partial differential equations
and applications. RMA Res. Notes Appl. Math. 29 (1993), 81-98, Masson, Paris.
[15] E. DE GIORGI: Movimenti di partizioni. Progress in Nonlinear Differential Equations and their Applications 25 (1996),
1-4.
[16] D. DEPNER, H. GARCKE, Y. KOHSAKA: Mean curvature flow with triple junctions in higher space dimensions. Arch.
Ration. Mech. Anal. 211 (2014), 301-334.
[17] K. ECKER: Regularity Theory for Mean Curvature Flow. Birkhéuser, Basel, 2004.
[18] S. ESEDOGLU, F. OTTO: Threshold dynamics for networks with arbitrary surface tensions. Comm. Pure Appl. Math. 68
(2015), 808-864.
[19] L. EVANS, H. SONER, P. SOUGANIDIS: Phase transitions and generalized motion by mean curvature. Comm. Pure Appl.
Math. 45 (1992), 1097-1123.
[20] A. FREIRE: Mean curvature motion of graphs with constant contact angle at a free boundary. Anal. PDE 3 (2010),
359-407.
[21] A. FREIRE: Mean curvature motion of triple junctions of graphs in two dimensions. Comm. Partial Differential Equations
35 (2010), 302-327.
[22] M. GAGE, R. HAMILTON: The heat equation shrinking convex plane curves. J. Differ. Geom. 23 (1986), 69-95.
[23] Y. GIGA: Surface Evolution Equations. Birkhéuser, Basel, 2006.
[24] E. GIrusTI: Minimal Surfaces and Functions of Bounded Variation. Birkhéduser, Basel, 1984.
25



[25] G. HUISKEN: Flow by mean curvature of convex surfaces into spheres. J. Differ. Geom. 20 (1984), 237-266.

[26] T. ILMANEN: Elliptic Regularization and Partial Regularity for Motion by Mean Curvature. Mem. Amer. Math. Soc. 108,
AMS, 1994.

[27] L. KiMm AND Y. TONEGAWA: On the mean curvature flow of grain boundaries. arXiv:1511.02572 [math.DG].

[28] D. KINDERLEHRER, C. L1U: Evolution of grain boundaries. Math. Models Methods Appl. Sci. 11 (2001), 713-729.

[29] T. LAuX, F. OtTO: Convergence of the thresholding scheme for multi-phase mean-curvature flow. Calc. Var. Partial
Differential Equations 55 (2016).

[30] G. LEONARDI, I. TAMANINI: Metric spaces of partitions, and Caccioppoli partitions. Adv. Math. Sci. Appl. 12 (2002),
725-753.

[31] S. LUCKHAUS, T. STURZENHECKER: Implicit time discretization for the mean curvature flow equation. Calc. Var. Partial
Differential Equations 3 (1995), 253-271.

[32] F. MAGGTI: Sets of Finite Perimeter and Geometric Variational Problems. An Introduction to Geometric Measure Theory.
Cambridge University Press, Cambridge, 2012.

[33] C. MANTEGAZZA: Lecture Notes on Mean Curvature Flow. Birkhduser, Basel, 2011.

[34] C. MANTEGAZZA, M. NOVAGA, A. PLUDA, F. SCHULZE: Evolution of networks with multiple junctions.
arXiv:1611.08254 [math.DG].

[35] B. MERRIMAN, J. BENCE, S. OSHER: Diffusion Generated Motion by Mean Curvature. Department of Mathematics,
University of California, Los Angeles, 1992.

[36] B. MERRIMAN, J. BENCE, S. OSHER: Motion of multiple junctions: a level set approach. J. Comput. Phys. 112 (1994),
334-363.

LUNIVERSITA DEGLI STUDI DI SIENA, DIPARTIMENTO DI INGEGNERIA DELL’ INFORMAZIONE E SCIENZE MATEM-
ATICHE, VIA ROMA 56, 53100 SIENA, ITALIA
E-mail address: 1'?*bellettini@diism.unisi.it

2INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS (ICTP), STRADA COSTIERA 11, 34151 TRIESTE, ITALY

3SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI (SISSA), VIA BONOMEA 265, 34136 TRIESTE, ITALY
E-mail address: >®sholmat@sissa.it

26



	1. Introduction
	2. Notation and preliminaries
	3. Partitions
	3.1. (,r0)-minimizers
	3.2. Bounded partitions

	4. Existence of generalized minimizing movements for bounded partitions
	5. Existence of GMM for bounded partitions in the presence of external forces
	6. Uniqueness and consistency of GMM for convex disjoint partitions
	Acknowledgements

	References

