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ABSTRACT. We introduce intrinsic Lipschitz hypersurfaces in Carnot-Carathéodory
spaces and prove that intrinsic Lipschitz domains have locally finite perimeter. We
also show the existence of a boundary trace operator for functions with bounded
variation on Lipschitz domains and obtain extension results for such functions. In
particular, we characterize their trace space.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In the last few years there has been an increasing interest towards Analysis and
Geometry in Metric Spaces and, in particular, towards Geometric Measure Theory and
the study of spaces like those of Sobolev or Bounded Variation (BV) functions. In this
paper we would like to give a contribution in these two directions, by dealing with the
study of “Lipschitz regular” hypersurfaces and their relationship with the perimeter
measure, and by establishing trace and extension theorems for BV functions in a metric
setting. Our framework will be that of a Carnot-Carathéodory (CC) space, i.e., the
space R"™ endowed with the CC distance d arising from a family X = (X3,...,X,,) of
smooth vector fields. See Section [2] for precise definitions.

In the setting of Carnot groups (see Section [3|for the definition), intrinsic Lipschitz
surfaces have been introduced in [36], B8] as graphs of intrinsic Lipschitz maps between
complementary subgroups. For the case of codimension one, we propose here a new
definition of Lipschitz surface which agrees with the previous one in Carnot groups
(see Theorem and can be stated in the more general framework of CC spaces.

Definition 1.1. A set S C R" is a X-Lipschitz surface if for any x € S there exist a
neighbourhood U, a Lipschitz function f : U — R and j € {1,...,m} such that

SNU ={f=0} and  X;f>1L"-ae onU
for a suitable [ > 0.

Notice that X-regular surfaces (see Section are also X-Lipschitz.
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To fix terminology, we will say that an open set {2 C R" is a X -Lipschitz domain if
for any x € 9N) there exist a neighbourhood U, a Lipschitz function f : U — R and
j €{1,...,m} such that

e ONU={f>0}or QNU ={f <0}
e there exists [ > 0 such that X;f > L™-a.e. on U.

One of our main results is the following

Theorem 1.2. If Q C R" is a X-Lipschitz domain, then € has locally finite X -
perimeter in R™.

We refer to Section for the definition of the X-perimeter measure |0E|x of a
measurable subset £ C R". An easy consequence of Theorem is the fact that
subgraphs of one-codimensional intrinsic Lipschitz graphs in Carnot groups have lo-
cally finite X-perimeter, see Corollary 4.6l In the setting of the Heisenberg group,
this fact has already been proved in [38] together with a Rademacher-type theorem for
intrinsic Lipschitz graphs of codimension one. It would be very interesting to under-
stand whether a Rademacher-type theorem holds for X-Lipschitz surfaces in a more
general setting. A milder regularity result can be proved in equiregular CC spaces
(see Section for the definition), where X-Lipschitz surfaces are locally (and up to
a diffeomorphism of the ambient space) graphs of Hélder continuous functions. See
Proposition [4.10]

In equiregular CC spaces Theorem can be refined to prove Ahlfors regularity
of the X-perimeter of X-Lipschitz domains. Related results have been proved in
[24., [40], 18], 19, [17], 20] for more regular domains. We denote by ¢ € N the Hausdorff
dimension of (R",d).

Theorem 1.3. Let Q2 be a X -Lipschitz domain with compact boundary in an equiregu-
lar CC space (R™, X). Then the X -perimeter measure |0 x is (Q —1)-Ahlfors reqular
on 0N), i.e., there exist ¥ > 0 and A > 0 such that

(1.1) 1r97t < |0Q|x(B(z, 1)) < M®Th for any 2 € 09, 0 <r <T.

As a consequence, we obtain that the X-perimeter measure of a X-Lipschitz domain
with compact boundary is doubling, see Corollary [£.13] An asymptotic Ahlfors regu-
larity of the perimeter measure, together with an asymptotic doubling property, was
obtained by L. Ambrosio in [1]. The proofs of Theorems and , as well as many
others in this papers, are based on the representation of the X-perimeter in certain
local coordinates given by an Implicit Function Theorem for X-Lipschitz surfaces, see
Propositions and Here we have to acknowledge the influence of the analogous
Implicit Function Theorem proved in [22], Theorem 1.1] for X-regular surfaces.

The second part of this paper deals with trace theorems for functions of bounded X-
variation in CC spaces. The theory of traces for Sobolev functions in this framework
has been deeply investigated: here we mention [24, 23] 11l [6, 25 [49, 7, 26, 58, §]
and refer to the beautiful introduction of [26] for an account on the subject. On the
contrary, the theory of traces for BV functions in CC spaces is still at an early stage.
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To our best knowledge, trace and extension theorems for BVx functions have been
established in [54] only for H-admissible domains (a class containing, for instance, C'!
domains with no characteristic points) in Carnot groups of step 2. We are able to prove
trace and extension theorems for BVx functions defined on X-Lipschitz domains of a
CC space.

Theorem 1.4. Let Q) C R™ be a X-Lipschitz domain with compact boundary. Then,
there exists a bounded linear operator

T : BVx(Q2) — LY(09, |09 x)

such that
(1.2) /udivxg ac" = —/(cru,g) d| Xu| +/ (v, 9)Tu d|0Q| x
Q Q o0

for any u € BVx(Q) and g € C}(R™,R™).

Here, |Xu| denotes the total X-variation of u and o, : @ — S™ ! is the Radon-
Nikodym derivative of the vector measure Xu with respect to | Xu|, so that Xu =
ou|Xu|. Moreover, divxg = Xfg1 + --- + X} ,gm and vq is the generalized inward
normal to €2. See Section for precise definitions. The trace operator 7' is not
continuous if BVx(Q2) is endowed with the topology of weak* convergence (see e.g.
[2]). We prove in Theorem that 7' is instead continuous with respect to the so-
called strict convergence.

Concerning the problem of the extension of BV functions, we want to mention also
the paper [9] were, in a more general framework, it is proved that the existence of an
extension operator for BVx function on a domain €2 is equivalent to the validity of
certain isoperimetric-type inequalities in 2. Here we prove the following

Theorem 1.5. Let Q) C R" be a X-Lipschitz domain with compact boundary. Then,
there exists C' = C(Q2) with the following property. For any w € L'(09,|0Q|x) and
any 6 > 0 there exists u € C®(Q) N W' (Q) such that

(1.3) Tu =w, / lu| dL™ < §  and / | Xu|dL" < Cllw|| 100,60/ x) -
Q Q
If 092 is also X -regular, then u can be chosen in such a way that
(1.4) / |Xu| d[,n < (1 + (5)||’LUHL1(3Q’|39|X) .
Q

We have denoted by W' (Q) € BVx(Q) the space of functions u € L'(Q) such that
Xu € L'(2). Let us point out that Theorems [1.4] and [1.5| characterize L'(92,|09|x)
as the trace space of BVx(2) functions. Theorem allows to obtain an extension
result for BV functions defined on X-Lipschitz domains, see Corollary

Finally, we prove that, in equiregular CC spaces, the trace of u on 0f) can be
characterized in terms of the approximate limit of v at points of 0f2.
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Theorem 1.6. Let (R™, X) be an equireqular CC space, Q@ C R™ a X -Lipschitz domain
with compact boundary and u € BVx (). Then

1
(1.5) lim —/ lu—Tu(z)|dL" =0 for |0 x-a.e. z € N
QNB(z,r)

r—0+ 7@

and in particular

(1.6) Tu(z) = lim wdl"  for |0Q|x-a.e. z € ON).
=0t JonB(z,r)

The paper is organized as follows. In Section [2| we introduce the basic notions
on CC spaces, functions with bounded X-variation and sets with finite X-perimeter.
The equivalence between X-Lipschitz surfaces and intrinsic Lipschitz graphs in Carnot
groups is the object of Section [3] Section is devoted to the study of X-Lipschitz
surfaces and the proof of Theorem [I.2] while Theorem is proved in Section [£.2]
Finally, Theorems[I.4] [I.5] and [I.6] are proved in Section [5] together with the aforemen-
tioned related result.

Acknowledgements. 1t is a great pleasure to thank E. Spadaro for many illuminating
discussions. The author is also grateful to R. Monti, R. Serapioni and F. Serra Cassano
for their interest in the paper and for several stimulating discussions.

2. NOTATIONS AND PRELIMINARY RESULTS

We briefly introduce Carnot-Caratheodory spaces and refer to [10] for a more general
account on the subject.

2.1. Carnot-Carathéodory spaces. Let X = (Xi,...,X,,) be a fixed family of
C> vector fields in R". As common in the literature, we will systematically identify
vector fields and first order differential operators. We call horizontal (at a given point
x € R™) any vector that is a linear combination of Xi(x),...,X,,(z). An absolutely
continuous curve 7 : [0, 7] — R" is sub-unit if

$(t) =D hi()X;(y(t)) and D R(t) <1 forae. t €[0T,
j=1 j=1
with hq, ..., h,, measurable coefficients.
Definition 2.1. We define the Carnot-Carathéodory distance d between z,y € R" as

d(z,y) = inf {T >0 there exists a sub-unit path v : [0,7] — R }

such that v(0) =z and v(T) =y
If the above set is empty we set d(z,y) = +00.

If d(z,y) < oo for every x,y € R", then d is a distance on R". We shall generally
assume that

(2.1)  d is finite and the identity map (R",d) — (R",|-|) is a homeomorphism.
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Condition ({2.1]) holds, for example, when the Chow-Hérmander condition
rank £(Xq,..., X,)(z) =n

is satisfied for any x € R™ (see [52]); here, £(X1,...,X,,) denotes the Lie algebra
generated by X1, ..., X, and their commutators of any order. We will use the notation
B(z,r) for balls with respect to the CC distance, while Euclidean balls in R* are
denoted by %(z,r).

Given £ C R™ and k > 0, the k-dimensional Hausdorff and spherical Hausdorff
measures of E are defined, respectively, by

HE(E) = 1&8 inf { Y57 (diam E;)* : E C U2 E;, diam E; < 6}
SKE) = lgigl inf { 7, (diam B;)* : E C U2 B;, diam B; < §, B; C R™ balls}.
The standard Euclidean Hausdorff measures in R” will instead be denoted by H*, S*.

2.2. Lipschitz and C) functions. When u : Q — R is a measurable function on an
open set {2 C R™ we define its horizontal gradient Xu as

Xu = (Xqu,..., Xu),

where the derivatives are to be understood in the sense of distributions. It is well
known that, if u : £ — R is Lipschitz continuous with respect to d, then Xu € L*>(Q).
Viceversa (see [40l [32]), if u is continuous and Xu € L*®(£2), then w is Lipschitz on
any open set ' € €.
We will say that u is of class C% () if u and Xwu are continuous. If u is of class C;,
then it is differentiable (in the classical sense) along the vector fields X7, ..., X,,.

In the sequel, we will use several times the following simple Lemma, whose proof is
given for the sake of completeness.

Lemma 2.2. Let f : R" — R be a continuous function and Y a vector field in R™
with smooth coefficients. Assume that Y f > | holds, in the sense of distributions, on
an open set U C R™ and for a suitable positive constant [. If x € R™ and hy < hy are
such that exp(hY')(x) € U for any h € (hy, hy), then

flexp(tY)(z)) = f(exp(sY)(x)) +1(t —s) foranyt,s € (hy, hy) with s <.

In particular, if there exists t € (hy, he) such that f(exp(tY)(x)) =0, then such at is
unique.

Proof. Up to a smooth change of coordinates (see also the proof of Proposition ,
where a similar argument is used) we may assume that there exists a neighbourhood
V' C U of the compact set {exp(hY)(x) : h € [s,t]} such that Y =e, = (0,...,0,1)
on V. Therefore, for any h € [s,t] we have z, := exp(hY)(z) = x5 + (h — s)ey,.

For k € N let ¢, € CX(H(x,, 7)) be such that ¢, > 0 and [, dL™ = 1. For any
h € [s,t] define 7,0 (y) == Yx(y — (b — s)ey,). If k is large enough, then 7,9y has
support in V for any h € [s,t]. Clearly, as k — oo the functions 7,9 converge to the
Dirac delta at zj,.
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Since the inequality 0., f > [ holds in the sense of distributions on V', by the continuity
of f we have

Fla) — Fz) = lim ( / f rbdCr — / frswkcw")
= lim —< / f7h¢kd£") dh
e [ (0% )

> lim / l/¢k(y—ten)dydh = Il(s—1)
k—oo Jg Vv

and the Lemma follows. O

2.3. Functions with bounded X-variation and X-perimeter. The space of func-
tions with bounded X-variation has been considered in several papers, see e.g. [16,
39, BT, 14, 24]. Tf g = (g1, ., 9m) € CLUQR™) we set divy g := > 7", X/g;, where
X7 is the formal adjoint operator of X; given by
* a 0 Clﬂ/f n
i) = 3 28 ) vy e cime)

. Ox;
=1

and where we have set X;(x) = (a1,(),...,a,;(x)). Notice that the m-vector function
g can be canonically identified with a section of the horizontal bundle, namely g, X +

Definition 2.3. Let © be an open subset of R™; we say that u € L'(Q) has bounded

X -variation in € if

(2.2) | Xul(Q) := sup {/ udivy gdL" : g € CLQ,R™), |g] < 1}
Q
is finite. The space of functions with bounded X-variation in €2 is denoted by BVx(€2).

It is well known that u belongs to BVx () if and only if Xu is represented by a
Radon vector measure 1 = (pg, ..., fty,) on  with finite total variation. Moreover,
the measure | Xu| coincides with the total variation]] [u| of y and there exists a | Xul-
measurable function o, : Q — S™ ! such that y = Xu = 0,|Xu| and

/udiVngﬁnz—Z/gjdﬂj = —/<970'u> d| Xu|
Q = Je Q

for all g € CL(©2,R™). The space BVx(f2) is a Banach space when endowed with the
norm

[ull v = llullr@) + [Xul(€).
'Recall that the total variation of x is defined by
|nl(A) == sup{d i, [u(A;)] : A =U;A;, Ai disjoint}.
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We also introduce the Sobolev space W' (Q) as the space of those functions u € L'(Q)
such that Xwu is represented by a function in L*(£2, R™). It is a Banach space if endowed
with the norm

ullyrrq) = llullzr@ + 1 Xullyo

and, clearly, W' (Q) € BVx(Q).
It follows from ([2.2)) that the total X-variation on open sets is lower semicontinuous
with respect to the L'-convergence, i.e., if u,u, € L'(Q) are such that up — u in

LY(Q), then
| Xul(2) < li;n inf | Xug|(Q) .
—00
We will say that a sequence (ug)r C BVx () strictly converges to u € BVx(Q) if
up — win LY(Q) and | Xug|(Q) — | Xu|(Q).
It was proved in [31], 39] that u € L'(Q) has bounded X-variation in € if and only if
there exists a sequence (uy)r C C>®(Q) N BVx () such that uj, — wu strictly.
Strict convergence guarantees upper semicontinuity of the total X-variation on closed

sets; actually, under some additional assumption it provides also the continuity of the
total X-variation on open sets, as stated in the following Lemma.

