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ABSTRACT. We develop a multivalued theory for the stability operator of (a constant multiple
of) a minimally immersed submanifold ¥ of a Riemannian manifold M. We define the multiple
valued counterpart of the classical Jacobi fields as the minimizers of the second variation
functional defined on a Sobolev space of multiple valued sections of the normal bundle of
3 in M, and we study existence and regularity of such minimizers. Finally, we prove that
any @-valued Jacobi field can be written as the superposition of @ classical Jacobi fields
everywhere except for a relatively closed singular set having codimension at least two in the
domain.
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2 SALVATORE STUVARD

0. INTRODUCTION

Given an m-dimensional area minimizing integer rectifiable current 7' in R™*" and any
point = € spt(T) \ spt(07), it is a by now well known consequence of the monotonicity of the

function r s LELE @) (cf, [ALI72, Section 5]) that for any sequence of radii {r;}32; with

Wmr™

rj | 0 there exists a subsequence r; such that the corresponding blow-ups T;wj, = (nzmj,)ﬁT
(where n;,(y) := ¥-*) converge to a (locally) area minimizing m-dimensional current C
which is invariant with respect to homotheties centered at the origin: such a limit current
is called a tangent cone to T at x. If x is a regular point, and thus spt(7) is a classical
m-~dimensional minimal submanifold in a neighborhood of x, then the cone C' is certainly
unique, and in fact C' = Q[x], where m = T, (spt(T")) is the tangent space to spt(7") at x and
Q = O(||T|,x) is the m-dimensional density of the measure ||| at z. On the other hand,
singularities do occur for area minimizing currents of arbitrary codimension as soon as the
dimension of the current is m > 2: indeed, by the regularity theory developed by F. Almgren
in his monumental Big Regularity Paper |[AIm00] and recently revisited by C. De Lellis and E.
Spadaro in [DLS14], [DL.S16al, DLST6D], we know that area minimizing m-currents in R™*"
may exhibit a singular set of Hausdorff dimension at most m — 2, and that this result is sharp
when n > 2 ([Fed65]). Now, if  happens to be singular, then not only we have no information
about the limit cone, but in fact it is still an open question whether in general such a limit
cone is unique (that is, independent of the approximating sequence) or not. The problem
of uniqueness of tangent cones at the singular points of area minimizing currents of general
dimension and codimension stands still today as one of the most celebrated of the unsolved
problems in Geometric Measure Theory (cf. [ope86, Problem 5.2]), and only a few partial
answers corresponding to a limited number of particular cases are available in the literature.
In [Whi83], B. White showed such uniqueness for two-dimensional area minimizing currents in
any codimension, building on a characterization of two-dimensional area minimizing cones
proved earlier on by F. Morgan in [Mor82]. In general dimension, W. Allard and F. Almgren
[AA81] were able to prove that uniqueness holds under some additional requirements on the
limit cone. Specifically, they have the following theorem, which is valid in the larger class of
stationary integral varifolds.

Theorem 0.1 ([AA81]). Let T' be an m-dimensional area minimizing integer rectifiable current
in R™T and let x € spt(T) be an isolated singular point. Assume that there exists a tangent
cone C to T at x satisfying the following hypotheses:

(H1) C is the cone over an (m — 1)-dimensional minimal submanifold ¥ of S™"~1, and
thus C' has an isolated singularity at 0 and O(||C||,z) =1 for every x € spt(C) \ {0};

(H2) all normal Jacobi fields N of X in S™"~1 are integrable, that is for every normal
Jacobi field N there exists a one-parameter family of minimal submanifolds of S™+n—1
having velocity N at 3.

Then, C is the unique tangent cone to T' at x. Furthermore, the blow-up sequence T} ,
converges to C' as r | 0 with rate r* for some p > 0.

The hypotheses (H1) and (H2) are however quite restrictive. Allard and Almgren were
able to show that (H2) holds in case ¥ is the product of two lower dimensional standard
spheres (of appropriate radii to ensure minimality), since in this case all normal Jacobi fields
of ¥ in §™*"~! arise from isometric motions of S™*"~!. It seems however rather unlikely
that the condition can hold for any general ¥ admitting normal Jacobi fields other than those
generated by rigid motions of the sphere. In [Sim83a], L. Simon was able to prove Theorem
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dropping the hypothesis (H2), with a quite different approach with respect to [AA81] and
purely PDE-based techniques. Not much has been done, instead, in the direction of removing
the hypothesis (H1): to our knowledge, indeed, the only result concerning the case when a
tangent cone C' has more than one isolated singularity at the origin is contained in L. Simon’s
work [Sim94], where the author proves uniqueness of tangent cones to any codimension one
area minimizing m-current 7" whenever one limit cone C is of the form C' = Cy x R, with C a
strictly stable, strictly minimizing (m — 1)-dimensional cone in R™ with an isolated singularity
at the origin, and under additional assumptions on the Jacobi fields of C' and on the spectrum
of the Jacobi normal operator of Cj.

However, all the results discussed above do not cover the cases when a tangent cone has
higher multiplicity: it is remarkable that uniqueness is still open even under the strong
assumption that all tangent cones to an area minimizing m-current 7' (m > 2) at an interior
singular point x are of the form C' = Q[x], where [r] is the rectifiable current associated with
an oriented m-dimensional linear subspace of R"*" and @ > 1 (cf. [AIm00, Section 1.11(2), p.
9]).

The purpose of this work is to present a multivalued theory of the Jacobi normal operator:
we believe that such a theory may facilitate the understanding of the qualitative behaviour of
the area functional near a minimal submanifold with multiplicity, and eventually lead to a
generalization of Theorem (and neighbouring results) to relevant cases when the condition
that O(||C||,z) = 1 for every x € spt(C) \ {0} fails to hold.

In our investigation, we will make use of tools and techniques coming from the theory of
multiple valued functions minimizing the Dirichlet energy, developed by Almgren in [Alm00]
and revisited by De Lellis and Spadaro in [DLS11]. A quick tutorial on the theory of multiple
valued functions is contained in § in order to ease the reading of the remaining part of
the paper. As a byproduct, the theory of multiple valued Jacobi fields will show that the
regularity theory for Dir-minimizing )-valued functions is robust enough to allow one to
produce analogous regularity results for minimizers of functionals defined on Sobolev spaces
of @-valued functions other than the Dirichlet energy (see also [DLEFS11] for a discussion
about general integral functionals defined on spaces of multiple valued functions and their
semi-continuity properties, and [Hirl6bl, [HSV17| for a regularity theory for multiple valued
energy minimizing maps with values into a Riemannian manifold).

0.1. Main results. Let us first recall what is classically meant by Jacobi operator and Jacobi
fields. Let ¥ be an m-dimensional compact oriented submanifold (with or without boundary)
of an (m + k)-dimensional Riemannian manifold M C R?, and assume that ¥ is stationary
with respect to the m-dimensional area functional. Then, a one-parameter family of normal
variations of ¥ in M can be defined by setting ¥ := F;(X), where F} is the flow generated by a
smooth cross-section N of the normal bundle 'Y of ¥ in M which has compact support in X.
It is known that the second variation formula corresponding to such a family of variations can
be expressed in terms of an elliptic differential operator £ defined on the space I'(N'Y) of the
cross-sections of the normal bundle. This operator, usually called the Jacobi normal operator,
is given by £ = —A§ — & — %, where A is the Laplacian on 'S, and &7 and % are linear
transformations of A'Y defined in terms of the second fundamental form of the immersion
t: ¥ — M and of a partial Ricci tensor of the ambient manifold M, respectively. The notions
of Morse index, stability and Jacobi fields, central in the analysis of the properties of the class
of minimal submanifolds of a given Riemannian manifold, are all defined by means of the
Jacobi normal operator and its spectral properties (see Section [2| for the precise definitions
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and for a discussion about the most relevant literature related to the topic). In particular,
Jacobi fields are defined as those sections N € T'(NY) lying in the kernel of the operator L,
and thus solving the system of partial differential equations £(N) = 0.

In this work, we consider instead multivalued normal variations in the following sense. Let X
and M be as above, and consider, for a fixed integer @) > 1, a Lipschitz multiple valued vector
field N: ¥ — Ag(R?) vanishing at 0% and having the form N = Z?zl [N?], where N¢(x) is
tangent to M and orthogonal to ¥ at every point € ¥ and for every £ = 1,...,Q. The “flow”
of such a multiple valued vector field generates a one-parameter family 3; of m-dimensional
integer rectifiable currents supported on M such that 3y = Q[X] and 9%, = Q[0X] for every
t. The second variation 2

S[Z](N) = @M(Etﬂtzo’
M(-) denoting the mass of a current, is a well-defined functional on the space F1Q’2 (NX) of
Q-valued W2 sections of the normal bundle N'S of ¥ in M. We will denote such Jacobi
functional by Jac. Explicitly, the Jac functional is given by

Jac(N, ¥) Z (IVEN2 = A N2 = R(NY, N")) dH™, (0.1)
=1
where V< is the projection of the Levi-Civita connection of M onto N'Y, |A - N| is the
Hilbert-Schmidt norm of the projection of the second fundamental form of the embedding
¥ < M onto N* and R(N*, N*) is a partial Ricci tensor of the ambient manifold M in the
direction of N* (see Section [2| for the precise definition of the notation used in (0.1)).

Unlike the classical case, it is not possible to characterize the stationary maps of the Jac
functional as the solutions of a certain Euler-Lagrange equation, and no PDE techniques seem
available to study their regularity. Therefore, we develop a completely variational theory of
multiple valued Jacobi fields. Hence, we give the following definition.

Definition 0.2. Let Q C ¥ < M be a Lipschitz open set. A map N € F}Q’Q (NQ) is said to
be a Jac-minimizer, or a Jacobi QQ-field in €, if it minimizes the Jacobi functional among
all Q-valued W12 sections of the normal bundle of € in M having the same trace at the
boundary, that is

Jac(N, Q) < Jac(u,Q) forallue I’éf(./\/’Q) such that ulgg = N|aq. (0.2)

We are now ready to state the main theorems of this paper. They develop the theory of
Jacobi @-fields along three main directions, concerning existence, reqularity and estimate of
the singular set.

Theorem 0.3 (Conditional existence). Let 2 be an open and connected subset of ¥ — M
with C? boundary. Assume that the following strict stability condition is satisfied: the only
Q-valued Jacobi field N in Q such that N|sq = Q[O] is the null field No = Q[0]. Then, for
any g € D" (NQ) such that glag € WH(0Q, Ag(RY)) there is a Jacobi Q-field N such that
Nlaa = gloa-

Remark 0.4. Note that the above result strongly resembles the classical Fredholm alternative
condition for solving linear elliptic boundary value problems: the solvability of the minimum
problem for the Jac functional in FgQ(N' ) for any given boundary datum g as in the statement

is guaranteed whenever {2 does not admit any non-trivial Jacobi @-field vanishing at the
boundary.
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Theorem 0.5 (Regularity). Let Q C X be an open subset, with ¥ < M as above. There
exists a universal constant a = a(m, Q) € (0,1) such that if N € ng(./\/'ﬁ) is Jac-minimizing

then N € C2%(Q, Ag(R?)).

loc

The statement of the next theorem requires the definition of regular and singular points of
a Jacobi Q-field.

Definition 0.6 (Regular and singular set). Let NV € 1%’2(./\/’(2) be Jac-minimizing. A point

p € Q is regular for N (and we write p € reg(NV)) if there exists a neighborhood B of p in
and Q classical Jacobi fields N¢: B — R? such that

Q
N(z) =Y [Nx)] Vz € B
/=1
and either N = N¥ or N(x) # Nel(ac) for all z € B, for any ¢,¢' € {1,...,Q}. The singular
set of N is defined by

sing(N) := Q\ reg(N).

Theorem 0.7 (Estimate of the singular set). Let N be a Q-valued Jacobi field in Q C X™.
Then, the singular set sing(IN) is relatively closed in Q. Furthermore, if m = 2, then sing(N)
is at most countable; if m > 3, then the Hausdorff dimension dimy sing(N) does not exceed
m — 2.

Remark 0.8. Following the approach of [DMSV16], we expect to be able to improve Theorem
to show, for m > 3, that sing(V) is countably (m — 2)-rectifiable.

Theorems [0.3] and have a counterpart in Almgren’s theory of Dir-minimizing
multiple valued functions (cf. Theorems and below). The existence result for Jacobi
Q-field is naturally more difficult than its Dir-minimizing counterpart, because in general the
space of Q-valued W12 sections of N'S with bounded Jacobi energy is not weakly compact.
Therefore, the proof of Theorem requires a suitable extension result (cf. Corollary for
multiple valued Sobolev functions defined on the boundary of an open subset of ¥ to a tubular
neighborhood, which eventually allows one to exploit the strict stability condition in order to
gain the desired compactness. In turn, such an extension theorem is obtained as a corollary of
a multivalued version of the celebrated Luckhaus’ Lemma, cf. Proposition [£.1] The proof of
Theorem is obtained from the Holder regularity of Dir-minimizing (-valued functions by
means of a perturbation argument. Finally, the estimate of the Hausdorff dimension of the
singular set of a Jac-minimizer, Theorem [0.7] relies on its Dir-minimizing counterpart once
we have shown that the tangent maps of a Jacobi Q-field at a collapsed singular point are
non-trivial homogeneous Dir-minimizing functions, see Theorem [7.8] In turn, the proof of
the Blow-up Theorem [7.8]is based on a delicate asymptotic analysis of an Almgren’s type
frequency function, which is shown to be almost monotone and bounded at every collapsed
point. This is done by providing fairly general first variation integral identities satisfied by the
Jac-minimizers.

Let us also remark that Theorem does not guarantee that tangent maps to a Jacobi
Q-field at a collapsed singularity are unique. Similarly to what happens for tangent cones to
area minimizing currents (and for several other problems in Geometric Analysis), different
blow-up sequences may converge to different limit profiles. Whether this phenomenon can
actually occur or not is an open problem. On the other hand, if the dimension of the base
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manifold is m = dim ¥ = 2, then we are able to show that the limit profile must be a unique
non-trivial Dirichlet minimizer. Indeed, we have the following theorem.

Theorem 0.9 (Uniqueness of the tangent map at collapsed singularities). Let m = dim ¥ = 2,
and let N be a Q-valued Jacobi field in Q C X2, Let p be a collapsed singular point, that is,
assume that N(p) = Q[v] for some v € TPLZ C T, M but there exists no neighborhood U of p
such that N|; = Q[C] for some single-valued section (. Then, there exists a unique tangent
map N, to N at p. A, is a non-trivial homogeneous Dir-minimizer Ay,: T,X — AQ(TPLE).

The key to prove Theorem [0.9]is to show that, in dimension m = 2, the rate of convergence
of the frequency function at a collapsed singularity to its limit is a small power of the radius.
In turn, this is achieved by exploiting one more time the variation formulae satisfied by N.

This note is organized as follows. In Section [T] we fix the terminology and notation that will
be used throughout the paper and we summarize the main results of the theory of multiple
valued functions. Section [2] contains the derivation of the second variation formula generated
by a @-valued section of N'Y which leads to the definition of the Jac functional. In section [3]
we investigate the first elementary properties of the Jac functional, we show that it is lower
semi-continuous with respect to W2 weak convergence (cf. Proposition and we study the
strict stability condition mentioned in the statement of Theorem (cf. Lemma [3.4). Section
contains the proof of Theorem The proof of Theorem (and actually of a quantitative
version of it including an estimate of the a-Holder seminorm, cf. Theorem is contained in
Section [5} In Section [6] we prove the properties of the frequency function which are needed to
carry on the blow-up scheme, which is instead the content of Section [/} Theorem is finally
proved in Section [8] Last, Section |§| contains the uniqueness of tangent maps in dimension 2.

Acknowledgements. The author is warmly thankful to Camillo De Lellis for suggesting him
to study this problem, and for his precious guidance and support; and to Guido De Philippis,
Francesco Ghiraldin, and Luca Spolaor for several useful discussions.

The research of S.S. has been supported by the ERC grant agreement RAM (Regularity for
Area Minimizing currents), ERC 306247.

1. NOTATION AND PRELIMINARIES

1.1. The geometric setting. We start immediately specifying the geometric environment
and fixing the notation that will be used throughout the paper.

Assumption 1.1. We will consider:

(M) a closed (i.e. compact with empty boundary) Riemannian manifold M of dimension
m + k and class C3# for some 3 € (0, 1);
(S) a compact oriented minimal submanifold ¥ of the ambient manifold M of dimension
dim(X) = m and class C35.
Without loss of generality, we will also regard M as an isometrically embedded submanifold
of some Euclidean space R?. We will let n := d —m and K := d— (m+k) be the codimensions
of ¥ and M in R? respectively.

Let ™ — M™* c R? be as in Assumption . The Euclidean scalar product in R? is
denoted (-,-). The metric on M and ¥ is induced by the flat metric in R%: therefore, the
same symbol will also denote the scalar product between tangent vectors to M or to 3.

The tangent space to M at a point z will be denoted T, M. The maps pé\’l: R* — T, M
and pé"u: R? — T:- M denote orthogonal projections of R? onto the tangent space to M at
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z and its orthogonal complement in R respectively. If z € ¥, the tangent space T, M can be
decomposed into the direct sum

T M=T, Y &T+Y,

where T;-Y is the orthogonal complement of T, % in T, M. At each point = € X, we define
orthogonal projections ps: T, M — T,> and pj: M — TjZ.

This decomposition at the level of the tangent spaces induces an orthogonal decomposition
at the level of the tangent bundle, namely

TM=TE e N,

where A'Y denotes the normal bundle of ¥ in M.
If f: ¥ — RY%is a C!' map and ¢ is a vector field tangent to X, the symbol D¢ f will denote
the directional derivative of f along &, that is

Def(@)i= Girom)|

whenever v = v(t) is a C! curve on ¥ with 7(0) = z and 4(0) = (). The differential of f at
z € ¥ will be denoted D f(x): we recall that this is the linear operator D f(x): T3 — R? such
that Df(x) - &(x) = D¢ f(x) for any tangent vector field . The notation D f|, will sometimes
be used in place of D f(x). Moreover, the derivative along ¢ of a scalar function f: ¥ — R
will be sometimes simply denoted by &(f).

The symbol V., instead, will identify the Levi-Civita connection on M. If £ and X are
tangent vector fields to X, then for every x € ¥ we have

VeX(2) = ps - VeX(2) + py - VeX(2) = Vi X (2) + Ay (€(2), X (@),

where V> is the Levi-Civita connection on ¥ and A is the 2-covariant tensor with values in
N'Y defined by A,(X,Y) := py - VxY for any x € ¥, for any X,Y € T,;X. A is called the
second fundamental form of the embedding ¥ < M by some authors (cf. [Sim83bl Section
7], where the tensor is denoted B, or [Lee97, Chapter 8], where the author uses the notation
IT) and we will use the same terminology, although in the literature in differential geometry
(above all when working with embedded hypersurfaces, that is in case the codimension of the
submanifold is £ = 1) it is sometimes more customary to call A “shape operator” and to use
“second fundamental form” for scalar products h(X,Y) = (A(X,Y),n) with a fixed normal
vector field n (cf. [dC92, Chapter 6, Section 2]).

Observe that, since we have assumed ¥ to be minimal in M, the mean curvature H := tr(A)
is everywhere vanishing on .

The curvature endomorphism of the ambient manifold M is denoted by R: we recall that
this is a tensor field on M of type (3,1), whose action on vector fields is defined by

R(X,Y)Z :=VxVyZ —VyVxZ - Vxy|Z,
where [X, Y] is the Lie bracket of the vector fields X and Y.
Recall also that the Riemann tensor can be defined by setting
Rm(X,Y, Z, W) :=(R(X,Y)Z, W)

for any choice of the vector fields X,Y, Z, W, and that the Ricci tensor is the trace of the
curvature endomorphism with respect to its first and last indices, that is Ric(X,Y) is the
trace of the linear map

Zw— R(Z,X)Y.
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Observe that 3 has a natural structure of metric measure space: for any pair of points
z,y € ¥, d(z,y) will be their Riemannian geodesic distance, while measures and integrals
will be computed with respect to the m-dimensional Hausdorff measure H™ defined in the
ambient space R? (note that the Hausdorff measure can be defined also intrinsically in terms
of the distance d: however, since ¥ is isometrically embedded in R?, the intrinsic 4™ measure
coincides with the restriction of the “FEuclidean one”). Boldface characters will always be
used to denote quantities which are related to the Riemannian geodesic distance: for instance,
if z € ¥ and r is a positive number, B, (z) is the geodesic ball with center x and radius r,
namely the set of points y € ¥ such that d(y,z) < r. In the same fashion, if U and V are two
subsets of ¥ we will set

dist(U,V) := inf{d(z,y): x € U,y € V}.

Finally, constants will be usually denoted by C. The precise value of C' may change from
line to line throughout a computation. Moreover, we will write C(a,b,...) or Cqy, . to specify
that C depends on previously introduced quantities a,b, . ...

1.2. Multiple valued functions. In this subsection, we briefly recall the relevant definitions
and properties concerning -valued functions. First introduced by Almgren in his ground-
breaking Big Regularity Paper [AIm00], multiple valued functions have proved themselves to be
a fundamental tool to tackle the problem of the interior regularity of area minimizing integral
currents in codimension higher than one. The interested reader can see [DLS11] for a simple,
complete and self-contained reference for Almgren’s theory of multiple valued functions, [DS15]
for a nice presentation of their link with integral currents, and [DL16al [DL16b| for a nice survey
of the strategy adopted in [DLS14, [DLS16a, [DLS16b] to revisit Almgren’s program and obtain
a much shorter proof of his celebrated partial regularity result for area minimizing currents in
higher codimension. Other remarkable references where the theory of Dirichlet minimizing mul-
tiple valued functions plays a major role include the papers [DSS15al [DSS15bl, [DSS15¢], where
the authors investigate the regularity of suitable classes of almost-minimizing two-dimensional
integral currents.

1.2.1. The metric space of Q-points. From now on, let QQ > 1 be a fixed positive integer.

Definition 1.2 (Q-points). The space of @Q-points in the Euclidean space R? is denoted
Ag(R?) and defined as follows:

Q
Ag(R?) := {T = Z[[pgﬂ : pe e RY for every £=1,. .. ,Q} , (1.1)
/=1

where [p,] is the Dirac mass d,, centered at the point p, € R?. Hence, every Q-point 7T is in
fact a purely atomic non-negative measure of mass @ in R%.

For the sake of notational simplicity, we will sometimes write A¢ instead of AQ(]Rd) if there
is no chance of ambiguity.

The space AQ(Rd) has a natural structure of complete separable metric space.
Definition 1.3. If T'= }"[p,] and S = > [q¢¢], then the distance between 7" and S is denoted
G(T,S) and given by

Q
T,S)? := mi — 2 1.2
g( ) S) o_nelgé ezzl ‘pf qo‘(f)’ ’ ( )
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where Pg is the group of permutations of {1,...,Q}.

To any T = Y [pe[€ Ag(R?) we associate its center of mass n(T) € RY, classically defined
by:

19
n(T) =5 > pe. (1.3)
(=1

1.2.2. Q-valued maps. Given an open subset  C X, continuous, Lipschitz, Holder and
measurable functions u: Q — Ag(R?) can be straightforwardly defined taking advantage of
the metric space structure of both the domain and the target. As for the spaces LP (2, Ag),
1 < p < oo, they consist of those measurable maps u: @ — Ag(R?) such that ||ul|p» :=
G (u, QIO Lr () is finite. We will systematically use the notation |u| := G(u, Q[0]), so that

Jul, = /Q fuf? A

for 1 <p < oo and
||u|| Lo = esssup |ul.
Q

In spite of this notation, we remark here that, when @ > 1, Ag (R?) is not a linear space: thus,
in particular, the map T+ |T'| is not a norm.

