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Abstract We present a way to study a wide class of optimal design problems with a perimeter
penalization. More precisely, we address existence and regularity properties of saddle points
of energies of the form

(u, Ay /2fudx —/ o1u - Au dx —/ ore/u - /u dx + Per (A; Q),
Q QnA Q\A

where € is a bounded Lipschitz domain, A ¢ R" is a Borel set, u : Q@ ¢ RN — RY, o
is an operator of gradient form, and o1, 0, are two not necessarily well-ordered symmetric
tensors. The class of operators of gradient form includes scalar- and vector-valued gradients,
symmetrized gradients, and higher order gradients. Therefore, our results may be applied to
a wide range of problems in elasticity, conductivity or plasticity models. In this context and
under mild assumptions on f, we show for a solution (w, A), that the topological boundary
of AN Q is locally a C!-hypersurface up to a closed set of zero .27V ~!-measure.

Mathematics Subject Classification Primary 49J20 - 49J35 - 49N60 - 49Q20; Secondary
49745

1 Introduction

The problem of finding optimal designs involving two materials goes back to the work
of Hashin and Shtrikman. In [1], the authors made the first successful attempt to derive
the optimal bounds of a composite material. It was later on, in the series of papers [2—4],
that Kohn and Strang described the connection between composite materials, the method of
relaxation, and the homogenization theory developed by Murat and Tartar [5,6]. In the context
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of homogenization, better designs tend to develop finer and finer geometries; a process which
results in the creation of non-classical designs. One way to avoid the mathematical abstract
of infinitely fine mixtures is to add a cost on the interfacial energy. In this regard, there is a
large amount of optimal design problems that involve an interfacial energy and a Dirichlet
energy. The study of regularity properties in this setting has been mostly devoted to problems
where the Dirichlet energy is related to a scalar elliptic equation; see [7—12], where partial
C!-regularity on the interface is shown for an optimization problem oriented to find dielectric
materials of maximal conductivity. We shall study regularity properties of similar problems in
arather general framework. Our results extend the aforementioned results to linear elasticity
and linear plate theory models.

Before turning to a precise mathematical statement of the problem let us first present the
model in linear plate theory that motivated our results. Let 2 = w x [—h, h] be the reference
configuration of a plate of thickness 2k and cross section @ C RZ. The linear equations
governing a clamped plate €2 as / tends to zero for the Kirchhoff model are

V- (V- (0V3u)=f ino,
ey

ohu=u=0 in dw,
where u : @ — R represents the displacement of the plate with respect to a vertical load
f € L°(w), and the design of the plate is described by a symmetric positive definite fourth-
order tensor o (up to a cubic dependence on the constant /). Here, we denote the second

gradient by
82
V2 = ), ij=1.2
ox;0x; /.

1

Consider the physical problem of a thin plate 2 made-up of two elastic materials. More
precisely, for a given set A C @ C R* we define the symmetric positive tensor

oa(x) :=T 01+ (1 —14)o2,

where 01,00 € Sym (R%2*2 R%2%2)_ In this way, to each Borel subset A C w, there corre-
sponds a displacementu 4 : @ — R solving Eq. (1) with 0 = 0 4. One measure of the rigidity
of the plate is the so-called compliance, i.e., the work done by the loading. The smaller the
compliance, the stiffer the plate is. A reasonable optimal design model consists in finding
the most rigid design A under the aforementioned costs. One seeks to minimize an energy
of the form

A~ / JAV2uA . VzuA dx + Per(A; w), among Borel subsets A of R2.
w

Optimality conditions for a stiffest plate can be derived by taking local variations on the
design. For such analysis to be meaningful, one has to ensure first that the variational equations
of optimality have a suitable meaning in the interface. Hence, it is natural to ask for the
maximal possible regularity of dA and V2u 4.

We will introduce a more general setting where one can replace the second gradient V2
by an operator o' of gradient type (see Definition 2.1 and the subsequent examples in the
next section for a precise description of this class).

1.1 Statement of the problem

Let N > 2, and let d, k be positive integers. We shall work in 2 c R"; a nonempty, open,
and bounded Lipschitz domain. We also fix a function f € L*°(; RY) and let oy and o3 be
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.. . . k k . . . . o 1.
two positive definite tensors in Sym(RY" @ RYN") satisfying a strong pointwise Garding
inequality: there exists a positive constant M such that

1
M|P|2§cr,-P~P§M|P|2 forall P e RN, ief1,2). )

For a fixed Borel set A ¢ RY, define the two-point valued tensor
UA(X) = IlAO'l +H(RN\A)GZ' (3)

We consider a k’th-order homogeneous linear differential operator .oz : L? (Q; R4 ) —

W*2(Q; RIV") of gradient form (see Definition 2.1 in Sect. 2). As a consequence of the
definition of operators of gradient form, the following equation

M opdu) = f in 7' (QRY), ue W (Q) CWe(Q; R, )

has a unique solution (cf. Theorem 1.1). We will refer to Eq. (4) as the state constraint and
we will denote by wy its unique solution.

It is a physically relevant question to ask which designs have the least dissipated energy.
To this end, consider the energy defined as'

A — E(A) ::/ fwadx 4+ Per (A; Q) among Borel subsets A of RV,
Q

We will be interested in the optimal design problem with Dirichlet boundary conditions on
sets:
minimize { E(A) : ACRY isaBorelset, ANQS = AgNQ° } , 5)

where Ag C R is a set of locally finite perimeter.”

Most attention has been drawn to the case where designs are mixtures of two well-ordered
materials. The presentation given here places no comparability hypotheses on o and o07.
Instead, we introduce a weaker condition on the decay of generalized minimizers of a
double-well problem. Our technique also holds under various constraints other than Dirichlet
boundary conditions; in particular, any additional cost that scales as O (rV=1+¢), For exam-
ple, a constraint on the volume occupied by a particular material (cf. [8,12,13]). Lastly, we
remark that our technique is robust enough to treat models involving the maximization of
dissipated energy.

1.2 Main results and background of the problem

Existence of a minimizer of (5) can be established by standard methods. We are interested in
proving that a solution pair (w4, A) enjoys better regularity properties than the ones needed
for existence. The notion of regularity for a set A will be understood as the local regularity
of 3 A seen as a submanifold of RY, whereas the notion of regularity for w4 will refer to its
differentiability and integrability properties.

It can be seen from the energy, that the deviation from being a perimeter minimizer for
a solution A of problem (5) is bounded by the dissipated energy. Therefore, one may not
expect better regularity properties for A than the ones for perimeter minimizers; and thus,

I Here, Per(A; Q) = |14 1(2), where 11 4 is the Gauss—Green measure of A; see Sect. 2.4.

2 Due to the nature of the problem, we cannot replace Per(A; Q) with Per(A; Q) in E(A) because it possible
that minimizing sequences tend to accumulate perimeter in 9€2.
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one may only expect regularity up to singular set (we refer the reader to [14,15] for classic
results, see also [12] for a partial regularity result in a similar setting to ours).

Since a constrained problem may be difficult to treat, we will instead consider an equivalent
variational unconstrained problem by introducing a multiplier as follows. Consider the saddle
point problem

inf  sup Ig(u, A), (P)
ACL ew (@)

where
Io(u, A) :/2fudx — /UA»@{M'%de + PCI‘(A;ﬁ),
Q Q

Our first result shows the equivalence between problem (P) and the minimization problem
(5) under the state constraint (4):

Theorem 1.1 (Existence) There exists a solution (w, A) of problem (P). Furthermore, there
is a one to one correspondence

(w, A) = (wa, A)

between solutions of the problem (P) and solutions of the minimization problem (5) under
the state constraint (4).

We now turn to the question of regularity. Let us depict an outline of the key steps and
results obtained in this regard. The Morrey space LP*(2; R?) is the subspace of L? (2; R%)
for which the semi-norm

1
(U171 gy = Sup [;/B " |u”dy : B (x) C Q] . 0<A=N,

is finite.

The first step in proving regularity for solutions (w, A) consists in proving a critical
L% N=1 Jocal estimate for «/w. This estimate arises naturally since we expect a kind of
balance between f B, (x) OA “w - «/wdy and the perimeter part Per(A; B, (x)) that scales as
rN=1in balls of radius r.

To do so, let us recall a related relaxed problem. As part of the assumptions on .2 there must
exist an m’th-order diferential operator % : L3(Q; Z) —» W ™2(Q; R") with constant rank
and Ker (%) = o/[W< (£)].2 Ithas been shown by Fonseca and Miiller [16], that anecessary
and sufficient condition for the lower semi-continuity of integral energies with superlinear
growth under a constant rank differential constraint Zv = 0 is the Z-quasiconvexity of the
integrand. In this context, the #-free quasiconvex envelope of the double-well W(P) :=

min{o]; P - P, oo P - P},atapoint P € Z C Rde, is given by

QW (P) :=inf [/ W(P +v(y))dy :
[l N

0,1]
uecifgr([o,l]N;z),%vzo and /0 Nv(y)dy:()].
[0.1]

The idea is to get an L% ¥ ~! estimate by transferring the regularizing effects from generalized
minimizers of the energy u — [, , W(«/u) onto our original problem. In order to achieve

3 Here, w7 Q) = {u € LZ(Q; Rd) cu € LZ(Q; Rde)} is the .7 -Sobolev space of Q2.
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this, we use a I'-convergence argument with respect to a perturbation in the interfacial energy
from which the next result follows:

Theorem 1.2 (Upper bound) Let (w, A) be a variational solution of problem (P). Assume
that, for some § € [0, 1) and some positive constant c, the higher integrability condition
~02 ~2
[MM]LZ.N—S(BI/Z) E CH%M”LZ(BU’ (Reg)
holds for local minimizers of the energy u — fBl QW (Hu), where u € W‘Q{(Q). Then,
for every compactly contained set K CC , there exists a positive constant Ak such that

/ oadw - Aw dy + Per(A; B,(x))
By (x)
< AgrV! forall x € K and every r € (0, dist(K, 0L2)). (6)

Remark 1.3 (Well-ordering assumption) If o1, 07 are well-ordered, say oo — o7 is positive
definite, then Q W is precisely the quadratic form oo P- P. Due to standard elliptic regularity
results (cf. Lemma 2.6), estimate (Reg) holds for § = 0; therefore, assuming that the materials
are well-ordered is a sufficient condition for the higher integrability assumption (Reg) to hold.

Remark 1.4 (Non-comparable materials) In dimensions N = 2, 3 and restricted to the setting
o/ = V,d = 1, condition (Reg) is strictly weaker than assuming the materials to be well-
ordered. Indeed, one can argue by a Moser type iteration as in [17] to lift the regularity of
minimizers. For higher-order gradients or in the case of systems it is not clear to us whether
assumption (Reg) is equivalent to the well-ordering of the materials.

The second step, consists of proving a discrete monotonicity for the excess of the Dirichlet
energy on balls under a low perimeter density assumption. More precisely, on the function
that assigns

1
roe ﬁ/ |w*dx, x€dA, r>0.
r B (x)

The discrete monotonicity of the map above, together with the upper bound estimate (6), will
allow us to prove a local lower bound Ak on the density of the perimeter:

Per(A; B, (x))

NI > Lk foreveryx € (K N0dA), andevery 0 < r <rg. (LB)
-

As usual, the lower bound on the density of the perimeter is the cornerstone to prove
regularity of almost perimeter minimizers. In fact, once the estimate (LB) is proved we
simply apply the excess improvement results of [8, Sections 4 and 5] to obtain our main
result:

Theorem 1.5 (Partial regularity) Let (w, A) be a saddle point of problem (P) in Q. Assume
that the operator Pgu = o/*(og/u) is hypoelliptic and regularizing for the half-space
problem (see properties (60), (61)), and that the higher integrability (Reg) holds. Then there
exists a positive constant n € (0, 1] depending only on N such that

ANTHOA\*A)NQ) =0, and 0*A isan open C"2- hypersurface in 2.

Moreoverif o is afirst-order partial differential operator, then &/ w € C?O’g/g (Q\(0A\0*A));
and hence, the trace of </ w exists on either side of 0* A.

@ Springer



154 Page 6 of 44 A. Arroyo-Rabasa

Let us make a quick account of previous results. To our knowledge, only optimal design
problems modeling the maximal dissipation of energy have been treated.

In [7] Ambrosio and Buttazzo considered the case where &7 = V is the gradient operator
for scalar-valued (d = 1) functions and where o, > o7 in the sense of quadratic forms. The
authors proved existence of solutions and showed that, up to choosing a good representative,
the topological boundary is the closure of the reduced boundary and # V=1 (3 A\3*A) = 0.
Soon after, Lin [8], and Kohn and Lin [9] proved, in the same case, that A is an open
C'-hypersurface. From this point on, there have been several contributions aiming to discuss
the optimal regularity of the interface for this particular case. In this regard and in dimension
N =2, Larsen [10] proved that connected components of A are C! away from the boundary.
In arbitrary dimensions, Larsen’s argument cannot be further generalized because it relies on
the fact that convexity and positive curvature are equivalent in dimension N = 2. During the
time this project was developed, we have learned that Fusco and Julin [11] found a different
proof for the same results as stated in [8]; besides this, De Philippis and Figalli [12] recently
obtained an improvement on the dimension of the singular set (3* A\ A).

