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1. Introduction

In a seminal paper [27], Li and Yau derived the gradient estimate and Harnack inequality for positive solutions of heat
equation on a complete Riemannian manifold. Li-Yau estimate has been improved and generalized to other nonlinear
equations on a Riemannian manifold, see [1,2,5,7,9,14,16,19-24,29-31,34-36,39,40,42] and references therein.

An important generalization is a diffusion operator

Ay = A+ (V, V) (1.1)
on a Riemannian manifold (M, g) of dimension m, where V and A are respectively the Levi-Civita connection and

Beltrami-Laplace operator of g, and where V is a smooth vector field on .M. This operator is also a special case of V-harmonic
map introduced in [12]. As in [4,11], we introduce Bakry-Emery-Ricci tensor fields

1 1
Ricy := Ric — -.%g, Ricy™ :=Ricy — ——V @V (1.2)
2 n—m
for any number n > m, where %, stands for the Lie derivative along the direction V. When V = Vf, we simply write Ricy
and Ric;™ as Ricy and Ric;™ respectively.
The equation
Ricy = Ag, A €R,
is exactly the Ricci soliton equation, which is one-to-one corresponding to a self-similar solution of Ricci flow (see, [13]).

A basic example of Ricci solitons is Hamilton’s cigar soliton or Witten's black hole, which is the complete Riemann surface
(R?, g.s) where

_ dx®dx+dy ®dy
gCS L ]—|—x2—|—y2 .
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It is easy to see that the scalar curvature of g is 4/(1 + x? + y*) and hence the cigar soliton is not Ricci-flat. An important
result about the cigar soliton is that it is rotationally symmetric, has positive Gaussian curvature, is asymptotic to a cylinder
near infinity, and, up to homothety, is the unique rotationally symmetric gradient Ricci soliton of positive curvature on R?.
Hamilton [17] showed that any complete noncompact steady gradient Ricci soliton with positive Gaussian curvature is a
cigar soliton.

To study the Ricci-flat metric on complete noncompact Riemannian manifold, the author [25] found a criterion on
Ricci-flat metrics motivated from the steady gradient Ricci soliton. Moreover, the author introduced a class of Ricci flow
type parabolic differential equation:

0:8(t) = —2Ricg(r) + 201 Vg9 (t) ® Vg (t) + 2a2V§(t)¢(t), (1.3)

9 p(t) = Agyd(t) + B1| Ve @ (D2 ) + B2p(D) (1.4)
where o1, oz, 81, B, are given constants. Note that Eq. (1.3) can be written as

og(t) = —2Ric3’('f) (1.5)
for some suitable constants 1, o3, n, where V(t) := V¢(t). Hence the Bakry-Emery-Ricci curvature naturally appears

in [25]. Under some hypotheses on initial data and constants «;, §;, the author proved the short time existence and
Bernstein’s type estimates for (1.3)-(1.4) in [25].

Another important relation between Bakry-Emery-Ricci curvature is the study of Killing vector fields. The authors in [26]
investigated the gradient flow for the functional

1(X) = / | &gl?dv (1.6)
M
on the space of smooth vector fields. The critical point X of { satisfies
AX' 4 Vidiv(X) + Rx) = 0. (1.7)
We then in [26] introduced a flow
3tX[ = AXt + leV(Xt) + Ric(xt)v X() = X, (1.8)

to study the existence of nonzero Killing vector fields on a closed positively curved manifold. Actually, we showed that

Theorem 1.1 (Li-Liu [26], 2011). Suppose that (M, g) is a closed and orientable Riemannian manifold. If X is a smooth vector
field, there exists a unique smooth solution X; to the flow (1.8) for all time t. As t goes to infinity, the vector field X; converges
uniformly to a Killing vector field X .

The above theorem does not give a nontrivial Killing vector field, since Bochner’s theorem implies that there is no
nontrivial Killing vector field on a closed Riemannian manifold with negative Ricci curvature. For more information on the
flow (1.8), we refer to the paper [26]. In the same paper [26], we give the second criterion on the existence of Killing vector
fields. This observation is based on the following identity

1
/ [(zxg)(x,X) + 2div(X)|X|2:| dvVv =0
M
where X is a smooth vector field on M. A quite simple argument showed that

Theorem 1.2 (Li-Liu [26], 2011). A smooth vector field X on a closed and orientable Riemannian manifold (M, g) is Killing if
and only if

1
0= AX + Vdiv(X) + Ric_ax (X) + S divOOX. (1.9)

The third criterion in [26] is based on Lott’s observation [28]:
/ | glle dv = —/ (X, ApX + Vdivs(X) + Riy (X)) e/ aV.
M M
The we proved the following

Theorem 1.3 (Li-Liu [26], 2011). Given any smooth function f on a closed and orientable Riemannian manifold (M, g). Asmooth
vector field X is Killing if and only if it satisfies

0 = AX' + Vidiv(X) + RiX + Vif (%g)!. (1.10)
In particular, X is Killing if and only if
0 = AX' + Vidiv(X) + RiX + Vidiv(X)(%g)". (1.11)
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Those elliptic equations (1.9)-(1.10) can be made into the corresponding parabolic equations which may play well in the
study of the existence of nontrivial Killing vector fields and moreover in the study of Hopf's conjecture and Yau’s problem.

We now state our main results in this paper. The first three results are about Cheng-Yau estimates for complete
Riemannian manifold with Ric;™ bounded from below.

Theorem 1.4. Let (M, g) be a compact m-dimensional Riemannian manifold with Ricﬁ'm > —K, where K > 0is a constant. If
u is a solution of Ayu = 0 which is bounded from below, then

IVul < /(n— DK (u—iﬂfu). (1.12)

In particular, if RicC’m > 0, then every positive solution of Ayu = 0 must be constant.

Theorem 1.5. Let (M, g) be a complete m-dimensional Riemannian manifold with RicC’m > —(n — 1)K where K > 0isa
constant. If u is a positive solution of Ayu = 0on M, for any r > 0, we have
Vu 1
sup 1vul <8(n—1) ( + ﬁ) . (1.13)
Bx,r/2) U r
Corollary 1.6. Let (M, g) be a complete m-dimensional Riemannian manifold with RicC’"’ > —(n — 1)K where K > 0isa
constant.
(i) If (M, g) is noncompact and u is a positive solution of Ayu = 0 on M, then
Vu
sup 1vul <8(n— VK. (1.14)
M u
(ii) If uis a solution of Ayu = 0 on a geodesic ball B(x, r), then
1
sup |Vu| < 16(n—1) (7 + «/I?) sup |ul. (1.15)
B(x,r/2) r B(x,r)
(iii) If uis a positive solution of Ayu = 0 on a geodesic ball B(x, r), then
sup u < VAFIVE) g ) (1.16)
B(x,r/2) B(x,r/2)

When V = 0, those estimates are the classical results [10,34]. If V is gradient, the above results reduce to those of [23].

Recall that [14] a triple (M, g, 1) is called a weighted Riemannian manifold, if (M, g) is a Riemannian manifold and u
is a measure on M with a smooth positive density function f (that is, du = fdV; ). The weighted divergence and the weighted
Laplace operator are defined by

1
div, = fdiv(f), A, =div, oV

respectively, where V is the Levi-Civita connection of g. There are two examples of A ;:

(a) When V = Vf, the operator Ay is exactly the weighted Laplace operator of the weighted Riemannian manifold (M, g,
w) where (u = e/ dV,). Indeed,

1 1
A, = —fdiv(er) == (¢ A+ (Vel,V)) = A+ (Vf, V) = 4.
e e
(b) In[31], the authors introduced a diffusion-type operator
1
L = —div(AV
F (AV)
where A, B are some sufficiently smooth positive functions on M. Set
- B -
g .= Kg, dit := BdV,.

Then L is the weighted Laplace operator of the weighted Riemannian manifold (M, g, 1) since

In both cases, Ar or L can be viewed as the special case of Ay on some Riemannian manifold.
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Theorem 1.7. Let (M, g) be a complete m-dimensional Riemannian manifold with Ric;™ > —(n — 1)K(1 + d?)*/?, where
K > 0,8 < 4, and d denotes the distance function from a fixed point. If F € C'(R) and u € C3(M) is a global solution of

Ayu = F(u)
with
lul <D(14+d)",  F(u) > n— 1K1 +d*)>?
on M for some constants D > 0and 0 < v < min{1, 1 — %}, then u must be constant.

Theorem 1.7 generalized the similar result in [30,31]. The proof is based on variants of V-Bochner-Weitzenbdck formula
stated in Section 2.

Next three estimates are about Li-Yau gradient estimates for positive solutions of weighted heat type equation on a
complete Riemannian manifold, and extend the corresponding results in [42] from heat type equation to weighted heat
type equation.

Theorem 1.8. Let (M, g) be a compact m-dimensional Riemannian manifold with RicC‘m > 0. Suppose that the boundary 0 .M
of M is convex whenever d M # (). Let u be a positive solution of

(Ay —d)u=aulnu
on M x (0, T] for some constant a, with Neumann boundary condition % =0onoM x (0, T].
(1) If g < Othen

[Vul>  u n  na
—— —alhu< —— —
u? u 2t 2
on M x (0, T].
(2) If a > 0 then
|Vul>  u

n
— — —alnu < —.
u 2t

u2

Theorem 1.9. Let (M, g) be a complete manifold with boundary d M. Assume that p € M and the geodesic ball B(p, 2R) does
not intersect d. M. We denote by —K (2R) with K(2R) > 0, a lower bound of RicC’m on the ball B(p, 2R). Let q be a function defined

on M x [0, T] which is C? in the x variable and C in the t variable. Assume that
Avg=0@2R),  |Vql =y(2R)
on B(p, 2R) x [0, T] for some constants 6 (2R) and y (2R). If u is a positive solution of the equation
(Ay —q—0)u=aulnu
on M x (0, T] for some constant a, then forany « > 1and € € (0, 1), on B(p, R), u satisfies the following estimates:
(1) for a > 0, we have
IVfI? = af, — aq — aaf < Z(fi)t + (AZZ: J:)Z(;z ZeQ _nifzf_ DR

na?(K +ale — 1] [[ab + (@ — Dylna\ "
(1I—e)a—1) < 2(1—¢) ) '

(2) for a < 0, we have
2 _ _ no? A+ y)na? n2ﬂ4C12
VI =l —eq—adf < S S e T oG - IR
na? [K — %a(a — 1)] ([ae T (a— 1)y]na2)‘/2
1—e)a—1) 2(1—¢) )

Heref := Inuand A = [2C? 4 (n — 1)C?(1 + RVK) + C,1/R? for some positive constants Cy, C,.

