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ABSTRACT. Chen, Torres and Ziemer ([9], 2009) proved the validity of generalized Gauss-Green formulas and
obtained the existence of interior and exterior normal traces for essentially bounded divergence measure fields
on sets of finite perimeter using an approximation theory through sets with a smooth boundary. However,
it is known that the proof of a crucial approximation lemma contained a gap. Taking inspiration from a
previous work of Chen and Torres ([7], 2005) and exploiting ideas of Vol'pert ([29], 1985) for essentially
bounded fields with components of bounded variation, we present here a direct proof of generalized Gauss-
Green formulas for essentially bounded divergence measure fields on sets of finite perimeter which includes
the existence and essential boundedness of the normal traces. Our approach appears to be simpler since it
does not require any special approximation theory for the domains and it relies only on the Leibniz rule for
divergence measure fields. This freedom allows one to localize the constructions and to derive more general

statements in a natural way.
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The Gauss-Green formula, or divergence theorem, plays a ubiquitous role in mathematical analysis, math-

ematical physics, and continuum physics by giving tools for establishing energy identities and energy inequal-

ities for PDEs, for deriving the governing PDEs from basic physical principles and for rigorously justifying

balance laws or conservation laws for classes of subbodies of a given body. Of particular importance is the

search for extending the validity of such formulas to vector fields of lower regularity and for more general

classes of subdomains. The literature is justifiably rich with such extensions, and below we will give a brief

summary of some of the major developments which are most closely related to the present work. For a more

complete review, see the monograph of Dafermos [I1] and the extensive bibliography therein.
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We are principally motivated by the paper of Chen-Torres-Ziemer [9] that examines the validity of the
divergence theorem for essentially bounded divergence measure fields F on an open set 2 C R™ and for
subdomains E CC  of finite perimeter in . Such vector fields are those F' € L>°(Q;R"™) whose distribu-
tional divergence is a real finite Radon measure on ) and such sets have characteristic functions xg which
are of bounded variation; that is, they are L' and have distributional gradients which are R™-valued Radon
measures on 2. In this very general setting, the authors are able to incorporate shock waves in the form of
jump surfaces, which are subsets of the boundary of a set E of finite perimeter on which the measure divF
can concentrate and for which suitable notions of interior and exterior normal traces of F' may not coincide.

In [9], in order to prove the Gauss-Green formula and to extract interior and exterior normal traces in
the context specified above, the authors make use of an approximation theory for sets F of finite perimeter
in R™ in terms of a family of smooth subsets which is well calibrated to any fixed Radon measure p that is
absolutely continuous with respect to the Hausdorff measure 5#"~! (see Theorem 4.10 of [9]). They first
prove the result for sets with smooth boundary and then pass to a limit by exploiting their approximation
theorem and a result of éilhavy [25] which shows that if F is an essentially bounded divergence measure field
then the total variation measure p = |divF| is absolutely continuous with respect to J#" 1.

The principal aim of this paper is to show that this approximation step is not needed; that is, one can
obtain the main result (Theorem 5.2 of [9]) directly by following the lines of Vol’pert’s proof for essentially
bounded BV vector fields and sets of finite perimeter (see [28] and [29]). To do so, one combines the
aforementioned absolute continuity result of [25] with the Leibniz formula of Chen-Frid [5] (for the product
of an essentially bounded function of bounded variation and an essentially bounded divergence measure
field) and performs some elementary calculations of geometric measure theory. One might also note that in
the aforementioned approximation result of [9], there was a known gap in the proof, which motivated our
alternative method in the first place and has however been removed in the recent paper [I0] by the first
author and Torres. On the other hand, one should note that the approximation result is of independent
interest and shows that for any set of finite perimeter E there exist sequences of smooth sets Ej; and
E} . converging to it from the interior and from the exterior in a measure theoretic sense (see Theorems
3.1 and 4.1 and Remark 4.1 of [10]). For instance, these sequences have been used by Chen-Torres in the
proof of Lemma 4.3 in [8] and by Chen-Torres-Ziemer [9] for showing that the integrals of the generalized
normal traces are indeed the limits of the integrals of the classical normal traces over the smooth sets which
approximate E. A more detailed discussion of this point is given in Remark [3.11]

The advantage of our approach is its relative simplicity, since no approximation step is needed and no
separate proof for smooth subdomains is required. Moreover, our method of proof leads easily to other
relevant consequences, such as integration by parts formulas which also hold for domains with locally finite
perimeter not necessarily compactly contained in €2, when the test functions are compactly supported, and
representation formulas for the measure divF on the reduced boundary of E and for the divergence measure
of the gluing and the extension of essentially bounded divergence measure fields.

In order to place the present work into context, we now give a brief summary of some of the major
developments in the search for generalized Gauss-Green and related formulas for vector fields of low regularity
and rich classes of subdomains. A classical version of the Gauss-Green formula can asserts that for Q an
open subset of R, if F € C*(;R") and E CC 2 is open with orientable boundary dF of class C* thenE|

(1.1) / divFde = — | F-vgd#" ',
E oOF

where v is the interior unit normal to OF and dx = d L™ where L™ = " is the Lebesgue measure on R".

We notice that (|1.1)) can be reformulated to say that there is a signed divergence measure p and a signed

IHere and throughout, we will write such formulas with respect to the interior normals.
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flux measure o on § such that
(1.2) u(E) = o(9E)

where p is absolutely continuous with respect to £™ with a continuous density divF and o is supported on
the topological boundary dF and has the representation formula o = —(F - vg)#" "1 _OF in terms of the
trace of the normal component of F. Generalizations of will be sought in the sense , where one
searches for the precise meaning of 1 and o and their possible representations.

A first important relaxation is found in the work of De Giorgi [12] and Federer [I6] and involves Lipschitz
vector fields F' and E CC () of finite perimeter in 2. In this setting, one has if one replaces the
topological boundary OF with the reduced boundary 0*E, which is contained in the support of |Dxg|, and
interprets vg as the measure theoretic interior normal, which is well defined on 9*E. These fundamental
notions of De Giorgi are recalled in Definition and here we underline that their importance comes from
the fact that an arbitrary set of finite perimeter can be very irregular; for example, its topological boundary
can even have full Lebesgue measure £". In this setting, the resulting Gauss-Green formula is

(1.3) /didex:—/ F-vgd#" 1,
E o*E

and it is worth mentioning that Federer’s structure theory for sets of finite perimeter allows for inessential
variants of (L.3), such as replacing 0*E by the measure theoretic boundary ™ E = R™ \ (E° U E') where E°
and E' are the measure theoretic exterior and interior respectively of E (as defined in and (2.11)).
The relevant structure theorem which justifies this claim is recalled in formulas — and we note
that, for simplicity, we will work only with the notion of reduced boundary in the rest of this paper.

A second generalization is the aforementioned study of Vol'pert who extended the De Giorgi-Federer
theory to include essentially bounded BV vector fields; that is, fields F' whose components lie in L () and
are of bounded variation on Q. As mentioned, the scheme of Vol’pert’s proof will be employed in the proof
of our main result and hence a summary of the main steps is in order. The first ingredient is a product rule
for essentially bounded BV functions; that is, if w,v € L (Q2) N BV (Q) then uv € BV(2) N L*°(£2) and

(1.4) D(uv) = u*Dv + v*Du in the sense of R"-valued Radon measures on (2

where u*,v* are the precise representatives of u,v as defined in and can be captured as the 7" 1-
a.e. limits of mollifications of u,v as recalled in . This step makes use of the important fact that for
u € BV () one knows that the total variation measure | Du| is absolutely continuous with respect to 5"~
The second ingredient involves showing that, roughly speaking, the distributional gradient of a compactly
supported BV function has mean value zero, as happens for C! functions. This implies the Gauss-Green
formula for compactly supported fields where there are no boundary terms. The last ingredient involves
applying the product rule tou € L*(Q)NBV(Q) and v = xg where E CC € is of finite perimeter
in . Performing some geometric measure theoretic manipulations on the resulting identity and using the
compact support of xpu leads to a pair of generalized Gauss-Green formulas:
(1.5) Du(FE') = f/ U, ,vp dA""" and Du(E'UO*E) = 7/ U_yyvp dA"T,

*E O*E
where u,,, (z),u_,,(z) are interior, exterior traces of u at ¥ € 9*E which are " l-a.e. defined as the
approzimate limits of u restricted to the half spaces IIE (z) = {y € R" : (y — ) - (+vg) > 0}. The
precise meaning of this approximate limit is given in Remark Applying componentwise with
u=F; e L*(Q)NBV(Q) and j =1,...,n leads to

(1.6) divF(E") = 7/ F,, vpd#" ' and divF(E'UJ*E) = 7/ F_,, -vpd#™ '
o*E o*E
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A final group of generalizations stems from the observation that a vector field F' can have its distributional
divergence be a Radon measure without having the distributional gradient of each component F}; of F' be a
Radon measure. Moreover, one can attempt to relax the requirement that F' be essentially bounded. This
motivates the introduction of the space DMP(Q; R™) of p-summable divergence measure fields for p € [1, 00],
made up of those F' € LP(§2; R™) for which the distributional divergence divF' is a finite real Radon measure
on ). The case p = oo of essentially bounded divergence measure fields, and their local versions, will be the
focus of our interest. Such fields were first introduced by Anzellotti [3] when p = oo in his study of pairings
between measures and bounded functions. Amongst other things, this study led to the existence of L>(0N2)
traces of the normal component of essentially bounded divergence measure fields on the boundary of open
bounded sets Q with Lipschitz boundary (see Theorem 1.2 of [3]). Such traces are called normal traces in
the literature. Later, such fields were studied by many authors having in mind various applications and
resulting in new versions of the Gauss-Green formula. In particular, motivated by applications to the theory
of systems of conservation laws with the Lax entropy condition, Chen and Frid proved generalized Gauss-
Green formulas for divergence measure fields on open bounded sets with Lipschitz deformable boundary (see
Theorem 2.2 of [5] and Theorem 3.1 of [6]). Moreover, Chen, Torres and Ziemer extended this result to
the sets of finite perimeter in the case p = oo in Theorem 5.2 of [9] and later Chen and Torres applied this
theorem to the study of solutions of nonlinear hyperbolic systems of conservation laws ([8]). It is Theorem
5.2 of [9] that we wish to reexamine in this paper as will be further specified below after recalling some
additional related results.

As a means of comparison, some additional works concerning divergence measure fields should be men-
tioned. Degiovanni, Marzocchi and Musesti in [I3] and later Schuricht in [24] sought to prove the existence
of normal traces under weak regularity hypotheses in order to achieve a representation formula for Cauchy
fluxes, contact interactions and forces in the context of the foundations of continuum physics. In particular,
a justification of Cauchy’s stress theorem under weak regularity assumptions is a main unifying ingredient
in much of the divergence measure field literature, as is well explained in the introduction of [24]. While
the resulting Gauss-Green formulas (and justifications of the stress theorem) obtained in [13] and [24] are
valid for DMP(Q; R™)-fields for any p > 1, the subdomains E cannot be taken to be arbitrary sets of finite
perimeter. Instead, E' must be chosen to lie in a suitable subalgebra of sets which are related to the particular
vector field F. On the other hand, Ziemer [30] established the Cauchy stress theorem with respect to subdo-
mains of finite perimeter for divergence measure fields under the additional assumption that divF € L™ ().
Another important work along these lines is the study of Cauchy fluxes in Silhavy [25], who sought to give
a more complete description of generalized Gauss-Green formulas for DMP(Q; R™)-fields with respect to
the values of p € [1,00] and concentration hypotheses on divF. In particular, he gave sufficient conditions
under which the interior and exterior normal traces can be seen as integrable functions with respect to the
measure "1 on the reduced boundary of a set of finite perimeter. Such conditions are always satisfied
in the case p = 0o and we will show in Example that this is indeed the only case in which this happens
in general, by constructing a counterexample in DM?P for any p € [1,00). It is worth noting that éﬂhavy
also studied the properties of the so-called extended divergence measure fields, already introduced by Chen-
Frid in [6], which are vector valued Radon measure whose divergence is still a Radon measure. He showed
absolute continuity results and Gauss-Green formulas in [26] and [27]. One should also mention the work
of Ambrosio, Crippa and Maniglia [I] which aimed at extensions of the DiPerna-Lions theory for transport
equations at low regularity. They studied a class of these vector fields induced by functions of bounded
deformation and proved a Gauss-Green formula for essentially bounded divergence measure fields on open
sets with C'!' boundary compactly contained in the domain. Finally, it might be noted that in their study of

mean value properties of harmonic functions on metric spaces (X, d) supporting a doubling measure p and
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a (1,1)-Poincaré inequality, Marola, Miranda and Shanmugalingam [21] verified the validity of generalized
Gauss-Green theorems on balls in metric spaces for 2-summable divergence measure fields.
We now return to the content of the present paper. As already mentioned, the main idea is to present

a new proof of the Gauss-Green formula for essentially bounded divergence measure fields F' on {2 for sets
of finite perimeter E CC Q. Carefully studying the paper of Chen and Torres [7], we noticed that it was
possible to work directly with E along the lines of Vol’pert’s proof for essentially bounded BV -vector fields,
which was sketched above. Hence we are able to avoid the need to approximate E from the interior by
smooth domains. While the statement of the fundamental result (Theorem is essentially the same as
the main result in Theorem 5.2 of Chen, Torres and Ziemer [9], our proof is much simpler. Indeed, beyond
known facts from geometric measure theory concerning sets of finite perimeter and functions of bounded
variation, it relies only on the following three ingredients for essentially bounded divergence measure fields
F € DM™(Q; R™):

(1) the absolute continuity property of the divergence of the field: |divF| < s#"1;

(2) the Leibniz rule of [5]: if g € BV(2) N L>°(12), then gF € DM (Q;R™) and

div(gF) = g*divF + F - Dg,

where g* is the precise representative of g and F' - Dg is a Radon measure, which is the weak-star
limit of a radially mollified sequence F' - V(g * ps) and is absolutely continuous with respect to |Dgl;
(3) the divergence theorem in the case of compactly supported vector fields: if F' has compact support

in ©, then divF(Q2) = 0.
The main result will state that if FF € DM (;R"™) and if E CC Q is a set of finite perimeter in €, then
there exist interior and exterior normal traces of F' on 0*Ej; that is, (F; - vg), (Fe - vg) € L®(0*E; ™ 1)
such that a pair of Gauss-Green formulas analogous to (1.6]) hold:

divF(E') = —2xgF - Dxp(0*E) = — Fi-vpdam!
o*FE

and

divF(E' UO*E) = —2xo\pF - Dxg(0"E) = — F. -vgdA" 1,
O*E

where xgF' - Dxg and xo\gF - DxE are the weak star limits, respectively, of the sequences xgF'- V(X £ * ps)

and xo\g - V(xE*ps) as § — 0, up to a subsequence. Moreover, one will have the following trace estimates

||-7:z . VEHLOC(O*E;%%*l) § ||F||LOC(E;RTL) and ||~7:e . VE||LOO(8*E;%7L—1) § ||F||LOQ(Q\E;RTL).

We notice that this new proof also adjusts a dubious point in the proof of the Gauss-Green formula in [7];

indeed, the formula (44) of [7], which states xgF - Dxg = x5 F - Dxg, is false in general for a vector field
F € DM™(Q;R") and a set E CC Q of finite perimeter in  (see also Remark [3.4). In addition, this method
of proof yields immediately many relevant consequences, such as the representation formula for divF on the
reduced boundary of sets of finite perimeter, integration by parts formulas and various results on gluing
constructions which come from the ability to directly localize constructions as one does not need to pass
through an approximation procedure.