The paper is organized as follows. In the beginning of Sect. 2 we fix notation and discuss
some facts of linear operators, Young measures and sets of finite perimeter. We also give
the precise definition of gradient type operators and include a compensated compactness
result that will be employed throughout the paper. In Sect. 3 we show the equivalence of the
constrained problem (4), (5) and the unconstrained problem (P) (Theorem 1.1). In the first
part of Sect. 4 we shortly discuss how the higher integrability assumption (Reg) holds for
various operators of gradient form. The rest of the section is devoted to the proof of the Upper
bound (6). Section 5 is devoted to the proof of the Lower bound estimate (LB). Finally, in
Sect. 6 we recall the flatness excess improvement [8] from which Theorem 1.5 easily follows.

2 Notation and preliminaries

We will write €2 to represent a non-empty, open, bounded subset of RY with Lipschitz
boundary d€2. The use of capital letters A, B, ..., will be reserved to denote Borel subsets
of RY and we will write B(R") to denote the Borel o-algebra of RV .

The letters x, y will denote points in 2; while z € R? and P € RN ¢ will be reserved for
vectors and arrays in Euclidean space. The Greek letters €, §, p and y shall be used for general
smallness or scaling constants. We follow Lin’s convention in [8], bounding constants will
be generally denoted by ¢; > ¢» > - - -, while smallness and decay constants will be usually
denoted by 1 > &y > ---,and 6 > 6, > - - -, respectively. Let us mention that in proving
regularity results one may often find it impractical to keep track of numerical constants due
to the large amount of parameters; to illustrate better their uses and dependencies we have
included a glossary of constants at the end of the paper.

It will often be useful to write a point x € RY = RV-1 x Rasx = (x/, xy), in the same
fashion we will also write V = (V’, dy) to decompose the gradient operator. The bilinear
form R? x R” — R : (x, y) > x - y will stand for the standard inner product between two
points while we will use the notation |x| := 4/x - x to represent the standard p-dimensional
Euclidean norm. To denote open balls in RY centered at a point x with radius r we will
simply write B, (x). Similarly, B/ := {x’ e RV~ : (x',0) € B,}.

We keep the standard notation for L? and wi.p spaces. We write c! (R2; Z),and C[C (2; ]Rd)
to denote the spaces of functions with values in R4 and with continuous [-th derivative, and its
subspace of functions compact support respectively. Similar notation stands for .2 (2; R?)
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the space of bounded Radon measures in €2, and Z(2; R?) the space of smooth functions in
€2 with compact support. For X and Y Banach spaces, the standard pairing between X and
Y will be denoted by (-, ) : X X Y — R : (1, v) — (u, v).

2.1 Operators of gradient form

We introduce an abstract class of linear differential operators < : L2(Q;RY) —
wk2(@; RINY),

This class contains scalar- and vector-valued gradients, higher gradients, and symmetrized
gradients among its elements. The motivation behind it is that we may treat different models
by employing a general and neat abstract setting. At a first glance this framework may appear
too sterile, however, this definition is only meant to capture some of the essential regularity
and rigidity properties of gradients.

Let o7 : L2(Q: RP) - W%2(Q; R?) be a k’-th order homogeneous partial differential
operator of the form

A =D Ay, (7
la|=k
where A, € Lin (R”; RY), and 9% = 97" ... 9} for every multi-index & = (a1, ..., an) €

(NU {O)N with |a| := |a1| + - - - |an|. We define the «7-Sobolev space of 2 as
W (Q) = {u e L2(%RP) : o/u e LX(Q;RY)}

%W @ = lleell} @t o ull?, (o Wealso define the </-Sobolev

space with zero boundary values in 0€2 by letting

endowed with the norm ||u||

W () = cl {ch(Q; RP), | - ||WQ¢(Q)} .
The principal symbol of 7 is the positively k-homogeneous map defined as

§> A(E) = > £%A, €Lin (R”,RY), & eRY,
la|=k

where §% = £ .- é;‘,’" . One says that <7 has the constant rank property if there exists a
positive integer r such that

rank (A(§)) =r forall& e ]RN\{O}. 1)

Definition 2.1 (Operators of gradient form) Let <7 a homogeneous partial differential oper-
ator as in (7) with p = d and ¢ = d N*. We say that <7 is an operator of gradient form if the
following properties hold:

1. Compactness. There exists a positive constant C (€2) for which
lollyea gy < C(m(uwuizm) + ||m||iz(m) ®)

for all ¢ € C®(Q; R%). Even more, for every u € w (€2) the following Poincaré
inequality holds:

inf { flu — veW?(Q), Fv=0}< C(Q)n,gfuniz(m. )

2 .
U”wk,Z(Q) .
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2. Exactness. There exists an m’-th homogeneous partial differential operator

B = Z B9, (10)

lo|=m

with coefficients B,, € Lin (Z; R") for some positive integer n and a subspace Z of RV k,
such that for every open and simply connected subset w C €2 we have the property

{Fu:ueW? ()} ={vel?(w; 2): Bv=0in 7 (w;R")}.
We write «7* to denote the L2-adjoint of <7, which is given by

o= (=DF D AL
la|=k
Remark 2.2 (Constant rank) Let <7 and % be two linear differential operators satisfying an
exactness property as in Definition 2.1. Then both operators .« and 2 have the constant rank

property (7). This follows from the lower semi-continuity of the rank in any subspace of
matrices.

Remark 2.3 (Rigidity) The wave cone of an operator < of the form (7) which is defined as
Ao = | ) Ker(A®) C R,
[€1=1

contains the admissible amplitudes in Fourier space for which concentration and oscillation
behavior is allowed under the constraint <7 = 0. As in the case of gradients, it can be seen
from the compactness assumption in Definition 2.1 that the wave cone A, of a gradient
operator 7 is the zero space. In particular, there exists a positive constant A (depending only
on the coefficients of .<7) such that

|AE)z|> = AlE||z|*> forall & € RV\{0} and all z € RY. (1)

Remark 2.4 (Poincaré inequality II) It follows from the definition of Wéﬁ (2) and the com-

pactness assumption of .o/ that Wf;{ () C Wg’z(Q; RY). In particular, Ker(.«7) OWSZ{ (Q) =
{0} C LZ(Q; Rd) and %[W?(Q)] is closed in the L2 norm. Thus, by [18, Theorem 2.21],
there exists a constant* C(£2) such that

||u||52(9) < C(Q)||¢z%u||iz(m forallu € W (). (12)
2.1.1 Elliptic regularity

Let <7 be an operator of gradient form as in Definition 2.1 and let 0 € L>(Q; RN k) be a
tensor of variable coefficients satisfying the strong pointwise Garding inequality (see (2))

1 :
M|P|2 <oXx)P-P< M|P|2 for almost every x € Q2 and every P € Rde. (13)

If we define

AY, = (Aip; forlal = Bl =k and 1 <i,j <d,

4 Possibly abusing the notation, we will denote by C(£2) the Poincaré constants from Definition 2.1 and
Remark 2.4.
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then we may write -
dp = Anga for every ¢ € Ck(Q; Rd). (14)

It is easy to verify, using the compactness assumption of <7, that C := (AT & A) satisfies the
weak Garding inequality

1 1
k k k 112 2

where C = C() is the constant in the compactness assumption of Definition 2.1; for all
smooth, R?-valued functions @ in Q.

Lemma 2.5 (Caccioppoli inequality) Let o € L>®(Q; RN k) satisfy the strong pointwise
Garding inequality (13) and let w € W< () be a solution of the state equation

o (odu) =0 in 7 (R,

Then there exists a positive constant C depending only on M, N, o and <7 such that

C
/ |ka|2dx < = / |w|2 dx forevery B.(x) C Br(x) C Q.
B, (x) (R=1)" JBrw)

Proof We may re-write <7 (o </u) as the elliptic operator in divergence form
(=D* D8P (Cha%u?),

for coefficients C = (AT 0 A) satisfying a weak Gérding inequality as in (15). The assertion
then follows from Corollary 22 in [19]. ]

Using Lemma 2.5 one can show, by classical methods, the following lemma on the regu-
larizing properties of elliptic operators with constant coefficients:

Lemma 2.6 (Constant coefficients) Let <7 be an operator of gradient form and let o9 €
Lin(R4N ‘ ;RN k) be atensor satisfying the strong Garding inequality (13). Then the operator

Loyu := o/* (004 u)
is hypoelliptic in the sense that if S is open and connected, and w € L2($2; RY), then
Loow=0 = weCX(QRY).

Furthermore, there exists a constant ¢ = ¢c(M, N) > 2N such that

A

1
—N/ |Vku|2dx < LN/ |Vku|2dx forall 0<p< i,
P JB,y(x) " JB.(x) 2

c 2 r
-~ |Au|“dx forall 0<p<—,
% J B 2

IA

1 2
14 B, (x)

for every B.(x) C .
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2.1.2 Examples

Next, we gather some well-known differential structures that fit into the definition of operators
of gradient form.

(i) Gradients. Let o : L*(2;RY) — W= L2(Q;RIN) : u > (3;u’) for 1 <i < d and
1 < j < N.Inthis case

Ajz=z®e; for every z € R?.

Hence, W< (Q) = W2(Q2; RY) and the compactness property is a consequence of the
classical Poincaré inequality on 2.

The exactness assumption is the result of the characterization of gradients via curl-free
vector fields.

Let 2 : L2(9; RIV) — W—1-2(Q; R?N’) be the curl operator

Bv = (curl(v')); := @iy — vy, 1<i<d, 1<Ilr<N,
then condition (10) is fulfilled for # = Zjv:] B;d; with coefficients
(Bj)ilr,pq = Sip(ajlfsrq - Sjr(slq) I1<l,rrgqg<N, 1=<i,p=d.

Observe that v = 0 if and only if curl vl = 0, for every 1 < i < d; or equivalently,
vl = Vu' for some function u’ : @ ¢ RN — R, for every 1 < p <d (aslongas Q is
simply connected). Hence,
{(Vu:ue W (o; Rd)} ={ve L%(w; RINY . %y = 0},
for all Lipschitz, and simply connected v CC .
(ii) Higher gradients. Let o7 : L2(Q) — WK2(Q; ]RNk) be the linear operator given by

u > 0%, where |a| =k.

Compactness is similar to the case of gradients.
We focus on the exactness condition: Let 2% : L2(2; Sym(®RY")) — W—12(Q; RV
be the curl operator on symmetric functions defined by the coefficients

k

k
k .
(Bj)Pqﬁz--ﬂk,Otlmak = (‘Sjp‘salq H Sanpy — 8jqSaip H ’Sahﬂh)’
h=2

h=2
1<p.q.Bpn,an <N, he{2--- k}

We write

N
#v:="> B o, v:QCRY - Sym ®RY).
i=1

It easy to verify that Z%v = 0 if and only if
curl((vpe)p) =0 for all le'| =k — 1.
If Q is simply connected, then there exists a function u® : Q — R such that v pal =

apu“/ for every |a’| = k — 1. Using the symmetry of v under the permutation of its
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. . . k—1
coordinates one can further deduce the existence of a function uy : Q@ — Sym (RV" )
with

v=Vur and (up)y = u® .
Moreover, 1y t = 0. By induction one obtains that
v = Vkuo for some function ug : Q C RY — R.
(iii) Symmetrized gradients. Let & : L2(; RY) — W~12(Q; Sym (RV’)) be the linear
operator given by
U u = %(a,u" + Biuj),-j, for 1 <i,j<N.

The compactness property is a direct consequence of Korn’s inequality. Consider
the second-order homogeneous differential operator % : L2($; Sym (RN 2)) —
W22(Q; RV’) defined in the following way

321),'./' 321),‘1 321),',' azvﬂ )
1<i,jI<N

%v = curl (curl(v)) = —
Ox;0x;  0x;0x;  Ox;ox;  0x;0x;
Then %v = 0, if and only if v = &u for some u € WH2(Q; RY) = W€ (Q).5

Remark 2.7 In the previous examples, we have omitted the characterization of higher gra-
dients of vector-valued functions; however, the ideas remain the same as in the examples (i)
and (ii).

Remark 2.8 (Two-dimensional elasticity) In dimension N = 2 and provided that 2 is simply
connected, the fourth-order equation for pure bending of a thin plate given by

V- (V- D) Vux)) =0 foru e W»(Q)
is equivalent to the in-plane elasticity equation
V- (Sx)E&w(x)) =0 where w € WH2(Q; R?),

for some tensor S such thatD = (R S™! R ), and where R | is the fourth-order tensor whose
action is to rotate a second-order tensor by 90° (see, e.g., [20, Chapter 2.3]). Furthermore,

Sx)Ewx) =R V2u(x) and V- (V- R €w(x))) = 0.

For this reason, when working with the linear equations for pure bending of a thin plate we
may indistinctly use regularizing properties of any of the equations above in the portions
where D is regular.

2.2 Compensated compactness

The following theorem is a generalized version of the well-known div-curl Lemma.

Lemma 2.9 Let o/ be ak’-thorder operator of gradient form and let {o},} C L*($2; Sym(Rde

® Rde)) be a sequence of strongly elliptic tensors as in (13). Assume also that {u;} C
W< (Q) and {fn} C W52(Q; RY) are sequences for which

A (opdup) = fn in 7 (QRY), for every h € N.