Any measurable (Q-valued function can be thought as coming together with a measurable
selection, as specified in the following proposition.

Proposition 1.4 (Measurable selection, cf. [DLS11) Proposition 0.4]). Let B C ¥ be a H™-
measurable set and u: B — Ag(R?) be a measurable function. Then, there exist measurable
functions uq,...,ug: B — R? such that

Q
u(z) = Z[[ue(x)]] for a.e. x € B. (1.4)
/=1

It is possible to introduce a notion of differentiability for multiple valued maps.

Definition 1.5 (Differentiable Q-valued functions). A map u: Q — Ag(R?) is said to be
differentiable at x € € if there exist Q linear maps \;: T,X — R? satisfying:
(i) G (u(exp,(&)), Tou(€)) = o(|€]) as |£| — 0 for any £ € T2, where exp is the exponential

map on X and
Q

Tou(€) =Y [ue(z) + Ao - €] (1.5)

/=1
(17) Ao = Ao if wp(x) = up ().
We will use the notation Duy(x) for Mg, and formally set Du(z) = Y ,[Dug(x)]: observe that
one can regard Du(z) as an element of Ag(R?™) as soon as a basis of T;;¥ has been fixed. For
any £ € T,%, we define the directional derivative of u along & to be Deu(x) := Y-, [Duy(z) - £],

and establish the notation Deu =Y~ [Deuy].
Differentiable functions enjoy a chain rule formula.

Proposition 1.6 (Chain rules, cf. [DLSII, Proposition 1.12]). Let u: Q — Ag(R%) be
differentiable at .
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(i) Consider ®: Q — Q such that ®(yo) = xo, and assume that ® is differentiable at y.
Then, uo ® is differentiable at yo and

Q
D(uo ®)(yo) = Y _[Due(zo) - DL (yo)]- (1.6)
(=1

(ii) Consider W: Q, X Rg — R? such that ¥ is differentiable at the point (xo,ue(xzg)) for
every £. Then, the map V(z,u): x € Q 2?21 [¥(z,u(x))] € Ag(RY) fulfills (i) of
Definition[1.5, Moreover, if also (ii) holds, then

Q
D¥(x,u)(x0) = Y _[Da¥(xo, ue(wo)) + Dy (o, ug(x0)) - Dug(xo)]- (1.7)
=1

(iii) Consider a map F: (RY)% — RY with the property that, for any choice of Q points
(y1,---,90) € (RYQ, for any permutation o € P

F(ylaayQ) = F(yo'(l)""7ya(Q))‘

Then, if F' is differentiable at (ui(zo), ..., uq(xo)) the composition F ou E| is differen-
tiable at x¢ and

Q
D(F ou)(zp) = Z Dy, F(ui(xo), ..., uq(xo)) - Dug(xo). (1.8)
(=1

Rademacher’s theorem extends to the Q-valued setting, as shown in [DLS11, Theorem
1.13]: Lipschitz @-valued functions are differentiable H™-almost everywhere in the sense of
Definition Moreover, for a Lipschitz ()-valued function the decomposition result stated in
Proposition [1.4] can be improved as follows.

Proposition 1.7 (Lipschitz selection, cf. [DS15, Lemma 1.1]). Let B C ¥ be measurable, and
assume u: B — AQ(Rd) 1s Lipschitz. Then, there are a countable partition of B in measurable

subsets B; (i € N) and Lipschitz functions ut: B; — R? (0 € {1,...,Q}) such that
(a) ulp, = 25:1 [uf] for every i € N, and Lip(uf) < Lip(u) for every i, {;
(b) for everyi € N and £,0' € {1,...,Q}, either uf = ul or ul(z) # ul (z)Vz € B;

(c) for every i one has Du(x) = Z?ZlﬂDuf(a:)]] for a.e. x € B;.

1.2.3. Push-forward through multiple valued functions of C* submanifolds. A useful fact, which
will indeed be the starting point of our analysis of multivalued normal variations of ¥ in M, is
that it is possible to push-forward C' submanifolds of the Euclidean space through Q-valued
Lipschitz functions. Before giving the rigorous definition of a @-valued push-forward, it will be
useful to introduce some further notation. We will assume the reader to be familiar with the
basic concepts and notions related to the theory of currents: standard references on this topic
include the textbooks [Sim83b] and [KP0§|, the monograph [GMS98] and the treatise [Fed69].
The space of smooth and compactly supported differential m-forms in R% will be denoted
D™ (R?), and T(w) will be the action of the m-current T on w € D™(R?). If T is a current,
then OT and M(T) are its boundary and its mass respectively. If B C R? is m-rectifiable with
orientation E and multiplicity § € L'(B,Z), then the integer rectifiable current T' associated to

LObserve that F o u is a well defined function Q — RY, because F' is, by hypothesis, a well defined map on
the quotient Ag(R%) = (RY)?/Pg.
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the triple (B £ 9) will be denoted T = [B, g, 6]. In particular, if ¥ C R? is an m-dimensional

C' oriented submanifold with finite H™-measure and orientation 5 =& A NEn ] and
B C ¥ is a measurable subset, then we will simply write [B] instead of the more cumbersome
[B,€,1] to denote the current associated to B. We remark that the action of [B] on a form
w € D™(R?) is given by

—

[B](w) == /B (w(x), E(x)) AH™ ().

In particular, the m-current [X] is obtained by integration of m-forms over ¥ in the usual
sense of differential geometry: [X](w) = [5w. E| Since we will always deal with compact
manifolds, we continue to assume that X is compact, in order to avoid some technicalities
which are instead necessary when dealing with the non-compact case (see [DS15, Definition
1.2]).

Definition 1.8 (Q-valued push-forward, cf. [DS15, Definition 1.3]). Let ¥ be as above, B C ¥
a measurable subset and u: B — Ag(R?) a Lipschitz map. Then, the push-forward of B
through u is the current T, := Ziyg(uf)ﬁﬂBi]], where B; and u! are as in Proposition u that
is,

Q
T, (w) := ZZ/B <w (uf(aﬁ)) ,Duf(x)ug(x)> dH™(xz) VYw e D™(RY), (1.9)

1EN (=1

where Duf(w)ug(x) i= Dg,ul(x) A+ A Dg, ut(x) for a.e. x € B;.
It is straightforward, using the properties of the Lipschitz decomposition outlined in
Proposition and recalling the standard theory of rectifiable currents (cf. [Sim83b, Section

27]) and the area formula (cf. [Sim83b, Section 8]), to conclude the following proposition.

Proposition 1.9 (Representation of the push-forward, cf. [DS15, Proposition 1.4]). The
definition of the action of Ty, in (1.9) does not depend on the chosen partition B;, nor on the
chosen decomposition {uf}. If u =Y ,[u’], we are allowed to write

Q
Ty (w) = / > (w (u'(2)), Du'(2)ié(w)) dH™(2) Vw € D™ (RY). (1.10)

B =1

Thus, Ty is a well-defined integer rectifiable m-current in R? given by T, = [Im(u),7, 0],
where:

(R1) Im(u) = Upzepspt(u(z)) = Usen U?Zl uf(B;) is an m-rectifiable set in R%;
(R2) T is a Borel unit m-vector field orienting Im(u); moreover, for H™-a.e. p € Im(u), we
have Duf(x)s&(x) # 0 for every i,l,x such that uf(x) = p and

Duf(x)ug(x) — +7(p): 1.11
Dul (@] ()

2That is, £(x) is a continuous unit m-vector field on X with (&)i%, an orthonormal frame of the tangent
bundle 7.

3Observe that this convention is coherent with the use of [p], p € R%, to denote the Dirac delta d,, considered
as a 0-dimensional current in R
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(R3) for H™-a.e. p € Im(u), the (Borel) multiplicity function © equals

L Duf(@):€(x) >
© = T P —— I 1.12
(p) i,z %(x)p < (p) |Duf($)ﬁ€(x)‘ ( )

Remark 1.10. The definition of a ()-valued push-forward can be extended to more general
objects than C! submanifolds of the Euclidean space. Already in [DS15] it is indeed observed
that, using standard methods in measure theory, it is possible to define a multiple valued
push forward of Lipschitz manifolds. Furthermore, a simple application of the polyhedral
approximation theorem [Fed69, Theorem 4.2.22] allows one to actually give a definition of
the Q-valued push-forward of any m-dimensional flat chain with compact support in R%: the
interested reader can refer to our note [Stul7] for the details.

The next proposition is the key tool to compute explicitly the mass of the current T,.
Following standard notation, we will denote by Ju’ () the Jacobian determinant of Dut, ie.
the number

Jub(z) == |Duz(x)ﬁg(x)] = \/det ((Dut(z))T - Dut(x)). (1.13)

Proposition 1.11 (Q-valued area formula, cf. [DS15, Lemma 1.9]). Let B C ¥ be as above,
and u = Y, [u’] a Lipschitz Q-function. Then, for every Borel function h: R? — [0, 00), we
have

/ (p) d| Tl (p / Zh ) 3l (2) dM™ (a). (1.14)
B =1
Equality holds in (1.14) if there is a set B' C B of full H™-measure for which
(Duf (2)4€(x), Du(9)€(y)) >0 Va,y € B and £, h with u’(z) = u"(y). (1.15)

1.2.4. Q-valued Sobolev functions and their properties. Next, we study the Sobolev spaces
whr (Q, Ag). The definition that we use here was proposed by C. De Lellis and E. Spadaro
(cf. [DLSI11) Definition 0.5 and Proposition 4.1]), and allowed the authors to develop an
alternative, intrinsic approach to the study of Q-valued Sobolev mappings minimizing a
suitable generalization of the Dirichlet energy (Dir-minimizing multiple valued maps), which
does not rely on Almgren’s embedding of the space Ag(R?) in a larger Euclidean space (cf.
[Alm00] and [DLS11, Chapter 2]). Such an approach is close in spirit to the general theory of
Sobolev maps taking values in abstract metric spaces and started in the works of Ambrosio
[Amb90] and Reshetnyak [Res97, Res04, Res06].

Definition 1.12 (Sobolev Q-valued functions). A measurable function u: Q — Ag(R?) is in
the Sobolev class WP 1 < p < oo if and only if there exists a non-negative function ¢ € LP(€2)
such that, for every Lipschitz function ¢: Ag (RY) — R, the following two properties hold:
(i) douewir@)f}

(1) |D(¢owu)(x)| < Lip(¢)(x) for almost every = € .

4Here, the Sobolev space W'?(Q) is classically defined as the completion of C" (©2) with respect to the
WhP_norm

1110y = /Q (1f@)|” + [Df(@)[") dH™ ()

for 1 < p < oo and
[ fllwieo o) == €53 Sup (If @)+ [Df(@)])-



MULTIPLE VALUED JACOBI FIELDS 13

We also recall (cf. [DLS11l, Proposition 4.2]) that if v € WP (Q,AQ(Rd)) and ¢ is a

tangent vector field defined in €2, there exists a non-negative function g € LP(2) with the
following two properties:

(1) |DeG(u,T)| < ge a.e. in Q for all T € Ag;

(1) if he € LP(Q) satisfies |D¢G(u, T)| < he for all T € Ag, then g¢ < he ae.
Such a function is clearly unique (up to sets of H™-measure zero), and will be denoted by
|Deul. Moreover, chosen a countable dense subset {T;}5°, C Aq, it satisfies

[Deu| = sup [DeG(u, T5)| (1.16)
(3

almost everywhere in ).
As in the classical theory, Sobolev @-valued maps can be approximated by Lipschitz maps.

Proposition 1.13 (Lipschitz approximation, cf. [DLS11, Proposition 4.4]). Let u be a
function in Wl’p(Q,AQ). For every A > 0, there exists a Lipschitz Q-function uy such that
Lip(uy) < CX and

H™ (fz € Qs un(@) £ u(@)}) < ;/Q DulP dH™, (1.17)

where the constant C' depends only on Q, m and Q.

As a corollary, Proposition [I.13] allows to prove that Sobolev Q-valued maps are approxi-
mately differentiable almost everywhere.

Corollary 1.14 (cf. [DLSTI1] Corollary 2.7]). Let u € WHP(Q, Ag). Then, u is approximately
differentiable H™-a.e. in ): precisely, for H™-a.e. x € Q) there exists a measurable set 2 C ()
containing x such that Q has density 1 at x and u|g is differentiable at x.

The next proposition explores the link between the metric derivative defined in (1.16]) and
the approximate differential of a ()-valued Sobolev function.

Proposition 1.15 (cf. |[DLS1I, Proposition 2.17]). Let u be a map in W12 (Q,AQ(Rd)).

Then, for any vector field & defined in 2 and tangent to X the metric derivative |Deu| defined
in (|1.16)) satisfies

Q
|Deul? = Z |Deu’|? H™- ace. in Q, (1.18)
=1

where 3", |Deuf> = G(Deu, Q[0])? and Deu(z) € Ag(RY) is the approzimate directional
derivative of u along & at the point x € Q. In particular, we will set

m m Q
\Du|2(x) = Z \Dgiu\2(:p) = ZZ |D§iué|2(x), (1.19)
i=1

i=1 /=1
with (§);~, any orthonormal frame of TX, at all points x of approximate differentiability for
u in §2.

Remark 1.16. Observe that the definition in (1.19) is independent of the choice of the frame
(&), as in fact one has
Q

|Dul?(x) =) | Du(2) P,

(=1
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where |Duf(x)| is the Hilbert-Schmidt norm of the linear map Duf(z): T, X — R? at every
point of approximate differentiability for w.

The main consequence of the above proposition is that essentially all the conclusions of the
usual Sobolev space theory for single-valued functions can be recovered in the multivalued
setting modulo routine modifications of the usual arguments. Some of these conclusions will
be useful in the coming sections, thus we will list them here, again referring the interested
reader to [DLS11] for their proofs and other useful considerations. In what follows, Q C X is
an open set with Lipschitz boundary.

Definition 1.17 (Trace of Sobolev Q-functions). Let u € WP (Q,AQ(Rd)). A function g

belonging to L? (8Q, AQ(Rd)) is said to be the trace of u at 9 (and we write g = ulgq) if
for any T € Ag the trace of the real-valued Sobolev function G (u,T’) coincides with G (g,T).

Definition 1.18 (Weak convergence). Let {u;}72; be a sequence of maps in W?(£, Ag).
We say that uy, converges weakly to u € WP(Q, Ag) for h — oo, and we write uj, — u, if

(Z) limp o0 fQ g(uhv u)p dH™ = 0;

(4) there exists a constant C' such that supy, [, [Dup [P dH™ < C.

Proposition 1.19 (Weak sequential closure, cf. [DLS11, Proposition 2.10, Proposition 4.5]).
Let u € WYP(Q, Ag). Then, there is a unique function g € LP(0Q, Ag) such that g = ulasq in
the sense of Definition[I.17. Moreover, the set

WP, Ag) = {u € W'P(, Ag) : ulon = g}

is sequentially closed with respect to the notion of weak convergence introduced in Definition
.18

Proposition 1.20 (Sobolev embeddings, cf. [DLS11l, Proposition 2.11, Proposition 4.6]). The
following embeddings hold:
(i) if p < m, then WYP(Q, Ag) C LI(2, Ag) for every q € [1,p*], p* = %7 and the
inclusion is compact when q < p*;
(i3) if p=m, then WIP(Q, Ag) C LY(Q, Ag) for all q € [1,00), with compact inclusion;
(iii) if p > m, then W'P(Q, Ag) C C%*(Q, Ag) for all a € {0,1 — %}, with compact

inclusion if a < 1 — %.

Proposition 1.21 (Poincaré inequality, cf. [DLS11] Proposition 2.12, Proposition 4.9]). Let
Q be a connected open subset of X with Lipschitz boundary, and let p < m. There exists a

constant C = C(p,m,d, Q, ) with the following property: for every u € WHP (Q,AQ(Rd)>
there exists a point u € Ag(R?) such that

(/Q Glu, 1) de)pl* <c (/Q yDu\dem>”. (1.20)

Proposition 1.22 (Campanato-Morrey estimates, cf. [DLS11, Proposition 2.14]). Let u be a
WY2(By, Ag) function, with By = B1(0) C R™, and assume « € (0,1] is such that

-

/ |Duf?> < Ar™=22e  for every y € By and a.e. v € (0,1 — |y|).
Br(y)
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Then, for every 0 < 6 < 1 there is a constant C = C(m,d,Q,0) such that
G (u(z),u
[ulco.es,) == sup M <CVA (1.21)
x7y6§5 "1: - y‘

1.2.5. The Dirichlet energy. Dir-minimizers. A simple corollary of Proposition and
Remark [1.16[is that the Dirichlet energy of a map u € W12 (Q, AQ(Rd)) can be defined in a
unique way by setting

Dir(u, ) Z | Dg,ul? dH™ = ZZ | De,u’|? dH™, (1.22)
Q=1 Q=1 ¢=1
for any choice of a (local) orthonormal frame (1, ..., &) of the tangent bundle of X.

Another interesting quantity that can be defined in our setting, the importance of which
will become apparent in the sequel, is the Dirichlet energy of a tangent vector field to the
manifold M.

Definition 1.23 (Dirichlet energy of a tangent Q-field). Let Q be an open subset of 3 < M
as above. Let u € W12 (Q, AQ(Rd)> be a Sobolev Q-valued tangent vector field to M: that

is, assume that spt(u(x)) C T, M for H™-a.e. x € Q. Then, for any point = of approximate
differentiability for u in €2, and for any tangent vector field £, we set

Veulw) i= S Dea ()] (1.23)
/=1

The Dirichlet energy of the vector field w in €2 is thus given by
Dir” M (u, Q) / Z Ve, ul> dH™ (1.24)
Q;

for any orthonormal frame (&1, ...,&y,) of TX.

Remark 1.24. Observe that, when u is Lipschitz continuous and u|p, = Z?Zl[[uf]] is a local
Lipschitz selection of u as in Proposition [I.7] one has

|Veu(x) Z ]Vgu )?  for H™ —a.e. x € B;, for all vector fields &,

where the V on the right-hand side has to be intended as the classical covariant derivative
(which can be extended to Lipschitz maps by means of Rademacher’s theorem).

The functional Dir’™ defined in is the “right” geometric quantity to consider when
dealing with tangent vector fields, since it does not involve any geometric structure external
to the manifold M. In particular, it does not depend on the isometric embedding of the
Riemannian manifold M in the Euclidean space R

As already mentioned before, a theory concerning existence and regularity properties of
minimizers of the Dirichlet energy in W12 (the so called Dir-minimizers) has been extensively
studied by Almgren in [AIm00] and revisited by De Lellis and Spadaro in [DLS11]. The theory
can be summarized in three main theorems.
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Theorem 1.25 (Existence and Holder regularity, cf. [DLS11, Theorems 0.8 and 0.9]). Let
Q C R™ be a bounded open subset with Lipschitz boundary. Let g € WLQ(Q,.AQ). Then,
there exists a function u € W1’2(Q,AQ) minimizing the Dirichlet energy among all
W2 Q-valued functions v such that v]gq = gloa. Furthermore, any Dir-minimizer u is in
Co(Q, Ag) for every QU € Q, for some exponent a = a(m, Q).

The statement of the other two results requires the definition of regular and singular points
of a Dir-minimizer u.

Definition 1.26 (Regular and singular points of a Dir-minimizing map). A @-valued Dir-
minimizer u is regular at a point z € {2 if there exist a neighborhood B of z in Q and @
harmonic functions uy: B — R% such that

Q
u(y) = Z[[ug(y)]] for almost every y € B
(=1

and either uy(y) # up(y) for every y € B or uy = up. We will write = € reg(u) if x is a regular
point. The complement of reg(u) in  is the singular set, and will be denoted sing(u).

Theorem 1.27 (Estimate of the singular set, cf. [DLS11, Theorem 0.11]). Let u be a Dir-
minimizer. Then, the Hausdorff dimension of sing(u) is at most m —2. If m = 2, then sing(u)
is at most countable.

Theorem 1.28 (Improved estimate of the singular set for m = 2, c¢f. [DLS11], Theorem 0.12]).
Let u be Dir-minimizing, and m = 2. Then, the singular set sing(u) consists of isolated points.

Remark 1.29. It is worth observing that here we have only discussed those results in the
theory of Dir-minimizing multiple valued functions which will be useful for our purposes at
a later stage of this paper, and therefore our summary is far from being complete. Among
the results that we have not included in the above presentation, we mention the paper
[Hirl6a], concerned with the problem of extending the Holder regularity in Theorem [1.25]
up to the boundary of €2, and the recent result [DMSV16], where the authors prove that if
u is Dir-minimizing then sing(u) is actually countably (m — 2)-rectifiable (and hence H™ 2
o-finite), thus extending to general @} a previous result obtained for Q = 2 by Krummel and
Wickramasekera in [KW13] and considerably improving Almgren’s original theory.

2. Q—VALUED SECOND VARIATION OF THE AREA FUNCTIONAL

Let M and X be as in Assumption The goal of this section is to define the admissible Q-
valued normal variations of ¥ in M and to compute the associated second variation functional.
In what follows, we will denote by Ag (M) the space of Q-points T' = 3,[p/] € Ag(R?) with
each py in M.

Definition 2.1. An admissible variational @-field of ¥ in M is a Lipschitz map

Q
N =Y [N]: £ = Ag(RY)
(=1
satisfying the following assumptions:
(H1) N¥(z) € TtY C Ty M for every £ € {1,...,Q}, for every z € ¥;
(H2) N* vanishes in a neighborhood of 8% for every £ € {1,...,Q}.
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Definition 2.2. Given an admissible variational Q-field N, the one-parameter family of
@-valued deformations of ¥ in M induced by N is the map

F:¥x(=94,0) > Ag(M)
defined by

Q
F(z,t):= ) [exp, (tN())], (2.1)
/=1

where exp denotes the exponential map on M.

Observe that, for any given N as in Definition [2.1] the induced one-parameter family of
Q-valued deformations is always well defined for a positive § which depends on the L* norm
of N and on the injectivity radius of M. Note, furthermore, that F'(z,0) = Q[z] for every
z € ¥, and that F(z,t) = Q] for all ¢ if z € 0%.

If F' is an admissible one-parameter family of Q-valued deformations, we will often write
Fy(z) instead of F(z,t). Moreover, we will set Ff(z) := exp,(tN%(x)).

In what follows, we will always assume to have fixed an orthonormal frame ({1, ...,&,) of
the tangent bundle 7, so that E =& N+ A&y is a continuous simple unit m-vector field
orienting Y. Given any admissible variational @)-field N, we can now apply the results of the
previous section, and consider the push-forward of 3 through the family F; induced by N.
An immediate consequence of Proposition [I.9]is that the resulting object is a one-parameter
family of integer rectifiable m-currents, denoted %; := Tr, = (F})s[X] with spt(X;) C M.
From , we have also the explicit representation formula

Q
Sy (w) = / Z<w (Ff(x)) ,DFf(:c)ﬁg(x» dH™(z) VYw e D™(RY). (2.2)
(=1

We will denote u(t) the mass M(X;) of the current ;.

Definition 2.3. Let ¥ C M, and let N be an admissible variational ()-field. For any integer
j > 1, the j* order variation of ¥ generated by N is the quantity

_ Py

FEIN) = = (2.3)

t=0
§1[X] is usually denoted J[¥], and called first variation. 62[¥] is called second variation.

For every j, 6/[%X] is a functional defined on the space of admissible variational Q-fields.
In the following theorem we show that the first variation functional §[X] is identically zero
under the assumption that ¥ is minimal in M. Furthermore, and more importantly for our
purposes, we provide an explicit representation formula for §2[%].