We conclude with a brief summary of the contents of the present work. In section 2, we give the necessary
background and preliminary results on Radon measures, sets of finite perimeter and divergence measure
fields, including the needed ingredients (1) and (2) listed above (see Corollary and Theorem [2.18)). In
section 3, after proving the main result on the Gauss-Green formulas in Theorem for DM (Q;R")-
fields, we derive some useful corollaries including a representation of the measure divF on the reduced
boundary and a version for fields which are locally essentially bounded divergence measure fields F €
DM (S R™) (see Corollaries and [3.6). We also prove that, in the case of continuous fields F, the
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normal trace is the classical dot product in Theorem In section 4, we present various integration by
parts formulas for F' € DMS. (Q;R™) and locally Lipschitz functions ¢ on sets of locally finite perimeter
FE and discuss some applications including improved L°°-estimates of the normal traces. We also discuss
the determination of normal traces in Proposition £.10] In section 5, we present two gluing constructions
for building DM (2; R™)-fields out of a pair of DM *-fields whose domains decompose €2, with or without
essential overlap. These results are similar to results presented in [7] and [9]. Ultimately, we will use these
constructions also to obtain Gauss-Green and integration by parts formulas up to the boundary of open
bounded sets with regular enough boundary in Corollary 5.5 Finally, in section 6 we will make some
concluding remarks concerning the role of p = oo and some additional comparisons with the literature

including alternate representation formulas for the normal traces.

2. NOTATION AND PRELIMINARY RESULTS

In this section, we wish to set the notations we will use and present the necessary preliminaries for the
main results in the following sections. In particular, we will need some known facts from abstract measure
theory, including weak convergence of Radon measures and elements of geometric measure theory including
Hausdorff measures, capacity and elements of the Caccioppoli-De Giorgi-Federer theory of sets of finite
perimeter. The notion of divergence measure fields will be recalled, together with some important preliminary
results concerning the absolute continuity of divF with respect to 5#™ ! and the crucial Leibniz formula for
products of essentially bounded functions of bounded variation and essentially bounded divergence measure
fields. We will attempt to be brief while keeping the exposition relatively self-contained.

We begin with some notation. In the rest of the paper, {2 is an open subset of R™ and C is equivalent to
C. The symmetric difference of sets is denoted by AAB := (A\ B)U(B\ A). We denote by E CC Q aset E
whose closure, E, is compact and contained in €2, by E° the interior of the set E and by JF its topological
boundary.

We denote by Z" and 7% the Lebesgue and a-dimensional Hausdorff measures on R", where a > 0.
Unless otherwise stated, a measurable set is a .£"-measurable set. For any measurable set E C R", we denote
by |E| the #™measure of E, while, when applied to a function with values in R™, | - | is the Euclidean
norm. B(x,r) is the open ball with center in x and radius r > 0 and w,, = |B(0,1)|. The unit sphere in R”
is denoted by S"~! where "~ 1(S""1) = nw,. We will denote by B(f) the Borel o-algebra generated by
the open subsets of (£2,|-|) which is a locally compact and separable metric space. We also use the standard
notations pl_ A for the restriction of a measure p to the set A and p < v to indicate that the measure pu is
absolutely continuous with respect to the measure v.

For k € Ny U {+00} and m € N we denote by C*(Q;R™) := {¢ € C¥(Q;R™), supp(¢) CC Q} the space
of C* functions compactly supported in  which will be endowed with the sup norm

[]loc = sup [p(z)].
zeQ

We denote by Lip(2), Lip,,.(?) and Lip,.(£2) the spaces of Lipschitz, locally Lipschitz and Lipschitz functions

with compact support in (Q, respectively.

2.1. Radon measures and weak-star convergence. The needed calculus for divergence measure fields
operates in the context of real signed and vector valued Radon measures. Hence elements of this general
measure theory are essential for the development. We have followed essentially the treatments of the mono-
graphs Ambrosio-Fusco-Pallara [2] and Evans-Gariepy [14], which contain the proofs of the results merely
stated herein.

We begin with the notions of Radon measures and their total variation.
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Definition 2.1. Let Q be open in R”.
a) A measure p on € is called a positive Radon measure on Q) if p is non-negative, every B € B(Q) is
p-measurable, and g is finite on the compact subsets of 2.
b) A real signed (or vector valued) measure in Q is called a real signed (or vector valued) Radon measure
on  if it is defined on B(K) for any compact subset K of Q and the total variation of y is finite on
every compact K C 2. This means that the total variation measure

“+o00 +oo
||(B) := sup {Z |1(By)| : Br Borel sets pairwise disjoint, B = U Bk} ,
k=0 k=0

defined on B() is finite on the compact subsets of Q.

¢) The space of real Radon measures on €2 is denoted by M,.(2) and the space of R™-vector valued
Radon measures by Mioc(2; R™). In addition, if |u|(2) < oo, then p is a (real signed or vector
valued) finite Radon measure and we write p € M(Q) or p € M(;R™), if it is vector-valued.

It is well known that any positive Radon measure is inner and outer regular; that is, for any B € B(Q),
(2.1) w(B) =sup{u(K) : K C B, K compact} and p(B)=inf{u(U):B C U,U open}.

In addition, each u € M(Q;R™) determines a positive Radon measure, the total variation measure ||, which

is given by its values on open subsets A C {2 through the formula

(2.2) 1l (4) = Sup{/ﬂqﬁ- di: & € ColAiR™), |16l < 1}.

Since p is absolutely continuous with respect to |u|, the Radon-Nikodym theorem and elementary consid-
erations give rise to the polar decomposition of y; that is, there exists a unique f € LY(€,|ul;R™) with
|f(z)| =1 for |u|-a.e. x € Q such that

(2.3) n= flul.

For these results, we refer to Proposition 1.43, Proposition 1.47 and Corollary 1.29 of [2].

We now briefly discuss the notion of weak-star convergence and a compactness criterion for such measures.
The Riesz representation theorem shows that the spaces Moc(2; R™) and M (2; R™) can be identified with
the duals of C.(2;R™) and Cy(2; R™) respectively, where Cy(Q;R™) is the completion of C.(2; R™) with
respect to the sup norm; that is, the space of continuous functions ¢ on (2 satisfying the property: for any
€ > 0 there exists a compact set K C € such that |¢(z)| < e for each z € 2\ K.

Definition 2.2. Given a sequence {py} in M(Q), one says that pj weak-star converges to u € M(Q) if

lim ¢-duk=/¢-du, Y € Co(@R™).
] Q

k—>+00 ¢

If {ur} and p are in Moo (§2), one says that py locally weak-star converges to p if

lim /Q¢~duk=/ﬂ¢~du, V6 € Co(@;R™).

k—+o00
Necessary conditions for the weak-star convergence p — g in M(€;R™) are

tim sup e (©) < o0 and |ul($2) < lim inf 10| (52),
—+00

k— o0
which follow from the definition of dual norm and the Uniform Boundedness Principle.

More importantly, one has the following weak compactness criterion in M (§2; R™)
(2.4) sup{|ux|(2) : k € N} < 400 = there exists a weak-star converging subsequence of {py};
see Theorem 1.59 of [2].
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Remark 2.3. As is well known, weak-star convergence of finite Radon measures is implied by the local weak-
star convergence under the condition that sup|ur|(©2) = C' < co. We observe that this condition implies
|1|(Q) < C. Therefore, in what follows, we will always write ju; — & to denote local weak-star convergence,

and, in the case of finite Radon measures, we will also check the condition sup |ug|(2) < co.

We quote now a useful result concerning weak-star convergence which will play a key role in the L

estimates of the normal traces of the Gauss-Green formula of Theorem [3.21

Lemma 2.4. Let g, € M(Q;R™) and v be a positive Radon measure on Q such that p, — u and
le| = v. Then the following statements hold:

(1) |p| < v and for each p-measurable set E CC Q satisfying v(OF) = 0 one has

m | |(E);

li
k—+o00

wE) = lim u(E) and v(E)=
(2) given any x € Q and R = R, > 0 such that B(z, R) CC Q, then for £*-a.e. r € (0, R) we have
v(0B(z,r)) = 0.
Hence, pp(B(z,r)) = w(B(z,r)) and |pug|(B(x,r)) = v(B(z,r)) for such values of r.

3

Proof. For point (1) we refer to [2], Proposition 1.62. For completeness, we recall briefly the proof of point
(2), which follows from the fact that there are limitations on how much a Radon measure can concentrate.
For an interval I, if {A;}:es is a family of v-measurable relatively compact sets in 2 such that the sets 9 A;
are pairwise disjoint, then there exists a countable set N such that v(0A;) = 0 V¢ € I \ N. Indeed, since v

is finite on bounded sets and additive, the set
{t e I:v(0A;) > ¢}

is finite for any € > 0. This implies that the set {t € I : v(0A;) > 0} is at most countable (see also the

observation at the end of Section 1.4 of [2]). By applying this argument to the family {B(z,7)},¢(0,r), one

has that v(0B(x,r)) = 0 for #£1-a.e r € (0, R). Hence, by using point (1), one concludes the proof of (2).
]

2.2. Relative capacity and relations to Hausdorff measures. As is well known, the notion of capacity
is very useful in the study of the fine properties of Sobolev functions and for Sobolev type inequalities for
functions of bounded variation. Herein the notion will play a key role in the proof of the absolute continuity
of divergence measures with respect to Hausdorff measures (Corollary which depends on Theorem .
The brief exposition here borrows from the monographs of Maz’ya [22], Heinonen-Kilpeldinen-Martio [20]
and Evans-Gariepy [14].

Definition 2.5. For 1 < p < n and a compact subset K of the open set 2 in R™, we define the p-capacity
of K relative to ) as

cap, (K, Q) := inf{/ IVolPde : ¢ € C°(Q), ¢ > 10nK} .
Q

If U C Q is open, we set
cap,, (U, Q) := sup{cap,(K,Q) : K C U compact}

and, for an arbitrary set A C ),
cap, (A, ) := inf{cap,(U,Q) : ACU C Q, U open}.

If © =R", we write cap, (A4, R") = cap,(A), for any set A.
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For any compact subset K of , Definition [2.5] is equivalent to

cap, (K, Q) := inf{/ [VolPde:peC(2),0<p<1,{p=1}°D K},
Q

which follows from an approximation argument that one finds in [22], §2.2.1, point (ii). We shall use the
following well known monotonicity properties of the capacity:
(1) if Q; C Qg are open and A C Qy, then cap,(4,2) < cap,(4,Q;). In particular, if Qy = R",
cap,(A) < cap,(4,Q) for any open set 2 and any set A C €);
(2) if Ay C Ay C Q, then

(2.5) cap, (A1, ) < cap,(Az, ).

We recall a classical result which shows the relations between the p-capacity and the (n — p)-Hausdorff

measure.

Theorem 2.6.
a) Let K C Q) be a compact set. If 1 < p <n, then " P(K) < oo implies cap,(K,2) = 0, while, if
p =1, one has " Y(K) = 0 if and only if cap, (K,Q) = 0.
b) In addition, if Q =R"™ and A C R", then
(1) if 1 <p <n and cap,(A) = 0, then H*(A) =0 for s >n —p;
(2) cap;(A) = 0 if and only if #"1(A) = 0.

When 1 < p < n, part a) of the theorem is the content of Theorem 2.27 in [20] while part b) is the content
of Theorem 4 of Section 4.7.2 of [I4]. When p = 1, the theorem follows from Theorems 4.4 and 5.1 of [19].
More precisely, they show that cap; is comparable to a BV notion of capacity and that this BV capacity
and "~ ! vanish on the same sets. See also Theorem 3 of Section 5.6.3 in [14] for a proof of part b) when
p = 1 by using isoperimetric inequalities.

Next, we state a useful result concerning the compact sets K C 2 for which cap, (K, ) = 0. Such a result
can be also seen as an easy consequence of Lemma 2.9 of [20]; however, we will give an alternate proof which
does not use the notion of sets of zero p-capacity and Choquet’s capacitability theorem. Instead, we make
use of the Gagliardo-Nirenberg-Sobolev inequality.

Lemma 2.7. Let 1 < p <n and K be a compact set such that capp(K, Q) =0 for an open set Q@ O K. Then
cap, (K, ) =0 for any bounded open set Q' satisfying K C Q' CC Q.

Proof.  Let Q' be such that K C Q' cC Q. We take ¢ € C*(Q),0 < ¢ < 1,{¢ = 1}° D K and
P eCP(V),0<y <1, {py =1}° D K, then ¢op € C°(QV),0 < ¢pp < 1,{yp = 1}° D K. Thus

cony (. 90) < [ 1V as <2 ([ 1Vords+ Ivulz, [ jop o)

< ([ 1Vo do IVGIZI1F 161 o)) < OO0 p) [ (V0P

Taking the inf over ¢ gives the result, since cap, (K, ) = 0. O

We now state the technical lemma which will be used to show the absolute continuity of the distributional

divergence of divergence measure fields. A similar result was shown in [23], in the proof of Theorem 2.8.

Lemma 2.8. Let 1 < p < n and K be a compact subset of Q. If Capp(K, Q) =0, then there exists a sequence
of functions ¢; € C° () such that

(1) 0<¢;<1land¢p;=1o0nK,
(2) 1IVo;llLr(rny — 0,
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(3) for each j, supp(¢;) is contained in an open set U; CC Q such that {U;} is a decreasing sequence
and (;2, U; = K, which implies ¢j(x) — 0 for all z € Q\ K.

Proof. Since K is a compact set and cap,,(K,Q) = 0, then by Lemma [2.7 one knows that cap,(K,U) =0
for any open set U such that K C U CC Q. By selecting a decreasing sequence of open sets U; such
that U; CC Q and ﬂ;;oi U; = K, one concludes that cap,(K,U;) = 0 for any j. Therefore, one can find
¢; € C(Uj) such that 0 < ¢; < 1, ¢; = 1 on a neighborhood of K and ||V@;|[rr(qrn) — 0. Finally, if
x ¢ K, then x ¢ U, for any j > jo, for some jo, which easily implies ¢;(z) — 0. O

One could extend Lemma 2.8 to the borderline case p = n (with a similar proof) if one makes use of
the full W'P-Sobolev capacity, which employs the full functional [, [[V@|? + [¢|P] dz in the Definition
of relative p-capacity. Alternatively, one can apply the notion of p-capacity and Choquet’s capacitability

theorem, as done in [20].

2.3. Functions of bounded variation and sets of finite perimeter. We recall now a few basic defi-
nitions and results in the theory of functions of bounded variation and sets of finite perimetei] which give
essential ingredients in the framework for generalized Gauss-Green theorems. In particular, we will make
use of elements in the structure theory of sets of finite perimeter as developed by De Giorgi [12] and Federer
[16] (see also the manuscript of Federer [I7]). We follow mainly the treatment of the monographs [2] and
[14] and additional facts will be recalled later, when they are needed.

Definition 2.9. Let Q C R™ be open.

a) A function u € L*(Q) is said to be of bounded variation in Q if the distributional gradient Du is a
finite R™-vector valued Radon measure on €) and the space of all such functions will be denoted by
BV (Q). One says that u is of locally of bounded variation in € if for every open set W CC Q one
has uy € BV (W); the space of all such functions will be denoted by BViec(€2).

b) A measurable set E C (2 is said to be a set of finite perimeter in  if xgp € BV () and said to have
locally finite perimeter in Q if xg € BVoc(Q).

Consequently, Dxg is an R™-vector valued Radon measure on €2 whose total variation is |[Dxg| and, by
the polar decomposition of measures (2.3, one can write Dxg = vg|Dxg|, where vg is a | Dxg|-measurable
function such that |vg(z)| =1 for |Dxgl|-a.e. z € Q.