5 Here, 4 is a second order operator expressing the Saint-Venant compatibility conditions.
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Further assume there exist o € L*(Q: Sym(Rde ® Rde)), u € WZ2(Q), and f €
W52(Q: RY) for which

dup — u in LA RN, i f inWRHQRY), and o — o
in L2(2; RV @ RINY).
Then,
dodu)=f in P (URY), opduy - dup — odu- du in 7 (Q).
In particular,
Aup — u in L2 (2 RINY,

Proof For simplicity we denote tj, := o, «uyj, T := o.</u. Itsuffices to observe that t, —~ 7
in L? to prove that
F*t = f in 7' (Q;RY).

The strong convergence on compact subsets of 2 requires a little bit more effort. Con-
sidering that &7 is a k’-th order linear differential operator, we may find constants c,g With
la| 4+ 18| <k, |B] = 1 such that

A (ung) = (Fup)p + Y capd®upd’p e L*(RY) Vo e 2(Q),VheN.
a.p

Hence,

(th - Aup, @) = (fn, unp) — <fh, anﬁaauh3ﬂ¢> .
a.p

By the compactness assumption on .7 we may assume without loss of generality that u;, — u
in Wk ’Z(Q; ]Rd). Thus, passing to the limit we obtain

h— o0

lim (v - Aup, @) = (f, up) — <r, anﬂa"’u 3ﬁ<p> = (t - Au, ),
.p

for every ¢ € 2(L2). One concludes that
onduy - duy, — odu - Ju in 7'(Q). (16)

Fixw CC Qandlet0 < ¢ € 2(R) with ¢ = 1 on w. Using the convergence in (16), the
uniform ellipticity (2) and the symmetry of {o},}, one gets

lim | up — Al 2y < M- lim (o3 (7 (up — ) - (uy — u), 9)
h—o00

lim
h—o00
<M. ( lim (o uy - Auy, )
h— 00
— lim 2(opAup - Ju, ¢) + (opFdu - Fu, (p))
h—o0

=0.
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2.3 Young measures and lower semi-continuity of integral energies

In this section % : L2(Q; Z) — W™2(Q: R") is assumed to be a an m’-th order homoge-
neous partial differential operator of the form

z B,3%, By €Lin (Z;R"), withZ a linear subspace of Rde,
o

satisfying the constant rank condition (7).

Next, we recall some facts about Z-quasiconvexity, lower semi-continuity and Young
measures. The results in this section hold for differential operators with coefficients B, in
arbitrary spaces Lin (R?; R?) for p, g a pair of positive integers; however, we only present
versions where the dimensions match our current setting. We start by stating a version of the
Fundamental theorem for Young measures due to Ball [21].

Theorem 2.10 (Fundamental theorem for Young measures) Let 2 C RN be a measurable

set with finite measure and let {v;} be a sequence of measurable functions v; : Q — Z.

Then there exists a subsequence {vy( )} and a weak®* measurable map p : Q@ — .4 (Z) with

the following properties:

1. Wedenote ju, = u(x) for simplicity, then .y > 0inthe sense of measures and |1y |(Z) <
1 fora.e. x € Q.

2. If one additionally assumes that {vp(j)} is uniformly bounded in LY(Q; Z2), then
lux|(Z) = 1forae. x € Q.

3. If F : R4V * s R is a Borel and lower semi-continuous Sunction, and is also bounded
from below, then
/(M)m F) dx < liminf/ F(vpjy) dx.
Q i= Jg
4. If {vn(j)} is uniformly bounded in LY Z)and F - RN 5 Risa continuous function,
and bounded from below, then

/(ux, F) dx = liminf/ F(vp(jy) dx

Q j=oo Jo

if and only if {F o vp(j)} is equi-integrable. In this case,
Fovpgjy = (ux, F) inL1(R).

In the sense of Theorem 2.10, we say that the sequence {vj(;)} generates the Young
measure /L.

The following proposition tells us that a uniformly bounded sequence in the L? norm,
which is also sufficiently close to Ker(#), may be approximated by a p-equi-integrable
sequence in Ker(#) in a weaker LY norm. We remark that this rigidity result is the only one
where Murat’s constant rank condition () is used.

Proposition 2.11 [16, Lemma 2.15] Let 1| < p < oo. Let {v,} be a bounded sequence in
LP(2; Z) generating a Young measure j, with v, — v in LP(Q2; Z) and PBv, — 0 in
WP (Q; R"™). Then there exists a p-equi-integrable sequence {uy} in L? (Q2; Z) N Ker(A)
that generates the same Young measure ( and is such that

/ v, dx :/ up dx, flvp —upllia) — 0, foralll <g < p.
Q Q

[m}
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Let F : RN 5 R be a lower semi-continuous function with 0 < F(P) < C(1 + |P|P)
for some positive constant C. The #-quasiconvex envelope of F at P € Z C RN * is defined
as

QxzF(P) :=inf [/ F(P+v(y)dy:
[ N

0.11
veCo ([0, I]N;Z), PBv =0 and/ vdy:O]. (17)
[0.11¥

The most relevant feature of Q z F is that, for p > 1, the lower semi-continuous envelope
with respect to the weak-L? topology of the functional

v / F(v)dx, wherev e L?(2; Z) and %v =0, (18)
Q
is given by the functional
V> / QxF(v)dx, wherev € L?(Q; Z) and v = 0.
Q

If 11 is a Young measure generated by a sequence {v,} in L?(€2; Z) such that v, = 0
for every h € N, then we say that u is a #-free Young measure.
We recall the following Jensen inequality for #-free Young measures [16, Theorem 4.1]:

Theorem 2.12 Let 1 < p < oo. Let u be a B-free Young measure in Q2. Then for a.e. x € Q
and all lower semi-continuous functions that satisfy | F (P)| < C(1+|P|P) for some positive
RAN

constant C and all P € , one has that

(x, F) = QzF (1, 1d)).

2.4 Geometric measure theory and sets of finite perimeter

Most of the facts collected in this section can be found in [22] and [23]; however, some
notions as the slicing of sets of finite perimeter are presented there only in a formal way. For
a better understanding of such topics we refer the reader to [24].

Let A € RY be a Borel set. The Gauss-Green measure 4 of A is the derivative of the
characteristic function of A in the sense of distributions, i.e., 14 := D(1 4). We say that A is
a set of locally finite perimeter if and only if | 4] is a vector-valued Radon measure in RN.
We write A € BVoc(RV) to express that A is a set of locally finite perimeter in RN,

Let o CC RY be a Borel set. The perimeter in  of a set A with locally finite perimeter
is defined as

Per(A, o) := |ual(w).
The Radon-Nikodym differentiation theorem states that the set of points

Per(A; B, (x))
1m o N-T =
r}0 vol (B)) - r

)

9*A = lx cRV:

dua
dlpal

and (x) exists and belongs to sv-! ]
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has full |1 4 |-measure in RV ; this set is commonly known as the reduced boundary of A. We
will also use the notation
dua
dfpeal

va(x) = (x) x € d%A;

the measure theoretic normal of A.

In general, for s > 0, we will denote by . the s-dimensional Hausdorff measure in
RY. The following well-known theorem captures the structure of sets with finite perimeter
in terms of the measure JZV !

Theorem 2.13 (De Giorgi’s Structure Theorem) Let A be a set of locally finite perimeter.
Then
o]
*A=|JK;UN,
Jj=1
where
lwal(N) =0,

and each K is a compact subset of a Cl-hypersurface S j for every j € N. Furthermore,
VA |Sj is normal to S; and

A =V NT1L9%A.

From De Giorgi’s Structure Theorem it is clear that spt 4 = 0*A. Actually, up to modifying
A on a set of zero measure, one has that 9 A = 9*A (see [22, Proposition 12.19]). From this
point on, each time we deal with a set A of finite perimeter, we will assume without loss of
generality that

DA =spt g = d*A. (19)

For a set of locally finite perimeter A, the deviation from being a perimeter minimizer in
2, at a given scale r, is quantified by the monotone function

Devq(A, r) := sup{Per(A; B,(x)) — Per(E; B, (x)) : EAA CC B,(x) C Q}.

The next result, due to Tamanini [25], states that a set of locally finite perimeter with small
deviation Devg, at every scale is actually a C!-hypersurface up to a lower dimensional set.

Theorem 2.14 Let A C RY be a set of locally finite perimeter and let c¢(x) be a locally
bounded function for which

Devg(A,r) < c(x)rN_H'Z" for some n € (0,1/2].
Then the reduced boundary in Q, (9* A N ), is an open CY-hypersurface and the singular
set Q N (0A\3*A) has at most Hausdorff dimension (N — 8).

2.4.1 Slicing sets of finite perimeter

Given a Borel set E C RN and a Lipschitz function g : RY — R, we shall consider the level
set slices

E;:=En{g=t}, teR

@ Springer



154 Page 16 of 44 A. Arroyo-Rabasa

For aset A C RY of finite perimeter in €2, the level set slice of the reduced boundary
(0%A); is A N=2_rectifiable for almost every t € R. Furthermore, by the co-area formula,
t> AN2((3*A)) € LL (R).

If the set {g = } is a C!-manifold and ¢ is such that 7V ~2((8*A);) < oo, we shall
define the slice of A in g~ '{t} as

(A, g, 1) == N7 A),.

It turns out that, for g(x) = |x|, the level set slice A; is locally diffeomorphic to a set of
finite perimeter in RY—L. Even more,

AN 9%A, = (A, g, 1) forae.t >0, and (20)
meva = (idgy —Vg ® Vg)va #0  for V"2 ae. x € (3*A),. 1)

Here, 0* A; is understood as the image, under local diffeomorphisms, of the reduced boundary
of a set of finite perimeter. These properties can be inferred from the classical slicing by
hyperplanes, see e.g., [22, Chapter 18.3].

We also define the cone extension of a set E C R containing {0} by letting

Dp:={xeRY:1>0, x€E}.
For a.e.t > 0 and g(x) = |x|, the cone extension of A; is a set of locally finite perimeter in
RN with

* 1 prl N-2 *
0 DA[ = D(a*A)t and PCI'(DA[;B[)) = ﬁ l‘N—2 - ((8 A)t) (22)

In order to attend different variational problems involving the minimization of perimeter, a
well-known technique is to modify a set A within balls B; without modifying its Gauss-Green
measure in (B;)°.

For almost every ¢ > 0, where (A, g, t) is well-defined and (20), (21) hold, we construct
a cone-like comparison set of A by setting

A:=15Dy, +1gpA. (23)
Exploiting the basic properties of reduced boundaries, it follows by (20) that
Wi = HDa B+ prac(B) (24)
and, in particular,
Per(A; B,) = Per(Dy+4,; By) + Per(A; (B,)° N B,) forallr > t.
On the other hand, again by the co-area formula,
,%"N_l((a*A), N{g =1t}) =0 foralmostevery ¢ > 0.

Using the monotonicity of r +— Per(A; B,) and the general version of the co-area formula
(see [24, Theorem 3.2.22]) one can show that the derivative of r — Per(A; B,) exists at
almost every ¢ > 0; even more, one has that

dir Per(A; B,) > |mval ' N T2(0% A)) > (A, g, 1)(RY). (25)
r=t

The previous estimate will play a crucial role in proving the Lower bound (LB).
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3 Existence of solutions: proof of Theorem 1.1

We show an equivalence between the constrained problem (5) and the unconstrained problem

(P) for which existence of solutions and regularity properties for minimizers are discussed in

the present and subsequent sections. We fix o : L2( RY) — W—%2(; R¥N") an operator

of gradient from as in Definition 2.1. We also fix Ay C R¥, a set of locally finite perimeter.
Recall that, the minimization problem (5) under the state constraint (4) reads:

minimize [/fwA + Per(A; Q) : A € BVjoc(RY), AQQCEAQHQ”],
Q

where wy is the unique distributional solution to the state equation
AHoadu) = f, ueW§ ().

On the other hand, the associated saddle point problem (P) reads®:

inf‘ sup  Ig(u, A) : A € BV (RY), ADQCEAOHQC], (P)
ueWg (Q)

where
Io(u, A) ::/ 2fudx—/ oadu - Zudx + Per(A; Q).
Q Q

Theorem 1.1 (Existence) There exists a solution (w, A) of problem (P). Furthermore, there
is a one to one correspondence

(w, A) = (wa, A)

between solutions of the problem (P) and solutions of the minimization problem (5) under
the constraint (4).

Proof We employ the direct method. We begin by proving existence of solutions to problem
(P). To do so, we will first prove the following:

Claim 1. For any set A C RY as in the assumptions, there exists w, € WéZ{(Q) such that

0<Iq(wa,A)= sup Iq(u,A) < oo.
ueWg (@)

The tensor o4 is a positive definite tensor and therefore the mapping
ur> Ig(u, A) :/ 2fu —osefu - udx + Per (A; Q)
Q
is strictly concave. Observe that sup ueWs () Iq(u, A) > Per (A; Q); indeed, we may take
u=0e¢ Wi‘f{(Q). Hence,

sup Iq(u, A) > Per (A; Q) > 0. (26)
ueWg ()

6 AsN stated in Sect. 2.4, we write A € BV (RV) to express that A is a Borel set of locally finite perimeter
in R™Y.
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Because of this, we may find a maximizing sequence {wy,} in ij{(Q), ie.,

Io(wp, A) > sup Iq(u, A), as h tends to infinity.
ueWs ()

Even more, one has from (2) that
1
el gy = /Q oactwn - afwy dx
and consequently from (26) and (12) one infers that

1
C(Q2)~ Llim sup —

1 .
”wh ||L2(Q) = hm Sup |« wp ”iZ(Q) = 2||f||L2(Q)hm sup [|wp ||L2(Q)
h—00 h— 00

27
A fast calculation shows that [|wy |l 2(q) < 2MC ()| fllL2(g)s in return, (27) also implies
that

lim sup ”MwhHLZ(Q) < 4C(Q)M2||f”L2(Q)

h—o0

Hence, using again the compactness property of <7, we may pass to a subsequence (which
we will not relabel) and find w4 € Wéj (2) with

wp — wa L2 RY), owy, — Fwy  in L2(: RINY,

The concavity of —o 4z - z is a well-known sufficient condition for the upper semi-continuity
of the functional &7/u — — fQ oa/u - /u. Therefore,

sup  Iq(u, A) = lim Ig(wy, A) < Ig(wa, A).
ueW (Q) h=00

This proves the claim.

