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Abstract

Aim of this paper is to prove the second order differentiation formula along geodesics
in compact RCD* (K, N) spaces with N < co. This formula is new even in the context of
Alexandrov spaces.

We establish this result by showing that Ws-geodesics can be approximated up to
second order, in a sense which we shall make precise, by entropic interpolation. In turn
this is achieved by proving new, even in the smooth setting, estimates concerning entropic
interpolations which we believe are interesting on their own. In particular we obtain:

- equiboundedness of the densities along the entropic interpolations,
- equi-Lipschitz continuity of the Schrodinger potentials,
- a uniform weighted L? control of the Hessian of such potentials.

Finally, the techniques used in this paper can be used to show that the viscous solution
of the Hamilton-Jacobi equation can be obtained via a vanishing viscosity method, in
accordance with the smooth case.
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1 Introduction

In the last ten years there has been a great interest in the study of metric measure spaces
with Ricci curvature bounded from below, see for instance [37], [48], [49], [24], [5], [6], [22], [7],
[42], [43], [25], [19], [21], [32], [8], [40], [12], [11]. The starting points of this research line have
been the seminal papers [37] and [48], [49] which linked lower Ricci bounds on metric measure
spaces to properties of entropy-like functionals in connection with Wa-geometry. Later ([5]) it
emerged that also Sobolev calculus is linked to Ws-geometry and building on top of this the
original definition of CD spaces by Lott-Sturm-Villani has evolved into that of RCD spaces
(16]. [22)).

An example of link between Sobolev calculus and Ws-geometry is the following statement,
proved in [19]:

Theorem 1.1 (First order differentiation formula). Let (X,d,m) be a RCD(K,00) space,
(1e) a Wa-geodesic made of measures with bounded support and such that pu, < Cm for every
t €10,1] and some C > 0. Then for every f € WY2(X) the map

oyt = [ ram

is C' and we have q
5 [ fmy = [ 4590 o,
where @ is any locally Lipschitz Kantorovich potential from pg to .

Recall that on RCD(K, 0o) spaces every Wa-geodesic (p) between measures with bounded
density and support is such that p; < Cm for every ¢ € [0, 1] and some C' > 0 ([43]), so that
the theorem also says that we can find ‘many’ C' functions on RCD spaces. We remark that
such C! regularity - which was crucial in [19] - is non-trivial even if the function f is assumed
to be Lipschitz and that statements about C! smoothness are quite rare in metric geometry.

One might think at Theorem 1.1 as an ‘integrated’ version of the basic formula

d /
af(%)hzo =df ()

valid in the smooth framework; at the technical level the proof of the claim has to do with
the fact that the geodesic (ut) solves the continuity equation

d .
S+ V(T () =0, (L1)



where the ¢;’s are appropriate choices of Kantorovich potentials (see also [23] in this direction).

In [20], the first author developed a second-order calculus on RCD spaces, in particular
defining the space H*?(X) and for f € H?%(X) the Hessian Hess(f), see [20] and the pre-
liminary section. It is then natural to ask whether an ‘integrated’ version of the second order
differentiation formula

2
AT 00—y = Hess(1)(36,70)  for 5 seodesic

holds in this framework. In this paper we provide affirmative answer to this question, our
main result being:

Theorem 1.2 (Second order differentiation formula). Let (X,d, m) be a compact RCD*(K, N)
space, N < oo, (ut) a Wa-geodesic such that uy < Cm for every t € [0,1] and some C' > 0
and f € H*?(X).

Then the function

0,15t /fdut

is C% and we have 2
a2 / fdue),_y = / Hess(f)(V, Vip) dpao, (1.2)

where ¢ is any Kantorovich potential from pg to py.

See also Theorem 6.12 for an alternative, but equivalent, formulation of the result. We
wish to stress that based on the kind of arguments used in our proof, we do not believe
the compactness assumption to be crucial (but being our proof based on global analysis, to
remove it is not a trivial task, especially in the case K < 0), while on the other hand the
finite dimensionality plays a key role (e.g. because we use the Li-Yau inequality).

Having at disposal such second order differentiation formula - perhaps without the re-
striction of working in compact spaces - is interesting not only at the theoretical level, but
also for applications to the study of the geometry of RCD spaces. For instance, the proofs of
both the splitting theorem and of the ‘volume cone implies metric cone’ in this setting can
be greatly simplified by using such formula. Also, one aspect of the theory of RCD spaces
which is not yet clear is whether they have constant dimension: for Ricci-limit spaces this is
known to be true by a result of Colding-Naber [14] which uses second order derivatives along
geodesics in a crucial way. Thus our result is necessary to replicate Colding-Naber argument
in the non-smooth setting (but not sufficient: they also use a calculus with Jacobi fields which
as of today does not have a non-smooth counterpart).

Let us discuss the strategy of the proof. Our starting point is a related second order
differentiation formula obtained in [20], available under proper regularity assumptions:

Theorem 1.3. Let (u:) be a Wa-absolutely continuous curve solving the continuity equation

d .
a,ut + le(XtMt) = O,

for some vector fields (X;) C L*(TX) in the following sense: for every f € W12(X) the map
t > [ fdue is absolutely continuous and it holds

5 [ Fam= [ (940 du
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Assume that
(i) t — X; € L2(TX) is absolutely continuous,
(ii) sup {1 Xell + | Xl + [V Xell 2} < +oo.
Then for f € H**(X) the map t — [ fdu is CH' and the formula

e /fd,ut /Hess(f)(Xt,Xt) +(V/, %Xt + Vx, Xt ) d (1.3)

holds for a.e. t € [0, 1].

If the vector fields X; are of gradient type, so that X; = V¢, for every t and the ‘acceler-
ation’ a; is defined as

2
7(}5 ’V;Z)t| a
then (1.3) reads as
o [ 1= [ e Voo au + [ (95,5a0) dpe (1.4)

In the case of geodesics, the functions ¢; appearing in (1.1) solve (in a sense which we will
not make precise here) the Hamilton-Jacobi equation

d Vgl
59075 - 2 )

(1.5)

thus in this case the acceleration a; is identically 0 (notice the minus sign in (1.1)). Hence if
the vector fields (V) satisfy the regularity requirements (), (i7) in the last theorem we would
easily be able to establish Theorem 1.2. However in general this is not the case; informally
speaking this has to do with the fact that for solutions of the Hamilton-Jacobi equations we
do not have sufficiently strong second order estimates.

In order to establish Theorem 1.2 it is therefore natural to look for suitable ‘smooth’
approximation of geodesics for which we can apply Theorem 1.3 above and then pass to
the limit in formula (1.3). Given that the lack of smoothness of Wj-geodesic is related to
the lack of smoothness of solutions of (1.5), also in line with the classical theory of viscous
approximation for the Hamilton-Jacobi equation there is a quite natural thing to try: solve,
for € > 0, the equation

d Vg2 e
Frid i | 2t| + 5489, ©o = @,

where ¢ is a given, fixed, Kantorovich potential for the geodesic (u¢), and then solve

d

i — div(Verpg) =0, 1o = Ho-

This plan can actually be pursued and following the ideas in this paper one can show that
if the space (X,d, m) is compact and RCD*(K, N) and the geodesic (u¢) is made of measures
with equibounded densities, then as € | 0:



i) the curves (u) Wa-uniformly converge to the geodesic (1) and the measures p have
equibounded densities.

ii) the functions ¢f are equi-Lipschitz and converge both uniformly and in the W12-
topology to the only viscous solution (¢;) of (1.5) with ¢ as initial datum; in particular
the continuity equation (1.1) for the limit curve holds.

These convergence results are based on Hamilton’s gradient estimates and the Li-Yau inequal-
ity and are sufficient to pass to the limit in the term with the Hessian in (1.4). For these curves
the acceleration is given by af = —5A¢§ and thus we are left to prove that the quantity

e / (V£ VAG) dus

goes to 0 in some sense. However, there appears to be no hope of obtaining this by PDE
estimates. The problem is that this kind of viscous approximation can produce in the limit
a curve which is not a geodesic if ¢ is not c-concave: shortly said, this happens as soon as
a shock appears in Hamilton-Jacobi. Since there is no hope for formula (1.2) to be true for
non-geodesics, we see that there is little chance of obtaining it via such viscous approximation.

We therefore use another way of approximating geodesics: the slowing down of entropic
interpolations. Let us briefly describe what this is in the familiar Euclidean setting.
Fix two probability measures g = poL?, p1 = p1£% on R The Schrodinger functional
equations are
po = fhig p1=ghif, (1.6)

the unknown being the Borel functions f, g : RY — [0, 00), where h;f is the heat flow starting
at f evaluated at time ¢. It turns out that in great generality these equations admit a solution
which is unique up to the trivial transformation (f,g) — (cf, g/c) for some constant ¢ > 0.
Such solution can be found in the following way: let R be the measure on (R%)? whose density
w.r.t. £2¢ is given by the heat kernel ri(z,y) at time ¢ = 1 and minimize the Boltzmann-
Shannon entropy H (7 | R) among all transport plans « from pg to 1. The Euler equation for
the minimizer forces it to be of the form f ® gR for some Borel functions f, g : RY — [0, c0),
where f ® g(z,y) := f(x)g(y) (we shall reprove this known result in Proposition 3.1). Then
the fact that f ® gR is a transport plan from pug to pq is equivalent to (f, g) solving (1.6).

Once we have found the solution of (1.6) we can use it in conjunction with the heat flow
to interpolate from pg to p; by defining

pt = hefhig.

This is called entropic interpolation. Now we slow down the heat flow: fix ¢ > 0 and by
mimicking the above find f¢, g° such that

po = f*h 29 p1=9g"he)af", (1.7)
(the factor 1/2 plays no special role, but is convenient in computations). Then define
Pr = hiey2 f hi—p)e/29"

The remarkable and non-trivial fact here is that as € | 0 the curves of measures (p;£%)
converge to the Wa-geodesic from pg to p.



The first connections between Schrodinger equations and optimal transport have been
obtained by Mikami in [38] for the quadratic cost on R?; later Mikami-Thieullen [39] showed
that a link persists even for more general cost functions. The statement we have just made
about convergence of entropic interpolations to displacement ones has been proved by Léonard
n [35]. Actually, Léonard worked in much higher generality: as it is perhaps clear from the
presentation, the construction of entropic interpolation can be done in great generality, as
only a heat kernel is needed. He also provided a basic intuition about why such conver-
gence is in place: the basic idea is that if the heat kernel admits the asymptotic expansion
elogre(z,y) ~ —M (in the sense of Large Deviations), then the rescaled entropy func-
tionals eH (- | R.) converge to 3 [d?(z,y) d- (in the sense of I'-convergence). We refer to [36]
for a deeper discussion of this topic, historical remarks and much more.

Starting from these intuitions and results, working in the setting of compact RCD*(K, N)
spaces we gain new information about the convergence of entropic interpolations to displace-
ment ones. In order to state our results, it is convenient to introduce the Schrédinger potentials
@5, Yf as

¢f = eloghy o f* Yp = elogh(i_)e/29°
In the limit € | 0 these will converge to forward and backward Kantorovich potentials along
the limit geodesic (u;) (see below). In this direction, it is worth to notice that while for ¢ > 0
there is a tight link between potentials and densities, as we trivially have

©f + Y = elog py,

in the limit this becomes the well known (weaker) relation that is in place between for-
ward/backward Kantorovich potentials and measures ():

o+ =0 on supp(f),
o+ <0 on X,

see e.g. Remark 7.37 in [51] (paying attention to the different sign convention). By direct
computation one can verify that (¢7), (¢7) solve the Hamilton-Jacobi-Bellman equations

d . 1 2 € d 1 9 €
R SAQE — —qpf == ¢ —As 1.8
dt(’pt 2|V‘Pt| +2 Pt dtwt 2|V7/’t| ‘|‘2 vt (1.8)
thus introducing the functions
e _ Y-
t - 2
it is not hard to check that it holds
d :
E'Di + div(VIg pg) =0 (1.9)
and 912 )
d Vg
&19,’? | 2t’ = ay, where  af := —%<2Alogpf + |Vlog pﬂz).

With this said, our main results about entropic interpolations can be summarized as follows.
Under the assumptions that the metric measure space is compact and RCD*(K, N), N < oo,
and that pg, p1 belong to L>°(X) we have:



- Zeroth order
— bound For some C > 0 we have pi < Cm for every ¢ € (0,1) and ¢ € [0,1]
(Proposition 5.3).
— convergence The curves (pim) Wa-uniformly converge to the unique Ws-geodesic
(p¢) from pg to pq (Propositions 6.1 and 6.3).
- First order
— bound For any t € (0, 1] the functions {¢f}.c(0,1) are equi-Lipschitz (Proposition
5.4). Similarly for the ¢’s.

— convergence For every sequence €, | 0 there is a subsequence - not relabeled - such
that for any ¢t € (0,1] the functions ¢§ converge both uniformly and in W1?(X)
to a function ¢; such that —tp; is a Kantorovich potential from pu; to ug (see
Propositions 6.1, 6.3 and 6.7 for the precise formulation of the results). Similarly
for the ¢’s.

- Second order For every § € (0,1/2) we have

— bound

1-6
sup // (|Hess (%) 2HS + £%|Hess(log p5) QHS)pf dtdm < oo,
e€(0,1) JJ &

1-§
sup // (|A19§\2+£2|Alogp§|2)p§ dtdm < oo,
e€(0,1) JJ &

(1.10)

(Lemma 5.6). Notice that since in general the Laplacian is not the trace of the
Hessian, there is no direct link between these two bounds.

— convergence For every function h € W12(X) with Ah € L*(X) it holds

1-6
lim// (Vh,Va5) p; dtdm = 0, (1.11)
el0 JJs

(Theorem 6.12).

With the exception of the convergence pim — 1, all these results are new even on compact
smooth manifolds (in fact, even in the flat torus). The zeroth and first order bounds are both
consequences of the Hamilton-Jacobi-Bellman equations (1.8) satisfied by the ¢’s and ¢’s and
can be obtained from Hamilton’s gradient estimate and the Li-Yau inequality. The facts that
the limit curve is the Ws-geodesic and that the limit potentials are Kantorovich potentials
are consequence of the fact that we can pass to the limit in the continuity equation (1.9) and
that the limit potentials satisfy the Hamilton-Jacobi equation. In this regard it is key that we
approximate at the same time both the ‘forward’ potentials ¢ and the ‘backward’ one ¢: see
the proof of Proposition 6.3 and recall that the simple viscous approximation may converge
to curves which are not Ws-geodesics.

These zeroth and first order convergences are sufficient to pass to the limit in the term
with the Hessian in (1.4).



As said, also the viscous approximation could produce the same kind of convergence.
The crucial advantage of dealing with entropic interpolations is thus in the second order
convergence result (1.11) which shows that the term with the acceleration in (1.4) vanishes in
the limit and thus eventually allows us to prove our main result Theorem 1.2. In this direction,
we informally point out that being the geodesic equation a second order one, in searching for
an approximation procedure it is natural to look for one producing some sort of second order
convergence.

The limiting property (1.11) is mostly a consequence - although perhaps non-trivial - of
the bound (1.10) (see in particular Lemma 5.7 and the proof of Theorem 6.12), thus let us
focus on how to get (1.10). The starting point here is a formula due to Léonard [33], who
realized that there is a connection between entropic interpolation and lower Ricci bounds: he
computed the second order derivative of the entropy along entropic interpolations obtaining

2

d 2
S m) = [ (Ta() + 5Ta(1og 50)) f dim, (1.12)

where I'g is the ‘iterated carré du champ’ operator defined as
V2
0o(r) = a0 (vp vag)

(in the setting of RCD spaces some care is needed when handling this object, because I'a( f)
is in general only a measure, but let us neglect this issue here).
Thus if, say, we are on a manifold with non-negative Ricci curvature, then the Bochner
inequality
Lo(f) > [Hess(f)|2 (1.13)

grants that the entropy is convex along entropic interpolations.