Remark 2.10. Important examples of sets of finite perimeter in ) are open bounded sets U CC €2 such that
A1 (OU) < oo or AU is Lipschitz. In this second case, it is possible to show that

(2.6) |Dxy| = 2" L0U,
as is known from the work of Federer (see Proposition 3.62 of [2], for example).

While says that |Dxy| is concentrated on the topological boundary of a bounded Lipschitz domain
U, this does not happen in general. Indeed, the topological boundary of a bounded set of finite perimeter £
can be very irregular, including the possibility of having positive Lebesgue measure £™. On the other hand,
De Giorgi [12] discovered a suitable subset of OF of finite "~ !-measure on which |Dyg| is concentrated if

E has finite perimeter in ).

Definition 2.11. Let E be a measurable subset of R™ and {2 be the largest open subset for which E is
of locally finite perimeter in . The reduced boundary of F, denoted by 0*FE, is defined as the set of all

2Such sets are also known as Caccioppoli sets.
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x € supp(|Dxgl) N such that the limit

. Dxg(B(z,r))
2.7 ve(z) = lim —————"——
>0 £ = T DX (B, )

exists in R™ and satisfies
(2.8) lve(z)| = 1.
The function vg : 0*E — S™~! is called the measure theoretic unit interior normal to E.

A precise justification for calling vg a generalized interior normal comes from De Giorgi’s blow-up con-
struction of E around a point of 9*E in which, for € > 0 small enough, one knows that £ N B(x,¢) is
asymptotically close to the half ball II;} (x) N B(z,¢). This construction will be taken up in more detail in
preparation for Proposition [4.10| concerning the determination of normal traces of divergence measure fields.

Moreover, the fundamental result of De Giorgi is that

(2.9) |Dxg| = #""'_0"E,

which generalizes (2.6 to sets of finite perimeter and leads to De Giorgi’s generalized Gauss-Green theorem
(1.3). For the proof of these claims, we refer to Theorem 3.59 of [2].

Crucial to the calculus on sets of finite perimeter E in €2 is Federer’s structure theorem which we now

recall. For any measurable set E C Q and for any « € [0,1] define the subsets

(2.10) EY:={reQ:d(E, z) = a},
where

.. |B(z,r)N E|
(2.11) d(E,z) = Th_r% B

is the Lebesque density of z in E. One calls E' and E° the measure theoretic interior and exterior of E in
Q, respectively, while 9™FE = Q\ (E° U E') is called the measure theoretic boundary of E in Q. If E has

finite perimeter in 2, Federer’s structure theorem (see Theorem 3.61 of [2]) states that
(2.12) O*E C EY? Cc 0mE

and that there exists a subset N with 5"~ 1(N') = 0 such that

(2.13) Q=F'U0*EUEUN.

In particular, since "~ 1(0™FE \ 0*F) = 0, we can integrate indifferently over 9* E or 9™ E with respect to
the Hausdorff measure s#"~! and E has density 0,1/2 or 1 in Q at #" -a.e. z € E. These facts will play
an important role in Lemma below on smooth approximations of x g for sets of finite perimeter.

In part to prepare for the approximation results in Lemma we recall a few additional facts about BV
functions. It is a well-known result from BV theory (see for instance [2, Corollary 3.80]) that every function
of bounded variation u admits a representative which is the pointwise limit s#"'-a.e. of any mollification
of u. In particular, this representative coincides " 1-a.e. with the precise representative u* of u defined
by

1
lim ———— u(y)dy  if this limit exists
(2.14) u(z) = { "0 B, )] S,
0 otherwise

and hence, given u € BV(Q2), if one defines u. := u * p. in {z € Q : dist(z,09Q) > ¢}, for any radially

symmetric mollifier p, one has

(2.15) u(z) = u*(x) A" tae x€Q.



12 GIOVANNI E. COMI AND KEVIN R. PAYNE

Next, we record the following elementary extension property as a remark.

Remark 2.12. If u € BV () has compact support, then the zero extension @ to R™ \ Q belongs to BV (R").
Indeed, it is clear that 4 is in L'(R"). Fix £ € C>(Q) with ||¢]|cc < 1 and £ = 1 in a neighborhood of

the support of u. Then, for any ¢ € C°(R™;R™) with ||¢||cc < 1 one has

(2.16) / ddivg dx = /Q udivg dr = /Qudiv(ffb +(1—-¢)¢)dx = /Q udiv(&p) do < |Dul|(),

since £&p € CP(R™) and ||€é||ec < 1. Taking the supremum over such ¢, one obtains |Da|(R™) <

|Du|(Q) < co. In addition, if ¢ € C°(2;R™), one has

/ adivqﬁdajz/udiwbda:,
n Q

which implies that Di = Du in M(€;R™), since they are both finite Radon measures and Cg°(€2;R™) is
dense in C.(£2;R™). Hence, one obtains |D4|(Q) = |Du|(€2), which, combined with the inequality (2.16)
yields |Da|(R™ \ ©) = 0.

We conclude this subsection with the needed properties of mollifying characteristic functions of sets of

finite perimeter.

Lemma 2.13. Let E CC Q be a set of finite perimeter in Q and x g5 := XE * ps, where p € C°(B(0,1)) is
a radially symmetric mollifier. Then, the following results hold:

(1) there is a set N with "1 (N') = 0 such that, for allz € Q\ N, xg.s(z) = x5(z) where
ifv € B!

ifx € O*E;

if v € E°

(2.17) Xp(®) =

S = =

(2) there exists g > 0 such that for any § < 0y one has the uniform bound
(2.18) IVxE:sllzi@mny < [DxE|(Q);
(3) one has the following weak-star limits in M(;R™):
(a) Vxgs = Dxg;
(b) xeVxEs — (1/2)DxE;
() xa\eVxEs — (1/2)DxE;
(4) if U CcC Q is a an open set with |Dxg|(OU) = 0, then |Vxgs|(U) = |Dxg|(U).
Proof. For the pointwise convergence of point (1), by (2.15), one knows that xg.s — x5 #" -a.e. and

that )
Xg(z) = lim ——— xe(y)dy = d(E, ),
g r—0 ‘B(x’ T)l B(z,r)
where d(E,z) is the Lebesgue density (2.11). It follows that x%(z) = 1,0 if x € E', EY respectively.
Moreover, by (2.12)), it follows that xj,(z) = 1 if z € 0*E.
For the estimate of point (2), consider first the case = R™. For any ¢ € C2°(R™;R") with [|¢]|lec < 1

one has
/ X (@)dive() do = / xE(u)divé * ps)(y) dz < [Dxs|®™).
R™ R™

Taking the supremum over ¢ gives in this case. In the general case, since £ CC €2, there exists dg > 0
sufficiently small to ensure that for any 0 < § < ¢ the support of xg;s is compact in Q2. Hence, if X denotes
the zero extension to R, one has [|VXg;s|[z1(orn) = [|VXEs||L1@®eire) < [DXE|(R™) by the previous case.
Remark then shows that |[D{g|(R™) = |Dxg|(2) and this gives in the general case.
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For the weak-star limit (a) of point (3), since xg.s — xx in L'(Q), one has

VXE:s - ¢pdr = —/ XEe;sdivedr — — xpdivg dx = ¢-dDxE
Rn R®

R’IL
for each ¢ € CL(Q;R™). Consequently, one has the limit (a) in the sense of R"-vector valued Radon measures,
by the density of C1(Q;R") in C.(£2;R™) with respect to the sup norm, and by the uniform boundedness of
total variation given in (2.18)).

In order to show limit (b), consider ¢ € C}(Q;R") and notice that

/¢XE'VXE;6 dfﬂ:/XEdiV(XE;6¢)d$—/XEXE;zsdiV(i)dOC
Q Q 0

= —/ OXE:s - dDXxE —/XEXE;gdiV(bd.r.
Q Q

Now, let 6 — 0 and apply Lebesgue’s dominated convergence theorem to the measures |Dxg| and £™ and

use point (1) in order to obtain

lim / s - Vv do = — / 6l - dDxp — / dive dr
5—)0 Q 9] QO

1
:7/ —¢- dDXEf/XEdivgﬁdx
a2 Q

1
— [ 3¢+ dDxs+ [ 6-dDxs
Q Q
since x3 = 3 on 9*E and |Dxg|(Q\ 0*E) = 0. Therefore, by the density of C}(Q;R") in C,(€;R™) with

respect to the supremum norm, the claim (b) follows.
Finally, for the limit (c), observe that

! 1
Xo\EVXE:s = VXEs = XEVXES = (1 - 2) Dxg

as 0 — 0 by combining the limits (a) and (b).
For property (4), we refer to the proof of Proposition 3.7 in [2]. (]

2.4. Divergence measure fields and their fundamental properties. As a final preliminary, we give
the precise definition of the class of low regularity vector fields that we will consider and present a few
properties that are fundamental for the generalized Gauss-Green formulas and their applications. We begin

with the class of vector fields.

Definition 2.14. Let 2 C R™ be open and 1 < p < 0.
a) A vector field F' € LP(;R™) is called a divergence measure field, and we write F' € DMP(Q; R™), if

the distributional divergence divF is a real finite Radon measure on 2.
b) A vector field F is a locally divergence measure field, and we write F' € DMY (Q;R"), if Flw €
DMP(W;R™) for any W CC Q open.

In the case p = oo, F will be called a (locally) essentially bounded divergence measure field.

It is worth mentioning that if F' = (F1,..., F,) is a vector field with components F; € BV (Q2)NLP(Q), then
F € DMP(Q; R™); however, cancelations in the singular part of the measure divF can allow for DMP(Q; R™)
without having components in BV (£2) N L?(€2).

A first important result concerns the absolute continuity properties of divF with respect to g-capacity,
which depends on the Lebesque index p for F' € DM (Q;R™). While this result is known (see Theorem 2.8
in [23]), given its importance, a complete and self-contained proof using Definition of the g-capacity will

be given.
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n—1

Hélder conjugate; that is, for each Borel set B C Q such that cap,(B,) = 0, |divF|(B) = 0.

Theorem 2.15. If F € DM (Q;R™) with -5 < p < oo, then |divF| < cap,(-, Q) where q := o2 s the

Proof. Since divF is a Radon measure on (), then its positive and negative parts (divF)® are well defined.
Let B C ) be a Borel set with capq(B, Q) = 0. By the Hahn decomposition theorem, there exist Borel sets
B. C Bwith B{UB_ = B and By NB_ = ) such that +divFL By > 0; that is, (divF)"L B = divFL B,
and (divF)"L B = —divFL B_. Hence, we need to prove that divF(By) = 0, and, in order to do so, it
suffices to show that divF(K) = 0 for any compact subset K of By, by .

We show only the case K C B, as the case of B_ is analogous. By the monotonicity of capacity, ,
cap, (K, Q) = 0 for any K C B if cap,(B,2) = 0. Since cap,(K,(2) = 0 and 1 < ¢ < n, we can apply Lemma
in order to find a sequence of test functions ¢; € C2°(§2) such that

(1) 0<¢;<land ¢; =1on K,
(2) IV¢jllLamrn) — 0,
(3) for each j, supp(¢;) is contained in an open set U; CC € such that {U;} is a decreasing sequence
and 52, U; = K.
Then, property (1) and the Holder inequality yield

diVF(K) + o ¢j ddivF = /qu] ddivF = —/ FVQS] dx < HFHLP(UI;RH)Hv¢j||Lq(Q;Rn)
K Q

and so, by properties (2) and (3),
divF(K) < |divF|(U; \ K) + || F||r v, =) [V 05l La(rny = 0 as j — +oo.
]

We remark that a similar result can be proven if p = n/(n — 1) by making use of the full W1 4-capacity
to extend Lemma to this borderline case. We refer to Theorem 2.8 of [23] for more details.

The following corollary (for which we refer also to Theorem 3.2 in [25]), in the case p = oo, is one of the
pillars on which the proof of generalized Gauss-Green theorems for essential bounded divergence measure
fields rests.

Corollary 2.16. If FF € DM} (Q;R™) and 25 < p < oo, then |divF|(B) = 0 for any Borel set B with

loc

o-finite ™"~ measure, where q := ﬁ. If p = oo, then |divF| < 5" 1.

-1
that |divF|(B) = 0 for each B € B(Q) such that there exists a family {B;} C B((?) satisfying B C |J; B;
and "~ 9(Bj) < oo. For every compact K C Bj, one has " 9(K) < oo, hence cap,(K,{) = 0 and
thus |divF|(K)

so |divF|(B) = 0, by o-subaddivity. The case p = oo follows analogously, by considering B € B(2) such
that #"~1(B) = 0: then 5" }(K) = 0 for any compact K C B, which implies cap, (K,{) = 0, and so
|divF|(K) = 0. The inner regularity yields |divF|(B) = 0. For the case p = -, we refer to Theorem 3.2 in

n—1’

[25]. O

Proof. If -2 < p < oo, then it is enough to apply Theorems @ and Indeed, one needs to show

= 0. By the inner regularity of the Radon measure |divF|, we get |divF|(B;) = 0, and

The result of Corollary is optimal. Indeed we have the following result, due to éﬂhavy (see Example
3.3 and Proposition 6.1 of [25]). The underlying construction will also be discussed in Example to

illustrate the related fact of the possible absence of normal traces when p < oc.

Proposition 2.17. If 1 < p < 25, then for an arbitrary signed Radon measure with compact support p
there exists F € DM (R™;R™) such that divF = u. This means that u may be not absolutely continuous

loc

with respect to any Hausdorff measure or capacity.
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On the other hand, if -2~ < p < oo, then for any s > n — q there exists a field F € DML _(R™;R™) such

n—1 — loc

that |divF| is not J£° absolutely continuous.

It is not difficult to see that these results can be generalized to p € M(Q) with compact support in Q
and F' € DML _(Q;R™).

We now recall a product rule for essentially bounded divergence measure fields which is the second
fundamental ingredient for the generalized Gauss-Green formulas. This result appeared in Theorem 3.1 of

Chen-Frid [5] and we refer to Theorem 2.1 of Frid [I§] for an improved proof.
Theorem 2.18. Let g € BV(Q) N L>*(§2) and F € DM™(Q;R™). Then gF € DM™(Q;R™) and
(2.19) div(gF) = g*divF + F' - Dg

in the sense of Radon measures on Q, where g* is the precise representative of g (therefore, the limit of the
mollified sequence gs := g * ps) and F - Dg is a Radon measure, which is the weak-star limit of F - Vgs and
is absolutely continuous with respect to |Dg|.

In addition, if g is also locally Lipschitz, then

(2.20) div(gF) = gdivF + F - Vg
in the sense of Radon measures on ().

As previously noted, in proof of the Gauss-Green formulas this product rule will be applied directly
along the lines of Vol'pert’s treatment of essentially bounded BV fields. We now formalize a few relevant

observations concerning the extension of Vol'pert’s method to DM (Q;R™) fields. See also the related

Remarks 3.3l and B4

Remark 2.19. As noted following Definition one has BV ({;R™) N L>(Q;R™) C DM>(Q;R™). This

inclusion is strict for n > 2. Indeed, one might consider the classical example

F(z,y) = sin <1> (1,1) € DM™>(R?;R?) \ BVioe(R%;R?) N L™= (R?; R?).