Theorem 2.4. Let ¥ — M be as in Assumption[I.1. If N is an admissible variational Q-field
of ¥ in M, then

S[X](N) =0, (2.4)
and
Q Q
P[S|(N) =Die"M(N,2) -2 [ Y|A NPdH™ —/ > R(NY, NP au™, (2.5)
iy X =1
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where
|A- NP = Z\ (&, &), NY)|? (2.6)
1,5=1
and .
R(N®, NY) = Z(R(Nf,g,-)gi, NY. (2.7)
=1

Remark 2.5. Observe that formula makes sense because the quantity on the right-hand
side does not depend on the particular selection chosen for IV, nor on the orthonormal frame
chosen for the tangent bundle 7.

The first addendum in the sum is the Dirichlet energy of the multivalued vector field N on
the manifold M as defined in .

The second term in the sum can as well be given an intrinsic formulation, once we observe
that |A- N*| is the Hilbert-Schmidt norm of the symmetric bilinear form A-N*: T x 7% — R
defined by A - N¥(&,n) :== (A(€,n), NY).

Regarding the third term, the symmetry properties of the Riemann tensor allow to write
(R(N',&)&, N) = (R(&, NN, &) = (p- R(& NN, &),
which in turn implies that R(NV tN Z) coincides with the trace of the endomorphism
£ p- R(E NN

of the tangent bundle 7. In other words, this term is a partial Ricci curvature in the direction
of the vector field N*.

Proof of Theorem[2.]] Let N be an admissible variational Q-field of ¥ in M, and let F' =
F(x,t) denote the induced one-parameter family of Q-valued deformations. The proof of the
representation formulae and will be obtained by direct computation.

The starting point is the Q-valued area formula, Proposition [I.11] which yields an explicit
formula for the function p(t). Indeed, we may write

/Z ZJFé dH™(z), (2.8)

(=1
provided condition is satisfied: that is, provided there is a set B C ¥ of full measure for
which
(DF{(2);¢(x), DF{ ();€(y)) 20 Va,y € Band ¢, with F{(z) = F{ (y).  (29)
Now, it is not difficult to show that in fact condition holds with B = 3I: to see this,
first observe that since 3 is compact there exists a number & > 0 such that (£(z), £(y)) > :
for all points z,y € ¥ such that d(z,y) < e. On the other hand, the very definition
of F implies that for any € ¥ one may write Ff(z) = = + tN*(z) + o(t) for t — 0.
Therefore, if |t| is chosen small enough, depending on 3, ¢ and on the L* norm of N
in ¥, the condition Ff(z) = F!(y) implies d(z,y) < ¢ and consequently the condition
(g(x),f(y» > 1. But now, since DFf(z) = Id + tDN*(z) + o(t), we easily infer that
(DFf(x)ﬁﬁ( ), DEY (y )ﬁg( )) > % for all 2,y € ¥ and ¢, ¢ with Ff(z) = F! (y) provided
|t] < dp for some dy = dy (E,a, HNHLOO(E),Lip(N)).
Thus, we can work on each component F* of the decomposition of F' separately: in the end,
we will just apply to obtain the desired variation formulae. Moreover, since the coming
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arguments are local, we will assume in what follows that the frame {&;}7; is C? and that the
selection N =Y, [[N ‘] is Lipschitz in a neighborhood of any given point .

With that being said, let us now consider a fixed value of £ € {1,...,Q} and introduce the
following quantities. For any 2 point of differentiability for N in ¥, let Z%(x) := 0y F*(x,0)
denote the initial acceleration of the /** sheet at the point x, so that the second order Taylor
expansion of F*(x,-) around ¢t = 0 is

Fi(z,t) =z +tN(z) + %t2ZZ(:U) + o(t?)

in a suitable J-neighborhood of ¢ = 0. Then, for any ¢ € {1,...,m}, define

(2

1
ef = eb(x,t) := D¢, Ff(x) = &(x) + tDe, N* () + 5tQD&.Zf(;c) + o(t?) (2.10)
and
VE=Vix,t) := 0 F (x,t). (2.11)
Observe that ef and V* are tangent vector fields to M.
Next, for i,j € {1,...,m} denote

gi; = &ij(w, 1) = (ef(2,1), €(x, 1)) (2.12)
and
g’ =gl(x,t) := det(gfj(x,t)). (2.13)

Using the above notation, we readily see that the Jacobian determinant JF/ can be written
as follows:

JE = J%x,t) = TFf(x) = /gl(x, 1), (2.14)
so that, finally, the mass of the push-forwarded current is given by
Q
=3 ), (2.15)
(=1
where
)= / (2, 1) dH™ (x). (2.16)
X

Thus, we conclude that the first and second variation of ¥ under the deformation generated
by N can be represented in the following way:

Q 4
dp
S[EJ(N E —t (2.17)
and o
d2ué
2=V 2.1
PN =3 G| (2.18)

In what follows, in order to simplify the notation, we will drop the superscript ¢ when
carrying on the computation.
One has:
dp
dt |i=o

—/8,5J(a?,0)d7-[m(w). (2.19)
)
Now, since

1
8tJ — ﬁatg)
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and since g;; = §;; at time ¢t = 0, easy computations show that

0,y = Zé’tguit 0= D e dhedd,_y (2.20)
=1
and thus
Q m m
Jeiie /ZZ &, D, N*) dH™ = /ZZ@,V@WMH’” /Zdwz (NY)dH™.
Y e=1i=1 Y =1i=1 iy

In particular, recalling the definition of the map n in (1.3), we deduce from the linearity of
the divergence operator that

S[Z](N) = Q /E divs(no N)dH™, (2.21)

where no N: ¥ — R?, the “average” of the sheets of the vector field N, is a classical single-
valued Lipschitz map. Note that if N is single-valued then 1o N = N, and we recover the
usual formulation of the first variation formula in terms of the divergence of the variational
vector field. Observe now that the average no N vanishes in a neighborhood of 9% and satisfies
no N(zx) € TFX C TuM for every z € . Hence, for every i € {1,...,m} the scalar product
(&,m o N) is everywhere vanishing, and we have that (&, Ve, (no N)) = —(Vg&,mo N) =
—(A(&;,&),mo N). Therefore, recalling the definition of the mean curvature vector H as the
trace of the second fundamental form, one can also write

S[E](N Q/ Z &, Ve,(no N))ydH™ = —Q/ (H,mo NYydH™ = (2.22)

because ¥ is minimal in M. This proves (2.4).
Next, we go further and we compute the second variation of the mass. We first write, for
every t and for every = € X of differentiability for the variational field:
1 1.1 1 1 ..
OJ = —=0ig = -J—-0ig = =JO (1 = —Jg" 018,
t 278 t8 5 gtg 9 , (log(g)) B 8" Ot8jis

where in the last identity we have used Jacobi’s formula
O log det A(t) = tr (A(t) ™ - D,A(1))

for any invertible matrix A(t) with positive determinant. Moreover, (g%) is the inverse matrix
of (gi;), and Einstein’s convention on the summation of repeated indices has been used. Now,
since

Oigji = 0 (e, €i)) = (Orej, €i) + (e}, Orei),
and using the fact that the matrix (gij ) is symmetric, we can conclude the following identity:
8tJ = Jgij<el-, 8tej).
In turn, this produces:

O = (00]) g7 (ei,01e;) + T (D18 ) (es, Due;) + T&70, (i, Drey)) (2.23)
:I :I[ :III
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Now, we evaluate equation ([2.23]) at time ¢t = 0. Regarding the first term in the sum, we use
(2-20)), the orthonormality condition gV | 1o = 0" and the fact that e o = &is ore;| 0 = DeN

(here, of course, we are writing N instead of N¢) to conclude

m 2
I,y = (Z@z‘a%M) - (2.24)

=1
Since N = N* is Lipschitz, and since (&, N) = 0, we have (§;, V¢, N) = —(A(&,&), N), and
thus
2
I|t:0 =((H,N))"=0 (2.25)
due to the minimality of X.
In order to derive a formula for I7 | —or We first differentiate the identity

g’gjn =0,
to obtain that N , .
oig" = —g'* (Oigrn) 8",

whence
0|,y = ~0u8iil_y = — (Ve N.&) + (&, Ve, N)) (2.26)
Since (V¢, N, &) = —(A (&), N), the symmetry of the second fundamental form implies

Again, since
<€i, at€j>|t:0 = <£Za vij> = _<A (fla 5]) ) N>7
we can finally obtain

I,_, = QZI (&, 65), N)|2. (2.28)

i,j=1
Finally, we compute 11| +—o- The simplest way to do it is to regard the operator Oy as the
covariant derivative along the vector field V = V*. One therefore has:

Oy (<€i> at€j>) = V<€i; vV€j>
= (Vye,, Vvej> + (ey, VVvVej>
= (Ve,V,Ve, V) + (e, Vi Ve, V),

where in the last identity we have used the fact that the vector fields e; and V' commute,
and, of course, that the Riemannian connection on M is torsion-free. Now, using again that
[V, e;] = 0 and the definition of the curvature tensor R, we may write

VyVe,V = Ve, VvV + R(V,e;)V,
so that, finally, the evaluation of J; ({(e;, Oe;)) at time ¢t = 0 yields
O (<6ivat€] |t 0 <v§zN vﬁj > <§i7v§jZ> + <§i7R(N7§j)N>7
with Z = Z*. Since J|,_, =1and g¥|_, = 0", we conclude the following identity:

11|, Z Ve, N|* + divs Z — Z (N,&)&, N). (2.29)
=1
Observe that, in deriving formula ([2:29)), we have used that (R(X,Y)U, W) = —(R(X,Y)W,U)
for any choice of X,Y, U, W vector ﬁelds on M.
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We have now all the tools to conclude: from the @Q-valued area formula (2.8)) it follows that

/EZatt z,0) dH™(z),

(=1

dt2

thus it suffices to plug equations ([2.25)), (2.28]), (2.29) in (2.23]) to get

SN / Z(Z%N@ —2Z| (&,€&), NOP imw,@)&w%) dH™

3,j=1 =1

+Q /E divs(no Z)dH™,
(2.30)

where Z := 3,[Z*]. Now, we decompose

noZ=p-(noZ)+p - (noZ)=(mo2) +(no2)" (2:31)
and we see that, since (&, (9o Z)*) = 0 for all 4,

m m

divs((no 2)) = (&, Ve (no Z)") = = (A(&.&),moZ) = —(Hmo Z) =0. (2.32)

=1 =1

On the other hand, Stokes’ theorem and the fact that N is vanishing in a neighborhood of 9%
readily imply that

/ divs((no Z)T)dH™ =0, (2.33)
by

and thus the last addendum on the right-hand side of (2.30|) vanishes. This completes the
proof of formula (2.5]). O

We note now that the quantity appearing on the right-hand side of formula (2.30) is in
fact well defined for any @-valued vector field tangent to M and belonging to the class

wh? (Z, AQ(Rd)>. This motivates the following definitions.

Definition 2.6 (W2 sections of the normal bundle). Let ¥ <+ M be as above, and let
Q C X be open. We define the class of W12 sections of the normal bundle of € in M, denoted
Féf (NQ), as follows:

TEPWNQ) = {N € W2 (0, Ag(R?)) : spt(N(x)) C 7S C T, M for H™-ae. w € 0}
(2.34)

Definition 2.7 (Jacobi functional). For a section N € Féf(NQ), the Jacobi functional, or
stability functional, is defined by:

Jac(N, Q) := Dir”M(N, Q) — 2 Z|A.N€|2d’ﬂm /Z”R (N, N dH™.  (2.35)
Qp=1

Our first observation is that the classical theory of the Jacobi normal operator can be
recovered within the above framework by simply setting @ = 1.
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Remark 2.8. Consider the classical single-valued setting, corresponding to @ =1, let Q =X
and recall that

Dir7 M(N, %) = / > Ve, N dH™
=1

for any orthonormal frame (&1, ...,&,) of TX. Assume also that N is Lipschitz continuous for
convenience. Let (v1,..., 1) be local sections of the normal bundle N’ of ¥ in M such that,

at each point x € X, the system ((§j ()7L, (l/a(:c))g:l) is an orthonormal basis of T, M.
Then, for every point of differentiability for N and for every i = 1,...,m we have:

m k
Ve NP =D (Ve N G2+ D (Ve Ny va)

j=1 a=1

Now, the usual considerations about the orthogonality of N and §; imply that (V¢, N, §;) =
—(A(&,&5), N). We therefore obtain that

m k
/E (Z\V&NF Z (A&, E), ) dH™ = /ZZ| Ve, N, vo) > dH™,
=1

4,j=1 Yi=1a=1

and finally conclude the identity

m k m
hwwmzé(ZEJWaW@ Z| (&,&), N)I? ERMM@@NOdW?

i=1 a=1 i,j=1 =1
(2.36)
It is immediately seen that the Euler-Lagrange operator associated to the second variation
functional is the linear elliptic operator £ defined on the space of sections of N'Y and
given by

L:=-Af o —Z, (2.37)
where A% is the Laplacian on the normal bundle of ¥, &7 is Simons’ operator, defined by
o (N) =Y (A&, &), N)A(&, &), (2.38)
ij=1
and Z is given by
m
= p RN, &) (2.39)
i=1

As already anticipated in the Introduction, the operator £ is classically called Jacobi normal
operator, and the solutions of the differential equation £(N) = 0 (that is, the normal vector
fields that are in its kernel) are known in the literature as Jacobi fields. The importance of
studying the second variation operator of minimal submanifolds into Riemannian manifolds
is well justified by the arguments given earlier on in this section: in the single valued case
Q = 1, the Jacobi operator L carries the information about the stability properties of the
submanifold itself, when it is thought of as a stationary point for the m-dimensional volume.
In particular, non-trivial Jacobi fields vanishing on 9% are, when they exist, the infinitesimal
normal deformations of ¥ which preserve the volume up to second order. From a functional
analytic point of view, L is a second-order strongly elliptic operator. When diagonalized on
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the space of sections of 'Y vanishing on 9% with respect to the standard inner product, it
exhibits distinct, real eigenvalues {\;}7°; (counted with multiplicities) such that

M < A< < Ay <o = +o00.

Moreover, the dimension of each eigenspace is finite. The sum of the dimensions of the
eigenspaces corresponding to negative eigenvalues is called the Morse index of X: it accounts
for the number of independent infinitesimal normal deformations of ¥ which do decrease the
volume at second order. If A = 0 is an eigenvalue, then the dimension of ker(L) is called
nullity. We recall that X is called stable if its Morse index is 0, and strictly stable if there exist
no non-trivial Jacobi fields vanishing at the boundary, i.e. if index(X) + nullity(X) = 0.

A systematic study of the Jacobi normal operator was initiated by J. Simons in [Sim68].
One of Simons’ main results was to prove that if M = S™*! and ¥£™ is a closed minimal
hypersurface immersed in S”*! which is not totally geodesic then the first eigenvalue of the
operator L satisfies the upper bound Ay < —m. As a consequence of this, he was able to show
that no non-trivial stable minimal hypercones exist in R™*! for m < 6. In turn, this led to
the proof of the Bernstein conjecture, stating that the only entire solutions w: R™ — R of the
minimal surface equation are linear, for every m < 7. The result is sharp, as the Bernstein
conjecture was proved to be false for m > 7 by E. Bombieri, E. De Giorgi and E. Giusti in
[BDGG6I].

The considerations leading to formula (2.36]) can be repeated in the Q-valued setting, thus
showing that the Definition of the Jacobi functional agrees with the one given in formula
(0.1)). This equivalence is recorded in Lemma below. We first need a definition.

Definition 2.9 (Normal Dirichlet energy of a section). Let N € FgZ(./\/' Q). For any point
x €  where N is approximately differentiable, and for any tangent vector field &, set

Z[[pm DeN*(2)], (2.40)

where pEL = pl% o pé\/l is the orthogonal projection of R onto TILE. Then, the normal
Dirichlet energy of N in €2 is the quantity

DirV>(N, Q) /Zyvg N[> dH™, (2.41)
=1

for any choice of a (local) orthonormal frame {&;}/; of TX.

Lemma 2.10 (Equivalence of the definitions of the Jac functional). For any N = 3 ,[N’] €
T (NQ) it holds

Q
Jac(N, Q) = DirV(N, Q) ZyA.Nf\Zde—/ZR(N{NE)de
Q= Q
Q m k m
= /Q > (ZZ (D, N*, va)) Z (A&, &), NI Z<R<&,NZ>N€&>) du™,
(=1 \i=1a=1 i,j=1 i—1

(2.42)

where {&}1, and {va}E_, are (local) orthonormal frames of T and N'Y respectively.
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Proof. 1t is a straightforward consequence of the arguments contained in Remark combined
with the Lipschitz approximation theorem, Proposition (cf. also [DLS14, Lemma 4.5])
and the Lipschitz selection property in Proposition O

On the other hand, unlike the single-valued case, the lack of linear structure of Féf(]\/’ Q) in
the multivalued case @) > 1 does not allow one to associate an operator to the Jacobi functional,
nor to characterize multiple valued Jacobi fields as the solutions of a certain (Euler-Lagrange)
PDE. Nonetheless, the variational structure of the problem suggests that the minimizers of the
Jacobi functional for a given boundary datum have the right to be considered the multivalued
counterpart of the classical Jacobi fields. This justifies the definition of Jacobi @-fields given
in Definition [0.2] In the next section we explore the first elementary properties of multiple
valued Jacobi fields.

3. JACOBI QQ-FIELDS

The goal of this section is to provide the two fundamental tools which will be used in Section
to address the question of the existence of Jacobi Q-fields N in 2 with prescribed boundary
value N|yq = glyq for some fixed g € Féf (NQ), and ultimately to prove Theorem hese
tools are encoded in Proposition [3.1] and Lemma [3.4] below. The proof of Theorem [0.3] will
be obtained by direct methods in the Calculus of Variations, and therefore it is natural to
analyze the properties of lower semi-continuity and compactness of the stability functional.
The proof of the weak lower semi-continuity is rather simple, and it is the content of the
following proposition.

Proposition 3.1. The Jacobi functional is lower semi-continuous with respect to the weak
1,2
topology of I'" (N Q).

Before coming to the proof, it will be useful to make some further considerations about the
structure of the Jacobi functional, in order to simplify the notation and to express it as a
perturbation of the Dirichlet functional Dir(u, §2).

Remark 3.2. Given any Q-valued Lipschitz map u = Y, [u’] satisfying u’(x) € T;*% C T, M
for all x € ), the orthogonal decomposition

Dgug(x) = pﬁ/l . Dgu[(a:) + pé\/u‘ . Dgug(x) = Vgue(:z) + A, ({(a:), uz(x))

holds for any tangent vector field £ at any point x of differentiability for u, hence H™-a.e. in
Q. Here, A denotes the second fundamental form of the embedding M — R¢. Hence, at any
such point we may write

Veu'|? = [Deu’|* — [A(&,u)[”.

These considerations are extended in the obvious way to all sections u € Féf (NQ) at all points
of approximate differentiability. Ultimately, we will write

Jac(u, Q) = Dir(u, Q) — Ba(u), (3.1)
where Bg is the functional on Féf (NQ) defined by

Q m
—/QZ (Z A&, u")? +2 Z (A&, &), u 12+Z ut, &), u >> dH™. (3.2)
/=1 \i=1

3,j=1
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Observe that Bq satisfies an estimate of the form

[Ba(u)| < Collull7e (3-3)
where Cj is a geometric constant, depending on A, A, R, where
A = ||A]| e = mggmax{\Am(X,Yﬂ X,y esm ey}, (3.4)
A = |[A]|= = max max {[4,(X,Y)]: X,V € "1 M} (3.5)
€

= |R| g = mggmax{mﬂ RJX.Y)Z|: X €TIS, Y, ZeT,y, |X|=|Y|=|Z|=

Proof of Proposition[3.1 Consider Q-valued sections uy, u € I‘gQ(/\/’ Q) and assume that uj, —
u weakly in W1H2(Q, Ag) as in Definition Now, use ({3.1) in order to write

Jac(up, ) = Dir(up, Q) — Ba(up).

The weak lower semi-continuity of the Dirichlet energy was proved by De Lellis and Spadaro
in [DLS11l Proof of Theorem 0.8, p.30]. On the other hand, the condition

lim [ G (up,u)® dH™ =0

h—oo Jo
is enough to show that in fact
lim Bo(up) = Ba(u). (3.7)
h—o0
To see this, just write (3.7)) as
Jim / by dH™ = / baH™, (3.9)
hJa Q
with
G 2 )2
o) = 3 | S0 G al) +2 3 1(A(6&)d) +Z (uf &) up)
/=1 \i=1 i,j=1
and

Q [m
Z(Z (&iru |2+2Z| (&, &), u |2+Z u, &) &, u >),

=1 1,j=1
and observe that the strong convergence uj, — u in L?(, Ag) suffices to prove that along a

subsequence (not relabeled) by (x) — b(z) pointwise H™-a.e. in 2. Equation (3.8)) then follows
by standard techniques in integration theory. O

As for compactness, the situation is much more involved. Indeed, as already anticipated, the
existence of a solution of the minimum problem for the Jacobi functional with any boundary
datum g is strictly related with showing that Ny = Q[0] is in fact the only minimizer under
Q[0] boundary conditions.

Remark 3.3. If N € Féf(./\/Q) is a Jacobi Q-field with N|gpq = Q[O0], then Jac(N,Q) = 0.

This is a consequence of the homogeneity properties of the functional: in this case, indeed, for
any t € R the Q-field tN := 3 ,[tN'] is a suitable competitor, and

Jac(tN, Q) = t2Jac(N, Q).
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Hence, were Jac(N,Q) <0 EL one would obtain that lim; ., Jac(tV, ) = —oo, thus contra-
dicting the definition of N.

We are then able to conclude that if the minimum problem for the Jacobi functional with
Q[0] boundary data does admit a solution, then for any minimizer N one has Jac(V, ) = 0.
In particular, Ng = Q[0] is a minimizer.

The condition that Ny = Q[0] is the only minimizer for its boundary value will be referred
to as strict stability condition, as it characterizes the strictly stable submanifolds in the @ = 1
case. In the following lemma we provide an equivalent condition to the strict stability.

Lemma 3.4. There exists a unique solution Nog = Q[O0] of the problem
min {Jac(u, N): ue I‘}f(/\/ﬂ) such that u|pq = Q[[O]]}
if and only if there exists a positive constant ¢ = ¢(2) such that

Jac(u, Q) > ¢ / u2dH™, (3.9)
Q

for all u € F(BZ(/\/’Q) with ulgo = Q[O].

Remark 3.5. If Q@ =1 and ¥ is strictly stable, then the largest positive constant ¢(€2) such
that (3.9) holds for every W12 section u of NQ with u|sn = 0 is the first eigenvalue \; of the
Jacobi normal operator L.

Proof. Assume first that (3.9)) holds. Then, the Jacobi functional is non-negative on the space
of W12 sections of A'Q with vanishing trace at the boundary. It is then clear that Ny = Q[0]
is a minimizer. Moreover, it is the only one. Indeed, if u is a minimizer, then Jac(u, ) = 0,

and therefore (3.9)) forces
| gtwqlopan —o.
Q

For the converse, assume that the minimum problem for the Jacobi functional with vanishing

boundary condition admits Ny = Q[0] as the only solution. In particular, this implies
that Jac(u,$2) > 0 for all sections u € 1“22’2(/\/9) such that u|pg = Q[O0], and in fact that
Jac(u, ) > 0 for all such sections except the trivial one Ny. Now, assume by contradiction
that does not hold. Then, for any h € N there is a competitor uy € I‘éf (NQ) such that
uplog = Q[O], |lun|lrz =1 and

Jac(up, ) < %

In particular, as a consequence of (3.3), we conclude that
/ |Duy|? dH™ < C. (3.10)
Q

By the compact embedding theorem for ()-valued maps, Proposition and by Proposition
we infer that there exist a subsequence {uy} of {up} and a section us € Fclf(]\/ 0),
Uso|a = Q[0], such that

lim [ G(up, uso)? dH™ =0,

h!—o0 Q

5Observe that if N|sg = Q[0], then the null Q-field No = Q[0] is a competitor, whence Jac(N, ) <
Jac(Np, Q) = 0 if N is a minimizer.
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that is up — us weakly in W12, Then, from the semi-continuity of the Jacobi functional
follows:

0 < Jac(uee, ) < I}Im inf Jac(up, Q) = 0.
! —00

Hence, Jac(ux,2) = 0, and thus ue, is a minimizer. By hypothesis, u., = Q[0], which
contradicts |[ueol|z2 = 1. O

4. EXISTENCE OF JACOBI Q-FIELDS: THE PROOF OF THEOREM

4.1. @Q-valued Luckhaus Lemma and the extension theorem. The first step to prove
existence of Jacobi Q-fields is to derive an extension theorem for Q-valued W2 maps. Such a
theorem will be obtained as a simple corollary of the following result, which is interesting per
se.