Now notice that if f : [0,1] — R is convex, then for ¢ € (0,1) the quantity |f’(¢)| can be
bounded in terms of f(0), f(1) and ¢ only. Thus since the value of H(pfm|m) at t = 0,1 is
independent on ¢ > 0, we have the uniform bound

1-6 42
d d d
H(E |m)dt = S HE — CHE 00
Sup /5 Rl ALY Sup ( g m) -5 (ut!m)\t5><

which by (1.13) and (1.12) grants the first in (1.10). The second is obtained in a similar way
using the Bochner inequality in the form

(Af)?
N

Ly (f) =
in place of (1.13).
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2 Preliminaries

2.1 Sobolev calculus on RCD spaces

We shall assume the reader to be familiar with the language of optimal transport, metric
measure geometry, the notion of RCD spaces and the differential calculus on them. Here we
shall only recall those facts that we shall use in the sequel, mostly to fix the notation and
provide bibliographical references.

By C([0,1],(X,d)), or simply C(]0,1],X), we denote the space of continuous curves with
values on the metric space (X, d) and for ¢ € [0, 1] the evaluation map e; : C([0,1], (X,d)) —
X is defined as e;(y) := ;. For the notion of absolutely continuous curve in a metric space
and of metric speed see for instance Section 1.1 in [3]. The collection of absolutely continuous
curves on [0,1] is denoted AC([0, 1], (X,d)), or simply by AC([0, 1], X).

By 2(X) we denote the space of Borel probability measures on (X,d) and by %(X) C
Z(X) the subclass of those with finite second moment.

Let (X,d,m) be a complete and separable metric measure space endowed with a Borel
non-negative measure which is finite on bounded sets.

For the definition of test plans, of the Sobolev class S?(X) and of minimal weak
upper gradient |D f| see [5] (and the previous works [13], [46] for alternative - but equivalent
- definitions of Sobolev functions).

The Banach space W12(X) is defined as L?(X) N $?(X) and endowed with the norm
[ £11Z12 == [ fI32+]|DfIl|3 2 and the Cheeger energy is the convex and lower-semicontinuous
functional E : L*(X) — [0, 00] given by

1 ) ’
B(f) = 2/|Df| dm for f € WhH23(X)
400

otherwise

(X,d, m) is infinitesimally Hilbertian (see [22]) if W12(X) is Hilbert. In this case E is a
Dirichlet form and its infinitesimal generator A, which is a closed self-adjoint operator on
L?(X), is called Laplacian on (X,d,m) and its domain denoted by D(A) C W12(X). The
flow (h;) associated to E is called heat flow (see [5]), and for any f € L?(X) the curve
t = hyf € L?(X) is continuous an [0, 00), locally absolutely continuous on (0, c0) and the only
solution of q
&htf:Ahtf hif — fast|O0.

If moreover (X,d, m) is an RCD(K, co) space (see [6]) there exists the heat kernel, namely
a function

(0,00) x X232 (t,z,y) — rfz](y) = refy](z) € (0,00) (2.1)

such that
hef () = / f@nl)@) dmy) V>0 (2.2)

for every f € L*(X). For every x € X and t > 0, r¢[z] is a probability density and thus (2.2)
can be used to extend the heat flow to L!(X) and shows that the flow is mass preserving
and satisfies the maximum principle, i.e.

f<e m-—ae. = h.f <c¢ m-a.e., Vit > 0. (2.3)



For compact and finite-dimensional RCD*(K, N) spaces ([22], [15], [8]), the fact that the mea~
sure is doubling and the space supports a weak 1-2 Poincaré inequality ([49], [41]) grants
via the results in [47], [6] that the heat kernel is continuous and satisfies Gaussian esti-
mates, i.e. there is C7 = C1(K, N,Diam(X)) and for every § > 0 another constant Cy =
Cy(K, N, Diam(X), d) such that for every x,y € X and ¢ > 0 it holds

1 d*(x,y) Cy d(z, y)
CHITI(I?\/{(Z/))eXP(—Clt) < nfr](y) < m(B\/t(y))eXp(_ (4+5)t>' (2.4)

For general metric measure spaces, the differential is a well defined linear map d from
S2%(X) with values in the cotangent module L?(T*X) (see [20]) which is a closed operator
when seen as unbounded operator on L?(X). It satisfies the following calculus rules which we
shall use extensively without further notice:

[df| =|Df] m-ae. Vf e S3(X)
df =dg m-a.e. on {f = g}, Vf, g € S*(X)
d(gpo f)=¢ o fdf Vf € S?(X), ¢ : R — R Lipschitz
d(fg) =gdf + fdg Yf,g € L% N S(X).

where it is part of the properties the fact that g o f, fg € S?(X) for ¢, f, g as above.

If (X,d, m) is infinitesimally Hilbertian, which from now on we shall always assume, the
cotangent module is canonically isomorphic to its dual, the tangent module L?(TX), and the
isomorphism sends the differential df to the gradient V f. Elements of L?(TX) are called vector
fields. The divergence of a vector field is defined as (minus) the adjoint of the differential, i.e.
we say that v has a divergence, and write v € D(div), provided there is a function g € L*(X)
such that

/fgdm: —/df(v)dm Ve Wh(X).
In this case g is unique and is denoted div(v). The formula
div(fv) =df(v) + fdiv(v) Vf e Wh2(X), v € D(div), such that |f], |v| € L>®(X)

holds, where it is intended in particular that fv € D(div) for f,v as above. It can also be
verified that

f € D(A) if and only if Vf € D(div) and in this case Af = div(Vf),

in accordance with the smooth case. It is now not hard to see that the formulas

Alpo f)=¢" o fldf|* +¢ o fAf
A(fg) = gAf+ fAg+2(Vf,Vg)

hold, where in the first equality we assume that f € D(A), ¢ € C%(R) are such that f,|df] €
L>(X) and ¢, ¢” € L*(R) and in the second that f,g € D(A) N L>®(X) and |df]|,|dg| €
L*>°(X) and it is part of the claims that ¢ o f, fg are in D(A).

Beside this notion of L?-valued Laplacian, we shall also need that of measure-valued
Laplacian ([22]). A function f € W2?(X) is said to have measure-valued Laplacian, and in

10



this case we write f € D(A), provided there exists a Borel (signed) measure p whose total
variation is finite on bounded sets and such that

/gd,u =— / (Vg,Vf) dm, Vg Lipschitz with bounded support.

In this case u is unique and denoted A f. This notion is compatible with the previous one in
the sense that

Af

d dA
feD(A), Af <mand I € L*(m) & f € D(A) and in this case Af = /

dm
On RCD(K, co) spaces, the vector space of ‘test functions’ (see [45]) is defined as
Test™®(X) := {f € D(A)YNL®(X) : |[Vfl€ L¥(X), Af € LN W“(X)}.
This is an algebra dense in W?(X) and such that
po feTest®(X) Vfe Test™(X), ¢ : R — R which is C* on the image of f (2.5)
(see [45]). We shall also make use of the set
Test$H(X) == {f € Test™(X) : f > ¢ m-a.e. for some ¢ > 0}.

Combining the Gaussian estimates on compact RCD*(K, N) spaces, N < oo, with the results
in [45] we see that

fel'X), t>0 = he(f) € Test™(X),

1 ~ (2.6)
felL (X)), f>0, /fdm >0,t>0 = he(f) € TestZH(X).

The fact that Test®(X) is an algebra is based on the property
f € Test™(X) = |df* e Wh*(X) with

[ 10 dm < sl (WafilzzlIdailoe + iasi )
(2.7)

and actually a further regularity property of test functions is that
f € Test™(X) = |df|? € D(A), (2.8)
so that it is possible to introduce the measure-valued I's operator ([45]) as
La(f) := A|dg|2—(Vf,VAf>m Vf € Test™(X).
By construction, the assignment f +— I's(f) is a quadratic form.

An important property of the heat flow on RCD(K, o0) spaces is the Bakry—Emery
contraction estimate (see [6]):

ldh: f|? < e 2Kt (|df]?) Ve WH(X), t>0. (2.9)

11



We also recall that RCD(K, c0) spaces have the Sobolev-to-Lipschitz property ([6],
[19]), i.e.

fe Wl’Q(X), |df| € L>®(X) = 3f = f m — a.e. with Lip(f) < N flllze, (2.10)

and thus we shall typically identify Sobolev functions with bounded differentials with their
Lipschitz representative; in particular this will be the case for functions in Test*(X).

The existence of the space of test functions and the language of L?-normed L*-modules
allow to introduce the space W2?2(X) as follows (see [20]). We first consider the tensor product
L2((T*)®2X) of L*(T*X) with itself. The pointwise norm on such module is denoted | - |5 to
remind that in the smooth case it coincides with the Hilbert-Schmidt one. Then we say that a
function f € W12(X) belongs to W22(X) provided there exists A € L?((T*)®?X) symmetric,
i.e. such that A(vy,ve) = A(vg,v1) m-a.e. for every vy, vy € L?(TX), for which it holds

[Vgl|?
2

/hA(Vg, Vg)dm = /— (Vf,Vg)div(hVg) — h(V [,V ) dm Vg, h € Test™(X).

In this case A is unique, called Hessian of f and denoted by Hess(f). The space W%2(X)
endowed with the norm

£ 122y = 112y + 1Af 12y + IHess() [ F2reys2x)

is a complete separable Hilbert space which contains Test®(X) and in particular is dense in
Wh2(X). It is proved in [20] that D(A) ¢ W22(X) with

/\Hess(f) ﬁ,sdmg/(Af)z‘—way?dm Vf € D(A). (2.11)

The space H??(X) is defined as the closure of D(A) in W22(X); it is unknown whether it
coincides with W?2?2(X) or not.
We shall need the following form of Leibniz rule (][20]):

d(Vf,Vg) =Hess(f)(Vg,-)+ Hess(9)(Vf,-) Vf, g € Test™(X). (2.12)

The Bochner inequality on RCD(K, 00) spaces takes the form of an inequality between
measures ([20] - see also the previous contributions [45], [50]):

Lao(f) > (|Hess(f) 2HS + K|df|2)m Vi € Test™(X), (2.13)
and if the space is RCD*(K, N) for some finite N it also holds ([15], [8]):

Ty(f) > ((A]\J;)Q + K|df|2>m Vf € Test™(X). (2.14)

Notice that since the Laplacian is in general not the trace of the Hessian, the former does not
trivially imply the latter (in connection to this, see [28]).

We conclude the section recalling the notion of Regular Lagrangian Flow, introduced by
Ambrosio-Trevisan in [9] as the generalization to RCD spaces of the analogous concept existing
on R? as proposed by Ambrosio in [1]:
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Definition 2.1 (Regular Lagrangian Flow). Given (v;) € L'([0,1], L*(TX)), the function
F:]0,1] x X — X is a Regular Lagrangian Flow for (v;) provided:

i) [0,1] > t — Fi(z) is continuous for every x € X
ii) for every f € Test™(X) and m-a.e. x the map t — f(F;(x)) belongs to WH1([0,1]) and
d
Ef(Ft(x)) = df(v)(Fi(z)) a.e. t €[0,1].
ii1) it holds
(F})sm < Cm vt € [0,1]
for some constant C > 0.

In [9] the authors prove that under suitable assumptions on the v;’s, Regular Lagrangian
Flows exist and are unique. We shall use the following formulation of their result (weaker
than the one provided in [9]):

Theorem 2.2. Let (X,d,m) be a RCD(K, cc) space and (p;) € L'([0,1], W12(X)) be such
that o1 € D(A) for a.e. t and

Apy € LY([0,1], L*(X))  (Apr)™ € L([0,1], L¥(X)).

Then there exists a unique, up to m-a.e. equality, Regular Lagrangian Flow F for (V).
For such flow, the quantitative bound

1
(P < exp ([ (860 1) ) (215)

holds for every t € [0,
its metric speed ms(F.

1] and for m-a.e. x the curve t — Fi(x) is absolutely continuous and
()) at time t satisfies
ms(F.(z)) = |V |(Fi(z)) a.e. t €[0,1]. (2.16)

To be precise, (2.16) is not explicitly stated in [9]; its proof is anyway not hard and can
be obtained, for instance, following the arguments in [20].

2.2 Optimal transport on RCD spaces

It is well known that on R%, curves of measures which are Wh-absolutely continuous are in
correspondence with appropriate solutions of the continuity equation ([3]). It has been
proved in [23] that the same connection holds on arbitrary metric measure spaces (X,d, m),
provided the measures are controlled by Cm for some C' > 0, the formulation of such result
which we shall need is:

Theorem 2.3 (Continuity equation and W)-AC curves). Let (X,d,m) be infinitesimally
Hilbertian, () C 2(X) be weakly continuous and t — ¢; € WH2(X) be Borel, possibly
defined only for a.e. t € [0,1]. Assume that:

e < Cm vt € [0,1] for some C' > 0 (2.17a)
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1
/ /!V¢t|2dut dt < oo (2.17b)
0

and that the continuity equation

d :

T div(Veiue) = 0,

is satisfied in the following sense: for any f € W12(X) the map [0,1] > t — [ fdu is
absolutely continuous and it holds

((iit/fdut :/df(V¢t) d s a.e. t.

Then (u) € AC([0,1], (2(X), W2)) and

|ﬂt|2:/|V¢t|2dut a.e. t €[0,1].

Recall that given f : X — R the upper and lower slopes |[D* f|,|D~ f] : X — [0, 00] are
defined as 0 on isolated points and otherwise

i) T L0 = S “fl(w) = Ty L =@
0¥ fl(w) = T =5 D@ = sy

y—z
Similarly, the local Lipschitz constant lip(f) : X — [0, 0o] is defined as 0 on isolated points
and otherwise as

lip ) 3= max{| D f1(), D™ fl()} = Tim sup ===

We also recall that the c-transform ¢°: X — R U {—o0} of a function ¢ : X - RU {—o0} is
defined as
d*(z,y)

‘(x) := inf —22% —
() = Inf === —oly)

and that ¢ is said to be c-concave provided ¢ = ¢¢ for some . Also, given pg, u; € Po(X),
a function ¢ : X — RU{—o0} is called Kantorovich potential from s to p; provided it is
c-concave and

1
/sodqur/socdul = §W22(uo,m)-

It is worth recalling that on general complete and separable metric spaces (X, d) we have that
for po, w1 € £ (X) with bounded support there exists a Kantorovich potential from pg to g
which is Lipschitz and bounded.

This can be obtained starting from an arbitrary Kantorovich potential v and then defining

2 xr
o) —w%y)}

o(z) := min {C, ylél)f(

for C' sufficiently big.
With this said, we recall the following version of Brenier-McCann theorem on RCD spaces
((7) comes from [18] and [43], (i7) from [6] and [22], (i¢%) from [5] and (iv) from [26]).
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Theorem 2.4. Let (X,d, m) be a RCD(K, 00) space and pg, p1 € Po(X) with bounded support
and such that po, 1 < Cm for some C' > 0. Also, let ¢ be a Kantorovich potential for the
couple (po, p1) which is locally Lipschitz on a neighbourhood of supp(po). Then:

i) There exists a unique geodesic (ug) from po to i, it satifies
e < C'm vt € [0, 1] for some C' >0 (2.18)

and there is a unique lifting = of it, i.e. a unique measure w € FP(C([0,1], X)) such
that (e¢)wm = p for every t € [0,1] and [[y |5:|* dt dmw(v) = W3 (o, p1)-

i) For every f € WH2(X) the map t — [ f duy is differentiable at t =0 and
d
| g =~ [ A (V) duo.

iit) The identity
|[dgl(0) = [DT ¢l (70) = d(70,71)

holds for m-a.e. 7.

w the space 1s or some < oo, then (1), (i7), (i2¢) holds with p; on

) If the sp RCD*(K, N) f N ; then (i), (i), (iii) holds with p only
assumed to be with bounded support, with the caveat that (2.18) holds in the form: for
every 6 € (0,1/2) there is C5 > 0 so that u, < C5m for every t € [0,1 — 4.