However, there is a certain parallelism between fields F € DM (Q;R") and functions u € BV (Q), as
they enjoy many similar properties. For example, an important consequence of the coarea formula for BV
functions (see Theorem 3.40 of [2]) is the absolute continuity property |Du| < ##"~! while Corollary
yields |divF| < 2#"~1. This property plays a fundamental role in the proof of Theorem and, as we shall
see in Section 3, it will be essential also in the proof of the Gauss-Green formulas. Moreover, DM (Q; R™)
is the natural extension of BV (Q;R™) N L>°(2;R™) in the sense that extends a similar product rule
known for the latter space, which one can find in [29], Chapter 4, §6.4. For the reader’s convenience, we recall
it here: for any F € BV (; R™")NL>(;R™) and g € BV(Q)NL>(Q), one has gF' € BV (Q; R")NL>(Q; R™)
and, for any j=1,...,n,
Dj(g9F;) = 9" D, Fj + Fi Djg,

which implies

(2.21) div(gF) = g*divF + F* - Dg,

where F* and g* are the precise representatives of F' and g.

It is not hard to show that these product rules and are consistent if FF € BV (;R™) N
L>(Q;R™). Indeed, one reasons as in point (3) of Lemma concerning weak-star limits of gradients
of mollified BV functions. Recall that F - Dg is the weak-star limit of F'- Vgs as § — 0, where g5 is a
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mollification of g. Then, one tests this sequence of Radon measures on a test function ¢ € C1(Q) and some

straightforward calculations yield
/ ¢dF - Dg = / @F™* - dDg.
Q Q

The density of C1(£2) in C.(2) implies the identity F'- Dg = F* - Dg in M(2), and hence the consistency of
the two product rules.

Finally, we note that Vol’pert’s method consists of choosing ¢ = xg where E CC Q and applying the
product rule to xgF and x%F and then using a lemma on fields with compact support ([29], Chapter 5,
§1.4, Lemma 1). We will follow the same path, using heavily Theorem and Lemma in the proof of
Theorem [3.21

We conclude this section with the following simple extension result for divergence measure fields, which
is analogous to the zero extension result for BV functions given in Remark 2.12] Additional extension and

gluing results will be given in Section [6]

Remark 2.20. If F € DMP(Q;R"™), for any p € [1, 00|, has compact support inside 2, then its zero extension
to all R™ is in DMP(R™;R™).
With
. F(z) if z€Q
F(z):= (z)
0 if zeR"\Q,

one trivially has F' € LP(R™; R"™). Arguing as in Remark one can show that |divF|(R™) < |divF|(Q) <
oo and so I € DMP(R™;R"). In addition, if ¢ € C2°(€Q), one obtains

/nﬁ’-V(/)dx:/QF-V¢dx,

which implies divF’ = divF in M(f), since they are both finite Radon measures and C2°(€2) is dense in C,(€2).
Hence, one gets |divF|(Q) = |divF|(Q), which, combined with the above inequality, yields |divF|(R™\Q) = 0
and divF = 0 in R™ \ Q.

Remark 2.21. One could obtain the same result by observing that, given a distribution T' € D'(Q), we
have supp(90°T) C supp(T) for any o € N". Hence, it follows that for any F € DM} (;R™) we have

supp(divF) C supp(F). Thus, if F has compact support contained in an open set V' CC £, then divF =0
inQ\V.

3. GAUSS-GREEN FORMULAS AND CONSISTENCY OF NORMAL TRACES

In this section, we establish versions of the Gauss-Green formula for DM (Q;R™) and DM (Q; R™)
fields on sets of finite perimeter which are compactly contained in 2. The method is analogous to the
one Vol'pert used in order to prove his integration by parts theorem and it is based on the product rule
established by Chen and Frid [5] and re-presented in [7] and [I8]. The results are similar to those presented
in the paper of Chen, Torres and Ziemer [9], but here we are not using their theory concerning the one-sided
approximation of sets of finite perimeter by sets with smooth boundary. Therefore, we do not need to state
a preliminary version of the theorem for open sets with smooth boundary. In addition, our approach can be
easily generalized to any set of finite perimeter, even not compactly contained in 2. Moreover, we will show
the consistency of normal traces in the sense that if F' is continuous on (2 then there is no jump component
in the measure divE on 0*F since the interior and exterior normal traces coincide and agree " '-a.e.
with the classical dot product F - vg.
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3.1. Gauss-Green formulas in DM> and DM;7;,.. We begin with the following result concerning fields
with compact support, which is valid for any 1 < p < oo and can be seen as the easy case of the Gauss-Green
formula, since there are no boundary terms.

Lemma 3.1. Let p € [1,00]. If F € DMP(;R™) has compact support in ), then
divF(Q) = 0.
Proof. Since F has compact support, there exists an open set V satisfying supp(F) C V CC Q. Then, by
Remark we have divF =0 in Q\ V.
Now, if we choose ¢ € C2°(2) such that ¢ =1 on a neighborhood of V, we obtain
0= —/ F-Vyodxr = —/ F-Vypdx = / pddivF :/ eddivF = divF (V)
Q\V Q Q v
and hence divF(Q2) = 0. O

We next treat the case of essentially bounded divergence fields, where we recall that xg.s := xg * ps,
where p € C2°(B(0,1)) is a radial mollifier.

Theorem 3.2. Let F € DM™(Q;R™) and let E CC Q be a set of finite perimeter in Q2. Consider the signed

Radon measures defined by

(3.1) o;:=2xglF -Dxg and o.:=2xo\pl - Dxg,

where XpF - Dxg and xo\gF - Dxg on Q are the weak-star limits (up to subsequences) of xgF -Vxg,;s and
xa\eF - Vxgs as § — 0. The measures (3.1) are absolutely continuous with respect to |Dxg| (and hence
concentrated on O*F) and satisfy

(3.2) divF(E') = —04(0*E) and divF(E'U0*E) = —0.(0*E).
The fluz measures o;, 0. admit Radon-Nikodym derivatives with respect to the measure |Dxg| = A" 1L O*E

and denoting these derivatives by (F; - vg), (Fe - vg) € LY(0*E; "~ 1) one has

(3.3) divF(E') = — Fi-vpda#™ ' and divF(E'UOE) = — Feo-vpdam™ L.
o*FE o*E

Moreover, the normal traces (F; - vg), (Fe - vE) belong to L= (9*E; ™~ 1) and one has the estimates
(3.4) 1Fi - vEllL= (o Boen-1) S ||FllLemny  and || Fe - vpllLe @0 miwen—1) < |IFllL=@\Bgn).-
Proof. Using the product rule of Theorem [2.18] at the level of Radon measures on €2, one has
div(xpF) = div(xp(xeF)) = xpdiv(xeF) + xeF - Dxp
=Xp(XpdivF + F - Dxg) + xegl'- Dxg
(3.5) = (X)*diVF + X5 F - Dxp + xeF - Dxg,

where x7}; is the precise representative of x g given in formula (2.17). On the other hand, one also has

(3.6) div(x3F) = div(xpF) = xpdivF + F - Dxg
and combining (3.5) with (3.6]) yields
(3.7) ((XE)? = XE)divF + X5 F - Dxg + xpF - Dxg — F - Dxp = 0.

One has |divF| < "1 by Corollary and hence divFL(0™E\ 8*F) = 0. By formula (2.17)) of Lemma
the first term in (3.7)) satisfies

. 1 .
(3.8) (X%)? — X5 divF = —ZXQ*EdlvF.
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By Theorem |F - Dxg| < |Dxg| and |xgF - Dxg| < |Dxg| and therefore these two measures are also
concentrated on 9*E. In particular, this implies that x; £ - Dxg = %F - Dxg. From this fact and (3.8)) one
obtains

1
(3.9) §X3*EdivF +F-Dxg —2xgF -Dxg =0.
Now, subtracting (3.9) from (3.6)) gives

1 - 1
div(xgF) = xprdivF + §X3*EdivF +F-Dxg — §X3*EdivF +—F-Dxg+2xgF - Dxg

= XEldiVF + 2XEF : DXE~
On the other hand, adding (3.9)) to (3.6) gives

1 —_— 1
div(xgF) = xprdivF + gxa*EdivF+F~DXE + §X8*EdiVF+F'DXE —2xgF - Dxg

Notice that F'- Dxg — xgF - Dxg is the weak-star limit in M(Q) of a sequence

F-V(xe *ps,) — xXeF -V(xe * ps,) = (Xa — xXe)F - V(XE * ps,) = xo\eF - V(XE * ps,,)

and hence

(3.10) F-Dxg—xeF-Dxe = xo\eF - Dxs-

One has then the following identities of Radon measures on €:

(3.11) div(xgF) = xp1divF + 2xgF - Dxg,
and
(3.12) div(xgF) = xprua- pdivF + 2xo\pF - DX k.

Since xgF € DM™(Q;R") clearly has compact support in €, by Lemma [3.1] and one has
0 = div(xgF)(Q) = divF(EY) + 2xgF - Dxe(Q).

Recalling that xgF - Dy is concentrated on 0* E, one concludes that
(3.13) divF(E') = —2xgF - Dx£(Q) = —2xgF - Dxg(9*E),
which is the interior Gauss-Green formula in for o; defined in (3.1)). In an analogous way, Lemma
and yield
(3.14) divF(E' UO*E) = —2xo\pF - Dx£(0*E),
which is the exterior Gauss-Green formula in for o, defined in .

Since |xgF - Dxg| and |xo\gF - Dxg| are absolutely continuous with respect to the measure |[Dxg| =

A"~ 0*E, the Radon-Nikodym theorem implies that there exist functions F;-vg and F.-vg in LY (9*E; 527 1)
such that

(3.15) 2xgF - Dxg = (Fi-vg) #" 'LO*E and 2xo\pF - Dxg = (F.-vg) #" ' LI"E,

and hence one has the Gauss-Green formulas (3.3)).
It remains only to justify the estimates (3.4) on the L*-norm of the normal traces. By the Lebesgue-
Besicovitch differentiation theorem, for s#" 1-a.e. € 0*F one has

i -ve)(x) = lim 2xpF - Dxp(B(z,1))
(Five)@) = i = By
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We claim that the family |xgF - Vxg;s| is uniformly bounded in M(€2) for § > 0 and small. Indeed,
X F - Vxz:s|(€) = sup {/ PIXelF - Vxps|de: ¢ € CF(Q), ][9]l < 1}
Q

< / IXEF - VXE:s|de < |[F||pe @z [VXES| L (@R
Q
< ||F|| Lo (srm) [ DxE|(9),

where the last inequality uses the bound .

Thus, there exists a weak-star converging subsequence, which we label with d;, and let the positive measure
Ai € M(R2) be its limit. In an analogous way, we can prove that the family of Radon measures |xo\ g F-VxE;s|
is uniformly bounded, we just need to put in the previous calculation the norm ||F||ze o\ g;rn). So there
exists a weak-star converging subsequence, which we label again with J;, whose limit is the positive Radon
measure \.. Moreover, we observe that also the sequences xg|Vx g5, | and xo\g|VXE;s,| are bounded using
the same argument as above. So there exist weak-star converging subsequences which we shall not relabel
for simplicity of notation and which converge to positive measures p;, e € M(Q).

By Lemma|2.4] a sequence of balls B(z, r;) with r; — 0 can be chosen in such a way that |[Dxg|(0B(z,r;)) =
Xi(0B(z,7j)) = pe(0B(x,7;)) = 0. Hence, by Lemmas and and because of |[Dxg| = #" 1LO*E,
we have

lim 2/ Xel - VXE;s, dy
B(&U,Tj)

. |2xeF - Dxe(B(z,7;)) |0
-l-lmo Dxg|(B(x,r;)) =%
=0l IDxel(B(,ry lim VXEa,|dy
=0 B(a,r)) ’
2P e Jim, [ (Vs dy
. 6, —0 B(z,r;)
< lim =
rj—>0

lim |VXE;5k ‘ dy
020/ B(a.r;)

lim xo\e|VXE;s, | dy
6k—>0 B(CL‘,TJ')

= 2||F|| L (ggn) lim |1
J

lim |VXE;5k | dy
0k —0 B(I,T]‘)

lim | Xo\eVXE:s, dyl
0k —0 B(mv’r’j)

< 2P|y i | 1
J

lim |VXE;5k | dy
6, —0 B(z,r;)

_ 1 |DXE(B(.’L'7 TJ))l) _ ||F||L°°(E-]R")~
2 |Dxpl(B(x,7;)) ’
In the last equality we used the definition of reduced boundary: if x € 9*E, then |vg|(z) = 1, |Dxe|(B(z,r)) >

0 for » > 0 and vg(z) = lim, ¢ %. This implies that

Dxg(B
L IDxs(Bl, )|

r=0 |Dxp|(B(z,r))
The estimate for the exterior normal trace F, - vg can be obtained in a similar way, considering instead balls
contained in © which satisfy |Dxg|(0B(x,7;)) = Ae(0B(z,r;)) = pni(0B(x,7;)) = 0 and using the inequality

= 2| ey i
J

= vp(a)| = 1.

/( )XQ\EF’VXE;Sk dy| < ||F||L°°(Q\E;R")/ Xo\E|VXE;s: | dy.
B(z,r

x,T
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This completes the proof. O

Before proceeding with the first corollaries of Theorem in the spirit of Remark we would like to
formalize a few remarks comparing the case of DM™(Q; R™) and BV (Q;R™) N L>°(Q; R™) fields.

Remark 3.3. Since the proof of Theorem [3.2] given above relies on the product rule for F € DM (Q; R")
and g € BV (Q) N L*(Q) and on Lemma then Remark and Lemma 1 in Ch. 5, §1.4 of [29] show
that Theorem is consistent with Vol'pert’s Gauss-Green formula for BV (;R™) N L*>°(Q;R") fields as
given in Chapter 5, §1.8 of [29]. In this particular case, one has F; -vg = F,, -vg and F, -vg = F_,, - Vg,
where Fy,, (2) are the approximate limits of F' in /" -a.e. @ € 9*E restricted to ITf (z) := {y € R" :
(y — z) - (2vg(x)) > 0}; that is, for any € > 0 one has
Ly € R F() Py (@) 2 6} 0 Bla,r) 01T, (1)
r—0 |B(x, )|
Remark 3.4. As a byproduct of the identity in the proof of Theorem one has the following
decomposition for the measure F - Dxg:

=0.

It is, however, not possible in general to factorize the measures xgpF - Dxg and xo\pF - Dxg into forms
such as

Vi Dxs and x5 F - DXr.
For example, consider £ := [0,1]" CC B(0,2) =: Q and F(z) = H(x1)e1, where H(t) = X[0,400)(t) is the
Heaviside function and e; = (1,0, ...,0) is the first element of the canonical basis of R™. Then it is not
difficult to show that we have

- 1
xeF - Dxg = §D1XE,
1
F-Dyg = Dixg — §jzﬂ"—h({o} x (0,1)"71),

which clearly implies xgF' - Dxg # (1/2)F - Dxg, but x5F - Dxgp = (1/2)F - Dxg, since x5 = (1/2) on
O*F by (2.17) and F'- Dxg is concentrated on 0*E, by Proposition Thus, xgF - Dxg # xX5F - DxE.
The inequality xo\gF - Dxe # (xo\r)"F - Dx follows easily from (3.16)) and the previous inequality, since

xo\eF -Dxeg =F-Dxg — xgF -Dxg # (1 —xg)F'- Dxg = (xa\g)"F - Dxg.

An immediate corollary of Theorem is a way to represent the measure divF' on the reduced boundary

of sets of finite perimeter compactly contained in the domain.

