CVGMT Preprint Server - http://cvgmt.sns.it/papers/amadmu01/

Asymptotically critical points and their multiplicity

Antonio Marino - Dimitri Mugnai^∗

Abstract In this paper we study multiplicity results for the critical points of a functional via topological information which ensures multiplicity of critical points for a sequence of approximating functionals. The main statement is quite simple, and it seems it could be usefully compared with a large class of problems. In particular we mention some problems that can be studied in this framework.

1 Introduction: main concepts and aims

There are many variational problems whose solutions spontaneously come out as limit of solutions of approximating problems. This can happen in various situations.

A typical case is the one of studying a problem which is “irregular”, for many reasons, in the sense that it lies (a little or a lot) beyond the classical framework of reference in which similar problems are studied (for degeneration of the coefficients, for lack of differentiability, . . . ). Usually in this situation a sequence of “regular” functionals (h_n)_n comes out in a very natural way. Such a sequence “tends” in some sense to an “irregular” functional h whose “stationary” points, suitably defined, solve the initial problem.

An analogous situation arises while using approximation methods (of Galerkin type) for a problem (for example a differential equation) in an infinite dimensional space H, by a sequence of problems in finite dimensional

∗Dipartimento di Matematica “L. Tonelli”, Via F. Buonarroti 2, Pisa, Italy. e-mail: marino@dm.unipi.it & mugnai@mail.dm.unipi.it

subspaces H_n. In such a case, if h : H −→ R is the functional whose critical points are object of investigation, one can consider the functionals h_n = h_{|Hn} . If one wants to consider all h_n defined in the same space H, one can set h_n(u) = +∞ if u ∈ H \ H_n. The sequence (h_n)_n defined in this way can be studied with the methods of [8], which extends the results of this paper.

But there are other interesting cases, in which not all the critical points of the “limit” functional h have the properties of those which are limit of points u_n such that ∇h_n(u_n) → 0.

An important problem of this type is the one of the bounce trajectories between two given points in a billiard with perfectly elastic walls, in presence, possibly, of a field of conservative forces (see [3] and [9]). If we describe the billiard with the closure of an open subset Ω of R^N and the potential of the field with a function V : R^N −→ R, given two points A and B in Ω, it is natural to consider, for example, the functionals

f_n(γ) = 1 2 ∫_1 0 |γ̇(t)|^2 dt − ∫_1 0 V (γ(t)) dt − n ∫_1 0 U(γ(t)) dt defined on the space X = { γ ∈ H^1([0, 1]; R^N ) | γ(0) = A, γ(1) = B } , where U : R^N −→ R is a continuous function such that U(x) = 0 if x ∈ Ω and U(x) > 0 if x ∈ R^N \ Ω. Under suitable hypotheses, if ∀ n γ_n in X is a critical point of f_n and if (γ_n)_n converges in a suitable sense to a curve γ^∗ of X, then γ^∗ has image in Ω and it is a bounce trajectory, in the sense that it verifies the “reversed” inequality ∫_1 0 γ̇^∗ · φ̇ − ∫_1 0 ∇V (γ^∗) · φ ≤ 0 (1) ∀ φ in H^1_0 ([0, 1]; R^N ) such that φ(t) · ν(γ^∗(t)) ≤ 0 ∀ t such that γ^∗(t) ∈ ∂Ω (where ν(x) is the outward normal to Ω in x of ∂Ω), with the condition that it preserves its energy: 1 2 |γ^∗(t)|^2 + V (γ^∗(t)) = constant.

These two conditions characterize the bounce curves γ^∗ in the billiard Ω in a satisfactory way and we can assume them just to define such curves (we observe, en passant, that the usual elliptic variational inequalities have the sign “≥” instead of the “≤” of reference). Note that the fact that γ^∗ solves (1), is equivalent to say that γ^∗ is an “upper critical point” (see [4], [10]) for the functional f : X −→ R ∪ {−∞} defined by

f(γ) = 1 2 ∫_1 0 |γ̇(t)|^2 dt − ∫_1 0 V (γ(t)) dt if γ([0, 1]) ⊂ Ω

−∞ elsewhere.