Proposition 4.1. Let N be a d-dimensional closed Riemannian manifold of class C?. Assume
0<A<1andf'f2: N — Ag(RY) are two maps in W12, Then, there exist a constant
C=CWN,d,q,Q) and a map h € W2 (N x [0,A], Ag(R?)) such that

h(,0)= ' and (N = f* in N, (4.1)
satisfying
2 12 22
[ o [ (reeirr), @)
2 12 22y, © 1 p242
/NX[M |Dh| <C)\/N(|Df |+ [Df?| )+ 3 /Ng(f )2 (4.3)

Such a result adapts to the @-valued setting a classical result by S. Luckhaus, concerning
the extension of a Sobolev map defined on the boundary of an annulus 9(B; \ B;_,) in its
interior with control on the L? norm of the gradient of the extension map (for the precise
statement and the proof, see the original paper [Luc88, Lemma 1], or the nice presentations
given by L. Simon in [Sim96, Section 2.12.2] or by R. Moser in [Mos05, Lemma 4.4]).

A version of this result in the Q-valued setting was given by C. De Lellis in [DLI13], where
the author interpolates between two functions defined on flat cubes, and by J. Hirsch in
[Hir16b, Lemma C.1] in the original Luckhaus setting of functions defined on the boundary of
an annulus. The proof of the interpolation between maps defined over a closed Riemannian
manifold presented here is based on De Lellis’ result and on a decomposition of the manifold
that is bi-Lipschitz to a d-dimensional cubic complex, following ideas already contained in
[Whi88] and [Han05]. We will make an extensive use of the following Lemma, which provides
the elementary step in the construction of the interpolation.

Lemma 4.2. There is a constant C' depending only on j and Q with the following property.
Assume that 0 < A < 1, L = [0,A) + z is a j-dimensional cube of side length A\, and
o € WH2(OL, Ag(R?)). Then, there is an extension v of ¢ to L such that

/|¢|2d7-[j g(JA/ | dHI ! (4.4)
L oL

and

Dir(y), L) < CADir(p,0L). (4.5)
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Proof. First observe that, since the inequalities and are invariant with respect to
translations and dilations, it suffices to prove the lemma when L = [0,1]7. Moreover, since L
is bi-Lipschitz equivalent to the unit ball, it is enough to show the claim for L = By C R/.

For reasons that will soon become clear, the proof when working in dimension j = 2 is
different with respect to the one in the higher dimensional case (j > 3): for this reason, we
will distinguish between these two scenarios.

The higher dimensional case (j > 3). This is the easiest situation: indeed, it suffices to
define v as the zero-degree homogeneous extension of ¢. That is, if ¢ =3, [¢'] on OBy, then
one just sets

W) = XQ: [[g/ ( v )H for = € By \ {0}. (4.6)

pt |z
A simple computation in radial coordinates shows that both estimates (4.4) and (4.5 hold
with C' = max{j~!, (j —2)7'} = (j — 2)~!. Observe that this proof breaks down when j = 2,
because the zero-degree homogeneous extension of ¢ has infinite Dirichlet energy in two
dimensions.

The planar case (j = 2). For this proof, it will be useful to introduce a suitable notation.
We identify R? with the complex plane C, and the unit ball B; C R? with the disk I, as usual
defined as

D:={zcC: |z <1} ={re?: 0<r<1,0cR}.
The boundary of D is the unit circle S, described by
St:={zeC: |z|=1} ={e?: 0 eR]}.

Consider now a function ¢ € W12(S!, Ap). By [DLSII, Proposition 1.5], there exists a
decomposition ¢ = 37, [¢¢], where each ¢y is an irreducible map in WH2(S', Ay,). This

means that Zle k¢, = @, and furthermore that for every £ =1, ..., P there exists a W12 map
~v¢: S' — RY such that

po(z) = Y [ve(2)], (4.7)
k=g
and with v,(z1) # ye(22) if 21 # 22 are two distinct k™" roots of . In other words, if we
identify the point 2 = € € S! with the phase § € [0,27) we have that

ke—1
0+ 2mm
)= 3 [[w ()ﬂ , (48)
m=0 kg
with
0+ 2mm 0+ 2mm B
Ye <) e/ () for m # m.
ke ke
The idea, now, is to consider the harmonic extension to the disk D of the function ~,: if
ve(0) = ago + Z (ag,n cos(nd) + by, sin(nd)) (4.9)
n=1

is the Fourier series of v,, we let

ag0

Cg(T‘, 9) = 5

+ > " (agp cos(nb) + by, sin(nh)) (4.10)
n=1
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denote its harmonic extension to the whole disk. Then, for each £ =1, ..., P, we consider the
ke-valued function 1, obtained “rolling” back the (y, that is

ve(w) = Y [Ge(2)] (4.11)

Zke=g

for z € D, and, finally, we set ) := Zle [4¢]. We claim now that v is a WH2(ID, Ag) extension
of ¢ satisfying the estimates (4.4) and (4.5). To see this, fix £ € {1,..., P} and define the
following subsets of the unit disk,

2r(m + 1) }
< - @@
ke ke

form=20,...,k, — 1, and
C:={re?: 0<r<1,0%#0}.

One immediately sees that ¥y|c = Z%;é [¢eoom], where oy, : C — Dy, are the ky determinations
of the k™ root, that is

Similarly, if the arcs S, are defined by

S, - {eie : 2rm co< 27r(m+1)}’
ko ko

we have that @g\gl\{l} = Zﬁf;(ly [ve o 7], where 7, : ST\ {1} — S, is given by 7, := o lst-
Thus, we can immediately compute

ko—1

lpe|> = /WOT 2
ko—1

—k Y [ il (4.12)
m=0"Sm

arol? &
[ o = b (0 S a4
S n=1
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by Plancherel’s theorem. On the other hand, we can use polar coordinates to compute the
integral of the extension vy to the disk and see that

s / ¢t 0 om?
s (/ a(oh 22

ke ! 2m(mt1)
- kz Z /Zfrm ' ‘CZ(T7 0)’2 d9 7*2]62*1 dr

2
_ .2 " 2 2k, —1 (4.13)
—ke/o (/0 Ge(r, 6) d9>r dr

1 2 00
_ k%ﬂ/ (‘azéof + Z T2n(‘a£7n’2 2)> ,,,,2]{35—1 dr
0

k}gl

kgl

da) pdp

422 k 2 ! 2kl_1d
< ke |l T r
st 0

1 5
=5 [ el

Summing over ¢ € {1,..., P}, we finally conclude that

1
Lwe<s [ e (414)

that is, (4.4)) holds with C' = % Concerning (4.5)), we exploit the invariance of the Dirichlet

energy under conformal mappings in order to infer that, for any £ =1,..., P,
ke—1 ke—1
Dir (g, C) Z Dir(¢y o oy, C) = Z Dir(¢s, Dyy) = / |D¢|2. (4.15)
m=0 m=0 D
Now, by a simple computation on planar harmonic functions, it is easy to see that
/ DG < / |0ovel?, (4.16)
D st
where 0y is the tangential derivative along the circle. On the other hand, for every £ =1,..., P,
k:/ 1
Dir(¢y,S') = / 09 (e © Tm)|

(4.17)
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Finally, summing on ¢, the above arguments produce

P P P
. (4.15) {@.17) . .
Dir(y, 0) B2 3 / DGR Y / 9l B2 S kyDir(i0, 81) < QDir(p, S1), (4.18)
(=17D =17 =1
whence (4.5) holds with C' = Q. O

Proof of Proposition[{.1. Without loss of generality, we assume that A is an embedded
submanifold of some Euclidean space R"Y. We shall divide the proof into steps.

Step 1. We first consider a Lipschitz cubic decomposition of the manifold NV, that is a pair
(K, o), where K is a d-dimensional cubic complex, and o: |K| — A is a bi-Lipschitz map, |K]|
denoting the union of all cells of K. Without loss of generality, we may assume that each cell

in K has unit d-dimensional volume. Set m := 1] + 1. Using that [0,1] = U, {%, %}, we
can divide each cell in K into m¢ smaller d-dimensional cubes, whose side length is at most
A. We will denote the resulting cubic complex by K,,, and regard ¢ as a bi-Lipschitz map
o: |Km| — N: observe that if L is any cell in K, then the image (L) is a domain in N/ with
diameter (computed with respect to the geodesic distance on N') diam(c (L)) < v/d Lip(c) .

For each j € {0,1,...,d}, KJ, will denote the j-skeleton of the complex K, that is the
family of all j-dimensional faces, and |KCJ,| will be their union.

Step 2. Let now n = n(N) > 0 be so small that the set U = Uy, (N) := {z €
RN : dist(z, ) < 2n} is a tubular neighborhood of N, with (unique) differentiable near-
est point projection I1: Uy, (N) — N. For i = 1,2, we extend f* to a map F': U — Ag(R?)
by setting F* := f* o II. One has that

LrE<a [ 1 (4.19)
[ iprE<a [ s (4.20)

/ G(F!, F?)2 < o, / G(f', £2)?, (4.21)
U N

where the constant ¢; depends only on the retraction II (and, thus, on the dimensions d and
N and on the width 7 of the tubular neighborhood).

Furthermore, for every z € |K,,| and for every vector v € B7]7V , we define o,(z) =
II(o(z) +v). Assume that 7 is so small that all o,’s are bi-Lipschitz maps |K,,| — N,
and set f! := f'o0,, that is fi(2) = F' (¢(z) +v). By Fubini’s theorem, for all j = 1,...,d
and for a.e. v € Bév one has that fi € W2 (F, Ag(R?)) for all faces F € KJ,.

Consider now any non-negative function o € L'(U). It is easily seen that there exists a
constant ¢y = co(N,d, N,n) such that for any j =0,...,d and for every 6 € (0,1)

/ Ca(o(2) +v) dHI(2) < 0291)\jd/ a (4.22)
Kl

and

U

for all v € B,J7V with the exception of a set E of £LV-measure |E| < 9|Bév |. To prove this, first
note that

Iz L a(o(z v I(z v
/IK%Q(U(Z)+U) dH(2) < OB [y </IICZ;1| (o(2) +v) dH/( )) d (4.23)



MULTIPLE VALUED JACOBI FIELDS 33

for all v € B,]7V \E, |E| < 9[B,17V]. Then, conclude by estimating:

/BN <//c a(o(z) +v) d?-[j(z)> dv = /ICZn (/nga(a(z)+v) dv) aHI (2)
[ ( /| i dw> e

< HI(K,) / a (4.24)
U
§Cmd)\j/ «
U

< C/\j_d/ Q,
19}

where the constant C' appearing in the last line depends only on the number of cells in the
original cubic complex X and on the dimension d.

ol
m

Now, it suffices to apply ([4.22)) with a = |F?|?, a = |DF?|? and a = G(F', F?)2, and, say,

0= %, and to plug in equations (4.19)), (4.20) and (4.21)) to finally show the following: there
exists v € Bflv such that for all j € {1,...,d} the following inequalities

[ (RE+isze) <o [ (i71R+18). (4.25)

Kl

and
[ (DRP+IDEE+0(L D) <ot [ (IDFP +IDPE 401 ) (426)
Ko N

hold true with a constant C' = C(¢y, ¢2, Lip(0)). Furthermore, for j = 0:

> (RP@ +152RE) <ont [ (7P + 1), (4.27)
2€|K0,| N

G (£, f2()) <ox | g(r.r2). 4.28

Py (£).£22))" < /N(f ) (4.28)

From now on, we will then assume to have fixed a v € B7]7V such that the corresponding

maps fi: K| = Ag(R?) satisfy equations (4.25)), (4.26), (4.27), (4.28) and the following
condition: for every j > 1, for each 7 € KCJ and for all 7€ K- with y C 7, the restrictions
fil; and f¢|, are all W2, and moreover the trace of f!|, at v is precisely f|,.

Step 3. Consider now the (d + 1)-dimensional cubic complex K := K,, x [0, A\] whose
(d 4 1)-dimensional cells are cubes of the form L x [0, \] for some L € K%. A face 7 € K,
Jj < d+1, is said to be horizontal if it is contained in /C,,, x {0} (lower horizontal) or ICp, x {A}
(upper horizontal), vertical otherwise. The collection of j-dimensional faces of K is hence given

by
K =Livwivyi, (4.29)
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where 7, %/ and 7 are the lower horizontal, upper horizontal and vertical j-dimensional
faces respectively. Observe that 70 = (), £ consists of points (z,0), while %° consists of
points (2, A) with z € K9 ; note, furthermore, that all (d + 1)-dimensional cells are vertical.

We are now in the position to define a map h: |K| — Ag(RY). First of all, we set |z = fl|s
if B is a lower horizontal face, and h|, = f2|, if 7 is an upper horizontal face. Consider
next any vertical segment v € #!. Its two endpoints are given by (z,0) and (z, \) for some
2 € KO, Now, if £1(2) = Sl(f1)e(=)] and f2(2) = S,[(f2)e(2)] are ordered in such a way
that G (j}}(z),fg(z))2 = S, 1(fHe(z) = (£2)e(2)]?, then a natural extension is obtained by
setting

Q
.0 =3 [0 + 5 (200 - (7il2) (4:30)
/=1

for all 6 € [0, A]. In this way, we obtain the bounds
[ IR <20 (1747C) + 112P() (431)
gl

and
[10RE <2716 (£ 22) (4.32)

If we carry on this procedure for all vertical segments, we obtain a well defined @-valued map
h on all the vertical 1-skeleton #!, which, thanks to (#.27) and (4.28)), satisfies

/I“//ll h? < CAl_d/N <|f1|2 + |f2|2) (4.33)
and 2
hl? —1-d 1 42
/Wl| |DR[*> < CA /Ng (r1.02) (4.34)
hl = £,

s 7
e e

E}ﬁz.ﬂ”ﬁ

FIGURE 1. The cubic complex C and the first step in the construction of h.
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Pick next a vertical 2-dimensional face 7. Its boundary consists of two horizontal segments
pe L and § € ', and two vertical segments joining the points (z,0), (w,0) to the points
(2,)), (w, \) respectively. Using our assumptions on v, we can conclude that h|y, is in W12,
whence Lemma yields an extension of h to 7 with estimates

/ 2 < A ( [ises !f3|2> CON (R4 120E) + (AP +12Dw)  (435)
/ |Dh12<cx</ D+ [ 1Ds ) (g(f5<z>,f3<z>)2+g(f5<w>,f3<w>)2).

(4.36)
Summing over the 2-skeleton #2, from the estimates ) and ( - we deduce

[ ez | (|f1|2+rf2|2), (4:37)
|v2] N
whereas (4.26)) and (4.28) imply
_ 2
[ re <ot [ (ppEepep)sen [ () )
72| % %

We then proceed inductively over ¥, iteratively applying Lemma and using the
inequalities (4.25)) to at each step. At the final iteration, namely for j=d+1, we
construct a map h Wthh is VV1 2 on each (d + 1)-dimensional cell L x [0, \], coinciding Wlth fi
on L x {0} and with f2 on L x {\}. Furthermore, if two cells H = Ly x [0, \] and K = L x [0, \]
have a common face S € #?, the traces of h|y and h|k at S coincide. Thus, we can regard h
as a W12 map defined on the whole cubic complex IC. Moreover, since [K| = |J 74+ = |74+,
the inductive step provides the following estimates:

[rE<ox [ (177 +18F), (4:30)
K| N
_ C 2
[ie<en [ (iprpsprr) S [ o () (4.40)
K| N AJn
Step 4. Finally, we simply define a map h € W12 (N x [0, ], Ag(R?)) by setting
W, 0) = (07 (x),0). (4.41)
It is immediate to check that such a map indeed satisfies (4.1)), (4.2)) and (4.3]) in the statement.
]

Corollary 4.3. Let ™ < R? be a regular compact submanifold, and let \g := inj(X) > 0 be
the injectivity radius of . Then, for any 0 < A < Ag, for any V C X connected, open subset
with C? boundary and such that

dist(z,0%X) > A\ for every x € 0V,
and for any §o € W12(0V, Ag(R?)) there exist an open set V) C T withV € Vy, dist(V, V) <
A, and a map g, € W? (VA \V, AQ(Rd)) satisfying:

grlov =90 and Gylav, = Q[O], (4.42)
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/ |G\ dH™ < C)\/ |Go2 dH™ L, (4.43)
Vi\V A%

— C
Dir(gy, Va \ V) < CADir(go, 9V) + < / |Go|? dH™ L, (4.44)
)%
for a constant C = C(V, m,d, Q).

Proof. Let V and gg be as in the statement. Then, by the very definition of injectivity radius,
for any 0 < A < A\g the exponential map, restricted to 9V, is injective in a ball of radius A
around the zero section of the normal bundle of 9V in Y. In turn, this allows one to define,
for any such A, a A-tubular neighborhood Uy of 9V in ¥ by setting

U, = {exp, (On(m)) : mw €IV, |0] < A}, (4.45)

where for every point m € 9V we have denoted n(7) € T X the unit outer co-normal vector to
oV at .
Note that it is well defined a differentiable parametrization x € Uy — (7w(z),0(x)) €
OV x (=A, A) such that exp, () (0(z)n(n(x))) = z for all z € U,.
Next, the positive and negative A-tubular neighborhoods of 0V in ¥ are respectively defined
by
UY = {exp, (On(m)) : m €0V, 0 <0 < A}, (4.46)
U, := {exp, (In(r)) : m €V, =X <0 < 0}. (4.47)
We set V) := VUU,. The claimed result is then simply obtained by applying Prgposition@
with A= 9V, f! = go, f* = Q[0] and setting gy (z) := h (r(z),0(x)) forx € V\\V =U3. O

4.2. The compactness theorem. Back to our original setting, we let {2 be an open and
connected subset of ¥ < M in which we wish to solve the minimum problem for the Jac
functional. We will assume C? regularity for 9. Let \g := inj(X). For 0 < A < A, set
V= {z € Q: dist(z,00Q) > A}, so that Q coincides with the set V\ = V U U which was
obtained in the proof of Corollary Using the same notations introduced in the proof of
Corollary we parametrize Uy with coordinates (,6) € 9V x (=, \).

Let us now define ®y: V — €2 to be the diffeomorphism given by:

B(e) {expn(w (@) o< Ty (4.48)

where @) is any monotone increasing diffeomorphism ¢y: (=A,0) — (=X, \) such that
ox(0) = 0 for 6 € (—)\, —%) From this moment on, we will assume that such a family
of diffeomorphisms ¢y has been fixed, and satisfies a bound of the form

<Pl <e (4.49)
for a positive constant ¢ which does not depend on A.
Furthermore, if u = 3",[u] is any map in W12 (Q, AQ(Rd)), we set:

Q
ut(z) =) [Pyt wil@)], (4.50)
(=1

where p>! is the normal bundle projection defined in Definition Observe that ut €
ng (NQ). The following Lemma yields a useful formula to relate the Dirchlet energy of u
with the Dirichlet energy of ut.
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Lemma 4.4. For every € > 0 there exists a positive constant C. such that the following
estimate holds true:

Dir(u®, Q) < (1 4 ¢)Dir(u, Q) + Cg/ lu? dH™. (4.51)
Q

Proof. Write p**(z,v) := p>t v for x € Q, v € RL If v = v(x) is a (single valued) Lipschitz
map defined in §2, then for any tangent vector field £ one has

Dep™ (2, v(2)) = 0,07 (2, 0(2)) - £(2) + 0,p™ (2, v(2)) - Dev ().

Since, for fixed z, the map v € R% — pEJ‘({E, v) € TILZ is linear with Lipschitz constant not
larger than 1, we conclude that for any v: @ — R¢ Lipschitz one has

Dir(v, Q) < Dir(v,Q)+C/ |v\2de+c/ (v]| Do| dH™,
Q Q

where C is a constant depending on maxg, ga—1 |0, p> .

Formula (4.51)) is then a consequence of Young’s inequality. The formula is then extended
to Lipschitz Q-valued maps via decomposition into @ Lipschitz functions (Proposition [1.7]),
and finally to Sobolev Q-maps via approximation (Proposition |1.13)). O

We are now ready to state and prove the proposition that will provide the key towards
Theorem

Proposition 4.5. Let Q C X be open, connected with C? boundary. Assume the strict stability
condition (3.9)) holds for every u € FgQ(NQ) such that u|pg = Q[0]. Then, if g € ng(/\/ﬂ)
has boundary trace go := glaq € W2(0Q, Ag(R?)), the following estimate

Jac(N, Q) > ¢(Q) /Q IN2dH™ — C(2, 90) (4.52)

holds true for any N € FgQ(/\/Q) such that Nlapg = go-

Proof. Fix A < A\g to be chosen, and let V € 2 be such that Q =V, as above. For any
N € FgQ(NQ)~SUCh that N|pq = go, consider the map N := N o ®y € W2(V, Ag(R%)), and
observe that N|sy = o, where go(7) = go(exp,(An(w))) for m € V.