Corollary 3.5. Let F € DM™(Q;R™). If E CC Q is a set of finite perimeter in ), then

(3.17) Xo-pdivF = 2xgF - Dxg — 2xo\pF - Dxg = (F; - vg — Fe - vg) A" 'LO*E,
which implies
(318) leF(B) = / (]:2 ‘VEp — ]:e . I/E> d%n_l

B

for any Borel set B C 0*F, and
(3.19) \divE|(0"E) :/ Fi v — Fo - | dm1.
O*E

Proof. Equation (3.17)) follows immediately if one subtracts (3.11]) from (3.12)) and uses (3.15). Evaluating
both measures in equation (3.17)) over a Borel set B in 0*F yields (3.18]). Finally, (3.19)) immediately follows
from (3.17) and from properties of the total variation. |
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The extension of the Gauss-Green formulas in Theorem to locally essentially bounded divergence
measure fields is straightforward. Indeed, if E CC €2, we can find an open set V satisfying £ CC V CC (.
This simple topological fact allows us to state the following corollary for vector fields in DM, (€; R™).

Corollary 3.6. Let F € DM, .(4;R™) and E CC Q be a set of finite perimeter in Q. Then on a neigh-
borhood of E one has internal and external flur measures defined by (3.1) and one has interior and exterior

normal traces (F; - vg), (Fe - vg) € L®(0*E; ™ 1) such that the formulas (3.2), (3.3) and (3.17) - (3.19)

hold. In addition, one has the estimates
(3:20)  [IFi - vpllLoe @ mown—1) S |FllLoe(mimny  and || Fe - vpl| Lo o0 moen—1) < WH[[F[[Le v\ mn) )
where the inf is taken over all open sets V' satisfying E CCV CC Q.

Proof.  As noted above, there exists at least one open set V satisfying £ CC V CC Q. Hence F|y €
DM>(V;R") and E CC V, which means that one can apply Theorem [3.2/and Corollary The estimates

(3.20) follow similarly. O

3.2. Consistency of normal traces. As previously noted, for a general divergence measure field the
measure divF contains a jump component at the boundary of a set of finite perimeter where the exterior
and interior normal traces do not coincide. However, this does not happen if the field F' is continuous. The
following theorem is similar to Theorem 7.2 in [9], however, our proof does not need the preliminary result

given by Lemma 7.1 in [9] and it is consequently more direct.

Theorem 3.7. (Consistency of the normal traces) Let F' € DMy, (R NC(Q;R™). IfECCQisa
set of finite perimeter in §, then the interior and exterior normal traces coincide and admit a representative
which is the classical dot product of F' and the measure theoretic interior unit normal to E on 0*E. The

Gauss-Green formulas (3.3]) hence reduce to
(3.21) divF(E') = — F.-vgpd#" ' =divF(E' UO*E).
9*E

Proof.  Up to taking an open set V such that E CC V CC (2, one can assume F € DM (Q;R").
By Theorem one has that 2xgF - Dxg = (F; - vg) 2" 1L O*E in the sense of Radon measures and
Fi-vg € L®(0*E; #"~1). This means that for " 1-a.e. x € 9*E one has

.o Xel  Dxg(B(z,r))
3.22 Fi-ve)(x) = lim 2 .
3:22) ) ) = 2 D (B )

In addition, if xg.5 := xE * ps is a mollification of x g, one knows that

XEF - Vxps — XgF - Dxg in M(Q),

which means that, V¢ € C.(£2),
/ oxeF - Vxgsdr — / ¢odxgF -Dxg as d — 0.
Q Q

Observe that ¢F € C.(©;R") and, since xgVxgs — (1/2)Dxg, by point (3)(b) in Lemma one also
has
/(¢F)~VXE;5XEdm—> (¢F) - (1/2)dDxg as 6 — 0.
Q Q
Thus one can conclude that xgF - Dxg = 3+ F - Dxg in M(Q), which means that

2XEF-DXE(B({L‘7T))=/ F-dDXEz/ F-vgd|Dxgl-
B(z,r) B(z,r)
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Moreover, by the continuity of F, the function F - vg is well defined on 8*F and is also in L1(9*E; 5"~ 1).
Thus, from (3.22), for ##" l-a.e. x € 0*F, one obtains

. fB(m,r) F(y) -ve(y)dDxel|(y)
Fi-ve)@) = Iy e (B )
_ @) - vs(a),

by the Lebesgue-Besicovitch differentiation theorem.
Applying the same steps to the measure 2xyo\ g - Dx g yields that it is equal to F'- Dxg and hence one

also finds that F. - vg admits F - vg as representative and hence it coincides with F; - vg in the class of L™
functions. Finally, (3.21)) follows easily from ([3.3). |

From this theorem, we see that continuous divergence measure fields have no jump component in their

distributional divergence.

Corollary 3.8. Let F € DM (G R™)NC(Q;R™). Then, for any E CC Q set of finite perimeter in Q, we
have

Xo+pdivE =0
in the sense of Radon measures.

Proof. Tt follows immediately from equation (3.17) in Corollary from Corollary and from Theorem
B2 O

We remark that while this result says that xg«g|divF| = 0 in the sense of Radon measures for any set
E CC Q of finite perimeter in {2, we cannot strengthen this to obtain a better absolute continuity property
of divF such as |divF| < " for some ¢ € [0,1).

We also note that the L™ estimates in Theorem (and so also those in Corollary are sharp in the
sense that we can find continuous divergence measure fields F' for which

IFi - vE|| L~ 0+ Brorn—1) = || Fe - VEl| Lo (0 mren—1) = || Fl| Lo (mrm) = || F || Lo @\ BiRR).-
as the following simple example shows.

Exzample 3.9. Let E = [0,1]" CC Qand let F(z) =e; = (1,0,...,0). One has F € DM>(Q;R™) N C(;R™)
and || F|| Lo (grn) = ||F|| L@\ Ern) = 1. Moreover, on {0} x (0,1)"~!, v = e; and so over this part of 0*E
we have F; - vgp = F. - vg = F'- vg = 1, which implies the identity of the norms.

We conclude this section with a pair of remarks concerning normal traces.

Remark 3.10. We observe that in general the normal traces of an essentially bounded (but discontinuous)
divergence measure field on the reduced boundary of a set of finite perimeter do not coincide S#"~!-a.e. with
the classical dot product. However, it has been shown that, roughly speaking, the normal traces coincide
with the classical one on almost every surface. More precisely, let I C R be an open interval and let {X;}ser
be a family of oriented hypersurfaces in €2 such that there exists ' cc Q, ® € C'(€') and a family of open
set O CC Q' t eI, with ®(Q)=1,{® =1t} =%, =90 forany t € I,|VP| > 0 in ' and ¥, is oriented
by V®/|V®|. Then, if FF € DM5.(2;R™), we have

Fi-va, =Fe. v, =F - vq, A" Lae on Yy, for Llae tel.

For a proof of this result, see Proposition 3.6 of Ambrosio-Crippa-Maniglia [I] (although in their paper the
definition of exterior normal trace is slightly different from ours, they are indeed equivalent by Proposition
below). We notice that in particular this statement applies to any family of balls {B(zo,7)}re(0,r)
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inside 2: indeed in this case I = (0, R) and ®(z) = |z — z0|*>. Thus, for £'-a.e. r € (0,R), we have
|divF|(0B(zg,r)) = 0,

T—x
Fi VB(a:g,r)(x) =F.- VB(xzo,r) (x) = —F(I) . (|x—‘r2) Jf”’l—a.e. T e aB(l‘o, T)
and
divF(B(zo, 1)) = / Fl) - E220 g1y,
9B (z0,r) ‘.’E - 1’0|

Remark 3.11. We notice that, by combining Remark Theorem [3:2] and Corollary [3.6] one can recover
the approximation result of Chen-Torres-Ziemer ( as contained in (i)(b), (i)(g), (ii)(b) and (ii)(g) of Theorem
5.2 of [9]); that is, the integrals of the interior and the exterior normal traces over the reduced boundary are
the limits of the integrals of the classical normal trace over the boundaries of a suitable family of smooth
sets. Indeed, let F' € DM, (Q;R™) and let E CC Q be a set of finite perimeter. Pick a smooth nonnegative
radially symmetric mollifier p € C2°(B(0, 1)) and consider the mollification u(z) := (x& * pe,, ) (x) of xg for
some positive sequence € — 0. For ¢t € (0, 1), one has Ay := {uy >t} CC Q if g is small enough, following
the notation of [9] and [I0]. Since |divF| < #"~1 (by Corollary , we can apply the approximation
result stated in Lemma 4.1 of [9] to the measure divF (see also Theorem 3.1 of [I0]) in order to obtain

1
(3.23) lim |divF|(E'Ady) =0 for te (1)
k—+o00 ’ 2
and
(3.24) lim |divEF|((E' U8 E)AAy,) =0 for te (071).
k—+o0 ’ 2

It is clear that the sets Ay, satisfy the hypothesis of Remark for any k with ® = wug, and so

Fi-va,, = Fe va,, = F - va,, A" e on 0Ay, for Llae te (0,1).
Now, since Aj.; has a smooth boundary for #!-a.e. t € (0,1), then, by Remark for these values of ¢
one has " 1(0Agy \ 0*Ar.t) = 0, and this implies " 1((Ar4)! \ Ag..) = 0. Hence, by Corollary
and the Gauss-Green formulas (3.3)), one has
(3.25) divF(Ay.) = —/ F vy, dam ™t

OAg;t '

for any ¢t € (0,1) \ Zy, with £1(Z;) = 0. Clearly, Z := |, Z) is £"-negligible, and so (3.25) holds for any
k and for any ¢t € (0,1) \ Z. Finally, one applies (3.3) to the set E and uses (3.23]) and (3.24) to obtain

lim F-va,,d#" ' =~ lim divF(A,) = —divF(E') = / (Fi -vg)dsmt
k—+oo O Ape ' k—+o00 O*E

for Z1-ae. t € (1,1), and

lim F v, d#" ' =~ lim divF(Ay,) = —divF(E' UJ*E) = / (Fe-vg)da™ !
k— o0 6Ak;t ! k—+o0 9*E

for Lt-a.e. t € (0, %), which are the desired approximation results.

4. INTEGRATION BY PARTS FORMULAS AND DETERMINATION OF NORMAL TRACES

In this section, we make use of the Gauss-Green formulas to obtain integration by parts formulas and a
few applications. In particular, the use of compactly supported test functions will lead us to an investigation
of the local properties of normal traces of F' € DM (2;R™) on 9*E for subsets E C 2 of locally finite
perimeter and their complements. Moreover, we will show that the normal traces of F' on 0*F depend on FE
only though 0*E and its orientation.
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4.1. Integration by parts formulas. We begin with integration by parts formulas for a DMy, vector

field and a Lipschitz scalar function over sets of finite perimeter compactly contained in the domain.

Theorem 4.1. Let F € DMy, (€ R™) and let E CC 2 be a set of finite perimeter in ). Then, for any
¢ € Lip;,.(92), we have

(4.1) GddivF = — | &(F;  vg)da"? —/ F-Védz
B! 9 E E
and
(4.2) / ¢ddivF = — &(F. -vg)da™ ! —/ F-V¢dx.
E1U0*E OB E

Proof. As in the proof of Corollary we take an open set U satisfying F CcC U CC Q. Then,
Fly € DM*>(U;R"™) and ¢ € Lip(U), which implies also ¢ € Wh(U) c BV (U) N L*(U), since U is
bounded. With a slight abuse of notation, from now on, we will write F instead of F|y. By Theorem m
we know that ¢F € DM (U;R™). Using the first Gauss-Green formula in of Theorem we obtain

div(¢F)EY) = =2 [ dxeT D

We have ¢pxgF - Dxg = ¢xgF - Dxg: indeed, for any ¢ € C.(U),
/ YdoxeF - Dxg = Hm/ Y oxeF - Vxgsdr
— tim [ o) xeF  Vipsdo = [ (v6) e Dre.
0—=0 Ju U

because ¥¢ € C.(U). Since 2xgF - Dxg = (F; - vg) 2" 1 L0*E, we have

(4.3) / ddiv(¢F) = — O(F; -vg)dAaA™ ",
B *E
On the other hand, Theorem yields div(¢F) = ¢divF + F - V¢, which implies
(4.4) / ¢ ddivF = —/ F-Vodx +/ ddiv(oF).
B E E
Combining ([4.3]) with (4.4) and using |[EAE*| = 0 yields (4.1)). The proof of (4.2)) is analogous and makes
use of the second Gauss-Green formula in (3.2) of Theorem (3.2 g

More generally, it is also possible to remove the assumption £ CC Q if we localize with a Lipschitz

function ¢ which is compactly supported in €.

Theorem 4.2. Let F € DMy5. (Q;R™) and let E C Q2 be a set of locally finite perimeter in . Then, there are
well defined interior and exterior normal traces of F on O*E satisfying (Fi-vE), (Fe-vE) € LS.(0*E; #™71)

such that the formulas (4.1)) and (4.2)) hold for any ¢ € Lip.(2). In addition, for any open set U CC 2 one
has the estimates

(4.5) |Fi - vE|| Lo 9+ Bnussen—1) < | F || Lo (Bnu ;R
and
(4.6) [|[Fe - vE|l Lo (9= Envisen—1) < || F||Lo 07\ B

Moreover, for any open set U CC (Q,

(4.7) X mywdivE = (F; -vg — Fe - vg) " L(O*ENTU),



DIVERGENCE MEASURE FIELDS 25

which implies

(4.8) divF(B) = / (Fi-vg — Fe-vg)dsa#m !
B

and

(4.9) |divF|(B / \Fi-ve — Fo - vp|da™!

for every Borel set B CC Q) with B C 0*FE

Proof. We begin with the existence of the normal traces and the validity of formula . It is clear that there
exists an open set W CC Q such that supp(¢) N E CC W and for which we have then Fjy, € DM™(W;R")
and (Xg)jw = Xenw € BV(W). This means that we can apply the Leibniz rule (Theorem to oxgF
and ¢x%F and argue as in the proof of Theorem (3.2l We obtain:

(4.10) div(¢xpF) = oxpdivF + ¢F - Dxg + xuF - V;
(4.11) div(pxEF) = o(xXp)*divF + ¢oxpF - Dxg + ¢xeF - Dxp + X5 F - V¢;

and we observe that div(qSXEF) = div(¢x%F), since X% = x&- Making use of the formulas ) for x%
and of the decomposition ([3.16]) for the measure F - Dy g, the formulas ) and - become

. . 1 .
(4.12) div(pxeF) = dxprdivF + §¢X6*Ed1VF +oxeF - DxE + ¢xo\eF - DxE + XxEF - V;
. . 1 . 3 1
(4.13) div(pxel) = ¢xmdivF + Z¢X8*Ed1VF + §¢XEF -Dxe + §¢XQ\EF -Dxg+ xeF - Vo.
Subtracting (4.13)) from (4.12) gives the following identity between measures in M (W):
(4.14) dxo-pdivF = 2¢(xgF - Dxg — xao\e I - DXxE)

Since [xgF - DxEl, [xo\eF - Dxe| < |DxEg| as measures in M(W) which are concentrated on 9*ENW, by
the Radon-Nikodym theorem there exist two functions (F; - vg), (Fe - vg) € L*(0*ENW;#" 1) such that

(4.15) 2xpF - Dxp = (F;-vp)# " "L(O*ENW) and 2xo\pF - Dxp = (Fe-vp) A" "LO*ENW).

Now, with U CC € fixed, select ¢ € Lip,.(2) such that U = {¢ # 0} S0 that one has UNJ*E C supp(¢)NE C
W. Hence, for any ¥ € C.(U), one can take as test function ® = ¥ 5 €C(U) in ([@14) to find

/ Yxorp ddivE = 2/ Yd(xeF - Dxg — xao\eF - DxE).
U U

This implies the identity (4.7]) in the sense of Radon measures. The formulas (4.8) and (4.9 are immediate
consequences.
Next, we will show that (4.1) and (4.2)) hold for any ¢ € Lip,(€2). Substituting into (4.12)) the expression

for ¢xo+pdivF given in (4.14)), we find
(4.16) div(oxgF) = ¢pxp divF + xgF - Vo + 2¢0xgF - Dxg,

to which we apply Lemma using the fact that ¢ has compact support, in order to obtain (4.1). Analo-
gously, substituting into (4.16)) the expression for 2¢x g F - Dx g which comes from (4.14]), we find

div(pxEF) = div(¢pxpF) = ¢xprue-pdivF + xgF - Vo + 2¢xo\ g F - DXE,

from which we deduce in a similar way.