Lemma 2.4. Let Q C R" be open and u,u;, € BVx(Q2) (k € N) such that
up — win L'Q)  and | Xug|(Q) — [ Xu|(Q)
as k — oo. Then, for any relatively closed set C C Q (i.e., if Q\ C is open) we have
| Xu|(C) = limsup [ Xug|(O).

k—oo

Moreover, if U C Q is an open set such that | Xu|(OU) = 0 we have
Xul(U) = lim [ Xugl(U).
Proof. We have
lim sup | Xug|(C) =limsup [|Xug|(Q) — [Xuwe|(Q\ O)]

k—o0 k—o0

=|Xul(Q) = liminf [ Xuy[ (2 C)
<[ Xul(Q) = [Xu|(2\ C) = |Xul(C)
and the first part of the statement is proved. Thus, if | Xu|(OU) = 0 we get also
| Xu|(U) = |Xu|(UNQ) > ligl_)sogp | Xup(UNQ) > ligirolf|Xuk|(U) > | Xu|(U)
and the proof is accomplished. 0

It is convenient to introduce also the notion of weak* convergence in BVyx. A
sequence (uy), weakly* converges to uw € BVx(Q) if upy — v in LY(Q) and (Xug)g
weakly* converges to Xwu in €2, i.e.,

k—o0

lim [ ndXu, = / ndXu for any n € Cy(Q)
Q Q
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where Cy(f2) is the closure of CY(€2) in the sup norm.

As the following result shows, strict convergence implies weak* convergence. We use
the standard notation Cy(2) to denote the vector space of continuous and bounded
real functions on (2.

Lemma 2.5. Assume that u,u; € BVx(Q) are such that ui, — u in L'(Q) and
| Xug|(Q2) = | Xu|(2). Then

(2.3) klim ndXpu = / ndXeu for anyn € Cp(Q) and L =1,...,m.
Proof. We follow the proof of [2, Proposition 3.15] and prove, more generally, that for
any continuous and positively 1-homogeneous function F': R™ — R it holds

(2.4) lim | nF(oy,)dXeug| = / nF(o,) dXu| VneCyQ),l=1,...,m.
Q Q

k—o0

Equality (2.3]) follows on choosing F(o1,...,0.,) = 0.
Possibly splitting F' in positive and negative part we can assume with no loss of
generality that F' > 0. By [2, Proposition 1.80] we obtain that

lim [ nd|Xu| = / nd|Xu| for any n € Cy(Q).
In particular, we can apply Reshetnyak continuity theorem (see [2, Theorem 2.39]) to

get
im [ F(oy)d|Xu| = / F(o) d|Xu].
Q

k—o0 Q

More generally: for any €' C Q such that | Xu|(0Q') = 0, we have by Lemma [2.4] that
| Xug|(€Y) — | Xu|(£2) and, reasoning as before, we obtain

lim [ F(oy,)dXug| = / F(o,) d|Xul.
k—o0 Q/ ’

Taking into account that any open set ' C € can be approximated from inside by a
sequence (2}, ), of open sets with | Xu|(0€},) = 0, we get

k—o0

lim inf / Flow,) d| Xug| > / Flo) d| Xl
and (2.4]) follows from [2, Proposition 1.80]. O

Following the classical approach to sets of finite perimeter a la Caccioppoli-De
Giorgi, as in [16, B9, B0, BI] we define the X-perimeter measure |0E|x of a mea-
surable set £ C R™ as the X-variation of its characteristic function yg. Namely, for
any open set {2 C R"™ we define

|0F|x () :== sup{/ divy gdL" : g € CLQ,R™),|g| < 1} :
E

Clearly, E has finite X-perimeter in § if and only if xg € BVx(£2). Open sets with
smooth boundary have locally finite X-perimeter and representation formulae for the
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associated measure are available, see e.g. [16] 31, 44]. Notice that the measure |0F|x is
invariant under modifications of F on £™-negligible sets and that |0F|x = [0(R"\ F)|x.
If E has finite perimeter in 2, then the |0E|x-measurable function vg := oy, : Q@ —
Sm=1 satisfies

/ divxgdl" = —/(g,VE) d|OFE|x for any g € CL(2,R™).
E Q

The map vg is called horizontal inward normal to E.
The following Coarea Formula, which will be used extensively throughout the paper,
was proved in [50].

Theorem 2.6. Suppose that the vector fields X, ..., X,, satisfy assumption (2.1).
Let f : R™ — R be Lipschitz continuous with respect to d and let u : R™ — [0, +00] be
L"-measurable. Then

[ wwixswpa= [ [ wdorcas

where Es == {f < s}.

2.4. Regular surfaces in CC spaces. Intrinsic regular surfaces have been intro-
duced in [33] 135, 22], in different settings, as noncritical level set of C} functions. We
say that S C R"™ is a X -reqular surface if for any x € S there exist a neighbourhood
U and f € C%(U) such that

SNU={f=0} and Xf#0onU.

A Euclidean smooth hypersurface ¥ is X-regular provided it contains no characteristic
points, i.e. points x € 3 such that

span(Xi(z),..., Xn(x)) C Tan,X

where T'an,Y denotes the Euclidean tangent hyperplane to ¥ at . On the contrary,
genuine X-regular surfaces can be very far from being Euclidean regular, as they
may have a fractal behaviour (see [42]). The importance of X-regular surfaces arises
evident in the theory of rectifiability (see [33]). The problem of the intrinsic measure of
surfaces in CC spaces has been attacked in several papers like [16} [50], 44 3], 22} [45], but
this list is surely incomplete. Clearly, X-regular surfaces are X-Lipschitz according to
Definition [L1l

We will say that an open set 2 C R” is a X-reqular domain if for any x € 02 there
exist a neighbourhood U and a function f € C%(U) such that

e ONU={f>0}or QNU ={f <0}
e Xf#0onU.
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3. X-LIPSCHITZ SURFACES AND INTRINSIC LIPSCHITZ GRAPHS IN CARNOT
GROUPS

A Carnot group G of step k (see e.g. [28] 153,29, 57, 56], 43, 15, [59]) is a n-dimensional
connected and simply connected Lie group whose Lie algebra g admits a step x stra-
tification, i.e., there exist linear subspaces Vi, ..., V. C g such that

(3.1) g=Vio--oV, [WVV]=Vi, Vi#{0}, [W,Vi={0},

where [Vi,V;] is the subspace of g generated by the commutators [X, Y] with X € V}
and Y € V..

Let m; := dim(V;), n; :=mqy +---+m; (i = 1,...,k) and ny = 0; clearly, n, = n.
Choose a basis vy, ...,v, of g adapted to the stratification, that is, such that

Up;_y41,---,Upn, is a basis of V; for any 1 = 1,.. ., K.

Let (X1,...,X,) be the family of left invariant vector fields such that X;(0) = v;.
By (3.1)), the family X = (X1,...,X,) (m := my) Lie generates the whole algebra g
and the Chow-Hoérmander condition is satisfied. We endow G with the CC structure
induced by X; in this way, G is an equiregular CC space (see Section . The
homogeneous dimension of G is Q = >, im; and this integer coincides with the
Hausdorff dimension of the CC space G (see [48]).

The exponential map is a diffeomorphism from g onto G, i.e. any = € G can be
written in a unique way as z = exp(x1X; + -+ + ,X,,). Using these exponential
coordinates, we identify z € G with the n-tuple (z1,...,x,) € R" and, accordingly,
G with R”. In this way, the group identity is the origin of R” and the Haar measure
of G is the Lebesgue measure L£”. The explicit expression of the group operation,
which we denote by -, is determined by the Baker-Campbell-Hausdorff formula and,
in exponential coordinates, takes the form

ry=r+y+Q(zy)

for suitable polynomial functions Q1,...,Q,. It is well known that Q;(x,y) = 0 for
any ¢ = 1,...,m, i.e., the group operation is commutative in the first m coordinates.
Recall that G is endowed with a one-parameter family (4,),~¢ of dilations which, in
exponential coordinates, read as

Op(21, ... wn) = (ray, ..., 7 Oy, rFay),

where, for ¢ = 1,...,n, d(i) is defined by X; € V4. A function f : G — R is
homogeneous of degree d (briefly: d-homogeneous) if f o §, = r¢f for any r > 0. If f
is d-homogeneous and C! regular, then X f is (d — 1)-homogeneous.

Let us introduce the pseudo-norm

n 1/Q
|lzlle := <Z Ixi\Q/d(i)> ,  w=(71,...,7,) €G.
i=1
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The map = + ||z||¢ is 1-homogeneous, continuous on G and of class C! on the open
set G\ {0} because Q/d(i) > 1. Consequently, there exists ¢ > 0 such that

1
(3:2) “llz™ - ylle <d(wy) <cle™ -yl for any z,y € G

The set W := exp(span {Xs,...,X,}) is a normal, 1-codimensional maximal sub-
group of G. For any x € G, there exists a unique xw € W such that x = zw - 2161,
where for h € R we set hey := (h,0,...,0) € G. Clearly, one has zw = x - (—x1€1) =
exp(—z1X1)(z). We also point out that

x - se; = exp(sXy)(x) for any x € G,s € R.
For o > 0, the homogeneous open cone C, along X; of center 0 and aperture 1/« is
defined as
Co ={2€G:|11] > allzw|c};
we also introduce
Ct={reCy:z >0}.

Let w C W and ¢ : w — R; the intrinsic graph (along X;) of ¢ is the image

®(w) C G of the map

(3.3) O(y) =y-od(yler, yew.

In a similar way it is possible to define intrinsic graphs along any vector field Xj,
j €{1,...,m}. It turns out that, if S C G is an intrinsic graph along X, then for
any v € G the left translation - S is an intrinsic graph along X;. Without loss of
generality, however, here and in the following we will treat only intrinsic graphs along
X;. For more details, see [37].

According to [36] B, [38], we say that ¢ is intrinsic Lipschitz (and that ®(w) is an
intrinsic Lipschitz graph) if there exists a > 0 such that

(3.4) d(w)Nz-C, = {z} for any z € ®(w).

The Lipschitz constant of ¢ is defined as the infimum among all positive o > 0 for
which is satisfied.

The main result of this Section is the equivalence between the notion of X-Lipschitz
surfaces and that of intrinsic Lipschitz graphs in the setting of Carnot groups. To this
end, we will need the following preliminary result.

Lemma 3.1. For any o > 0 there exists a Lipschitz function f, : G — R such that
Xifa=21/2 L"ae. on G and OCH ={zx € G:z, =alrw|c} = {f. =0}.
In particular, OC is a X -Lipschitz surface.

Proof. Let us define

r1 — al|zwlle if || < 2afrw(c
falz) =< x1/2 if x1 > 20||lzwlc
312 if 1y < —2a||zw||c.
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The function f, is continuous and dC; = {f, = 0}. Since L£"(9C3) = 0, by the
continuity of f, it is enough to show that

Xifa=21/2 and |Xf.| <C on G\ 0Co = {2 € G : |x1| # 2a|zwlc} -
It is easily seen that

Xfa=1(1/2,0,...,0) if x> 2aljzw||c
Xfo=1(3/2,0,...,0) if ; < —20||zw||g -

Moreover, we have
rw = (- hey)w = (exp(hXy)(x))w for any z € G,h € R,
thus the map x — ||zw||g is constant along integral lines of X;. In particular
Xifalz) =1 if |z1| < 20||zw]G-

Defining g : G — R as g(x) := z; — a||zw||g, we are only left to show that

(3.5) IXgl<C on{zreG:|n| <2a|rw|c}.
Taking into account that z — xy is smooth, that || - ||g is of class C* on G \ {0} and
that

rw=08rcl:={(z=(r,7) ERxR"'=G:2" =0},
we get that g is of class C! on G\ L. Moreover, g is 1-homogeneous, thus Xg is

0-homogeneous (i.e., invariant under dilations) and continuous on G \ L. Inequality
(3.5]) will follow if we prove that

| Xgl < C on 0B(0,1)N{x € G : || < 20||zw|c}-

The sets L and 0B(0,1) N {z € G : |x1| < 2a|zw|c} are compact and disjoint, thus
they have positive distance and in particular

sup {|Xg(z)| : © € 0B(0,1), 21| < 2allawllc} < +oo
which allows to conclude. O

We can now prove the main result of this Section.

Theorem 3.2. A set S C G is a X-Lipschitz surface if and only if S is locally
the intrinsic graph of an intrinsic Lipschitz function defined on an open subset of a
mazimal subgroup.

Theorem is an easy consequence of the following Proposition [3.3| or, more pre-
cisely, of the fact that the latter could be stated also “replacing” X; with a generic
X;, 7 =2,...,m. Namely, one could prove that, if S = {f = 0} is the level set of a
Lipschitz function f: U C G — R with U open and X, f > > 0, then S is locally an
intrinsic Lipschitz graph (defined on an open subset) along X,. Viceversa, if S is an
intrinsic Lipschitz graph (defined on an open subset) along X, then S is locally the
level set of a Lipschitz function f : U C G — R with U open and X;f > > 0.

Given I C W and J C R, we adopt from now on the compact notation I - J to denote
the set {p-qe; € G:pe€ l,q € J}.
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Proposition 3.3. Let S C G. The following two statements are equivalent:

(i) for any T € S there exist an open neighbourhood U C G, a Lipschitz function
f:U—=Randl >0 such that SNU ={f =0} and Xy f =21 L"-a.e. on U;

(ii) for any T € S there exist an open set w C W, a,b € R and an intrinsic
Lipschitz map ¢ : w — (a,b) such thatT € U := w - (a,b) and SNU = ®(w),
where ® is defined as in .

Proof. Step 1: (i)=(ii).

Let T € S be fixed; up to a left translation, we may assume that T = 0. Up to a
localization argument we can suppose that U is of the form U = w-(—a, a) for suitable
a >0 and w C W open with 0 € w; we can also assume that f is continuous on
U =w-[~a,a). Since f(0) = 0, reasoning as in Lemma [2.2] we have

f(aer) = exp(aX71)(0) = al > 0, f(—aey) = exp(—aX;)(0) < —al < 0.
Therefore, by the continuity of f we may assume that w is such that
fly-ae) >0 and f(y-—ae;) <0 for any y € w.