Now, apply Corollary with this choice of V, §o and A in order to extend N to the map
u € WH(Q, Ag(RY)) given by

N(z) ifzeV

u@) = {gk(aﬁ) ifzeQ\V=Uj, (4.53)

Observe that the normal bundle projection u' satisfies ut € Féf (NQ) and the boundary
condition u't|sn = Q[0]. From the hypothesis, we are therefore able to conclude that

Jac(ut, Q) > c(Q)/Q|ul|2de. (4.54)

Now, note that u~ = N in Q\ Uy. Combining this observation with (£.54)), we trivially
deduce
Jac (N,Q\ Uy) + Jac (uL,UA) > ¢(Q) (/ INJ2dH™ +/
Q

ut|? de> . (4.55)
U,

\Uax
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In order to prove our result, we then clearly have to provide suitable estimates for
1 12
Jac (u ,UA> and [y |u—]®.
We observe first that

/ kPP = / P+ / P > / 2. (4.56)
U, U7 ut uT

A A A

Recall that
Q k
UJ"Uf Z[[pzj' NgoCI),\ = Z NZ Ngoq))\,l/,gﬁ/gﬂ s
=1 =1 [[=1
whence
k
/ W= [ SO (NG (@) s(a) A 2. (4.57)
U, = 18=1

Now, changing varlable y = @, (x), integrating along geodesics and using (4.49)) one easily
proves that from this follows

/,

A

w2 > C (/ IN]2dH™ — 5§1>> : (4.58)
Ua
where the error term & /(\1) satisfies the estimate
1
< g [ Ivpann, (4:59)
A

provided X satisfies some suitable smallness conditions which are not depending on N. Com-
bining (4.55)), (4.56)), (4.58) and (4.59)), we conclude that for suitably small A

Jac (N,Q\ Uy) + Jac (u*, Uy ) > c(Q)/ IN2dH™, (4.60)
Q

up to possibly changing the value of ¢(Q).
Now, we work on Jac <uL, UA). As before, decompose

Jac (uJ‘,UA) = Jac (uJ‘, U;) + Jac (uJ‘,Uj) . (4.61)
Concerning the first addendum, one shows that

Jac (ul,Ug) < CJac(N,Uy) + 5/(\2), (4.62)

where the error 5/(\2) satisfies

£P) <& (Dir (N, U,) +/ |N|2de> (4.63)
U,

for any choice of € > 0, provided A is smaller than some A, depending on € and on the geometry
of the problem, but, again, not on the map N. In particular, this allows to absorb the error
term and conclude, under the previously considered smallness assumptions on A, that

Jac (N, Q) > ¢(Q) ( /Q IN|?dH™ — Jac (uL,Uj)> (4.64)

after possibly having redefined ¢(£2).
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Now we are able to conclude: following the same strategy as before, it is not difficult to
estimate

Jac (ut, 0% | < €  Dir (7, UF) +/ G2 dH™ || (4.65)

Uy
where A is small, but fixed, and does not depend on N. Our result, equation (4.52)), is then
an immediate consequence of Corollary .3] and of the definition of go. O

We are now ready to prove the Conditional Existence Theorem [0.3]

Proof of Theorem[0.3 The proof is an application of the direct methods in the Calculus of
Variations. Fix any g € FgZ(NQ) with boundary trace go := glag € W12(0Q, Ag(R?)). Then,

the inequality (4.52) implies that for any N € Féf (NQ) with N|sq = go one has
Jac(N,Q) > —-C(Q, 90),

thus the Jacobi functional is bounded from below in the class of competitors.
Set

A = inf{Jac(N,Q): N € TéjQ(NQ),NbQ =go} > —o0,

and consider a minimizing sequence {N,}7°, C FEQ(NQ), Niloa = go, limp_ye0 Jac(Np, Q) =
A. Then, for h > hg sufficiently large, one has

Jac(Np, Q) < A+1,
from which we deduce
Dir(Ny, Q) < C/Q |Np |2 dH™ + |A| + 1.
On the other hand, immediately implies that
[ i 4w < c(ial, 2.0
Putting all together, we conclude that

Dir(Ny, Q) + / |NL|>dH™ < C, (4.66)
Q

where C' is a constant depending only on |A|, 2, go and the geometry of the embeddings
¥ < M — R% Hence, up to extracting a subsequence, N}, converges weakly in W52, strongly
in L?, to a map N € F1Q’2 (NQ) with N|sq = go. The lower semi-continuity of the Jacobi
functional with respect to weak convergence, Proposition allows us to conclude that N is
the desired minimizer. 0

5. HOLDER REGULARITY OF JACOBI )-FIELDS

In this section, we present a proof of the following quantitative version of Theorem As
usual, €2 is an open subset of the compact m-dimensional manifold ¥ minimally embedded in

M.
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Theorem 5.1 (Holder regularity of Jacobi multi-fields). There ewist universal constants
a=a(m,Q) € (0,1) and A = A(m,Q) > 0 and a radius 0 < ro = ro(m, Q) < inj(X) with the
following property. If N € Féf(NQ) is Jac-minimizing, then for every 0 < 0 < 1 there exists
a constant C = C(m,d,Q, %, 0) such that

G(N(21), N(z2))

(N]eon@ oy = Sup z
C' (BGT‘(p)) xl,xzeﬁer(p) d(xlva)

1/2
<C <r2—m—2a (Dir(N, B.(p)) + A / |N|? d?—lm>>
r(p)

for every p € Q and for every r < min{ro, dist(p, dQ)}. In particular, N € C (0, Ag(RY)).

loc

(5.1)

The proof of Theorem is a fairly easy consequence of Proposition [5.2] below. Before
stating it, we need to introduce some further notation.

Let us fix a point p € , and a radius » < min{inj(X), dist(p, 9)}, in such a way that the
exponential map exp,, defines a diffeomorphism

exp,: B.(0) C T,X — By(p) C 2.

Denote by y = (3!, ...,y™) coordinates in T, »> corresponding to the choice of an orthonormal
basis (€1, ..., en), and set u := Noexp,. Observe that for any y € B, the differential d(exp, )|,
realizes a linear isomorphism between 7),% and Texp, (> Fixan orthonormal frame (&1, ... ,&n)
of the tangent bundle 7X|g, () extending (e1, ..., en) (i.e. such that §|, = e; fori=1,...,m),
and define, for y € B,

-1
siy) = (dlexp,)ly) - &lexp,(y)). (5:2)
Then, an elementary computation shows that
f o @R @ = [ )P esp, ) ay (53)
r(P T
and
Dir(N, B,.( / Z\D u(y)|*T exp, (y) dy, (5.4)
Br =1

where J exp,, is the Jacobian determinant of the exponential map. From this it is immediate
to deduce that the following asymptotic behaviors are satisfied for » — 0 uniformly in p:

/ IN(@)P dH™ (z) = (1 + O(r)) / u(y)[? dy, (5.5)

T(p) T

Dir(N,B,(p)) = (1 + O(r))/ Z |De,u(y)|? dy = (1 + O(r))Dir(u, B,). (5.6)
Br =1
We can now state the key result from which we will conclude the Holder regularity of Jacobi
Q-fields.

Proposition 5.2. There exist a universal positive constant A = A(m,Q) and a radius
0 < 1o =ro(m,Q) < inj(X) with the following property. Let N € Féf (NQ) be Jac-minimizing
and p € Q. Then, for a.e. radius r < min{rg, dist(p,9Q)} one has

Dir(u, By) + A/ lul?dy < C(m)r (Dir(u, 0B,) + A/ |ul? de—l) ; (5.7)
B, OBy,
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where u := N o exp, |, € Wh? (BT,.AQ(Rd)> and C(m) < (m —2)~! when m > 3.

In order to prove Proposition [5.2] we will need the following simple result on classical
Sobolev functions in the Euclidean space.

Lemma 5.3. For every ¢ > 0 there exists a constant C = C: > 0 such that the inequality

1
[Py (ve)r [ lgPannteca? [ pgPay (5.
By m dB; By

holds for any function g € W12(B™).

Proof. First observe that, by a simple scaling argument, it is enough to prove the lemma for
r = 1. Assume the lemma is false: suppose, by contradiction, that there exists eg > 0 such
that for any h € N there is g, € W12(B"), with |gn|/z2 = 1, such that

1
1> ( +50>/ (g 2 +h/ \Danl2 dy. (5.9)
m 9B, By
The inequality (5.9) readily implies that

lim |Dgp|*dy = 0, (5.10)

h—o00 B

whence, by Rellich’s compactness theorem, the sequence g, converges up to a subsequence
(not relabeled) weakly in W12, strongly in L?, to a constant function g = ¢. The condition
llgllz2 = 1 forces the constant to satisfy |¢|> = w,,!, where w, is the volume of the unit ball in
R™. Hence, it suffices to pass to the limit the inequality

1
1> ( +50> / lgn | dH™ 1 (5.11)
m 9B
to obtain the desired contradiction:
1
1> < + 60> m. (5.12)
m
O
Corollary 5.4. For every € > 0 there exists a constant Cz > 0 such that for any function

veWwh? (BT,AQ(Rd)) one has:

1
/ lv[?dy < ( + 5) 7“/ lv]>dH™ ! + C.r®Dir(v, B,). (5.13)
- m 9B

Proof. Fix ¢ > 0 and v € W12(B,, Ag(R%)), and apply Lemma 5.3/ to the function g = |v| =
G(v, Q[0]) € WY2(B,). The inequality (5.13) then follows immediately, because glop, = |v|sB, |
and |0jg| < |0;v| for every j =1,...,m. O

Proof of Proposition[5.2 Let N € ng(./\f Q) be Jac-minimizing, and fix any point p € Q.
For every radius r < min{inj(X), dist(p, 9Q)} the exponential map exp,, maps the Euclidean
ball B,(0) C T, diffeomorphically onto the geodesic ball B,(p) C X, and the composition
u:= Noexp, is a W12 Q-valued map defined in B,.
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Let now f € Wh?2 (BT,AQ(Rd)) be Dir-minimizing in B, such that f|sp,. = ulss, ﬁ
and set h := f oexp, 1. Then, the normal bundle projection h' € I’éf (NB,.(p)) satisfies

hL’aBr(p) = N|sB,(p) and is therefore a competitor for the Jacobi functional. Hence, using
minimality, the definition of the Jacobi functional and (3.3]), we deduce:

Jac(N, B,(p)) < Jac(h, B,(p)) < Dir(h*, B,(p)) + Co / |2 dHm, (5.14)
B (p)
which in turn produces
Dir(N, B,(p)) < Dir(ht, B,(p)) + Co (/ |h[2dH™ +/ |N|2de> : (5.15)
B, (p) B, (p)

Hence, combining Lemma |4.4| with (5.5 and (5.6, we can conclude that for any ¢; € (0, 1)
there exists a radius 0 < 1, < inj(X) such that the estimate

Dit(u, By) < (1 + 1) Dir(f, By) + C-, (/ I£2 dy +/ 2 dy> , (5.16)
B, B,
holds true whenever r < r,.
Now we apply [DLS11, Proposition 3.10]: since f is Dir-minimizing in B,, the estimate
Dir(f, By) < C(m)rDir(u, 0B,) (5.17)

holds with constants C(2) = Q and C(m) < (m — 2)~! for m > 3 whenever Dir(u, 9B, ) is
finite, and thus for a.e. r. Combining (5.16) with (5.17), we deduce that we can choose
g1 = €1(m, Q) so small that the inequality

Dir(u, B,.) < C(m)rDir(u,dB,) + C (/B |£)? dy +/ \u|2dy> (5.18)

By

holds with, say, C(2) = 2Q and again C(m) < (m —2)~! when m > 3 for a.e. r <7y, 0.
Now, fix € > 0 and apply the result of Corollary first with v = f and then with v = u,

and plug the resulting inequalities in . Using the fact that f and u have the same

boundary value and that Dir(f, B,) < Dir(u, B, ), we obtain the following key inequality:

1
Dir(u, B,) < C(m)rDir(u,0B,) + C (m + E) 7’/ |u|?)dH™ ! + C.r®Dir(u, B,).  (5.19)
0B
This implies the following: for every A > 0 one has

Dir(u, B,) + A/ lu|? dy < C(m)rDir(u, dB,)
By

+(C+A) (nll + 5) r/ ju[2 dH™ ! (5.20)
9B

+ CE7AT2Dir(u, B,).
For a suitable choice of A = A, . > 1 this yields:

1
(1 - Cm7€r2) Dir(u, By )+A lu|? dy < C(m)rDir(u, 0B, )+A <m + 25) 7“/8 lu[? dH™ L,
By By
(5.21)

6Recall that the existence of such a map f is guaranteed by Theorem m
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Finally, we divide the whole inequality by 1 — Cm75r2 and conclude that if r is sufficiently
small, say r < 7y, . ¢ then the inequality

1

Dir(u, B;) + A lu|? dy < C(m)rDir(u, dB,) + A < + 45> 7“/ lu2dH™ 1t (5.22)
B, m 0B,

holds with a possible new choice of C(m), say C(2) = 4Q and still C(m) < (m — 2)~! for

m > 3. The conclusion immediately follows, by choosing ¢ = ¢(m, @) in such a way that

%+4€<4Qwhenm:2and%—|—4s<ﬁwheanB. O

We have now all the ingredients that are needed to prove Theorem [5.1} as announced at
the beginning of the section, the proof can be easily achieved by combining our Proposition
with the Campanato-Morrey estimates [1.22

Proof of Theorem[5.1 Let 1o be the radius given in Proposition 5.2} Fix any point p € €2, and
assume without loss of generality that B,,(p) € Q. Consider the corresponding exponential
map exp,: By, (0) C TpX — By (p) C ¥, and set u := N o exp,. By Proposition for
a.e. radius r < rg the inequality is satisfied with universal constants A and C'(m), with
C(m) < (m —2)~! when m > 3. We set:

C(m)~! if m =2
V(m) {C(m)_l—m+2 if m > 3, (5:23)
and we denote by ¢ = ¢(r) the absolutely continuous function
¢(r) := Dir(u, B,) + A/ lul? dy (5.24)
By
for r € (0,70]. By (5.7), ¢ satisfies the differential inequality
(m—=2+7)p <r¢/ (5.25)
almost everywhere in the interval (0, 7). Integrating (5.25)) we obtain:
Dir(u, By) < ¢(r) < Mrm—}w = Apm T2 (5.26)

— , m—2+y
To

As a consequence of the Campanato - Morrey estimates, Proposition [1.22] we conclude that u
is Holder continuous with exponent o := 3, with

G (ulyr), uly2)) _
0a(B, ) = < CV/A, 5.27
[t co.a (B, ) yh;i%% 1 — ] VA (5.27)

for any 0 < 6 < 1 and for a constant C' = C(m,d, @, 0).
The estimate (5.1]) is an immediate consequence of (5.27) and the properties of the expo-
nential map. ]

6. FIRST VARIATION FORMULAE AND THE ANALYSIS OF THE FREQUENCY FUNCTION

In this section we start the machinery that will eventually lead us, in Section [§], to the proof
of Theorem according to which a Jacobi @-field N is in fact the “superposition” of )
classical Jacobi fields in a neighborhood of all points of the domain €2 with the exception of
those belonging to a singular set of small Hausdorff dimension.

The first step towards this result consists of deriving some Euler-Lagrange conditions for
Jac-minimizing multivalued maps. Throughout the whole section, we will assume, as usual,
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that N is a ()-valued section of the normal bundle of ¥ in M defined in an open set §2, where
it minimizes the Jacobi functional as specified in Definition [0.2}

6.1. First variations. Suppose that for some § > 0 we have a 1-parameter family {NS}SE(,(;,(;) C

ng (NQ) such that Ng = N and Ns = N in a neighborhood of 99 for all s. Then, the mini-
mization property of N implies that the map s — Jac(Ng, ) takes its minimum at s = 0, and
thus
iJac(Ns, Q) =0 (6.1)
ds s=0
whenever the derivative on the left exists. The family {N,} is called an (admissible) 1-
parameter family of variations of N in €, and formula is the first variation formula
corresponding to the given variation.

We will consider two natural types of variations in order to perturb the map N. The inner
variations are generated by right compositions with diffeomorphisms of the domain and by
a suitable “orthogonalization procedure”; the outer variations correspond instead to “left
compositions”. The relevant definition is the following.

Definition 6.1. Let N = Y ,[N’] € FEQ(/\/Q) be Jac-minimizing in 2.
(OV) Given ¢ € C1(Q x R% RY) such that spt(y)) C Q' x R? for some Q' € Q and (z,u) €
T+ C TyM for all (z,u) € Qx T-Y, an admissible variation of N in © can be defined
by Ng(z) := Z?Zl [NY(z)+s¢(z, N¥(x))]. Such a family is called outer variation (OV);

(IV) Given a C! vector field X of 7% compactly supported in €, for s sufficiently small the
map x — Ps(z) 1= exp, (sX(x)) is a diffecomorphism of 2 which leaves 0f fixed. As a

consequence, the family { N} defined by Ns:= (N o @S)L is an admissible variation
of N in €, which we call inner variation (IV).

In the next proposition, we obtain an explicit formulation of in the case of outer
variations induced by maps 1 as above. Consistently with the notation introduced for multi-
fields in Definition given (z,u) € Q x R? we will denote by V¢ (z, ) the linear operator
T,Y — T;-Y obtained by projecting D,t(x,u) onto T;-¥ at every . Also, recall the definitions
of A-u, u being a (single-valued) section of N, and of the quadratic form R. The symbol
(L : M) will be used to denote the usual Hilbert-Schmidt scalar product of two matrices L
and M.

Proposition 6.2 (Outer variation formula). Let ¢ be as in (OV) and such that
|ID,| < C < oo and [P+ |Dyp| < C(1+ |ul). (6.2)
Then, the first variation formula corresponding to the outer variation Ny defined by 1 is

Q
/Q SUVENY () : (VEo(e, N(2)) + Dutbla, N'(x)) - DN (2))) dH™ (2) = Eov(¥), (6.3)

(=1

where

Q
Eovlw) = [ 3 ({4 M) A+ 0. N @) + RN (), 6w, N'(a))) dH"(2).  (6.)

Q-1

Proof. The proof is straightforward: using (2.42)) with Ny in place of u, it suffices to differentiate
in s and recall that R is a symmetric quadratic form on the normal bundle of ¥ in M
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(the hypotheses in (6.2)) ensure the summability of the various integrands involved in the
computation). O

An explicit formula for (6.1 in the case of inner variations induced by vector fields X as in
Definition is the content of the following proposition. Recall that A denotes the second
fundamental form of the embedding M — R,

Proposition 6.3 (Inner variation formula). Let X be as in (IV). Then, the first variation
formula corresponding to the inner variation Ny defined by the family ®4 of diffeomorphisms
induced by X is

/ |VAN2divs (X) dH™ + 2 Z (VANE: VANC. VEX)dH™ = Ev(X), (6.5)
Qp=1

where
Ev(X) = V(X)) + £ (x) + £&(x)

is defined by

Q
e (x Q/QZ(U"E O, A(X, VENY)) — tes (X, N, A, VEHNDY) ) dH™,
/=1
(6.6)
Q
£2(x) = 2/ S(A-NC: AL VENY K, (6.7)
Q=1
and
Q
P (x / Z R(N', VLN dH™. (6.8)

Proof. Fix the vector field X, and consider the associated variation { Ny}, with Ny = 3,[N’]
defined by

k
Ni(z) = (N0 Z ) vp(@))vs (@), (6.9)

(1/3)/;:1 being a (local) orthonormal frame of NQ. Recall that ¢ = Idg and that %@S(x) 0

X(x). Now, using ([2.42), we write the first variation formula as

d
— , €2
0= dsJaC( ) .
d Q
= —| DirVE(N, Q)+ / Z|A NY2PAH™ | + | —— / Y R(Ng, N dH™
Sls=0 Qyp_1 ds s=0JQyp_q
=1 =1 =:I3

and we will work on the three terms separately.
Step 1: computing I . Write I = 3, I{, where

0/ ZZ [(De, Nt vo) | AH™. (6.11)

i=1 a=1

7t =
h= ds
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Using the representation formula , one immediately computes
(Dg, Ny, va)(2) = (DN'|g, () - DPs|s - &i(), va(@))
+ (NY(®4(2)), Dg,va(x))

. (6.12)
+ Y (NY(Py(2)), vp(2))(De vp (@), va ().
=1

Now, since (Va,vg) = 0q8, We have that (Dg,vg, va) = —(v3, D¢, Va), so that the last term in
formula (6.12)) becomes

k
— > (N(®s()), v3(2)) (Deva (), vs(x)) = —(N*(®4(2)), Vi va(z)), (6.13)
B=1

and we can write
<D€iNsZ’VOé>($) = <DNZ|‘~I>S(90) : D(I)S‘a? ) &(x),l/a(a:»
+ (N9 (®4(2)), (De,va — Ve va) (@)).

For small values of the parameter s, the map ®, is a diffeomorphism of €2, and we will denote
by @1 its inverse. Then, we can change variable z = ®;!(y) in the integral, and finally write

O/ ZZ |95 (5, 9) 2T () AH™ (), (6.15)

i=1a=1
where J®! is the Jacobian determinant of D®; ! and

Fial(s,9) = (DN'[y - Gi(5,9),va (@ (1)) + (N(y), (Dgva — Vera) (@), (6.16)
with ;(s,y) = D@S]qu(y) - &(®;1(y)). Hence, we have:

m k
/ZZ 194,(0, ) [*divs (X )d%m+2/ DTN 095a(0,9)0595,(0,y) AH™

(6.14)

i
1ds

Qi=1a=1 i=1 a=1
m k m k
/ZZ!gm (0,y)[divs(X) dH™ + / (Z 1950 (5,9) ) dH™ (y).
Qi=1a=1 i=1 a=1 =
(6.17)

Now, since

m k
YD g5 y) P = [VENP(@S (),
i=1 a=1
its value is independent of the orthonormal frame chosen: thus, having fixed a point y € 2,
we can impose V& = Vi, =0 at y.
We can now proceed computing explicitly . Clearly, g%, (0,y) = (D¢, N £ ) (y), so we
are only left with the computation of dsg%,(0,y). We start observing that

from which we easily deduce
Duls=0 ((DN]y - Gi(s,9),va (D51 (1)) = —(Dix eg N, va) — (De, N, Dxcva)

:(DVEZ.XN{Va)—( (&, N, A(X, v), (6.19)
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where we have used that Vx§& = Vxv, = 0 at y (and, therefore, [ X, &] (y) = —VZX(y) and
Dxva = A(X,1y)).
On the other hand,
Dsls=0 (N (), (Deva = VEva) (@) = —(N*, Dx(Desva — Viva))
= (DxN*, Dg,va — Vive) (6.20)
= <Z(X’ NZ)’Z(&" Va))

because the fields N* and Devo — Véya are mutually orthogonal and, again, because Vv, =0
at y.
This allows to conclude:

/\VLN| divg (X )d?-zm+2/ Z (VENY: VAN VEX)dH™
Q1=

+2/QZ trs ((A(X, NY), Z(wV(L.)NZ») —trE(@('vNg)aZ(X7V(L.)Nz)>)) dH™
=1

/\VLN|2d1vz( ) dH™ +2 Zlef: VEN' VEX) dH™ - £7)(X).

Q=1
(6.21)
Step 2: computing Iy. Write Iy = Zl If, where
IS = — / |A - NEZAH™. (6.22)
ds s=0

Since the tensor A takes values in the normal bundle of ¥, clearly A - Nf = A - (N*o ®,),
whence

1A Nip e - / (0). &), N (@, (@) FaH (@), (623)
INES 1
We can now differentiate in s and evaluate for s = 0 in formula to obtain:
— 2 / 2).6(2)). N' (@) (A:(&(2). &(2)). DxN'(x)),  (6.24)
INES 1

which readily yields
=2 / LA VENY AH™ = —£3(X). (6.25)
Q=1

Step 3: computing I3. As before, write I3 =3, Ig, where

/ R(NE, NEY AH™, (6.26)
s=0

Now, it suffices to differentiate in s and evaluate at s = 0 inside the integral keeping in
mind that R is a symmetric 2-tensor to get

=2 ZR(NZ, VENY) dH™ = —£5)(X). (6.27)
Q=1
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Conclusion. The statement, formula (6.5)), is immediately obtained by plugging equations

F21). 629 and @29 into (5.10).
O

The first variation formulae and will play a fundamental role in the next section
to discuss the almost monotonicity properties of the frequency function. Before proceeding,
we apply the outer variation formula to show that minimizers of the Jac functional enjoy a
Caccioppoli type inequality.

Proposition 6.4 (Caccioppoli inequality). There exists a geometric constant C > 0 such that
or any Jac-minimizing Q-valued map N = N e TFA(NQ) the inequality
¢ Q

/n(w)QIVlN(w)IQde(w)Sﬁl/ !Dn(x)IQIN(w)\Qde(wHC/77(3:)2N(w)ldem(-’L‘)
Q Q Q

(6.28)
holds for any choice of n € CX(Q). In particular, for every p € Q and for every r <
min {inj(X), dist(p, 02)} one has

/ |VLN]2de§C;/ IN2dH™. (6.29)
Bz (p) " JB.(p)

Proof. Fix N and 7 as in the statement, and apply the outer variation formula (6.3) with
Y(x,u) == n(z)?u. Since Dyp(z,u) = 2n(r)u @ Dn(z) and Dyy(z,u) = n(z)?1d, for this
choice of ¥ the outer variation formula reads

Q
/ P|VENP? + 23 (VAN . NY@ DyydH™ = / Y (14 NP+ R(NE NG dH™.
Q =1 Q@ =1
(6.30)
Applying Young’s inequality we immediately deduce that for any > 0 one has

1
/n2\le|2deg5/n?vaN|2de+5/ |Dn|2\N\2de+C/n2\N2de, (6.31)
Q Q Q Q

for a constant C' = C(A,R), where, we recall, A = ||Al|z~ and R = ||R|| are defined in

(13.4) and (3.6). Choose § = % to obtain (6.28)). In order to deduce ([6.29)), apply (6.28) with
n(z) = ¢ (@), where d(x) := d(x, p) and ¢ is a cut-off function 0 < ¢ < 1 such that ¢(t) =1
for 0 <t <31, ¢(t)=0fort>1and |¢/| <2 O

6.2. Almost monotonicity of the frequency function and its consequences. The next
step towards the proof of Theorem consists of a careful asymptotic analysis of the celebrated
frequency function.