A property related to the above is the fact that although the Kantorovich potentials
are not uniquely determined by the initial and final measures, their gradients are. This is
expressed by the following result, which also says that if we sit in the intermediate point of
a geodesic and move to one extreme or the other, then the two corresponding velocities are
one the opposite of the other (see Lemma 5.8 and Lemma 5.9 in [19] for the proof):

Lemma 2.5. Let (X,d,m) be a RCD(K,00) space with K € R and (p) C P2(X) a Wa-
geodesic such that py < Cm for everyt € [0,1] for some C > 0. Fort € [0,1] let ¢y, ¢}, : X = R
be locally Lipschitz functions such that for some s, s’ # t the functions —(s—t)¢y and —(s'—t) ¢,
are Kantorovich potentials from u; to pus and from us to pg respectively.

Then

Voy = Vou [he-a.e..

On RCD spaces, Ws-geodesics made of measures with bounded density also have the weak
continuity property of the densities expressed by the following lemma. The proof follows by
a simple argument involving Young’s measures and the continuity of the entropy along a
geodesic (see Corollary 5.7 in [19]):

Lemma 2.6. Let (X,d,m) be a RCD(K,00) space with K € R and () C P2(X) a Wa-
geodesic such that py < Cm for every t € [0,1] for some C > 0. Let p; be the density of

ot -
Then for any t € [0,1] and any sequence (t,)nen C [0,1] converging to t there exists a
subsequence (tn, )ken such that
Ptn, —7 Pt; M-a.e.

as k — oo.

15



We conclude recalling some properties of the Hopf-Lax semigroup in metric spaces, also
in connection with optimal transport. For f: X — R and ¢ > 0 the function Q:f : X — R is
defined as

d*(2,y)

Quf(x) := inf + 1) (2.19)

Then we have the following result ([5] - see also [4]):

Proposition 2.7. Let (X,d) be a compact geodesic metric space and f : X — R Lipschitz.
Then the map [0,00) 3 t — Qif € C(X) is Lipschitz w.r.t. the sup norm and for every x € X
we have

%Qt fl@) + %(ant f(:v)>2 —0  aet>0. (2.20)

3 The Schrodinger problem

Let (X, 7) be a Polish space, o, 1 € Z(X) and R € Z(X?) be given measures. Recall that
~ € P(X?) is called transport plan for pg,p; provided 70y = po and wly = pq, where
70 7l : X2 — X are the canonical projections. We are interested in finding a transport plan

of the form
vy=[®gR

for certain Borel functions f,g : X — [0,00), where f ® g(z,y) := f(z)g(y). As we shall see
in this short section, in great generality this problem can be solved in a unique way and the
plan v can be found as the minimum of

v = HEH'[R)
among all transport plans from po to p;, where H(-|-) is the Boltzmann-Shannon entropy
defined as
Hio|v) = /plog(p) dv if o = pv,
+00 if o L v.

For appropriate choice of the reference measure R (which will also be our choice in the follow-
ing), this minimization problem is called Schrédinger problem, we refer to [36] for a survey
on the topic.

The following proposition collects the basic properties of the minimizer of the Schréodinger
problem; points (i) and (i7) of the statement are already known in the literature on the subject
(see in particular [34], [10] and [44]), but for completeness we give the full proofs.

Proposition 3.1. Let (X,7,m) be a Polish space equipped with a probability measure and
R € 2(X?) be such that

mom<KR<L<m®m and Hm®@m|R) < occ.

Let pg = pom and p1 = pym be Borel probability measures with bounded densities.
Then:

i) There exists a unique minimizer v of H(-|R) among all transport plans from po to ;.
i) v = f ® gR for appropriate Borel functions f,g : X — [0,00) which are unique up to

the trivial transformation (f,g) — (cf,g/c) for some ¢ > 0.
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iit) Assume in addition that
m@m<R<Cmem (3.1)

for suitable ¢,C > 0. Then f,g € L (X, m) and v is the only transport plan which can
be written as f’ ® g'R for Borel f', ¢ : X — [0, 00).

proof

(i) Existence follows by the direct method of calculus of variations: the class of transport
plans is not empty and narrowly compact and H( - |R) is narrowly lower semicontinuous (see
e.g. [3]). Since H(-|R) is strictly convex, uniqueness will follow if we show that there is a
transport plan with finite entropy. We consider pg® pq and notice that by direct computation
we have

d(m ®m)

H(uo®u1!R)=H(uo|m)+H(M1|m)+/log< dR

>P0 ® prd(m ® m)

g (Ao

< H(uo|m) + H(pa |m) + [l poll e ]| = /

and using the trivial fact that z|log(z)| = zlog(z) + 2(zlog(z))~ < zlog(z) + 2¢~! valid for
any z > 0 we conclude that

H(po ® p1 |R) < H(po | m) + H (| m) + [|pol oo lp1 | oo (H (m @ m | R) +2¢71)

and our assumptions grant that the right hand side is finite.

(ii) The uniqueness part of the claim is trivial, so we concentrate on existence. Finiteness
of the entropy in particular grants that v < R. Put p := j% and let Py := {po > 0},
Py := {p1 > 0}. We start claiming that

p>0 m®m-a.e. on K x . (3.2)

Notice that since m®m and R are mutually absolutely continuous, the claim makes sense and
arguing by contradiction we shall assume that R(Z) > 0, where Z := (Py x P;) N {p = 0}.

Let s := % and for A € (0,1) let us define ®()\) : X2 — R by

_ u+A(s —p)) —up)

D(N): 3 )

where u(z) := zlog(z).

The convexity of u grants that ®(\) < u(s) — u(p) € L'(X2, R) (recall that we proved that
H(po ® p1|R) < 00) and that ®(\) is monotone decreasing as A | 0. Moreover, on Z we have
®(\) | —o0o R-a.e. as A | 0, thus the monotone convergence theorem ensures that

i O H Ao @ m =) [R) —H(Y[R)
L0 A

Since v+ A(po ® 1 —y) is a transport plan from pg to p; for A € (0, 1), this is in contradiction
with the minimality of v which grants that the left hand side is non-negative, hence Z is R-
negligible, as desired.

Let us now pick h € L°(X?,~) such that 70(hvy) = w}(hy) = 0 and ¢ € (0, ||h||£30(7)).
Then (1 + eh)~y is a transport plan from pg to 1 and noticing that hp is well defined R-a.e.

17



we have

(1 + eh)p) | 1 gy = / (1 + eh)plog(1 + eh)p)| dR

< /(1+sh)p|1ogp\ dR—i—/(l—lreh) |log(1 + <h)| dy
< 1+ ehllpee(yyllplog pll iy + [I(1 + eh)log(1 + eh) || poo (),

so that u((1 + eh)p) € L*(R). Then again by the monotone convergence theorem we get

i AN IR~ HOIR) _ [ 01+ ) u()
el0 £ el0 £

dR = /hp(logp+ 1)dR.

By the minimality of v we know that the left hand side in this last identity is non-negative,
thus after running the same computation with —h in place of h and noticing that the choice
of h grants that [ hpdR = [ hdy =0 we obtain

/hp log(p)dR =0 Vh € L>®(~) such that 7°(hy) = 7l (hy) = 0. (3.3)

The rest of the argument is better understood by introducing the spaces V,*W c L'(v) and
VAW C L®(7) as follows

Vi={feL(y) : f=¢d¢ for some ¢ € Lo(mypo), (RS Lo(m|Pl)},
W= {heL®(y) : nl(hy)=ml(hy) =0},

VEti={heL®®H) : /fhd'y:OerV},

Lw = {fELl('y):/fhd’YZOVhEW},

where here and in the following the function ¢ @ 1 is defined as ¢ @ (x,y) := ¢(z) + P(y).
Notice that the Euler equation (3.3) reads as log(p) € W and our thesis as log(p) € V; hence
to conclude it is sufficient to show that *W C V.
Claim 1: V is a closed subspace of L!(v).

We start claiming that f € V if and only if f € L'(y) and

flx,y)+ f(@,y) = flz,v) + f(2',y) mameamem-ae (,27,y,9) € P02 X P12. (3.4)

Indeed the ‘only if’ follows trivially from v < m ® m and the definition of V. For the ‘if’ we
apply Fubini’s theorem to get the existence of ' € Py and ¢’ € P; such that

flx,y)+ f(@',y) = flz,v) + f(2',y) m@m-ae 2,y € Py x Py.

Thus f = f(-,¢) @ (f(2/,-) — f(2',y)), as desired.

Now notice that since that (3.2) grants that (m x m) < 7, we see that the condition

’P0><P1
(3.4) is closed w.r.t. L'(v)-convergence.
Claim 2: V+ c W.

Let h € L>°(v) \ W, so that either the first or second marginal of h+y is non-zero. Say the
first. Thus since 70y = po we have 7{(hy) = fouo for some fo € L>®(up) \ {0}. Then the
function f := fo ® 0 = fy o 7° belongs to V and we have

[rrar= [ foonam) = [ foandiem) = [ o> o
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so that h ¢ VL.
Claim 3: *W C V.

Let f € L'(v)\ V, use the fact that V is closed and the Hahn-Banach theorem to find
h € L®(y) ~ L'()* such that [ fhdy # 0 and [ fhdy = 0 for every f € V. Thus h € V-
and hence by the previous step h € W. The fact that [ fhdy # 0 shows that f ¢ LW, as
desired.

(iii) Let o be a transport plan from pg to p1 such that o = f’ ® ¢'R for suitable non-negative
Borel functions f’, ¢’. We claim that in this case it holds f’, ¢’ € L*°(m), leading in particular
to the claim in the statement about ~.

By disintegrating R w.r.t. 7%, from 70(f’ ® ¢'R) = pom we get that

f'(z) /g'(y) dR.(y) = po(x) < 400, for m-a.e. x (3.5)

whence ¢’ € L*(R,) for m-a.e. z € Py. Since from (3.1) we have that R, > cm for m-a.e. x, we
see that ¢’ € L!(m) with

CHg/HLl(m) < /g'(y) dR;(y) for m-a.e. x

and thus (3.5) yields
< HPOULm(m)7 mae.
cllg' | 1 m)
which is the desired L>® bound on f’. By interchanging the roles of f’ and ¢’, the same
conclusion follows for ¢'.
For the uniqueness of v, put ¢ := log f’, 9 := log ¢’ and notice that, by what we have just
proved, they are bounded from above. Therefore from

0 < H(o|R) :/@@d)do—
we infer that
gporro,wowl € LI(U). (3.6)

Putting for brevity p’ := f'®¢’ and arguing as before to justify the passage to the limit inside
the integral we get

d / /
H(= N+ 2 R,y = [0 1) log(r!) R
= /so ©¢d(y —o)
oy 36) = [pdmiv—o)+ [wdrly-o)
(because o and -« have the same marginals) =0.

This equality and the convexity of H(-|R) yield H(c |R) < H(v|R) and being « the unique
minimum of H(-|R) among transport plans from pg to w1, we conclude that o = . O
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The above result is valid in the very general framework of Polish spaces. We shall now
restate it in the form we shall need in the context of RCD spaces and show that additional
regularity assumptions on pg, p1 reflect into the regularity of f,g.

Recall that on RCD spaces there is a well defined heat kernel r.[z](y) (see (2.1) and (2.2)).
The choice of working with r, /5 is convenient for the computations we will do later on.

Theorem 3.2. Let (X,d,m) be a compact RCD*(K, N) space with K € R, N € [1,00) and
m € P(X). For e >0 define R/? € 22(X?) as

dR*/%(x,y) := repofa](y) dm(z) dm(y).

Also, let po, p1 € P(X) be Borel probability measures with bounded densities.

Then there exist and are uniquely m-a.e. determined (up to multiplicative constants) two
Borel non-negative functions f€,¢g° : X — [0,00) such that f¢ ® G°RE/% is a transport plan
from pg to pi. In addition, f¢,g° belong to L>°(m).

Moreover, if the densities of o, 1 belong to TestSy(X), then f¢, g% € TestSy(X) as well.

proof The first part of the statement follows directly from Proposition 3.1 and the fact that the
Gaussian estimates (2.4) on the heat kernel grant that there are constants 0 < ¢. < C: < 400
such that

cem@m<RE<Com@m.

For the second part, notice that thanks to the representation formula (2.2), the fact that
7(f¢ ® g°RE/?) = pom reads as

fehes2(9%) = po-
Now notice that by (2.6) we have h,/5(g°) € TestZ((X), and thus from (2.5) applied with

¢(2) := 271 we deduce that W € Test3(X). Since Test™(X) is an algebra we conclude
that f¢ = hjEE) € TestZ,(X). The same applies to g°. O

4 Old estimates in a new setting

Aim of this part is to adapt two results already known in the Riemannian framework to the
context of (compact) RCD spaces: Hamilton’s gradient estimate and Li-Yau inequality. As we
learnt while already working on this manuscript, the former has already been proved on proper
RCD spaces by Jiang-Zhang in [31]; since we have the additional compactness assumption,
the proof simplifies a bit and for completeness we present it. In this direction, we also prove
a bound which seems new in the non-smooth context, namely a uniform bound on |V log h,u|
in the special case |V logu| € L, see Proposition 4.5. On the other hand, to the best of our
knowledge the Li-Yau inequality is only known on RCD*(0, N) spaces from [17] and [29]. Here
we generalize such result to negative Ricci bounds in the case of compact spaces: the bound
that we obtain is quite rough, but sufficient for our purposes.

4.1 Comparison principles

The proofs of Hamilton’s gradient estimate and of the Li-Yau inequality are based on the fol-
lowing two comparison principles, valid in general infinitesimally Hilbertian spaces (Y, dy, my).

To formulate the result we need to introduce the dual of W12(Y), which we shall denote
W=L2(Y). As usual, the fact that W12(Y) embeds in L?(Y) with dense image allows to
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see L2(Y) as a dense subset of W—12(Y), where f € L?(Y) is identified with the mapping
W2(Y) 3 g [ fgdmy.

Notice also that even in this generality, a regularization via the heat flow shows that D(A)
is dense in W12(Y) and, with the use of the maximum principle (2.3), that non-negative
functions in D(A) are W!2-dense in the space of non-negative functions in W12

Proposition 4.1. Let (Y,dy,my) be an infinitesimally Hilbertian space. Then the following
two comparison principles hold:

(i) let (F), (Gy) € AC1,.([0,00), L*(Y)) be respectively a weak super- and weak sub- solution
of the heat equation, i.e. such that for all h € D(A) non-negative and a.e. t > 0 it holds

d d
dt/thde > /Athde, dt/thde < /Athde

Assume that Fy > Gog m-a.e. Then Fy > Gy m-a.e. for every t > 0.

i) Let ag,a1,a2 € R and (v;) € Li ([0,00), W' 2(Y)) with v € D(A) for a.e. t and
loc
| A = € L, (10, 00)) and let (Fy), (Gr) € LES,(10,00), L= (Y))NLEZ ([0, 00), WH2(Y))N

ACio¢([0,00), WL2(Y)) be respectively a weak super- and weak sub- solution of

d
&ut = Au; + aou? + arug + (Vug, Vug) + ag (4.1)

in the following sense: for all h € D(A) non-negative and a.e. t > 0 it holds

d
= / hEdmy > / ARF,dmy + / h(aoFt2+a1Ft+ (VE,, Vo) —|—a2>dmy,

d

= | hGrdmy < / AhGydmy + / h(aon +a1Gy + (VGy, V) —i—ag)dmy.