Now, we use Claim 1 to find a minimizing sequence {A;,} for A — Iq(wa, A). Since the
uniform bound (27) does not depend on A, we may again assume (up to a subsequence) that
there exists w € Wéz‘{ (£2) such that

wa, — B inLA(QRY), dwa, — i in LA RN, and o*(oa, Awa,) = f.

Even more, since {A},} is minimizing, it must be that sup,, {Per(Aj; Bgr)} < oo, for some ball
By properly containing €2, and thus (for a further subsequence) there exists a set A ¢ RN of
locally finite perimeter with ANQE = Ag N QF and such that

. 1 L.
Ly, > L3 inL'(Br). |uzl(Br) < liminf |z, |(Bp).

Therefore

Per(A; Q) = | ;1(Br) — |iay|(BR\S)
< liminf |pa, [(BR) — |1 ao|(BR\Q) = liminf Per(Aj; Q) (28)
h—o00 h—o00

A consequence of Lemma 2.9 is that’

d* oz w) = f in 2 (%RY), and /Q(rAth{wAh - wa, %/SZGAQQ{@-%J).
(29

7 The convergence of the total energy is not covered by Lemma 2.9; however, this can be deduced using
integration by parts and the fact that wy, has zero boundary values for every 2 € N.
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By taking the limit as / goes to infinity we get from (28) and the convergence above that

min  sup  Io(u, A) = lim Ig(wa,, Ap) > Io(, A) = Ig(w;, A),
ueWg (Q) h=o0

where the last equality is a consequence of the identity w = w ; which can be easily derived
by using the equation and the strict concavity of /g in the first variable. Thus, the pair (w 7, A)

is a solution to problem (P).
The equivalence of problem (P) and problem (5) under the state constraint (4) follows
easily from (29), the strict concavity of Iq(-, A), and a simple integration by parts argument.
O

4 The energy bound: proof of Theorem 1.2

Throughout this section and for the rest of the manuscript we fix «/ : L2(Q;RY) —

Wk2(Q; RIN k) in the class of operators of gradient form. Accordingly, the notations Z

and 2 shall denote the subspace of RN “ and the homogeneous operator associated to </

(see Definition 2.1). We will also write (w, A) to denote a particular solution of problem (P).
Consider the energy J,, : L2(Q; Z) x B(RY) — R defined as

Jo(, E) = / opv-vdy + Per(E;w), forw C RY an open set.
w

The goal of this section is to prove a local bound for the map x +— Jp, (x)(&w, A). More
precisely, we aim to prove that for every compactly contained subset K of €2 there exists a
positive number A g such that

JB. () (Fw, A) < AKrN_1 for all x € K and every r € (0, dist(K, 9€2)). (30)

Our strategy will be the following. We first define a one-parameter family J¢ of perturbations
of Jp, in the perimeter term. In Theorem 4.2 we show that, as the perimeter term vanishes,
these perturbations I'-converge (with respect to the L2-weak topology) to the relaxation of
the energy

w > W (o w)dx,
B

for which we will assume certain regularity properties (cf. property (Reg)). Then, using a
compensated compactness argument, we prove Theorem 1.2 (Upper bound) by transferring
the regularity properties of the relaxed problem to our original problem.

Before moving forward, let us shortly discuss how the higher integrability property (Reg)
stands next to the standard assumption that the materials o7 and o, are well-ordered.

4.1 A digression on the regularization assumption

As commented beforehand in the introduction, a key assumption in the proof of the upper
bound (30) is that generalized local minimizers of the energy

ur | W(ou)dy, whereu € W (B)),
B
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possess improved decay estimates. More precisely, we require that local minimizers i of the
functional

u > QzW (/u)dy, whereu € W7 (B)), (31)
By

possess a higher integrability estimate of the form

[dﬁ]im,,;( B < c||%ﬁ||iz(31) for some § € [0, 1). (Reg)

Only then, we will be able to transfer a decay estimate of order p™~! to solutions of our
original problem.

Remark 4.1 (The case of gradients) In the case &/ = V, condition (Reg) boils down to
regularity above the critical C%!/2 local regularity. More specifically,

1 2 2 2
W/B ) |w - (w)r,x| dy =< [Vw]LZ,N—B(BI/Z) = c“vw”Lz(Bl)

for all B, (x) C By.
By Poincaré’s inequality and Campanato’s Theorem one can easily deduce that w €

lie
C?(;c2+ (Bi12) (cf. [9]).

Let us give a short account of some cases where one may find (Reg) to be a natural
assumption.

4.1.1 The well-ordered case

The notion of well-ordering in Materials Science is not only justified as the comparability of
two materials, one being at least better than the other. It has also been a consistent assumption
when dealing with optimization problems because it allows explicit calculations. See for
example [1,26,27], where the authors discuss how the well-ordering assumption plays a role
in proving the optimal lower bounds of an effective tensor made-up by two materials. If o
and o, are well-ordered, say o, > o7 as quadratic forms, then W(P) = o» P - P. Hence, by
Lemma 2.6, the desired higher integrability (Reg) holds with § = 0.

4.1.2 The non-ordered case

Applications for this setting are mostly reserved for gradients of scalar valued functions.
In this particular case one can ensure that Q zW = W**, where W** is the convex enve-
lope of W. For example, one may consider an optimal design problem involving the linear
conductivity equations for two dielectric materials which happen to be incomparable as
quadratic forms. In this setting, it is not hard to see that indeed QW = W** and even that
w e cll (RdN ! , R). In dimensions N = 2, 3, one can employ a Moser-iteration technique
for the dual problem as the one developed in [17] to show better regularity of minimizers of
31).

Regarding the case of systems, if no well-ordering of the materials is assumed, it is not
clear to us that (Reg) necessary holds (compare to [28,29]).
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4.2 Proof of Theorem 1.2

We define an e-perturbation of v f p, OAV -V as follows. Consider the functional

(v, A) = Jé(v, A) :=/ oav-vdy + 82Per(A; By), foree[0,1]; J:= JL (32)
By

By a scaling argument one can easily check that
e?J (v, A) = J%(ev, A). (33)
Furthermore,
v is a local minimizer of J( -, A) if and only if v is a local minimizer of J°(-, A). (34)

We also consider the following one-parameter family of functionals:

min  J%(v,A) if veL*(Q:; Z) and Bv = 0,
V> G (v) = { AeBRY) (35)
00 otherwise.

The next result characterizes the I'-limit of these functionals as ¢ tends to zero.

Theorem 4.2 The T'-limit of the functionals G¥, as ¢ tends to zero, and with respect to the
weak-L? topology is given by the functional

2W()d j L2(Q:; Z) and Bv =0
Gy = BIQJ (w)ydy if veLY(Q; Z) and $v =0, 36)

00 else.
Proof We divide the proof into three steps. First, we will prove the following auxiliary lemma.

Lemma 4.3 Let  C RY be an open and bounded domain. Let p > 1 and let F : RN LN
[0, 00) be a continuous integrand with p-growth, i.e.,

0< F(P)<C(l+|PP), PeRN

Ifv € LP(w; Z) and %v = 0, then there exists a p-equi-integrable recovery sequence
{vn} C LP(w; Z) for v such that

Pv, =0 and F(vy) — QzF () inL'(w).
Proof Since v — fw 0 % F (v) is the lower semi-continuous envelope of v fw F(v) (see

(17), (18)) with respect to the weak-L? topology, we may find a sequence {v,} with the
following properties:

L?
Do, =0, v, = v,

and
/Q%F(v)dxz/F(vh)dx—%.

Passing to a subsequence if necessary, we may assume that the sequence {v;} generates a
2%-free Young measure which we denote by . We then apply [16, Lemma 2.15] to find a
Pp-equi-integrable sequence {v}, } (with Zv;, = 0) generating the same Young measure 1. On
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the one hand, the Fundamental Theorem for Young measures (Theorem 2.10) and the fact
that {v;,} generates u yield

lihminf/F(vh)de/(ux,F)dx.

— 00 w

Even more, due to the same theorem and the equi-integrability of the sequence {|v} |”} one
gets the convergence F (v;l) — {(uy, F) € L'. In other words,

lim F(v,@)dx :/(ux, F)dx.
w

h—o0 J,

The three relations above yield

OxF(v)dx Zlimsup/ F(vh)z/(ux,F) dx:hlim /F(v;l)dxz/ Q% F(v)dx.

1) h—o00
(37)
We summon the characterization for #-free Young measures from Theorem 2.12 to observe
that

(Hy, F) = QzF((uy,id)) = Q5 F (v(x)) ae.x € o.
This inequality and (37) imply
(Ux, F) = QxzF(v(x)) ae.x € w.
We conclude by recalling that F (v;L) — (uy, F)in LY (w). ]

The lower bound. Let v € L%(B;; Z) and let {v,} be a sequence in L2(By; Z) such that
v, — vin L2(B;; Z). We want to prove that

lim inf G (ve) > G(v).
el0

Notice that, we may reduce the proof to the case where Bv, = 0 for every ¢. From the
inequality o4 > W > Q W (as quadratic forms), we infer that

JE(ve) = , QzW(ve)dy.

Next, we recall that v +— fBl Q%W (v) is lower semi-continuous in {v € L3(Q; 2) : Bv =
0} with respect to the weak-L? topology. Hence,

lim inf G¢ (vp) > Oz W (v)dy.
el0 B

This proves the lower bound inequality.

The upper bound. We fix v € L?(B;; Z), we want to show that there exists a sequence {v,}
in L2(By; Z) with v, — v in L?(By; Z) and such that

lim sup G®(ve) < G(v).
el0

We may assume that Zv = 0, for otherwise the inequality occurs trivially. Lemma 4.3
guarantees the existence of a 2-equi-integrable sequence {v;,};2 | for which

Bop, =0, v, —v inL*(Bi;Z), and W(vy) = QW) inLY(B)).  (38)
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Next, we define an h-parametrized sequence of subsets of Bj in the following way:
Ap :={x € By : (o1 —o)v, - vy, <0},

Using the fact that smooth sets are dense in the broader class of subsets with respect to
measure convergence, we may take a smooth set A; C Bj such that the following estimates
hold for some strictly monotone function L : N — N (with limj,_, oo L(h) = 00):

(A, AAR) N Bi| = O(h™"), Per(A}; B) < L(h). (39)
Observe that, by the 2-equi-integrability of {vj}, one gets that
1@, = oa)vn - vallags) < Mllvallfag,, = O™h),  where Sy := AL AA,.  (40)

The next step relies, essentially, on stretching the sequence {vj,}. Define the e-sequence
1

=< T N

— L(D)

where K : Ry — N is the piecewise constant decreasing function defined as

- 1 1
K.:hzz‘;h']th, Rh = (m,m}

Claim 1. LoK(g) <&~ ', ife € (0, L(1D)7'].
2. K(&) = h, where h is such that ¢ € Ry,.

Ve '= VUK(e), €

Proof To prove 1, observe from the strict monotonicity of L that U2, R, = (0, LD A
simple calculation gives

o0 o0 1
L(K () = L(Zh : th(w) =D L) Lg,(e) = L(ho) - Lg (&) = =, (4D)

h=1 h=1

where hg is such thate € Ry, . The proof of 2 is an easy consequence of the definition of K and
the fact that {Rj,} is a disjoint family of sets. Indeed, if ¢ € R, then K (¢) = h - 1g,(¢) = h.
[}

Since K is a piecewise decreasing function and K (R;) = N U {0}, it remains true that
VK () — vin L2(Bl; ]Rde), ase — 0.

We are now in position to calculate the lim sup inequality:

GE(UK(S)) = min / TAVK (¢) " VK () + 82Per(A; By)
AeB(B) Jp,

S/B Oy VK () - VK(e) + EPer(Af (3 B1)
1
< /B CA e UK e - k(e + O(K(©) ™) + 2L (K (&)
1
E/B W(vk ) + O(e) +&.
Hence, by (38) |

lim sup G® (v;) flimsup/ W(vk () = lim / W (vp) :/ QzW ).
) el0 B h—oo J g, By
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This proves the upper bound inequality. O

Corollary 4.4 Let {w.} C W (B)) be a sequence of almost local minimizers of the sequence
of functionals

{u = G®(Au)}.