Definition 6.5 (Frequency function). Fix any point p € Q. For any radius 0 < r <
min{inj(X), dist(p, 0Q)}, define the energy function

Do, (r) = / VNP (2) dH™ () (6.32)
B (p)
and the height function

Hy,(r) = / N2 (2) dH™ ) (). (6.33)
9B (p)
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The frequency function is then defined by

_ mDpyyp(r)
A= )

for all r such that Hy () > 0. When the Q-field N and the point p are fixed and there is no
ambiguity, we will drop the subscripts and simply write D(r), H(r) and I(r).

(6.34)

Remark 6.6. Observe that D(r) = DirV*(N, B,(p)); D is an absolutely continuous function
with derivative

D'(r) = / [VEN[?dH™ !
aBT(P)

almost everywhere. As for H(r), note that |N| is the composition of N with the Lipschitz
function G(-, Q[0]), thus it belongs to W 2. Hence, |N|? is a W! function, and also H € Wh1.

Remark 6.7. It is an easy consequence of the Holder regularity of IV that the frequency
function I(r) is well defined and bounded for suitably small radii at any point p €  such that
N(p) # Q[0]. Indeed, if such assumption is satisfied then
1

lim ———— H(r) = |[N]*(p) = G(N(p), Q[0])? > 0,

i oy E) = IVE@) = 6V 0. lo))
which in turn implies that H(r) > 0 for small values of . Furthermore, from the proof of
Theorem [5.1] (cf. in particular formula ([5.26))) we can also infer that if r is sufficiently small
then

D(’I”) < C’l“m_2+2a,

where « is the Holder exponent of N. In particular, from this one immediately concludes that
there exists the limit

lim I(r) = 0

r—0
at every point p such that N(p) # Q[O0].
As we shall see, we will obtain as a byproduct of the improved regularity theory developed
in this section that the frequency function is well defined and bounded also in a suitable
neighborhood of r = 0 at every point p such that N(p) = Q[0], and that also at such points
the limit lim,_,o+ I(r) exists, but it is strictly positive.

The main analytic feature of the frequency function is the following almost monotonicity
property.

Theorem 6.8 (Almost monotonicity of the frequency). There exist a geometric constant Cy
and a radius 0 < ro < min{inj(X), dist(p, 9Q)} such that for all0 < s < t < ro with H][&t] >0
one has

I(s) < Co(1+1I(2)). (6.35)

Propositions and below contain the most relevant consequences of Theorem
Both these results will be derived under the additional assumption that p € €2 has been fixed
in such a way that N(p) = Q[0]. As already observed in Remark [6.7| above, these are exactly
the points where we lack a precise description of the behavior of the frequency function. The
arguments contained in the next sections will illustrate the reason why an analysis of the
Jacobi multi-field N in a neighborhood of such a point is indeed crucial in order to obtain the

proof of Theorem
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The first result we are interested in is the following dichotomy: if N(p) = Q[0], then either
there exists a neighborhood of p where the map N is identically vanishing, and thus where
the frequency function is not defined at all, or, conversely, there is a neighborhood of p where
the frequency function is well defined everywhere and bounded.

Proposition 6.9. Let N € FgQ(./\/Q) be Jac-minimizing. Assume p € ) is such that N(p) =
Q[O]. Then, the following dichotomy holds:
(1) either N = Q[0] in a neighborhood of p;
(i7) or there exists a radius ro > 0 such that
H(r) > 0 for all r € (0, 7] and  limsupI(r) < oc.
r—0
As it is natural, the most interesting situation is when condition (i) in the above Proposition
is observed. As a first remark, we observe that the fact that the frequency function is

bounded in a neighborhood of a point p allows to improve the almost monotonicity property
itself.

Proposition 6.10 (Improved almost monotonicity of the frequency). Let N € Féf(/\f Q)
be Jac-minimizing. Assume p € § is such that N(p) = Q[0] but N does not vanish in a
neighborhood of p. Then, there exist ro > 0 and a constant A\ = X(I(rg)) > 0 such that the
function

€ (0,70] — eMI(r) (6.36)
is monotone non-decreasing. The limit
lim T(r) =: Io(p) (6.37)

exists and is strictly positive.

The rest of the section will be devoted to the proofs of Theorem Proposition and
Proposition [6.10

6.3. First variation estimates and the proof of Theorem The proof of Theorem
is a consequence of some estimates involving the functions D and H and their derivatives,
which in turn can be obtained by testing the first variations formulae and with
a suitable choice of the maps 1 and X. The derivation of these estimates is the content of
Lemma below. We need to define the following auxiliary functions.

Definition 6.11. We denote by % the vector field which is tangent to geodesic arcs
parametrized by arc length and emanating from p. We will set Vi := Vo, the direc-
or

tional derivative along %, and we will let V% be its projection onto the normal bundle of X
in M. We set:
Q

E(r) = Ex,(r) = /a y )Z<Nf(x),v,%zvﬁ(x)> aH™ (), (6.38)
r\P) ¢=1
G(r) = Gp(r) = /aB (VAN 0 @), (6.39)
r(P
and
F(r) = Fy(r) i= /B ( )|N|2(x) dH™(z). (6.40)
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Remark 6.12. Note that F(r) = | N ”%Q(Br (p) 18 an absolutely continuous function, and for
a.e. 1

F(r) = / N2 ARt = H(p). (6.41)
8B7(p)

Lemma 6.13 (First variation estimates). There exist a geometric constant Cy > 0 and a
radius 0 < ro < min{inj(X), dist(p,9Q)} such that the following inequalities hold true for a.e.
0<r<ry:

[D(r) — E(r)| < CoF(r), (6.42)
ID'(r) — 2G(r) — mr_ 2D(r)| < CorD(r) + Co(D(r)F (1)), (6.43)
B (r) — mT_lH(r) —9B(r)| < CorE(r). (6.44)
Furthermore, if I(r) > 1 then
ID(r) — E(r)| < 007“2D(’I"), (6.45)
and
D' (r) — 2G(r) — m7213( )| < CorD(r). (6.46)

Proof. Step 1: proof of (6.42)). We test the outer variation formula (6.3) with the map 1
given by

d
vl = o () (6.47)
where d(-) :=d(-,p), and ¢ = ¢(t) € C*>([0,00)) is a cut-off function such that:
0<¢<1, ¢=1in aneighborhood oft=0, ¢=0fort>1. (6.48)

Observe first that this choice of ¥ induces an admissible family of outer variations: indeed,
one clearly sees that spt(1)) C B,(p), the geodesic ball centered at p and of radius r, which is
compactly supported in €2, and that the orthogonality conditions and the assumptions in
are satisfied. We compute:

Dyp(z,u) =rt¢ <d(f)> u® Vd,
which yields
(VN @) s Vot N @) = (D) (N @ N @) (649
On the other hand, D¢ (x,u) = ¢ (@) Id, whence
(VENY(z) : Duwb(z, N'(z)) - DN () = o (d(f>> VEN(2). (6.50)

Analogously, we can compute explicitly the right-hand side of (6.3 corresponding to our
choice of ¥ and get:

Q
foviv) = [ o) X (14 NP + ROV, M) dnn@. (65

(=1



52 SALVATORE STUVARD

By a standard approximation procedure, the details of which are left to the reader, it is
easy to see that we can test with

1 for 0 < t <1- %
o(t) =opnp(t) =<h(l—t) forl—+<t<i1 (6.52)
0 for ¢t > 1.
Inserting into , and , the outer variation formula becomes
Q
h
=/ S (VEN @) N @) anro) + [ o0 (H) [N @R e
" JBr(p)\B,_x (p) p=1
z 0 (6.53)
d(z
= [on (M) 3 (14 3P + ROV, N @) aren ),
(=1

Now, let h 1 oco. The left-hand side of (6.53|) converges to D(r) — E(r), whereas the right-hand
side converges to

/ Z A N2+ R(N, NY)) dH™.
r(P) 1=1

In particular, the inequality (6.42) - ) readily follows with a constant Cy depending on A = || Al|p~
and R = ||R|| .

Step 2: proof of (6.43]). We test now the inner variation formula (6.5)) with the vector field

X defined by
_d(z)  /d(z)\ 0
H = <T) o (6.54)
= () Lvae,
with ¢ as in .
Standard computations lead to
VX (x) = ¢ (d(f)> dfj) gf ai +¢ (d(f)) %Hessz(d(x)z)
_ (d(f)> drf) ai ® ai +¢ (df)> (If + O(r))
for r — 0, and consequently
divs X (z) = ¢ <d(f)) d(f) + ¢ <d(f)) %Az(d(x)Q)
() 820 (2 (200

Choosing again tests of the form ¢ = ¢;, as in (6.52)), plugging into and taking the
limit h T co, we see that the left-hand side of the inner variation formula reads

m

D'(r) - 26(r) - " 2D(r) + O(r)D(r) (6.55)

for r — 0.
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We proceed with the analysis of the error term &y (X). Straightforward computations
imply the following estimates:

eV < / IN(@)[[ VN ()| dH™ (),

B (p)

€2 + 169 < Cus /B NN ),
r\P

where C is a geometric constant depending on A = ||A||e, and C3 3 depends on A and R.
Applying the Cauchy-Schwarz inequality we conclude

Ev(X)] < Co (D(r)F(r))"". (6.56)
Combining (6.55)) and (6.56]), we deduce the inequality (6.43)) whenever r is small enough.

Step 3: proof of (6.44). Let exp,: V C T;,X — X be the exponential map with pole p. Since
B,.(0) € V for every r < inj(¥), we can use the change of coordinates z = exp,(y) to write:

H(r) = /8 NP (expy (1) T exp, (1) 4" 1)

= pm-1 / |N|2(expp(rz)) Jexp,(rz) dH™(2).
0B,
Thus, we differentiate under the integral sign and compute

H'(r) = (m - 1)rm*2 /83 \N]Z(expp(rz)) Jexp,(rz) d’Hmfl(z)

Q
+ 2pmt Z(Ne(expp(rz)), V%Ne(expp(rz)» Jexp,(rz) dH™1(2)
0B1 p=1
m— d —
+ pml /631 |N|2(expp(rz))$ (J expp(rz)) dH™1(2).

Since d% (J expp(rz)) = O(r) for r — 0, we are able to conclude

H'(r) = "1 H(r) + 2B(r) + O(r)H(), (6.57)

from which (6.44]) readily follows.

Step 4: proof of (6.45)) and (6.46)). It suffices to exploit the inequality
F(r) < CorH(r) + Cor?D(r), (6.58)

which can be easily deduced from the Poincaré inequality (note also that the same inequality
has been already proved in the Euclidean setting earlier on, cf. Corollary [5.13). In the regime
I(r) > 1, that is H(r) < rD(r), (6.58)) simply reads

F(r) < Cor*D(r). (6.59)
Then, (6.45) and (6.46|) are an immediate consequence of (6.42)) and (6.43)) respectively. [

We can now proceed with the proof of the almost monotonicity property of the frequency.
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Proof of Theorem[6.8 Set Q(r) := log(max{I(r),1}). In order to prove the theorem, it suffices
to show that

Q(s) < C+ Q(t) (6.60)
for some positive geometric constant C. If €(s) = 0 there is nothing to prove. Thus, we
assume that Q(s) > 0. Define

T:=sup{r € (s,t] : Q(r) >0on (s,7)}.

If 7 < t, then by continuity it must be €(7) = 0: hence, in this case we would have
Q(7) = 0 < Q(t), and therefore proving that ©(s) < C + €(7) would imply (6.60). Thus, we
can assume without loss of generality that €(r) > 0 in (s,?): in other words, I(r) > 1, and
Q(r) =log(I(r)). Then, as a consequence of (6.45), if 7 is taken small enough one has

D
émng&)SQDO% (6.61)
that is the quantity E(r) is positive and comparable to D(r) at small scales.
Guided by this principle, we compute:
H(r) D'(r) 1
— 2 (log1(r)) = =2
dr( og1(r)) H(r) D(r) r
_H'(r) D'(r)
~ H(r) E(r) r

(6.62)

1
D(r) E(r)
_ (X _ [6-22)
2| . P0) =) €0 D(r) ~E(r)
D(r)E(r) D(r)?
Now, by (6.44) one has that
H'(r) m—1 E(r)
< 2
Hr = TRy
whereas the inner variation formula yields
/ —
_D'(r) < CTD(T) _2G(7‘) - m—2D(r)
E(r) E(r) E(r) r  E(r)
©-61) —
e G(r) m-—2

where Z(r) := satisfies

(6.63)

(6.64)

) 6.65
: (6.65)

because of (6.59)).

Plugging (6.64]) and (6.65)) into (6.62)), and using the estimate on the error term Z(r) given
by (6.63]), we obtain the following;:

_ dir(logl(r)) <Cr+42 (fl(:) _ G(T)) n C]];);iglF(T). (6.66)
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Now, by the Cauchy-Schwarz inequality one has
E(r)* < G(r)H(r),

E(r) G(r). s .
whence the term H) B is non-positive and yields
d D'(r)

- — < . .

o (logI(r)) < Cr+ CD(T‘)2 F(r) (6.67)
Integrating for r € (s,t), we obtain
F(s) F() ) "F(r)

_ < — < .

Q(s) - Q) <C+C (D(s) D) +C D dr < C, (6.68)

where the last inequality follows from the above observation that, in the regime I > 1, the
inequalities
F(r) < Cor’D(r), F'(r)=H(r) <rD(r)

hold almost everywhere. This completes the proof. ]

6.4. Proof of Propositions and We will need the following version of the Poincaré
inequality.

Lemma 6.14. There ezist a radius 0 < ro = ro(m, Q) < inj(X) and a geometric constant
C > 0 with the following property. Let N € I‘lQ’Q(./\/Q) be a multiple valued section of N'2
Jac-minimizing in Q. Assume p € Q is such that N(p) = Q[0]. Then, the inequality

INl1Z2(8, ) < CriDi\ = (N, B, (p)) (6.69)
holds true for every 0 < r < min{rg, dist(p, 9Q)}.

Proof. Let rg = ro(m, Q) be the radius given by Theorem [5.1] and let r < min{ro, dist(p, 9Q)}
be arbitrary. Let p € (0,%] be a radius to be chosen later and split ||N||%2(Br(p)) into the sum

/ yNPdez/ NPdeJr/ |N|? dH™. (6.70)
B:(p) B,(p) B (p)\B,(p)

In order to estimate the first term in the sum, we recall that |N|?(z) = G(N(z),Q[0])? =
G(N(z), N(p))? and exploit the a-Hdlder continuity of N to conclude

m o 2 m
/BP(P) [N d#™ < p? [Nco.a@, my 7™ (Bo(p))

H Cp? (Dir(N’ Bao(p)) + A/

|N|? de>
B2p(p)

6.71
< Cp*Dir(N, B, (p)) +CAp2/ IN|2dH™ (6.71)
B (p)
< Cr*DirNF (N, B, (p)) + C(A + Co)p2/ IN|?dH™,
B (p)
=:1s

=1

where Cjy depends on A and A.



56 SALVATORE STUVARD

As for the second addendum in ([6.70]), we integrate in normal polar coordinates with pole p

to write
/ |N|2de=/ (/ |N|2de1> dr. (6.72)
B.(p)\B,(p) p \J/OB:(p)

Now, fix any 7 € (p,r), and for every z € 0B, (p) let v, = v:(s), s € [0, 7], be the unique
geodesic parametrized by arclength joining p to x. Also denote by T the point where 7,
intersects OB, (p). Then, the fundamental theorem of calculus immediately yields

IN*(z) < INJ*(z) +2/T(\NHVLN!)(%(S))d8- (6.73)
p

Integrate the above inequality in = € 0B, (p) to get

m—1
/ INPdH™ < C (T> </ IN2dH™ ! + 2/ IN||[VLN]| cmm> .
9B (p) P 9B, (p) B (p)\B,(p)
(6.74)

Using once again the Hélder estimate (5.1) and recalling that p < §, we are able to control

T m—l/ ) 1 T m—1 9
- NPZdH™ ! < () 2N wm o H™ OB, (p
) L R T )

< Ol pPegdome2e (Dir(N, B,(p) +A [ NP de) .

(6.75)

B (p)

We can now integrate in 7 € (p,r), so that using the estimates in (6.74]) and (6.75) we can
easily deduce from (6.72)) the following inequality:

2a
/ INZAH™ < C <p> r2DirVE(N, B, (p))
B (p)\B,(p) r
=:J1

+ C(A + Cp)p*™ / |N|? dH™
B, (p) (6.76)

=:Js

m—1
e (T> 7“/ IN|[VEN] dH™,
p r(p)

=:J3

where C' and Cj are geometric constants. Now we can sum up the contributions coming
from the ball B,(p) and from the annulus B,.(p) \ B,(p) and choose p = p(A, C, Cp) so small
that the terms Iy and Jo are absorbed in the left-hand side of the equation, thus ultimately
providing

/ IN|?dH™ < Cr?DirV > (N, B,.(p)) +Cr/ IN||[VEN|dH™. (6.77)
B (p) Br(p)
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Finally, use Young’s inequality: for any choice of the parameter n > 0, (6.77)) implies that

/ IN|?dH™ < Cr*DirV> (N, B,.(p)) + Cr (n/
B:(p)

IN|?dH™ + anNE(N, Br(p))> .
B, (p) n

(6.78)
The conclusion immediately follows by choosing 7 such that Crn = % U

Proof of Proposition[6.9 First observe that if N does not vanish identically in a neighborhood
of p, then there exists 9 > 0 such that H(rg) > 0. Clearly, without loss of generality we
can suppose that holds for every 0 < r < rg, and also that holds in any interval
[s,t] C (0, rg] such that H|[S’t] > 0. We claim that in fact H(r) > 0 for all 0 < r < rg. Indeed,
if this is not true, let p > 0 be given by p := sup{r € (0,79] : H(r) = 0}. By definition
H(r) > 0 for p < r < rg, whence for such r’s we can take advantage of Theorem and write

I(T) < Co(l + I(To))
By letting r | p we conclude
pD(p) < Co(1 +1I(ro))H(p) = 0,

which in turn produces DirV>(N, B,(p)) = 0. Then, by Lemma N vanishes identically
in B,(p), contradiction.
It is now a simple consequence of Theorem [6.8] that
limsup I(r) < Co(1 + I(ro)),

r—0

which completes the proof. ]

Proof of Proposition[6.10. Under the assumptions in the statement, case (4i) in Proposition
must hold, and thus the frequency function is well defined and bounded in an interval
(0,79]. Moreover, the Poincaré inequality implies that, modulo possibly taking a smaller
value of rg, the first variation estimates of Lemma can be again re-written as in

and (6.46)), and that (6.61) holds. Thus, we can compute:

iy D(r)  rD'(r) rD(r)H'(r)
"O=10) T HE) T HEY
= }Dlgg + He) (260) + ™ =D() + &) - ;D(g; (" H) + 2B0) + &)
_ H?:)Q (G)H() — B(r)?) + H’(’T) £1(r) — ;Ilzgg Ex(r) + E(1),
(6.79)
where
&1 (r)] < CorD(r), (6.80)
|E2(7)] CorH(r), (6.81)
and
() = 220 e - Dy S 6,520 (652)



58 SALVATORE STUVARD

if rp is chosen small enough. Since G(r)H(r) — E(r)? > 0 by the Cauchy-Schwartz inequality,
the above arguments show the existence of a radius rg > 0 and a geometric constant Cy > 0
such that

I'(r) > —Corl(r) — CorI(r)? (6.83)
for all r € (0,79]. On the other hand, for such 7’s one has I(r) < Cy(1 + I(r9)) by Theorem
[6.8l Thus, this allows to conclude that

I'(r) > =A\I(r), (6.84)
for some positive A\ depending only on rg and I(rg). The monotonicity of the function
7+ e*I(r) is now a simple consequence of (6.84)).

Next, we conclude the proof showing that the limit
Iy == lim e I(r) = lim I(r) (6.85)
r—0

r—0

is positive. To see this, we show that the Poincaré inequality allows to bound the
frequency function from below with a positive constant. Indeed, arguing as in the proof of

Lemma (cf. in particular the equations (6.74]) and (6.75))), it is easily seen that one can

estimate

H(r):/ INZaH™ < C / \N\Qde—lJr/ IN||VEN|dH™
OB, (p) 9Bz (p) B:(P\By (p)

<Cr (Dir(N,BT(p))+A/ |N|2de> +0/ |N||[VEN|dH™
B Br(p)

r(p)
< CrD(r)+ CrF(r)+C IN||[VEN|dH™.

B (p)
(6.86)

In turn, applying Young’s inequality to the last addendum in the right-hand side of (6.86)
yields

/ IN|[VEN|dH™ < TD(r) + —F(r). (6.87)
B.(p) 2 2r
Plugging in and using the Poincaré inequality finally gives
H(r) < C(1+7*)rD(r) < C(1 + 72)rD(r), (6.88)
thus completing the proof. ]

7. REVERSE POINCARE AND ANALYSIS OF BLOW-UPS FOR THE TOP STRATUM

The final goal of this section is to perform the key step in the proof of Theorem [0.7} namely
the blow-up procedure, see Theorem [7.§ below. In doing this, we will clarify the importance
of the results obtained in the previous paragraph.

7.1. Reverse Poincaré inequalities. The proof of the blow-up theorem will heavily rely on
an important technical tool, a reverse Poincaré inequality for Jac-minimizers. In Proposition
we have already shown that Jac-minimizers enjoy a Caccioppoli type inequality: the
L?-norm of a Jacobi Q-field N in a ball B,.(p) controls the Dirichlet energy in the ball with
half the radius. As an immediate consequence of the boundedness of the frequency function,
one can actually show that the Dirichlet energy in Bz (p) can be controlled with the L?-norm
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of N in the annulus B(p) \ Bz (p), provided that we allow the constant to depend on the
value of the frequency at a given scale.

Proposition 7.1. Let N € 1%2’2 (NQ) be Jac-minimizing. Then, there exists ro > 0 such that
for any r € (0,79] one has

C
Dir'¥(N, B; (p)) < 2/ |N|? dn™ (7.1)
" JB.(p)\Bz (p)

for some positive C = C(I(rg)).

Proof. If N is vanishing identically in a neighborhood of p there is nothing to prove. Therefore,
we can assume that either N(p) # Q[0] or N(p) = Q[0] but N does not vanish identically
in any neighborhood of p. In any of the two cases, either by the arguments contained in
Remark [6.7) or by Proposition [6.9] there exists a positive radius ro such that the frequency
function is well defined and bounded for all r € (0,7¢]. Thus, there exists a positive constant
C = C(I(ro)) such that, for fixed r < ro, 7D(7) < CH(7) for 7 in the interval [%,r]. Integrate
with respect to 7 to get :

DItV (N By (p) = 1D (;) < / D(r)dr

< c/ H(r)dr = c/ N2 dH™.
5 B:(p)\Bz (p)

N3

O

The Caccioppoli inequality can in fact be improved further under the assumption that
N(p) = Q[O0]: indeed, at small scales the inequality holds without having to increase
the support of the ball on the right-hand side. Again, for this to be true we need to allow the
constant to depend on the value of the frequency at scale ry.

Proposition 7.2 (Reverse Poincaré Inequality). Let N € F({Q’Q(J\/ Q) be Jac-minimizing.
Assume N(p) = Q[O0]. Then, there exists ro > 0 such that for any r € (0,ro] the following
inequality
DirV>(N, B,(p)) < (’;/ IN|? dn™ (7.2)
" JB.(p)
holds for some positive C = C(I(rg)).

