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ABSTRACT. Let n > 2 and let ®: R® — [0,00) be a positively 1-homogeneous and
convex function. Given two convex bodies A C B in R"™, the monotonicity of anisotropic
®-perimeters holds, i.e. Pp(A) < Pp(B). In this note, we prove a quantitative lower
bound on the difference of the ®-perimeters of A and B in terms of their Hausdorff
distance.

1. INTRODUCTION

Let n > 2 and let A, B C R"™ be two convex bodies (i.e., compact convex sets with
non-empty interior). If A C B, then the monotonicity of perimeters holds, i.e.

(1.1) H"H(OA) < H"(IB).

Here and in the following, for all s > 0 we let H® be the s-dimensional Hausdorff measure
(in particular, H° is the counting measure). Moreover, if £ C R" is a k-dimensional
convex body, with 1 < k& < n, we let OF be its boundary, which is a set of Hausdorff
dimension k — 1.

Inequality is well-known and dates back to the ancient Greek (Archimedes himself
took it as a postulate in his work on the sphere and the cylinder, [1, p. 36]). Various proofs
of are possible: via the Cauchy formula for the area surface of convex bodies or by
the monotonicity property of mixed volumes, [3, §7], by the Lipschitz property of the
projection on a convex closed set, [4, Lemma 2.4], or by the fact that the perimeter is
decreased under intersection with half-spaces, [9, Exercise 15.13].

Lower bounds for the deficit 6(B, A) = H" 1 (9B) — H" '(9A) with respect to the
Hausdorff distance h(A, B) of A and B have been recently established for n = 2,3 in [5,
6,8]. The case n = 2 was treated for the first time in [8], and was subsequently improved
in [5] to the following inequality

2h(A, B)?
2
\/(Hl(fm) + h(A,B)2 + Hl(gmL)

where L = {x € R? : (b — a,z — a) = 0}, witha € Aand b € B such that |a—b| = h(A, B).
The case n = 3 was studied in [6], where the authors proved the following inequality
dh(A, B)?
@ h’( ) ) S 'H2(3B),
d’>+ h(A,B)?+d

(1.2) H(DA) + < H'(0B),

(1.3) H?(OA) +
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2 G. STEFANI

with h(A, B), a € A and b € B as above and d = dist(a,0B N 0H), where H = {z €
R3: (b —a,z —a) < 0}. Inequalities and are sharp, in the sense that they are
equalities at least in one case, see [5,/6]. Inequality , however, does not seem to be
the correct generalization of inequality to the case n = 3, because of the distance

d = dist(a, 0B N OH) replacing the bigger radius r = \/HQ(B NOH)/x.
Inequality ([L.1)) naturally generalizes to the anisotropic (Wulff) perimeter. Precisely,

given a positively 1-homogeneous convex function ®: R" — [0,00), if A C B are two
convex bodies in R", then

(1.4) Py(A) < Py(B).

Here Py(FE) denotes the anisotropic ®-perimeter of a convex body E C R™ and is defined
as

Po(B) = [ @(vp) ar

where vg: OF — R™ is the inner unit normal of F (defined H" '-a.e. on OF). Clearly,
when ®(x) = |z| for all z € R", then Py(E) = H" '(OF), the Euclidean perimeter
of E. The ®-perimeter obeys the scaling law Pp(AE) = X" 1Ps(E), A > 0, and it is
invariant under translations. However, at variance with the Euclidean perimeter, Pg is
not invariant by the action of O(n), or even of SO(n), and in fact it may even happen
that Pp(E) # Ps(R™\ E), provided that ® is not symmetric with respect to the origin.

Similarly to inequality , inequality is a consequence of the Cauchy formula for
the anisotropic perimeter or of the monotonicity property of mixed volumes, [3| §7, §8],
or of the fact that the anisotropic perimeter is decreased under intersection with half-
spaces, [9, Remark 20.3].

The aim of this note is to establish a lower bound for the anisotropic deficit d¢ (B, A) =
Py (B) — Pp(A) with respect to the Hausdorff distance h(A, B) of A and B. Before stating
our main result, we need some preliminaries. Here and in the rest of the paper, we let

S*'={zeR":|z|=1}, vi={zeR":z-v=0} WweS" "

Definition 1.1 (Admissible ®). Let n > 2 and let ®: R™ — [0,00) be a positively 1-
homogeneous convex function. We say that ® is admissible if, for each v € S"~!, there
exist two functions g, : [0,00)? — [0,00) and ¢,: v+ — [0, 00) such that
(i) g, is non-identically zero, positively 1-homogeneous, convex and s + g, (s,t) is non-
decreasing for each fixed ¢ € [0, 00);
(ii) ¢, is positively 1-homogeneous, convex and coercive on v, i.e. ¢,(z) > 0 for all
2 Evt, 2 #0;
(iii) for all x € R™ with - v > 0, it holds

(L5) (x) > g,(0, (¢ — (- V)v), - v).