Assume that {7/ w.} is 2-equi-integrable in B for every s < 1. Assume also that there exists
w € W (B)) such that

Gdwe =~ Jw in L2(B1; Rde).
Then,
QW (we) = Qup(/w) inLie(By).
Moreover, w is a local minimizer of u — G(</u).
Proof The first step is to check that
QaW(Fw,) = Qz(#w) inL'(By), foreverys < 1. (42)

The sequence «/w, generates (up to taking a subsequence) a A-free Young measure [ :
By — #(Z) so that by Theorem 2.10, Theorem 2.12 and the local 2-equi-integrability
assumption,

W () = (e, W) = QW (/w) inLj.(B)). (43)
Fix s € (0, 1) and consider the rescaled functions
s . We(sy) s . w(sy)
We = — 1 W= —
st 2 K

It is not hard to see that, because of the (almost) minimization properties of {w, }, the rescaled
sequence {w}} is also a sequence of almost local minimizers of the sequence of functionals
{u ~ G(«u)}.® Moreover, dw; = Fw’ in L%(B;; 7).

From the proof of the lower bound in Theorem 4.2, we may find a 2-equi-integrable
recovery sequence {v,} for v, i.e., such that v, = & w* and

lim G* (v) = G(w*).
el0

Recall that, by the exactness assumption of .#' and 4, there are functions w; e W (By)
such that

;o /
v, = dw, foreverye > 0.

A recovery sequence with the same boundary values. The next step is to show that one
may assume, without loss of generality, that spt(w, — w}) CC Bj.

We may further assume (without loss of generality) that {w?} and {w.} are W¥-2_uniformly
bounded, and that w$ — w/, — 0 in WF2(By; RY).

Define

g(h)

One = (grw+(1—@p)w) =gpFw,+(1 — pp)dwi+ D capd* W) — w})dP gu;

181> 1
lerkHBl=k

8 This scaling has the property that s ~1 Jp, (Fw', A%) = Jg (Aw, A).
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where, forevery i € N, ¢, € C*(By; [0, 1]) with ¢ = 1in Bi—1/p. Since [|g(h) || 2(p,) —
0 as ¢ — 0, we infer that

llm Sup ”l’jhg — Jjw;”LZ(B]) S llm Sup ””Q(w;”LZ(B]\Blfl/h) + hm Sup ”%w‘g”Lz(Bl\Bl—l/h)'
&0 el0 £l0

We now let 1 — oo and use the 2-equi-integrability of {&/w?} and {7/ w]} to get

lim sup lim sup ||9c — </ w), lL2em,) = 0.
h—o0 el0

Thus, we may find a diagonal sequence v, = Up(e), = /W, which is 2-equi-integrable,
spt(w; — wg) CC By, and such that

. , -
!91?(} ||dw8 — dwé‘”LZ(BS) = 0(8)
In particular, the (almost) local minimizing property of {.&/w} gives

lim sup W(/w?) < limsup G*(/w?) < limsup G°(/w,) < lim G* (& w..)
sl0  JB 10 £l0 €0

= G(Iw").
Rescaling back, the inequality above yields
lim sup W (o wy) 5/ QzW(Adw),
el0 Bg B
which together with (43) proves (42).

Local minimizer of G. The second step is to show that w is alocal minimizer of u — G (<7 u).
We argue by contradiction: assume that w is not a local minimizer of u — G(%/u), then we
would find s € (0, 1) and n € C°(By; RYN") for which

G(AFw) > G(Fw+ An).
Again, using a re-scaling argument, this would imply that
G(Zw') > G(Fw* + on*).

Similarly to the previous step, we can find a 2-equi-integrable recovery sequence {.<7 (¢S +1°)}
of (&7w* + o/n®) with the property that spt(¢ — w;) CC By, for every ¢ > 0. On the other
hand, the (almost) minimizing property of «7w; and (42) yield

G(Aw® +4n’) < G(Fw') = lif(} G (dw)) < hﬂ} G (A + Fn’) = G(Fdw' + ),
& &
which is a contradiction. This shows that w is a local minimizer of u +— G (Zu). ]

Let us recall, for the proof of the next proposition, that the higher integrability assumption
(Reg) on local minimizers # of u — G(</u) reads:

[l o n-s5, ) < €l AIT2(B1).  forsome s € [0, 1). (Reg)
Proposition 4.5 Let (w, A) be a saddle-point of problem (P). Assume that the higher integra-
bility condition (Reg) holds for local minimizers of u — G(</u). Then, for every K CC Q

there exists a positive constant C(K) > 1 and a smallness constant p € (0, 1/2) such that
at least one of the following properties

@ Springer



154 Page 26 of 44 A. Arroyo-Rabasa

1. Jp,0(Fw, A) < C(K)rV !,
2. Jg, 0w, A) < pNTUI2 g o (Fw, A),

holds for all x € K and every r € (0, dist(K, 0<2)). Here,

JB, () (Fu, A) =/ oadu - du dy + Per(A; Br(x)).
By (x)

Proof Let (w, A) be a saddle-point of (P) and fix p € (0, 1) (to be specified later in the
proof). We argue by contradiction through a blow-up technique: Negation of the statement
would allow us to find a sequence {(x,, r;)} of points x; € K and positive radii r, | 0 for
which

T8, (o (Fw, A) > hr)' ="', and (44)
T8, o (w, A) > pN T2 (w, A). 45)

An equivalent variational problem. It will be convenient to work with a similar variational
problem: Consider the saddle-point problem

inf{ sup Ioq(@u,A):ACRY Borelset, ANQ = AgNQ°Y}, (P)
ueWF ()

where

fg(%u,A) :=/ZTA-Mudx—/UAMM-Mudx—i—Per(A;ﬁ).
Q Q

Here we recall the notation 74 := 0497wy, Where wy € Wéj (£2) is the unique maximizer
of u — Iq(u, A). It follows immediately from the identity

/TA-&%udx:/fudx ueWéZ{(Q),
Q Q

that saddle-points (w, A) of problem (P) are also saddle-points of (f’) and vice versa; hence,
in the following we will make no distinction between saddle-points of (P) and P). A special
property of I is that, its density is always positive on saddle-points (w, A) of (P). Indeed, in
this case w = w4 and therefore

iBr(x)(b@zw,A):/ oadwa-Fwa+Per(A; By (x) = Jp, o) (Fw, A), B, (x) C Q.
By (x)

(46)
A re-scaling argument. We re-scale and translate B, (x) into B; by letting
A
A =Sk, )= fry+x) = 0inL(BY), and w'(y):i= 7“’(”? 9
r rk—=2
(47)

A further normalization on the sequence takes place by setting
e ==r " T, o (w, AT =007,
and defining

Aa(h) = AT fg(h) :=¢(h) - frh’xh, We(h) ‘= e(h) - w™ ",

and Te(h) = UAg(h)dwa(h)-
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It is easy to check that the scaling rule (33), and the relations (45) and (46) imply
Js(h) (szwg(h), Ag(h)) = 1, and (48)

/B O Ay @ Weh) - F Weny + €M) Per(Acqny; By) > pN U0/, (49)

1

2

In particular, due to the coercivity of o7 and o2, the norms ||.27 w ) ||L2 (B)

bounded by M.

are h-uniformly

Local almost-minimizers of G°"). The next step is to show that {w.(} is O(e)-close in
L2toa sequence {w,} of almost minimizers of {u — Gs(h)(y%u)}. Observe that we ) is the
unique solution to the equation

A (O, A1) = feay, u €Wy (B).

Let wg () be the unique minimizer of u +— JEM) (ot u, Agn)) — see (32) —in the affine space

d . . ~ . . . .
W W (B1). Thus, in particular, W) is the unique solution of the equation

A0,y @u) =0, ueWg (B
A simple integration by parts, considering that W) — wen) € Wéz{ (B1), gives the estimate
- 2 2 2 -1
””Q{ws(h) - Mws(h)”Lz(B]) S C(Bl) -M ”fS(h) ||L2(Bl) = O(h )7 (50)

where C(B) is the Poincaré constant from (12); and therefore ||wgp) — Wen) ||Wk,z(Bl) =
0
oh™h.
Lastly, we use strongly the fact that (w, A) is a saddle-point of (P) to see that
{(wen), Aeqny)} is also a local saddle-point of the energy

(u, E) —~ I*'W(u, E) := /

2tE - Hu dy—/ opdu- dudy + e(h)*Per(E; By).
By

By

Moreover, by (33), (46) and (50) one has that
M (Fweny, Aey) = ISP (A weny, Aecny) = JEP (A Doy, Aeny) + Oh™Y). (51)

An immediate consequence of the two facts above is that {w, )} is a sequence of local almost
minimizers of the sequence of functionals {¢# G™ (o7 u)}. The local (almost) minimizing
properties of the sequence {w,(;)} — with respect to the functionals {u — G° M (o u)} - are
not affected by subtracting .o/ -free fields; hence, using the compactness assumption of .o/
once more, we may assume without loss of generality that sup;, [|Wen) [lwk2(g,) < 00. Upon
passing to a further subsequence, we may also assume that there exists w € W52 (Bj) such
that

Wep) — W in Wk’z(Bl; Rd).
Equi-integrability of {</ W, )}. The last but one step is to show that {<7W;} is a 2-equi-
integrable sequence in By, for every s < 1.

Since o4, is uniformly bounded, there exists T € L2(By; Rde) such that (upon passing
to a further subsequence)

- - .. k - -
O Ay @ We(ny = Teny — T in L%(By; RN, G *Tegy = AT =0. (52)
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Let ¢ € 2(By) and fix ¢ > 0, integration by parts yields

(Feny - A Doy @) = — D CaplTeqny 0%We0P9)  cap €R.
181
lor|+1Bl=k
Since the term in the right hand side of the equality depends only on V<! We(h), the strong
convergence W, — w in WX~ 1.2(By; RY) gives

M (Fon) - Doy, @) = — D Capl(E, 000l g) = (T - /1D, ).
e—0

[B1=1

| +1B1=k

Therefore,
~ ~ ~ ~ * L ~ .
O’qu,)ﬂws(h) . szwg(h) = Te(h) * szwg(h) —~T-dJweE Ll(Bl) weakly* m J//+(Bl).

The positivity of o4, %/ W, - /W, the Dunford-Pettis Theorem and the convergence above
imply that the sequence

{oa, W, - W} is equi-integrable in By; forevery s < 1.

In turn, due to the uniform coerciveness and boundedness of {04, }, both sequences {.o7 .}
and {7} are 2-equi-integrable in By; for every s < 1.

The contradiction. We are in position to apply Proposition 4.4 to the sequence {w,}, which
in particular implies

e(h)*Per(Agny; By) — 0,
Oh gy @ Wehy - ey = QaW (/) < M|/B|> in Ly (By), (53)

and that w is a local minimizer of u + G(<7u). On the other hand, the higher integrability
assumption (Reg) tells us that

[/ D]} < clldl (54)

L2 N=8(By ) = (B1)*

We set the value of p € (0, 1/2) to be such that 2cM?p(1=9/2 < 1. Taking the limit in (48)
and (49), using Fatou’s Lemma, (50), (51), (53) and (54), we get
1 ~ D . h ~
ﬁ”dw”]ﬂ(l‘}l) = hh»n;o J&¢ )(ﬂfwg(h), Aemy) =1

1 i MpU=9/2\
Y (pN*(l‘Hs)/z) ” Q.@W(dw)”L](Bp) =< (W) ”JZ{U)”LZ(BD)

< Mp"O PRI By s, ) < MR DI

1 =12
= m”f‘yw”]}

a contradiction. ]

(B1)’

Theorem 1.2 (Upper bound) Let (w, A) be a variational solution of problem (P). Assume
that the higher integrability condition

[;2%12]]2421,\,,5(31/2) < c||szfﬁ||iz(31), for some § € [0, 1) and some positive constant c,
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holds for local minimizers of the energy u fBl QW (A u), where u € W< (B1). Then,
for every compactly contained set K CC 2, there exists a positive constant A such that

/ oadw - dw dy + Per(A; B,(x)) < Axr™ ™! Vx e K,Vr e (0,dist(K, 99)).
By (x)
(55)
Proof Letx € K, and set
@(r, x) = Jp, () (Fw, A),

where we recall that

B, () (Fw, A) =/ oadw - dw dy + Per(A; Br(x))
By (x)

Proposition 4.5 tells us that there exists a positive constant p € (0, 1/2) such thatif B, (x) C
2, then

o(pr, x) < pN "I 20, x) + C(K)rN L

An application of the Iteration Lemma (stated below) to r € (0, min{1, dist(K, d€2}), and
a ;=N —(1+68)/2 > ap := N — 1 yields the existence of positive constants ¢ = c(x),
and r = r(K) such that

o(s,x) < sVl v e (0, R(K)).

Notice that the constants ¢ and r depend continuously on x € 2. Hence, for any K CC Q
we may find Ag > 0 for which

I, o) (@w, A) < AgrV7! Vx e K, Vr e (0,dist(K, 98)).