This implies that for any y € w there exists s, € (—a,a) such that f(y - sye;) =
exp(syX1)(y) = 0. Such s, is unique by Lemma 2.2 and we can define ¢ : w — (—a, a
by ¢(y) := s,. Clearly, SNU = ®(w) where ® : w — G is defined as in (3.3)).
We claim that ¢ is intrinsic Lipschitz with Lipschitz constant not greater than o :=
2¢L > 0, where L is the Lipschitz constant of f and ¢ > 0 is as in (3-2). Let z € ®(w)
and 2’ € x - C, with 2’ # x: we have to show that 2’ € ®(w) = SNU. If ' € U there
is nothing to prove; if instead 2’ € U N x - C,, we need to show that f(2') # 0. We
have &' = x - py - pre; for some py, pw such that |pi| > al|pwl||c. If p1 > 0, by Lemma
2.2 we get

f(@) = flx-pw) +1p1 = f(x) — Ld(z - pw,x) + Ip1 > —Lellpwllc + Ip1 > 0,
where we have used the Lipschitz continuity of f and the fact that f(z) = 0. Notice
also that Lemma could be applied because z - pw - he; € U for any h € [0, p1],
which in turn is due to

(z - pw - her)w = (z - pw - pre1)w € w

(- pw-hei )1 =1+ h € (x1,m) C(—a,a).

~—

Similarly, if p; < 0 we have

f(@) < flz-pw) — | < f(z) + Ld(z - pw, ) — Up1| < Lellpwlle — Up1| <0
and the claim follows. Notice that the Lipschitz constant of ¢ depends only on [ and
the Lipschitz constant L of f.

Step 2: (ii)=(i). Fix o > 0 such that (3.4) holds and let f, be as in Lemma [3.1]
Given y € G let us introduce f, ,(x) := fo(y™' - x); in this way y - IC = {fa, = 0}.
We claim that the map f: G — R defined by

f(x) = sup fay(z)

yEP(w)
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is Lipschitz continuous with X f > 1/2 L"-a.e. and ®(w) = {f = 0} NU. This would
be enough to conclude.

Let us prove our claim. The maps f,, are uniformly Lipschitz continuous, so f
shares the same Lipschitz continuity. For fixed z € G and € > 0 let y € ®(w) be such
that

Fo(@) > 1(@) — 6

since X fa, > 1/2, we have for any h > 0

P he) > fay(oher) > fay(2) +h/2 3 f(z) — 4+ /2
whence f(z-hey) > f(x)+ h/2 for any x € G and h > 0. This implies that X; f(z) >
1/2 for L™-a.e. x € G.
Let us prove that ®(w) C {f =0} NU. Let z € &(w) C U be fixed. For any y € ¢(w),
y # x, we have x € y-CJ and so f.,(x) < 0. Since f,.(z) = 0 we obtain by definition
f(z) =0, as claimed.
Finally, we prove that {f = 0} N U C ®(w) by showing that, if x € U \ ®(w), then
f(z) # 0. Notice that, if z € U\ ®(w), then mw(z) € w and 21 # ¢(rw(x)). The
conclusion easily follows from Lemma and the fact that X;f > 1/2: indeed, if
x1 > ¢(mw(x)) we obtain

f(@) =f(exp (21 — d(mw(2)))X1) (®(mw(2))))
>f (®(mw(2))) + (21 — $(mw(2)))/2 = (21 — ¢(mw(2)))/2 > 0
while if 21 < ¢(mw(x))
fla) =f(exp (21 — d(mw(2))) X1) (®(mw(2))))
<f(@(mw(2))) — |1 — o(mw(2))]/2 = — |21 — ¢(mw(2))]/2 < 0.
This concludes the proof. 0

We conclude this Section by showing an extension result for intrinsic Lipschitz
graphs; in the Heisenberg group setting this result has already been proved, with
a similar technique, in [38].

Proposition 3.4. Let ¢ : w — R be an intrinsic Lipschitz function defined on a subset
w C W, assume that o > 0 is such that holds. Then there exists an intrinsic
Lipschitz map ¢ : W — R such that %w = ¢. Moreover, the Lipschitz constant of ¢ is
not greater than a suitable f = ().

Proof. The proof is essentially contained in the proof of Proposition |3.3] For y € G
and f, as in Lemma define f,,(z) := foly™ - x) and
(3.6) f(x) == sup foy,(x).

yed(w)
As before, it is possible to prove that f is Lipschitz (with Lipschitz constant depending
only on «) and such that X;f > 1/2 and ®(w) C {f = 0}.
Reasoning as in the proof of Proposition Step 1, it is not difficult to check that
{f = 0} is the intrinsic graph of a map ¢ : W — R with a‘w = ¢. As we noticed,
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the Lipschitz constant of ¢ can be controlled in terms of [ = 1/2 and the Lipschitz
constant of f, i.e., in terms of a. O

Remark 3.5. With the same notations of Proposition [3.4] and its proof: the intrinsic
subgraph of ¢

Byi={y-seriy € w,s < o(y)}
is a X-Lipschitz domain. Just check that E5 = {f < 0} for f as in (3.6).

4. X-LIPSCHITZ DOMAINS AND X-PERIMETER

4.1. X-perimeter of X-Lipschitz domains. We begin this Section by proving an
Implicit Function Theorem for X-Lipschitz surfaces. As already said in the Introduc-
tion, this result is inspired to [22, Theorem 1.1].

Proposition 4.1 (Implicit Function Theorem for X-Lipschitz surfaces). Let S be a
X -Lipschitz surface given as level set, S = {f = 0}, of a Lipschitz function f : U — R,
U C R"™ open, with

X;f =1 LM a.e. onU
for suitable j € {1,...,m} and |l > 0. Then, for any x € S there exist

an open neighbourhood @ C U of x;

an open bounded domain I C R*! with 0 € I;

a positive real number a;

a diffeomorphism G : I x (—a,a) — Q with G(0) = x;

e a continuous function ¢ : I — (—a/2,a/2) with ¢(0) =0

such that dG1[X;| = 0s,, where (s1,...,8,) are the coordinates of points in I X
(—a,a) CR" xR, and
(4.1) GHSNQ) ={(y,¢(y) :y € I}.

Proof. We complete the family X to a system X, ..., X, of vector fields that forms a
basis of R" in a neighbourhood U’ C U of . Define

G(s1,...,5,) = exp(spXj)exp(s1 X1 + -+ 51 X1 + 5, X500 + -+ 5,01X) () .

The map G is a diffeomorphism from some neighbourhood V' C R™ of the origin to
some neighbourhood U” C U’ of z; by definition, G(0) = x and X; = dG[0;,]. We may
assume that V = I x (—a,a) for some I and a as in the statement. Set Q := G(V).
Let us define the continuous map f := fo G : V — R; we have f(0) = f(z) = 0 and
do,f = (X;f) oG >1>0ae. onV. By Lemmawe have

f(0,...,0,a/2) > al/2>0 and f(0,...,0,—a/2) < —al/2 < 0.

Possibly restricting I, by the continuity of f we may assume that

fly,—a/2) <0< f(y,a/2) foranyyel.
By the continuity of f and Lemma for any y € I there exists a unique ¢(y) €
(—a/2,a/2) such that f(y,¢(y)) = 0. This gives (4.1)).
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Finally, the continuity of ¢ follows from that of f: indeed, for any y € I and € > 0 we
have by Lemma

Fly,o(y) —e) < —el <0 < el < fly,d(y) +¢)
thus there exists § > 0 such that

F(y' oly) —€) <0< fy', éy) +¢) foranyy' € I with |y —y'| <4.

This gives ¢(y) — € < ¢(y') < ¢(y) + € for any such ¢y’ and proves the continuity of
o, 0

For X-regular surfaces, the parameterizing map ¢ was introduced in [33] (in the
setting of the Heisenberg group), [35] (in Carnot groups) and [22] (in the general
framework of CC spaces). The problem of the optimal regularity of ¢ is a delicate
matter even for X-regular surfaces, see [3, 22, 12], [13].

A first consequence of Proposition is the fact that X-Lipschitz surfaces have null
Lebesgue measure.

Corollary 4.2. Let S be as in Proposition ' then L"(S) = 0. In particular, any
X -Lipschitz surface has null Lebesque measure.

Proof. It is enough to prove that for any x € S there exists a neighbourhood Q such
that £"(S N Q) = 0. Let then € S be fixed and Q and G be given by Proposition
{1} By (&1) we have £(G~1(SN Q)) = 0 and this gives £"(SN Q) = 0. O

The following two technical results will be extensively used in the sequel: roughly
speaking, they allow to choose the defining function of X-Lipschitz or X-regular do-
mains “as smooth as possible”. As already done in the proof of Proposition (4.1 we
hereafter agree to use a tilde to denote functions, sets, etc., when they are considered
not in the CC space R but in the coordinates given by Proposition [.1]

Lemma 4.3. An open set 2 C R" is a X -Lipschitz domain if and only if for any x €
08) there exist a neighbourhood U, a Lipschitz function f: U — R and j € {1,...,m}
such that QNU ={f >0} or QNU = {f <0} and
c> Q d inf X; .
fecCc=U\oN) an Ul{lag ;f>0
Proof. One implication is clear: if €2 is such that for any z € 02 we can find U, f, j as
in the statement, then € is a X-Lipschitz domain because of Corollary [4.2]
In order to prove the reverse implication, we assume that {2 is X-Lipschitz. Given
x € 0f) there exist an open neighbourhood Uy C R™, a Lipschitz function fy : Uy — R,
[>0andje{l,...,m} such that

QNUy={fo>0}or QNU;={fo <0} and X;fo=1L"ae onlU.

Let Q,1,a,G be given by Proposition (applied to S = 9Q N U and with f, and
Up in place, respectively, of f and U). Set fo := foo G : I X (—a,a) — R and
Wi = {|fo| > 1/k},k > 1, so that

Wit {fo #0} = (I x (—a,a)) \G"1(92N Q).
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Let I’ € I be a fixed open set and define V := I’ X (—a/2,a/2). One can fix functions
Nk € C®(Wiyo \ W) such that

(4.2) 0<n <1 and anzlonVﬂ{fo#O}.
k=0

We fix a smooth mollification kernel K supported in the Euclidean unit ball #(0,1) C
R™ and set K (z) := e "K(z/e). If ¢ is smaller than the Euclidean distance between
spt n, and (W4 \ W), then the function uy, : I x (—a,a) — R defined by

up(s) == (mfo) * K., (s) if the Euclidean distance between s and spt 7y, is less than ¢,

u, = 0 otherwise
is of class C*>. We define f :V = R by

]E:{ ZZO:OUk OHVQ{]?O#O}
' 0 onVN{fo=0}=VNG1o0NQ).

Notice that the summation is locally finite, whence f is of class C>® on V N {f, # 0}.
We claim that, possibly restricting ey, I’ and a, the statement of the Lemma is fulfilled
by U:=G(V)and f := foG™' : U — R. To begin with, the C*-smoothness of f on
U\ 09 is straightforward.
Step 1: QNU ={f >0} orQnNnU ={f <0}.
It will be enough to show that
(43)  Vn{fo>0t=vVn{f>0} and VN{fo<0}=Vn{f<o0}.
Notice that W}, is the disjoint union of the two open sets W, = { fo > 1/k} and
W, = {fo < —1/k}. Thus we have
—_ _+ _ —_——
Wik \ Wi = (W \ W) U (W, \ W)

and our choice of €, gives

J’_

if s € Wi, \ Wy, then u >0
if s € W, \ W,,, then u; <0.

This implies that

(4.4) f>00n{fo>0} and f<0on{fy<0}.

Due to ([£.2), for any s € V \ {fo = 0} there exists k > 1 such that nz(s) > 0. This
gives s € VN W, \ W, and

u,;(s)>()ifs€VﬁWl—jQ\Wg

(4.5) e
up(s) <0if s e VN, \ Wg.

By (4.4) and (4.5)), if s € V' we have
fos) >0« f(s) >0 and fo(s) <0< f(s) <0

which is (4.3)).
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Step 2: f is continuous on U.
It is enough to show that f is continuous on V. Since f is clearly continuous on

{fo # 0}, it suffices to show that for any so € VN {fo =0} =V NG(d2N Q)

lim  f(s) = 0= f(s0).

s~)8~0
seVn{fo#0}

If sy = so, (s0)e CV N {fo # 0}, we have s, € Wy, 41 \ Wy, with k, — oo; therefore, it
will be enough to show that
- 1 1 I

Since spt mp C Wiyo \ Wi we have

un(s)] < L ol =B Ll — WK (1) 4L (1) <

| =

Inequality follows because f = up + up_1 on Wiy \ Wi

Step 3: f is Lipschitz on U.
We claim that, if each €, is small enough, then |)? f | is bounded on V| where for any
i=1,...,m we set X; := dG'[X;] and X := (X3,...,X,,). This would imply that
| X f| is uniformly bounded on U and, in turn, that f is locally Lipschitz continuous
on U. The Lipschitz continuity of f on U follows up to restricting I and a.
Write X; = S0, bid,, for suitable smooth coefficients b, : I x (—a,a) — R. For any
keNandi=1,...,mitis (see also [40, Lemma 2.6] and [32])

)N(iuk = (j\(/z(nkf())) * Kek + RZ onV

where for s € V we have defined

Ri(s) = ~ / [ls + s + )

€k

", 0Bj,
Ohy

(s, h)] dh

(=1

and By, (s, h) := (bj(s + exh) — bi(s)) K(h). We have

%ljik (s,h) =€ gzi (s + exh)K(h) + (b@(s + exh) — b@(s)) g—}ii(h)
—ci | GHOR() + (T1(5),1) G (1) + O(e)
thus
Ris) = [ (s + ch)ls + exh) [gii () )+ (W (s), ) S () + O(ek)] ah
- N ; 0K
=) [ S5 [ FHO0) + (00 G ) o) + Ol

—o(1) + O(ey)

where the last equality follows because the integral on %(0, 1) is null due to an inte-
gration by parts. Notice also that, as €, — 0, the quantity o(1) is uniform in s € V'
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due to the uniform continuity of 7 fo. Therefore, if ¢, is small enough we may assume
|Ri(s)| <2 %on V.
Recall that uy is supported in Wi o \Wk, thus

(4.7) Xif = (Xi(nefo)) % Koy + RiA (Xs (g1 f0)) ¥ Ky oy + Riyr o0 VAW 0\ Wi
whence
1Xif| <|(Xi(nefo)) * Koy + (Xi(rsrfo)) * Ky | +247F
<|(fo Xime) * Ko, + (fo Ximin) * Ko,
+ | (e Xifo) * Ko | + (k41 Xifo) * Koo +27F on V N Wiia \ Wit
Since N + Mpr1 = 1 on VN Wiio \ Wig1, we have

(4.8) (fo Ximw) * Ko + (fo Ximir1) * Ko, — FoXi (e + mrsr) =0

uniformly on VﬂWk+2 \ Wii1 as e, €xr1 — 0. Therefore, if ¢, and €, are sufficiently
small we have

X f| < 20 Xifolle vy + 227F < 2AIX foll Loy +227F in VA Wipo \ Wi

and our claim is proved.