As for the L estimates, let U CC €2, then we have Fyy € DM (U;R") and xpnv € BV (U). Hence, we
obtain for F' and the set E N U, whose reduced boundary in U is 9*F N U, where 0*F is the reduced
boundary of F in . Indeed, we notice that, in the last part of the proof of Theorem the assumption
E CcC Q is not necessary. Therefore, and . follow. ]
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Before proceeding with some generalizations and applications of the integration by parts formulas, we
wish to make a pair of remarks about the normal traces in the extended context of £ C  having only
locally finite perimeter, as in Theorem [£.2]

Remark 4.3. Tt is possible to improve the estimates (4.5) and (4.6)) on the L>°-norm of the normal traces.
Indeed, if F € DM (Q;R™) and E C Q is a set of locally finite perimeter in €2, we can choose U = (OF).NV,
where (0F). = {x € Q : dist(z,0F) < e} and V CC 2 is open. Then, we get

1Fi - vEllLoe (or myvien-1) < IE{]|F][L(mmm) b
where E. :=UNE ={z € ENV :dist(z,0F) < £}. On the other hand, a similar argument and yield
1Fe - vEllLe= (o Bynvisen-1) < IEL|F| Lo (g2 mm) }-
where B :=UN(Q\E)={x € (Q\E)NV : dist(z,0F) < e}.
Remark 4.4. It is easy to see that, if F € DM (;R™) N C(Q;R™) and E is a set of finite perimeter
in Q, then we have that the normal traces coincide with F(z) - vg(z) for #" 1-ae. 2 € (0*E)NU and

X (- E)nudivE = 0, for any open set U CC 2. Indeed, the traces are defined as the densities of the same
Radon measures as in the case £ CC €.

As a first application of the integration by parts formulas, one can generalize the classical Green’s identities

to C! functions whose gradients are locally essentially bounded divergence measure fields.

Proposition 4.5. Let u € CL(Q) satisfy Au € Mio() and let E C Q be a set of finite perimeter in €2
Then for each v € Lip () one has

(4.17) / vdAu:—/ vVu-uEd.%””_l—/ Vo - Vudz,

B OB E
and if v € CL(Q) also satisfies Av € Mo () one has
(4.18) / vdAu —udAv = — / (vVu — uVo) - v dA" L.

Bl O*E
Moreover, if E CC 2, then one can drop the assumption that u and v have compact support in Q.
Proof. We begin by noting that if u € C1(Q) and Au € M0c(Q), then Vu € DM (Q;R™) N C(Q;R™).
Thus, given a set E of finite perimeter in 2, the normal traces of Vu on 0* E coincide with the classical dot
product Vu(z) - vp(x) for " t-ae. x € (0*E) NU and X9+ pynuAu = 0, for any open set U CC €, by
Remark [£4]

Thus taking u € C}(Q) such that Au € M,..(Q2) and taking v € Lip, (L), for any set E of finite perimeter

in Q we have by applying of Theorem If in addition, v € C}(2) and satisfies Av € Mioc(9),

one also has (4.17)) with the roles of u and v interchanged, which leads to (4.18). If E CC {2, one can appeal
to Theorem [£.1] to eliminate the assumption on the compact support of v and v. O

We prove now a variant of the integration by parts formula in which the set of finite perimeter E and
supp(¢) are not compactly contained in the domain 2. This variant will be used in the applications of
Section [5] on patching and extending divergence measure fields.

Proposition 4.6. Let V CC E° C E C U, where U and V are open sets and E is a set of finite perimeter
inQ:=U\V, and F € DM:.(Q;R™). Then, for any ¢ € Lip,.(U), we have:

(4.19) $pddivF = — O(F; - vonp) dA" ! — / F -Védu;
E© O*E O\E

(4.20) / ¢ ddivF = — O(Fe - vo\g) dA" " — F-Vda.
EOU9*E O*E Q\E
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Proof. Let ¢ € Lip.(U). Then, if we set I.(V) = {x € U : dist(z,V) < e}, for some ¢ > 0 such that
dist(1c(V'),0F) > 0, we can take a function n € C2°(I.(V')), such that n = 1 on I./5(V). Now we define the
function ¢ := ¢(1 — 1), so that we have ¢ € Lip(Q), ¢ = ¢ on Q\ E and ¢ = 0 on I./5(V), hence 6 has
compact support in 2. Hence, we can apply Theorem to F, Q\ E and & in order to obtain:

/ G ddivF = — / O(Fi - vo\p)dA" " — F-Vdz;

(Q\E)? 9*(Q\E) O\E

/ G ddivF = 7/ O(Fe - vorp) A — / F-Vdz.
(Q\E)1Ud* (Q\E) 8*(O\E) O\E

By the properties of ¢ and recalling that (Q\ E)! = E° and that 8*(Q \ E) = 9*F (see (4.23) below), we
deduce (4.19) and (4.20). O

Remark 4.7. When E is not compact in €2, we cannot in general drop the assumption that ¢ has compact
support in the integration by parts formulas, even if E is a set with globally finite perimeter measure on
Q. Indeed, if ¢ does not have compact support in €2, then we can take ¢ = 1. For example, consider
Q=R"\B(0,1/2),E =R"\ B(0,1) and F = % It is clear that |Dxg| is a finite Radon measure on
€T n
and that F' € DM™(Q;R") 1 C(Q;R"), with divF = 0 and (F; - vp)(z) = F() - ﬁ =1 on 9B(0,1). If we
x

take ¢ =1 on Q in (4.1)), we have

0=divF(E') = — / Fz)- 2 da" " (z) = —#" 1 (0B(0,1)) = —nwn,
8B(0,1) ||

which is absurd.

4.2. Determination of normal traces. We begin by reinterpreting Theorem in terms of the normal
trace functional (I'F)ag : Lip.(©2) — R defined by

(4.21) (TF)op(d) = /E F-Vodu+ | oddivE.

This functional is well defined for any E of locally finite perimeter and for any F € DM (Q;R") with
1 < p < oo and has been well studied by Silhavy in [25]. Theorem says that when p = oo this functional
can be represented by a locally essentially bounded function on * F' (the interior normal trace of F' on 0*F)
in the sense that

(4.22) (TF)op(d) = — -, ¢(Fi-vp)dA" ",

from which it also follows that supp((T'F)sg) C 0*E. On the other hand, if p # co one cannot hope to find
a representation like with even F; - vg € Ll (0" E; #™~1), as Example below illustrates.

In the case p = oo, one might ask in what sense the normal traces depend on E. We will show that
for sets of locally bounded perimeter, the normal traces are determined by 0*FE and its orientation, thus
generalizing what is known for the case of E open, bounded with C' boundary (see Proposition 3.2 of
Ambrosio-Crippa-Maniglia [I]). Our treatment begins by considering the normal traces on complementary
sets.

If E C Q has locally finite perimeter in 2, then one knows that the complementary set Q \ F also has

locally finite perimeter in 2, where
(4.23) (Q\E)=0"FE
and

(4.24) vo\e(r) = —vp(r), Yo € " (Q\E)=0"FE.
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Theorem then shows that F' € DMy, (€;R™) also admits interior and exterior normal traces
(Fi - vang): (Fe - vanp) € Lig (9" (Q\ E); "),

with respect to 9*(2\ E), for which the integration by parts formulas (4.2]) and (4.1]) hold with 2\ E in place
of E. One easily obtains the following useful relations for normal traces on the boundary of complementary
sets of locally finite perimeter in 2.

Proposition 4.8. If ' € DM (;R™) and E C Q is a set of locally finite perimeter in ), then

(4.25) (Fe -vE) = —(Fi -va\p) #" -a.e. on O*E
and
(4.26) (Fe - vo\g) = —(Fi - vE) A" ae. on O*E.

Proof. For any ¢ € C1(£2), by Theorem (using (4.2) on E and (4.1]) on Q \ E), one has

/F~V¢dx:/F~V¢dx+/ F-Védx
Q E O\E

=- O(F. -vg)daA™ ' — / ¢ddivF — O(F; - vonp)dA" ' — | ¢ddivF
O*E E1U*E o*E EO

=- O(F. -vg)d#™t — O(F; - vorp) A" 7/ ¢ ddivF
o*FE oO*E Q

= - O(Fe - vp)dAaA™ " — O(F; - vorp) dA™ +/ F-V¢dz,
O*E O*FE Q

where one uses (2\ E)! = E° and the facts that #"~! (Q\ (E°UE*UO*E)) = 0 (by (2.13)) and |divF| <
"1 by Theorem [2.15| Hence for each ¢ € C}(£2) one has
(Fe-vp)dA" "t =— O(F; - vorp) A",
o E OB
which gives since ¢ € C}(Q) is arbitrary, and by the density of C}(Q) in C.(Q). In a similar way,
using on F and on Q\ E, one obtains . O

Remark 4.9. We notice that the L> estimates are compatible with (4.25) and (4.26]). Indeed the L*° norm
of F on 2\ E controls both the L* norm of the interior normal trace on Q \ F and the L* norm of the

exterior normal trace on E. Analogously, ||F||zeg;rn) controls |F; - vg| and | Fe - vo\ |-

We will now consider the normal traces of F' on a common portion of the reduced boundary of two sets
of locally finite perimeter. We will show that the traces agree if the measure theoretic normals are the same
and have opposite signs if the measure theoretic normals have opposite orientation. Our proof will adapt
that given in Proposition 3.2 of [I] for bounded open sets with C! boundary.

For the proof, we need to recall a few additional facts from geometric measure theory. First, we recall a
consequence of the basic comparison result between a positive Radon measure p and k-dimensional Hausdorff
measures through the use of k-dimensional densities of p: if u € Mjo.(Q2) with p positive and ulo A = 0 for
a Borel set A C €, then for each k > 0 one has

(4.27) w(B(z,p)) = o(p*) for #*-a.e. x € A.

For a proof of this fact, see Theorem 2.56 of [2]. Next, we recall elements of the structure of sets of locally
finite perimeter given by De Giorgi’s blow up construction. If F is a set of locally finite perimeter in €2, then
for any € 0*F one has

(428) X(E—z)/p — XHJE (2) and X(Q\E)—z)/p — XH;E(ac) in Ll(B(O, 1)) as p — O+,
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where HE (z):={y € R": +y-vg(z) > 0}. Moreover, the hyperplane H,, (z) := {y : y - vp(z) = 0} is the
approximate tangent space to the measure " 1|_0*E at x € 0*E in the sense that for any ¢ € C.(Q) one
has

(4.29) lim p~ (=1 /3E o((y —x)/p)dA" " (y) =/ o(z)dA" ().

p—0% H, ()
For the proof of these statements, see Theorem 3.59 of [2].
Finally, let us consider two sets E;,E, of locally finite perimeter in €. Then, for s#" lae. =z €
0*E1 N 0*Ey, we have either vg, (z) = vg, () or vg, (z) = —vg,(x). This follows from the locality property
of approximate tangent spaces, for which we refer to Proposition 2.85 and Remark 2.87 of [2].

Proposition 4.10. Let F' € DM . (Q;R™) and let Eq, Eo be sets of locally finite perimeter in Q such that
A YHO*Ey NO*Ey) # 0. Then one has

(4.30) Fi-ve,=Fi-vg, and Fo-ve, = F Vg,
for A" a.e. x € {y € O*E1NO*Ey v, (y) = vE,(y)} and

(4.31) Fi-vg, =—Fe-vp, and Fe-vg =—F; Vg,
for #" a.e. x € {y € O*EYNO*Ey v, (y) = —vE,(y)}.

Proof. We begin with the first claim in (4.30)). For ##" -a.e. z € 9*E; N 0*E5 such that vg, (z) = vg, ()
one has

(4.32) z is a Lebesgue point for F; - vg, with respect to A" O*E) for j = 1,2
and
(4.33) divF|((EL U E3) 1 B(z, p) = o(p"1).

Indeed, the normal traces are in LS, (0*E; 2"~ 1) and so the Lebesgue-Besicovich differentiation theorem
gives . For , it suffices to observe that (Ef U E3) N 0*Ej = 0 for j = 1,2, and so the property
follows from with g = |divF|L(Ef UE}) and k =n — 1.

Let n € C°(B(0,1)) and define 1,(y) := n((y — )/p). By the integration by parts formula (Theorem

, one has

(4.34) / 1, ddivF = —/ Np(Fi - vE,)d™ —/ F-Vn,dy
E o E,

1 E
J J

for j = 1,2. Using (4.33)) one sees that

/ Mp ddivF—/ np ddivF
El El

2

(4.35) < |divF|((B} UE}) N B(z,p)) = o).

Since Vn, = (1/p)(Vn),, one also has

(4.36)

1
/ F'Vﬂpdy*/ F-Vn, dl/' < ;|\F\|Loo(B(a;,1);1Rn)|\VT)HLec(B(o,n;Rn)|(E1AE2) N B(z, p)|.
E1 E2
Next, observe that

(B AEy) A Bz, )] = p" /B s el dy
Z,p.

=/ X (2 + p2) — XEa(@ + p2)|d=
B(0,1)

:/ |X B1—2 (2) — X Ba—a (2)| dz — 0,
B(0,1) ’ B
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as p — 0, where one uses (4.28) and the fact that H;"El (x) = H,j‘EQ (x). Hence, (4.36) implies

/F~V77pdy—/ F-Vn,dy
E1 E2

Subtracting (4.34) with j = 2 from (4.34) with j = 1 and using (4.35]) and (4.37)), one obtains

(4.38) | st [ () daen = o),
0*E, 0* Eo

(4.37) n1.

=olp

On the other hand, since z is a Lebesgue point for F; - vg, with respect to S~ 0*F}, one has

(4.39)

[ B v i F)@) [ o
0* E; O*E;

S/ noW(Fi - ve,)(y) = (Fi - vp,) (@) dA" " (y) = o(p" ™)
9" E;

for j = 1,2. In addition, (4.29) implies that

(4.40) p*(”*l)/ N, dA™ 7/ ndA" " = o(1),
o* Ej HVEj (w)

for j = 1,2. Hence, by (4.39)), (4.40) and the triangle inequality, one has

p—(n—l) / np(]_—i . I/E]') dn—1t _ (Fi- VEJ_)(LI’,‘) / nd%”—l =o(1).
o+ E, H

VE; (z)

Hence, for j = 1,2 one has

(4.41) p~(n1 / Np(Fi - vE,) dA™ " = (Fi - vg,)(2) / ndA#"t as p—0.
o+ B, H

v, (%)
Now choose 1 such that n > (1/2) on Hyp, () N B(0,(1/2)) so that the integral over Hyp, (x) is not zero.
Recalling that H,, (v) = H,,, (v), then and imply (F; - v, )(z) = (Fi - ve,)(x).