Assume that Fy > Gy my-a.e.. Then Fy > G my-a.e. for every t > 0.

proof

(i) By linearity it is not restrictive to assume G; = 0 for all ¢ > 0. Fix ¢ > 0, notice that
t — h.F; belongs to ACj.([0,00), L*(Y)) with values in D(A). Then pick h € D(A) non-
negative, notice that h.h is non-negative as well to get

d d d
/hdtthtde = dt/thFtdmy = dt/(hgh)Ftde > /AhEthde = /hAhEFtdmy.

Since this is true for all h € D(A) non-negative and, by what we said before, this class of
functions is L?-dense in the set of non-negative L?-functions, we deduce that for a.e. t > 0 it

holds q
aheFt > AhsFt, my-a.e.. (42)

Now notice that being Fy > 0, by the maximum principle (2.3) we see that h.Fy > 0 too and
we claim that from this fact and (4.2) it follows that h.(F;) > 0 for every ¢ > 0. Thus let us
consider

d(t) = ;/\qﬁ(hEFt)\Qdmy,
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where ¢(z) := 2~ = max{0, —z}. Observe that & € ACj,.(][0,00)), that ®(0) = 0 and compute

/¢th th)de /¢ th)qb(h Ft)ccithtde— /gf)thjh Ftde
(4.3)

and therefore taking (4.2) into account we see that

D'(t) < — / ¢(h.F,)Ah.F, dmy = / (Vo(hFy), Vh.F,) dmy = — / IVé(heFy)|? dmy < 0.

Thus ®(t) = 0 for every t > 0, i.e. hoFy > 0 for all £ > 0. Letting € | 0 we conclude.
(ii) Since (Fy) € L32.([0,00), WH2(Y)), the fact that it is a supersolution of (4.1) can be
written as

d
dt /thde > — / (Vh, VFt> de + /h(aoFt2 + alFt + <VFt, V'l)t> + CLQ) de (44)

for every h € D(A) non-negative. Recalling that the class of such functions is W!2-dense in
the one of non-negative W12 functions, passing through the integral formulation - in time -
of (4.4) it is immediate to see that (4.4) also holds for any h € W12(Y) non-negative. Using
the fact that W~12(Y) has the Radon-Nikodym property (because it is Hilbert) we see that
(F}) seen as curve with values in W~=12(Y) must be differentiable at a.e. ¢ and it is then
clear that for any point of differentiability ¢, the inequality (4.4) holds for any h € W2(Y)
non-negative, i.e. that the set of ¢’s for which (4.4) holds is independent on h. The analogous
property holds for (G;).

Now we apply Lemma 4.2 below to h; := Gy — F} to get that ®(t) := 3 f (Gt — F)T|> dmy
is absolutely continuous and

¥(0) = [(Gi - F)" (G - F)dmy.

where the right hand side is intended as the coupling of &(G; — F;) € W—12(Y) and the
function (G; — F;)* € WH2(Y). Fix t which is a differentiability point of both (F}) and (Gy),
pick h = (G; — Ft)Jr in (4.4) and in the analogous inequality for (G;) to obtain

¥(t) < /— (V(G) — F)). V(G — F))
+ (Gt — Ft)+ (ao(G? — FE) + a1 (Gt — Ft) + <V(Gt — Ft), VUt>) de
and since (VAT, Vh) = |[Vh*|?> and h*Vh = 1V(hT)? for any h € W2, we have
' (t) < /—\V((Gt YO+ (G — F) T (a0(Gy + Fy) + a1 — $Av;) dmy

< 20(t)(Jaol |Gt + FillLe + la1| + 5| Avel| ).

Since the assumption Fy > Gy gives (0) = 0, by Gronwall’s lemma we conclude that ®(t) = 0
for any t > 0, which is the thesis. O
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Temma 4.2, Let () € 175,(0,00), W2(Y)) 0 ACie([0, ), W= 2(Y)).
Then t — 1 [ |(h +]2 dmy s locally absolutely continuous on [0,00) and it holds

d
dt2 /| ht de /(ht)+(1tht de, a.e. t, (45)

where the integral in the right hand side is intended as the coupling of (hy)™ € W12(Y) with
Lhy e WLA(Y).

proof If (hy) € ACe(]0,00), L3(Y)), the claim follows easily with the same computations
done in (4.3). The general case follows by approximation via the heat flow. Fix ¢ > 0 and
notice that the fact that h, is a contraction in W? and a bounded operator from L? to W12
yield the inequalities

Ihe fllg> = sup /hafgde < sup |lhegllwr2llfllw-12 < Cel| fllw-12

lgll 2 <1 llgll 2 <1
[he fllw-12 = sup /hafgdmy < sup Jlhegllwrellfllw-12 < ([ fllw-12,
llgllyy1,2<1 llgllyy1,2<1

for all f € L?, which together with the density of L? in W12 ensures that h. can be uniquely
extended to a linear bounded operator from W52 to L? which is also a contraction when
seen with values in W12 It is then clear that h.f — fin W52 ase | 0 for any f € W12,
It follows that for (h;) as in the assumption, (h.hy) € AC).([0,00), L3(Y)), so that by what
previously said the thesis holds for such curve and writing the identity (4.5) in integral form
we have

1 h
2/\(h5ht1)+ ~|(hehey) T2 dmy = / / (hehs) The ht> dmy dt V0 <ty <ty
to

Letting ¢ | 0, using the continuity at ¢ = 0 of h. seen as operator on all the spaces
W2 L2, W12 and the continuity of h — h* as map from W'? with the strong topol-
ogy to W12 with the weak one (which follows from the continuity of the same operator in L?
together with the fact that it decreases the W12 norm), we obtain

1 bt d
2/|h;1|2— 1t 2 dmy :/ /(ht)+dthtdmydt W0 < to < . (4.6)
to
Now the bound

t1 t1
[ [0 ghmy dt] < It eqonarn | |5
to to

grants the local absolute continuity of ¢ — 3 f |h; |2 dmy and the conclusion follows by dif-
ferentiating (4.6). O

W12

4.2 Hamilton’s gradient estimates and related inequalities

We start proving Hamilton’s gradient estimate on compact RCD(K, co) spaces, with a proof
which closely follows the original one in [27]. As already said, in fact the same result is know
to be true - from [31] - on the more general class of proper RCD(K, c0) spaces, but given that
the compactness assumption slightly simplifies the argument, for completeness we provide the
proof.
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Proposition 4.3. Let (X,d,m) be a compact RCD* (K, 00) space with K € R and let ug €
L*>°(m) be such that uy > ¢ for some positive constant c. Put u; := hyug for all t > 0. Then

U )
t|Vlogu|* < (14 2Kt)log <H0HL(m)>, m-a.e. (4.7)
Ut
for allt >0, where K~ := max{0, —K}.
proof Let us assume for the moment that ug € Test<((X). Set M := |ug|| oo () and define
fort >0
v = pp——— — ug log — wi = —
t = Pt s t gUt’ Pt 1L oKt

Notice that by the maximum principle (2.3) we know that ¢ < uy < M for all ¢t > 0, thus the
definition of v; is well posed.

Our thesis is equivalent to the fact that v; < 0 and we shall prove this via the compar-
ison principle for the heat flow stated in point (i) of Proposition 4.1. The fact that (u;) €
AC1,.([0, 00), W12(X)) and - by the maximum principle (2.3) and the Bakry-Emery inequality
(2.9) - that (log(uy)), (|Vue|) € L32.([0,00), L®(X)) grant that (v;) € ACic([0,00), L*(X)).
Since by construction we have vy < 0, we are left to prove that for any h € D(A) non-negative

it holds q
/hdtvt dm < /vtAhdm a.e. t.

We have u; € D(A) and, by (2.8), that |[Vw|? € D(A) for any ¢ > 0, thus since as said
0<c<wu <M forall t >0, we deduce that v; € D(A) for any ¢ > 0. Hence our thesis can
be rewritten as

(%vt)m < Ay a.e. t.

The conclusion now follows by direct computation. We have

d . ,\Vut\Z 2 ‘VUtP M
v = + o (u—t (Vi V) = = ) ~Aulog ot Aug (48)
and M M |Vuy|?
A(ut log u—t) = (Auy) log ” Ay W (4.9)
Moreover
Vugl? 1 _ _
Au;| = u—tA\Vut\Q + <\Vut]2A(ut 1) +2 <V]Vut\2, V(uy 1)> )m

so that using the Bochner inequality (2.13) we obtain

\VutP >

2 2 2K
A (—|Hess(ut)|as + = (Vug, VAu) + ——|Vauy|?
e “ t “t (4.10)

- A

|Vut\2 |Vut\4 2 9
2 — — (Vu, V|V )m.
b utz u? u?< U, V|V >

Putting together (4.8), (4.9) and (4.10) and using the identity

Vuy @ Vg |2 Vul*  (Vug, VIV |?
Hess(uz) — # s [Hess (ur) | + | u;’ -4 Uz’t )
7
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we obtain

d Vg |2 2 Vui @ Vg |2
(a%)m — Ay < <|u:(902 —2Kp — 1) — —|Hess(u;) — #’ >m

Ut Ut HS

and the conclusion follows noticing that by the definition of ; we have
0y —2Kp —1<0 vt > 0.

For the general case, recall that by (2.6) and our assumption on wug we have that u. €
Test,(X) for every € > 0 and notice that what we have just proved grants that

t|Vlogusie|* < (1+2K"t)log (w), m-a.e., Vt>0.
Ut+e

By the maximum principle (2.3) we have that ||uc|/r~ < ||ug||L>~, then the conclusion easily
follows letting € | 0 and using the continuity of & — u., |Vu| € L?(m). O

In the compact finite-dimensional case, thanks to the Gaussian estimates for the heat
kernel we can now easily obtain a bound independent on the L* norm of the initial datum
present in inequality (4.7):

Theorem 4.4. Let (X,d,m) be a compact RCD*(K, N) space with K € R and N € [1,00).
Then there is a constant C depending on K, N and D := diam(X) only such that for any
ug € L'(m) non-negative and not identically 0 the inequality

|V log(us)|? < C’(l + t12>’ m-a.e. (4.11)

holds for all t > 0, where us := hyu. In particular, for every & > 0 there is a constant Cs > 0
depending on K, N, D,§ only such that

sup ¢||Vlog(ugt)||re < Cs Vit > 6. (4.12)
€€(0,1)

proof Recall the representation formula (2.2):

un(z) = / w(g)rly)(@)dm(y) Ve e X

and that for the transition probability densities 7[y|(z) we have the Gaussian estimates (2.4)

G _ e_ClDTQ Te|y)(x __%
n(B_i(y)) <) < )

for appropriate constants Cy, C1, Co depending only on K, N. Therefore we have

Julz = supuaa) < C | m(g%)dm

Vr,y € X,

. oNi u(y)
inf ug () > Coe= 173 / dm(y) > 0.
@ m(B,/5(y))
By the Bishop-Gromov inequality we know that for some constant C3 > 0 it holds

m(B, 5(y)) < Csm(B4(y))  VyeX, t>0,
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hence the above yields

lutllzoe  C2C3 ¢, 02

Vre X, t>0.
ug(z) — Co

We now apply Proposition 4.3 with wu; in place of uy (notice that the assumptions are fulfilled)
to get

oo CyC D?
t|V log(uz)|* < (1 + 2K t)log (M) <(1+ 2K‘t)<log ( 2 3) + Cl*) m-a.e.,
U2t Cy t
which is (equivalent to) the bound (4.11). The last statement is now obvious. O

In inequality (4.11), the right hand side blows-up at ¢ = 0 and thus it gives no control for
small #’s. In the next simple proposition we show that if the initial datum is good enough,
then we have a control for all ¢’s:

Proposition 4.5. Let (X,d,m) be a compact RCD* (K, 00) space with K € R and let uy :
X — (0,00) be such that logug is Lipschitz. Put u; := hyug for allt > 0. Then

|V log u| < e K[|V log ug| || oo m-a.e..

proof Assume for a moment that ug € TestZ,(X) and put ¢ = logu; € Test™(X) so
that, also recalling the calculus rules stated in the preliminary section, we have (y;) €
ACio¢(]0, 00), L2(X)) and

d

dt”
By the maximum principle (2.3) we know that u:(z) € [¢, C] for any ¢, z, for some [c,C]| C
(0,00) and from this fact and the chain rule for the differential and Laplacian it easily follows
that (Ag;) € L2 ([0,00), WH2(X)) and (|Vey|) € L2 ([0,00), L(X)). Hence taking (2.7)

loc loc

into account we see that |Vi:|2 € L (]0,00), Wh2(X)) as well. Therefore from (4.13) we

loc

deduce that (p;) € AC;,.([0,00), W12(X)) so that putting

= [Vor|” + Mgy (4.13)

Ft = |VQDt|2,

we have that (F};) satisfies the regularity assumptions needed in point (i7) of Proposition 4.1
(notice that trivially ACi,.([0,00), L?(X)) C ACi,c([0, 00), W=12(X))). Moreover, from (4.13)
we get

d
aFt =2 <V(,0t, VFt> + 2 <Vg0t, VA(pt>

and therefore from the Bochner inequality (2.13) written for ¢, - neglecting the term with
the Hessian - we see that for any h € Test(®(X) it holds

d

showing that (F}) is a weak subsolution of (4.1) with
ag =20 ar = 2K as =0 Vg = 24.
On the other hand, the function

Gi(x) == e || Fo Lo
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is a solution of (4.1) and Fy < Gy m-a.e.. Since from the chain rule for the Laplacian and the
maximum principle (2.3) we have Ag; € LS ([0,00), L*°(X)), we see that we are in position
to apply point (7i) of Proposition 4.1 and deduce that F; < Gy m-a.e. for every ¢t > 0, which
is the thesis.

For the case of general u as in the assumptions, we put ug := eh=(0g(u0)) and notice that

by the Bakry-Emery estimate (2.9), it holds

% 11V 1og ug||[ e < |[[V log uo]|| o~

Then put ¢f := log hyug and notice that this last inequality together with what previously
proved grants that o
tin [Vl o < e[|V log uo | o<

Conclude noticing that ¢; — logu; m-a.e. as € | 0 and use the closure of the differential.
O

4.3 A Li-Yau type inequality

We now prove a version of Li-Yau inequality valid on general compact RCD* (K, N) spaces,
where K is possibly negative: the bound (4.14) that we obtain is not sharp (as it is seen by
letting K 1 0 in the estimate (4.15) provided in the proof) but sufficient for our needs.

Theorem 4.6. Let (X,d,m) be a compact RCD*(K, N) space with K € R and N € [1,00).
Then for every § > 0 there exists a constant Cs > 0 depending on K, N, Diam(X) and § only
such that the following holds.

For any ug € L'(m) non-negative and non-zero and ¢ € (0,1) it holds

eAlog(het(ug)) > —Cs Yt > 0. (4.14)

proof We can, and will, assume K < 0. Let C' be the constant given by Theorem 4.4 (which
only depends on K, N and Diam(X)) and put

a(t) = —KC(1+ ;12) > 0.

We shall prove that for ug as in the assumptions we have

t
Alogus > —+/Na(t) coth ( O;(\[)t) vt > 0. (4.15)

From this the thesis easily follows as the function ¢(¢,¢) := v/ Na(et) coth( O‘S\Eft) €t> is

decreasing in ¢ - as seen by direct computation - so that (4.14) follows from (4.15) and

_ “4KCN “IKC
lim (5, ) = ,/Tcoth( ~ ) < +oo.