Moreover it should be noted that the conservation of the energy is not a consequence of inequality (1), since it follows from the fact that γ_n is a critical point for f_n.

Therefore, in this case it seems unnatural to introduce a functional whose “critical” points (in some sense) solve the bounce problem, while it is spontaneous to refer to all the sequence (f_n)_n.

Thus we are led to give the following definitions.

Let (h_n) be a sequence of functionals defined, for example, on a Riemannian manifold M and let us also consider a functional h : M −→ R. Assume that h_n, h and M are regular, just for simplicity.

Definition 1.1. We say that u in M is asymptotically critical for the couple ( (h_n)_n, h ) , if there exists a strictly increasing sequence of integers (n_k)_k in N and there exists a sequence (u_k)_k in M such that ∇h_{nk} (u_k) → 0, u_k → u and h_{nk} (u_k) → h(u). We also say that h(u) is an asymptotically critical value (level) for the couple ( (h_n)_n, h ) . Note that it is not necessary to impose that u is a critical point for h.

Indeed we could completely eliminate the function h, saying that the critical value is the limit (that in the definition we would assume to exist in R) of (h_{nk} (u_k))_k. But in this case we should add the hypothesis that for every u in M satisfying the modified definition, the limit of (h_{nk} (u_k))_k doesn’t depend on (n_k)_k and (u_k)_k.

In order to obtain multiplicity results related to asymptotically critical points for a couple ( (h_n)_n, h ) , we introduce the following definition.

Definition 1.2. Let c be a real number. We say that the couple ( (h_n)_n, h ) is ∇–compact at level c, or that condition ∇(h_n, h; c) holds, if for every strictly increasing sequence (n_k)_k in N and for every (u_k)_k in M such that

∇h_{nk} (u_k) → 0 and h_{nk} (u_k) → c,

there exists a strictly increasing sequence (k_j )_j in N and there exists u in M such that u_{kj} → u and h(u) = c.

If a and b are real numbers with a ≤ b and ∇(h_n, h; c) holds ∀ c in [a, b], we say that ∇(h_n, h; a, b) holds.

In §2 we will prove, in particular, the following Theorem.

Theorem 1.3. Suppose M is a complete Riemannian manifold of class C^{1,1} and every h_n is of class C^1; let a and b be in R with a ≤ b. If ∇(h_n, h; a, b) holds, then the number of asymptotically critical points for ( (h_n)_n, h ) with asymptotically critical value in [a, b] is greater or equal to

lim sup n→∞ cat_M (h^b_n, h^a_n).

The notion of relative category we used to prove this theorem is quickly recalled in the appendix.

Therefore the condition ∇(h_n, h; a, b), which ensures the permanence of the (quasi)critical points on the “limit” function h, is also sufficient, as Theorem 1.3 shows, to evaluate the multiplicity of such points.

Anyway it is interesting to note that the hypotheses of the Theorem don’t imply that (h_n)_n converges to h according to any usual notion of convergence (pointwise, uniform, Γ, . . . ).

Remark 1.4. We can give a weaker and simpler version of the condition of ∇–compactness for a couple ( (h_n)_n, h ) at a level c:

∀ (u_n)_n in M such that ∇h_n(u_n) → 0 and h_n(u_n) → c,

there exists a subsequence (u_{nk} )_k which converges to a point u of M with h(u) = c. This definition is useful, too; in fact, if we replace it to the one given in Definition 1.2, Theorem 1.3 still holds, provided in the thesis we replace lim sup_{n→∞} cat_M (h^b_n, h^a_n) with lim inf_{n→∞} cat_M (h^b_n, h^a_n).

But in Proposition 2.5 and Theorem 2.6 we will use Definition 1.2 in an essential way.

In [8] we will also consider the case in which h_n and h are not differentiable in the classical sense and we will also give a nonsmooth version of this Theorem. In this nonsmooth version the theorem lets us study the following reversed variational inequality: ∫ Ω ΔuΔ(v − u) − c ∫ Ω Du · D(v − u) − α ∫ Ω u(v − u) ≤ 0 (2) ∀ v in H^1_0 (Ω) ∩ H^2(Ω) such that v ≥ φ, where Ω is an open, bounded and regular subset of R^N with N ≤ 3 and φ : Ω −→ R is a measurable function such that sup φ < 0 (see [8]).