As for the other identities, notice that gives (F. - vg,) = —(Fi - vo\g,) for A" ae. z €
9*Ej, for j = 1,2. Moreover, since vo\p, = —vg, #" '-a.e. on 9*E; and vg, (z) = vg,(x), one has
vo\E, () = vo\g, (). Since Q \ Ej; is a set of locally finite perimeter in €2, one can apply the identity we
just proved to obtain (F. - vg,)(z) = —(Fi - va\g, ) () = —(Fi - von g, ) (1) = (Fe - vg, ) (x) for " -ace.
x€{y € 0*E1NO*Ey : vy, (y) = v, (y)}, which is the second claim in . The identities of follow
in an analogous way by using , and the previous argument applied to F; and Q\ Es. O

5. GLUING CONSTRUCTIONS AND EXTENSION THEOREMS

In this section, we present two gluing constructions for building DM (2; R™) fields from a pair of DM
fields whose domains decompose ). The first construction involves subdomains whose overlap is an open
subset containing the boundary OF of a bounded set of finite perimeter in 2 and the gluing takes place
along OF by restriction of the respective fields to E and its complement. The second construction involves
complementary subsets, one of which is an open bounded subset U whose topological boundary has finite
" -measure. The pair of fields are extended by zero on their complements and summed to give the
gluing along OU. Since there are no a priori compatibility assumptions made on the pair of fields, the
results provide a wealth of DM®™ extensions of a given DM field. The two theorems presented here
are similar to Theorem 3 of Chen-Torres [7] and Theorem 8.5 and Corollary 8.6 of Chen-Torres-Ziemer [9]
respectively; however, we have removed some of their assumptions on domains and modified and completed

the proofs. In particular, we make use of the integration by parts formula on the complement of sets of
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finite perimeter compactly contained in the domain (Proposition which justifies the treatment of the
term with an unbounded domain in Corollary 8.6 of [9]. In addition, we have refined the conclusions by
providing representation formulas for the jump components of the distributional divergence of the fields
constructed and given L°-estimates of the relevant normal traces. Finally, we use the second construction

to obtain Gauss-Green and integration by parts formulas up to the boundary of a bounded domain U such
that s#"~Y(0U \ 9*U) = 0.

We begin with the extension theorem with overlapping domains.

Theorem 5.1. Let W CC E° C E CC U C Q, where Q,U and W are open sets and E is a set of finite
perimeter in Q. Let Fy € DM (U;R") and F, € DM>(Q\ W;R"). Then

Fl(l') ’Lf reF

Fr) = ,
Fy(z) iof 2€Q\E

belongs to DM (Q;R™), and
|| Fl[pptes (umny = max{||F1||poe (zmn)s || Fal Lo @\ mmmy } + [diVE|(EY)
+ |diVF2|(EO) + ||]:i,1 Vg — .7:5,2 . Z/E||L1(3*E;%n71),

where F; 1 - Vg is the interior normal trace of Fy over 0*E and Fe o - vg is the exterior normal trace of Fo

over O*E. In addition, we have
(5.1) divF = xp1divFy + xpodivFy + (Fi1 - vg — Fen - vp) X" 1 LO*E

in the sense of Radon measures on 2, which in particular implies the following representation for the jump

component:
(5.2) Xo-pdivE = (Fi1 - vg — Feo-ve)#" 'LO*E.
We notice that we recover Theorem 3 of [7] if we take Q@ = R™ and U bounded.
Proof. Obviously, F' € L*°(;R") and
1F[| e @iy = max{||F1 || ) || F2ll L @\ B2 }-

By applying the integration by parts formulas (4.1) to E and ([#.19) to Q \ E, for each ¢ € C}(Q2) with
[|#]|co < 1 one has

/F-v¢dx:/F1-v¢dx+/ Fy - Védr
Q E O\E

(53) = — ¢dd1VF1 — / gf)dleFQ — / (-Fi,l ‘VE + fi,g . VQ\E)¢ d%nil
Bt E° o*E

< |divEA|(EY) + |[divE|(E®) + [|Fix - ve + Fia - vasllLior moem-1)-
Thus, taking the supremum over ¢ on the left hand side, one has F € DM (Q; R").
Now, by (5.3) and (4.25), for any ¢ € C}(2) one has
d)ddiVF = —/ F- qud]? = ¢ddiVF1 + (Z)ddiVFg +/ (f;’l VE — fe72 . VE)¢ d%nil,
Q Q El E° O*E
from which the identities (5.1)) and (5.2)) follow. Finally, basic properties of the total variation then yield the
estimate on || F||p e (imn)- O
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Before turning our attention to the extension theorem for complementary domains, we will need a result
from measure theory which allows us to approximate open sets with finite boundary measure from the inside
and from the outside. A similar result is contained in Proposition 8.1 of [9] in order to prove their extension
Theorem 8.5; however, in [9] only the interior approximation is considered. In order to prove the result, we

follow the line of the proof of Proposition 3.62 in [2].

Proposition 5.2. Let U C R™ be a bounded open set with "1 (0U) < co. Then there exist two sequences
of open bounded sets Uy and Wy, such that Uy, CC U CC Wy and:

(1) [U\Uk| = 0;

2) limsup 2"~ 1(9U) < 2”*1%%"71(8U);

( ) k—4o00
3) Wk \U| = 0;
(4) limsup s~ 1 (OW},) < 2”_1%%"_1(8U).

k—+oco

Proof. By the definition of Hausdorff measure, for each integer k, there exists a d-covering of AU by closed
sets {C;} satisfying diam(Cj) =: 2r; < 0y, OU C ;2 C; and

. 1
n—1 n—1 n—1
(5.4) ;wn_ﬁj < A OU) + 2 < ATTHOU) + 4
It is clear that we can cover OU with a family of balls {B(x;,2r;)}, for some z; € C;. Since U is
compact, there exists a finite covering { B(;, 2r;)}j2 and so we set V. := U], B(x;, 2r;). We observe that

Vi, C Uj2t, 9B(x;,2r;). This inclusion implies
A9V < gn—t %wn_lr’?—{
o Wn—1 % 1 J

which, together with (5.4)), yields

n _ 1
(5.5) AN OV) < 2”—15& (%”” L(dU) + k) . Vk.
n—1
We set Uy, := U \ V; and so, by (5.4), we have
mp
U\ Ukl = [UNVi] <[Vl € war]
j=1
5k Wn, n—1 5]@ Wn 1 1
< mn—
anlzwn 1 2wn1<% (9U) + k

which goes to zero as ¢ — 0. Finally, 0U, = 0V, N U and so implies point (2).
For the exterior approximation we choose Wy := U U Vj, which is clearly bounded. It is easy to see that
we have OW), = 9V}, \ U and
Wi \U[ = [Vk \U| < [Vk| = 0.
It follows also that J#"~1(OW}) < #"~1(dV},), which, by (5.F)), implies

2"1(9U).

lim sup "1 (0Wy) < gn—11%n

k—-+4oco Wp—1

]

We now are ready for the extension theorem with respect to complementary sets, which also leads to
representation formulas for the divergence measure of the extension and yields estimates on the L*°-norm

of the normal traces on 0*U
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Theorem 5.3. Let U CC Q be open sets with " 1(0U) < oo, F1 € DM™(U;R"™) and F» € DM™(Q\
U;R™). Then, if we set

N F; ) elU N 0 ; ceU
Fi(e) = 1(z) l'f T and  Fyle) = z'f T B
0 if eQ\U Fo(z) if € Q\U
we have Fy, Fy € DM (Q;R") with:
. _q nw .
(5:6) 1illoar=qaiee) < (1427 2223 00) ) | Fllpaes i
n n—1 TWn n—
(5.7) 1Bollpa @z < (1 g >> 1Pl ptee @07

If we set F' := Fy + Fy, we have F € DM (Q;R™) and we obtain the following representation formula for
the divergence measure of the extension:

(58) divF = XUldivﬁl + XUUdiVFQ + ((ﬁl,i . VU) - (ﬁg,e . Z/U))jfn_l I_8*U,

where (.7:'12 - vy) is the interior normal trace on 0*U of Fy and (.7:'276 -vy) is the exterior normal trace in
0*U of Fy. In particular,

(5.9) XorvdivF = (F1i-vy) — (Fae - vp)) A" L L9*U.

In addition, the normal traces of F on 0*U satisfy (F; - vy) = (.7:"1Z cvy), (Fe-vy) = (.7:"2,6 -vy) and
(]-A"Le vy)=0= (.7:"271' cvy) A" a.e. on 0*U. Finally, we have the following L™ -estimates of the normal

traces:

(5.10) 1Fi - vullpoe @-v;om-1) < T || F1][ Lo 0 mm)s

(5.11) IFe - vullios o v;em-1) < IE [[ B[ poe (v em),

where U, = {x € U : dist(x,0U) < &} and U := {x € Q\ U : dist(z,0U) < ¢}.

Proof. Clearly, E, E, and F are in L>(£;R™). We notice that, since "~ 1(0U) < oo, then |0U| = 0 and

hence we can ignore OU, when dealing with £".

First we study Fy. Let Uy, be the sequence of approximating sets given in Proposition We observe that
each Uy, is a set of finite perimeter in R", since 5"~ 1(9U}) < oo, and that U, CC U implies Ul C Uy C U.
Hence, for any ¢ € C}() with ||¢||ec < 1, we may apply the Gauss-Green formula :

Fl-V¢dx:—/

¢(]:i,1'VUk)djf"_l—/ ¢ ddivF;.
O* Uy

Uy Ul

Thus, by Proposition [5.2

/ Fy - Véde| < |divE|(U}) + | Byl =y (07 U)
Uy

< |divEy |(U) + ||F1||Loc(U;Rn)<%”"*1(8Uk).

Letting kK — 400, Lebesgue’s dominated convergence theorem and Proposition yield

U

< |diVEL|(U) + 2" == || By e ) 27 (DU,
—1

n

Since we have
/Fl-V¢dx:/F1-V¢dx,
U Q
it follows that
oA . _1 NWn _
|divEFy[() < |divEL|(U) + [[Fil| Lo (virn) 2" 1T%” Y(ou)

n—1
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and so
n . n— nwn, n—
1illoas=aze) < WIVFIO) + [ Fillomwiaey (14277 225 s o0)).
which implies (5.6]).

Now we consider F, and we take the sequence of open sets Wy in Proposition Each W is a set of
finite perimeter in R™ since "~ (0W},) < oo and U CC W}, implies W = (Q\ Wy,)! € Q\ W, C Q\ U.
For any ¢ € CL(Q) with ||¢||-c < 1, we can apply the integration by parts formula to the set Q\ Wy
and the field F5:

/ FQ-ngdx:—/ ¢(fi,2.m\wk)djf"—l—/ ¢ ddivFy.
Q\Wk O* Wy W;C)

Letting k — +o00, we obtain, by Proposition [5.2] and Lebesgue’s dominated convergence theorem,

Fy-Véde 1%
Q\U

< |divE|(Q\TU) + 271

||F2||Loc(Q\U;Rn)%nil(aU)-

n—1

Hence, since we have

/ F2.v¢da;=/ﬁ2.v¢da;,
Q\U Q

IdivEy|(Q) < [divFy|(Q\T) + zn—lgw

taking the sup in ¢ we obtain

nl 12| e (o072 22" (OU),

and so

. . — ne1 MW o
slloac@an) < VIO \T) + (1427 22 7 00) ) 1 Fall o

n—1

which implies (5.7)). It is then clear that F € DM (Q; R™).
As for the second part of the statement, we notice that, for any ¢ € C1(Q), we can apply (4.1)) to U and
(4.19) to 2\ U, thus obtaining

/F.v¢dx:/ﬁ1.v¢dx+/ By -Vodx
Q U O\U

=— [ ¢ddivF, — O(Fri-vp)da"™t — | ¢ddivE, — O(Faivoru) dA" 1
Ut U uo U
By (4.25)), we get (5.8) and (5.9). Applying again the formulas (4.1]) to U and (4.19) to Q\ U, we get
/ F-Védr = —/ ¢ ddivF — O(F; -vy)dA™ !
U Ut U
= / By -Véde=— | $ddivF, — O(Fri-vy)da" 1,
U Ut U

/ F -Vodr = —/ ¢ ddivF — ¢(Fi - va\v) A"t
Q\U o U

= / Fy - Véder=— | ¢ddivE, — (Fai voru)dA"
Q\U Uo U
which, together with and (5.8), yields (F; - vy) = (Fui - vu), (Fe -vu) = (Foe - vy) A" T-ae. on
o*U.
Finally, using the estimates in Remark to the field F', we obtain and . If we apply these
estimates to £} and Fh, we have that (.7:"1,e vy)=0= (.7:"2,1' - vy ), since Fy=0in U® and F5 = 0 in U..
|
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Remark 5.4. It should be noted that the normal traces (F;; - v), (Fe,; - v) are the densities with respect
to "L 9*U of the Radon measures 2XUFj - Dxy, QXQ\Uﬁj - Dy, respectively, for j = 1,2. Then, it is
clear that 2XUF2 -Dxu = QXQ\UF:L - Dxu = 0, since Fg =0in U and Z:_'l =0in Q\U.

In particular, we see that, if the topological and measure theoretic interior and exterior of U coincide up
to an s#" l-negligible set, we obtain a representation formula for the divergence measure of the extension
in terms of the divergences of the fields as well as new Gauss-Green formulas up to the boundary of the

smaller domain U.

Corollary 5.5. In the hypotheses of Theorem if AN U\ U) =0 and 71U\ (Q\U)) =0, or,
equivalently, "~ 1(OU \ 0*U) = 0, we have:

(5.12) divE = xudivFy + Xo\pdivFs + (F1i - vo) = (Fae - vp)) A"~ LOU;

(5.13)  |divF|(Q) < |divFy|(U) + |divF|(Q\ U) + 2" 1(0U) Eir;%(HFlHLoo(UE;Rn) + [|F2| Lo U= rn) );

(5.14) divey(U)=— | Fri-vpdam™
oU

(5.15) divF (U) = —divF(QU) — |  Foe-vydsa™ "
ouU

In particular, if Fo =0, then

(5.16) diVF1(U) = — ]:-1)2‘ - Vy d%n_l = —diVFl (8U)
oUu

Proof. One has the topological and measure theoretic decompositions
UUoUuuUQ\U)=Q=U0'vuluo*UuZz, #"Y2)=0.
By hypothesis one also has
Ul=UuZy U°=(Q\U)UZgyp, with " " (Zy)=0= """ (Zow) =0,

which yields U = ZyUZg\yU0*UUZ and #"~H(OU\0*U) = 0. Analogously, if "~ (0U\0*U) = 0, then
oU = 0*UU Zyy, with "1 (Zsy) = 0. Hence one has Ut = UU(ZyyNU?) and U° = (Q\U)U(Zpy NUY),
which implies "YU\ U) =0 and 52"~ 1({U°\ (2\ U)) = 0.