Corollary 1.10. If (M, g) is a complete noncompact Riemannian manifold without boundary and Rice’m > —K on M, then any
positive solution u of the equation

ol = Ayu
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on M x (0, T] satisfies

|Vu|? o _ no’K  na?
—a R

(1.17)

u? u " a—1 2t
forany a > 1.
As pointed in [34], the estimate (1.17) still holds for any closed Riemannian manifold with Ric;," > —K.
Thirdly, we derive Hamilton’s Harnack inequality for A, operator. Setting V = 0 in Theorem 1.11, we obtain the classical

result of Hamilton [16]. Later Kotschwar [21] extended Hamilton’s gradient estimate to complete noncompact Riemannian
manifold. Li [24] proved Hamilton’s gradient estimate for A, where V = —V¢, both in compact case and noncompact case.

Theorem 1.11. Suppose that (M, g) is a compact Riemannian manifold with Ric, > —K where K > 0. If u is a solution of
ol = Ayuwith0 < u <Aon M x (0, T], then

n n .1
u e(—l u t u
On:MX(O,].

As a consequence of Theorem 1.11, we generalize a result in [7,24] about the Liouville theorem.
Corollary 1.12. Suppose that (M, g) is a compact Riemannian manifold with Ricy, > —K where K > 0. If u is a positive solution
of Ayu = 0on M then
sup u
|VInu)? <2KIn-2—. (1.19)
u

In particular if Ricy > 0 every bounded solution u satisfying Ayu = 0 must be constant.

A local version of Hamilton’s estimate was proved by Souplet and Zhang [35] for A, while by Arnaudon, Thalmaier, and
Wang [2] for the general operator Ay. A probabilistic proof of Hamilton’s estimates for A and Ay with V = —V¢ can be
found in [1,24]. In this paper we give a geometric proof of Hamilton’s estimate for Witten’s Laplacian, following the method
in [21] together with Karp-Li-Grigor'yan maximum principle for complete manifolds.

Theorem 1.13. Suppose that (M, g) is a complete noncompact Riemannian manifold with Ric}”11 > —K whereK > 0.If uisa
solution of 0;u = Afuwith0 < u <Aon M x (0, T], then

Vul? _ (2K cac) A < (L oK) m? (1.20)
w2~ \eke —1 u— \t u ’
on M x (0, T].

We compare other Hamilton’s estimates with (1.20). In our geometric proof we require the curvature condition Ric}Lm >
—K in order to use the Bakry-Qian’s Laplacian comparison theorem without any additional requirement on the potential
function f. If we use the curvature condition Ric; > —K in our geometric proof, then some conditions on f would be required
(see [11,37]). A probabilistic proof of Li [24] shows a similar estimate

|Vu|? 2 A
— =\ + 2K ) In —
u t u

where0 < u <AonM x (0, T] and Ricy > —K.
In the last part, we generalize Hessian estimates for positive solutions of the heat equation in [ 18] to these of the weighted
heat equation.
Theorem 1.14. Let (M, g) be a closed m-dimensional Riemannian manifold with Rice’m > —K where K > 0.
(a) If uis a solution of d;u = Ayuin M x (0, T]and 0 < u < A, then

) 5 A
Veu < B+? u({l+In-)g (1.21)
u

in M x (0, T], where B = 10m3/?n.xy,

JCV = K] =+ Kz —+ \/(K] + Kz)K =+ K2 + K] sup |V|2
M

with K; = max(|Rm| 4 |Ricy|) and K; = max,, |VRicy|.
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(b) If uis a solution of d;u = Ayuin Qg r(xo, tp) and 0 < u < A, then

1 1+RJVK A\?
e (T+W+B>u(1+ln> g (1.22)
u

R2

in Qr/2,71/2(Xo, to), where B = Com>n? Xy and Cy, C, are positive universal constants.

2. V-Bochner-Weitzenboéck formula and its applications

To prove Li-Yau-Hamilton estimates for V-weighted equation, we need the following Bochner-Weitzenbock formula
for V-Laplace operator.

Lemma 2.1. Given a smooth vector field V on a Riemannian manifold (M, g). For any smooth function u on M, we have

%Akuﬁ = |V2u|? + Ricy (Vu, Vu) + (VAyu, Vu). (2.1)
In particular, we have

%Akuﬁ > %(A‘,u)2 + Ricy™(Vu, Vu) + (VAyu, Vu), (2.2)

lA I[Vul> > |V2u|? + Rict™(Vu, Vu) + (VAyu, Vu) (2.3)

2 1% = % , vu, s .

%Akuﬁ = |V2ul*> 4 Ricy ™ (Vu, Vu) + (VAyu, Vu) + % (2.4)

foranyn > m.

Proof. When V = Vf for some smooth function f, this inequality was established by many authors (e.g., [23]). The proof is
based on the usual Bochner-Weitzenbock formula

1
5A|Vu|2 = |V2u|? 4+ Ric(Vu, Vu) + (VAu, Vu). (2.5)
By definition, it follows that

Lpivul = Lavup + 2w, vivupy
— ul> = —A|Vu —(V, u
277 2 2

1
= |V2ul? 4+ Ric(Vu, Vu) + (VAu, Vu) + 5<v, V|Vul?).
The last two terms of the right-hand side becomes
1 .
(VAu, Vu) + EW’ VIVul?) = (V(Ayu — (V, Vu)), Vu) + V'V'uV,Vju

= (VAyu, Vu) — VuV,(V/Viu) + V'VIuv;Viu
= (VAyu, Vu) — VuVuV'v!
Vivi 4+ vivi
= (VAyu, Vu) — ViuViu —
1
= (VAyu, Vu) — Effvg(Vu, Vu).

Therefore

1

EA\,|Vu|2 = |V2u|? + Ricy (Vu, Vu) + (VAyu, Vu).
This is the identity (2.1), which implies (2.4) and (2.3). From the elementary inequality m|V?u|?> > |Au|? we arrive at

1 2 | 2 . n,m 1 2

—Ay|Vul|® = —|Au|” + Ric, " (Vu, Vu) + (VAyu, Vu) + ——(V, Vu)

2 m n—m
for any n > m. Using another elementary inequality

1
(a_ b)z > ?(12 - ﬁbz, t > ],
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we get

1 2 _ |1 2
E|AU| P (Ayu —(V, Vu))

l(L(A )2—¥VV 2)
m \n/m vt n/m—1<’ U

1 2 1 2
= ~(Ayw)? — ——(V, Vu)2,
n m

Together those inequalities, we obtain the desired inequality (2.2). O

Corollary 2.2. Let u be a solution of Ayu = 0 and n > m a constant. Then

1
|Vuldy |Vl = — IV(IVul)[? + Ric®™(Vu, Vu). (2.6)

Proof. From the identity
Ay|Vul? = 2|Vu|Ay|Vu| 4+ 2 |V(|Vul) |?
and the above lemma, we obtain
[VulAy|Vu| = |V2ul> — [V(|Vu])|? + Ricy (Vu, Vu) (2.7)

for any solution u of Ayu = 0. Now the proof follows from the similar argument as stated in [34,41,23]. For the completeness,
we present it here. Given any point p € .M and choose a normal coordinate system (x',...,x™) atpso thatu;(p) = |Vu|(p)
and u;(p) = 0 forall 2 < i < m, where u; := du/dx', etc. Then

IV(AVuDP = D ui;

1<j<m

Since 0 = Au + (V, u) it follows that

- Z Wi = un + Vi

2<i<m

and then, for any @ > 0, (see page 1310-1311 in [23] for some detail)

IV2ul? = [V(VuhP? = Y +

1 2
1(Un + Viug)

2<i<m m—
S D D" SN R
=&, T A rom_n'm am—1) 11
S 0 ) —_—T )
(I+a)(m-—1) a(m—1)

Consequently,

1 1
VulAy|Vu| > ——— |[V(|Vu))? Ricy —- ————VQV | (Vu, Vu).
[VulAy| u|_(1+a)(m—1 IV(IVupl +<1Cv a1’ % )( u, Vu)

)
Taking « = ;=7 yields the desired result. [

Theorem 2.3. Let (M, g) be a compact m-dimensional Riemannian manifold with RicC‘m > —K, where K > 0is a constant. If
u is a solution of Ayu = 0 which is bounded from below, then

IVul < /(n— DK (u - iﬂfu) . (2.8)

In particular, if RicC’m > 0, then every positive solution of Ayu = 0 must be constant.

Proof. By replacing u by u — inf, u, we may assume that u is positive. The proof is similar to that in [41,34,23]. Let ¢ =
|Vu|/u = |V Inu|. Then

V|Vl |VulVu
Y u2

Vo
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At any point where Vu # 0, using
Ayv|Vu| = uAye + 2(Ve, Vu) + pAyu = udyeg + 2(Ve, Vu)
we obtain
Ay|Vul  2(V¢, Vu)
u u

! <¥|V(|Vu|)|2—1<|w|2>—

Avgp =

2(Vé, Vu)
u

>
~ ulVu] \n—-1
1 |V(Vu))|? 2(Veg, Vv
_ VAVUDP o 2098, Vu)
n—1 u|Vu| u

As [34,23], we furthermore get the following inequality
2 Vo, Vu 1
)( ¢, Vu) n

¢’

n—1 u n—1

Avgp = —K¢ — (2 -

If ¢ achieves its maximum at some point p € M, then V¢ = A¢ = 0 atp and Ay¢p(p) < 0. Plugging this into the above
inequality implies ¢(p) < +/(n — 1)K and hence |Vu| < /(n — 1)Kuon M. O

Using Lemma 2.1, Bakry and Qian [5] studied the eigenvalue problem of Ay, .

3. Bakry-Qian’s comparison theorem

IfRic;,™ > K for some constant K, then the elliptic operator Ay satisfies the CD(K, n) condition in the sense of Bakry [3],
see also [6,23]. Bakry and Qian proved the following Laplacian comparison theorem for Ay,.