Thus fix ug as in the statement and notice that u; € Test$H(X) for every ¢ > 0, so that
fi == logu, € Test™(X) for every t > 0. Arguing as in the proof of Proposition 4.5 we see
that (f;) € ACee((0,00), WH2(X)) with

d
Gt = DL IVAP, forae >0, (4.16)
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Let n > 0 to be fixed later and put F; := Af;1,. From the chain rules for the gradient and
Laplacian it is readily verified that (F;) € L$2.([0,00), L% (X)) N LS,([0, 00), W2(X))
Now, as in the proof of Lemma 4.2, the trivial estimate

JAfllw-12 =  sup / Afdm= sup - / (Vg, V) dm < || fllwie

llglly1,2=1 llglly1,2=1

grants that A : D(A) — L? can be uniquely extended to a linear bounded functional, still de-
noted by A, from W12(X) to W—12(X). It is then clear that (F}) € AC;,.([0, 00), W—12(X)).

We want to show that (F}) is a weak supersolution of (4.1) for an appropriate choice of
the parameters and to this aim we fix h € Test{®(X) and notice that

d

= [ hFdm = = /Athndm 416) /Ah Fy+ |V fran|?) dm
Using first the Bochner inequality (2.14) and then the gradient estimate (4.11) we obtain

d

T thdm>/Ath+h< (V frim VF) +

2
NF + 2K |V frp )dm
1
> /Ath + h(z (V foin, V) + NFt +2KCO(1+ ?)) dm,
thus indeed (F}) is a weak supersolution of (4.1) for

1
ag = — a; =0 az(n) = 2KC’(1 + ?) v = 2 fr g

Noticing that as(n) < 0, it is trivial to check that the function

Yp = — _a2(727)N coth < —QGJQ\gn) (t+ to))

is the only solution of
/ 2 2
e = e +az(n)

with yp = — —% coth ( _2“271\@%)' Now recall that Fy = Af,, € L*°, so that choosing

to > 0 sufficiently small we have that Fjy > yo m-a.e..

Defining G¢(z) := y; it is then clear that (G;) is a weak (sub)solution of (4.1), and
since Fy > Gg holds m-a.e. and, as already argued in the proof of Proposition 4.5, Av; €
LS ([0,00), L>(X)), Proposition 4.1 grants that for any ¢ > 0 it holds F; > G; m-a.e., that
is:

Alog(utyn) > — —2(2) coth ( — ]2\[(77) (t + to)) > _2(727) coth ( . ]2\7(77) t).
Picking 7 := ¢ we obtain (an equivalent version of) (4.15). ]
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5 The Schrodinger problem: properties of the solutions

5.1 The setting

Let us fix once for all the assumptions and notations which we shall use from now on.

Setting 5.1. (X, d, m) is a compact RCD*(K, N) space with K € R and N € [1,00). D < 00
is the diameter of X and pg = pom and p; = pym are two absolutely continuous Borel
probability measures with bounded densities.

For any € > 0 we consider the couple (f€, g°) given by Theorem 3.2 normalized in such a
way that

/log(h;fa)pl dm =0,

then we set pf := po, pf = p1, K5 = po, i = p1 and

Py = figi
It =heyyaf© 95 = he(1-4)29°

pi = pfm
@5 = elog f¢ Yi = clogg;

95 = 3 — )
for t € (0,1] for t € [0,1)

for t € (0,1)

The following proposition collects the basic properties of the functions just defined and
the respective ‘PDEs’ solved:

Proposition 5.2. With the same assumptions and notation as in Setting 5.1, the following
holds.

All the functions are well defined and belong to Test™ (X) and for any € > 0 all the curves
(f5), (5), (05), (15), (%), (95) belong to AC;,(I, WH2(X)), where I is the respective domain
of definition (for (p§) we pick I = (0,1)) and their time derivatives are given by the following
expressions for a.e. t € [0,1]:

d e e e d e _ € e
dtft = QAft dtgt = QAgt
d e __ 1 €12 € 5 d € __ 1 €12 € 5
wft = 2|V90t‘ + 2A‘Pt dtT/)t = 2|V¢t| + 2A¢t
d £ : £ g d g |vfl96|2 62 £ 3
il + div(p; Vidy) =0 &ﬁt + 2t = _§<2A10gpt + ]V]ngt\2>.
Moreover, for every € > 0 we have:
i)
sup [[h¢ || e + Lip(ht) + | ARG [lwrz + [[ARE || < 00 (5.1)
te

where (h3) is equal to any of (ff), (95), (¥5), (W5), (p), (¥5) and C is a compact subset
of the respective domain of definition (for (pf) we pick I =(0,1)),

i) 1$ is a probability measure for every t € [0,1] and (p§) € C([0,1], L*(X)),

i) we have ff — f€ and gi — ¢g° in L*(X) ast | 0 and t 1 1 respectively,
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Finally, if we further assume po, p1 € TestSy(X), then all the above curves can be extended to
curves in AC([0,1], WH2(X)) and we can take C =1 in (5.1).

proof Recalling (2.6) we see that f; € TestZ(X) for any to > 0. Then the maximum principle
for the heat flow, the fact that it is a contraction in W12(X) and the Bakry-Emery gradient
estimates (2.9) together with the Sobolev-to-Lipschitz property grant that (5.1) holds for (ff).
The same arguments apply to (gf) and also show that for given € > 0, both (ff) and (gf) are,
locally in ¢, uniformly bounded from below by a positive constant. Then the bound (5.1) for
(©7), (¥5), (p5), (¥5) follows from the chain rules for the gradient and Laplacian and the fact
that log is smooth on (0, 00) and for the same reason these curves belong to AC;,.(I, L*(X)).

The equations for %gpf and %wf are easily derived, for %pf we notice that elogp; =
»i + 17 and thus

d . .d A
_ 9y 6:87< _ AL —EA )
dtpt P dt 0g Py Pt(€ 9 B + D) Pt 5 Uy

— pi((— (V5. Vlog pf) — A5 ) = — (V97, Vf) = pi AV} = —div(pi V)

and for %19% we observe that

d oo IV VYR e o VP e oIV VP (VY V)
T S T B B ot B S
52 £ 1 1> £ g £
= —Z-Alog pf — S (IVUi? + [Veil? — 2V, Vo) )
2
—_i < £2
= 8(2A10gpt+|VIngt|>.

The fact that (©5), (¥5), (p5), (95) are absolutely continuous with values in W2(X) is then a
direct consequence of the expressions for their derivatives and the bound (5.1) in conjunction
with (2.7).

It is clear that pi > 0 for every ¢, ¢, hence the identity

/P? dm:/hat/Qfahe(l—t)/Qgg dm:/fehe/zgadmZ/Pé dm =1

shows that pf € Z2(X).

Due to the continuity of [0,00) 3 t + h;h € L?(X) for every h € L?(X), the claimed

The claimed continuities in L? for the f’s and g’s follow from the continuity in L? of
[0,00) > ¢~ h¢h for every h € L% Then for what concerns the p’s, we need to check that for
every € > 0 we have

po = f°he)29° p1 = ghe o f*. (5.2)

As already noticed in the proof of Theorem 3.2, these are equivalent to the fact that f®g° Re/2

is a transport plan from pg to p1; hence, (5.2) holds by the very choice of (f¢, g°) made.
Finally, the last claim follows recalling that the last part of Theorem 3.2 grants that

1%, 9° € Test$(X) and then arguing as before. O

Using the terminology adopted in the literature (see [36]) we shall refer to:
e o7 and 1; as Schrodinger potentials, in connection with Kantorovich ones;

® (11§)ic(0,1] as entropic interpolation, in analogy with displacement one.
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5.2 Uniform estimates for the densities and the potentials
We start collecting information about quantities which remain bounded as € | 0.

Proposition 5.3 (uniform L* bound on the densities). With the same assumptions and
notations as in Setting 5.1 the following holds.
There exists a constant M > 0 which only depends on K, N, D such that

9% || oo (m) < M max{||pol|Loo (m) [|21 ]| Loo (m) } (5.3)

for every t € [0,1] and for every e > 0.

proof Fix e > 0. We know from Proposition 5.2 that (p§) € C([0, 1], L2(X))NAC;,.((0, 1), L*(X)),
thus for many p > 1 the function E, : [0, 1] — [0, 00) defined by

By (t) = / (s5)P dm,

belongs to C([0,1]) N ACi,:((0,1)). An application of the dominated convergence theorem
grants that its derivative can be computed passing the limit inside the integral, obtaining

d

1 d 1.
B0 =1 [y Gptdm = —p [ (5 aiv(pi 90;) dm

dt
—p (V0 90 dm = (p = 1) [ (V). 907) dm = ~(p— 1) [ (57505 dim

Now notice that ¥; = 9§ — 5log pj to get

d

G0 == 1) [ iraviam+ 5o 1) [y ALgpidm. (54)

Choosing § := % in (4.14) we get the existence of a constant C' > 0 depending on K, N, D
only such that Ay > —C for any t € [0, 3], thus we have

1) / (PP AYsdm < —C(p— 1) / (of)Pdm, Vi€ [0,1/2].

On the other hand,
[ iy atogsiam = —p [ (1967, Vlog pi)am = —p [ (57 2IVpifam <0,

so that plugging these two inequalities into (5.4) we obtain Ej, < —C(p — 1)E,, for all t €
[0,1/2], whence by Gronwall’s inequality

Ey(t) < E,(0)e “®=Y vt e[0,1/2].

Passing to the p-th roots and observing that, being m a probability measure, we have ||h| z» T
|2z as p — oo, we obtain

Ipfllze < e Cllpollze, ¥t €[0,1/2].

Switching the roles of py and p; we get the analogous control for t € [%, 1], whence the
conclusion holds with M := e~ O
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Proposition 5.4 (Uniform Lipschitz and Laplacian controls for the potentials). With the
same assumptions and notations as in Setting 5.1 the following holds.
For all § € (0,1) there exists C5 > 0 which only depends on K, N, D,d such that

Lip(¢f) < Cs (5.50)
Aps > —Cs (5.5b)
1865 12wy < Cs (5.50)

for every t € [§,1] and € € (0,1). Analogous bounds hold for the 5’s in the time interval
[0,1—9].

If moreover po, p1 € TestSy(X), then we can take § = 0 in the Lipschitz estimate (5.5a)
above.

proof Fix § € (0,1) and notice that the bound (4.12) yields
Vil = ellVioghet po le <€ VE€[6,1], € € (0,1).

Thus recalling the Sobolev-to-Lipschitz property (2.10) we obtain the bound (5.5a). The
bound (5.5b) is a restatement of (4.14) and (5.5¢) comes from (5.5b) and the trivial identity

/|Ago§|dm=/Ago§dm+2/(Acp§)dm:2/(Ago§)dm.

The bounds for 1); are obtained in the same way.

For the last part of the statement, notice that we have just proved that sup.¢ g 1) Lip(¢§) <
oo which together with the identity ¢f + 95 = €logpp and the assumption on py ensures
that sup.¢ (1) Lip(¢5) < oo. The claim then follows from Proposition 4.5 and a symmetric
argument provides the conclusion for the 1);’s. ]

5.3 The entropy along entropic interpolations

Léonard computed in [33] the first and second derivatives of the relative entropy along entropic
interpolations: here our first goal is to verify that his computations are fully justifiable in our
setting. As we shall see later on, these formulas will be the crucial tool for showing that the
acceleration of the entropic interpolation goes to 0 in a suitable sense.

Proposition 5.5. With the same assumptions and notations as in Setting 5.1 the following
holds.

For any € > 0 the map t — H(u$ | m) belongs to C([0,1])NC2(0,1) and for every t € (0,1)
it holds

d 1

0 m) = [0 vy dm = [ (90 - Vi)t dm, (5.64)
C e 1m) = [ d(Ta(02) + ZTa(log(e0) = & [ 7 d(Ta(e) + T 5.6b
a1 1m) = [ o A(Ca(55) + Tallon(6) = 5 [ 67 A(Tale) + Ta(wi)). (5.60)

If in addition po,p1 € TestZH(X),

), then t — H(u$|m) belongs to C?([0,1]) and the above
formulas are valid for any t € [0,1].
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proof The continuity of [0,1] > ¢t +— H(u$|m) is a direct consequence of the fact that (pf) €
C([0,1], L*(X)) (Proposition 5.2) and the equality of the two expressions for both the first
and second derivative follows from ¥ = ¥ % elog pf = Yf + ¢f and the fact that T'y(-) is
a quadratic form.

Now fix £ > 0 and recall from Proposition 5.2 that (pf) € AC}..((0,1), L?(X)) and that it
is, locally in ¢ € (0, 1), uniformly bounded in L. Therefore for u(z) := zlog z we have that
(0,1) > t = u(pf) € L*(X) is absolutely continuous. In particular, so is [u(pf)dm and it is

then clear that
d d d
dtH('ut |m) = dt/ (pf)dm = / log(p;) + 1)dt’0t dm, a.e. t.

Using the formula for %pf provided by Proposition 5.2 we then get

d : £ g £ £ £ £ &
Sy 1m) = = [ (og(ef) + v (Vo5 dm = [ (V10g(60), V05 pidm = [ (95, 995) dm

thus establishing the formula for the first derivative at least for a.e. t. Now notice that since

(0), (95) € AC((0,1), Wh2) (by Proposition 5.2), the rightmost term is an absolutely

continuous function of time. In particular ¢t — H(u$ |m) is C*, the last formula holds for any
€ (0,1), t— %H(uf | m) is absolutely continuous and for a.e. ¢ it holds

d2

P d € S d 13
S 1) = 5 [ (7,905 dm = [V 555, 908) + (9,9 3,05) dm.

Thus from the formulas for %pi, %ﬁf provided in Proposition 5.2 we obtain

d2
S H(E | m)
— [~ (V5. T97) + (765, 9~ HITORF — 5 Alog() — 517 log(sf) ) dim

— /pg (VO5, VAGS) + SAp5 V12— 5 Vol VAlog(pf)) + & Apf|V log(pf)|? dm

=p; V log p§
- / 5 d(Ta(95) + =Ty (log(65))

for a.e. t, so that (5.6b) is satisfied for a.e. t.

To obtain C? regularity and that the formula for the second derivative is valid for any ¢
it is sufficient to check that both ¢ — [ pf dT'2(¢f) and ¢ — [ pf dT'2(¢f) are continuous. We
have

1
[ i dbaet) = - [ 5 (V6 V(9eiPY) dm [ i (Vieh V) dm

and recalling the regularity properties stated in Proposition 5.2, we see that the first inte-
gral is continuous because (pf) € AC.((0,1), WH2(X)) and (|V5|?) € C((0,1), L3(X)) N
L2 ((0,1), Wh2(X)) while the continuity of the second comes from (p§) € C((0,1), L*(X)) N
L2 ((0,1), L=(X)), (¢5) € ACie((0,1), Wh2(X)) and, as it is readily verified, (A¢f) €
0((0,1), L*(X)) N Lj2 (0, 1), WH2(X)).
The last claim follows by the same arguments and the additional regularity ensured by
the last part of Proposition 5.2. O
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As a first consequence of the formulas just obtained, we show that some quantities remain
bounded as ¢ | 0:

Lemma 5.6 (Bounded quantities). With the same assumptions and notations of Setting 5.1
we have

sup // ]VﬁEP + €|V log p5 |2 )pt dtdm < oo (5.7)
€€(0,1)
and for any ¢ € (0, %)
1-46
sup // (|Hess(19§) 2HS + £%|Hess(log pf) 2Hs>,0§ dtdm < oo, (5.8a)
€€ (0,1) JJ§
1-6
sup // (1805 + 2| Alog 5 ? ) 5 dt dm < cc. (5.8b)
e (0,1) JJ§

If po, p1 € TestZ,(X), then we can take 6 = 0.
proof We start with (5.7) and recall that Proposition 5.4 grants that

sup sup Lip(¢f) < oo sup sup Lip(¢f) < oo
e€(0,1) te[L 1] €€(0,1) tefo, 3]
so that trivially
1
2
sup // V5| 0 dtdm+// Vs [2p5 dt dm < oo, (5.9)
€€(0,1) 0

Now notice that (5.6a) gives

1 1 1
2 2 2 d
[ 1veioi aram = |7 (i dram 2z [ 7 i fm)ar
0 0 0 dt
1
2
- //0 Vs 205 dt dm + 22 (H (o | m) — H (4 | m))

so that taking into account the non-negativity of the relative entropy and (5.9) we see that
the right hand side is uniformly bounded for ¢ € (0, 1). Using again (5.9) we deduce that

sup // Vi |2pf dt dm < oo.
€€(0,1)

A symmetric argument provides the analogous bound for (1) and thus recalling that ¥ =
$(¥f — ¢f) and elog pf = 1§ + ¢F we obtain (5.7).
Now use the fact that 9§ = —¢f + §log pj in conjunction with (5.6a) to get

d €
S )y = = [ (Ve Viegdm + 5 [ (955, Viog pf)em

e [ |Vp5]?
:/pgmpgdm+2 | ppé‘ dmZ/pf;Acpgdm.
s
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Recalling the bound (5.5b) we get that for some constant Cs independent on ¢ it holds

d
&H(Hi |m)‘t:5 > _05 Ve € (07 1)

and an analogous argument starting from J; = 1y — §log pj yields %H (uf | m) < Cy

lt=1-5
for every € € (0,1). Therefore

1-6 42 d d
sup / — H(pu; |m) = sup <H(/f\m) = —H(pi|m) ><oo.
e€(0,1) Jo de? t e€(0,1) dt t |t—1 g dt t |t—5
The bounds (5.8a) and (5.8b) then come from this last inequality used in conjunction with
(5.7) and the Bochner inequality written as in (2.13) and (2.14) respectively.