Step 4: 1nfU\3QX f>0.
It is enough to estimate X 5 f from below on V' \ G~1(9Q N Q) = V N {fy # 0}; notice
that R} = 0 for any k because X; = (0,...,0,1). We have

Xjf = asnf = Zzozo(fo D) ¥ Ko + 220:0 (nk asnfO) * K, on VN {fO # 0}.

Reasoning as in (4.8) we may choose each ¢ so small that for any k

|(.f0 asnnk) * Kek + (f(] asnnk+l) * K€k+1| < l/4 :

Since for any k

’ i (.]EO asnnk) * Kﬁk = |(f~0 85n77k) * Kﬁk + (f() asnnkJrl) * K€k+1| on V ka+2 \ Wk+1
k=0
we obtain
Xjf: asnf i (Ukasnfo) - ) 3 (fO asnnk) * K,
k= k=0
link*Ke —1/4 on V N {fy#0}.

By (4.2) we have Y. (ne * K.,) > 1/2 provided the ¢,’s are small enough, whence
X;f=1/40onVN{fo#0}, as desired. O

In case €2 is not only X-Lipschitz but also X-regular, Lemma can be refined as
follows.



20 DAVIDE VITTONE

Lemma 4.4. An open set Q2 C R™ is a X -reqular domain if and only if for any x € OS2
there exist a neighbourhood U and a function f : U — R such that QNU = {f >
0} or QNU = {f <0} and

feClk()NC®WU\o) and Xf+#0 onU.

Proof. As in Lemma 4.3 one implication is clear. For the reverse one, we assume that
Q is X-regular and namely that for any x € 0f) there exists a neighbourhood U, and
fo € CY(Up) such that

QHUOZ{f0>O}OFQﬂUoz{f0<O} and Xfo?éOOIon.

Up to restricting Uy and possibly changing the sign of f,, we may assume that there
exists j € {1,...,m} such that X;f, > [ on U, for a suitable [ > 0. We can then
follow the proof of Lemma [4.3| and define in the same way

f07G7QCUOa‘)A(:thka‘/vnkaekaf)va'

We have only to check that X f is continuous on U, i.e., that X f exists and is contin-
uous on V. Due to the smoothness of f on V'\ G100 N Q), it is enough to prove
that for any s € VNG 102N Q) =V Nn{fo =0}

(4.9) lim X f(s) = X fo(so).

seV\{fo=0}

Indeed, this would imply that X f exists at sy and coincides with X fo(so); moreover,
the continuity of X f would be now straightforward.

Reasoning as in and , we may assume that the €,’s are small enough to have
foranyt=1,...,m

K- K
<I(Xi(mefo)) * Ko+ (Xilimesr fo)) * Ky — Xifol + | Bi, + Ry
<| (e )?zfo) * Koy 4 (Mt )?zfo) * Koy — X, fol
| (fo Xom) * Ko + (fo Xomrn) * Koy | +217F
< (e Xifo) * Koo + (1 Xifo) * Kepyy — Xifol +2°7%  on VAW \ Wi
The continuity of X fo ensures that
(M, )?ifo) * Ko, + (Mgt )?ifo) * K | — )?z‘fo uniformly on VN Wyyo \ Wi
as €, €x11 — 0. Therefore we may assume that
X f — Xifol <227 on VN Wiy \ Wips .

Using the continuity of )N(fo and the fact that, if s, — sp and s, € V'\ {fo = 0} then
s¢ € VN Wyo \ Wi, with k, — 0o, we get that for any so € V NG~ N Q) it
holds

Sh_{rslo | X f(s) = X fo(so)| = 0.

seV\{fo=0}
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Equality (4.9)) follows and the proof is concluded. O

We can now prove that X-Lipschitz domains have locally finite X-perimeter. The-
orem will follow quite easily from the next result, where we provide an explicit
representation formula for the X-perimeter in the local coordinates given by Proposi-
tion [4.1] Similar formulae have been obtained for X-regular surfaces in [33| 35, 3, 22].

Proposition 4.5. Let S be a X-Lipschitz surface given as level set S = {f =0} of a
Lipschitz function f : U — R, U C R™ open, such that f € C*(U \ S) and

l::(i}{ngf>O for a suitable j € {1,...,m}.

Let x € S and Q := {f > 0} C U. Then the open neighbourhood Q@ C U of x given by
Proposition [{.1] can be chosen so that

(410) 149 |8Q|X|_Q = (G e} (I))#(p,cnilLI)

for a suitable p € L>®(I,R™). Here I,a,G,¢ are as in Proposition and ® 1is the
map defined by I >y P(y) := (y,d(y)) € I x (—a/2,a/2).

In particular

(4.11) 00051 Q = (G o ®)u(lplL" 'L 1)

and |09 x(Q) < 0.

Proof. Let us define f := foG : I x (—a,a) — R and Q= GHONQ) = {f > 0}.
We also set

Q ={f>e and Q=G QNQ) ={f>¢c}.

Since Js, f= (X;f) oG = 1, the classical Implicit Function Theorem ensures that
(possibly restricting I) for small enough € > 0 there exists a smooth map ¢ : I —
(—a, a) such that

{f=e={, 0 ) :y eI},
Since Js, f > [ > 0 we have that Q and . are the epigraphs of ¢, ¢.:

(4.12) Q={(s1,--.,sn) €I x(=a,a) : s > P(s1,...,80-1)}

QG - {(317 K '7371) € I % (—CL, a) D 8p > ¢e(51a v 7Sn—1)}-
Moreover, ¢, > ¢5 > 0 for any € > § > 0. For any y € I we have by Lemma

=F(exp((e(y) — ¢(1))0s,) (y. 6(¥))) — Fy, () = Uoe(y) — d(y)) > 0,

whence ¢. — ¢ uniformly on 1.
Let g € CL(Q,R™) be fixed; since df). is smooth we have

(4.13) — / divxgdL" = —lim | divxgdL" = lim <nQ€, Py gka> dH" !
Q €

e—0 Q e—0 90,
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where ng,_ is the Euclidean inner normal to 0. Taking into account the classical
area formula (see e.g. [55]) we obtain

(4.14) ‘ ‘

_ / (n0, 0 G, (0, 9k Xk) 0 G | det JG i | dHTL
09,
where J Gmm o6, denotes the Jacobian matrix of G restricted to the tangent plane
Tan 99, to Q.. If g :=¢goG and X, = dG~'[X4], then
Z?:l 9k Xp = dG[ZZl:1 gk)?k} = dG[Y + < Zzh;l gk)?k, TL§€>’I’L§E] on 8@6
1

for a suitable Y € Tan 09, = ns-, Ng_being the Euclidean inner normal to 9Q.. In

particular (ng, o G,dG[Y]) = 0 (because dG[Y] € Tan 0f).) and so
(ng. oG, (X1, guXx) 0 G) =(ng, 0 G,dG[Y] + dG [{ S}, kX, ng. )15 ] )
=(> 36X, ng )(nq, o G,dGng ]) on a0, .
From (4.14) one obtains

(o, > ) geXi) dH™
20

(4.15) :/aﬁ (311 36Xk mg, )(na, 0 G,dGng ]) [ det TG p,, o | dH"!

:/~ <Z$:1 gkak,nﬁ) Idet JGl d?-["il
00

where we have also used the fact that (ng, o G,dG[ng |) > 0, this inequality holding
because ng_points inward Q. and thus dG [ng,] points inward €.

Let ®, : I — 9. be the parametrization of 8¢, defined by O (y) := (y, ¢ (v)); clearly,
®. — & uniformly on I. By (4.12) we have

Vf O — (—nge,l)

ns o, = —2 0P, = ~_ 0
= IV f] V1+ Vo]

whence

(4.17) Os. f 1 , VI+IVe 1

(4.16)

—o0P, = —, e, = ——
IV /] V1+[Vo? [VIle®e  (X;f)o P

From (4.15)), (4.16]), (4.17) and the area formula we obtain

/ (no, >ty geXp) dH"
9.

m i _ V]; .
:/I<ng<Xk’V_f|> |detJGy) o ® \/1+ |V 2 dL "

= |

/(ngmeuay )f—’“f> o®, dL" .
I X f

k=1 J
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and, recalling (4.13), we end up with

57
(4.18) - / divygdL" = lim/ <g o, (| det JG|~—f~> 0 <I>€> dcnt,
Q e—=0 Jr X]f

The functions .

X

Pe 1= (|det JG| ~—f~> o d,

Xif
are uniformly bounded in L*(I,R™) and, up to subsequences, we have p, X pin
L>(I,R™) = L'(I,R™)*. Moreover jo ®. — go ® uniformly on I and from (4.18)) we
get

/<VQ,9> djoQ|x = — / divxgdLl"
o) 0

:/<§o(1),p> agr—t = /<goGOCI>,p> et
I I
for any g € C1(Q,R™). Equality (4.10]) follows and the proof is concluded. O

We warn the reader that the notations of Proposition [4.5| will be extensively utilized
throughout the paper. We can now prove one of our main results.

Proof of Theorem[1.2. By Lemma for any = € 09 there exist a neighbourhood
U C R", a Lipschitz function f : U — R and j € {1,...,m} such that QNU = {f > 0}
or QNU ={f <0} and

feCeU\ N, (Jl{lanXjf>O'

If QN U = {f > 0}, then Proposition (applied to S := 9Q N U) provides a
neighbourhood Q of z such that [0Q|x(Q) < 4oo. If QNU = {f < 0}, then
Proposition [4.5) provides a neighbourhood Q of x such that [O(R™ \ Q)|x(Q) < +oo.
Recalling Corollary [4.2| we have £"(9€2) = 0 and thus

00]x(Q) = [O(R"\ Q)[x(Q) = [O(R" \ Q)|x(Q) < o0.
We have proved that for any = € 0f) there exists a neighbourhood Q such that
|09 x(Q) < +o0 and this concludes the proof. O

An easy consequence of Theorem [1.2]is the fact that intrinsic Lipschitz subgraphs in
Carnot groups have locally finite X-perimeter. We use the same notations of Section

B3l

Corollary 4.6. Let w C W be a bounded open set and ¢ : w — R an intrinsic Lipschitz
function. Let E, == {y-se; 1y € w,s < ¢(y)} be the intrinsic subgraph of ¢. Then
|8E¢|X(w . R) < 0.

Proof. By Proposition there exists an intrinsic Lipschitz function ¢ : W — R such

that EW = ¢. Since ¢ is continuous, ¢ is bounded on w, say a < ¢ < b for suitable
real numbers a,b. Thus we have

|0Ey|x(w-R) = |0Eg|x(w - (a,b)) < oo
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because By = {y-se; 1y € W,s < o(y)} is a X-Lipschitz domain (see Remark
) .

Some remarks are in order.

Remark 4.7. Using the same notations of Proposition and its proof, we explicitly
notice that, for sufficiently small € > 0, the vector functions p, belong to L>(I)NC>(I)
and

(4.19) Vo |00 x L Q = (G o ®)yu(p L L.

When 012 is also X-regular, it follows from Lemma that the function f can be
chosen in the class C*(U \ S) N C%(U). This implies that X f is continuous, whence
pe converges locally uniformly on I to the continuous function

p= <i(—f~| det JG|) o,
X;f

J

In particular, from (4.10) one obtains that the measure theoretic normal is continuous
and coincides with the horizontal normal to 0f2,

_ X5
X7

Remark 4.8. Using the same notations of Proposition [4.5] it is easily seen that

|0 x-a.e. on ON.

%9}

¢ < |pe] < C for some positive constants ¢, C' independent of €. This implies that
¢ < |p| £ C and, in particular, that a function w belongs to L'(0Q N Q,|09|x) if and
only if w o G o ® belongs to L'(I,£"!). Moreover, a sequence (wy); converges to w
in L'(0Q N Q,]09|x) if and only if w0 Go® — wo Go® in L'(I, L"),

Remark 4.9. It is interesting to interpret Propositions and in the setting of
Carnot groups. Assume S C G is a X-Lipschitz surface and = € S. Without loss
of generality, we may assume that S is the intrinsic Lipschitz graph of ¢ : w — R,
for some w C W open, and that x = 0, whence ¢(0) = 0. It is easily seen that the
diffeomorphism G provided by Proposition takes the form

G:wxR—-G
(y, h) =y - he;

in other words, one can take I = w C W = R"! and the implicit function provided
by Proposition [£.1] is exactly ¢. Moreover, Proposition [4.5] implies that

0Ey|x = ®4(pL" ' Lw)

for a suitable p € L™ (w).

Assume now that S is also X-regular, i.e., S = {f = 0} for some f of class C} with
Xif > 0. It turns out that det JG = 1 and by Remark [4.7] we recover

1X7]
X, f

which is one of the main results of [35].

|0Eg|x = (L Lw),
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4.2. Ahlfors regularity of the X-perimeter for X-Lipschitz domains in equi-
regular CC spaces. Let R" be a CC space whose structure is induced by a family
X = (Xy,...,X,). Given z € R" and ¢ € N we define £;(z) as the linear span (at
x) of all the commutators of Xi,..., X, up to order i. We say that (R™, X) is an
equiregular CC space if n; := dim £;(z) does not depend on x and n, = n for some
k; we assume k to be minimal and call it step of the CC space. In particular, rank
L.(x) = n for any = and the Chow-Hormander condition is satisfied together with
. Let us set also ng := 0 and m; := n; — n;_1, so that m; = m; it is well-known
(see [48]) that the Hausdorff dimension of (R",d) is Q := >, im;.

It is worth mentioning that the CC distance is locally %—Hélder continuous with
respect to the Euclidean distance in R" (see [52]); namely, for any K € R" there
exists M = M(K) > 0 such that

d(z,2") < M|z — 2|V for any z,2' € K.