Now, since the divergence of a DM™-field is absolutely continuous with respect to #"~1, we can work

with U and Q\ U instead of U and U°, respectively. It is easy to see that divF) = divF; in M(U). Indeed,
for any ¢ € CL(U),

/¢ddivﬁ1:—/ﬁl-v¢dx:—/Fl-qud:c:/¢ddivF1.
U U U U

Then, by the density of C}(U;R") in C.(U;R™) with respect to the sup norm, we can conclude the equality
of the Radon measures. Analogously, divF, = divF, in M(Q\ U). Therefore, (5.8)) implies (5.12). The

estimate (|5.13)) follows immediately, also by (5.10) and (5.11)).
It remains to justify the Gauss-Green formulas (5.14)) - (5.16). We begin by observing that (3.11]) implies

diV(XUF) = xudivF + 2xy F - Dxy.
We now evaluate over 2, using the fact that U is bounded and using Lemma to find
divF(U) = —/ (Fi - vo) dom,
oUu

Then, since divF = divF; in M(U) and (F; - vy) = (F1 - vy) ™ -a.e. on QU by Theorem one has
(5.14).
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With a similar argument, we can show that
diV(XUF) = XUU(’)UdiVF + QXQ\UF . DXU7

and so we obtain

divF(U Ul = — / (Fo - v0) dm=1.
ouU

Using the fact that (F, - vy) = (Fa. - vy) ™ *-ae. on U by Theorem we get (5.15). Finally, if

F> =0, by Theorem we have (Fa. -vy) =0 #" -a.e. on AU and so (5.14) and (5.15) imply (5.16).
O

Remark 5.6. We notice that if U is an open bounded set with Lipschitz boundary, then Remark [2.10]implies
HA"~HOU\O*U) = 0. Hence, U satisfies the hypotheses of Corollary For bounded open sets U satisfying
the hypotheses of Corollary and for F' € DM (U;R"™), Theorem shows that the zero extension F'
belongs to DM (R™; R") and that there exists the interior normal trace (F; - ) on dU, while the exterior

normal trace is zero. By formulas ([5.16)) and (5.12)) of Corollary we have

(5.17) divF(U) = — / (Fi-vy)d#"' and  xopdivF = (F; - vy) " L OU.
oUu

In addition, by Theorem and (5.12)), for any ¢ € Lip, . (R™) we obtain

(5.18) div(¢F) = ¢divE + F - V¢ = ¢pxydivF + ¢(F; - vy) A" LU + xu F - V.

Hence, since (;Sﬁ' has compact support in R™, we can evaluate ([5.18)) on R™ and apply Lemma to obtain

the following integration by parts formula:
(5.19) / pddivF = —/ O(Fi-vy)dsam™ "t — / F-Voda.
U U U

6. CONCLUDING REMARKS

In this section, we would like to make some final remarks concerning the results we have obtained and
comparisons with other related results in the literature. First, we briefly discuss the importance of choosing
p = oo in the question of the existence of normal traces for F' € DM} (;R™). Then we indicate some
relations between our p = oo theory and known alternate approaches, which will lead to some known variants
of what we have presented. In particular, we will illustrate how one can obtain the consistency of the normal
traces with the classical dot product F - vg without the assumption that F is continuous (as made in
Theorem [3.7) provided that one makes additional assumptions on F' and E. We will also discuss alternate
representations of the normal trace as certain local averages.

We begin by illustrating why F' € DML

loc

(€; R™) for p < co may fail to admit locally integrable interior and
exterior normal traces which satisfy the Gauss-Green formula. The example relies heavily on a construction
of Silhavy in his study of DM} (§;R™) fields (see Example 3.3 and Proposition 6.1 of [27]).

Ezample 6.1. For any n > 2 and for any p € [1,00) there exists a vector field F € DM (Q;R™) \

loc

DM (2;R™) for which we can find a set E CC Q of finite perimeter in € such that there do not exist

interior and exterior normal traces (F; - vg), (Fe - vr) € LY(9*E; 7™~ 1) satisfying respectively

(6.1) ¢ ddivF = — OF; - vpdA" " — / Vé-Fdx
E? o0*FE E
and
(6.2) / pddivF = — OF, -vpdA" "t — / V¢ - Fd,
E'Ud*E O*E E

for any ¢ € C°(Q).
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Indeed, as in [25], will make use of the vector field F' which is the gradient of a Newtonian potential of
uniform mass distribution on a suitable compact set K of Hausdorff dimension m € (0,n — 1). Without
loss of generality, we may assume that B(0,1) CC Q. For any m € (0,n — 1) we choose a compact set
K c B(0,1)Nn{z €R": z, =0} with 0 < #™(K) < oo for which there is a constant ¢ > 0 such that

(KN B(x,r)) <ca™ VYeeR™ Vr>0.

For the existence of such a K, see Corollary 4.12 of [I5]. We define the vector field £L™-a.e. on Q by the

formula

(6.3) Fla) = — f‘yﬁ) A (y).

nwn, K‘ "

Following the calculations of Proposition 6.1 of [25] one sees that F' € LY (£;R™) provided that

loc

p
6.4 —
(6.4) m>n p—1

and that in such cases F € L _(Q;R") with
(6.5) divF = #™L K in M(9Q),

and hence F' € DM} _(;R™) provided that m € (0,n — 1) can be chosen to satisfy with n and p given.
For p € [1,n/(n — 1)] any m € (0,n — 1) will do, while for n/(n — 1) < p < co one can choose such an m
since n — -P5 € (0,n — 1). In addition, ' ¢ DM g (2 R") since divF is not A"~ Labsolutely continuous,
as follows from Corollary 2.16]

With E := B(0,1) N {z, > 0}, we claim that the existence of normal traces satisfying — leads to
a contradiction. To this end, we note that for any Borel set A C 2 one has

divF(A) =divF(ANK) = divF (AN {z, = 0}).

Subtracting (6.1]) from (6.2)) would say that for each ¢ € C2°(£2) one has

(6.6) / ¢ ddivF = 7/ O(F.-ve —Fi-vg)d#" ",
8*(B(0,1)N{xn>0}) 8% (B(0,1)N{zn>0})

We observe that
9" (B(0,1) N {z, > 0}) = (B(0,1) n{x, =0}) U (8B(0,1) N {z,, > 0}).

Since ™ (K) < oo, one has cap,,_,,(K) < cap,,_,,(K,) = 0 by Theorem and hence, by Lemma
there exists a sequence ¢; € C2°(Q2) which satisfies 0 < ¢; <1, ¢; =1 on K and ¢;(z) — 0 for all z € Q\ K.
We can write equation for any ¢; and, since the measure divF' is supported in K, we have

/ 6, ddivF — / ddivF = #™(K) > 0,
o*(B(0,1)N{z,>0}) K

On the other hand, we know that ¢; — 0 " l-a.e. since Theorem shows that cap,,_,,(K) =0
implies J#¢(K) = 0 for any s > m, hence in particular for s = n — 1. Thus we may apply Lebesgue’s
dominated convergence theorem to the right hand side of , since 0 < ¢; <1l and (Fe-vg —F; -Vg) €
LY(0*(B(0,1) N {z,, > 0}); 2"~ 1). In this way, we obtain

A™(K) = lim ¢; ddivF = lim —

, . / ¢j(Fe vp —Fi-vp)d#" ' =0,
I=+0 J o (B(0,1)N{zn>0}) J=tee Jor(B(0,1)N{zn>0})

which contradicts the positivity of J#™(K).
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It is interesting to notice that the obstruction to the existence of normal traces which complete Gauss-
Green formulas such as - is the possibility of having divF supported on a set of Hausdorff dimension
strictly less than n — 1 which lies on the reduced boundary of a set of finite perimeter. However, one knows
that it is possible to recover such formulas also in the case F' € DM} (;R™) \ DMy, (;R™), provided
that F' and the set E of finite perimeter in {2 satisfy some additional assumptions. We refer to Degiovanni,
Marzocchi and Musesti [I3], Schuricht [24] and Silhavy [25] for a complete treatment of this theory. Here we
only discuss how their results are consistent with ours in the case p = co.

We begin with the question of the consistency of normal traces with the classical dot product even when
F is not continuous, provided that F' and E satisfy two additional conditions which were in introduced in

[13] and exploited in greater generality in [24]. These conditions are

(6.7) |divF|(0*E) =0 and hdA" ' < cc.
o*FE

where h € L] (£2) is a nonnegative function such that one can extract a subsequence {Fy }xen of the canonical

mollification Fy := F x p., of F € L _(Q;R") satisfying: E|

loc

(6.8) F, — F in Li (9 R™);
(6.9) Fi(z) = F(x) for each z € Q such that h(z) < +o0;
(6.10) |F(x)] < h(x) for each x € 2 and k € N.

The existence of such an h for which the above properties hold is standard (see, for example, Theorem 4.9
of Brezis []). For F € DMy, .(;R") and E C Q of finite perimeter in © satisfying the conditions (6.7)),
Proposition 5.11 of [24] gives the integration by parts formulaﬁ

(6.11) ¢ ddivF = — OF -vp d A" —/ F-Védz,
FE1 o*E E

for every ¢ € Lip,,.(2) such that xg¢ has compact support in .

Remark 6.2. For F € DMS.(Q;R") and E C Q of finite perimeter in (2 satisfying the conditions (6.7)), the

interior and exterior normal traces of F on 0*F coincide J#" 1-a.e. on 0*F with the classical dot product

F - vg and one has the formula for each ¢ € Lip,,.(2) such that xg¢ has compact support in Q.
Indeed, since |divF|(9*E) = 0 by the first condition in (6.7), the interior and exterior normal traces of F

coincide and so xpF - Dxp = xo\pF - Dxg in Mioc(2). Thus one has the following identities in Mo (€2):

(6.12) F-Dxg=xgF - -Dxe+ xo\gF - Dxg = 2xgF - Dxg = 2xo\gF - Dx&.

For any ¢ € C1(2) one has

(6.13) lim / ¢F), -dDxp = lim OFy, - vpdA" ! = OF - v da™ 1,
k—+oco Q k——+4o0 5*E O*E
by Lebesgue’s dominated convergence theorem with respect to the measure |Dyg| = #" 1L 0*E, since

Fy(z) — F(z) for #" l-ae. x € 9*FE and |¢pFrvp| < Ch which is summable on 9*E by the second

3Here and below we will still denote by F' the particular representative which is the limit of the sequence F} in the sense

43churicht actually treats divergence tensor fields F' € DM} (£2; R™*™) and uses the opposite orientation with respect to

loc
our choice. See also the related Theorems 5.2 and 5.4 in [I3].
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condition in (6.7). In addition, since ¢F), € C1(£;R™), one has
/ ¢Fk . dDXE = —/ XEdiV(d)Fk) dr = —/ XEgbdiV(Fk) dx — / XEVQZ) . Fk dx
Q Q Q Q

_ /Q /E $(@)pe, (x — y) da ddivF (y) — /Q \BV6 - Fydr.

Now, notice that for y € E' one has [}, ¢(z)pe, (x — y) dz — ¢(y), while if y € E°, one has [, ¢(x)pe, (x —
y)dz — 0. On the other hand, since s#"~1(0™E \ 9*F) = 0 and |divF| < #"~!, Corollary yields
|divF|(Q\ (E* U EY)) = |divF|(0*E) = 0. Thus, by Lebesgue’s dominated convergence theorem and the
Leibniz rule (Theorem [2.18), one obtains

lim /¢Fk~dDXE = —/ XEquddivF—/XEVqS-Fdx:—/ XE1¢ddivF+/ ¢ ddiv(ypF)
Q Q Q Q Q

k— 400

:*/XEqu)ddivFJr/gbx*EddivFJr/gbdm
Q 9] Q

- [ 6dF Dy,
Q
since x5 = xg on E! by (2.17) and |divF|(0*E) = 0. From (6.13)) and the density of C}(Q) in C.(Q) it

follows that F' - Dxg = F - vg d#"~'_0*E, which means, by (6.12), F; -vg = F.-vg = F -vg " -ae.
on O*F.

It is also perhaps worth mentioning that in this setting of F' € D./\/llloc(Q; R™) and E C Q satisfying (6.7)),
Proposition 6.5 of [24] provides the following Leibniz formula for xg and the particular representation of F'

described in :
(6.14) div(xgF) = gpdivF + F - vp " ' LO*E,
where gg € L>(Q; |divF|) satisfies 0 < gg < 1 and gg(x) = d(E, z) at each x for which the Lebesgue density

(2.11) exists. This last property indicates that g is in some sense a generalization of x%,. If one also assumes
that £ CC €2, then, by Lemma one has the following Gauss-Green formula for F € DM, (Q;R"):

/ gp ddivF = —/ F.vgpdsw#" 1.
Q O*E
If F € DM™(Q;R") and |divF|(0*E) = 0, then this formula gives a natural variant to (3.2I), since gg = X}
A" lae..
Next we turn our attention to alternate representations of the normal trace functional and of the

normal traces discussed herein.

Remark 6.3. If F € DM (Q;R™), then for any compact set K C {2 one can represent the normal trace

functional as an average on one-sided tubular neighborhoods of K in the sense that
1
(6.15) divF(K) = lim - F v der,
e—0 ¢ KE\K
where K. = {x € Q : dist(z, K) < &} and v} (z) = Vdist(z, K) is a unit vector for #"-a.e. x € Q\ K. This
last property says that v¢. is a sort of generalization of the exterior normal.
Indeed, formula (6.15) holds even for F' € DM, .(Q;R™) (see Theorem 5.20 of [24]). Tt is sufficient to
apply the definition of distributional divergence using as tests the Lipschitz functions
1 ifre K
i () = 41— Ldist(z, K) ifoze K \K,
0 ifré¢ K,
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which clearly have compact support for € small enough, and then to pass to the limit as € — 0.

Next we notice that it is possible to provide an alternate representation formula for interior and exterior
normal traces of F' as limits of fluxes in terms of the blow-up construction of De Giorgi (as recalled in the
discussion leading to Proposition . This observation comes from the paper of Silhavy [25], in which
one finds a rich study of the normal trace functional under various summability assumptions on F' and
concentration hypotheses on |divF|. In particular, we refer to Theorems 4.2, 4.4 and 4.6 of [25]. We will
comment only on the case p = oo as treated in Theorem 4.4 of [25], where we note that the author treats

explicitly only the case of the interior normal trace and uses an orientation which is opposite to ours.

Remark 6.4. Let F € DM (Q;R™) and E C Q be a set of locally finite perimeter. Then one has the
following formulas for interior and exterior traces which are valid for " -a.e. x € 0*E:

. n y—x
(6.16) (Fi-vg)(x) = lim / F(y) - dy.
' =0 Wy 17" I, (2)NB(z,r) ly — |
and
(6.17) (e ve)a) = ~(Fi v p)(a) = — lim —"— Fly)- =%
. cvp)(x) = —(F; - v z) = — lim . ,
e VE iTYNME r—=0 Wy 17" 0, (2)NB(z,r) Y |y - .’E| Y

Indeed, (6.17)) follows from (4.25) and (6.16), since HjQ\E (z) =1II, (). In order to establish (6.16) one
applies Theorem and (4.1)) to the Lipschitz function ¢, (y) := max{r — |y — z|,0}, where x € 9*E and

r > 0. For the details, one can consult Theorem 4.4 of [25]; roughly speaking, one needs to exploit the
tangential properties of the sets of finite perimeter as in the proof of Proposition

We conclude with an application of these formulas to a classical example.

Example 6.5. Consider the field

F(xq,22) = sin ( )(17 1) € DM (R R?).

L1 — X2

It is easy to see that divF = 0 in the sense of distributions, hence the interior and exterior normal traces
of F always coincide by (4.7). We are interested in finding the normal trace on the line {x; = x5}; that
is, on the set of essential singularities, in any neighborhood of which F' is not even a function of bounded

2
variation. ence, let r = N , V) = — , = aqn = xX). Yy a roto-translation and a passage to
iati H let t.t 21 1 d E =117 B to-t lati d t

polar coordinates, we have

e )5 () B
0 (2)NB(a,r) Y1 — Y2 ly — | HFNB(0,r) Y1 = Y2 Yt +v5
/ . ( 1 ) V22
= sin dz
{z1>0}nB(0,r) V221 ) 23+ 23

s % 1
= sin [ ———— )V/2psin@df dp = 0,
I L (g ) V2o

) sinf is odd in § € (—%,%) for any p > 0. Hence, we conclude that (F; - vg)(z) =

. . 1
since sin | ——
( V2pcos @
(Fe-ve)(x) =0 for any = € {x; = 22}, by Proposition It is possible to prove this identity also using

the definition of the normal traces as densities of the Radon measures 2xgF' - Dx g, 2xo\gF' - DX E; however,

the method is less straightforward.
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