[m}

Lemma 4.6 (Iteration Lemma [30, Lemma 2.1, Chapter II1]) Assume that ¢(p) is a non-
negative, real-valued, non-decreasing function defined on the (0, 1) interval. Assume further
that there exists a number t € (0, 1) such that for all r < 1 we have

p(tr) < t™e@) + Cr*

for some non-negative constant C, and positive exponents a1 > «ap. Then there exists a
positive constant ¢ = c¢(t, a1, op) such that for all0 < p < r < R we have

p\®2 @
p(p) =c (;) @(r) + Cp™.
Corollary 4.7 (Compactness of blow-up sequences) Let (w, A) be a variational solution of
problem (P). Under the assumptions of the Upper bound Theorem 1.2, there exists a positive

constant Cg such that
[ w2 n-1 k) < Ck- (56)

Proof The assertion follows directly from the Upper bound Theorem and the coercivity of
o1 and o03. O
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5 The Lower bound: proof of estimate (LB)

During this section we will write (w, A) to denote a solution of problem (P) under the
assumptions of Theorem 1.2. In light of the results obtained in the previous section we will
assume, throughout the rest of the paper, that for every compact set K CC 2 there exist
positive constants Cg, and A g such that

Per(A; B, (x)) < AgrV™1,
/w2 (B1) < [Fwlan 1 g < Cks

for all x € K and every r € (0, dist(K, 9€2)). Here, w*" := w(x + ry)/rk_%.
The main result of this section is a lower bound on the density of the perimeter in *A. In
other words, there exists a positive constant Ax = Ax (N, M) such that

Per(A; By (x)) > AgrV ™! forevery 0 < r < dist(x, 09). (LB)

There are two major consequences from estimate (LB). The first one (cf. Corollary 5.8) is
that the difference between the topological boundary of A and the reduced boundary of A is at
most a set of zero 7N ~!-measure. In other words, (0A\0*A) = I where N2y =0
(cf. [7, Theorem 2.2]). The second is that (LB) is a necessary assumption for the Height
bound Lemma and the Lipschitz approximation Lemma, which are essential tools to prove
the flatness excess improvement in the next section.

Throughout this section and the rest of the manuscript we will constantly use the following
notations:

The scaled Dirichlet energy

1
N
r B, (x)

and the excess for y-weighted energy

4
N1

E,(w,A;x,r) == D(w; x,r) + Per(A, B, (x)).

Granted that the spatial-, radius-, or (w, A)- dependence is clear, we will shorten the notations
to the only relevant variables, e.g., D(r) and E, (r). Recall that, up to translation and re-
scaling, we may assume

0€9*ANK, and By C K+ By C Q.

Bear also in mind that all the constants in this section are universal up to their dependence
on Ag and Cg.

We will proceed as follows. First we prove in Lemma 5.1 that if the density of the perimeter
is sufficiently small, one may regard the regularity properties of solutions as those ones for
an elliptic equation with constant coefficients. Then, in Lemma 5.2, we prove a lower bound
on the decay of the density of the perimeter in terms of D. Combining these results, we are
able to show a discrete monotonicity formula on the decay of E,, .

The proof of the Lower density bound (LB) follows easily from this discrete monotonicity
formula, De Giorgi’s Structure Theorem, and the Upper bound Theorem of the previous
section. Finally, we prove that the difference between dA and 3*A is N~ !-negligible
(Theorem 5.8) as a corollary of the estimate (LB).
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Lemma 5.1 (Approximative solutions of the constant coefficient problem) For every 01 €
(0, 1/2), there exist positive constants® ¢1(01, N, M) and &/ (01, N, M) such that either

/ |5a7w|2dy < Cl,ON||f||12~w(Bl)’
By
or

/ |4z%w|2dy SZCpN/ |ssz|2dy forevery p € [01, 1),
B, By

where ¢ = c¢(N, M) is the constant from Lemma 2.6; whenever
Per(A; By) < ¢;.

Proof Since ¢ > 2N the result holds if we assume p > 1/2, therefore we focus only on the
case where p € (01, 1/2]. Fix 6; € (0, 1/2). We argue by contradiction: We would find a
sequence of pairs (wy, Ap) (locally solving (P) in B for a source function f3) and constants
pn € [01, 1/2], such that

87 ::/ | wy|>dy > 2cp,f’/ | wp|* dy, (57)
By, By
and simultaneously

N ”fh”]zf’c(B[) - 1

1
-, d Per(Ap; By) < —.
P 8% =5 an er(Ap; Br) A

The estimate above yields 8,1_1 fn — 0in L2(By; Rd). Also, since Per(Aj,; B1) — 0, the
isoperimetric inequality yields that either 04, — o1 oroa, — o2 1in L? as & tends to infinity.
Let us assume that the former convergence o4, — o1 holds.

Letuy == 8h_lwh, and observe that

sup || Fuplli 2,y < 0.
h
We use that wy, is a (local) solution to (P) for A, as indicator set and f;, as source term, to
see that
%*(GAh%uh) = 5;1fh in Bj.

Up to modifying the sequence by <7-free fields and passing to a further subsequence, we may

. k
assume that u;, — u in WE2(By; RYN"). We may then apply the compensated compactness
result from Lemma 2.9 to obtain that

*(o14u) =0 in By,
and
D(up;s) = D(u;s) where p — s € [01, 1/2].
Hence, by (57) and Fatou’s Lemma one gets
2esMD(u; 1) < lim col D(up; 1) < 1= lim D(up; pp) = lim D(up; s) = D(u; ).
h— o0 h— o0 h—o0

This is a contradiction to Lemma 2.6 because u is a solution for the problem with constant
coefficients 0. The case when o4, — 02 can be solved by similar arguments. m]

9 As it can be seen from the proof of Lemma 5.1, the constant ¢ does not depend on K.
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The nextlemma is the principal ingredient in proving the (LB) estimate. It relies on a cone-
like comparison to show that the decay of the perimeter density is controlled by D(r)/r: The
perimeter density cannot blow-up at smaller scales, while for a fixed scale, the perimeter
density is small.

Lemma 5.2 (Universal comparison decay) There exists a positive constant'® ¢y = ¢2(N, M)

such that
Per(A; B D(r
(%)z— ¥f0rae r e (0,1].

d
dr,_,

Proof Forae.r € (0,1) th~e slice (A, g, r), where g(x) = |x]|, is well defined (see Sect.
2.4). Fix one such r and let A be the cone-like comparison set to A as in (23). By minimality
of (w, A) and a duality argument, we get

/ O’XI'EA -t4dy 4 Per(A; B,) < / O’;lTA ~Tady + Per(/i; B))
B, B,
for T4 = o4.97w. Hence,

Per(A; B,) < Per(A; B,) + M° / | wa | dy

r

=5 1<A . rY@®Y) + M3 N IDr). (58)

To reach the inequality in the last row we have used that the cone extension Ais precisely
built (cf. (24)) so that the Green-Gauss measures (4 ; and w4 agree in (B,); where, by (22),

A ! AP
Per(A; By) = N=1 (rN—z)«%ﬂ SO*AN{g=r))
1 N1 .

We know from (25) that d% |rPer(A; By,) > (A, g, rY(RN) for a.e. r > 0. Since (58) and the
previous inequality are valid almost everywhere in (0, 1), a combination of these arguments
yields
d
dr

) > —M*(N — 1)L) forae.r € (0, 1).

(Per(A; B))
. pN-1

The result follows for ¢ := M3(N — 1). o

The following result is a discrete monotonicity for the weighted excess energy E, . We remark
that, in general, a monotonicity formula may not be expected in the case of systems.

Theorem 5.3 (Discrete monotonicity) There exist positive constants y = y (N, M), e; =
e(y,N) < vol(Bi) -y /2, and 6, = 6,(N, M) € (0, 1/2) such that

E,(0) <E,(1)+c (02)||f||%M(BI), whenever E, (1) < &;. 59)

10 The constant cp is independent of the compact set K; indeed, this is the result of universal comparison
estimates in 2.
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Proof We fix y and 0; such that
1 1
ycymax{c, c1(01)} < T where 260ic < 7

Set 6, := 0. Recall that ¢ is the constant from Lemma 5.2, and ¢ is the constant of Lemma
2.6.

Let also e = e2(y, €1) be a positive constant with ¢ < min{ye(62), y - vol (B{)/Z}.
This implies

Per(A; By) < e1(62),

which in turn gives, for ¢; = ¢ (62),
14
Ey(62) = —=yPer(4: Byy) +262D(1) + 16211 £ 1 s,
2

Now, we apply Lemmas 5.1 and 5.2 to s € (62, 1) to get

Y
Ey(Qz) < QN Per(A Bgz) + 2C02D(1) + C192||f||Loc(Bl)

2

<y Per(A: B)) + /l d Perld. BN 45+ Loty + c1a1 112
er(A: - — ) ds+ — ¢ .
=Y ! 4 o, drlr=s ri-1 2 172 LB
D(s)
5yPer<A;Bl>+ycz/6 P9 45 4 2D0) + 1020 F

1

< y Per(A; B1) +2yccaD(1) + yeret | f 1oy + ED(D +ablf i,
<y Per(A: B) + D(1) + c1| f 33,
= E, () +cill f s,

This proves the desired result. O

Lemma 5.4 For every ¢ > 0, there exist positive constants 8o(N, M, K, ¢) € (0, 1/2) and
k(N, M, K, &) > 0 such that

Ey(80) < & +cill f 1Pz,
whenever

Per(A; By) <«.

Proof The result follows by taking 8y such that 2cyCg < ¢/2 (recall that, D(s) < Cg for
N-1

every s € (0, 1)) and « < min [ £ , €1 (90)] and then simply applying Lemma 5.1. O

Lemma 5.5 Let (w, A) be a saddle-point of (P) andlet x € K CC Q. Then, for everye > 0
there exists a positive radius ro = ro(N, M, K, || f L= (B,), €) for which

E,(w, A; x,r) < 2¢;

whenever r < ro and Per(A; Be(;lr) <k(e)- ( )N !
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Proof Let rg be a positive constant such that clrgk+1 ||f||]2_Do(Bl) < 9§k+18 and let us set
s = ler. Since
Per(A**; B;) = sV~ DPer(4; By) < k(¢),
it follows from the previous lemma and a rescaling argument that
Ey(w, Air) = Ey(w, A; 60s) < &+ 1l f [z, =& + 15 £, < 2e.
[m}

Theorem 5.6 (Lower bound) Let (w, A) be a solution of problem (P) in Q2. Let K CC 2 be
a compact subset. Then, there exist positive constants Lx and rg depending only on K, the
dimension N, the constant M in the assumption (2), and f such that

Per(A; B (x)) = agr™ ™!, (LB)
foreveryr € (0,rg) and every x € 9*AN K.

Proof Let p(6y) := Zflozo 92(2k+1)h € Rand letr; € (0, 1) be a positive constant for which
&2

T

We argue by contradiction. If the assertion does not hold, we would be able to find a point
x € 0*A and a radius r < min{rg, r;} for which

i1 @) p @I f I s, <

r N—1 &
Per(A; B%(X)) < (%) k(e), €:= T

After translation, we may assume that x = 0. The fact that » < rg and Lemma 5.5 yield the
estimate

E,(w,A;r) <2e < %2;

in return, Lemma 5.3 and a rescaling argument give (recall that 7 (y) = rk"'% fry))
&2
Ey(w, A; or) < Ey ', A 1) + el f Rz < 5+ ar® 1 f s, < 2.

A recursion of the same argument gives the estimate

J
j 2k+1)h
E,(w, A1 0Jr) < E,(w, A; 1) +C1r2k+1||fllfm(3,)(§ 3D ) <&
h=0

Taking the limit as j — oo we get

Per(A; By, ) E, (w, A; 62r) £ 1
lim sup 2 < lim sup ; < . < —.
j—oo vol (B])- (@Jr)N=1 7 jooo VOL(B)) -y — vol(Bp-y ~ 2
This a contradiction to the fact that x = 0 € 9*A (cf. Sect. 2.4). O

Corollary 5.7 Let (w, A) be a solution for problem (P) in Q. Let K CC 2 be a compact
subset. Then, there exist positive constants Ak and rg depending only on K, the dimension
N, and f such that

Per(A; B, (x)) = agr™,

foreveryr € (0, rg) and for every x € dA N K.
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Proof The property (LB) from the Lower bound theorem is a topologically closed property,
i.e., it extends to 0¥A = spt uq = 0A (cf. (19)). O

Corollary 5.8 Under the same assumptions of Theorem 5.6, the following characterization
for the topological boundary of A holds:

AA=09"AUE, where #VN"1(2)=0.

Proof An immediate consequence of the previous corollary is that V=1 0A <« |4l as
measures in 2. The assertion follows by De Giorgi’s Structure Theorem. O

6 Proof of Theorem 1.5

As we have established in the past section, we will assume that for every K CC 2 there
exist positive constants Ag, Cx such that D(w; x,r) < Cg and
Per(A, B, (x)) > )\Kerl Vxe(@ANK),Vre(,dstK,oR)). (LB)

Half-space regularity. Throughout this section we shall work with the additional assumption
for solutions of the half-space problem: let H := { x € RY : xy > 0} and let o be the
two-point valued tensor defined in (3) for @ = B (so that oy = o1 in H N By), then the
operator

Pyu := o/ (oy</u)
is hypoelliptic in B;\d H in the sense that, if w € L?>(B;; RY), then'!
Puw=0 = weC®B;RY)UC®(B ;RY) forevery0 <r < 1. (60)

Furthermore, there exists a positive constant ¢* = ¢*(N, M, /) such that

1 1
— |VEw|? dx < c*/ [VEw|? dx forall0 < p < -,
P JB, By 2

i/ |lZw>dx < c* | |ow|>dx forall0 < p < 1 61)
oV Js, - Jp 2
1
sup |[VAFly? < c*/ lw|? dx forall0 < p < —.
BYUB, B, 2

Remark 6.1 (Half-space regularity in applications) For 1-st order operators of gradient form
itis relatively simple to show that such estimates as in (61) hold. This case includes gradients
and symmetrized gradients; while the linear plate equations may be also reduced to this case
(cf. Remark 2.8).