For the last claim we recall that under the further regularity assumptions on pg, p1 we
have that

‘%H(uﬂm)‘tzo‘ = ] / (Vpo, VI§) dm| < %Lip(po)(Lip(soé)+Lip(¢8))

and using the uniform Lipschitz bounds given in the last part of Proposition 5.4 we ob-
tain that sup.¢ (g1 ‘%H (15 | m)’ t:0| < 00. A similar argument provides a uniform bound on

‘%H (g |m)‘ t:l‘ and then we conclude as before. O
With the help of the previous lemma we can now prove that some crucial quantities vanish

in the limit € | 0; as we shall see in the proof of our main theorem 6.12, this is what we will
need to prove that the acceleration of the entropic interpolations goes to 0 as € goes to zero.

Lemma 5.7 (Vanishing quantities). With the same assumptions and notations of Setting
5.1, for any & € (0,3) we have

1-6
lgiﬁ)ng //5 pi|Alog p;|dtdm = 0, (5.10a)
1-6
1%152/ p5|V log p5|? dt dm = 0, (5.10b)
€ 4
1-46
15%152//5 | A Tog 2|V log pf| dt dm = 0, (5.10¢)
1-46
I = //5 PE|V log pf | dt dm = 0, (5.10d)

If in addition po, p1 € TestZH(X), then we can take 6 = 0.
proof For (5.10a) we notice that

1-6 1-6
52// pﬂAlogpﬂdtdmge\/1—25\/52// p5|Alog ps|? dt dm
1) 0

and the fact that, by (5.8b), the last square root is uniformly bounded in € € (0, 1).
For (5.10b) we start from the identity pf|V log p5|? = —pfAlog pf + Ap$, use the fact that
J Apf dm =0 to get

1-6 1-46 1-6
52// p5|V log p | dt dm = —52// p;Alog p7 dt dm < 52// pi|Alog p;| dt dm
6 6 6
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and then conclude by (5.10a).
For (5.10c) we observe that

1-6
62//5 pi|Alog pi||V log pf| dt dm

1-9 1-9
< \/52// p§|A10gp§|2dtdm\/52// 05|V log p5|? dt dm,
1 0

and use the fact that the first square root in the right hand side is bounded (by (5.8b)) and
the second one goes to 0 (by (5.10b)).
To prove (5.10d) we start again from the identity pf|V log p§

| = —pjAlog p +Apf to get

1-6 1-6 1-6
// P2 IV log pf | dt dm — —// pgmogpg|v1ogp§|dtdm+/ Apf|V log p2| dt dm.
d 1) 0

After a multiplication by 2 we see that the first integral on the right-hand side vanishes as
e } 0 thanks to (5.10c). For the second we start noticing that an application of the dominated
convergence theorem ensures that

1-46 1-9
/ ApﬂVlogpﬂdtdm:liﬂ)l// Apir/n+ |Vlog pf|? dt dm, (5.11)
0 n 0

then we observe that for every n > 0 the map z — \/n+z is in C*(]0,00)) and since
|V log p5|? € WH2(X) we deduce that /1 + |Vlog pf|2 € WH2(X) as well. Thus by the chain
rule for gradients and the Leibniz rule (2.12) it holds

1-6
‘// Apfy/nnLIVlogpﬂ?dtdm‘
0

1-46 s
<V10gp§,V!V10gp§|2>dtdm‘
’// 77+|VIngt|2
1-46 6
= Hess(log pf )(V log pf, Vlog p5) dt dm‘
’//5 \/n+|V10gpt|2 B t t

1-6
< | pilbesstiog g s ¥ o | e
4

and being this true for any n > 0, from (5.11) we obtain

2

1-6 1-6
2\ [ aviiviossflavan| <2 [ slttess(og s/ ¥ o
) )

1-5
< \/52 // p§|Hess(log pf) g dt dm
5
1-6
X 62// p5 |V log p§|? dt dm.
)

In this last expression the first square root is uniformly bounded in ¢ € (0, 1) by (5.8a), while
the second one vanishes as € | 0 thanks to (5.10b).

The last claim follows from the fact that under the stated additional regularity properties
of po, p1 we can take § =0 in (5.8a), (5.8b). Then we argue as before. O
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6 From entropic to displacement interpolations

6.1 Compactness

Starting from the uniform estimates discussed in Section 5, let us first prove that when we pass
to the limit as € | 0, up to subsequences Schrédinger potentials and entropic interpolations
converge in a suitable sense to limit potentials and interpolations.

Proposition 6.1 (Compactness). With the same assumptions and notations as in Setting
5.1 the following holds.
For any sequence €y, | 0 there exists a subsequence, not relabeled, so that:

En

(i) the curves (™) uniformly converge in (2 (X), Wa) to a limit curve (ut) which belongs
to AC([0,1], (£ (X), W3)). Moreover, there is M > 0 so that

pe < Mm  Vte|o,1] (6.1)

and setting p; := i—’;f it holds

pim Sopy in L®(m) Ve [0,1]. (6.2)

(ii) the curves (©;"), (V™) converge locally uniformly on I with values in LY(X) to limit
curves (¢y), () € ACe(I, LY(X)) with Lip(ey), Lip(¢) locally bounded for t € I,
where I := (0,1] for the ¢’s and I :=[0,1) for the ¢’s. Moreover for every t € (0,1) it
holds

o+ <0 on X,

6.3
or+ v =0 on supp(p). (6.3)

Similarly, the curves (9;") converge in (0,1) to the limit curve t — U, := (¢ — ¢y) in
the same sense as above.

If we further assume that po, p1 € TestSH(X), we can pick I := [0,1] for both the ¢’s
and the ¥’s and (6.3) holds for all t € [0, 1].

proof

(i) Fix ¢ € (0,1); we want to apply Theorem 2.3 to (ii) and (V95). The continuity of
t v p; € L?(X) granted by Proposition 5.2 yields weak continuity of (i) and the uniform
L*>°-bound (5.3) gives (2.17a). From the bound (5.7) it follows (2.17b) and from the formula
for 4 pf given in Proposition 5.2 and again the L2-continuity of (p§) on [0, 1] it easily follows
that (u¢) and (¥5) solve the continuity equation in the sense of Theorem 2.3. The conclusion
of such theorem ensures that (u§) is Wa-absolutely continuous with

1 1
/ g2 dt = // V9 25 dt dm,
0 0

The bound (5.7) grants that the right hand side is uniformly bounded in € € (0,1) and since
(Z(X),Ws) is compact, this is sufficient to ensure the compactness of the family {(u§)}e in
C([0,1],(L£(X),Ws)) and, by the lower semicontinuity of the kinetic energy, the fact that any
limit curve (p) is absolutely continuous. The bound (6.1) is then a direct consequence of the
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uniform bound (5.3) and the convergence property (6.2) comes from the weak convergence of
the measures and the uniform bound on the densities.
(ii) From the formula for %gpi provided in Proposition 5.2 we obtain

(3 (> * |V<pi|2 € £
It — @5l (m) < A + §|A%|d7“dm Ve >0, Vt,s € (0,1], t < s.

Thus for § € (0,1) the estimates (5.5a) and (5.5¢) give
||(70§ - Spi”Ll(m) < C(/5|S - t| Ve € (07 1)7 Vt,s € [5’ 1]7 t<s. (64)
Now notice that for h € LIP(X) and p € £ (X), integrating in y w.r.t. x the trivial inequality
h(z) < h(y) + D Lip(h) yields
+
h(z)t < (/hdu—l—DLip(h)) < ’/hdu’ + DLip(h)
and since a similar bound can be obtained for h(x)~ we get

Il < | [ hdu|+ DLip(h) < Ilgsgs) + DLip(h). (6.5)

Choosing p := pup and h := ¢j and recalling that the normalization chosen for (f¢,¢°) in
Setting 5.1 reads as [ ¢ dui = 0, we deduce that {apf}ge(ovl) is uniformly bounded in L*°(m).
Using this information together with (6.4) and (6.5) with p := m we conclude that

sup sup ||| Loo(m) < 00
e€(0,1) te[s,1]

By Ascoli-Arzela’s theorem, this uniform bound and the equi-Lipschitz continuity in space
given by (5.5a) together with the equi-Lipschitz continuity in time given by (6.4) give compact-
ness in C([6, 1], L' (X)); it is clear then that any limit curve (¢;) belongs to LIP([§, 1], L}(X))
and that sup,e(5 ) Lip(¢t) < 0o. A diagonalization argument and the arbitrariness of 4 € (0, 1)
then provide the required results on (0, 1].

The argument for the 17’s follows the same lines provided we are able to show that for
some ¢ € [0,1) the functions ¢§ are uniformly bounded. To see this, observe that from the
estimate (5.3) it follows that

0 < H(ui|m)<logM  Vee(0,1), tel0,1],
thus multiplying the identity
¢; + iy =clogp;  Vte(0,1) (6.6)

by pf and integrating we get
0< /npf +¢;dp; <elog M vt € (0,1). (6.7)

Since we know that ¢ /2 is uniformly bounded, this yields a uniform control on [ o /2 dpg /2
and then we can proceed as before starting from (6.5) with h := i/2 and p = “i/?
The claim for the (9%) is now obvious.
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Finally, to prove the first in (6.3) we pass to the limit in (6.6) recalling the uniform
bound (5.3), then passing to the limit in (6.7) (by uniform convergence of functions and weak
convergence of measures) we deduce that

/‘Pt+¢tdutzoa

which forces the second in (6.3).

For the last claim, start recalling that under the additional regularity assumption by
Proposition 5.2 we know that (%), (15) € AC([0, 1], Wh2) for every e > 0. Then notice that
for every tg,t; € [0,1] and € € (0,1) the uniform Lipschitz estimates granted by the last part
of Proposition 5.4 ensure that

t1 €12 t1 €12
[ —iam| = | [T A 4 Sagiavam] = [ A dram < - wlc
to to

for some C' > 0 independent on €. Thus from (6.5) with h := ¢y, — ¢y, and p := m we deduce
that ||t — @1 || oo (m) is uniformly bounded in #o,#; € [0, 1] and the conclusion follows along
the same lines used before. Similarly for (¢5). O

6.2 Identification of the limit curve and potentials

We now show that the limit interpolation is the geodesic from pg to @1 and the limit potentials
are Kantorovich potentials. We shall make use of the following simple lemma valid on general
metric measure spaces:

Lemma 6.2. Let (Y,dy,my) be a complete separable metric measure space endowed with a
non-negative measure my which is finite on bounded sets and assume that W12(Y) is sepa-
rable. Let m be a test plan and f € WY2(Y). Then t [ foeidm is absolutely continuous
and

5 [ Feedn] < st dnt)  ae e o) (6.8)

where the exceptional set can be chosen to be independent on f.
Moreover, if (f;) € AC([0,1], L*(Y)) N L>°([0, 1], WY2(Y)), then the map t — [ fioe dm

s also absolutely continuous and

i(/fs oesdﬂ')‘szt = / (%quzt) oerdm + i(/ft oeg d7r>|8:t a.e. t € [0,1].

proof The absolute continuity of ¢ — [ f oe;dmw and the bound (6.8) are trivial conse-
quences of the definitions of test plans and Sobolev functions. The fact that the exceptional
set can be chosen independently on f follows from the separability of W12(Y) and standard
approximation procedures, carried out, for instance, in [20].

For the second part, we start noticing that the second derivative in the right hand side
exists for a.e. t thanks to what we have just proved, so that the claim makes sense. The
absolute continuity follows from the fact that for any to,¢; € [0, 1], to < ¢; it holds

’/ftl oer, — fto © €ty dﬂ" < ‘/ftl oey — ft, o€y dﬂ" —i—’/ftl — fto d(eto)*w’

<ﬂmem%&MW+ﬁ?
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and our assumptions on (f;) and 7. Now fix a point ¢ of differentiability for (f;) and observe
that the fact that w strongly converges in L?(Y) to % fr and (e4yp)«m weakly converges
to (et)«m as h — 0 and the densities are equibounded is sufficient to get

. - d . -
%%/Woewrhdﬂ:/(thoetdﬁ:}lg%/Woetdﬂ.

Hence the conclusion comes dividing by h the trivial identity
/ft+hoet+h — froerdm :/ftoet—‘,—h - ft Oetdﬂ'+/ft+h06t — froerdm+
+ /(ft+h — ft)oerin — (fion — fr) oerdm

and letting h — 0. O

We now prove that in the limit the potentials evolve according to the Hopf-Lax semigroup
(recall formula (2.19)).

Proposition 6.3 (Limit curve and potentials). With the same assumptions and notations as
in Setting 5.1 the following holds.

The limit curve (u) given by Proposition 6.1 is unique (i.e. independent on the sequence
en 4 0) and is the only Wa-geodesic connecting piy to py.

Any limit curve (@) given by Proposition 6.1 is in AC1,.((0, 1], C(X))NLgS,
and for any to,t1 € (0,1], to < t1 we have

—pt; = Qty—to(— 1) (6.9a)

1
/tho dlu’t() - /‘ptl d'utl = mwg(”toaﬂtl) (6'9b)

and —(t1 — to)pt, is a Kantorovich potential from pg, to pu,. Similarly, any limit curve ()
given by Proposition 6.1 belongs to ACi,.([0,1),C(X)) N L$2.([0,1), WH3(X)) and for every
tg, 11 € [0, 1), to < t1 we have

((0, 1], Wwh2(X))

—i/)to = Qtlfto(_d)tl) (610&)
1
/wtl dpt, — /wto dp, = mwg(ﬂtoaﬂtl) (6.10b)

and —(t1 — to)Yy, is a Kantorovich potential from pu, to pu, .
Finally, if we further assume that po, p1 € TestSy(X) then the claimed properties of (p4),
(¢1) hold for to,t1 € [0,1].

proof
Inequality < in (6.9a). Pick z,y € X, r > 0, define
r LI . L
V= —— V= ——
" (B, (@) e v (B () "B

and 7" as the only lifting of the only Wa-geodesic from v to vy) (recall point (i) of Theorem
2.4). Let € € (0,1) and 0 < tg < t; < 1 and apply Lemma 6.2 to ©" and t — <pf €

W2(X) to get

d , d ) ,
at /‘p((gl—t)to—l—ttl oe dm’ > /(tl - to)gsoi\sz(l_t)toﬂtl (v) = 1de{ —pytgpae, | () [Fel 7" (7).