Theorem 3.1 (Bakry-Qian [6]). Let (M, g) be a complete m-dimensional Riemannian manifold and Ric"}’m > (n — 1)K, where
K = K(d(p)) is a function depending on the distance function d(p) = d(p, po) for a fixed point pg € M. Let 6 be the solution
defined on the maximal interval (0, k) of the Riccati equation

Ok (r) = —K(r) — 62(r), lim rfje(r) =n — 1, (3.1)
r—
and &y is the explosion time of 6y such that
lim 91((T) = —OQ.
r—8g —

Then

(i) If 8 < oo, then M is compact and the diameter of (M, g) is bounded from above by Jy.
(ii) Forany p € M \ cut(po), we have

Avd < (n = 1)6 (d). (3.2)

(iii) We denote by wy an invariant measure for Ay, that is a solution of A}, (uy) = 0. By ellipticity, such an invariant measure
has a smooth density with respect to dV,. Then the Laplacian comparison theorem holds in the sense of distributions:

/ d(A50) dpny < / p(m — D) iy (33)
M M
for any nonnegative smooth function ¢ on M with compact support.

Compared with the space-form, we obtain

Corollary 3.2. If (M, g) is a complete m-dimensional Riemannian manifold with RicC’m > (n—1)K,whereK € R andif p € M,
then for any x € M where d(x) := d(x, p) is smooth, we have

(n — VK cot (\/I?d), K > 0,
Avd<In—1 K =0, (3.4)

d 9
(n— 1)\/Wcoth <\/Wd) , K<o.

Using x cothx < 1 + x yields (see also [6,33])
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Corollary 3.3. If (M, g) is a complete m-dimensional Riemannian manifold with Ric"}‘m > (n — 1)K, where K < 0, then

Avd < % + (- DK (35)

in the sense of distributions. In particular, if (M, g) is a complete m-dimensional Riemannian manifold with RicC’m > 0, then

dAyd <n—1 (3.6)
in the sense of distributions.

Theorem 3.4. Let (M, g) be a complete m-dimensional Riemannian manifold with Ric’\’,‘m > —(n — 1)K where K > 0isa

constant. If u is a positive solution of Ayu = 0 on M, then

sup ﬂ <8(n-—1) (% + ﬁ) . (3.7)

B(x,r/2) U
Proof. Recall

$ p=

u n—1 u

Av¢z—<n—1>1<¢—<2— 2 )(W” vu) 1

n—1
For any r > 0, we consider the quantity

Fy) = (* —d*x,y))9(), ye€Bx1).
It is clear that

VF = —pA(d®) + (r* —d)Vep,  AvF = (¥ —d)Avp — pAv(d®) — 2(V(d*), Vo).

Now the proof of the above estimate is similar to Theorem 3.1 (page 19-20) in [34] or Theorem 2.3 (page 1313-1314)in [23].
Since F = 0 on the boundary of B(x, r), if |Vu| # 0, then F must achieve its maximum at some xo € B(x, r). By Calabi’s
argument [8,10,34], we may assume that X is not a cut point of x. Then F is smooth near xq and hence

AF < 0= VF atx.
It follows that Ay F(xo) = AF(xp) + (V, VF)(xp) < 0and then

Vo _ V@) Ag A 2AV@). V)
¢  r2—d’ p) 2 _ 2 P —d2) 0-
Consequently,

Avp  Ay(d®) 2|V
6 P-d  _dp <0 atxo.
By (3.5) we have

Av(d®) =2dAyd +2|Vd)> <24 2(n — 1)(1 + VKd)
so that, using |V (d?)|? = 4d?,

0~ Avp  242m—1D(1+VKd)  8d
- ¢ r2 _ d2 (rZ _ d2)2
2\ (Vé, Vu) 1, 242n—-1)1+VKd) 8d?
Z_(n_l)K_<2_n—l) ou +n_1¢_ 2 _ 2 _(rz_dZ)Z

at xg. On the other hand,

Vo, Vu) :<@ @) _(V(@®),Vu) _ 2d(Vd,Vu) _ 2d .
ou ¢ u 2 — d*)u 2—d>u ~r2—a@2"
Therefore
0> 272 p o — D+ VRDIEE — &) — 8d2 — (n — DK (2 — &)

“n—1 n—1
at xo. When n = 2, the above inequality becomes

F< \/Kr“ + (12 4+ 2VKr)r2 < V/12r(1 + VKr).
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When n > 3, we arrive at
1 , 4n-2)

P — <242 (1 + VKD +8r2 + (n — DKr*
and hence
F(xo) <1 [2(11 ~2)+(n— 1>\/(fr>2 +2VKr +6+ ((" +1;2):|
<r [2(n )4+ (n— VB + ﬁr)]
< 4V2(n — 1)r(1 + VKr).

In both cases, we obtain
F <4v2(n— Dr(1+~Kr) onB(x,r).
In particular
3 Vu
Zr? sup [Vul < sup F<4V2(n—1r(1+VKr)
4 purz U B(x,r/2)
which implies
Vu 16 1 1
vl _ [ —1)<7+\/E>§8(n—1)<*+\/f).
B(x,r/2) U r r
This is the desired estimate. O
As an immediate consequence, we have the following variants corollaries parallel to these in [34,23].
Corollary 3.5. Let (M, g) be a complete m-dimensional Riemannian manifold with R1c" ™ > —(n— 1)K whereK > 0Oisa
constant.
(i) If (M, g) is noncompact and u is a positive solution of Ayu = 0 on M, then

Vu
sup u <8(n-— l)ﬁ. (3.8)
M u
(ii) If uis a solution of Ayu = 0 on a geodesic ball B(x, r), then
sup |Vu| < 16(n — 1)< +f) sup |ul. (3.9)
B(x,r/2) B(x,r)

(iii) If uis a positive solution of Ayu = 0 on a geodesic ball B(x, 1), then

sup u < =DAF2VE) g ) (3.10)
B(x,1/2) B(x,r/2)

4. A generalized diffusion operator
Recall that a triple (M, g, w) is called a weighted Riemannian manifold (for more detail, see [ 14]), if (M, g) is a Riemannian
manifold and u is a measure on M with a smooth positive density function f (that is, du = fdV,). The weighted divergence
and the weighted Laplace operator are defined by
1
div, = fdiv(f), Ay =div, oV

respectively, where V is the Levi-Civita connection of g. There are two examples of A,

(a) When V = V¥, the operator Ay is exactly the weighted Laplace operator of the weighted Riemannian manifold
(M, g, ) where (u = edeg). Indeed,

Ay = chv(er) (efA+ (Ve/, V) = A+ (Vf, V) = 4.
(b) In[31], the authors mtroclucecl a diffusion-type operator

1
= —div(AV
3 iv(AV)
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where A, B are some sufficiently smooth positive functions on M. Set

. B ~
g = Zg, dii == BdVg.

Then L is the weighted Laplace operator of the weighted Riemannian manifold (M, g, 1) since

. ~ 1 /(A
ivgoV =—div|B-V | =L
B B

In both cases, Ay or L can be viewed as the special case of Ay on some Riemannian manifold. In this section we study the
following diffusion Poisson equation

Ayu = F(u) (4.1)
on a complete noncompact m-dimensional Riemannian manifold .M, where m > 2. Let B(p, r) denote the geodesic ball of
radius r > 0 centered at p and d(x) = distg (x, p).

N
=

I

o

o]

4

Lemma 4.1. Let Ric'f,’m > —(n— 1)K on B(p, r), where K > 0is a constant and n > m, and u € C3(M) is a solution of Ayu =
F(u) on M for some F € C!(R). Consider the function

Hx) = [r* — @ ® 1’| Vul*(0)Glux)] (42)

where G € C?(R) and G(u) > 0 on B(p, r). Then
8dVd  2G'(u) >
Vu

AvlnH+<VlnH,VlnH+

r2—d> G
, G'(u) 2GW)G"(w) — 36 W)? _
> =-2n— 1)K+ 2F (u ——F(u Vu
= =201 = DK +2F @) + P + T |Vul
4dG (u) 4ln+ (n — 1)V/Kd) 164>
- | Vul - - ,
(r? — d*>)G(u) r2 — d? (r? — d?)?
and
AyinH +2(VinH, ving 4 29V4 _ 20w g
n nH, Vin — u
! r2—d> G
8G G// — (8 G// 2
> —2(n— DK + 2F (1) + W)G"(w) — 8+ nG"(u) \Vul?
8G(u)?
8dG’ (u) 4n+ (n — DdVK] 2442
) 2 IVul - 2 2 T2 22
(r’ — d>)G(u) r2—d (r’ —d?)
on points where H is positive.
Proof. On points where H is positive, we get
VH G VIVul?> 2V(d®
VInH= — = — ,
H G(u) |Vul? r2 — d2
AvH 5
AylnH = — |VInH|
Ay(d®)  Ay|lVuP? G V(d))?  Gu)G (u) — G (u)? V|Vul|? |2
_ v( )Jr vIVul n (u)AVu_zl (d)] n WG (1) () |W|2_| | UII_
r2 — d? [Vul? G(u) (r? — d?)? G(u)? [Vul4
By (2.3) and Kato’s inequality
IVIVu*|* < 4|Vul?|V?ul?,
we arrive at
Av|Vul? VIVl 2(n — DK + 2F (1)
[Vul2 = 2|Vul* '
Using the facts Ay (d?) < 2 4+ 2(n — 1)(1 + ~/Kd) and |V (d®)|*> = 4d? yields
AyInH > —2(n — DK + 2F (u) + G/(u)F(u) VIVul* P
v = G(u) 2|Vul*
GW)G" (u) — G (u)? 4[n+ (n — NdVK] 82

Vul? )
G(u)Z | U| r2 _ dZ (r2 _ d2)2
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On the other hand, we have

|VIVu |2 |2 1 ZV(dz) G (u) 2
T (v _ o,
2|VU|4 2 r2 —d2 G(u)
Cw? o 8d? 4dG () ) 8dvd
- v - Vu, Vd) 4+ (VInH VInH, _
rcw? VU G~ o eV VA (VIR (Vi S

which implies the following inequality

8dVd 2G (u)
AyInH +{(VInH,VInH + — \Y

r2 —d? G(u)
, G (u) 2G(W)G" (u) — 3G (u)? )
> —2(n— DK + 2F (u) + @F(u) + T |Vul
_ 4dG) V| 4[n + (n — DV/Kd] _ 16d?
2 —d)Gw) 2 — (2 — )2

Recall the formula proved in Lemma 2.1

1 2 2,12 . nm 2
EAV|Vu| = |V“ul® + Ric, " (Vu, Vu) + (VAyu, Vu) + ——(V, Vu)“.
n—m
Therefore
AvlVul IV ks ap w2 VY
—2(n— u) + —— NV v
[Vul2 = |Vul? n—m |Vul?
As in [31], we have
VuP 1 (Ayu)?  (V, Vu)?
[Vul2 = m|Vu|2 \ 1+y 14
forany y > 0, and hence
Ay |Vul? G (u n G (u)?
Avlvul > —2(n— DK + 2F (u) — ( )Avu _ncw |Vul?
|Vu|? G(u) 8 G(u)?
by taking y = "*. Consequently
AyInH+2(VInH,VInH + 8dvd ZG,(U)Vu
Y ’ r—d G
8GW)G" (u) — (8 + n)G" (u)?
> —2(n— 1)K + 2F' (u Vul?
> —2(n — DK + 2F' () + 0 |Vl
8dG (u) Vul 4[n+ (n — 1)dVK] 2442
(r2 — d®)G(u) r2 —d? (r2 —d?)?’