A sketch of the proof is as follows: the first step is to observe that the tangential derivatives
(i # N) 0;w of a solution w of Pyu = 0 are also solutions of Pyu = 0. The second step is
to repeat recursively the previous step and use the Caccioppoli inequality from Lemma 2.5
to estimate

/ [0%w|? dx < C(Ial)/ |w|>dx for arbitrary & with ay < 1. (62)
By B

T The notation B,i stands for the upper and lower half ball of radius : B, N H and B, N —H respectively.
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The third step consists in using the ellipticity of Ay = A(ey) (cf. Remark 2.3) and the
equation to express dyyw in terms of the rest of derivatives!2: The tensor (Ag, o Ay) is
invertible, this can be seen from the inequality |A(en)z|? = A()|z|* for every z € RY (cf.
2.3) and the fact that o satisfies Garding’s strong inequality (2) with M~!. Hence, using
that Pyw = 0, we may write

dvvw=—(Ay oy Ay)™" D" (Al o1 Apdjjw in B, (63)
ij#ANN
from which estimates for oy y w of the form (62) in the upper half ball easily follow (similarly
for the lower half ball). Further oy differentiation of the equation in BljE and iteration of this
procedure together with the Sobolev embedding yield bounds as in (61).

For arbitrary higher-order gradients and other general elliptic systems one cannot rely on
the same method. However, the Schauder and L? boundary regularity of such systems has
been systematically developed in [31,32] through the so called complementing condition. In
the case of strongly elliptic systems (cf. (2) and (11)) this complementing condition is fulfilled,
see [32, pp 43-44]; see also [33] where a closely related natural notion of hypoellipticity of
the half-space problem is assumed.

Flatness excess. Given a set A C RY of locally finite perimeter, the flatness excess of A at
x for scale r and with respect to the direction v € "1 is defined as

1 12
T I
r Clx,r)NI*A 2

Here, C(x, r, v) denotes for the cylinder centered at x with height 2, that is parallel to v, of
radius r.

Intuitively, the flatness excess expresses (for a set A) the deviation from being a hyperplane
at a given scale r. Again, up to re-scaling, translating and rotating, it will be enough to work
the case x = 0, v = ey, and r = 1. In this case, we will simply write e(A). The hyper-plane
energy excess is defined as

Hex(w, A; x,1,v) :=e(A; x,1r,v) + D(w, A; x, 1),

and as long as its dependencies are understood we will simply write Hex (r) = e(r) + D(r).
The following result relies on the (LB) property, a proof can be found in [24, Section 5.3]
or [22, Theorem 22.8].

Lemma 6.2 (Height bound) There exist positive constants ¢ = ¢} (N) and &7 = &} (N) with
the following property. If A C RN is a set of locally finite perimeter with the (LB) property,

0€dA and e(9) < &f,
then

sup{lyn|:y € B| x [=1, 11N dA)} < ¢} - e(4) 772, (HB)

The next decay lemma is the half-space problem analog of Lemma 5.1. The proof is similar
except that it relies on the half-space regularity assumptions (60), (61) (instead of the ones
given by Lemma 2.6), and the Height bound Lemma stated above.

12 Recall that, for a 1-st order operator as in (7), the coefficients Ay can be simply denoted by A; with
i=1,..., N.
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Lemma 6.3 (Approximative solutions of the half-space problem) Let (w, A) be a solution of
problem (P) in By. Then, for every 0] € (0, 1/2) there exist positive constants c5 (0], N, M)
and &5(6;, N, M) such that either

2 2
/ |/ w|*dx < C§PN||f||L°°(BI)’
B,
or

/ lZw|*dx < 20*pN/ |w|>dx forevery p € [61, 1),
B, By

where ¢* = ¢*(N, M) is the constant from the regularity condition (61); whenever
Per(A; By) < 5.
O

Remark 6.4 Let§ € (0, 1). Then there exists k* = x*(N, M, §) such that if e(1) < «*, and
if one further assumes that the excess function » +— e(r) is monotone increasing, then the

scaling w(ry)/r(k_%) and the Iteration Lemma 4.6 imply that
1
5 [ 1l < Coll g + 51 B ) forevery 7 € 0,172)

for some positive constant Cs = Cs(N, M). O

The next crucial result can be found in [8, Section 5]. We have decided not to include
a proof because the ideas remain the same. The ingredients for the proof are: the estimate
(LB), the Height bound Lemma, the Lipschitz approximation Theorem, the estimates from
Lemma 6.3 and the higher integrability for solutions to elliptic equations.'?

Lemma 6.5 (Flatness excess improvement) Let (w, A) be a saddle point of problem (P) in
Q. There exist positive constants n € (0, 1], ¢}, and 3 depending only on K, the dimension
N, the constant M in (2), and || f||Lec with the following properties: If (w, A) is a saddle
point of problem (P) in By, and

Hex (9) < 8;;5
then, for every r € (0, 9), there exists a direction v(r) € SN for which
[v(r) —en| < ¢5 Hex(9) and Hex(r, v(r)) < c3r" Hex(9).
[m}
Theorem 1.5 (Partial regularity) Let (w, A) be a saddle point of problem (P) in Q2. Assume

that the operator Pyu = /* (o </u) is hypoelliptic and regularizing as in (60), (61), and
that the higher integrability condition

[l 2n-s 5, ) < Iz, for some s € [0, 1),

holds for every local minimizer it of the energy u +— fBl 0zW (u), where u € W (By).
Then there exists a positive constant n € (0, 1] depending only on N such that

ANH(OBA\*A)NQ) =0, and 9*A isanopen C""/2- hypersurface in €.

132" (£2)-integrability of </ w, for some exponent 2* > 2, can be established by standard methods through

the use of the Caccioppoli inequality in Lemma 2.5.
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0.n/8
loc

Moreover if of is a first-order differential operator, then </ w € C (R\(0A\0*A)); and

hence, the trace of o/ w exists on either side of 3* A.

Proof The reduced boundary is an open hypersurface. The first assertion 2V =1 ((dA\
9*A) N Q) = 0 is a direct consequence of Corollary 5.8.

To see that 9* A isrelatively openin d A we argue as follows: De Giorgi’s Structure Theorem
guarantees that for every x € 9* A there exist r > 0 (sufficiently small) and v € S¥~! such
that

1
Hex(w, A;r,x,v) < 585‘, and A(0B,(x)) = 0.

The map y — na(B-(y)) = 01is continuous at x, therefore we may find §(x) € (0, 1) such
that
Hex(w, A;r,y,v) < ¢i forevery y € Bs(x) NJA.

We may then apply Lemma 6.5 to get an estimate of the form

in}\f 1 Hex(w, A; y, p,§) < 5p"Hex(w, A; y, r,v) forall y € Bs(x), and all p € (0, r).
EeSN—

This and the first assertion of Lemma 6.5 imply that y € 9*A for every y € Bs(x) N dA.
Therefore, the reduced boundary 9* A is a relatively open subset of the topological boundary
dA.

We proceed to prove the regularity for 3* A. It follows from the last equation that

D(w;y,p) < inf Hex(w,A;y,p, &)
gGSN—l

< c3e5p" < Cp" forevery y € Bs(x), and everyp € (0,r), (64)

for some constant C = C(Cpy(x), As(x), N, M).
Through a simple comparison, we observe from (64) and the property that (w, A) is a
local saddle point of problem (P) in Bs(x), that

Devg, () (A, p) < 2Mp" ' D(w: y. p)
<2MCpN=1 " forall p € (0, r) and every y € Bs(x).
We conclude with an application of Tamanini’s Theorem 2.14:
dA = 9*A isa Cl"/2- hypersurface in B (x).
The assertion follows by observing that the regularity of 9* A is a local property.
Jump conditions for the hyper-space problem. Let t € leoc(Bl; Z)N (C“(E; Z)uU
C*® (B, ; Z)) for every p € (0, 1), assume furthermore that 7 is a solution of the equation
*t =0 inBj.

Letn € CX(B}; R?) be an arbitrary test function and choose a function ¢ € C2°(By; RY)
with the following property:

k—1
N
(k= 1)!

Then, integration by parts and Green’s Theorem yield that

O:/ f-ﬂwd)’:/ [Aten)” - 71-ndy,
B IHNB,

oy, yn) = n(»") in a neighborhood of Bj.
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where [A(ey)? - 71 = A(ey)T - (z+ — 7). Here, tT and 7~ are the traces of 7 in 9 H from
Bfr and B[ respectively. Since 7 is arbitrary, a density argument shows that

[Aey)” -7]=0 indH N By, andhence Aley)” -7 € Wh2(B1; RY).  (65)

loc

Regularity of <7 w. From this point and until the end of the proof we will assume that .27 is a
first-order differential operator of gradient form; we may as well assume that 9* A is locally
parametrized by C'"/? functions.

Due to Campanato’s Theorem (C%7/8 ~ 1.2 N+(/4) on Lipschitz domains), our goal is
to show local boundedness of the map

1
x> sup|—— o dw — (dw Zdyt x € (Q\(BA\d*A)); (66
rﬁ[rwﬂ/‘” S, 1w = @l | re@anaan oo

and a similar result for A€ instead of A. O

Also, since Campanato estimates in the interior are a simple consequence of Lemma 2.6, we
may restrict our analysis to show only local boundedness at points x € 3*A. We first prove
the following decay for solutions of the half-space:

Lemma 6.6 Ler v € W< (By) be such that

F*(oydW) =0 in Bj. (67)
Then W satisfies an estimate of the form
1 - - - -
— | |Ru® — (Ry),l*dy < c(N,o1,02) [ Ry — (Rgi)|*dy  (68)
N2 [, 5,
P

forall 0 < p < 1, where we have defined

Rau := (V'u, Al (ocac/u)), A C By Borel.

Proof Since for p > 1/2 one can use ¢ := 2¥+2)_ we only focus on proving the estimate for
p € (0,1/2). It is easy to verify that «/* (o .o/ (8; W — 1)) = 0in Z'(By; R?) for all A € RY,
andeveryi = 1,..., N — 1. In particular, by (61) we know that

1 ~ ~ 2 c -2 * ~ ~\ 2
s [ = @), P dy < — [ IVaBPdy <" C [ [3m— (@) 2 dy. (69)
o B, ™ JB, By

forevery p € (0,1/2),andeveryi =1,..., N — 1. Here, C = C(N) is the standard scaled
Poincaré constant for balls. Summation over i € {1,..., N — 1} yields an estimate of the
form (68) for V/w.
We are left to calculate the decay estimate for g (W) := Aﬁ(oHﬂ{uN)) = A(ey)-(ocgFW).
By the hypoellipticity assumption (60) and the jump condition (65), we infer that g5 () €
1.2, 5 " od
Wioe (B1; RY).
Even more, by the classical Poincaré’s inequality

1 . - C -
vz [ le@) -GN, Pay = o [ vg@nPay (70)
P B, P JB,\oH
for every p € (0, 1/2). On the other hand, it follows from the equation in (B1\d H) and (63)

that one may write Vg() in terms of V(V’'w) for almost every x € (B,\d H). We may then
find a constant C' = C’(o1, 02, <) such that

|Vg((x))|> < C'|V(V'D)(x)|> forevery x € (B,\dH).
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Using the same calculation as in the derivation of (69), it follows from (70) that
1 N - 2 * , /o~ 1N (2
3 | 18@ — @@, Pdy <t [ IV'E— (Vi dy
1Y B, Bi
<c*CC' | IRy — (Ryw)|*dy,
By
for every p € (0,1/2). The assertion follows by letting c¢(N, o1, 02) = ¢*C max{l,
C’}. O
The next corollary can be inferred from (68) by following the strategy of Lin in [8, pp
166-167]:
Corollary 6.7 Let v € W< (B,) solve the equation
g (oaa/u) = f in By, and assume furthermore that
1Bll2p,) < 1 and | flles) <1, (71)

where A :={x € By xR : xy > @(x') } for some function ¢ € Cl”’/z(Bé) with ¢(0) =
[Ve|(0) = 0, and ||‘/’||Clvn/2(3§) < 1. Then there exist positive constants O(N, o1, 07) €
(0,1/2), and C(N, o1, 02) such that either

1 - - - -
—T / |Ra® — (Raib)a|* dy 5/ |Ra — (Rai)1]*dy, (72)
0 By B
or
/B |RAW — (Rah)g|* dy < C(”(ﬂ”cl-w/Z(B{) + ||f||iw(3,)). (73)
0

m}

We are now in the position to prove (66). Let § € (0, n/2) and let (w, A) be solution of
problem (P). Since local regularity properties of the pair (w, A) are inherited to any (possibly
rotated and translated) re-scaled pair (w*", A*") — as defined in (47), where in particular
the source /" tends to zero — with r < dist(x, 3€2), we may do the following assumptions
without any loss of generality: B4 C Q and x = 0 € 9*A, dA* is parametrized in B, by a
function ¢ € C'"/2(By) such that ¢(0) = [Ve(0)| = 0, and ll@llctnz sy I f oo (sy:rey <
min{l, «*} where «* = k*(§, N, M) is the constant of Remark 6.4. Additionally, since
(w, A) is a solution of problem (P), we know that

d*(oa/w) = f in By, (74)

and
1 2 2 2
7 [, 1wl dy = G wia g, 1 IEx,) foreveryr e @D, (75)

where Cs(N, M) is the constant from Remark 6.4.