17t)t0+tt1
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Thus recalling the expression for %gpf and using Young’s inequality we obtain

d 7, t1 —to 1 P
dt/‘P?l—t)to-i-ttl oepdm’” > /s 2 Al _pytgre, (1) — m|%| dn’" (7).

Integrating in time and recalling that 7" is optimal we get

1 t1 —to
/@il dV;; - /90%0 dl/; 2 —m ,y, :E // E 1—t)to+tty O e dtdﬂr

Let € | 0 along the sequence (&,,) for which (¢;™) converges to our given (¢;) as in Proposition
6.1 and use the uniform bound (5.5¢) and the fact that 7" has bounded compression to deduce

that .
T o_ T >___ -
/Soh dl/y /Spto dyx = 2<t1 —to)W2( Yo a:)

and finally letting r | 0 we conclude from the arbitrariness of x € X that

— o1, (Y) < Q1 (—p10)(y) Yy eX. (6.11)

Inequality > in (6.9a). To prove the opposite inequality we fix again 0 < ty < t; < 1 and
apply Theorem 2.2 to the vector fields ((¢; — to)Vgoflit)tIHtO): the bound (5.5b) ensures that
the theorem is applicable and we obtain existence of the regular Lagrangian flow F©. Put
7€ = (F¢).m, where F° : X — C([0, 1], X) is the m-a.e. defined map which sends = to Ff(z),
and observe that the bound (2.15) and the identity (2.16) provided by Theorem 2.2 coupled
with the estimates (5.5a), (5.5b) on Vi, Apf ensure that 7¢ is a test plan with

sup / 1|2 dt A () < and (et)sm® < Cm vVt €[0,1], e € (0,1), (6.12)
€€(0,1)
for some C' < oo. Thus by Lemma 6.2 applied to 7 and ¢ — gofl_t)tﬁtto we obtain

d
a 90(1 —t)t1+tto O ©t dm®

d d
B /(to B tl)i@i‘SZ (1-t)t1+tto oeydm” + ds / gOfl—t)?fl-i-tto ©€s dﬂ-e‘s:t
tO t — tl
= / ( |dg0 t1+tt0|2 + g 2 Agoz:l,t)tlthto + (tl - t0)|dgpflft)t1+tt0|2> o et dﬂ_s

t — 2, to—t
- / ( |d90 t1+tto| te 2 Aspfl—t)h-i-tto) O et dme.

Integrating in time and recalling (2.16) we deduce

0o—1 5 €
/<Pt0061 SOt oegdm® —// |’Y |2+5 5 1A90(17t)t1+tt0(%)dtd7" (7). (6.13)

Now, as before, we let € | 0 along the sequence (&,,) for which (™) converges to our given ()
as in Proposition 6.1: the first in (6.12) grants that (#®) is tight in 22(C([0,1],X)) (because
v fol |%¢|? dt has compact sublevels) and thus up to pass to a subsequence, not relabeled,
we can assume that (") weakly converges to some w € Z(C([0,1],X)). The second in (6.12)
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and the bound (5.5¢) grant that the term with the Laplacian in (6.13) vanishes in the limit
and thus taking into account the lower semicontinuity of the 2-energy we deduce that

1 1 1
oe| — oeggdm > ——— '2d7§d7r>/d2 ,71) dm ().
[eworr—anoedn> s [ pPatan > 5o [0 m)dn(a)

Now notice that (6.11) implies that

d?(v0,71)

2(t, — to) > ¢1,(m) — ¢t (0) (6.14)

for any curve -y, hence the above gives

1
/Sﬁto oe; — ¢y oegdm > —— /dz(’Yoﬁl)dﬂ'(V) > /@to oe] — ¢y oepdm
2(t1 — to)

thus forcing the inequalities to be equalities. In particular, equality in (6.14) holds for 7r-a.e.
~ and since (eg),m = m, this is the same as to say that for m-a.e. y € X equality holds in
(6.11). Since both sides of (6.11) are continuous in y, we conclude that equality holds for any
y € X.
Other properties of ¢;. The fact that (¢;) € AC,.((0,1],C(X)) N L2.((0,1], WH3(X)) is a
direct consequence of (6.9a) and Proposition 2.7.

Up to extract a further subsequence - not relabeled - we can assume that the curves (u;™)
converge to a limit curve (u;) as in Proposition 6.1. We claim that for any to,¢; € (0, 1],
to < tp it holds

1
- /SOH d:utl +/90t0 duto > 7W22(Mt07:ut1)' (6'15)
2(t1 — to)

To see this, start noticing that from Proposition 5.2 it is clear that ¢ — [ ¢@fpfdm is in
C((0,1]) N ACic((0,1)) and that it holds

d V£ |2 €
~ 4 [evam= [ (- WAL S Agt — (95, V95) Jofam  aet e (0.1)

Integrating and recalling that ¢f = §log pf — 9§ we deduce

o vesE €2 €
—/cp; dpz, +/90§0 dpsg, =//t (' 2,: - §|v1ogp§\2— §A¢§)p§dtdm.
0

As already noticed in the proof of point (i) of Proposition 6.1, (uf) and (V¥5) satisfy the
assumptions of Theorem 2.3, thus from such theorem we deduce that

E\HE r / 1
¢ dt dm 2At > ———— W2 (LS, 1s)).
I P > s W)
Therefore

1 2 g2 €
_ € dut € duf > W2 a’s // (—fVI 62_7A 6) € dt dm.
/sotl mﬁ/%o S T 5 (Kgys H5,) + \ g |Viog pi|” = S Apy ) pi dt dm

We now pass to the limit in € = g, | 0: the left hand side trivially converges to the left hand
side of (6.15) while W3 (ug", i) — W3 (g, e, ), the contribution of the term with Agf
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vanishes in the limit by (5.3) and (5.5¢), while the one with |V log pf| vanishes by (5.10b).
Hence (6.15) is proved.
Now notice that (6.9a) can be rewritten as

—(t1 —to)er, = ((t1 — t0) o)

so that in particular —(t; —to)py, is c-concave and (—(t1 —to)e, )¢ > (t1 —to)¢r,- Hence both
(6.9b) and the fact that —(t1 — t9)ps, is a Kantorovich potential follow from

1 C
§W22(Mtovﬂt1) > /—(tl — to)pt, dpe, +/(—(t1 —t0)wt, )¢ dpug

(6.15) 1
> [t~ togn due + [t~ to)udpty = 5WE g1

The claims about (i) are proved in the same way.

In the case of additional regularity of pg, p1, taking into account the fact that () €
C([0,1], L*(m))and sup, Lip(p;) < oo (from Proposition 6.1), it is easy to see that we can pass
to the limit in o | 0 to get that (6.9a) holds even for tg = 0 - see for instance the arguments
used in Proposition 6.9 below. Then the other properties follow from the arguments already
used in this step and Proposition 2.7.

(ut) is a geodesic. Let [to,t1] C (0,1), pick t € [0,1] and put ¢, := (1 — ¢)t; + tto. We know
that —(t1 — to)pr, and —t(t; —to)ye, are Kantorovich potentials from p, to py, and from gy,
to iy respectively and thus by point (7i) of Theorem 2.4 we deduce

(t1 —to)?
(t1 —t5)?

Swapping the roles of tg,¢; and using the t’s in place of the ¢’s we then get

1
W g ) = [ Ial(t=to)on) i = 5 [ 1d((t1=t)e ) da, = W ey )

th —tl
WQ(Mt/17ut6) = ti — tz W2(:ut1aﬂto) V[t6>t/1] C [t()atl] - (07 1)
This grants that the restriction of (u¢) to any interval [tg,t1] C (0,1) is a constant speed
geodesic. Since () is continuous on the whole [0, 1], this gives the conclusion. Since in this
situation the Ws-geodesic connecting pig to pq is unique (recall point (i) of Theorem 2.4), by
the arbitrariness of the subsequences chosen we also proved the uniqueness of the limit curve

(1) ]

Remark 6.4 (The vanishing viscosity limit). The part of this last proposition concerning
the properties of the ¢f’s is valid in a context wider than the one provided by Schrodinger
problem: we could restate the result by saying that if (¢) solves

d ., 1 2 €
= 2|V 4+ A 6.16
at Pt 2‘ o 5 Pi ( )
and ¢f uniformly converges to some ¢, then ¢f uniformly converges to ¢; := —Q:(—0).

In this direction, it is worth recalling that in [2] and [16] it has been developed a theory
of viscosity solutions for some first-order Hamilton-Jacobi equations on metric spaces. This
theory applies in particular to the equation

d

1.
agot = th(cpt)2 (6.17)
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whose only viscosity solution is given by the formula ¢; := —Q¢(—¢0).

Therefore, we have just proved that if one works not only on a metric space, but on a metric
measure space which is a RCD* (K, N) space, then the solutions of the viscous approximation
(6.16) converge to the unique viscosity solution of (6.17), in accordance with the classical
case. |

Remark 6.5. It is not clear whether the ‘full’ families 7, 1§ converge as € | 0 to a unique
limit. This is related to the non-uniqueness of the Kantorovich potentials in the classical
optimal transport problem. |

the following lemma. It could be directly deduced from the results obtained by Cheeger
in [13], however, the additional regularity assumptions on both the space and the function
allow for a ‘softer’ argument based on the metric Brenier’s theorem, which we propose:

Lemma 6.6. Let (Y,dy, my) be a RCD*(K, N) space, possibly not compact, with K € R and
N € [1,00) and let ¢ : X — RU{—00} be a c-concave function not identically —oo. Let ) be
the interior of the set {¢ > —oo}. Then ¢ is locally Lipschitz on 2 and

lipgp = |dé|, m-a.e. on Q.

proof Lemma 3.3 in [26] grants that ¢ is locally Lipschitz on Q and that 9°¢(x) # () for every
x € Q. The same lemma also grants that for K C  compact, the set U,c x9°¢(z) is bounded.
Recalling that 0°¢ is the set of (z,y) € Y2 such that

8(z) + () = 58 (z,y)

and that ¢, ¢¢ are upper semicontinuous, we see that 0°¢ is closed. Hence for K C €2 compact
the set Upex0°¢(x) is compact and not empty and thus by the Kuratowski-Ryll-Nardzewski
Borel selection theorem we deduce the existence of a Borel map T : 2 — Y such that
T(x) € 0°@(x) for every x € Q.

Pick p € P5(Y) with supp(p) CC Q and p < Cm for some C' > 0 and set v := T,u. By
construction, u, v have both bounded support, 7" is an optimal map and ¢ is a Kantorovich
potential from u to v.

Hence point (iii) of Theorem 2.4 applies and since lip ¢ = max{|D*¢|,|D~¢|}, by the
arbitrariness of p to conclude it is sufficient to show that |DT¢| = |D~¢| m-a.e.. This easily
follows from the fact that m is doubling and ¢ Lipschitz, see Proposition 2.7 in [5]. O

With this said, we can now show that the energies of the Schrédinger potentials converge
to the energy of the limit ones:

Proposition 6.7. With the same assumptions and notations as in Setting 5.1 the following
holds.

Let e, | 0 be a sequence such that (pi™), (Y;™) converge to limit curves (@), (Y1) as in
Proposition 6.1. Then for every ¢ € (0,1) we have

1 1
lim// \dgpf”]zdtdm:// |depy|* dt dm,
1-46 1-96
lim // ydzpfny?dtdm:// |dey)? dt dm.

If we further assume that po, p1 € TestS,(X), 6 can be chosen equal to 0.

(6.18)
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proof Fix § € (0,1) and notice that from the formula for %gpi we get

1 1
/Soi — ¢5dm = 2/ |dgf|? + e Ayt dt dm.
0

Choosing ¢ := &,, letting n — oo and using the uniform bound (5.5¢) we obtain that
nhHH;O // |dg$™ |* dt dm = nl;rgo / " — @5 dm = /cp1 — g dm. (6.19)

Combining (2.20) and (6.9a) we see that for any = € X it holds

d L, .. 2

—pi(x) = = ((lippe) (2)) a.e. t €0,1].

dt 2

By Fubini’s theorem we see that the same identity holds for .Z! x m-a.e. (t,z) € [§,1] x X
The identity (6.9a) also grants that ¢; is a multiple of a c-concave function, thus the thesis
of Lemma 6.6 is valid for ¢; and recalling that (¢;) € AC;,.((0,1], L'(X)) we deduce that

1 1 2
d d
/%—%dm:/ /(ptdmdt:// | Sot’ dt dm,

which together with (6.19) gives the first in (6.18). The second is proved in the same way.
For the last statement we simply recall that from Proposition 6.1 we know that under the

additional assumptions on pg, p1 we have that (¢;™), (¢;™) converge to (¢), (1¢) respectively

in C([0,1], L*(X)). Then we argue as above. O

As a direct consequence of the limit (6.18) and the equi-Lipschitz bounds (5.5a) we obtain:

Corollary 6.8. With the same assumptions and notations as in Setting 5.1 the following
holds.

Let €, | 0 be a sequence such that (o), (Y;™) converge to limit curves (¢¢), (V) as in
Proposition 6.1. Then for every ¢ € (0,1) we have

(deg") = (der) in L*([6,1], L*(T*X))

(dygm) = (deyy) in L*([0,1— 6], L*(T*X))
(dey™ ®dso ) = (der @der) in - L2([6,1], L*((T*)#*X)) (6.20)
(dypi™ ® dys™) —  (dyy ® doy) in  L%*([0,1 — 6], L2((T*)®%X))
(de" @dy) = (dpr @ diy) in - L2([6,1 - 9], L*((T*)#*X))

If we further assume that po, p1 € TestZ(X), 0 can be chosen equal to 0.

proof Start noticing that the closure of the differential grants that dg;” — degy in L?(T*X) for
all t € (0,1]. This and the fact that (dyj") is equibounded in L?([6, 1], L*(T*X)), as a direct
consequence of (5.5a), are sufficient to ensure that (dg") — (de¢:) in L%([5,1], L*(T*X)).
Given that the first in (6.18) grants convergence of the L?([, 1], L?(T*X))-norms, we deduce
strong convergence. This establishes the first limit.

Now observe that for every w € L?([§,1], L?(T*X)) the fact that |dy;"| is uniformly
bounded in L>([d, 1] x X) and the strong L?-convergence just proved ensure that (dy5"™, w) —
(det,we) in L2([8,1] x X). Tt follows that for any wi,ws € L?([§, 1], L*(T*X)) we have

1 1
//5 (™, wi ) (dpf™, wa ) dtdm  — //5 (det, wi ) (dps, way) dt dm
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and thus to conclude it remains to prove that

1 1
//5 [de;" @ dpf"[fgdtdm  — //5 [dey ® depy|?,g dt dm.

Since |[v@v|fg = |v[* this is a direct consequence of the fact that [dg;"| is uniformly bounded
and converges to |dg;| in L%([6, 1] x X). Hence also the third limit is established.

The other claims follow by analogous arguments and the last statement follows from
the equi-Lipschitz continuity of the ¢7,4§’s that holds in this case (from the last part of
Proposition 5.4) and the fact that we can take § = 0 in the first in (6.18). O

The estimates that we have for the functions ¢’s tell nothing about their regularity as
t | 0 and similarly little we know so far about the ’s for ¢ T 1. We now see in which sense
limit functions g, 11 exist. This is not needed for the proof of our main result, but we believe
it is relevant in its own.

Thus let us fix €, | 0 so that ¢;" — ¢ for t € (0,1] and ¢);» — 4 for t € [0,1) as in
Proposition 6.1. Then define the functions ¢g, 11 : X - RU{—o0} as

= inf =1
wo(x) tel?o,u%(:n) tlfél%(x)’

Y1(z) := inf )T/ft(ﬂf) = 1}%1%(33)-

te(0,1

(6.21)

Notice that the fact that the inf are equal to the stated limits is a consequence of formulas
(6.9a), (6.10a), which directly imply that for every x € X the maps t — ¢(z) and ¢ — 11 _¢(x)
are non-decreasing.