It is observed that the above lemma is similar to that in [30, Lemma 1.2, page 14]. As a consequence we have

2G' (u) Vu>
G(u)

Theorem 4.2. Let (M, g) be a complete m-dimensional Riemannian manifold with Riciy™ > —(n—1)K (1+d?)%/2, where K > 0,

%
8 < 4, and d denotes the distance function from a fixed point. If F € C'(R) and u € C3(M) is a global solution of

Ayu = F(u)
with
lul <DA+d)", F@ > @n—DKA+d*)"?

on M for some constants D > 0and 0 < v < min{1, 1 — %}, then u must be constant.
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5. Li-Yau-Hamilton estimates

In this section we consider the following parabolic equation
(Ay —q—0)u=aulnu (5.1)

on M x (0, T], where a is a constant and q € C2(M x (0, T]). When V = 0 or V is gradient, this equation was considered
in [38,42]. Suppose that u is a positive solution of (5.1) and consider

f=Inu. (5.2)
Then (5.1) can be rewritten as
(Ay =) f = —IVfI> +q +df. (5.3)

Lemma 5.1. Let (M, g) be a complete m-dimensional Riemannian manifold with RicC’m > —K, where K is a nonnegative
function on M. If f is a solution of (5.3), then the quantity

F:=t(Vf)? = ofi —aq —aaf), o>1 (5.4)
satisfies

F 2
(v = 8)F = —2(Vf, VF) = = — 2Ke|Vf P + = (1P = q — ; — of)

—atAyg — 2(e — DE(VF, Vq) — 2(a — Dta|Vf[* + aat (IVfI* — q — f; — af).
Proof. By the linearity, we have
AvF = tAy|VF)? — atAvfi — at Ayg — aat Ayf.
Using Lemma 2.1, together with
F
Avf =—IVIP +a+fi+df =7 —(@=D@+fi+ah,

we arrive at

AyF

v

2t 2 2 F
;(|Vf| —q—f; —af) —2f<vf,v<t+(Ol—1)(fZ+ft+af))>

—2Kt|Vf]* — ta (—? —(—D(Qq+fi + af)) —atAyg —aatAyf

t

2t 2
— (IVFP —a—fi = af)” = 2(Vf, VF) = 2(¢ = DE(V, VF)
—2(ce — DE(VF, Vq) — 2(a — Dta|Vf|* — 2Kt|Vf|? + aF;
—a (IVfI2 —ofy —aq — aaf) + a(a — Ditqr + a(a — Dtfy + a(a — Dtaf; — atAyq — aat Ayf.
On the other hand,
Fo = |Vf” — af; —aq—aaf+t(8t|Vf|2 —afy —aq; —aaﬁ).
This implies the result. O
Theorem 5.2. Let (M, g) be a compact m-dimensional Riemannian manifold with Ric"}’m > 0. Suppose that the boundary o M
of M is convex whenever d.M # {. Let u be a positive solution of
(Ay —9)u=aulnu
on M x (0, T] for some constant a, with Neumann boundary condition g—ﬂ =0onoM x (0,T].
(1) If g < Othen

[Vul>  u n  na
—— —alhu< — — —
u? u 2t 2
onM x (0,T].
(2) If a = O then
IVul>  u
— — —alnu < —

u? u 2t
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Proof. From Lemma 5.1 we obtain

F 2
(Ay =) F = —2(Vf, VF) — -+ ;t(IVfI2 —fe = af)* + at(IVf* - f, — of)
2

F 2F
—2(Vf,VF) — = + =— 4 aF
t nt

2F n ant
—2(Vf, VF) + o (F - =+ 7)
n

2 2

where F = t(|Vf|> — f; —af) and f = Inu.

Now the proof is similar to that in [27,42]. For convenience, we give some detail here. Firstly we assume a < 0. In this

case we claim that F < % — ”T”t on M x (0, T]. Otherwise

F(xo, tp) = sup F>E—a—mzﬁ>0
Mx(0,T] 2 2 2
for some point (xg, ty) € M x (0, T], hence tg > 0. If xg is an interior point of M, then AF(xg, tp) < VF(xg,tp) = 0 <
F¢(xg, to). Consequently,
AyF(Xo, to) = AF(Xg, to) + (V, VF)(xo, tp) < 0.

At the point (xg, tp) we get

0>2F F n+ant
~ nt 2 2

from which F(xq, tg) < % - % This contradiction implies that F < % — %t on M x (0, T]. Next we consider the case

that xg is on the boundary of M. The strong maximum principle shows that g—i(xo, to) > 0. Choose an orthonormal basis
(e)1<i<m for TM, where e, := 9/dv. Compute

F, =2t Z f;f]v + thufuu _ftv - afv-
1sj<m—1
Since u,, = 0 on dM, it follows that f, = 0 on d.M and hence
Fo=2 Y ffs=-2t > hufifi = —2t1(Vf, Vf)
1<j<m-1 1<j,k<m—1
because fi, = — ) ;_y<m_1 hifk, where hy are components of the second fundamental form II of .M. Consequently

I(VSf, Vf)(xo, to) < 0 which contradicts the convexity of .M. Hence F < % — “7’"

We now consider the rest case a > 0. Since n/2t > 0, we may assume that F > 0. In this case we obtain

2F n
(Av = 8) F 2 =2V, VF) + — (F - 5)

which reduces to [27] and by the same computation we can conclude that F < n/2. O

Theorem 5.3. Let (M, g) be a complete manifold with boundary d.M. Assume that p € M and the geodesic ball B(p, 2R) does
not intersect 0 M. We denote by —K (2R) with K(2R) > 0, a lower bound of RicC’"’ on the ball B(p, 2R). Let q be a function defined
on M x [0, T] which is C? in the x variable and C' in the t variable. Assume that

Ayq=0(2R),  |Vq|l = y(2R)
on B(p, 2R) x [0, T] for some constants 6 (2R) and y (2R). If u is a positive solution of the equation
(Ay —q—0)u=aulnu
on M x (0, T] for some constant a, then for any « > 1and € € (0, 1), on B(p, R), u satisfies the following estimates:
(1) for a > 0, we have
VI o g —aaf < 5 GO P

na?(K +ale — 1] ([ab + (@ — Dyl "
(1—e)a—1) < 2(1—¢) ) '
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(2) for a < 0, we have
no? (A+ y)na? n?pac?
adf <
2(1 —e)t 2(1 —e€) 4e(1 —€)(B — 1R?
na? [K — Sa(@ — 1)] <[a9 +(a— 1)y]na2>1/2
(1-e)(a—1) 2(1—¢) '

IVfI? - afy — aq —

Heref :=Inuand A = [2C12 + (n— 1)C12(1 + Rﬁ) + C,1/R? for some positive constants Cy, Cs.

Proof. Set F := t(|Vf|?> — af; — aq — aaf). As in [9,27,29,34,42], we choose a smooth function @(r) defined on [0, co) such
that

- 1, re]o0,1],
o) = {0, r € (2, 00),

and
—G <@ 2 <0,  §@1) > -G

for some positive constants Cy, C,. Set

px) =9 (%d(X)>

where r(x) denotes the distance function from p to x. By Calabi’s trick (see, e.g., [8,10,34]), we may assume that the function
@ is smooth in the ball B(p, 2R). By Corollary 3.3, we obtain

IVol|? <Ci A >_(n—1)C1(1+Rﬁ)+C2
7@ =R vy = R .

Now the proof is similar to that in [42]; we present the detail here for completeness. From Lemma 5.1, we arrive at
Ay(¢F) = FAyp +2(Vg, VF) + 9 AyF

2 —
_F [ZQ + (n 1)C;§1+Rﬁ)+C2} +%<V¢,V(¢F))

F 2
+¢[Ft — 2(Vf. VF) — — = 2Kt V[ + ;t (IVFP —f —q—af)?

—atAyq — 2(e — DE(VF, Vq) — 2( — Dta|Vf|* + aat (IVf* —fi —q — af)].

Fix a time T’ < T and consider a point (xg, tg) € M x [0, T'] where ¢F achieves its maximum. Without loss of generality,
we may assume that (¢F)(xo, to) > 0 (so that ty > 0), otherwise it is clear. Since

A(pF)(x0, to) < 0= V(¢F) (X0, to) < (¢F)¢ (X0, to),
it follows that
Ay (¢F) (X0, to) = A(@F) (X0, to) + (V, V(¢F)) (X0, to) < 0.
Letting
203+ (n— DG+ RVK) 4+ G
= o
and noting that ¢ VF = —F Vg at the point (xo, ty), we obtain

A:

oF 2ty 2
0 = —AF +2F(Vf, Vo) — "= = 2Kog| VfI* + —=¢ (IVf* = fi —q — o)
0
—atopAvq — 2(a — Dioe(Vf, Vq) — 2(a — Dtoag|Vf|* + aatop (IVF* — fi — q — af)
at the point (xq, tp). As in [9,40,42], set

. IVfI?
’ F

(%0, to) = 0.
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Then
2 1 F 2
IVFI* —fe—q—af = Fu+ —| - — VSl
a \
F F to— 1
= F,u—i———“—:F(u—'uo )
tox  « atp
G 1/2
(Vf, Vo) < |Vf]|Ve| < <7 [VFl
at the point (xg, to). Setting G := ¢F and using the above inequalities we arrive at

2Cqt, 2
AtgG > ——=p'2G 2 — G+ 1+ (@ — Dputo]*C?
R noe?

— 2015 [K + a(e — DIuG + agto[1 + (@ — DuatolG — a(9to)*0 — 2(a — Dige*y u'*6'?
at the point (xg, to). For any € € (0, 1), we have the following elementary inequality

2Cqto
R

no?C2Z uG
2€RY[1+ (o — Dputo]?’
which, together with 211/2G'/? < 1 4 uG, implies that

2(1 — e)[1 4 (o — D pty]*G?
no?