Finally we note that the nonsmooth version of Theorem 1.3 covers the approximation methods of Galerkin type described in [1] and [5]. This paper was also inspired by those techniques, further developed in [2].

We are grateful to Prof. C. Saccon for the conversations on the subject, and in particular for proposing to define the critical point, linking it to the sequence (h_n)_n: in this way one already includes in the definition richer information than the one expressed by the only fact that such a point is a critical point for the limit functional.

2 Multiplicity of asymptotically critical points

In this Section, in particular, we want to prove Theorem 1.3.

Hence let us consider a complete Riemannian C^{1,1} manifold M and a sequence (h_n)_n of C^1 real functions defined on M.

We premise the following Lemmas.

Lemma 2.1. Let α and β be real numbers such that α ≤ β and let A and B be open subsets of M such that • A ⊂ B, • inf { d(x, y) | x ∈ A, y ∈ M \ B } = δ > 0,

• inf_{n∈N} inf { ‖∇h_n(u)‖ | | u ∈ M \ A, α ≤ h_n(u) ≤ β} > 0.

Let γ be a number in [α, β]. Then there exists ε > 0 such that for every n in N • h^{γ−ε}_n is a strong deformation retract of (h^{γ+ε}_n \ B) ∪ h^{γ−ε}_n if α < γ < β,

• h^a_n is a strong deformation retract of (h^{a+ε}_n \ B) ∪ h^a_n if γ = α,

• h^{b−ε}_n is a strong deformation retract of (h^b_n \ B) ∪ h^{b−ε}_n if γ = β.

The proof can be easily obtained from the classical one related to a single functional, by the uniformity with respect to n of the hypothesis made here.

Lemma 2.2. Let a and b be real numbers such that a ≤ b, let F be a closed subset of M which doesn’t contain asymptotically critical points for ( (h_n)_n, h ) with asymptotically critical value in [a, b]. Assume ∇(h_n, h; a, b) holds. Then

lim inf n→∞ inf { ‖∇h_n(u)‖ | | u ∈ F, a ≤ h_n(u) ≤ b} > 0. Proof. If, by contradiction,

lim inf n→∞ inf { ‖∇h_n(u)| | | u ∈ F, a ≤ hn(u) ≤ b } = 0,

there would exist a strictly increasing sequence (n_k)_k in N and (u_k)_k in F such that a ≤ h_{nk} (u_k) ≤ b and ∇h_{nk} (u_k) → 0. By ∇(h_n, h; a, b) there would exist a subsequence (u_{kj} )_j which converges to a point u in F . Evidently (passing to a subsequence), such a point u would be an asymptotically critical point for ( (h_n)_n, h ) with asymptotically critical level in [a, b].

From now on, if c ∈ R, we denote by Z_c the set of asymptotically critical points for ( (h_n)_n, h ) at level c.

Lemma 2.3. Let a and b be real numbers such that a ≤ b and let c_1, . . . , c_k be the unique asymptotically critical levels for ( (h_n)_n, h ) in [a, b] and suppose that a ≤ c_1 < . . . < c_k ≤ b. Let U_1, . . . , U_k be neighborhoods of radius δ of the sets Z_{c1} , . . . , Z_{ck} respectively (U_i = { x ∈ M | d(x, Z_{ci} ) < δ } ). Suppose ∇(h_n, h; a, b) holds. Then

lim sup n→∞ cat_M (h^b_n, h^a_n) ≤ k∑ i=1 cat_M (U_i).

Proof.

I. For every i = 1, . . . , k let U^′_i be the open neighborhood of radius δ/2 of Z_{ci} and let a_1, . . . , a_{k+1} be real numbers such that

a_1 = a ≤ c_1 < a_2 < . . . < a_i < c_i < a_{i+1} < . . . < c_k ≤ a_{k+1} = b.