Proof. Once again, we observe that is trivial when N = Q[0] in a neighborhood of p.
We assume then that case (ii) in Proposition holds, and we let 7y be the radius given
in there. Since the frequency function is well defined and bounded in (0, 7], there exists
C = C(I(rg)) > 0 such that

/ VN dHm < C/ N2 dHm-t, (7.3)
B (p) 0B (p)

r
for all r’s in the above interval. Arguing once again as in the proof of Lemma [6.14] we have

that for every p € (0, %] it holds

m—1
/ IN2dH™ ! < ("”) (/ N2 AR 4 2/ IN|| VLN de> .
8B, (p) p 9B, (p) B (p)\B,(p)
(7.4)
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Furthermore, by the Holder continuity of N and since p < 5 we also have

m—1 ‘M) 2
(’”) / INPdH™ S C <p> r (/ VN2 dH™ + (C +A)/ yN|2dem> .
P OB, (p) r B, (p) B (p)

(7.5)
Combining ([7.3)), (7.4) and (7.5)) gives
200
/ VL N2 dH™ gc(”) (/ VLN|2de+/ \N\Zd%m>
B (p) " B (p) B (p) (7.6)

m—1
+ ¢ (T> / IN||[VLN|dH™,
r P B (p)

Now, if we choose p so small that C ($)2a < 1 then from (7.6) follows

C
/ yviN|2de</ \NQd%m+/ IN||VEN|dH™
B (p) B:(p) T JB.(p)

C C
< / INZdH™ + n/ VAN dH™ + / IN|2dH™,
B, (p) 2r " JB.(p) 2rn JB.(p)

(7.7)
by the Young’s inequality. Choose = & to obtain
C
/ IVANZdH™ < (2 +2>/ INJ2, (7.8)
B (p) r B, (p)
which immediately implies ([7.2)). O

Now that we have the Reverse Poincaré inequality at our disposal, we can enter the core of
the blow-up scheme.

7.2. The top-multiplicity singular stratum. Blow-up. The main difficulty in the proof
of Theorem [0.7] consists of estimating the Hausdorff dimension of the set of singular points
with multiplicity exactly equal to Q. The proof of the general result then follows in a relatively
easy way by an induction argument on (). Therefore, it is fundamental to study the structure
of the top-multiplicity singular stratum of N, denoted sing(N) and defined as follows.

Definition 7.3 (Top-multiplicity points). Let N € Féf (NQ) be Jac-minimizing. A point
p € Q has multiplicity @, or simply is a @-point for N, and we will write p € Dg(XV), if
there exists v € T;-X such that N(p) = Q[v]. We will define the top-multiplicity regular and
singular strata of N by

rego(N) :=reg(N)NDq(N), singg(N) :=sing(N) N Dg(N),
respectively.

From this point onward, we will assume to have fixed a point p € Dg(NV). The first step is
to show that without loss of generality we can always assume that N(p) = Q[0]. Recall the
definition of the map n given in (|1.3)).

Lemma 7.4. Let N € FgQ(NQ) be Jac-minimizing. Then:
(i) the map no N: Q — R? is a classical Jacobi field;
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(43) if C: Q — R is a classical Jacobi field, then the Q-valued map u = Y ,[N* + (] is
Jac-minimizing.

Proof. Recall (cf. Remark and the notation therein) that a normal vector field { €
I2(NQ) := I'P?(NY) is a Jacobi field if it is a weak solution of the linear elliptic PDE on
the normal bundle N'Y

(-2s - - 2)¢=

that is, if the identity
[ (95 Vo) = (4 A-0) = R(C.9)) di =0 (7.9)

holds for all test functions ¢ € C! (Q,Rd) with spt(¢) € ' € Q and ¢(z) € TL¥ C T, M for
every x € ).

In order to prove (i), first observe that the map m preserves the fibers of the normal bundle,
so that o N(z) € TS for a.e. € Q and thus no N € IM2(NQ) = T'1*(NVQ). Now, fix any
vector field ¢ as above. It is immediate to see that we can test the outer variation formula
with ¢ (z,u) := ¢(z), and that the resulting equation is precisely

| (V- N): VE6) = (A (o) s A-9) = Rino N.g)) dH” =0

that is o N solves ([7.9)) and the proof of (7) is complete.
In order to prove (i7), we take any h € I‘éf(./\/'Q) such that h|pq = N|pq and we show that

Jac(u, Q) < Jac(h,Q),
with h = So[ht + ¢]. We compute:

Jac(u, Q) /Z (IT- (N 4+ QP — A (N + Q)2 = R(N* + ¢, N +Q)) dH™

= Jac(N, Q) +Q </Q(IVLCI2 —14-¢* =R, Q) de)
+2Q (/Q«VJ—(T]ON) VJ—C>_<A(T,ON) AC>_R(T]ON,C))de>

Using that Jac(N, Q) < Jac(h, Q) and recalling the definition of h, we see that

Jac(u, Q)—Jac(h ) <2Q/ VL (noN —noh): VLC)
—ZQ/ “(moN—noh): A-()
—2Q/Q73(noN—noh,C)=0,

because ( is a Jacobi field and the function ¢ =no N —no h is a W2 section of the normal
bundle vanishing at 0€2. This completes the proof. O

Remark 7.5. As a simple corollary of Lemma 74 if N is Jac-minimizing then the Q-valued
map N = Y ,[N* — no NJ is a Jac-minimizer with o N = 0 and the same singular set as
N. Therefore, there is no loss of generality in assuming that n o N = 0, and, thus, that
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every ()-point p satisfies N(p) = Q[0]. In particular, when p € Dg(IN) we can apply all the
results of the previous section that were proved under the above assumption. Furthermore,
the content of Proposition [6.9) becomes more apparent in this context. Indeed, the dichotomy
stated in there discriminates perfectly between regular and singular top-multiplicity points:
p € regn (V) if and only if the condition (i) is observed; on the other hand, p € sing (V) if
and only if the frequency function is well defined and bounded in a neighborhood of p.

In view of the above remark, we assume from this point onwards that NV is Jac-minimizing
and such that o N = 0. We fix a point p € sing,(/N), and an orthonormal basis

(617 o Cmy Cmls oo Cmtky Emt-k+1y - - 'aed)

of the euclidean space R? with the property that 7,2 = span(ey,...,en) and TPLE =

span(€m+1, ..., em+k). Choose local orthonormal frames (&;);~, and (I/a)]oizl of TY and
N respectively which extend the basis at p, that is, such that &(p) = e; for i =1,...,m and
Va(p) = em+a for a =1,... k. With a slight abuse of notation, we will sometimes denote the
linear subspace R™ x {0} x {0} by R™ and {0} x R* x {0} by R*.
Let 79 > 0 be such that all the conclusions from the previous paragraphs hold. For every
r € (0,7], translate and rescale the manifolds M and ¥, setting
Mr::M p, ET::E p,

T T

that is M, = ¢p,(M) and X, = ¢,,(X), where

S 4
—

Lpr(x) =
The manifolds M, and 3, will be regarded as Riemannian submanifolds of R? with the
induced euclidean metric. We will let
ex,: By C Ty, ~R™ = %,
be the exponential map, and we will use the symbol v, , to denote the map
YVpr = L;} 0 ex,.

Observe that 1, , maps the euclidean ball B;(0) C R™ diffeomorphically onto the geodesic
ball B,(p) C X.

Remark 7.6. Observe that, since ToM, = T, M = span(ey,...,entx) for every r, the
ambient manifolds M, converge, as r | 0, to R™"* x {0} in C*#. For the same reason, the
¥,’s converge to R™ x {0} x {0} in C3# and the exponential maps ex, converge in C*? to
the identity map of the ball By C R™ (cf. [DLS16b| Proposition A.4]).

Definition 7.7. We define the blow-ups of N at p as the one-parameter family of maps
Npr: B C ThE, — Ag(R?) indexed by r € (0,7¢] and given by

Ny, (y) = 2 N(pr(y)) _ r' N(p + rex.(y))
P [N z2(B, () [N z2(B, ()

(7.10)

Observe that the maps N, , are well defined because N is not vanishing in any ball B, (p)
with 0 < r < 1.
The next theorem is the anticipated convergence result for the blow-up maps.
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Theorem 7.8. Let N € 1%2’2(./\/'9) be Jac-minimizing with m o N = 0. Assume p € singg(N).
Then, for any sequence Ny, with r; | 0, a subsequence, not relabeled, converges weakly in
W2 strongly in L? and locally uniformly to a continuous Q-valued function Ay: By C R™ —
Ag(R¥) such that:

(a) Ap(0) = Q0] and no A, =0, but |Apllr2p,) = 1, and thus, in particular, A, is

non-trivial;
(b) A is locally Dir-minimizing in By ;
(¢) Ay is p-homogeneous, with p = Io(p), the frequency of N at p defined in (6.37)).

Remark 7.9. Any map .4, which is the limit of a blow-up sequence N, ;. in the sense specified
above will be called a tangent map to N at p.

Proof. Let N and p be as in the statement. For any sequence r; | 0, let us denote M; := M.,
Yj =13y, ex; = eXy, Yj = Pp,; and Nj := Ny, in order to simplify the notation. We will
divide the proof into steps.

Step 1: boundedness in W12, Assume for the moment that j € N is fixed. We start
estimating || Nj||z2(p,). Changing coordinates z = 1);(y) in the integral, we compute explicitly

INIZ2w,, ) —/B N (a)]” dH™ (x)
i (7.11)

= NI, [ 1N Texs (o) do
1
and thus
/ IN; ()2 Jex;(y) dy = 1 (7.12)

B1

for every j. By the considerations in Remark we can deduce that necessarily

< INjll72(p,) <2 (7.13)

DN | =

when j is large enough.
Next, we bound the Dirichlet energy of the blow-up maps in B;. For any y € By C TpX;,
and for all i =1,...,m, let &; = €;(y) be the vector in THX; defined by

d(ex;)|y - €i(y) = &i(p + rjex;(y)).

We note that, when j 1 0o, g; converges to e; = &;(p) uniformly in Bj.
Again by changing variable = ¢;(y) in the integral, we compute:

Dir(N, B,, / Z |De, N(z)|? dH™(z)

T (7.14)
|NHL2(B,".(p))

= 7“]2J/ Z|D&N )2 Jex;(y) dy.

B j=1

On the other hand, using that IV takes values in the normal bundle, we have the usual estimate

Dir(N, B,,(p)) < DirV¥(N, B, (p)) + COHNH%Q(BTj ) (7.15)
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for some positive geometric constant Cy = Co(A, A). From (7.14]) and (7.15) we conclude
that for any j

1D,y (y) 2 Jex; (y) dy <
[ j HNHLQ(BT )

r2 DirtVE(N, B, (p))

+Cory < C(1+73), (7.16)

because of the reverse Poincaré inequality ((7.2) . Thus, we conclude that the Dirichlet energy
of the blow-up maps in B is bounded:

m
Dir(N;, By) / > |De,NjI?dy < C. (7.17)

Bi =1
Step 2: convergence. The W12 bounds given by estimates (7.13) and (7.17), together with
Proposition clearly imply the W12-weak and L?-strong convergence of a subsequence
in By. We claim now that the Nj’s are locally Holder equi-continuous. This is an easy
consequence of the Holder estimate in and of the reverse Poincaré inequality. Indeed, for

any 0 < # < 1 and for any points y;,y2 € By one has the following:

GN;n): Ny o)) = T = O 0+ ryeey (1)), N+ 1505 (32)
T p
3
= H]VHLJ—)) INlco.as,,, @) 4+ riex;(yn).p + rjex;(y2))”
& z
> 9 B o
ST Pryea—— HNHL2(BT »)) (DHN (N, Br;(p)) + (A + CO)’NHLQ(Brj(p))) 1 — 12

NS

C+7j)lyr — y2|*.
Hence, for every 0 < 6 < 1 there exists C = C(#) > 0 such that

G(N; N
[Nj]co,a(ﬁe) = sup (N (y1) Ja(?JZ))
yhygegg |y1 - y2|

<C (7.18)

for all j. Since N;(0) = Q[0], the N;’s are also locally uniformly bounded, hence the Ascoli-
Arzela theorem implies that, up to extracting another subsequence if necessary, the convergence
is locally uniform, and the limit is a continuous @Q-valued function 4;,: By C R™ — Ag(R%).

Step 3: properties of the limit: proof of (a). It is immediate to see that no .4}, = 0. Indeed,

from the assumption that n o N = 0 and the definition of the blow-up maps, we deduce that
no N; =0 for every j. Now, the N;’s converge to .4}, locally uniformly, and thus

no Mp(y) = lim no N;(y) =0
j—o0
for all y € B;. With the same argument, using the pointwise convergence of IN; to .4}, and

the fact that N;(0) = Q[O0] for every j we conclude that .4,(0) = Q[0].
Nonetheless, the map .4}, is non-trivial. Indeed, since N; — .4}, strongly in L?, estimate

(7.12) guarantees that:

A5y = lim / )2 Jex;(y) dy = 1. (7.19)
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Next, we see that .4,(y) € Ag(R*) for every y € By. Indeed, considering the projection
J%(l) of 4, onto the subspace R™ x {0} x {0} we easily infer that

/! witay = [ 30 )y

B1 p=1i=1

= lim ZZ’ y),&(p + rjexj( ))>|2dy =0,

I B 2 =1

because of the definition of N;. Analogously, the projection %(3) onto {0} x {0} x R¥ satisfies

QR K
/B A D () dy = / S5 AL W), emries) P dy

Bi1y=1 /371

= lim ZZI ) s (p + rjex;(y)))[* dy = 0,

I By = p=1

where the 75’s are a local orthonormal frame of the normal bundle of M in R? extending the
em+k+3's in a neighborhood of p.

Step 4: harmonicity of the limit: proof of (b). We show now that .4}, is locally Dir-minimizing
in By and, moreover, that for every 0 < p < 1 the following identity holds true:

Dir(A}, By) = liminf Dir(N;, B,). (7.20)

]*)OO

In order to obtain the proof of the above claim, we need to exploit the minimizing property
of the Jacobi Q-valued field N in order to deduce some crucial information on the blow-up
sequence N;. Fix j € N, and let u: By C TpX; ¥ R™ — Ag(R?) be any W12 map such that

u|gp, = Njlop,. Then, the map @ € W12 (BT]. (p),AQ(Rd)) defined by

a(e) =1} 2 [N, oy (wors?) (@)
_m Q k
=1 N, Y uzw owﬁ(x),uﬁ(x»uﬁmﬂ
=1 |lg=1

is a section of N'¥ in By, (p) such that ilsg, (,) = NlsB, (p)- By minimality, it follows then
J J
that

Jac(N, By, (p)) < Jac(@, By, (p)). (7.21)
Standard computations show that ([7.21)) is equivalent to the condition

Zj(N;) < Fj(u), (7.22)
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where .#;(u) is the functional defined by

Q m k
Zi( /B S0 S (D2t (). v 0 w5 (w)) + (). (Do — Vo) o 5()| Texj(y) dy

1¢=1i=1a=1

Q
=2 [ 5 ([aeuiw) - @yl
B1

+ R o ((uh) "W, (uh) W) ) Jex;(y) dy
/=1

(7.23)

on the space of u € W2 (Bl,AQ(Rd)) such that u|sp, = Nj|op,. Note that the following

notation has been adopted in formula ([7.13): (uz)szj @) is the orthogonal projection of the
vector u(y) onto T+ by )2, given by

k

()0 = 3" (y), va (1 (9)))vs (15 (y)).
B=1
Hence, one has

m k
[Aouym)- Wy | = 30 |3 AL W)W @), s W)
i,h=1|B=1
with Afh = (A(&,&n), vs), and
m k
R o1 ((u) T, (uf) s ) Z Z b (03 () (u (), v (0 (1)) (), vy (15 (1))

with Rjg = (R(&, vp)vs, &)-

Now, for every 0 < p < 1, set

m
D, := liminf Dir(N;, B,) = lim inf D.,N;|?
p = liminf Dir(Nj, By) = lim in /BM;I e Nj|” dy,
and suppose by contradiction that either .4} is not Dir-minimizing in B, or Dir(4}, B,) < D,
mfor some p. In any of the two situations, there exists a pg > 0 such that for any p > po there

exists a multiple valued map g € W 2(Bp, Ao (R¥)) with
gloB, = Mplos, and v, := D, — Dir(g, B,) > 0. (7.24)

A simple application of Fatou’s lemma shows that for almost every p € (0,1) both the
quantities lim inf; Dir(N;, 0B,) and lim inf; HNJ‘H%%@B,)) are finite:

1 1
/ lim inf Dir(N;, 0B,) dp < lim inf/ Dir(Nj,0B,) dp = lim inf Dir(NN;, By) < M < oo,

]HOO J—00

TObserve that the inequality
Dir(A3, Bp) < D,
is guaranteed for every p because the Dirichlet functional is lower semi-continuous with respect to weak
convergence in W2,
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1 1
/0 hjn_1>10101f ”N]HLQ(BBP) dp < 11JH_1>£f/0 HNJHL2(8BP) dp = jlggj HNJHLQ(B,,) = H%HLQ(BP) <L

Therefore, passing if necessary to a subsequence, we can fix a radius p > pg such that

Dir(A},0B,) < lim Dir(N;,0B,) < M < oo (7.25)
j—00
and
2 - 2
A5l 0, < T N3, < 1 (7.26)

This allows us also to fix the corresponding map ¢ satisfying the conditions in . The
strategy to complete the proof is now the following: we will use the map ¢ to construct, for
every j, a competitor u; for the functional .%;, that is a map u; € WH2(By, Ag(R?)) with
ujlo, = Njlop,. Then, we will show that if j is chosen sufficiently large then .7#;(u;) < .%;(N;),
thus contradicting and, in turn, the minimality of N in B, (p).

The construction of the maps u; is analogous to the one presented in [DLS11, Proposition
3.20]: we fix a number 0 < § < § to be suitably chosen later, and for every j € N we define u;
on Bj as follows:

%) for y € B,_s,

i(y) fory € B, \ B,_s,
Y) for y € By \ By,

>
~~

uj(y) ==

=

where the maps h; interpolate between g (%) =, (%) € Wh2(0B,_s5, Ag) and N, €
W12(8B,, Ag). Observe that the existence of the h;’s is guaranteed by Proposition (also
cf. [DLS11), Lemma 2.15]).

As anticipated, the goal is now to show that this map wu; has less .%; energy than N; when j
is big enough (and thus r; is suitably close to 0). We first note that u; differs from N; only on
B, therefore our analysis will be carried on this smaller ball only. Then, fix a small number
6 > 0, and recall that, in the limit as j 1 oo, the exponential maps ex; converge uniformly
to the identity map of the unit ball in R™, whereas the maps 1; converge uniformly to the
constant map identically equal to p. Hence, the first line in the definition of .%;(u;) can be
estimated by

1 .
ﬂj.( )(uj)|Bp < (1 + H)Dlr(uj, Bp) + 9”1@”%2(30) (727)
for all j > jo(f). On the other hand, the definition of u; together with the estimate (4.3))
imply that

C
Dir(uj, By) < Dir(uj, By-s) + C3(Dir(u;, 0B,-5) + Dir(N;,0B,)) + = - G(uj, Nj)?
P

< Dir(g. B,) + CODis(4), 0B,) + CODix(N;.08,) + 5 [ G(Ap Ny?
0B
’ (7.28)
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whereas
2 2 2
luillzaes,) = luillzes, 5 + l1uilli2,08, s
< ||9||%2 ) T ||hb||?;2 (B\B,_s)
(7.29)

e HgHLQBP + 08 (143208, + 1Nl 2(08,) )

g

||g||L2 B,) T 3C0.

Concerning the second term in the functional Jj, it is easy to compute that

Z2 )|, < 77 (N))| 5, + Cr? (/B INﬂdy> (/ G(uj, N, dy) +Crj / G(uy, N;)* dy
< ﬂ.(z)(Nj)}Bp + Cr?
(7.30)

because the L? norms of both the maps u; and N; are uniformly bounded in j.

We can finally close the argument. Choose ¢ such that 4C6(M + 1) < ~,, where M and

7, are the constants in ([7.25)) and (7.24)) respectively. Invoking (7.25) and using the uniform
convergence of Nj to 4}, from ([7.28) follows

Dir(uj, By) < Dy =5 + COM + CH(M +1) + = . G (A, Nj)?
c ’ (7.31)
<D= [ g Ny <D,y
whenever j is sufficiently large. A suitable choice of the parameter € in (7.27) depending on ,,
D, and ||g|z2(p,) allows to conclude that for j big enough (depending on the same quantities):
(1) Tp
‘(ij ‘B <D,- ]
Yo
< Dir(Nj, B,) — 16 (7.32)
(1) Tp
< Z; | B, 35

Observe that in the last inequality we have used again that the manifolds ¥; are becoming more
and more flat in the limit j 1 oo, and also that the projection of the IV;’s on the orthogonal
complement to R* is vanishing in an L? sense in the same limit. Now, summing (7.30]) and

(7.32), we conclude:

Fr,(u5) < oy (Ny) = 25+ Cr. (7.33)

3
The desired contradiction is immediately obtained by choosing j so big that Cr2 <3 %

Step 5: homogeneity of the limit: proof of (¢). We conclude the proof of the theorem
showing that the limit map .4, admits a homogeneous extension to the whole R™. In other

words, the goal is to show that
Py P\
(1) = () 5w
"yl yl) "



MULTIPLE VALUED JACOBI FIELDS 69

for all y € By \ {0}, for all 0 < p < 1, and with pu = Ip(p).

The strategy is to take advantage of [DLS11) Corollary 3.16]: since .4}, is Dir-minimizing,
in order to prove that it is homogeneous it suffices to show that its frequency function at the
origin y = 0 is constant. Hence, we set for 0 < p < 1:

(p) = P20 (7.34)

(p)

where
Q m k
()= Dir( Ny B = [ DALy = [ S S S DA Py, (7.35)
By Bp ¢=1i=1a=1
and

A A (7.36)

P

We first observe that .#(p) is well defined for all p € (0,1). Indeed, if there is pg such that
€ (po) = 0, then by minimality it must be .4, = Q[0] in B,,. On the other hand, the unique
continuation property of Dir-minimizers (cf. [DLS16a, Lemma 7.1]) would then imply that
p = Q0] in the whole By, which in turn contradicts the fact that || 4;||z2(,) = 1. In other
words, this shows that the origin is singular for .4},.

Extract, if necessary, a subsequence such that the lim inf in ([7.20]) can be replaced by a lim,
and compute:

i p fBP Z?:l ZZZI ZZ:I ‘<Dei%za em+o¢>|2 dy

I (p)

faB,, | Ap|* dy
2L, B S Y D=V, v © ) Jex; (4) dy
= l1m
j—o0 faBp |N;|2Jex;(y) dy (7.37)

_ perirNE (N7 Bprj (p))
Jj—00 faBm»]— ®) ’N’Q dHm—1

_ . priD(pry) N
- glggo H(pr;) - jlirgol(pr]) = lo,

where we have used (modifications of) formulae ([7.11)), (7.14)) and finally (6.85]).

As already anticipated, [DLS11) Corollary 3.16] implies now that .4}, is a y-homogeneous
Q-valued function, with u = Ip(p) > 0. O

Remark 7.10. Note that from the proof of Theorem it follows that the convergence of (a
subsequence of) the N, to .4}, is actually strong in W12 in any ball B, C By (cf. formula
(7.20)). This stronger convergence has been in fact tacitly used in deriving (7.37)).