2¢
p'?G? < 1+ (@ — Dut]’6* +
no

nozzClztgu
2eR%[1 + (@ — Duty]?

< |:Afo+(/)+

+ 2015 [K + ale — D]p — agtol 1 + (o — Dpato] + (@ — 1)t§<p3/2w]6

+ [0 + (o0 — 1)<p3/2y]t§
at the point (xg, tp). Note that 0 < ¢ < 1and 1+ (¢ — 1)ty > 1. Therefore the above inequality reduces to the following

2(1—€)G? 2c2g, 20t[K — Dut £
( 26) < lag +14+ "¢k PtolK +ala — D]uty agto e
no 2eR%(a — 1) [1+ (o — Duty)? 14+ (x — Dputy
+[ab + (@ — Dylg
at the point (xg, tp). Now the desired result follows by using the fact that
aq a\z a a
x<% 4 b (7) < b+ S =a+ b
s Hyb+(5) =5 Vbt =a+vb
whenever x*> < ax + b for some a, b, x > 0. For example, when a < 0, we obtain
2 _ Ana®ty no? N n2a*C2ty no?[K +ae — Dty na®yty
T121—€) 2(1—¢€) 4e(1—€)R*(a—1) 1—€e)(a—1) 2(1—¢)
[af + (ax — 1)y]na2t§
2(1—¢)
at the point (X, to), which yields an upper bound for G given by
¢ - [@tyme? n2aiC? ne?[K +ae = D17, L (b - Dylna?\ " ooy e
- 2(1—¢) 4¢(1 — €)(o — 1R? 1—e)(x—1) 2(1—¢) 2(1—¢)

at the point (xg, to). By the construction of ¢, we have F < G(x, ty) on B(p, R) x [0, T']. Since T’ was arbitrary, it proves (1).
Similarly, one can get the desired resultin (2). O

m

Corollary 5.4. If (M, g) is a complete noncompact Riemannian manifold without boundary and RicG’ > —K on M, then any

positive solution u of the equation
ol = Ayu
on M x (0, T] satisfies

[Vul? U _ noe’k  no?

(5.5)

+ N
u? u " a-—1 2t
forany a > 1.
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Remark 5.5. As pointed in [34], the estimate (5.5) still holds for any closed Riemannian manifold with RicC‘m > —K.
Next we derive Hamilton’s Harnack inequality for weighted heat equation. Let u be a positive solution of d;u = Ayu.
Lemma 5.6. Suppose (M, g) is a compact Riemannian manifold. We have

Vup 2

1 2
(0r — Ay) —— |:‘V2u — —Vu® Vu| 4 Ricy(Vu, Vu):| . (5.6)
u u

u

When V = 0 this identity is due to the classical result proved by Hamilton [16]. Li [24] generalized this identity to the
Witten Laplacian L = Ay, where V = —V¢ for some C2-function ¢ on M.

Proof. As in[16,24], we directly compute the evolution equation for |Vu|?/u as follows. Since 3;u = Ayu, it follows that

[Vul? & Vul>  |Vul?
8[ = - atu

u u u?
2 [Vul?
= —(Vu, Vou) — ——Avu
u u
2 |Vul®
= —(Vu,VAyu) — 5 Ayu.
u u

By the commutative formula V;Au = AVu — RijVju we obtain
Vidyu = ViAu + Vi(VVu)
= AViu — RjViu + VIV,Vju + V,V;Viu
= AyViu — RjVu + V,V;Viu.
Plugging this into 9;(|Vu|?/u) yields

|Vul?
u2

Ay,

|Vul? 2 _ .
3 = = [(Vu, AyVu) — Ric(Vu, Vu) + V;V;V'uViu] —
u u

Because the term V'V;V'uV; is symmetric in the indices i, j, we can rewrite it as
o 1 S 1
V,—VJ-V'uVJu = E(VIV] + VJ-V,-)V’uV]u = Efvg(Vu, VU)

Consequently

[Vu|? 2 2 . [Vul?
0t = —(Vu, AyVu) — —Ricy (Vu, Vu) — 5 Ayl
u u u u

Similarly, we compute

|Vul? Ay|Vul? 2 1 1 2
Ay = +[VultAy @) +2(V(u™), V|Vul).

u
Using
Ay™) = AW +(V, V@)
Au  2|Vul? (V, Vu)
T TE R
1 2|Vul?
= —ujﬂv N
-1 2 2 2
2(Vu), VIVul?) = ——(Vu, V|Vul%)
u
— 4 V.V.uvViuv!
=~ ViviuVuvi,
we get
[Vul? 2 2 _, 5 |Vu)? 2|Vul* 4 Do
Ay = —(Vu, AyVu) + —|V°u|* — Ayu + — = ViVuV'uviu
u u u u? u3 u?
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which, together with 9, (|Vu|? /u), implies

|Vul® 2. 27 , o |Vu* 2 .
(0 — Ay) = ——Ricy (Vu, Vu) — — [ |V-u|* + — = -ViViuVuViu | .
u u u u u
Squaring the last term on the right-hand side we obtain the desired identity. O

Theorem 5.7. Suppose that (M, g) is a compact Riemannian manifold with Ric, > —K where K > 0. If uis a solution of d;u =
Ayuwith0 < u <AonM x (0, T], then

Vult _(_2K v i < (L iak)m? (5.7)
n-— - n-— .
uz T \exr 1 u — \t u
on M x (0,T].

Proof. It follows from the above lemma that
[Vul? 2K ,
(0 — Av) < —|Vul.
u u

On the other hand, we claim that

A [Vu|?
0 —Ay) (uln— | = .
u

u

In fact,

A A oru A
oluln— ) =In-0u—u— =Ayu|ln—--—-1},
u u u u

A A Vu
Ay (uln—) = In—-Ayu+uAy(nA—Inu) +2(Vu, ——

u u u
|Vul?

A
In—-Ayu —uAylnu—2
u

u

A Avu |Vul? |Vul?
=Ih-Ayu—u|l—— 5 -2

u u u

A [Vu)?
= Ayu{ln——-1) — .
u u

Choose a time-depending function ¢ with ¢(0) = 0 and consider

|Vul? A
—uln—.
u

u

F=¢

Therefore F satisfies the following inequality

2
0 — Ay F < (<p’+21<<p—1)| |

.
If ¢ is chosen so that ¢’ + 2K¢ — 1 < 0, then 8;F < AyF on M x (0, T]. By a maximum principle (e.g., see Theorem 4.2
in[13]),F <0on M x (0, T] because F(x, 0) < O for all x € M. Solving the evolution inequality of ¢ we see that

<= e 2Kt oK _q
P = "o T ke

. . oKt
Since e2Kt > 1 + 2Kt, it follows that 1—0—t2Kt < 921«572'“1 Hence we may choose ¢(t) = ﬁ O

As a consequence of Theorem 5.7, we generalize a result in [7,24] about the Liouville theorem.
Corollary 5.8. Suppose that (M, g) is a compact Riemannian manifold with Ricy, > —K where K > 0. If u is a positive solution
of Ayu = 0on M then

supu
IVInu? < 2K In 2. (5.8)
u

In particular if Ricy > 0 every bounded solution u satisfying Ayu = 0 must be constant.
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Proof. For any x € M and t > 0, consider the function u(x, t) := u(x). Then o;u = Ayu. From (5.7) we obtain
g 2K | ri
[Vinu|® < oK1 + 2K ) In Pt

letting t — oo implies that |V Inu|? < 2K In(sup,,, u/u).
In general, let u be any bounded solution of Ayu = 0. For any given positive number € > 0, replacing u by u —inf u+¢
in (5.8) we arrive at
supu — infu + €
. 2 M M
’Vln(u—mfu—t—e)‘ <2KIn -
M u— 1er1{fu +€

When K = 0, this inequality shows that |V In(u — inf, u + €)|?> = 0 on .M which means that u — inf, u + € is a constant
C.. Thus u must be inf,, u a constant. O

Setting V = 0 in Theorem 5.7, we obtain the classical result of Hamilton [16]. Later Kotschwar [21] extended Hamilton’s
gradient estimate to complete noncompact Riemannian manifold. Li [24] proved Hamilton's gradient estimate for Ay where
V = —V4¢, both in compact case and noncompact case. A local version of Hamilton’s estimate was proved by Souplet
and Zhang [35] for A, while by Arnaudon, Thalmaier, and Wang [2] for the general operator Ay. A probabilistic proof
of Hamilton’s estimates for A and Ay with V. = —V¢ can be found in [1,24]. In this paper we give a geometric proof
of Hamilton’s estimate for Witten’s Laplacian, following the method in [21] together with Karp-Li-Grigor'yan maximum
principle for complete manifolds. In an unpublished paper [20], Karp and Li established a maximum principle for complete
manifolds (see also [21,22,32]), which was independently found by Grigor'yan [15] with a slightly weaker condition.
Actually, Grigor'yan proved this type of maximum principle for complete weighted manifolds [15,14].

Theorem 5.9 (Karp-Li-Grigor'yan). Let (M, g, ¢/ dV) be a complete weighted manifold, and let u(x, t) be a solution of
ot < Aju in M x (0, T, u(-,0) <0.

Assume that for some xq € M and for allr > 0,

;
/ / u? (x, )l Vav (xyde < e
0 B(xg,r)

where u, := max{u, 0} and «(r) is a positive increasing function on (0, co) such that

*
/ ——dr = 0.
o a(r)

Thenu <0on M x (0, T].

The proof can be found in [ 14, Theorem 11.9], where the author proved the result for 3, = Afuwithu(-, 0) = 0, however,
the proof still works for the above setting without any changes.

Theorem 5.10. Suppose that (M, g) is a complete noncompact Riemannian manifold with Ric]'ﬁ"m > —K whereK > 0.If uisa
solution of d;u = AfuwithO < u <Aon M x (0, T], then

|Vuf* < < 2K + 2K> lrllj < <1 + 2K> ln/j (5.9)
uz T \eXt—1 u— \t u
on M x (0,T].
Proof. We follow the method in [21]. Given any positive number € > 0, consider u, := u + € and
2
F, = (p|V::| —u, lnﬁ—:

where Ac := A+ €, ¢(0) =0,and ¢’ + 2K¢ — 1 < 0. Since 9;u. = Asu,, it follows from the computation in Theorem 5.7
we have

4
(O —47)Fe =0, R0 =0, (F)s = ZIVul®

Let us estimate

T 2
/ / (fwum) ¢ avt.
0 B(xp,r) €

As pointed out in the proof of Theorem 5.7, we have chosen ¢(t) = (1 — (") /2K. We need the following
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Proposition 5.11. Suppose that (M, g) is a complete noncompact Riemannian manifold with Ric'f,‘m

is a solution of d;u = Ayuwith0 < u < Aon M x (0, T], then for any a > 2 we have

322 _
oI Vu? (a“)A{H( 2Kt)[;+cl+(n 1)(1+r\/R>”

— 2a(a—2) 2Kr?
on B(xg, ) x [0, T] for some positive constant C. In particular,

(a+1)°
T 20%(a-2)
on M x (0, T] forany a > 2.

o|Vul? < (a+1—e) A%

Proof. Compute
3 |Vul> = 2(Vu, VAyu)
= 2V'u (AyViu — RyV'u + ViV/Vju)
= Ay|Vu? — 2|V2ul? — 2Ricy (Vu, Vu),
du? = Ayu® — 2|Vul?.