This fact provides the key tool in the proof of the following result, where we show that
X-Lipschitz surfaces in equiregular spaces are locally (and up to a diffeomorphism of
the ambient space) graphs of %—H(’jlder continuous functions.

Proposition 4.10. Under the same assumptions of Proposition . If (R", X) s
an equiregular space, then Q, I a,G, ¢ in Proposition can be chosen so that ¢ is
%—Hé'lder continuous on I.

Proof. Let
Q,1,a,G,0,f,1
be defined as in Proposition and its proof. Up to a localization argument we may
assume that
d(z,z") < M|z —2'|V/*  for any z,2’' € Q
for some positive M. Let y,y" € I be fixed; for 7 € (0,a/2) we havﬂ

Fly.o(y) +7) = f(exp(0s,)(y,0()) = fly,d(y)) + 71 = 7l,

where we have used the inequality 0, f > 1 and Lemma If L > 0 is the Lipschitz
constant of f we get

FW . oy) +71) = f(GW, oly) + 7))
> f(G(y, ¢(y) + 7)) = LA(G(Y, ¢(y) + 1), Gy, ¢(y) + 7))
> fly.0(y) +7) — LMI|G(Y, d(y) + ) — Gy, dy) + 7)|"/"
> 7l — LM VG| |y —o/|"".

If |y — ¢/| is small enough, in such a way that the number

_ LM VG| i
||l || |y_y/|1/

2The assumption 7 < a/2 gives |p(y) + 7| < a for any y € I, so that the following quantities are
well defined.
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is smaller than a/2, we get f(y/, ¢(y) + 7) = 0, i.e.,

i LM ||VG||X" i
oY) < oy) +7 =0y + %Iy — "
A similar argument gives the other inequality
i LM ||VG|YF .
o) = o(y) =7 =oly) — %Iy —y|"
and the proof is accomplished. 0

We will need in the sequel a variant of the classical Ball-Box Theorem by Nagel, Stein
and Wainger [52] proved by D. Morbidelli in [51]. Before stating it, let us introduce
some preliminary notation.

Denote by Yi,...,Y, a fixed enumeration of all the commutators of the vectors
Xi,..., X of length at most &; let d(Yy) € {1,...,x} denote the length of the com-
mutator Y;. We will need the notion of “almost exponential” map, exp*, introduced
in [51], to which we refer for the precise definition. Here we only recall that

o for any z € R™ there exists tg = to(z) > 0 such that (—tg,t) > ¢t —
exp*(tYy)(z) € R™ defines a piecewise smooth horizontal curve. Moreover,
to = to(z) is continuous with respect to z;
e the map z — exp*(tY)(z) is smooth (when defined);
o if d(Y)) = 1, then exp*(tY})(2) = exp(tY%)(2).
Given a multi-index Z = (i1, ...,i,) € {1,...,q}", define
d(Z) :=d(Yi,) + - +d(Y;,)
Az(z) :=det[Y;, (2), ..., Y (2)]
||]’L||I = MaXg—1.....n ‘hk|1/d(yik), h € R"

,,,,,

and the map
Ez(z,h) :=exp*(h1Y;,) exp®(haYy,) ... exp*(h,Y;,)(2).

We denote by B(z,7) the set {Ez(z,h) : ||h|lz < r}; the sets B(z,r) play the role of
pseudo-balls according to the following result (see [51, Theorem 3.1 and Lemma 3.3]).

Theorem 4.11. Let K C R"™ be a compact set; then, there exist positive numbers
7o, B, B < a <1, such that the following holds. For any z € K, r € (0,7) and T
such that

(4.20) |/\I(z)|7“d(I) > %m}ix |)\J(z)|rd(‘7),

one has
(1) if ||h||z < ar, then E7(z,-) is differentiable at h and
1M (2)] < [JnBz(z, h)| < 4|Az(2)],

where JyEz(z,h) denotes the Jacobian determinant of Ez(z,-);
(2) B(z,fr) C B(z,ar) C B(z,7);
(3) Ez(z,-) is one-to-one on {||h||z < ar}.
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Remark 4.12. The precise statement of Theorem [4.11] (2) given in [51] is
B,(z,pr) C B(z,ar) C B(z,r),

where p is a suitable distance defined in [51], p. 217]. Such a distance is equivalent to
the CC distance d and p < d, thus B(z, fr) C B,(z, fr) and our statement follows.

Theorem 4.11| can be refined in equiregular CC spaces. In this case, in fact, if z € R”
is fixed and r is small enough, inequality may hold only if |Az(2)| # 0 and d(Z)
is minimal, i.e., d(Z) = Q. Using also the continuity of the A\7’s, it is not difficult to
show that

for any x € R" there exist a bounded open neighbourhood U of z, a

(4.21)  multi-index Z and r¢y > 0 such that d(Z) = @ and (4.20) holds for any
z€ U and r € (0,79).

Possibly restricting this number 7y, we may assume that it is smaller than the number
7 provided by Theorem m (applied to K :=U).

We can now prove the Ahlfors regularity of the X-perimeter measure for X-Lipschitz
domains in equiregular CC spaces.

Proof of Theorem[1.3. Let x € 0€; due to the compactness of J9, it will be enough
to prove that there exists a suitable neighbourhood A of x such that holds for
any z € 00N A. Let Z = (i1,...,1,),U and ry be as in and set Z := Y, ; up
to reordering Z and restricting U we may assume that

Li(z) =span {Z1(2),...,Zn,(2)} forany z € U and i = 1,..., k.

In particular, {Z1,...,Z,} = {X1,...,Xn}. Possibly restricting U, by Lemma
we may assume that there exist a Lipschitz function f : U — R and j € {1,...,m}
such that

e ONU={f>0}or QNU ={f < 0};

o fcC®(U\0Q) and I := infy\po X; f > 0.
Since [0Q|x = [O(R™\ Q)|x = [O(R"\ Q)|x (because L"(I) = 0), we may assume
without loss of generality that QNU = {f > 0}. Let Q@ C U be the open neighbourhood
of x given by Proposition (applied to S := dQNU). We also define Z;, := dG[Z,);
since it is not restrictive to assume Z; = X, we have Zl = 0s,. Let

I7a’G7¢7®7f7§7p

be defined as in Proposition and its proof. We also fix an open set I’ € I and,
up to restricting ro, we may assume that B(z,79) C Q for any z € A := G(I' x
(—a/2,a/2)) € Q. Let L be the Lipschitz constant of f and «, 8 be given by Theorem
m (applied to K :=U). Set

_ . To }
T = 1min Troy—/——< <7To.
{BO a(l—l—%) 0

We claim that ([1.1)) holds for any z € 9Q N A and any r < 7; this would conclude the
proof.
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We begin by proving the second inequality in ((1.1)) for such z,r. We set 7y :
I X (—a,a) — I to be the canonical projection and

B(GY(2),r) =G Y (B(z,r)) and B(G'(2),r) =G '(B(zr)).
Since /8 < ro < #, by Theorem [.11] (2) we have
B(z,r) C B(z,%7) C B(z,79) C Q
whence, on considering the images of these sets under the map m; o G~1,
(4.22) w(B(G\(2),7)) C mi(B(G™}(2),57)) = w1 (G~ ({Ex(=,h) : |hllz < §7}).-

Writing A = (hy,h') € R x R"! we can decompose the map Er as Fz(z,h) =
exp(h1Z1)E%(z, h') where

EZ (2, 1) = exp*(haZs) ... exp*(hnZ,)(2) .
Since dG~'[Z;] = 0, we obtain
71(GH(Ex(z,h))) = w1 (exp(hids, )G (Ez(z, 1)) = m(GH(Ex(2, 1))
and from (4.22)) one gets
mi(B(G(2),7)) C (G ({ By (= 1)« [IW|z < §r)))
=P.({M e R+ |||z < §r})

where we have set P, := (m1; 0 G~ o Ef)(z,+) : R" ! — I and ||F'||z := ||(0, #')||7 for
h' € R""!. The map Ez(z,-) is differentiable on {||k||z < ar}; moreover, Ez(-,h) is
smooth. Therefore, also

h — Gil o EI(Z7 h) = eXp<hlasn)G71(E§:(Za h/))

(4.23)

is differentiable on {||hl|z < ar} and smooth with respect to z. From Theorem [4.11]
(1) we obtain

}1| det G7H(2)[|Az(2)| < |Jn(G ™ 0 E)(2, )| < 4]det G 1(2)||Az(2)] if ||h||z < ar
and, in particular, there exist positive constants C', Csy such that
Cy < |JW(G o Er)(2,h)] < Cy for any h € R™ with ||h]jz < ar.

Notice that 27-(G™" o Ez) = dG~'[Z)] = 0, thus the first row of V(G o E7)(2, h)
(namely, the one corresponding to derivatives with respect to hy) is (0,...,0,1). It
follows that

! / n—1 _ /
: 1 x ) X
(4.24) Cy < |det M(z,h")| < Cy for any ' € R" ™ with ||h'||z < ar

where M(z,h') is the (n — 1) X (n — 1) minor of the Jacobian matrix V,(G™! o
Ezr)(z,(0,h')) obtained by erasing the first row and the last column (the one cor-
responding to the n-th coordinate in I X (—a,a)). It is easily seen that

M(z,0) =V(rioG o Ey)(z,h) = Vi P.(h') for any ' € R" ' with ||V]|z < ar
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so that Cy < Jy P,(h') < Cy. By the area formula
LN m (00N B(GT(2),7))) <L (mi(B(GT(2),7)))
<LHP{IM Nz < §73) (by (@:23))
<SCL" ({2 < §r}) = Car®
and from (4.11)) we get

093 (B(z,r)) = / o Pl L1 < Oy
mr(0QNB(G~1(z),r))

as desired.
Let us prove the first inequality in ([L.1)) for z € 92N A and r < 7. It is enough to
show that for

_ ol ry oPlp
C5 := min {oz, T %}
it holds
(4.25) P.({h e R 1 |W|z < Csr}) € 71 (8QN B(G~Y(2),7)) .

Indeed, from (4.25)) and (4.24)) it would follow that
LN (02N B(G(2),7)) 2L (P.{||W |z < C5r}))
chﬁn_l({HhIHI < 057”}) = O6T’Q_1 ,

where we have used area formula and the fact, which will be proved later, that P, is
one-to-one on {||7||z < Csr}. By Remark

0Q0x (B(z,7)) > / o pl L > Cor@-!
T1(09NB(G-1(2),r))

as desired.
To prove (4.25)), it is sufficient to show the implication

e R ||W ||z < Csr
(4.26) , ,
= Jhy = h (k') € (—ar, ar) such that Ez(z, (hy, h')) € 0Q;
in fact, from (4.26)) one would get the chain of implications
R eR" W[z < Csr

=Fz(z, (h,h))) € 90N B(z,ar) (because |[(hy, h)||z < ar)

=FEz(z, (hi, 1)) € 92N B(z,7) (by Theorem [£.11] (2))

=G Y (Er(z,(h, 1)) € GHONN B(z,7)) = 900N B(G~'(2),r)

=P.(I) = 7/ (G N (Ey(2, 1)) = 7r(GH(Ex(2, (hi, 1)) € m(0Q2N0 B(G™Y(2),7))
which is (4.25)).
Let us prove (4.26). Fix A’ € R"! with ||//||z < Csr. By Theorem (2) (which
can be applied because Csr < C57 < 1o < 7) one gets d(z, Ef(2, 1)) < Sr < atr,

whence

[F(EZ(z, M) < 1f(2)| + Ld(z, Ex(z, b)) < alr



30 DAVIDE VITTONE

because f(z) =0. Since X;f = Z;f > | on Q we deduce by Lemma

F(Ex(z, (ar, 1)) = flexplarZy) By, B)) > f(Ey(z,K)) + alr > 0
f(Ez(z, (—ar 1)) = flexp(—arZ))Ex(z, 1)) < f(EZ(z,h") —alr < 0.
Notice that Lemma can be applied because for any ¢t € (—ar, ar)

(4.27)

d(z, Ez(z, (t, 1)) < |t| + d(z, EZ(2, 1)) < ar + atr <7fa(l+ L) < r,

ie., Ez(z (t,1)) € B(z,r9) C Q for any such t.
By (4.27) and the continuity of ¢ — f(FEz(z, (t,h))), there exists hy € (—ar, ar) such
that f(Ez(z, (h1,h'))) = 0. This means that Ez(z, (hy, h')) € 02 and (4.26)) follows.

It is only left to prove that P, is one-to-one on {||A'||z < C5r}. Assume not: then
there exist &' # 1" in R"™! such that |h'||z < Csr, ||1||z < Csr and P,(I') = P,(h"),
ie.,

G (Ez(z, 1)) = (y.) and G (Ez(z,R") = (y,t")

for suitable y € I and ¢',t" € (—a,a). We have ¢’ # t” because, due to Theorem [1.11]
(3) and the inequality C5 < a, Ef (as well as G1o EY) is one-to-one on {||#'||z < Csr}.
Since (y,t') = exp((¢' — t")ds,)(y, ") we have by Lemma [2.2] and Theorem [4.11] (2)

[ =" <3y t) = Fly,t")] < Fd(EBr(z, 1), Ex(z, 1"))
< FABL(z, 1), 2) + 7d(z, Er(z,1"))
<

Thus ||(t' — ", h")||z < ar and
Ez(z, 1) = exp((t' — ") X;)(Ez(z, h")) = Ex(z, (¢ — 1", h"))
which contradicts Theorem [4.11] (3). O
The following result is an immediate consequence of Theorem

Corollary 4.13. Let Q) be a X -Lipschitz domain with compact boundary in an equireg-

ular CC space (R™, X). Then the X -perimeter measure |0§2|x is doubling, i.e., there
exists C' > 0 such that

|0Q|x(B(z,2r))

09| x(B(z,1))

A second interesting consequence of Theorem is the following result, that obvi-

ously could be stated for both ’Hg_l and Sf_l. We opted for the formulation with
the spherical Hausdorff measure because it is the measure that more naturally arises

<C  forany z € 0Qr > 0.

when trying to represent the X-perimeter in terms of Hausdorff measures (see e.g.
[33, 34, (35, 2], 44]). A very close result has been proved in [I].