The main properties of g, 11 are collected in the following proposition:

Proposition 6.9. With the same assumptions and notations as in Setting 5.1, and for g, 11
defined by (6.21) the following holds.

i) The functions —p; (resp. —iby) I'-converge to —pg (resp. —ip1) ast 0 (resp. t 11).

ii) For everyt € (0,1] we have

Qt(—po) = — i Qi(—11) = =14
ii1) It holds
_ ) —%o(z)  if z € supp(po) _J —ei(x)  if x € supp(p1)
wolx) = { —00 otherwise Vi(w) = { —00 otherwise

iv) We have
1
/¢opodm+/¢1pl dm = 5”@(%#0-

En ,/En

v) Define ¢f on supp(po) as ¢f := elog(f¢) and let €, | 0 be such that o™, ;™ converge
to p¢, Yy as m — 0o as in Proposition 6.1.

Then the functions popg™, set to be 0 on X\ supp(po), converge to popo in L*°(m) as
n — oo.

With the analogous definition of p1y{™ we have that these converge to piipy in L (m)
as n — o0o.
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proof We shall prove the claims for g only, as those for ¢ follow along similar lines.

(i) For the I' — lim inequality we simply observe that by definition —q(x) = lim o —¢t(z).
To prove the I' — lim inequality, use the fact that —p; > —p, for 0 < ¢t < s and the continuity
of ps: for given (z;) converging to x we have

lim —y(a¢) > lim —g(z1) = —s(2) Vs > 0.
tl0 10

The conclusion follows letting s | 0.
(ii) This claim follows from the general properties of I'-convergence; we quickly report the
argument. From —pg > —ps we deduce that

Qi(—0) = Qu(—pa) "2 —prpe Vs € (0,1]

and thus letting s | 0 and using the continuity of ¢ — ¢, € C(X) we obtain Q¢(—po) >

—p¢. For the opposite inequality fix z € X, a sequence ¢, | 0 and find y, € X such that
2

Qi(—py, ) (x) = % — ¢, (yn). By compactness, up to pass to a subsequence we can

assume that y, — y for some y € X, so that taking into account the I' — lim inequality

previously proved we get
dZ(xa yn> (6.92)

2 X
@Y _ooty) < lim () = I Qi(—r)(@) 2 lim gy, i) = —u(2)

2t n—o0 n—o0 n—oo

which shows that Q;(—po)(z) < —pi(x), as desired.
(iii) For any t € (0, 1] we have
(6.3)
0o <@r < —ty

so that letting ¢ | 0 and using the continuity of [0,1) > t — 9 € C'(X) we deduce that
@0 < —wo on X.

Now notice that the fact that —pg < T' — lim(—¢;) implies that

vo(y0) > %%(%) vy € C([0, 1], X). (6.22)

Let 7 be the lifting of the Ws-geodesic () (recall point (i) of Theorem 2.4); taking into
account that the evaluation maps e; : C([0,1],X) — X are continuous and that supp(w) is a
compact subset of C([0,1],X) it is easy to see that for every v € supp(w) and ¢ € [0,1] we
have 7 € supp(u;) and viceversa for every x € supp(u;) there is v € supp(w) with v = z.

Thus let = € supp(pg) = supp(po) and find v € supp(w) with 9 = x: from the fact that
v € supp(u¢) and (6.3) we get

(6.22) o
wo(z) = ltiﬁ)l or(ve) = ltii{)l —Yi(7) = —o().

Thus to conclude it remains to prove that ¢y = —oo outside supp(pg) and to this aim we
shall use the Gaussian estimates (2.4). Let v := infy m(B z(y)) and V. := sup, m(B z(y)).
We start claiming that

limelog(v:) = E&lelog(‘/}) =0. (6.23)

el0
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Indeed on one side since m(X) = 1 we have ¢log(v:) < elog(Vz) < 0 for every € > 0. On the
other one, letting C' be the doubling constant of (X, d, m) we have

m(B z(y)) > Clogz(D/\/E)Hm(X) — (Ologa(D/vE)+1 vy € X.

Thus v, > C'°82(P/VE+! from which it follows that lim_ £ log(v.) > 0 and thus (6.23) is proved.
Now use the first inequality in (2.4) and the fact that f©® ¢°R® is a probability measure (by
construction - recall our Setting 5.1) to obtain

2
/ 5 dm / gFdm < O Vee / Fo(2)gf (y) AR (z,y) = CiVee 5. (6.24)

Observing that by construction we have supp(f¢) = supp(po) for every € > 0, the second in
(2.4) yields

C Isupp d?(z,supp(pg))
fi(z) = hst/2f /f 5t/2 z,y)dm(y) < 2 — /fsdm

Uat/z

C
9i () = ho(1p) 297 (7) = /gg(y)reu—t)/z(ﬂ?,y) dm(y) < —2— /g6 dm,
Ve(1-t)/2

for every ¢ € (0,1) and thus coupling these bounds with (6.24) we obtain

CiC2V.  ¢1p? _ d(asupp(pg)
pi(x) = ff(2)gf(x) < — 12 e e T w0 VeeX, te(0,)
Ve(1—t)/2Vet/2

Therefore recalling (6.23) we obtain

2
lim e log(p5 (z)) < C1D* — d* (2, supp(po))

X, t 1). 2
i < = VzeX, te(0,1) (6.25)

Now let &, | 0 be the sequence such that @™, 9" converge to ¢, as in Proposition 6.1

and put S := sup.¢(o,1,tef0,1/2) |V | L= < 00. The inequality

- (6.25) 2
oi(z) = lim ¢ (x) < lim g, log(pS"(z)) — lim ¢ (z) < S+ C1D? — d”(z, supp(po))

n—00 n—00 n—00 3t

shows that if = ¢ supp(pg) we have po(z) = limy g p¢(x) = —o0, as desired.
(iv) By the point (7i7) just proven we have

/wopodm+/w1p1 dm = —/wopodm—/wml dm

so that taking into account the weak continuity of ¢ +— pu; and the uniform continuity of
t — ¢ (resp. t — ) for ¢ close to 1 (resp. close to 0) we get

/SDOPO dm+/1/11/)1 dm = 1}£_/¢tptdm_/¢ltplt dm

6.3) .. 6.9b) 1
(Z)hnoﬂ sotptdm—/smtmtdm(— ) *W2 (10, p11)-

(v) Since pg € L*>(m), we also have pglog(pg) € L (m). The claim then follows from the

identity popf = epolog po — pot§, the uniform convergence of " to ¥y as n — oo and the
fact that ¢g = —¢@p on supp(po).- O
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Remark 6.10 (Entropic and transportation cost). For € > 0 the entropic cost from pg to p1
is defined as

IE(:O()vpl) = 1an('7 | Ra)a

the infimum being taken among all transport plans ~ from pg := pgm to 1 := pym. Hence
with our notation

1 1
Lipo.p) = H(F* o R R) = 1 [ o vifwg R = 2( [ ghpam+ [ viprdm)

and by (iv), (v) of the previous proposition we get

. 1
lime I (po, p1) = W35 (po, p1)-
el0 2

In other words, after the natural rescaling the entropic cost converges to the quadratic trans-
portation cost, thus establishing another link between the Schréodinger problem and the trans-
port one.

We emphasize that although this argument is new, the result is not, not even on RCD* (K, N)
spaces: Léonard proved in [35] that the same limit holds in a very abstract setting provided
the heat kernel satisfies the appropriate large deviation principle elogri(z,y) ~ —%.
Since recently such asymptotic behavior for the heat kernel on RCD* (K, N) spaces has been
proved by Jiang-Li-Zhang in [30], Léonard’s result applies. Thus in this remark we simply
wanted to show an alternative proof of such limiting property. |

6.3 Proof of the main theorem

We start with the following simple continuity statement:

Lemma 6.11. With the same assumptions and notation as in Setting 5.1, let t — py = pym
be the Wa-geodesic from po to p1 and (¢t)ie(o) and (Pi)iepo,1) any couple of limit functions
given by Proposition 6.1.

Then the maps

0,1]>t  —  prdyy € L*(T*X)
[0, 1) >t —  prdyy € LQ(T*X)
0,1]5t = pdp@dp € L((T%)?X)
0,1)3t = pdyy@dy € L((T%)%?X)

are all continuous w.r.t. the strong topologies.

proof By Lemma 2.6 we know that for any p < oo we have ps — p; in LP(m) as s — t
and thus in particular \/ps — /p; as s — t. The closure of the differential and the fact that
s — pp weakly in Wh2(X) as s — t > 0 (as a consequence of (¢;) € C((0,1],C(X)) N
L2 ((0,1), WH2(X)), see Proposition 6.3) grant that dg, — dg; weakly in L?(T*X). Together
with the previous claim about the densities and the fact that the latter are uniformly bounded
in L>(m), this is sufficient to conclude that ¢ — /pdy; € L*(T*X) is weakly continuous.
We now claim that t — /pidp; € L?(T*X) is strongly continuous and to this aim we
show that their L?(7T*X)-norms are constant. To see this, recall that by Proposition 6.3 we

know that for ¢t € (0, 1] the function —(1 —¢)1; is a Kantorovich potential from p; to p1 while
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from (6.3) and the locality of the differential we get that |de:| = |de)¢| p-a.e., thus by point
(7i7) in Theorem 2.4 we have that

1
/|d¢t|2pt dm = m / A1 — )| pp dm = 2W22(Htaﬂl) = W5 (1o, p11)-

1
(1-1)
Multiplying the /pidei’s by (/pr and using again the L?(m)-strong continuity of VPt and
the uniform L>°(m)-bound we conclude that t — p;dg; € L?(T*X) is strongly continuous, as
desired.

To prove the strong continuity of ¢ +— p; dp; ®dy; € L?((T*)®?X) we argue as in Corollary
6.8: the strong continuity of ¢ — |/p;dy; € L?(T*X) and the fact that these are, locally in
t € (0, 1], uniformly bounded, grant both that ¢ > ||p:dp; ® || L2((r+)@2x) is continuous and
that t — p;dp; @ dy € L2((T*)®2X) is weakly continuous.

The claims about the v;’s follow in the same way. ([l

We now have all the tools needed to prove our main result. Notice that we shall not make
explicit use of Theorem 1.3 but rather reprove it for (the restriction to [0, 1 — ¢] of) entropic
interpolations.

Theorem 6.12. Let (X,d, m) be a compact RCD*(K, N) space with K € R and N € [1,00).
Let po,p1 € P(X) be such that o, 1 < Cm for some C > 0 and let (u;) be the unique
Wa-geodesic connecting g to pi. Also, let h € H*?(X).

Then the map

0,1]> t ~ /hduteR

belongs to C*([0,1]) and the following formulas hold for every t € [0,1]:

d
ar hd#t:/<Vh, V¢t> dpye,
dt?/hd’ut = /Hess(h)(VqSt,VqSt) dyet,

where ¢y is any function such that for some s # t, s € [0,1], the function —(s — t)¢; is a
Kantorovich potential from p; to .

proof For the given ug, u1 introduce the notation of Setting 5.1 and then find &, | 0 such
that (¢5"), (¢¥;™) converge to limit curves (¢;), (¢;) as in Proposition 6.1.

By Lemma 2.5 we know that the particular choice of the ¢,’s as in the statement does
not affect the right hand sides in (6.26), we shall therefore prove that such formulas hold for
the choice ¢; := 1, which is admissible thanks to Proposition 6.3 whenever ¢ < 1. The case
t = 1 can be achieved swapping the roles of g, p1 or, equivalently, with the choice ¢y = —¢;
which is admissible for ¢ > 0.

Fix h € H?>%(X) and for ¢ € [0, 1] set

Io(t) == / hdys I(t) = / hdp.

The bound (5.3) grants that the I,,’s are uniformly bounded and the convergence in (6.2) that
I,(t) = I(t) for any ¢ € [0, 1].
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Since (p;") € ACe((0,1), WH2(X)) we have that I,, € ACj,.((0,1)) and, recalling the
formula for %pf given by Proposition 5.2, that

d d
S () = / h i dm =~ / hdiv(pEn V) = / (Vh, V) g dm. (6.27)
The fact that 9; = @ and the bounds (5.5a) and (5.3) ensure that ‘%In(t)‘ is uniformly
bounded in n and ¢ € [to,t1] C (0,1) and the convergence properties (6.20) and (6.2) grant
that

t1 t1
// (Vh, Vo) pn dtdm — // (Vh, V9,) pr dt dm.
to to

This is sufficient to pass to the limit in the distributional formulation of %In (t) and taking
into account that I € C([0,1]) we have just proved that I € ACj,.((0,1)) with

d
al(t) :/<Vh, V) pr dm (6.28)
for a.e. t € [0,1]. Recalling that ¥, = @, (6.3) and the locality of the differential we see
that

Vi = Vb pm-ae. vt € [0,1), (6.29)

and thus by Lemma 6.11 we see that the right hand side of (6.28) has a continuous represen-
tative in t € [0,1), which then implies that I € C*(]0,1)) and that the first in (6.26) holds
for any t € [0, 1).

For the second derivative we assume for a moment that h € Test™(X). Then we recall
that (p;"), (95") € ACi,e((0,1), WH2(X)) and consider the rightmost side of (6.27) to get that
L1.(t) € AC1((0,1)) and

d2

d d

dt

for a.e. t, so that defining the ‘acceleration’ aj as
2 2
€ €
a; == — <ZA log pi + =V log p?\Q)

and recalling the formula for %19% given by Proposition 5.2 we have

d2

1
Sl = [TV (= JIVI i) — (T, 907 div(pi VO dim

1
- / (= 5(Vh, VIV %) + (V(Vh, V9")), VO;") + (Vh, Vai™) )i dm

(by (2.12)) = / Hess(h) (V5" , VI ) pi dm — / (Ah + (Vh, Vog i) )ai pi dm.

Since Hess(h) € L*(T*®?X) and 95 = wtg;ﬁ, by the limiting properties (6.20) and (6.2) we
know that

/ Hess(h)(VY5™, Vi )pin dm - "= / Hess(h)(Vy, VI,) py dm in L},.(0,1)

o1



and since |Vh|, Ah € L*°(X), by Lemma 5.7 we deduce that

/ (Ah+ (Vh,Viogpi") )ai"pi"dm — 0 in L},.(0,1).

Hence we can pass to the limit in the distributional formulation of S—;In to obtain that
47 € AC16.((0,1)) and
d2
de?
for a.e. t. Using again (6.29) and Lemma 6.11 we conclude that the right hand side of (6.30) is
continuous on [0, 1), so that I € C%([0,1)) and the second in (6.26) holds for every t € [0, 1).

It remains to remove the assumption that h € Test®(X). Thus pick h € H*2?(X) and put
hs == hsh. As s | 0 we clearly have hy — h in W1?(X) and Ahs — Ah in L?(X). Thus the
bound (2.11) grants that hs — h in W22(X). By (2.6) we know that hs € Test™(X) for every
s > 0, thus the conclusion of the theorem hold for the hy’s.

Now notice that we can choose the ¢;’s to be uniformly Lipschitz (e.g. by taking ¢; := v
for t > 1/2 and ¢ := —¢; for t < 1/2). The uniform L estimates (2.18), the equi-Lipschitz
continuity of ¢; and the L2-convergence of hy, Vhy, Hess(hy) to h, Vh, Hess(h) respectively
grant that as s | 0 we have that

/hs d,ut — /hdut

/(Vhs,ngSt) d;ut — /<Vh, V¢t> d,ut

1) = / Hess(h) (Vs Vs)pr dm (6.30)

/Hess(hs)(VqSt,V(;St) dpt — /Hess(h)(Vqﬁt,Vqﬁt)dut

uniformly in ¢ € [0, 1]. This is sufficient to conclude. O
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