By Lemma 2.2, for every i = 1, . . . , k

lim inf n→∞ inf { ‖∇h_n(u)‖ | | u ∈ M \ U_{′i} , a_i ≤ h_n(u) ≤ a_{i+1}} > 0, since in the closed set M \ U^′_i the couple ( (h_n)_n, h ) has no asymptotically critical points with asymptotically critical value contained in [a_i, a_{i+1}] (it may have some at a level c_j different from c_i).

II. For every i + 1, . . . , k, by Lemma 2.1 (applied with γ = c_i, α = a_i and β = a_{i+1}) there exist n in N and ε > 0 (we can assume it is the same for every i = 1, . . . , k) such that c_i + ε ≤ c_{i+1} − ε for every i = 1, . . . , k − 1 and for every n ≥ n

• h^{ci−ε}_n is a strong deformation retract of (h^{ci+ε}_n \U_i)∪h^{ci−ε}_n if a < c_i < b;

• h^a_n is a strong deformation retract of (h^{a+ε}_n \ U_1) ∪ h^a_n if c_1 = a;

• h^{b−ε}_n is a strong deformation retract of (h^b_n \ U_k) ∪ h^{b−ε}_n if c_k = b.

III. Finally, if n ≥ n, we get

cat_M (h^b_n, h^a_n) ≤ k−1∑ i=2 cat_M (h^{ci+ε}_n , h^{ci−1+ε}_n )

+cat_M (h^{c1+ε}_n , h^a_n) + cat_M (h^b_n, h^{ck−1+ε}_n )

by (a) of A.3. The right hand side of this inequality is less or equal to k−1∑ i=2 cat_M (h^{ci+ε}_n , h^{ci−ε}_n ) + cat_M (h^{c1+ε}_n , h^{a′}_n ) + cat_M (h^{b′}_n , h^{ck−ε}_n )

(setting a^′ = max{a, c_1 − ε} and b^′ = min{b, c_k + ε}), since, for example, for i = 2, . . . , k − 1, cat_M (h^{ci+ε}_n , h^{ci−1+ε}_n ) ≤ cat_M (h^{ci+ε}_n , h^{ci−ε}_n ) + cat_M (h^{ci−ε}_n , h^{ci−1+ε}_n ), and cat_M (h^{ci−ε}_n , h^{ci−1+ε}_n ) = 0 by Lemma 2.1 and Lemma 2.2.

Then

cat_M (h^b_n, h^a_n) ≤ k−1∑ i=2 cat_M ( (h^{ci+ε}_n \ U_i) ∪ h^{ci−ε}_n , h^{ci−ε}_n ) + k−1∑ i=2 cat_M (U_i)

+cat_M ( (h^{c1+ε}_n \ U_1) ∪ h^{a′}_n , h^{a′}_n ) + cat_M (U_1)

+cat_M ( (h^{b′}_n \ U_k) ∪ h^{ck−ε}_n , h^{ck −ε}_n ) + cat_M (U_k) = h∑ i=1 cat_M (U_i)

by Lemma 2.1 and (b) and (c) of A.3.

Corollary 2.4. Suppose a ≤ b in R and assume: (a) M is connected and ( (h_n)_n, h ) has only a finite number of asymptotically critical points with asymptotically critical value in [a, b],

(b) ∇(h_n, h; a, b) holds;

then the number of asymptotically critical values for ( (h_n)_n, h ) in [a, b] is greater or equal to

lim sup n→∞ cat_M (h^b_n, h^a_n).

In place of (a) we can, for example, assume that M is contractible. Proof. We can assume that every neighborhood U_i of the sets Z_{ci} of the previous Lemma is contractible.

By Lemma 2.3 we deduce Theorem 1.3. Proof of Theorem 1.3. If ( (h_n)_n, h ) has only a finite number of asymptotically critical points with asymptotically critical value in [a, b], denoting by c_1, . . . , c_k the asymptotically critical values for ( (h_n)_n, h ) in [a, b], there exists neighborhoods U_i, . . . , U_k of Z_{c1} , . . . , Z_{ck} respectively such that cat_M (U_i) = cardinality of Z_{ci} . By Lemma 2.3 the thesis follows. □

We want to underline the fact that Definition 1.2 (instead of the modified one recalled in Remark 1.4), lets us extend another classical result to our case.