Corollary 4.14. Let Q) be a X -Lipschitz domain with compact boundary in an equireg-
ular CC space (R"™, X). Then there ezists C = C(§2) such that

LSF1L00 < 09y < CSF Lo
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In particular, there exists a SdQ_l—measumble function 6 : 0Q — [%,C] such that

c
09 x = 0S990,

Proof. The first part of the statement is an immediate consequence of (1.1)) and of
classical theorems on densities of measures, see e.g. [55, Theorem 3.2]. The second
part follows from Radon-Nikodym theorem. O

We conclude this Section with two further results that will be useful in the sequel.

Lemma 4.15. Let Q be a X-Lipschitz domain in an equiregular CC space (R™, X)
and x € 0. Then there exist positive constants C, R such that

LN B(x,r)) = Cr? foranyr e (0,R).

Proof. Let U,Z and ry be as in (4.21]). Up to restricting U we may find a Lipschitz
function f: U — R and j € {1,...,m} such that

e ONU={f>0}or QNU = {f < 0};

o [ C®U\0N) and | := infyg0 X;f > 0.
We assume to fix ideas that QN U = {f > 0} and give only some hint about how
to adapt the argument to the case Q@ N U = {f < 0}. Up to restricting ry we have
B(x,r9) C U. Since d(Z) is minimal we may assume that Y;, = X, so that exp*(tY;,) =
exp(tX;).

Let L be the Lipschitz constant of f and o be given by Theorem (with K :=U).

Consider r < R :=rq and set § := min{£, ¢}. We claim that

(4.28) Er(x,h) € QN B(z,r)
whenever h = (hy, /) € R x R"! is such that ||A'||z := ||(0,)|lz < ér and h; €
(r/2,3r/4) (if QNU = {f < 0} we should instead consider hy € (—r/2,—3r/4)). This
would be enough to conclude because by Theorem [4.11] (1), (3)
LN Bz, 7)) > / \Jn Bz, h)| dL”
{heR™:h1€(r/2,3r/4),||h' || z<or}
>Clﬁn{h e R™: hi € (7“/2,37”/4), Hh/HI < 57’} = CQT’Q .
Let us prove (4.28). We have Ez(x,(0,h")) € B(z,dr) C B(x,ér/a) and so
d(z, Ez(z, h)) <d(z, Ez(z, (0, 1)) + d(Ez(z, (0, 1)), exp(h1 X;) Ez(z, (0, 1))
< piml<G+3r<r.
Thus Ez(z,h) € B(z,1m9) C Q and (4.28)) follows if we show that f(Ez(z,h)) > 0 (if
QNU ={f <0} one would prove that f(Ez(x,h)) < 0). We have
or or

f(Ez(x, (0. 1)) 2 f(a) = L= —L—,

and by Lemma [2.2| (whose assumptions can be easily checked)
f(Bz(z, h)) =f (exp(lnX;)Ezr(z, (0, 1))
> f(Bz(z, (0,1)) +lhy > —LE +1L > 1r/6 > 0.
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It follows that Ez(x,h) € QN B(z,r) and (4.28)) follows. O

Lemma 4.16. Let S be a X -Lipschitz domain with compact boundary in an equireqular
CC space (R™, X) and u a finite Borel measure in §2. Then

i w(B(z,m)NQ)

r—0t r@-1

Proof. By virtue of (1.1)), it is enough to prove that

=0 for |09 x-a.e. x € ON.

lim wu(B(x,r)NQ)

= f -a.e. .
r—0t |aQ|X(B($,T)) 0 or ‘aQ|X a.e. T € 02

In turn, it is sufficient to show that |0Q|x(Ax) = 0 for any k € N, where

. w(B(z,7) N Q) 1}
A =<2 €90 : limsu > —
b { 0k (B(x,r) ~ k

Let € > 0 be fixed; by Vitali covering theorem (see e.g. [55, Theorem 3.3]) there exist
(z;) C Ay and r; < e such that

p(Blx,r) NQ) 1 ,
00/ (B(z. 1)) > . for any ¢

B(z;,r;) are pairwise disjoint and Ay, C |J, B(z;, 5r3) .
By Theorem

109 x (Ar) < 10Q|x (B(x:,5r3)) < Y597 ™!

<5209 x (Blai, ) < 5270 p(@N U, Blai, 7))

<YM p((692).)

where (02). := {z € Q : d(z,09) < €}. The desired equality |0Q|x(Ax) = 0 now
follows because p((92),) — 0 as € — 0. O

5. TRACE THEOREMS FOR BVx FUNCTIONS ON X-LIPSCHITZ DOMAINS

The theory of traces for Euclidean BV functions is well established; for a more
general account on this subject, we address the interested reader to [47, 46, 4] and the
monographs [41, 2].

5.1. Existence of traces. We begin this Section by proving the existence of traces
for BVx functions on X-Lipschitz domains with compact boundary.

Proof of Theorem[1.4. We claim that for any xz € 9Q there exist C;, > 0 and a neigh-
bourhood Q = Q, such that the following holds. For any u € BVx(2) such that
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{u# 0} €@ Q, there exists Tu € L'(99Q,|09|x) such that

(5.1) holds for any g € C'(R",R™);

(5.2) Tu=0on 00\ Q;

(5.3) u +— Tu is linear on the vector space {u € BVx(Q) : {u # 0} € Q};

(5.4) [Tul| 100, j001x) < Ca| Xul(€).

This would be enough to conclude. Indeed, since 0f2 is compact we can find z4, ..., 2, €

09, together with the associated neighbourhood Qy,...,Q, (Q; := Q,,), such that
00 C U, Q;. We also consider an open set Qp with Q\ |Ji_, Q; C Qy € Q. Let
(¥i)i=0,...q be smooth functions such that

q
U €CR(Q), 0<d<1, Y di=1onQ.
1=0

Thus, for a generic u € BVx(€2) we have ¢,u € BVx(Q), {¢u # 0} € Q, and
(5.5) X(iu) = w( X)) L" + 1 Xu  on £

in the sense of distributions. Let g € C*(R™, R™) be fixed; our claim implies that for
any 1 =1,...,q

/(%U) divxgdLl"

(5.6) ¢

_ / bl g) d|Xu] — / (X, g) dL™ + / (v 9) T(wr) 10 x
Q Q

a0
while

(5.7) /Q(wou) divygdLl" = — /Qwo<au,g> d| Xu| — /QU<X¢079> acr .

Taking into account that ) !, Xt; = 0 on 2, on summing (5.6) (fori=1,...,¢) and
(5.7) we obtain (1.2) with Tw:=>"7 | T(¢u).
The linearity of the trace operator T' stems from ([5.3). As for the boundedness of
T, we have from (5.4) that for any i = 1,...,q
(5.8) 1T (W) || 200,001 x) < Co X (iu)[(Q) < Cl, [|Xul(Q) + [Jullrr@)]
where we have used the fact that, by (5.5) and |¢;] < 1,
[ X (W5u) [(2) < X0l oe [Jull 1) + [Xul(€2) .-
From (j5.8) it is easy to get the existence of C' = C(2) such that
I Tull 1 00j001x) < C [|Xul(Q) + [[u]l 1)) -

This would conclude the proof.
For the reader’s convenience, we divide the proof of the claim into several steps.
Step 1. Let x € 0N be fixed. By Lemma there exist a neighbourhood U = U,,
a Lipschitz function f: U — R and j € {1,...,m} such that

e QNU={f>0or QNU ={f <0};
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o f€C®(U\0Q) and I := infypo X; f > 0.
We assume that QU = {f > 0}; we will treat the case QN U = {f < 0} later in

Step 3. Let then @, = Q C U be the open neighbourhood given by Proposition
(applied to S := 92N U). We will also consider

[,O/,G, ¢7¢67q)7q)67f~7967§7§€7)?i7‘557p7p6

as in Proposition [4.5| and its proof.

Let u € BVx () be such that {u # 0} € Q. We initially work under the additional
assumption u € C*(Q2N Q). Let g € CH(R",R™) be fixed; since 92, is smooth and
Q. = {f > €} we have

/udivxgdﬁn = lim udivxgdLl"”
Q

e—0t QJ‘IQ

(5.9 ~lim (= [ Xugde s [ uln.g) dool)
e=0%F Q.NQ 9910
_ / (Xu,g)dL" + lim [ (1o ®)(Go De, p.) dL"!
Q e—0t I

where we have set & ;== uo G : I X (—a,a) > R, §:=goG : I X (—a,a) — R and
used . As in Proposition we hereafter agree that € is small enough, so that
¢ is defined on the whole 1.

We claim that

(5.10) v, := @ o ®, is a Cauchy sequence in L'(I) as e — 0.

Assume (5.10): then, there would exist v € L'(I) such that v. — v in L'(I) and,
taking into account the uniform convergence ®. — & and the weak-x convergence
pe — pin L=(I,R™), one would get

lim [ (@0 ®){(Go®,p)dL" ' = /u(g o® pydLm!

e—0t I I

:/ Tu (g, ve) d09)] .
o0

Here we have used (4.10)) and defined Tw € L*(09, |09| x) as

Ty — vod® oG ondONQ
= 0 on 00N\ Q.

From ((5.9) and ({5.11]) we would achieve
/ udivxgdL" = —/(Xu,g> ac" +/ (v, g)Tu d|0S2| x
Q Q o9

and ((5.1) would be proved for such w.
Let us prove (5.10). For y € I and 0 < § < € we have

(5.11)

de(y)
(5.12) vely) — vsly) = iy, 6u(y) — iy, d5(y)) = / (00,0) (5. ) d.

#s5(y)
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Setting
Ro={(y.t):y el oly) <t<o(y)}={0<f<e}

from (5.12)) we obtain

Pe(y)
/\Ue —vs(y)|dy <// | X;u(y, )| dt dy < |Xu|d£"
bs(

:/ X[ det JG- 1|d£”<01/ Xl dL".
G(Re) G(Re)

(5.13)

Then, ) follows thanks to the absolute integrability of |Xu| and the fact that

Neso @ ( ) 0.
We observe also that (5.2)) and (5.3) are straightforward (of course, the linearity of

T in (|5.3)) is for the moment understood on the subspace {u € BVx(Q)NC>®(Q2N Q) :
{u# 0} € Q}), while

vely) = / (0o,)(y,)dt Wy eI
de(y)

gives the inequality

/|v|d£,"_1 = lim /|v5|d[,”_1 </ | Xa|dLn
I =0t J1 Ix(—a,a)\Re
:/ X[ det JG-Y] dL™ < Cy|Xu|(Q),
G(Re)

whence (5.4)).
Step 2. We now consider the case of a generic function v € BVx(Q2) such that
{u# 0} € Q. Let us fix a sequence (uy)r C BVx(Q2) N C>(Q) such that

e — win LN(Q) and | Xug|(Q) — [ Xul|(Q).

It is not restrictive to assume that {uy # 0} € Q; this is possible because the ap-
proximating sequence (uy) is essentially obtained by mollification, see the proof of [31]
Theorem 2.2.2] for more details.

We claim that (T'uy,)y, is a Cauchy sequence in L' (99, |09Q|x). This would be sufficient
to conclude: in fact, after setting Tw := L'-limy_,o, Tup € L'(09,|0Q|x), on passing
to the limit as £ — oo in the equality

/ukdivxgdﬁnz —/(Xuk,g> dﬁ"—l—/ (vq, g) Tug d|0 x
Q Q o0

we obtain ([5.1). Statements (5.2), (5.3)) and (5.4) are straightforward.

Let us prove our claim or, equivalently, that the sequence (vy)g, vy := (Tug) o G o D,
is a Cauchy sequence in L'(I,£"1). Set @y = u, oG : I X (—a,a) — R and
Ve = U 0 P : I — R; recall that vy, — vy in LY(I) as e — 0. From (5.13)) we
deduce

/ [ — o] £ < C1| X (G(R)
I
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and, setting v} := %foe v+ dt, one gets

1 €
(5.14) /|uk i < // [ — vpa| dt LT < Oy | Xl (G(R.))
I I1J0

Therefore
/]vk — v L™
I
(5.15) < / lop — v dL T + / lvg — v§| AL + / v — vg|dLm!
I I I

1 €
SOXu|(G(R)) + O X (G(Re)) + E/ /\vk,t — vgy| AL L
0 1

Taking into account that inf {|p;(y)| : v € I,t € (0,€)} > 0 (see Remark , by
(4.19) one achieves

/ /|Ukt—vgt|d£n 1dt< / /|U]€O@t—UKO<Dt| |pt|d£n 1dt

(5.16) / / fu, — we] || dt
o0:NQO

=2 [ — || X f| dL",
€ JG(R.)

where, in the last equality, we have used Theorem . By m we obtain
_ C n
[l = w42 <CUXwI(GR) + CXul(GR) + 2 [ ue i de
I G(Re)
C
<Xl (K) + ClXunl () + 2 [ =l ac”
G(Re)

where K. := G(R)NQ C 9NN By Lemmawe get

(5.17) limsup/\vk — v dL" T < 20| Xu|(K.) Ve>0.
I

kf— o0
Since @ N[, Ke = 0 we have (), K. C 0Q N Q whence
[ Xul(Ne Ke) < [Xu[(02N Q) =0

because v = 0 in a neighbourhood of 9Q N ). From (5.17)) we get
lim sup/]vk — | dL" ! =
kfl—oo JIT

and our claim follows.
For future references we also observe what follows. If we set v, ;== t0®.: I - R
and v := %foe vdt, we have

C
/|vz—v€|d£"‘1 / /|vkt—vt|d£" Lar < =2 lup — ul | X fldC™,
I € JG(R.)
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where the second inequality may be justified just like ((5.16)). This implies that for any
€

(5.18) v = v in L'(I) as k — 0.

Since vy, — v in L'(I), from (5.14) and (5.18)) we obtain as k — oo

(5.19) / v — o] dL"1 < Oy Xu| (K.)
I

where we have used Lemma [2.4] again.

Step 3. We now go back to Step 1 and analyze the case Q NU = {f < 0}. Set
f=—fand X = (X1, ..., Xjo1, =X, Xj41,. .., Xin); notice that |09y = [09]x,
|0  denoting the perimeter measure of €2 induced by the family X. Then

O={f>0}, JeC WU\09) and I:= inf X;f>0.
Reasoning as in Steps 1 and 2 we can find C' > 0 and a neighbourhood Q of x such

that the following holds. For any u € BVx(Q) = BV (Q) with {u # 0} € Q there
exists Tu € L' (09, 09| ) = L' (09,092 x) such that

(5.20) for any g € C'(R™ R™)

/ udivgg dL" = —/(&u,g> d| X u) —I—/ (Do, 9)Tu d|0Q ¢ ;

Q Q )

(5.21) Tu=0on 00\ Q;

(5.22) u — Tu is linear on the vector space {u € BV¢(Q) : {u # 0} € Q};
(5.23) 1T ull 11 00001 ,) < C1Xul(9).