Consider the quantity
= (@A’ +v*)|Vu>, a>0,
which satisfies the following evolution equation

(9 — Av) G = =2|Vul* — 2(aA® + v) [|V?ul* + Ricy (Vu, V)] — 8uV;VuV'Vu.

> —K where K > 0.1If u

(5.10)

(5.11)

From the Cauchy inequality, we have 8uV;VuViuViu < n|Vul* + 16 u?|V2ul? for any > 0, and hence

16
(3 — Ay)G < (n —2)|Vul* + [ -2(1 +a)] u?|V2ul® 4+ 2(1 + a)KA*| Vul?
n

4—2a( G )2 2(1 + a)A?

14+a \aA? 4+ u? aA? 4 u?
a—2 G? a+1

—2——+2 + KG
(a+1)3 A4

where we chosen n = 1+a in the second step and a > 2 in the third step. Here we used a fact that

. ) (V Vu)?
Ricy (Vu, Vu) = RlC ™(Vu, Vu) + ————— > —K.
—m
As in the proof of Theorem 5.3, we take a smooth function x equal to 1 on B(xg, ) and supported in B(xq, 2r), satisfying
Vxl|? n—1)C(1+rv/K)+C
lX'S 7 AVXZ—( )G+ VK + G
x T re

for some positive constants C;, C,. Because

VpxG) Vx VX>
X ' '

(3 — Av) (9xG) = ¢'X G+ @x (3 — Av) G — 9GAy X — 2w<7 -G
applying the above inequalities to ¢ x G yields

) c2 (n—1C;(1+rvVK) +C
(8f—Av)(<pr)§[<px+2<pr;+<p 1 3 e

2(a—2) G 2(a+1)
+ex [— (a+1)3A—4+ I<G] 2<V( xG), 7>

2(a—2 1
—7(a$1)3j\4<ﬂxG2—2<V(<pr) —> [( (+) )x

+ 2 (2c2 G+ = 1)G (1 +rf)):|
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Let (xq, to) be a point where ¢ x G achieves its maximum. Then

- (a+1)3A4[ . 2(a+1)
- 2(@-2)

Ko+ 2 (s +Citn— (1 + rﬁ))]
r

at the point (X, to), where C3 := 2C12 + C,. Locating on B(xg, r) x (0, T] we derive the desired inequality. O

Using (5.10) we obtain

AZ

1471 +71?
9|Vu|* < CT

for some positive constant C depending only on n, K. Therefore

! 2 C2TA* (141 4 r2)?
/ [ (gqu'Z) e dvdt < 2 atrer) f efdv =: 2.
0 JBxor) € € Bxo.)

4

By the Bishop-Gromov volume comparison theorem for Ay (see [28], or [37, Theorem 4.1]), we see that f°° rdr/a(r) is
infinity and hence by Karp-Li-Grigor'yan’s maximum principle we obtain F. < 0. Letting ¢ — 0 implies (5.9). O

Remark 5.12. We compare other Hamilton’s estimates with (5.9). In our geometric proof we require the curvature condition
RicF‘m > —K in order to use the Bakry-Qian’s Laplacian comparison theorem without any additional requirement on the
potential function f. If we use the curvature condition Ric; > —K in our geometric proof, then some conditions on f would
be required (see [11,37]). A probabilistic proof of Li [24] shows a similar estimate

[Vul? 2 A
<|=+2K)In-
t u

U2
where 0 < u <AonM x (0, T] and Ric; > —K.
6. Hessian estimates

In this section we generalize Hessian estimates of the heat equation in [18] to the V-heat equation.

Theorem 6.1. Let (M, g) be a closed m-dimensional Riemannian manifold with RicC‘m > —K where K > 0.

(a) If uis a solution of d;u = Ayuin M x (0, T]and 0 < u < A, then

v2<BE 11é 6.1
u< +tu —|—nug (6.1)

in M x (0, T], where

B= \/ 16m2K; sup |V |2 + 2mK, + 3mKK, + 14m3 nKK; + 100n2m3(K; + K»)?
M

with Ky = max (|Rm| + |Ricy|) and K, = max, |VRicy|.
(b) If uis a solution of d;u = Ayuin Qg 1(Xg, to) and 0 < u < A, then

1 1+RJVK A\?
Viu <G <T++R2«/7+B>u<1+lnu> g (6.2)

in Qgy2,7/2 (X0, to), where

B = Gm**n? |:K1 + K+ \/(K1 + Ko)K 4 K, + K; sup |V|2:|
M

and Cq, C; are positive universal constants.
Let (M, g) be a closed m-dimensional Riemannian manifold with Ric"}’m > —K where K > 0, and u a solution of
ol = Ayu (6.3)
in M x (0, T],whereT € (0, 00),and 0 < u < A. Set

u
f=In~ (6.4)
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as in [18]. Then

Vu Viu Vu® Vu Au  |Vul?
vi= ot ey YU TSI s A
u u u? u u?
and
oy Ayu
af = — = = = Af + V. (6.5)
u u
As in [18], we introduce the following quantities
ViVju ViuVju
Vij =, Wi = ——— (6.6)
u(1—f) u(1=1)
. . . |Vul®

Using 0, (u(1 — f)) = (1 — f)o,u — ud.f = —f0;u we have
o V,-Vjatu T BtuV,-Vju
Pu-f) w1 =)

(6.8)

tV,

Similarly,
Vi ViViu ViuViViu
u—f)  “ur(1-H*
By the commutation formula (see [18, page 4]) we have
0:ViViu = V;V; (Au+ (V, Vu))
= AV;Vju + 2R V¥V U — RigV;V'u — R ViViu — (ViRje + ViRie — VeRy) Viu + ViVi(V, Vu).

Vv = (6.9)

The last term on the right-hand side is equal to

ViVi(V, Vu) = Vi (ViuVVE + VAV Vi)

= ViuV;VV¥ + ViViuViVE + VivEV Vi + VAV V Vi

using the commutation formula

ViViViu = ViV Viu = Vi V;Vju — Ry Viu
we arrive at

ViVi(V, Vu) = VEV, ViViu + Ry V¥V U + ViuViViVE + ViV vivk + viviauvivk,
Therefore

% ViViu = AyViVju+ Rge (2V¥VU + VEV) — (ViRF + ViRY — VFR; — ViVV¥) Vi

— ViViu (R* = V) — ViViu (R = Viv¥) . (6.10)

Interchanging i and j in (6.10) and then adding it into (6.10) imply

(0: — Ay) ViViu = Ryje <2VkV€ll + —V"V‘Zu —; viviu vaka ‘; VjV,‘Vk) Viu
— ViViu (R* — V;V¥) — V;Viu (R — V,V¥) (6.11)

Recall the Bakry-Emery-Ricci curvatures
: : 1 s nm : 1
Ricy := Ric — - %4g, Ric,” :=Ricy — ——V V.
2 n—m
Then

Vivk 4+ vy
VkuVi(Ricv)j" = VkuVi (Rjk — g)

2

k 1 k 1 k
VkuV,» Rj — 5 jV — EVkuV,»V Vj,
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ViV + ViV

2
_ kR, _ Lyt v v
= ViuVR; — Vi (ViViVj + ViViVi)

VkuV"(Ricv)ij = Vkqu (R,‘j —

k 1ok ¢ ¢

= ViuVR; — 5V u (ViViVj + V;VieVi — RigieV© — Ryie V) .

The middle term on the right-hand side of (6.11) can be now rewritten as
ViV,Vk 4+ v, vvk
(V,’Rjk + VjR,'k — VkRU — %) Vku

. k . k k/p: 1 Uk kx7¢
= [Vi(Ricy);* + V;(Ricy){ — V¥(Ricy);j] Viu + > R (VVu + ViVh) .
Therefore

(Bt — Av) V,—Vju = 2Rk,-ﬂVkV(u — V,—Vku(Ricv)jk — Viju(Ricv),-" — (Vi(RiCV)]’k + Vj(Rin),‘k — vk(Rin),‘j> Vku

ViV — ViV, ViV — ViV,
- V,-Vku% A ARMEERALLY (6.12)
Lemma 6.2. We have
2f IVfI? 1 kot
& — Av) vy = ——2— VKV — i 2Ry ViV U
(0 v) Vjj 7 Vi l—fv"+u(1—f) kit

— ViViu(Ricy)* — V;Vi(Ricy )i — (Vi(RiCV)jk

ViV — ViV, ViVi — ViV,
+ V;(Ricy )¢ — v’<(Ricv),-j> Viu — ViVl Ty, ul“'k:|.

Proof. Using uVf = Vu and an identity in [ 18, page 4, line -6] we have
Ayvj = Avj + Vkav,-j

AViViu  fAuV;Vju 2fV"quV,-Vju ViViu(Vu, Vf)

Tud - @A -H2 T w2y u2(1—f)?
2f2ViVulVul? VKV ViViu  (V, Vu)fV;Viu
w1 -f)3 u(1—-f) ur(1—f)?

AyViViu  fAywuViViu  2fVRUViViViu  ViViu(Vu, V) 2f2V;Vju|Vul?

Tu-f) | w(1-f? u*(1-f)? u*(1-f)? (1 —-f)>

Similarly,
atViVju V,-Vju
OV = — ou(1 —f) —ud
£ Vi ud—1 u2(1—f)2[tu( ) —udfl
_ 8[ViVju fAVuViVju
Cu(-f) w1 -2’

Combining these two identities yields

1 VKV ViViu  ViVulVf2  2ViVu
(@ — Av) vj = ——— (3 — Av) ViVju — -
u(1—1) u(l1—=f£) u(l1-1) u(l1—1)

Using (6.9) and (6.12) we prove the desired identity. O

When V is gradient (i.e., V = V¢ for some smooth function ¢ on M), Lemma 6.2 reduces to Lemma 2.1 in [18] where A
is replaced by Ag.