First of all we can prove the following Proposition.

Proposition 2.5. Let c be in R and suppose that ∇(h_n, h; c) holds. Then Z_c is compact.

Proof. Let (z_i)_i be a sequence in Z_c. Then ∀ i there exists a strictly increasing sequence (n^i_k)_k in N and there exists (u^i_k)_k in M such that u^i_k → z_i, ∇h_ni_k (u^i_k) → 0 and h_ni_k (u^i_k) → h(z_i) = c.

Then ∀ i in N there exists k_i in N such that d(u^i_{ki} , z_i) ≤ 1 i , ‖∇h_ni_{ki} (u^i_{ki} )‖ ≤ 1 i , | |h_{ni} ki (u^i_{ki} ) − c | | ≤ 1 i , where d is the metric on M. Since k_i can be taken as big as desired, we can suppose that n^i_{ki} < n^{i+1}_{ki+1} ∀i in N.

Setting n^i_{ki} = m_i and v_i = u^i_{ki} , we get: d(v_i, z_i) ≤ 1 i , h_{mi} (v_i) → c and ∇h_{mi} (v_i) → 0.

By ∇(h_n, h; c) there exists a strictly increasing sequence (i_j )_j in N and there exists z in M such that v_{ij} → z and h(z) = c. Then z ∈ Z_c and z_{ij} → z. We recall that in every paracompact Banach manifold M one can prove that for every closed subset E of M there exists a neighborhood U of E such that cat_M (U)=cat_M (E).

If k ∈ N we set

c_k = inf { b ∈ R | | lim sup n→∞ cat_M (h^b_n) ≥ k } . Evidently c_k ≤ c_{k+1} ∀k in N.

Theorem 2.6. Let M be a complete Riemannian paracompact manifold of class C^{1,1} and suppose that h_n is of class C^1 ∀ n in N. If there exists i in N such that c = c_{k+1} = . . . = c_{k+i} ∈ R and if ∇(h_n, h; c) holds, then cat_M (Z_c) ≥ i.

Proof. Z_c is compact, so there exists a neighborhood U of Z_c such that cat_M (U) =cat_M (Z_c). Moreover, d(Z_c, M \ U) = δ > 0.

If U^′ is the neighborhood of Z_c of radius δ/2, by ∇(h_n, h; c) we get that there exists ε > 0 and there exists n in N such that

inf_{n≥n} inf { ‖∇h_n(u)} | u ∈ M \ U^′, c − ε ≤ h_n(u) ≤ c + ε } > 0.

By Lemma 2.1 (possibly taking a smaller ε), we get that ∀ n ≥ n h^{c−ε}_n is a strong deformation retract of (h^{c+ε}_n \ U) ∪ h^{c−ε}_n .

Then, ∀ n ≥ n cat_M (h^{c+ε}_n ≤ cat_M (h^{c−ε}_n ) + cat_M (U).

But cat_M (h^{c+ε}_n ) ≥ k + i for infinitely many n (c + ε > c_{k+1}), cat_M (h^{c−ε}_n ) ≤ k definitely (c − ε < c_{k+1}) and cat_M (U) =cat_M (Z_c). The thesis follows.

A Some recalls on relative category

As we said, for the readers’ convenience here we recall the version of relative category that we used in the previous sections. For example see [1], [2], [5], [6], [7] and [11].

Let X be a topological space and let A and B be two subsets of X. We first recall the following definition.

Definition A.1. We say that B is a strong deformation retract of A in X if • B ⊂ A; • there exists h : [0, 1] × A −→ X continuous and such that h(0, u) = u ∀ u in A, h(1, u) ∈ B ∀ u in A, h(t, u) = u ∀ (t, u) in [0, 1] × B. Definition A.2. If B ⊂ A, we say that the relative category of A with respect to B in X is k, and we write cat_X (A, B), if k is the least integer such that there exist k + 1 closed subsets A_0, A_1, . . . , A_k of X such that • A ⊂ k⋃ i=0 A_i, • A_1, . . . , A_k are contractible in X, • B is a strong deformation retract of A_0.