Here, 6, and 0 are such that Xu = 6u|f(u| and XXQ = Ug|0Q| ;. It is easily seen
that | Xu| = | Xu| and

Ou = ((O’u)l, N () (au)m)

ﬁﬂ = ((Vﬂ)la SRR _(Vﬂ)jv SRR (Vﬂ)m>7
whence (5.1)), (5.2)), (5.3) and ([5.4)) follow (with T'u := T u), respectively, from ([5.20)),
(5.21)), (5.22)) and (5.23). This concludes the proof. O
Remark 5.1. If u € C°(Q) N BVx(Q), then Tw = ujpo. Using the same notations of
the previous proof, it suffices to notice that T'(¢);u) = ¢;u for any i = 1,..., ¢ because
of (5.19).

Remark 5.2. Under the assumptions of Theorem the trace operator T’ is local,
ie., if ui,ups € BVx(Q) are such that u; = us on some open set U, then (T'u)p0nv =

(Tu2) 1900 -

When 2 C R" is a X-Lipschitz domain with compact boundary and u € L'(R") is
such that

U € BVX(Q) and URn\Q) € BVX(Rn \ﬁ),
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one can define the “inner” and “outer” traces TV u, T u € L'(99Q,]0Q|x) of u on 09,
respectively, as

THu = T%(uq), T u:= TRH\Q(URH\Q).
We denoted by T2, TR"\2_ respectively, the trace operators
7122£3Vk(§n —él?(8§h|8fHX)
TR\ BVx(R™\ Q) — LYO(R™\ Q), [0(R™ \ Q)[x) = L'(092,]00x) -

We are going to prove that such a u is actually of bounded X-variation on the whole
R™; we will also characterize the measure Xu.

Theorem 5.3. Let Q C R™ be a X-Lipschitz domain with compact boundary and
u € LY(R") such that uig € BVx(Q) and ugng € BVx(R" \ Q). Then u € BVx(R")
and

(5.24) Xul 0 = (THu — T u)vg|0Q|x

In particular, Xu = XulLQ + Xul(R"\ Q) + (THu — T~ u)vg|0Q| x.

Proof. For any g € CL(R",R™) with |g| < 1 we have by Theorem and Corollary
4.2

/ udivxgdL"” :/ udiVng£"+/ udivxgdL"”
n R™NQ R™\Q

- / (00 g) dIXu| + / (v )T u |0
R™»NQ oN

- / (0w g) d|Xu + / (Va3 YT~ |0
R7\Q RlY)

=— / (0w, g) d| Xu| + / (v, 9)(THu — T~ u) d|0Q|x
R\ 0Q G

where we have used the fact that vgng = —va |0Q|x-a.e. This gives (5.24) and
concludes the proof. O

5.2. Extension of BV functions. The most part of this section is devoted to the
proof of Theorem [1.5

Proof of Theorem[1.5 Let Qy, ..., Q, be the open sets considered in the proof of The-
orem [1.4] We will prove that, if § > 0 and w is such that

spt w C I N Q; for a suitable 7,

then there exists u € C®(Q) N Wy (Q) such that (I.3) holds for some C' = C; and, if
08 is X-regular, ((1.4) holds as well. This would be enough to conclude. Indeed, let
w be a generic function in L*(99, |092|x) and consider functions 1; such that

q
Y, € C(Q;), 0< 1 <1, Zwizl on 0f).

i=1
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Then for any i = 1,...,q we could choose u; € C=(Q) N W' (Q) such that

)
/ |ui| L™ < 7 / | Xui| dL" < Ci|[viw]| 10,001 y)
Q Q

and (|1.3) would follow, with u = w; + --- 4+ u, and C' := sup,; C;, because 1); are
nonnegative and thus

[w]|Lroej001x) = 1wl Lr@ejon) + - + [l Lioe o0y -
If Q is X-regular, (1.4]) follows provided we choose wu; such that

/ X AL < (1 + 8)l|swoll s e o -
Q

Step 1. Let i € {1,...,q} and w € L'(09Q,|0Q|x) with spt w C Q = Q; be
fixed. Let f, j and [ be as in the proof of Theorem [I.4] Step 1. We first assume that
QN Q={f >0} and define

I7a’G7¢’¢€7®7 ®E7.]Z:7 Q€7§7§E7X€7)’Z7p7p€

as in the proof of Theorem [L.4] Step 1. By n = n(d,w) € (0,1) we denote a suitable
constant to be chosen later.
Let v:=woGo® e L'(I) and I € I be an open set such that sptv C I'. If v =0
(i.e., w = 0) it is enough to choose u := 0. If v # 0 we fix a sequence (vg)r C C(I)
such that

vo=0, vy —vin L'(I) and sptu, C I’ Vk.

We require the following technical assumptions: (v )y is “rapidly converging”, precisely

(5.25) Z |Ve41 — Vel <7

vy approximates “very well” v in L'(I), so that

(5.26) /|vl —l|p|dL™!
and
(5.27) vl < 2lvljzry  for any k.

We also fix, in a way we will specify along the proof, a decreasing infinitesimal sequence
(tr)r. For any k € N we consider a smooth function hy, : [tx41, tx] — [0, 1] such that

1+n

o<h < — 1
b k\tk_tk—f—l

and
(5.28) hr = 0 in a neighbourhood of #;1, hx =1 in a neighbourhood of ¢ .
Define @ € C*(Q) by

ﬂ(p) .:{ 0 ~ ~ iff(p)>t~0
' hie(f(p) vi(m1(p)) + (1 = hi(f (p))) visa (w1 (p)) if oy < flp) < i,
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where 77 : [ X (—a,a) — [ is the canonical projection. We can choose ¢y so that

sup  |¢(y)| = max{sup |¢|,sup |¢y, |} < a/2;
yeI’ te(0,to] I I

this is possible because

O < ¢y < Py Vt € (0,t0], sup|o| <a/2, ¢ — ¢ uniformly on I'.
I/

This choice implies spt @ C I' x (—a/2,a/2).
We point out that @ = vy o 77 on Gﬁtk = {f = tx}: roughly speaking, @ is defined
on {tp1 < f< tr} by interpolation between vg,; o 7w (on EQtHl = {f = tg+1}) and
v o7y (on 5th)
By definition, @ is smooth on the open set {t;41 < f< tr} for any k and, by -
it coincides with v o 7y (that is smooth) on a neighbourhood of o, = {f =t}
This implies that @ € C®(€) with @ = 0 out of I’ x (—a/2,a/2) and we can define
u € C>(§2) by

uw:=t0G tonQNQ, u:=00on N\ Q.

We are going to prove that ((1.3) holds for such u. To begin with, we notice that
Tu = w because

io®, — vin L'(I)
and, since the trace of a smooth function u with support in Q is defined by the L!-limit
of 4o ®; (see Step 1 in the proof of Theorem [1.4), we get precisely Tu = w.

Step 2. Let us prove that [, [u| < d. By the coarea formula, the inclusion QNsptu C
{0 < f <tp} N Q and the inequality | X f| >

to
/udﬁ”:/ udl" < Cy u|Xf|£":C'1/ / u d|0Q| xdt
Q onQ QnQ o Jono

to to
:01/ /(a o ®,) |pi| AL tdt < 02/ /|a o B, | dLLdt
0 I

<CQZ/ /I(hk(t)|vk|+(1—hk(t))]vk+1|)d£”‘1 dt

Tkt1

<022/ /(|vk| o) AL dt
I

tet1

<402t0|‘1}||L1([)dt

where we also used Remark the fact that f o ®, = ¢ and . The right hand
side is smaller than ¢ provided ¢, is small enough.

Step 3. In order to derive the last inequality in , let us compute the horizontal
derivatives of @. If p is such that ¢, < f(p) < t; we have

(5.29) Xji(p) = 0s,(p) = Wi (f(p)) [ox(m1(p)) = vesa(m1(p)] X;f (p)
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while for ¢ # j

Xe(p) =hi(f(p)) [vs(m1(p)) —vm(m( )] Xef(p)

(5.30) + hie(f (p)) (Vr(m ), drr[Xo(p )]
+ (1= hi(f(p))) <Vvk+1(7T1( ), dr1[Xo(p)]) -

By the smoothness of @, equalities (5.29) and (5.30) hold also if f(p) = tp or f(p) =

tg+1. In particular
(5.31) )A(iﬁ:(h;of)(vkom—vkﬂom))?f—i—R on Q,
where R; =0 and

Ri(p) = hi( £ (p) (Vi (mr(p)), drr[ Xe(p)])
(1 — hi(f(p))) <Vvk+1<7rl(p))>dﬁ[[)?é(p)b

for ¢ # j. The coarea formula gives

0 | Xu|
/\Xu\dﬁ”:/ | Xu|dC" = / / d|0Cy | xdt
Q QNQ 00Q:NQ |Xf|

o ®
/ /‘ t‘| o LT dt
k=0 tk+1

and, by (5.31)) and the equality f o ®, = ¢,

/|Xu|d£”<2/ | Feo @

trt1 ’Xf (I)t‘

1 Rod®
By ol (R T
k=0 v th+1 b — tht | X f o ®

Our strategy is the following: we are going to prove that the second addend in the
right hand side of (5.33)) gives a small contribution, while the first one is comparable
to

(5.34) / ]w|d|8Q|X—/|v||p|d£" ! / /t '”'t ol dL 1 dt.
0 t1

(5.32)

|:h/ ‘Uk — ’Uk+1} + :| ‘ dﬁnil dt

For ¢ # j set
e := sup |dm (p)[Xo(p)]| < sup [ Xo(p)| < o0
peEQ pe)
by (5.32)) one can estimate
(R0 | < (hr o f o Pe)re Vor| + (1 = hygr 0 f 0 @) Vg

<
< Ke([Vor| + [Vogial).
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Since | X f| > 1, by Remark.

Ro @,
/ / L 1dt<03/ /(|Vvk\+\Vvk+1])d£”1dt
tk+1 |Xf O@t tk+1 I

=Cs(tr — tip) ([IVorll oy + IVoerallor) -

In particular, if ¢, — ;1 is small enough we may assume that

/ / Ro®l | et ar < ov 1y,
tr4+1 | Xf © cI)t

Recalling ((5.33)) we achieve
/|Xu|d£” (1+mn) Z/ /'Uk U'““|| pi LTV dt 4.
trt+1

T — Tttt

In order to compare the series on the right hand side with ([5.34]), we are going to show
that the summands can be made small whenever £ > 1, so that one has to handle only
the one corresponding to k = 0. By Remark 4.8 E and ((5.25))

o

Uk — Vg1 e vk = vk
Z/ s R g dL 1dt<04z dcn—1 dt
tk+1 1 tk+1 I

k=1 te = trta by — tpyr

204 Z / |U,1€ — Uk+1| dﬁ"‘l < 0477
k=171

and since vg =0

/|Xu|d[," <(1+n>/ w| ALV dt + (14 7)Can + 1
t1 I —u

to
v _
<(1+7])/ /t _lt \p| dL™ 1 dt + Csn.
t1 140 1

By Remark [4.8 there exists Cs > 0 such that |p;| < Cs|p| for any ¢. Using (5.26)),
(5.34) and the fact that n < 1 we obtain

to
/|Xu|d£”<07/ / gt + o
Q t tlo—1

=C / lv1][p] AL + Csn
I

(5.35)

<c; { [ 1ol e+ n] er
I

oN

and (|1.3]) follows for 1 small enough. Notice that C7 does not depend on w.
Step 4. We have to prove (1.4) in case 92 is X-regular. By Remark lpe] = |pl
locally uniformly on I and in particular (we are using again the fact that p is bounded
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away from 0)
el < (L+n)lpl onI" Vite(0,to)

provided ¢y is small enough. From ({5.35)) and recalling that v and v; are supported on
I’ one gets

/|Xu|d£” (1+7) / / il aert e+ on

t—t1

—(1+ ) / fonl || L™ dt + Com
I

<(1+7) / ol |p] dL™ + Gy = (14 ) / ] dlO0 + Con,
I o0

where we have used again (5.26)) and (5.34]). Inequality ([1.4]) follows for small enough
7.

Step 5. We now go back to Step 1 and consider the case QN Q = {f < 0}. Asin
the proof of Theorem Step 3, we introduce

f=—f X=(X1,...,—X

j’...

7Xm)

Reasoning as before we can find v € C>*(Q)N W;I(Q) (notice that W;{’l = Wy') with
support in @ and such that

Tu=w, / lu| dL™ <6 and / | Xu|dL" < Cllwl| L1 @0,00 )
Q Q
and, in case 0f) is X-regular (or, which is the same, X -regular),
/ |XU| dLrr < (1 —+ 5)||w||L1(8Q7|8Q‘X) .
Q

As in the proof of Theorem Step 3, we have denoted by T the trace of u on O
with respect to the CC structure induced by X. It is now easy to prove that u satisfies
(1.3) and (1.4) (because Tu = T'u) and this concludes the proof. O

The following result is now an easy consequence of Theorems [I.5] and [5.3] The
last part of the statement, loosely speaking, corresponds to choosing the number %y,
appearing in the proof of Theorem [I.5] “very small”.

Corollary 5.4. Let Q C R"™ be a X-Lipschitz domain with compact boundary and
u € BVx(Q2). Then there exists u € BVx(R") such that %o = u and

Tu=T u=T u |02 x -almost everywhere on OS2 .

In particular, | Xu|(0Q) = 0.
Moreover, for any compact set ' C R™ with Q@ € Q' it is possible to choose @ with
support in .

We point out another interesting consequence of Theorem [I.5]
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Corollary 5.5. Let Q@ C R™ be a X-Lipschitz domain with compact boundary and
u € BVx(Q). Then there exists a sequence (uy), C C*(Q) N C°(Q) N BVx(Q) such
that, as k — oo,

(5.36) up — u in L'(Q)  and / | Xug| dL™ — | Xu|().
Q

Proof. By Corollary , there exists u € BVx(R") such that 4 = u on  and
| Xu|(092) = 0. If we fix a sequence (uy)r C C*(R™) N BVx(R") such that

up — uin L'(R™) and / | Xy dL™ — | Xul(R™)

then, by Lemma , (5-36) holds with uy, := . O

5.3. Continuity of the trace operator. As already mentioned in the introduction,
the trace operator T' : BVx(Q) — L'(99Q,]0Q|x) is not continuous if BVx(Q) is
endowed with the topology of weak® convergence, see e.g. [2, p. 181]. We are going
to prove that, as in the classical case (see [2, Theorem 3.88]), T" is continuous when
BVx(Q) is endowed with the topology induced by strict convergence. More precisely,
we prove the following result.