Notice that the rescaled functions!* w” (y) == (w(ry) — v, (ry))/rl’(‘gm and ¢" (y) :=
@(ry)/r still solve (74) for f"(y) = r't0/2 f(ry) and A" := A/r with " llcroz sy
I f" oo By Ry < minfl, «*}. In particular, by (75) and Poincaré’s inequality

w225,y < CBDIAW IF2 5, < € := CBOCs(l5/wl}a ) + 1)

(B1)

14 Here, v, is the &7 -free corrector function for w in B, see Definition 2.1.
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Recall that ||¢" ||C11'7/2(B;) scales as /2| llct.n/2(p) and, in view of its definition, || f* ||fm(3|)

scales as r21%. In view of these properties, we are in position to apply Corollary 6.7 to
—1/2 . .

w" /max{l, C / }: We infer that either

1
7T / |Rarw” — (Rarw")gl*dy < / [Rarw” — (Rarw’)1Pdy,  (76)
0 By B
or
|Rarw” — (Rarw")g|* dy < max{l, C}- C(N, o1, 02)(||<.0r||c1,n/2(31) + r2+5),

(77)

By

where 6 = 0(N, o1, 02) € (0, 1/2) is the constant from Corollary 6.7.
It is not difficult to verify, with the aid of the Iteration Lemma 4.6, that re-scaling in (76)
and (77) conveys a decay of the form

1
m/ [Ra(w —v,) = (Ra(w = v)) P dy < ¢ forallr € 0,1),  (78)
B,

and some constant ¢’ = ¢’(8, N, 01, 02, [ Fwl| 2(,))-

The last step of the proof consists in showing that R4 (w — v,-) dominates V(w — v;).
By the definition of R, it is clear that |V/(w — v,)(x) — (V/(w — v,)),nal*> < |Ra(w —
V) (x) = (Ra(w—vr))B.nA |2 forall x € B; and every r € (0, 1). We show a similar estimate
for dy (w — v;):

The pointwise Garding inequality (2) and (11) imply, in particular, that the tensor
(Aen)To1 Aley)) = (ALo1Ay) € Lin (R?; RY) is invertible (use, e.g., Lax-Milgram
in Rd). Hence,

ay(w —v) =(Ajo1AN)"! (g(w —v) = D (A1 A)dj(w ~ vr)) in Bi N 4,
J#EN
(79
from where we deduce that

! 2
W/B,M oy (w = v) = @y (w = vr))B,nal* dy

C//

_ _ _ 2
s rN+("/2)_5 /BrnA |RA(w Vr) (RA(w Vr))BrﬁA| dy

for some constant ¢’ = ¢”(o1, /) > 1 bounding the right hand side of (79) in terms of
V/'(w — v,) and g(w — v,).
By (78) and the estimate above we obtain

1 2
s 10 sl dy

1 2
= NF0/D— /B,mA | (w —v) = (& (w — v))B.nal”dy

<9 [ w= ) = (Vw = v)aalld
= N+m/2—-s 5.0 r r))B,NA y

< TN, 01,00, 17wl 2p,) 1= C() - -,

for every r € (0, 1). The assertion follows by taking § = n/4.
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Notice that the dependence on ||.27w || 2z, is local since we assumed B4 C €; this means
that in general we may not expect a uniform boundedness of the decay. Similar bounds for
A replaced by A€ can be derived by the same method. O

Remark 6.8 (Regularity I) In general, for a k’-th order operator <7 of gradient form, the only
feature required to prove the regularity of V¥w up to the boundary 3* A by the same methods
as for first-order operators of gradient form is to obtain an analog of Lemma 6.6 (and its
Corollary 6.7) for higher-order operators.

More specifically, if w € W (By) is a solution of the equation

A *(og/u) =0 in By,

then w satisfies an estimate of the form

| o o
ez [ Rt = Ry, Py < cWooron) [ IRwi — RuinPdy 60
P B, B
forall0 < p <1,

where

Rau = (V'u, Alen) (oae/u)), A C By.

Unfortunately, for 2k’-th order systems of elliptic equations (with k > 1) it is not clear to us
whether one can prove such decay estimates by standard methods. While a decay estimate for
VK=1(V'u) can be shown by the very same method as the one in the proof of Theorem 1.5, the
main problem centers in proving a decay estimate for the term A(e T (cu) e WH2(B))
— cf. (65). Technically, the issue is that one cannot use the equation on half-balls to describe
9005 in terms of VA1 (V'u).

Remark 6.9 (Regularity II: linear plate theory) In the particular case of models in linear plate
theory («# = V2, N = 2, and d = 1) it is possible to show a decay estimate as in (80) for
solutions w € W(z]’z(B2) of the equation

V- (V- (ogV2u)) =0.

By Remark 2.8, there exists a field w € W1’2(Bz; ]Rz) which turns out to be a solution of
the equation

V.- (SHEw) =0,

where S is a positive fourth-order symmetric tensor such that oy (x) = R lS;Il )R ;
furthermore, R| &w = o V2u. Since o = V2, itis easy to verify that Ay = A(;, j) = €; ®e;
fori, j € {1, 2}, a simple calculation shows that

gn () == Alen) (g u) = (oyVu)n = RLEW)0 = djw';

and thus, since & is an operator of gradient form of order one, it follows form the proof of
Theorem 1.5 that an estimate of the form (80) indeed holds for gg (u).
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7 Glossary of constants

N spatial dimension

M coercivity and bounding constant for the tensors o1 and o7 (as quadratic forms)
K an arbitrary compact set in 2

Ak local upper bound constant

Other constants Groups of constants are numbered in non-increasing order, e.g., CT > c§ >
c3. The following constants play an important role in our calculations:

Constant Dependence Description

01 arbitrary in (0, 1/2) Ratio constant

cl 01, N,M Universal constant

&1 01, N, M Smallness of perimeter density

(5] N, M Universal constant

y N, M Universal constant

(%) N, M Universal constant

& N, M Smallness of excess energy

Oo(e) N, M, K Smallness of perimeter density

cT Ak, N Constant in the Height bound Lemma
Gi“ arbitrary in (0, 1/2) Ratio constant

cé‘ 6{“, N, M Universal constant

63‘ Gf, N, M Smallness of flatness excess

cg‘ K,N.M, f Flatness excess improvement scaling constant
e%‘ K,N.M, f Smallness of flatness excess
References

1. Hashin, Z., Shtrikman, S.: A variational approach to the theory of the elastic behaviour of multiphase
materials. J. Mech. Phys. Solids 11, 127-140 (1963)

2. Kohn, R.V,, Strang, G.: Optimal design and relaxation of variational problems. I. Commun. Pure Appl.
Math. 39(1), 113-137 (1986)

3. Kohn, R.V,, Strang, G.: Optimal design and relaxation of variational problems. II. Commun. Pure Appl.
Math. 39(2), 139-182 (1986)

4. Kohn, R.V., Strang, G.: Optimal design and relaxation of variational problems. III. Commun. Pure Appl.
Math. 39(3), 353-377 (1986)

5. Murat, F., Tartar, L.: Optimality conditions and homogenization. In: Nonlinear variational problems (Isola
d’Elba, 1983), Res. Notes in Math., vol. 127, pp. 1-8. Pitman, Boston (1985)

6. Murat, E,, Tartar, L.: Calcul des variations et homogénéisation. In: Homogenization methods: theory and
applications in physics (Bréau-sans-Nappe, 1983), Collect. Dir. Etudes Rech. Elec. France, vol. 57, pp.
319-369. Eyrolles, Paris (1985)

7. Ambrosio, L., Buttazzo, G.: An optimal design problem with perimeter penalization. Calc. Var. Partial
Differ. Equ. 1(1), 55-69 (1993)

8. Lin, FH.: Variational problems with free interfaces. Calc. Var. Partial Differ. Equ. 1(2), 149-168 (1993)

9. Kohn, R.V,, Lin, FH.: Partial regularity for optimal design problems involving both bulk and surface
energies. Chin. Ann. Math. Ser. B 20(2), 137-158 (1999)

10. Larsen, C.J.: Regularity of components in optimal design problems with perimeter penalization. Calc.
Var. Partial Differ. Equ. 16(1), 17-29 (2003)

11. Fusco, N., Julin, V.: On the regularity of critical and minimal sets of a free interface problem. Interfaces
Free Bound 17(1), 117-142 (2015)

12. De Philippis, G., Figalli, A.: A note on the dimension of the singular set in free interface problems. Differ.

Integr. Equ. 28(5-6), 523-536 (2015)

@ Springer



154 Page 44 of 44 A. Arroyo-Rabasa

18.
19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

Carozza, M., Fonseca, 1., Di Napoli, A.P.: Regularity results for an optimal design problem with a volume
constraint. ESAIM Control Optim. Calc. Var. 20(2), 460-487 (2014)
De Giorgi, E.: Frontiere orientate di misura minima. Seminario di Matematica della Scuola Normale
Superiore di Pisa, 1960-61. Editrice Tecnico Scientifica, Pisa (1961)
Almgren, F.: Existence and regularity almost everywhere of solutions to elliptic variational problems
among surfaces of varying topological type and singularity structure. Ann. Math. 2(87), 321-391 (1968)

. Fonseca, 1., Miiller, S.: o/-quasiconvexity, lower semicontinuity, and Young measures. SIAM J. Math.

Anal. 30(6), 1355-1390 (1999)

Carstensen, C., Miiller, S.: Local stress regularity in scalar nonconvex variational problems. SIAM J.
Math. Anal. 34(2), 495-509 (2002)

Brézis, H.: Analyse fonctionnelle. Collection Mathématiques Appliquées pour la Maitrise, Masson, Paris
Barton, A.: Gradient estimates and the fundamental solution for higher-order elliptic systems with rough
coefficients. Manuscripta Mathematica 151(3—4), 375418 (2016)

Milton, G.W.: The Theory of Composites, Cambridge Monographs on Applied and Computational Math-
ematics, vol. 6. Cambridge University Press, Cambridge (2002)

Ball, J.: A version of the fundamental theorem for Young measures. In: PDEs and continuum models
of phase transitions. Proceedings of an NSF-CNRS joint seminar held in Nice, France, January 18-22,
1988, pp. 207-215. Springer, Berlin (1989)

Maggi, F.: Sets of Finite Perimeter and Geometric Variational Problems, Cambridge Studies in Advanced
Mathematics, vol. 135. Cambridge University Press, Cambridge (2012). (An introduction to geometric
measure theory)

Ambrosio, L., Fusco, N., Pallara, D.: Functions of Bounded Variation and Free Discontinuity Problems.
Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press, New York (2000)
Federer, H.: Geometric measure theory. Die Grundlehren der mathematischen Wissenschaften, Band 153.
Springer-Verlag New York Inc., New York (1969)

Tamanini, I.: Regularity Results for Almost Minimal Oriented Hypersurfaces in R”. Dipartimento di
Matematica dell’ Universita di Lecce, Lecce (1984)

Allaire, G., Kohn, R.V.: Optimal bounds on the effective behavior of a mixture of two well-ordered elastic
materials. Q. Appl. Math. 51(4), 643-674 (1993)

Allaire, G., Kohn, R.V.: Optimal lower bounds on the elastic energy of a composite made from two
non-well-ordered isotropic materials. Q. Appl. Math. 52(2), 311-333 (1994)

Evans, L.C.: Quasiconvexity and partial regularity in the calculus of variations. Arch. Rational Mech.
Anal. 95(3), 227-252 (1986)

Sverdk, V., Yan, X.: Non-Lipschitz minimizers of smooth uniformly convex functionals. Proc. Natl. Acad.
Sci. USA 99(24), 15269-15276 (2002)

Giaquinta, M.: Multiple Integrals In the Calculus of Variations and Nonlinear Elliptic Systems, Annals
of Mathematics Studies, vol. 105. Princeton University Press, Princeton (1983)

Agmon, S., Douglis, A., Nirenberg, L.: Estimates near the boundary for solutions of elliptic partial
differential equations satisfying general boundary conditions. I. Commun. Pure Appl. Math. 12, 623-727
(1959)

Agmon, S., Douglis, A., Nirenberg, L.: Estimates near the boundary for solutions of elliptic partial
differential equations satisfying general boundary conditions. II. Commun. Pure Appl. Math. 17, 35-92
(1964)

Simon, L.: Schauder estimates by scaling. Calc. Var. Partial Differ. Equ. 5(5), 391-407 (1997)

@ Springer



	Regularity for free interface variational problems  in a general class of gradients
	Abstract
	1 Introduction
	1.1 Statement of the problem
	1.2 Main results and background of the problem

	2 Notation and preliminaries
	2.1 Operators of gradient form
	2.1.1 Elliptic regularity
	2.1.2 Examples

	2.2 Compensated compactness
	2.3 Young measures and lower semi-continuity of integral energies
	2.4 Geometric measure theory and sets of finite perimeter
	2.4.1 Slicing sets of finite perimeter


	3 Existence of solutions: proof of Theorem 1.1
	4 The energy bound: proof of Theorem 1.2
	4.1 A digression on the regularization assumption
	4.1.1 The well-ordered case
	4.1.2 The non-ordered case

	4.2 Proof of Theorem 1.2

	5 The Lower bound: proof of estimate (LB)
	6 Proof of Theorem 1.5
	Acknowledgements
	7 Glossary of constants
	References