If no such integer exists, we set cat_X (A, B) = +∞.

Note that, if B = ∅, then cat_X (A, B) =cat_X (A), where cat_X (A) denotes the classical category of Lusternik and Schnirelman.

For the proof of Theorem 1.3 we only need the following properties of the relative category. Properties A.3.

(a) If C ⊂ B ⊂ A ⊂ X, then cat_X (A, C) ≤ cat_X (A, B) + cat_X (B, C).

(b) If A ⊂ A^′ ⊂ X, A^′ is closed and A is a strong deformation retract of A^′, then cat_X (A^′, A) = 0.

(c) If C ⊂ A ⊂ X, B ⊂ X, then cat_X (A ∪ B, C) ≤ cat_X (A, B) + cat_X (B).

It is interesting to note that from (a) of A.3 we get (putting C = ∅) that, if B ⊂ A ⊂ X, then cat_X (A, B) ≥ cat_X (A)−cat_X (B). Remark A.4. We also note the following interesting properties. (a) If C ⊂ B ⊂ A ⊂ X, then cat_X (B, C) ≤ cat_X (A, C). If B is a strong deformation retract of A, then equality holds.

(b) If C ⊂ B ⊂ A ⊂ X, C is a strong deformation retract of B, then cat_X (A, C) ≤ cat_X (A, B).

Concerning the relations between the relative category and the category of Lusternik and Schnirelmann, we also note that if B is a closed subset of X contained in A, then cat_X (A, B) ≤ cat_X (A \ B) (≤ cat_X (A)).

It is also well known that by A.3 and the usual variational techniques, one can prove the following Theorem, which is a particular case of Theorem 1.3.

Theorem A.3. Let M be a complete C^{1,1} manifold and let f : M −→ R be a C^1 function. Suppose a < b in R and f satisfies (P S)_c for every c in [a, b]. Then f has at least cat_M (f^b, f^a) critical points in f^{−1}([a, b]).

See [7].

References

[1] T. Bartsch - M. Clapp, Critical point theory for indefinite functionals with symmetries, J. Funct. Anal. 138 (1996), no. 1, 107–136.

[2] J. N. Corvellec, On critical point theory with the (P S)^∗ condition, Calculus of variations and differential equations (Haifa, 1998), 65–81, Chapman & Hall/CRC Res. Notes Math., 410.

[3] M. Degiovanni, The bounce problem in a convex set, Atti Accad.

Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 73 (1982), no. 1-4, 1–5 (1983).

[4] M. Degiovanni - A. Marino - M. Tosques, Evolution Equations with Lack of Convexity, Nonlinear Analysis T.M.A. (1985), Vol. 9, No. 12, 1401–1443.

[5] G. Fournier - D. Lupo - M. Ramos - M. Willem, Limit relative category and critical point theory, Jones, Christopher K. R. T. (ed.) et al., Dynamics reported, Expositions in dynamical systems, New series, Vol. 3. Springer-Verlag Berlin (1994), 1-24.

[6] G. Fournier - M. Willem, Multiple solutions of the forced double pendulum equation, Analyse non linéaire (Perpignan, 1987). Ann. Inst. H. Poincaré Anal. Non Linéaire 6 (1989), suppl., 259–281.

[7] G. Fournier - M. Willem, Relative category and the calculus of variations, Variational methods (Paris, 1988), 95–104, Progr. Nonlinear Differential Equations Appl., 4, Birkhäuser Boston, Boston, MA, 1990.

[8] A. Marino - D. Mugnai, to appear.

[9] A. Marino - C. Saccon, La pendenza e il calcolo sottodifferenziale, Lettera Matematica Pristem, 27-28 marzo-giugno 1998, XXXVIII-XLIV.

[10] A. Marino - M. Tosques, Some Variational Problems with Lack of Convexity and Some Partial Differential Inequalities, Methods of nonconvex analysis (Varenna, 1989), 58–83, Lecture Notes in Math., 1446, Springer, Berlin (1990).

[11] A. Szulkin, A relative category and applications to critical point theory for strongly indefinite functionals, Nonlinear Analysis TMA, 15 (1990), 725–739.