8. THE CLOSING ARGUMENT: PROOF OF THEOREM [0.7]
Proposition 8.1. Let N € Féf(./\/'Q) be Jac-minimizing. Assume  C X™ is connected.
Then:

(1) either N = Q[C] with ¢: Q — R? a classical Jacobi field,
(i1) or the set Do(N) of multiplicity Q points is a relatively closed proper subset of Q
consisting of isolated points if m = 2 and with dimy(Dg(N)) <m —2 if m > 3.
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Proof. Assume without loss of generality that 7o N = 0, so that p € Dg(N) if and only if
N(p) = Q[0]. We first observe the following fact: the set Dg(IV) is relatively closed in .
This can be rapidly seen writing Do(N) = o~ 1({Q}), where o: Q@ — N is the function given
by

o(x) := card(spt(N(z))), (8.1)

and noticing that, since N is continuous, o is lower semi-continuous.

We will now treat the two cases m = 2 and m > 3 separately.

Case 1: dimension m = 2. In this case, we claim that the points p € singQ(N ) are isolated
in Do(N). Assume by contradiction that this is not the case, and let p € sing (V) be the
limit of a sequence {x;}32; of points in Dg(N). Set r; := d(z;,p). Since r; | 0, by Theorem
@ the corresponding blow-up family N, ,; converges uniformly, up to a subsequence, to a
Dir-minimizing, y-homogeneous tangent map .4,: By C R? — Ao (R*) with |ApllL2(B) =1
and n o .4, = 0. Moreover, since each z; € Dg(N), the points y; := w;;;j (x) are a sequence
of multiplicity @ points for the corresponding Ny, in S' = @B;: from this, we conclude that
there exists w € S! such that 4, (w) = Q[0]. Up to rotations, we can assume that w = e.
Denote z := ey, and observe that, since .4, is homogeneous, necessarily 4,(z) = Q[0].
Consider now the blow-up of .4}, at z: by [DLS11] Lemma 3.24], any tangent map h to .4, at
z is a non-trivial S-homogeneous Dir-minimizer, with 5 equal to the frequency of .4, at z,
and such that h(zy,z2) = h(xz), for some function h: R — Ag(R¥) which is Dir-minimizing
on every interval. Moreover, since Dir(h, B;) > 0, it must also be Dir(ﬁ, I) > 0, where
I :=[—1,1]. On the other hand, every 1-dimensional Dir-minimizer h is affine, that is it has
the form h(z) = ZZQ:l [Li(z)], where the L;’s are affine functions such that either L; = L; or
Li(z) # Lj(z) for every = € R, for any i, j. Now, since h(0) = Q[0], we deduce that i = Q[L];
on the other hand, n o h = 0, and thus necessarily L = 0. This contradicts Dir(ﬁ, I)>0.

Hence, if p € Dg(NN) then either p is isolated or, in case p is a regular multiplicity @
point, there exists an open neighborhood V' of p such that V' C Dg(N). From this we deduce
that regq (V) is both open and closed in 2. Since 2 is connected, then either regg (N) = €2,
and N = Q[O0], or regy(N) = 0, and Dg(N) = sing(N) consists of isolated points. This
completes the proof in the dimension m = 2 case.

Case 2: dimension m > 3. In this case, the goal is to show that H*(Dg(NN)) = 0 for every
s >m—2,unless N = Q[0]. Consider the set sing (V). We first claim that H*(singg (V) =0
for every s > m — 2. Suppose by contradiction that this is not the case. Then, by [Sim83b),
Theorem 3.6 (2)], there exist s > m — 2 and a subset I C sing (V) with H*(F") > 0 such that
every point p € F' is a point of positive upper s-density for the measure HZ_, that is

L M (singg(V) N By (p)
im sup

r—0 re

>0 for every p € F. (8.2)

Here, the symbol H?_ denotes as usual the s-dimensional Hausdorff pre-measure, defined by

oo . S o
. diam(E})
Hi(A) = 1nf{2ws (2) tAC U En},

h=1 h=1

with wg 1= F(gij-l)’ where I'(s) is the usual Gamma function. Among the properties of H?3, it
2

is worth recalling now that it is upper semi-continuous with respect to Hausdorff convergence
of compact sets: in other words, if K is a sequence of compact sets converging to K in the
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sense of Hausdorff, then
limsup H3 (K;) < HI(K). (8.3)
j‘)OO
Now, together with Theorem imply the existence of a point p € singg(N) and
a sequence of radii 7; | 0 such that the blow-up maps N; = Nj, 2., converge uniformly to a
Dir-minimizing homogeneous Q-valued function 4;,: B; C R™ — Ag(RF) with o .4, =0
and || Apllr2(p,) = 1, and furthermore such that

H3o(singo (N) N By, (p))

lim sup . > 0, (8.4)
j—o00 5
or, equivalently,
lim sup HZ, (sing (V) N B%) > 0, (8.5)

J—00
where B% C ToXj ~ R™. Set K; := singQ(Nj) N P%, and observe that, since N; converge
to 4, uniformly, the compact sets K; converge in the sense of Hausdorff to a compact set
K C Dg(;). From the semi-continuity property , we can therefore deduce that:

H*(Dq(Ap) = H2(Do(4)) = HE(K)
> limsup H5 (K;) > limsup H3, (singg (N;) N B

Jj—00 Jj—00
Since s > m — 2, [DLS11), Proposition 3.22] implies that this can happen only if 4}, = Q[(],
where : B; — R¥ is a harmonic function. Since no .4, = 0, then it must be .4, = Q[0],

which in turns contradicts the fact that || ;| 725, = 1.

We can therefore conclude that necessarily H*(singg(/V)) = 0 for every s > m — 2. Since
singg (V) = ODg(N) N €, either Do(N) = Q2 and N = Q[0], or Dg(N) = singy(N). The
proof is complete. O

1
2

Remark 8.2. As a corollary of Proposition [8.1] one easily deduces the following: if N is a
Jac-minimizing @Q-valued vector field in the open and connected subset €2 C 3 which is not
of the form N = Q[(] for some classical Jacobi field ¢, then Dg(N) = sing(IV), that is all
multiplicity @) points are singular.

We have now all the tools that are needed to prove Theorem

Proof of Theorem[0.7. Since our manifolds are always assumed to be second-countable spaces,
Q can have at most countably many connected components, and these connected components
are open. Hence, there is no loss of generality in assuming that € itself is connected: in the
general case, we would just work on each connected component separately.

The fact that sing(NV) is a relatively closed set in §2 (whereas reg(NV) is open) is an immediate
consequence of Definition Let o be the function defined in . If x € Q is a regular
point, then it is clear that ¢ is continuous at x. On the other hand, assume z is a point
of continuity for o, and write N(z) = Z}J:l k;[P7], where the k;’s are integers such that
Z}-Izl kj = Q, each PJ € TLY and P # PJ if i # j. Since the target of o is discrete, the fact
that o is continuous at x implies that in fact o(z) = J for all z in a neighborhood U of z.
Hence, since N is continuous, there exists a neighborhood x € V' C U such that the map N|y
admits a continuous decomposition N(z) = 23721 k;[N7(z)], where each map N7: V — N'E
is a classical Jacobi field. Therefore, z € reg(N).
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The above argument implies that sing(N) coincides with the set of points where o is
discontinuous. The proof that its Hausdorff dimension cannot exceed m — 2 will be obtained
via induction on Q. If @ = 1, there is nothing to prove, since single-valued Jac-minimizers are
classical Jacobi fields. Assume now that the theorem holds for every Q*-valued Jac-minimizer
with @* < @ and we prove it for N. If N = Q[(] with ¢ a classical Jacobi field, then sing(V)
is empty, and the theorem follows. Assume, therefore, this is not the case. By Proposition
the set Do (V) = sing (V) is a closed subset of {2 which is at most countable if m = 2 and has
Hausdorff dimension at most m—2 if m > 3. Consider now the open set Q' := Q\Dg(XN). Since
N is continuous, we can find countably many open geodesic balls B; such that ' = U; Bj
and N ]Bj can be written as the superposition of two multiple-valued functions:

NlB;, = [Njo.] + [Nj@.] with@Q1 <Q,Q2<Q (8.7)
and
spt(Nj0, (z)) Nspt(Nj g, (x)) =0  for every x € B;. (8.8)
From this last condition, it follows that
sing(IN) N B; = sing(Nj g, ) Using(N;,q,)- (8.9)

The maps N; g, and N; g, are both Jac-minimizing, and thus, by inductive hypothesis, their
singular set has Hausdorff dimension at most m — 2, and is at most countable if m = 2. Finally:

sing(V) = singg (V) U U (sing(Nj.g,) Using(N;q,)) (8.10)
j=1
also has Hausdorfl dimension at most m — 2 and is at most countable if m = 2. O

9. UNIQUENESS OF TANGENT MAPS IN DIMENSION 2

This last section is devoted to the proof of Theorem which we restate for convenience
as follows. Observe that, since the average 1o N of a Jacobi Q-field N is a classical Jacobi
field, there is no loss of generality in assuming that no N = 0.

Theorem 9.1 (Uniqueness of the tangent map at collapsed singularities). Let ¥ < M be as
in Assumption with m =dim3> = 2. Let N € F1Q’2 (NQ) be Jac-minimizing in the open
set Q C B2 withno N =0, and let p € Q be such that N(p) = Q[0] but N does not vanish in

a neighborhood of p. Then, there is a unique tangent map A, to N at p (that is, the blow-up
family Ny, defined in (7.10) converges locally uniformly to ;).

Theorem [0.1] has the following natural corollary.

Corollary 9.2. Let Q be an open subset of the two-dimensional manifold ¥% — M as in
Assumption and let N € I‘g(./\/’Q) be Jac-minimizing. Then, for every p € ) there exists
a unique tangent map A, to N at p.

Proof. The proof is by induction on ¢ > 1. If () = 1 then the result is trivial, since N is a
classical Jacobi field. Let us then assume that the claim holds true for every @' < @, and
we prove that it holds true for @ as well. Let N € Féf (NQ) be Jac-minimizing, and let
p € Q. Without loss of generality, assume that n o N = 0. If diam(V(p)) > 0, then, since N
is continuous, there exists a neighborhood U of p in © such that N|,; = [N'] + [N?], where

each N € Féﬁ(NU) is Jac-minimizing, Q; < Q for i = 1,2 and spt(N'(z)) Nspt(N?(z)) =0
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for every x € U. By induction hypothesis, N! and N? have unique tangent maps %l and
%2 at p respectively. Hence, .4}, := [[%1]] + [[%2]] is the unique tangent map to N at p.

If, on the other hand, diam(N(p)) = 0, N(p) = Q[0] because N has zero average. If
N = Q][0] in a neighborhood of p, then the unique tangent map to N at p is A4, = Q[0]. If
N does not vanish identically in any neighborhood of p, then the tangent map .4, is unique
by Theorem [9.1] In either case, this completes the proof of the corollary. ]

It only remains to prove Theorem The plan is the following: first, in § we show that
under the assumptions of Theorem the frequency function I, = Iy ,(r) converges, as r | 0,
to its limit Iy = Io(p) > 0 with rate r° for some 3 > 0 (cf. Proposition below). Then, we
will use this key fact to deduce Theorem in §

9.1. Decay of the frequency function. The main result of this section is the following
proposition. Recall the definitions of the energy function D(r), the height function H(r) and
the frequency function I(r).

Proposition 9.3. Let N € FgZ(N’Q) be Jac-minimizing in Q C X2, and let p be such that
N(p) = Q0] but N does not vanish in a neighborhood of p. Let Iy := Iy(p) > 0 be the
frequency of N at p (which exists and is strictly positive by Proposition . Then, there are
B,C, Dy, Hy > 0 such that for every r sufficiently small one has

H(r) D(r)

T2[0+1 7"210

[X(r) — To| +

— Hy

+' —DO’ <crf. (9.1)

We will need a preliminary lemma.

Lemma 9.4. Let N and p be as in Proposition . For every > 0 there exists By = Bo(u)
and C = C(u) such that for every 0 < 8 < By the inequality

r "r M(M"‘ ﬁ)
PO < 5 2 Wt et B

holds true for every r small enough.

H(r) + C,rD(r) (9.2)

Proof. Let ry < inj(X) be a radius such that I(r) = Iy ,(r) is well defined and bounded in B,(p)
for every 0 < r < min{ro, dist(p, 9)}. Recall that for every 0 < r < min{rg, dist(p, 92)} the
exponential map exp,, defines a diffeomorphism exp,: D, — B..(p), where D, is the disk of
radius r in R? ~ C. Let g := N o exp,: D, — Ag(R?), and let f € W!?(D,, Ag(R?)) be the
“harmonic extension” of g|.q: already considered in § In particular, let ¢(6) := g(re®?),
and let ¢ = 3¢ [¢] be an irreducible decomposition of ¢ in maps ¢, € WH2(S!, Ag,(R?))
such that for some v, € WH2(S!, R%)

=5 & i (¢22m)]

/=1 m=0

Such an irreducible decomposition exists by [DLS11, Proposition 1.5]. Then, if the Fourier
expansions of the v,’s are given by

o0

Ye(0) = 2o | Z " (ag,n cos(nd) + by p, sin(nf)) ,
n=1

2
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we consider their harmonic extensions to D,., namely the functions defined by

(0.@)
=04 Z p" (ary cos(nb) + by, sin(nd)) for every 0 < p <7,

Cﬁ(pv 0) = 2

n=1
and finally we let
P Q
9 .
ZZ [[ ( /e M)ﬂ for pe? € D, .
=1m=0 Qﬁ

Recalling [DLS11) Lemma 3.12], one can explicitly compute the following quantities:

P P o~
/ID) ’Df‘Q = ZDiI‘(Q,DT) = WZ Z T2nn (’aﬂ,n|2 + ’bf,nP) ’ (93)
T {=1n=1
2 P oo p2n—1,2
| o= S Dir(e, 5 = / i@ da=r Y 3 " (Jaeal + bral)
/=1 {=1n=1 (9'4)

/. fIZ—TZQz/ o >|2da—7rzc2 (’”'“30' 305 (a2 by ))

n=1

(9-5)

where 0, denotes the tangential derivative along 7S!.
Now, it is an elementary fact (cf. [DLS1Il proof of Proposition 5.2]) that for any pu > 0
there exists Sy = [o(p) > 0 such that for every 0 < § < f3p it holds

2
(2u+ B)n < % + pu(p+ B)Q  for every n € N and for every Q. (9.6)

Multiplying by 72" (|agn|? + [ben|?) and summing over n and ¢, we obtain from (9.3),
(19.4), and (9.5)) that for every u > 0 there exists Sy > 0 such that for every 0 < 8 < (o

) [ 105 v [ g ML [ g, (9.7

rSt

Now, let u := f o exp;lz B, (p) — Ag(R%), so that the orthogonal projection u' is a map

in Féf (NB,(p)) with uJ"rsl = N|,g1- The minimality of N then implies that
Jac(N, B,(p)) < Jac(u®, B,(p))

< Dir(u B, (5)) + Co | NG
r\P

@51) ‘ C )
= (D B ) + - [ P,

from which in turn follows

D(r) < (14 r)Dir(u, B,(p)) + S/ u|? + Co/ IN%.

B-(p)
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Using that the metric of ¥ in B, (p) is almost euclidean when r — 0, we conclude that for
small 7’s

D(r) < (1+Cr) l(1+r)Dir(f,Dr)+f/D \f|2] +CO/B ( )|N|2.
r avy

Now, by definition of f one has

/ P <Cr / g2 < Cr(1 4 Cr) / NP (9.8)
D, rSt 0B (p)

Combining with (9.7)), we deduce that for every pu > 0 there exists Sy = Bp(p) such that
for every 0 < 8 < g

D(r) < (1+Cr)

VNP Hp +B) H(r)]+CMH(r)+Co/B INT2. (9.9)

2u+ 6 9B, (p 7(2p + B) r(p)

Next, observe that the inner variation formula (6.43]) together with the Poincaré inequality
(6.69) imply that in dimension m = 2

/ ‘VJ_NIQ _ D/(T)
0B, () 2

and thus, since, again by the Poincaré inequality

/ |N|2 < CTQD(T’),
B (p)

< CrD(r),

equation reads
r pp+ B) 2
D(r)<(1+Cr)|=———D’ ——H C,H C,r°D(r). 9.10
(1) < (1401 |5t D )+ S0 |+ 0B + CurtDl). (910)
Finally, divide by 1 + Cr and use that H(r) < %TD(T) for small 7’s to finally conclude the
validity of (9.2)). O

Proof of Proposition[9.3 Let N and p be as in the statement, and fix a suitably small radius
ro > 0. In particular, take o < min{inj(X), dist(p, 9Q)} such that the conclusions of Proposi-
tion hold. Recall from the aforementioned proposition that there exists A > 0 such that
the function 7 € (0,7¢) — e\ 1I(r) is monotone non-decreasing. As an immediate corollary we
deduce that when r is small enough

I(r)— Iy > —Cr. (9.11)

The goal now is to get the upper bound. In order to do this, first we exploit the variation
estimates deduced in Lemma [6.13] to compute again the derivative

_ D(r) rD’(r) B rD(r)H'(r)

I'(r)= H) T H( O
rD'(r rD(r)E(r rD(r
- H<f~>) B P(I&)Z( - H(£>35<T>

rD'(r rD(r)2  rD(r
- 3(5)) 2 }?((7-))2 - HD(q(o)g (cgm () +26gm ()
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where
€@ ()] CorH(r), (9.12)
g (r)] = ID(r) — E(r)| é Cor?D(r). (9.13)

Now, apply the estimate (9.2) from the previous lemma with u = Iy to deduce that for

every 0 < 8 < Bo(ly) one has
rD/(r rD(r)?
) 22 > 2 (a4 = X)) (1) — Fo) — 202 + )T,

so that, recalling that I(r) < C, we can finally estimate

2
I'(r) > - (Io+ 8 —1(r)) X(r) — Iy) — CI(r). (9.14)
Hence, if we fix 0 < 8 < Bo(ly) we easily conclude
d l:I(T’) — IO:| . I’(r) IBI(T‘) — IO
Ar - - 1
dr rP 7“13 rf+ . . (9.15)
> ey (ot B 20() ()~ Io) — 5 >~ 5
for all radii 0 < r < ro(5).
Integrating in [r, o] we conclude
I(ro) —1lo I(r)—1Io 1-
T 2 —Cry ", (9.16)
0
that is
I(r) — Iy < CrP. (9.17)
This concludes the proof of
1(r) — Io| < CrP (9.18)

To get the other estimates, compute

d H(r H'(r 20 +1  2E(r 1 21
o {log (r21§+>1> _ H((r)) B 0:_ _ H((T)) + H(T)S(T) - TO
=206~ Io) + Htr) (cgm () + 26gm(1) |

with Egag)(r) and Egag)(r) satisfying the same bounds as in (9.12), (9.13). Using that
I(r) < C, this allows to conclude that

; (I(r) = Io) = Cr < d% {10(% <7EI((:F)1>

After applying (9.18)), integrating on 0 < s < r < ¢ and taking exponentials, we therefore
obtain the estimate

< 2(10r) — o)+ Cr. (9.19)

Tr

21p+1
e—Cﬂ(Tﬂ—sﬁ) < H(T) 5770 < eCﬁ(r/B—sB). (920)
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is monotone non-increasing. In turn, from this immediately follows the existence of the limit

. H(r)
Ho := 7ln1_r)r(1) r2lo+1 "

The rate of convergence

H(r)

“Totl < Cr?  for r small enough
,

— H,

is also a standard consequence of (9.20]).
Finally, we set Dy := Iy - Hy and immediately obtain

D(r)
2L, 70

H(r)

H(r
- ‘I(T)rﬂoﬂ (r)

T.2]0+1

H(r)

(0.18),(0-20)
— <
r2lo+1 0 =

cr?.

+ I

- Ho‘ < [1(r) - Io|

(9.21)
]

9.2. Uniqueness of the tangent map at collapsed singularities. We are now ready to
prove Theorem [9.1

Proof of Theorem[9.1. Let N and p be as in the statement, and recall the definition of the
blow-up maps N, = N, given in (together with the definitions of the maps ex, and
Yy = pr used in there). We first remark that by the Poincaré inequality and the
reverse Poincaré inequality any convergence result for the maps N, as r | 0 is equivalent
to the same result obtained for the maps

Let us assume without loss of generality that Dy = 1. Then, in dimension m = 2 the decay
estimate ({9.21]) implies that for r | 0

N, (2) = r O N (W (2)) (1+0(r")) (9.22)

and therefore in order to show the existence of a uniform limit for the maps N, in Dy it suffices
to show the existence of a uniform limit for the maps () := r = N(2,(z)). Furthermore, if
we write z = pe'? € D we see immediately that

ﬂ,«(pew) = T_ION(wr(pew)) = PIO (pr)_ION(@Z’pT(ew)) = Ploam‘(ew) )

and thus our goal will be achieved if we show uniform convergence of the maps ,|g:. For the
sake of notational simplicity we will then remove the tilde, call w = €% the variable on S' and
consider the one-parameter family of maps u,: S! — Ag (RY) given by

ur(w) = 17N (¢ (w)).
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We then fix % < s < r and compute

2
g(umus)Q d'Hl _ /Sl g <Z\7('¢r(w))7 N(%(ﬂ)))) d’Hl(w)

rlo slo

Q T d [ Nt wt w 2
LRSS e o

_/S/ (N@b;( >>>2

Note that in the above computation we have used [DLS11], Proposition 1.2] and the fact that
the map ¢ € (s,7) — W is in W12 for a.e. w € St
Now, we have

Sl

dt dH (w).

d (Néwt(w))) _ DN'((w) - demy] () Nty (w))

dt tlo to O ot

and thus

A (Nw) \|" IVEN @) | o INY ) (Vi N (W (w), N (r(w)

dt +o = 210 07 2I+2 0 £2Io+1

+ Err,
where
Brr < CH1720 VAN (g (w)) [ + Ct 20| N (4 (w))

for small ¢.

Inserting in (9.23)) and changing variable x = 1;(w) we easily obtain from the variation
estimates in Lemma [6.13k

"G(t) | o H@) E(t)
. 2lotl 042I0+3 21y £2Io+2 dt

+C(r—s) / GO, HE 4

t2[0 t2[0+1

g(ur,us)Qd”z'-l1 <(r—s)(1+4+Cr)

—r—saron [ DO, pHO DO,

2t210+1 04210+3 +2I0+2
=:A (9.24)
"G(t) | H()
+C(r—s) 0 + Yoy dt
=:F1
"epm)(t) | Epay(t)
+(r—5)(1+0r)/s 1270 +1 + 1200 12 dt .

=:F>
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Now, we have

"1 /D@  ,H® D)
A=(r=s)+0n) / 2t ( 210 ) T lopnes ~ oanas ¢ (9.25)
s .25
"1 /D)’ H(t
—(r—s)(1+ cm/s > ( tg(l())) + Iot215+)3 (Io — I(¢)) dt,
so that, for s = §
, v 021, @)
A<C D(r) D("/2) / wdt -S- CrP . (9.26)
r2lo (r/2)2lo v/ t

For what concerns the error terms, we can use the variation estimates (6.42) and (6.43)
together with the Poincaré inequality to control

r 19.21))

B <ol [P0, B e 9.27
2 t2lo
T'/2
and
r [TD(t)  |€gaz)(t)] | H()
|Ey| < 05 [/2 21 + 2210 2Io+1 dt
- "D(t) " H(t)

< Cr'2|D(r) — D(r)| + O [/2 ot [ grgrar (029

(9.21),(9.20)
< Cr'th .

Plugging (9.26)), (9.27) and (9.28]) in (9.24) we conclude that

N2 gyl 3
SlQ(u,«,ui) dH* < CrP. (9.29)

With an elementary dyadic argument analogous to [DLS11), proof of Theorem 5.3], we
conclude that the family wu, is L?-Cauchy. Since the u,’s are equi-Holder (cf. (7.18)), this

suffice to conclude uniform convergence to a unique limit.
O
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