FPIVEP.

Lemma 6.3. We have

2f 2|Vf|?
(O = Avywy = =37 p ViV = 57
wVVi=ViVie ViV = Vil

wi 2 Wi 2

wi — 2 + fwa) (v + fw) — Ricy)Fwi — Ricy ) wie
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Proof. Compute

ViuVjou + ViuVideu  2fo,uViuViu

dewi = ,
o w(1=)? w1 -
ViuViju + VjuVinu 2fV,-uVjquu
T Y B ]

By the identity in [ 18, page 5, line 14], we have

Aywy = Awy + V¥ (ZI(L;VJ_V;; 25?(7]_”}?)’;”)
ViuVjAu + 2V;ViuV;Vku + ViuV;Au Rk Viuviu
u3(1—f)? L ur(1—f)>
R ViuViu Af VFu(ViuV;Viu + ViuV;Viu)
uw?(1—-f)? w(1-f)>
2ViuViu((Vu, Vf) + f Au) N 6f?|Vul>ViuVju
ud(1-/)> ut(1—f)*
VEV Vuviu VvV Vuviu  2f(V, Vu)VuVu
ut(1-f)? u?(1 - f)? w(1-f)3

Since Au = Ayu — V¥V, it follows that

ViAu = V;Ayu — VuViV* — vk, viu
and then
ViuViAu + V¥V, VuViu = VuV;Ayu — VuViuVivk,

On the other hand, we have

,k VkuVu =(R1C ),k VkuV,u V,-quu(Vij+Vij)
T w21 —f)? YT —f)y? w21 -2

Similarly, we can find an analogue identity for R*V,uVju/u?(1 — f)2. Therefore

Viu[VjAvu + (Ricy)*Viu]l — Viu[ViAyvu + (Ricy)i*Viu]

Avwi]‘ =

u?(1—f)? u?(1—f)?
2ViViuViViu  4Af VRu(ViuVViu + ViuV;Viu)
u?(1 - f)? uw3(1-f)3
2VauViu((Vu, Vf) + fAyu)  6f?|Vul*ViuVju
- (1= )3 w1 =)
VauVku ViV, — ViV VuVku WV — ViV,
u?(1—f)? 2 u?(1—f)? 2 '

Together with the expression of 9; w;;, we arrive at

(0 — Av)wy = —(Ricy)*~ Vkuvf” ~ (Riey)f Y
—f)? Tu(1-f)?
zviv,<uvjv’< Af Vku(ViuV;Viu + ViuViViu)
Cowa-f?r wB(1—f)*
2VuViu(Vu, VF)  6f|Vul>ViuViu
CBa-HF uta -

VauVku ViV, — ViV VuVku WV — Vi,

w1 2 wa-f?2 2
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As in [18], the middle four terms H on the right-hand side can be written as
2ViViuViVku  AfVRu(VuVViu 4+ VuViVia)  2VauVu(Vu, VF)  6f2|Vul?ViuViu
u*(1-f)? w(1-f)3 w(1-f)3 ut(1—f)*

2f 2|VfJ?

= —ﬁkavkwij - ﬁwij — 2(vi +fwik)(vjk +fwjk)~

Plugging the expression of H into (d; — Ay)wj;; we obtain the result. O

From (6.7) we see that

IVfI2
w = 2
1-£)
so that Lemmas 6.2 and 6.3 can be rewritten as
2 ke . k
0y — Ay) v = —ﬁv kavij -1 —f)wv,j =+ 2Ry v — (RlVV)ikvj
. Vku . . .
— (Ricy) v + vi* (A @)jk + vi* (A )ik — =0 (Vi(RICv)jk + Vi(Ricy)ik — Vk(Rle)ij)
_ 2f k k
¢ — Av) Wi = ——— kWij — - ij — i ik ) (Vj j
(0 — Av) wyj -7 FViewi — 2(1 = flrwwy — 2(vi + fwi) (v + fw;")

— (Ricy)aew;* — (Ricy)jewi + wi (42 + wik (A Qi
where <, g stands for the tensor field given by
ViVi — ViV
5 .

The tensor field exactly the 2-form dV;, where V, is the corresponding 1-form of V. When V is a gradient vector field V = V¢,
we see that «#/g vanishes identically on .M. In this sense «# g is an obstruction of V being gradient.

Let p € M and choose a local orthonormal coordinates (x');<j<m around p. We follow the method in [18]. Consider the
operator

(H )y = (6.13)

2f

Oy = 8[ - AV + ﬁ(Vf, V). (6.]4)
Then the matrices V = (v;j) and W = (wy) satisfy

OyVW=—-(1—-f)wV —P—VA+ AV, (6.15)

OyW = —2(1 — fHuW — 2(V + fW)*> — Q — WA + AW, (6.16)

where P = (Py), @ = (Q;), A = (A;) are matrices whose entries are

Pj == =2 Z Ruijevie + Z |:(Ricv)ikvkj+Uik(RiCV)kj

1<k,l<m 1<k<m
Viu . . .
+ rk_f) <Vi(Rle)jk + Vj(Ricy) i — V/c(RICv)ij)} (6.17)
Qj = Z ((Ricv)ikwkj + wik(RiCV)kj>a (6.18)
1<k<m
Aj = (A 8)jj- (6.19)
For any real number « we define
VO, W =aV +W. (6.20)
Then
Ov(V e W) = —a(1—HwV —2(1 = HHuV —2(V +fW)* =P B, Q — (V &, WA+ A(V §, W). (6.21)

Let § € T,.M = R™ be a unit eigenvector of V@, W, i.e,, (V &, W) = A&. By parallel translation along geodesics, we
extend £ to a smooth vector field, still denoted by &, near p. Then

A= Vo, W)(E, & (6.22)
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is a smooth function near p. From (6.21) and (6.22) we obtain
Oy = —a(1 —HwV(E &) — 2(1 — HuwW (E, § — 2|(V + fW)E?
—(PB, Q). 8 — (VB W)A)(E, §) + (A(V &, W))(§, §)

2
<2, <w - Awe g)) T (w ~Swe, §>) ~ (PE.QEH

o

where we used the estimate (2.6) in [18] and

(V& W)A)(E, §) = A&, &) = (A(V &, W))(E, §).
Since W (€, &) < w, it follows from (2.7) in [18] that

202
Ovi < —— — (P, Q)(§, £ atp, whenever ) > 0, (6.23)
o

where @ > 4.
Proof part (a) of Theorem 6.1. As in [18], we consider the quantity

T
Vo Wi=aV+W- g (6.24)

where g = (gj) and 7 is a positive constant determined later. Assume now that V &, . W has the largest nonnegative
eigenvalue with the unit eigenvector £ at a point (p1, t;) with t; > 0. As before we consider

W= (VO W)E D,  pi= (VD WIEE) = A — }

Since u has its nonnegative maximum at (p1, t1), it follows that Au < 0 = Vu < 9d;u and hence Oy < 0 at (py, t1).
Consequently,

202 1
e < 2 +I(P B Q) &I at(py,t1) (6.25)

as that of (2.11)in [18]. Let £ = (&4, ..., &™)T and note that
(P ® Q)& 8| < alPE, 8| +1QE, &)

Z Sisj (—2 Z R,(,-j(,vk@—i— Z Rx{vkj—i— Z vij;{j)

<«
1<ij<m 1<k,l<m 1<k<m 1<k<m
Vkll
\"4 Vv \"4 Vv \"4
+| > &g (Riwg + waRy) | +o| Y g,-gjiu(l ) (ViR}, + ViR}, — ViRY)
1<i,j,k<m 1<i,j,k<m

where R}j/- := (Ricy)y. Since £ is unit, it follows that

Z && (Riowyg + wikR;(/j) < Z ’R}iwkj + wikRm

1<i,j,k<m 1<i,j,k<m
1 1
2 2
V2 2
<2 > @) (X
1<i,j,k<m 1<i,j,k<m
< 2m|Ricy| |W].
Similarly,

Viu .
> sg———— (ViRl + ViRY, — ViRY)| < 3m|VRicy| [W|"/2.

r<iirem u@=f)

As the inequality (2.12) in [18], we have

Z &i&j (—2 Z Ruije (e vre + wye)

1<ij<m 1<k,<m

(P&, Q) (. 5] =

+ Z Ry (avy + wy) + Z (avy + wik)Rl‘:j)

1<k<m 1<k<m
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+| > &g (—2 > Reeww + Y Riwy
1<i,j<m 1<k,£<m 1<k<m

+ Y wikR}{j) + 3m|VRicy | |W['/? + 2m|Ricy| [W|. (6.26)
1<k<m

In order to bound the function |(P &, Q) (&, &) at the point py, as in [18], we choose a local coordinate system so that the
matrix V &, W is diagonal and V &, W — %g =diag(1, ..., um) With 1 < -+ < upand w1 < 0 < . Then

T T
Z §i€jRuije (ot vie + wie) | < Z ‘Rkijé (avkz + wie — ?gId)‘ + Z |Reijegie| n
1<ij,k,t<m 1<i,j,k,t<m 1<i,j.k,t<m
T
— Ru:: + Ruin| —
Z ‘ kukﬂk| Z ’ la]k‘ r
1<i,jk<m 1<i,j,k<m
1/2 1/2 1/2
T
2 2
S(xa) |(za) +(z)
1<i,j,k<m 1<i,j,k<m 1<i,j,k<m
1/2
T
< |Rm| | m z +m2=
< |Rm| ( Z Hk) t
1<k<m

T T
< [Rm| (2 (i + () +m?22 ) = m*2 R (o + |l + 7 )

Here we used the estimate that

1 1

( > ui) < ((m—i)u«ﬁ1 +il/€)2 < («/m—ium+~/ilu1|>2 < Vm(um + 1)

1<k<m

where ; is the largest eigenvalue so that u; < 0 but p;; > 0. Similarly, we have

v v T v, T
Y EERL(avg+w)| < Y ‘R,-k (avkj‘l‘wkj_?gkj)“{‘ > IRa 81
1<i,j,k<m 1<i,j,k<m 1<i,j,k<m
T
= RY ;| + RY|=
> IRGml+ Y IRjl
1<i,j<m 1<i,j<m
1/2 1/2
T
V)2 2
S(zow) () o
1<i,j<m 1<i,j<m

IA

. T . T
miRicy| [V + ) + = | < m2IRicy| (s + lir| + )
Plugging those estimates into (6.26) yields