Theorem 5.6. Let 0 C R™ be a X-Lipschitz domain with compact boundary and
u, u € BVx(Q) such that

lim/|uk—u|d£"—0 and  lim |Xug|(©) = [Xul(©).
Q —00

k—o0

Then Tuy, — Tu in L' (99, |09Q|x).

The proof of Theorem which follows the approach of [2 Theorem 3.88], will
require some preliminary result. Given € (which we fix for the rest of this section)
as in the statement of Theorem , let Qy,..., 9, be the open sets considered in the
proof of Theorem . Since 092 C UL, Q;, it will be enough to prove that for any
1=1,...,q

We then fix i € {1,...,¢q} and Q = Q; together with the associated f,j considered in
the proof of Theorem , Step 1. We assume to fix ideas that 2N Q = {f > 0}; the
case QN Q = {f < 0} will be treated later. With this assumption we can fix also

]7 C1/7 G’ ¢7 ¢57 ¢7 (P€7 '];7 QE? /(\/27 6267 XK’ )~(7 p? p67 RG
as in the proof of Theorem

Lemma 5.7. Let u,u, € BVx(Q) be such that v, — u € L'(Q). Set i :=uo G and
Uy := up o G and assume that € is small enouglﬁ to define v, vp, : I — R as

1 [ 1 [
UE::—/{LO(I)tdt, v,ﬁc::—/&koq)tdt.
€ Jo € Jo

3Precisely, we require that ¢, is defined on the whole I for any ¢ € (0,€).
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Then v — v¢ in LY (I) as k — oo.

Proof. By Remark 1.8 and Theorem

1 €
/yv;—vﬂdﬁn‘l <—/ /|&koq>t—aoq>t1dm—l dt
I €Jo JI

C €
g—/ /\&k0¢t—ﬁoq>tht|dﬁnldt
€ Jo Jr

:Q// g — | d|O|x dt
€ Jo Joauno
c

<= e — || X f] dLCm

€ Jong

The claim follows by the convergence of u; to u in L'(Q) and the boundedness of
XS] O

Lemma 5.8. Let u € BVx(Q) and set t :=uoG, v:= (Tu)oGo® : [ — R. Assume
that € is small enough to define v° = %f;ﬂ o &, dt. Then there exists C = C(Q) >0
such that

(5.39) /I v — v| < C|Xul|(GR)

Proof. If u € C*(2) N C°(Q) N BVx(Q), then Tu = ujpq and

1 €
/|v—v6|d£"1 g—/ /]ﬁocb—vjocbt\dﬁnldt
I €Jo J1

1 [€ é(y) ~ 3
(5.39) <o [ L ot ot ar et
Y

< | |Xalder < Gy Xul(G(R.)).

Re

For a generic u € BVx (), thanks to Corollary we can fix a sequence (uy)r C
C>(Q) N C°(Q2) N BVx () such that

up — win LY(Q) and | Xug|(Q) — | Xu|(Q).

Set oy, := ug o G and

1 €
vk = (Tup) o Go P, vz::—/ﬂko@dt.
0

€

By Lemma [5.7 we have v{ — v¢ in L!([), thus for any £ =1,...,m
(5.40) vipe — vpp in LY(I) as k — oo

because p, € L>®(I). Moreover, for any g € CL(R",R™),|g| < 1 we have by Lemma

k—o00

lim [ (g,0u,) dXug| = /(g,au> d| Xul
Q Q
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and by (I-2)

lim [ (g,vq)Tudl09Q|x :kh_g)lo [/

updivyg d£”+/<g,auk>d|Xuk\
Q
:/udiVXg dﬁ”+/<g,au> d| Xu|
Q Q

~ [ tg.va)Tudony
o0
This implies that for any £ =1,...,m
(VQ)( Tuk|8Q|X — (VQ)g Tu|8Q|X as k — oo

in the sense of distributions, whence, as k — oo,

(5.41) vppe converge to vp, in the sense of distributions on .
Indeed, for any ¢ € C°(I) one can find h, € C°( x (—a,a)) such that
Y =hyo®onl
thus
lim /w vepe AL = lim /(hw o ®) vppp dL™ T
k—oo J k—oo [
= lim (hd, o Gil)(l/g)g Tuy d‘aQ’X
k—oo anQ

:/ (hd,OGil)(VQ)g Tu d|8Q\X
o0NQ

:/w vpe dL T
I

By (5.40) and (5.41)) we get that, for any ¢ = 1,...,m, (v — v§)ps converges to
(v — v9)pg in the sense of distributions on /. This implies that

/ v wpldL = sup / (v o) (p, ) AL
I peCe(IR™) J T
[]<1

< hrninf/\vk —vi||pl ALt
k—o0 I
whence by (5.39) and Lemma [2.4]
/|v — v <CQ/|U —of|p| L™t < Oy liminf/|vk —vf||p| dL™!

<Cslim inf/|vk — 5| dL"t < Oy liminf | Xug|(G(R,))
k—oo  [r k—o0

<Gy Xu|(G(Ro)) -
U

We can now prove the continuity of the trace operator under strict convergence.
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Proof of Theorem[5.0. As we said, it is enough to prove (5.37) for any fixed i =

1,...,q. For ¢ > 0 small enough we define the real functions on [
vi=TuoGod v :=Tup o Go P,
v =1 [FuoGoddt, vf =1 [fupoGo®,dt.
We have

/lU — | dL" < /|v — | dLM !t + / o€ —vg|dLm ! + / [v§ — vy AL
T I I I
and by (5.38)), Lemma [5.7] and Lemma
lim sup/ |Tw — Tuy| d|0Q] x <Cy hm Sup / v — v AL
k—oo o0NQ

(5.42) <C’2|Xu|( G(R.) ))+hmsupC'2|Xuk|( (R.))

<2C|Xul(G(R.)).

Notice that, if QN Q = {f < 0}, one could reason as before to get

k—o0

limsup/ |Tu — Tuyg,| |09 5 < 2Co| Xu|(G(R,)) = 2Co| Xu|(G(R,))
20NQ

where X = (X1,...,—Xj,...,X;) (see also the proof of Theorem , Step 3). Thus
(5.42) holds also in this second case and ((5.37)) follows as e — 0. O

5.4. Traces vs. approximate limits in equiregular CC spaces. This final part
of the paper is devoted to the proof of Theorem [I.6]

Proof of Theorem[1.0. Let Qy,..., Q, be the open sets considered in the proof of The-
orem [L.4] We can fix open subsets Q; € Q; such that

(5.43) o0 clUl, 9.

Fix 1 € {1,...,q} and write Q@ = Q;, Q" = Q!. By (55.43), it will be enough to prove
that (1.5)) holds for |0Q|x-a.e. z € 90N Q.
Let f,j be as in the proof of Theorem [1.4] so that

09NQ={f=0}, [eC™(Q\0), I= inf X;f>0.

As usual we assume that 2NQ = {f > 0} and consider later the case QNQ = {f < 0}.
With this assumption we can fix the corresponding

I7a’7G7¢7¢€7®7 ®€7f’ Q€7§7§€’X£7X’p’p€

considered in the proof of Theorem [I.4, Without loss of generality we may assume
that @ = G(I' x (=b,b)) for suitable open set I’ € I and b € (a/2,a). Let L be
the Lipschitz constant of f, 7; the canonical projection I X (—a,a) — I and consider
R > 0 such that B(z, (1 + £)R) C Q for any 2 € Q.
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Let z € 02N Q' be fixed. Since | X f| > [, for any r < R one has

/ = Tu(2)] dL” <C / lu — Tu(2)|| X f] dL
QNB(z,r) QNB(z,r)

Lr
e / / = Tu(2)]d|o%] xdt.
0 0QNB(z,r)

where we have used the coarea formula and the fact that f < Lr on B(z,r) which, in
turn, is due to the Lipschitz continuity of f and the equality f(z) = 0. Let us define

(5.44)

“1(z) = (2, ¢(2')) € 09, where 2’ := 1, (G7(2)),

§(5 )ZGl( (2,7)),
u:=uoG,
v:i=(Tu)oGo® e L'(I).

Then, by (5.44)), Proposition and Remark
Lr
/ |u — Tu(z)| dL" <C’1/ / o ®; — v(2)||pe] AL dt
QNB(z,r) 0 7 (0SUNB(5,r))

Lr
<0, / / lii0 By — v(2)| dL™ dt
0 71 (8Q:NB(,r))

Lr
Cy / / G0 @, — o] A" dt
0 71 (8Q:NB(Z,r))

Lr
+ 02/ / lv — ()| dL" 1 dt.
0 71 (8Q:NB(%,r))

We are going to estimate separately the two integrals on the right hand side.

Step 1. Let us estimate the first integral in the right hand side of ([5.45)) assuming
first that u € BVx(Q2) N C=(2) N C°(R), so that v = o ®. For any t € (0, Lr) we
have

(5.45)

/ o G0 ®, —v|dLm?
71(OuNB(Z,r))

ot (y)
(5.46) < / o / 05,0y, 0)| dor L™ (y)
7 (0UNB(z,r)) J ¢(y)

< | Xa| de".

~

/{o< f<tynm; Hrp(0unB(z,r)))

Notice that, if s € {O < f <tynmy (m(aﬁt N E(fé r))), then s = ( ngT(y)) = o, (y)
for some y € W[(@Qt N B(z r)) and 7 € (0,t). We have by Lemma |2
(@t(y)) ( ( )
f(exp — ¢(y))0s )(@t(y)))
> l(qbt(y) o-(y)) >

h
=
\/

(5.47)

I
il
iy
@
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Since G(®-(y)) = exp ((&-(y) — ¢¢(y))X;) (G(Pe(y))), by and the definition of

Carnot-Carathéodory distance

d(G(P4(y)), G(2-(y))) < le(y) — ¢-(y)| < 77
Since y € m;(0% N B(Z,7)) we have

G(®4(y)) € B(z,r), ie., d(z,G(P(y))) <r
and in particular
(5.48) G(®:(y) € B(z, (1+ £)r).
This implies that s = ®.(y) € B(Z, (1 + L)r) and thus

{0 < f<tyna (w090 B(z,7))) € QN B(Z, (1 + £)r).

From and a change of variable we obtain

/ i o ®, —v| dLm g/ | Xa| de”
71 (0Q:NB(Z,r)) QNB(z,(14+L/)r)

<C3/ | Xu| dC"
QNB(z,(1+L/l)r)

whence
Lr
(5.49) / / [i0 @, — v| AL dt < Cyr|Xul (20 B(z, (1 + L)r)).
0 m(aﬁmé(z,r))

Step 2. We have proved in Step 1 that, if ¢t € (0,Lr), y € m(@ﬁt N E(Z,r)) and
7 € (0,t), then
d(2, G0, (1) < (1+H)r.

One could check that the same argument works also for 7 = 0 (it suffices to inspect
the steps between ((5.47)) and (5.48)) reading ¢y = ¢ and ®y = ) and gives

d(z,G(2(y))) < (1+ F)r,
ie., (y,0(y) € 92N B(Z, (1 + £)r). This implies that
(0 N B(Z,7)) C 102N B(Z, (1 + £)r))).
Therefore we can estimate the second integral in the right hand side of with

Lr
/ / v —v(2)| dC"t dt
0 71 (0:NB(Z,r))
<L7“/ s v — ()| dLm !
T (0QNB(Z,(1+£)r))

<Car / o v — v()|o| dC™!
T (0QNB(2,(1+%)r))

2057"/ |Tu — Tu(z)| d|09|x .
AQNB(z,(1+%)r))

(5.50)
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Step 3. Tt follows from (5.45)), (5.49)) and (5.50)) that, if u € BVx (Q)NC>(Q)NC’(Q),

then
/ lu — Tu(z)] dL"
QNB(z,r)

<Cgr [|Xu| (QN Bz, (1+ £)r) + / Tu — Tu(z)| d|0S2 x
NB(z,(1+L)r))

(5.51)

for any r < R. For a generic u € BVx(Q2) consider a sequence (ug)r C BVx(Q) N
C>=(£2) N C°(2) such that

up — win LY(Q) and | Xug|(Q) — [ Xul|(Q).

By Theorem [5.6| it follows that Tuy, — Tu in L' (9, |0Q|x) and, in particular, Tuy, —
Tu pointwise |09 x-a.e. on 09Q. If z € 90 N Q' is such that Tug(z) — Tu(z), we

obtain by ([5.51]) and Lemma

1 1
= lu —Tu(z)|dL™ = —5 lim |ug — Tug(2)|dL"
r QNB(z,r) T koo QNB(z,r)
06 . L
grQ_l lllgls;}p [|Xuk|(Q NB(z, (1+ %)r))
(552) +3A;HB@O+Ly”|Tuk—~rua2ﬂcﬂaab4
AT

C
Qfl [|Xu|(Q N B(z, (1+ %)7‘)) + /
r OONB(z,(1+%)r))

C
<ol [Xul@n B2+ )+ [
r OONB(z,(1+L)r))

<

Tu = Tu()] 0]

Tu — Tu(2)] d\amx} .

It is a good point to notice that, in case QN Q = {f < 0}, we would get for |0€2| ¢-a.e.
point z € 02N Q'

1
— |u —Tu(z)| dL"
re QNB(z,r)
C. 1 . .
<o [|Xu| (N B(22(1 + L)) + / Tu — Tu(z)| d|aQ|X}
r ONB(z,(1+%)r))
where as usual X = (X1,...,—Xj,...,X;,) and we denote by B open balls with

respect to the CC distance induced by X. The previous inequality implies
because this distance obviously coincides with the one induced by X. See also the
proof of Theorem Step 3.

By Lemma we obtain that for |0Q|x-a.e. z € 90N Q'

(5.53) o 1Xul(@0 Bz 201+ P)r)

=0
r—0+t re@-1
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while from the Ahlfors regularity of |0Q|x and Lebesgue Theorem (see e.g. [27, Corol-
lary 2.9.9]) one has for |0|x-a.e. z € 90N Q'

(5.54)

1
lim —— / T — Tu(z)| d|o9
r—0t T OQNB(z,(1+L)r))
< lim Tu —Tu(z)| doQx =0.
=0 JoonB(z,(1+£)r))

Equality (|1.5) follows from (5.52)), (5.53|) and (5.54)), while (1.6 is a consequence of

(1.5) and Lemma [4.15] O
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