(P @, Q)(E, §)I

< 2m3/2(|Rm| + |Ricvl) (um + [l + :) + 3m|VRicy| [W|V? + 4m<|Rm| + |Ricv|>|W|. (6.27)
Set
Ky := mﬁx<|Rm| + |Ricv|>, Ky = mﬁx |VRicy|. (6.28)
Therefore, using 2|W|/? < 1 4 |W|, we arrive at
(P o Q)(E. §)| < 2m*K, (um + |l + %) + 2mK; + 4m(Ky + Kp)|W|. (6.29)
By the page 9 in [18], we have

aAu [Vul? mrt

wWi—p @z o

/J“m+ |M1| = mMpm —
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By (5.5), we deduce that

aAu  no?  na’kK IVul>  na?  ne’K o, |Vul?
< + = <v Vi) — o < =V - =
u 2t oa—1 u 2t a—1 2 2u
Since 1/(1 — f) < 1it follows that
ne® + 2t

(P ®o Q)(E, &) < 2m*°K, (mum L

) + 4m(K; + ) |W|

+2m3/%K, ( —|V| >+2m1<2 (6.30)

at the point (p;, t1). Because Riv"}’ > —K implies Ricy > —K, the estimate (5.7) tells us that

w| = [Vul? (M) (Y
W= a2 f>2—<’+ >(1—f>2—1<?+ )

Since u = u, < A at (p1, t1), by the same argument in the page 10 of [ 18], we obtain
no? + 2t + 1)

2)? T 3/2 3/24,2
? =< 7+m (K1 + Kp) | 2mA + +m |V| K4
3/2

2m3no?
ot m) KKy (6.31)

+2mK, + mKK, + <

from (6.25), at the point (p, t1). By assumption n > m and « > 4, we have

ne?+2tr+1<ne®+e?t+a? <+ De*(1+1)

and hence
ne? 427t +1 1+t

m32(K; + K») <2mA + ++) < 2nm32Q (K + K») (A + Jtr ) .
Letting

By := 2nm*?a? (K1 + K»),

2m3/2ng?

B, := m*?a?|V|?Ky + 2mK, + mKK, + ( + m) KK,
we conclude from (6.31) that

202 1 A 1+1

20T, (a’——l— )+32. (632)

o t o t

By Cauchy’s inequality, we get B{A < —2 +2 1 and hence

A2 T+1 Biv/T+1_JT+1 oa?B?
= < + - 2 +By 4+ —1.
o? t2 2 t 4

Putting

B/ 1 1
B = max{lz—i_,,/Bz + 4a23f}

the above inequality yields

A VT +1
o t

=

+B (6.33)

at the point (p1, t1). As in the page 10 of [18], we then arrive at

T T avT+1—71
(VEBaW)(rl,n)—fS(/\—f) <—+aB
t t/(p1.t1) t
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. 1z
in M x (0, T]. If we choose « := 7h > 4, then

(V2| < («/r 1 +Bt> u (1 - ln%)

where 0 < u < Aand t > 44/t + 1. The restriction on 7 implies that 7 > 8 + 4./5 and that we can take 7 ;= 8 + 44/5
and then o = 4. Hence

(V2| < (2+«@+Bt>u(1 —ln%)

where we can take B to be the constant

B = 16m3/2|V|2K; + 2mK, + 3mKK, + 14m32nKK; + 100n2m3(K; + K»)2.

Proof part (b) of Theorem 6.1. Consider the cutoff function ¥ constructed in [ 18], which is supported in Qg 1 (xo, to), equals
11in Qg/2,7/2(Xo, to), and satisfies

1+RVK oyl _C V|2 _C
Rz S T T ¥ T R?
where C is a positive constant depending only on n. As in [ 18], we may require that t; = T and v is supported in the slightly

shorter space time cube Qg 37/4(Xo, to).
For any smooth function 7, as in the page 11 of [ 18], we have

C
VY| < i lAvy| < C

Ov,y (Ym) = YOvn + n0v y ¥ (6.34)

where
2

Ov,y =0y + J(VW, V). (6.35)
Choosing n = A defined in (6.22) and using the evolution equation of A, we have

Ov,y (YA) = —Y[H + (P D Q)& )]+ A0v,y ¥ — Y (VB W)A)(E, §) + Y (A(V & W))(E, §), (6.36)
where

H:=a(l-HwVE & +2(01 - HwW(E &) + 2|(V +fFW)ES. (6.37)
Given a positive constant S, consider a unit eigenvector & of ¥ (V &, W) + Sfg with the maximal eigenvalue u,, at the
point (pq, x1). Extend & to be a vector field, still denoted by &, by parallel translation along geodesics from py.Let 1, ..., im

be the eigenvalues of the two form i (V &, W) + Bfg at (p1, t;) with the increasing order. As before, we may assume that
M1 < 0 < . Define

w= YV &, W+ Bfgl(§, §) = v A+ Bf. (6.38)
Note that 4 = ., at the point (py, t;). From (6.36) we get

YOy yu = =Y [H> + (P B Q)€ &)1 + YADy, ¢y + B0y, f- (6.39)

By definition, Oy is equal to
2f 2 5
Ovy¥ = oy — Avy + ﬁ(va Vi) + EWW

2f vy \ 2 5
=y —A =YV, =)+ S vy R
v vw+1_f<\/w f ﬁ>+w' vl

Without loss of generality, we may assume that 0 < u < A/e?; otherwise, for e% < u < A we can consider a new function

ii := u/e® e (0, A/e] and hence ii also satisfies the same estimate (6.2) which implies (6.2) for u. Under our hypothesis and
(6.5), we arrive at

_ . 2f 2 _ 2 2f 2_1+f 2 _1 2
Ouf = 00f = Avf + T IVFP = VP + T2 VAP = 1 IVIP < =5 V1P
Consequently,
Vi > 1 2 |V |?
= +2(——, Vf) < —=y|VfI*+4——.
YOy pf = ¥Ovf <ﬁ VY¥Vf) < 4W| fl v
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As the estimate (6.23) (or see the page 13 in [18]) we have (since i > 0 implies YA > —Bf > 0)
2(y1)°

2
—yH = -

at p;, whenever u > 0.

Hence, at the point (p1, t1),

0 < vOyyu
2(y1)? 1 IV ?
<=5 VPO QE O + (- vIVIP + 4
o 4 v
IVy|? V|
+ | 10|+ |Avy| +2 + 2V Y IVfl—= | ¥A
[ ” ' TV
255 1 IVy|?
< ——— P P®.QEE + (- vIVI +4
o 4 v
2
1 IVy|* 1 L IVyP?
- 19 A 2 ¥V .
+2<|t1ﬁ|+| v+ m +2¢fl fl v
Choosing
v 2
B = 2sup A4 (6.40)
Moy
the above inequality shows that
(Y1)? 1 VY2 vyl
o< e, @0+ (1wl 1w+ 270 4asup VY
o 2 '(/f M 1/’
at the point (p1, t1). By the properties of the cutoff function vy, we arrive at
2
(Y2)? 1 14RJVK
o <Y PB Q) EH +8C |+ ——— | . (6.41)
o T R
By the same calculation as that of (6.29), we obtain
YI(P @y Q) &) < 2m°2Ky (tum + |1l + BIf D) + 4m(Ky + Ko) ¥ [W| + 2myK,
at the point (pq, t1). Using wm + |1] < mum — ¢ u?‘lﬁl}) - u‘f('lvff‘; + mg|f|, the above estimates imply
32 aAu V| Vul?
VI(P Dy Q)& §)| < 4m(Ky + o)y W] + 2my K, + 2m> Ky | mpum — ¢ - 5 + (m+ DI
ul=f) u(1-f)
at the point (pq, t1). Letting a = ¢ = 0 in Theorem 5.3, for any o > 4, we get
Vul? 1  1+RJVK
DY AL N Ry 1, LHRVK (6.42)
u? u T R?

for some positive universal constant C, since the cutoff function is supported in a shorter cube. Using (6.42) we have

1 1+RJVK
WWW%QM£NEMWWW%+2@%MMMW<T+-1;ﬁ>

m>2K; o
+ [2m1<2 + %IVIZ + 2Cn2m3/2a41<11<}
+4m(K; + )2 W] + 2m*%(m + DK, BIf ).

According to Theorem 5.1 in [2] or [35], we can find a constant C’ depending only on m so that

, (11
VWl <2+ 5K
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Consequently,

1 1+ RVK
V2P @ Q)(E, &) < 2mIK; Y24 + C'm2na* (K; + Ky) (T + +sz>

3/21(1a2

+ [kaz + V|2 + 2cm®/?n?aK K 4 4mC’ (Ky + 1<2)1<] + 4m>/?K, BIf |

for another positive universal constant C”. Plugging it into (6.41) implies

2
1 1+RJK 1 14+RJVK
2 +8C 2

(1//)\)2 5/2 5/2
7gzm K1y A + By ¥+7 + —— | + By +4m>*KBIf|,

R T R
at the point (p1, t;), where
By = C"'m**n?a*(K; + K),

m*2Kya? 2 3/2,2 4
B, = 2mK, + fm + 2Cm*?n?a* KK + 4mC'(K; + K3)K.

An elementary inequality shows that

A 1 1+RJK B
% < 20m®?K; + +/8C (T 4+ — 1) + /By 4 2m*4 /K, BIf|

R? 16C

at the point (pq, t;). Therefore

1 1+ RVK
YA < V/8Ca (T + % + B) + 2m°4 /K BIf |
at the point (p1, t1), where
20*m>2K; + a+/B;  Bia
B = + —.
J8C 16C
As the same argument in the page 16 of [ 18], using the inequality 2m>/4\/K; BIf] < BIf|+2m>/?K; and f < 0, we must have
1 1+RVK 2m°/%K,
< 4/8C —+ ——+8B in Xo, to).-
n=~ a(T—i— T +«/zfa Q.1 (%0, to)

For any unit tangent vector & at x with (x, t) € Qg (X, tp), we have

1+ RVK B4 2m®2K,
R? V/8Ca

Taking @ = 4 as in the proof of part (a), we finally obtain the following estimate

YV(E, £ < V/8Ca (; + ) (1—f) inQgr(xo, to).

1 1+R

K
wv(§7 E) < Cl (T + Tf +B/) (1 _f) in QR,T(Xov tO)

where

B = Cym’/n? [1(1 YK+ VK + KK + K + K1|V|2] ,

for some positive universal constants Cy, Cy.
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