If & is positively 1-homogeneous, convex and coercive on R", i.e. &(x) > 0 for all z € R™,
x # 0, then @ is admissible, since the choice ¢, (z) = |2|, z € v+, and g,(s,t) = cv/s% + 2,
s,t >0, with ¢ = min{®(x) : |z| = 1}, is possible for all v € S*~! (although not the best
one for special directions in general).

We can now state our main result, which is contained in the following theorem. Here
and in the rest of the paper, for each v € S"!, we let W, C vt be the Wulff shape
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associated with ¢, in v+, i.e.

(1.6) W, = {Z cvtigi(z) < 1},

where ¢*: vt — [0,00) is given by ¢%(2) = sup{z-w : ¢,(w) < 1} for all z € v*+. More-
over, for any a € R we let a™ = max{a,0}.

Theorem 1.2. Let n > 2 and let &: R™ — [0,00) be a positively 1-homogeneous convex
function which is admissible in the sense of Definition [I.1. If A C B are two convex
bodies in R", then

+
(1.7) Py(A) + H" (W, 1" (g (ho 1) = B(vm)r) < Pa(B),
where h = h(A, B) is the Hausdorff distance of A and B and
(1.8)
Hr—1(BNOH) a—b
= n7l H= R™: (b — —a) < =T
g H (W) lweR:braz—a) <0 va=

with a € A and b € B such that |a — b| = h(A, B).

When Py reduces to the Euclidean perimeter, Theorem [I.2] provides the correct gener-
alization of inequality (1.2)) to higher dimensions n > 3. Indeed, if ®(z) = |z|, z € R",
then, for all v € S, we have

gu(s,t) =vVs2+t2 s,t >0, b,(2) = |2], 2z € vF,
soW, =B"Nvt =DB""! and H Y (W,) = w,_1, where B* is the k-dimensional closed
unit ball, 1 < k£ < n. We thus have the following result.

Corollary 1.3. Let n > 2. If A C B are two convex bodies in R™, then
Wp_17""2h?
Vh2 +72 41
where h = h(A, B) is the Hausdorff distance of A and B and
. J H-1(B N OH)

Wp—1

(1.9) HL(DA) + < H"(OB),

: H={zxeR":(b—a,z—a) <0},

with a € A and b € B such that |a — b| = h(A, B).

Inequality is not sharp in general. On the other hand, if we assume that
holds as an equality for some v € S ! and if we impose strict convexity and strict
monotonicity to the corresponding g,, then inequality becomes sharp. In fact, this
case corresponds to the setting studied in [2] and it is not difficult to see that the convex
bodies

A={zeR":0<z-v<1, 2 —(x-v)veW,}, B=AUC(—v,W,),

provide the desired configuration. Here and in the rest of the paper, C(p, S) denotes the
cone with vertex the point p € R™ and base the nonempty set S C R”, i.e. the union of
all straight line segments joining p with a point in S.

As a consequence, inequality is sharp, but the reader can easily check this fact
generalizing the examples given in [5,6] to higher dimensions.
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2. PROOF OF THEOREM [.2]

In this section, we prove Theorem[I.2] The main ingredient of the argument is given by
Lemma below, which can be seen as a consequence of the anisotropic symmetrization
techniques developed in [2]. Here we follow a more elementary approach modeled on the
special geometry of cones. We will make use of the (n — 1)-dimensional Wulff inequality
and of the following form of Jensen’s inequality.

Proposition 2.1 (Jensen inequality). Let (X, u, M) be a measure space with pu(X) < oo
and let g: [0,00)* — [0,00) be a positively 1-homogeneous convex function. Then, for all
p-measurable functions fi, fa: X — [0,00), we have

o ([ fam [ fadn) < [ ot fo) dn.

Moreover, if g is strictly convex in either argument, then equality holds if and only if f1/ fa
s constant p-a.e. on X.

In the proof of Lemma [2.3] we will also need to conveniently approximate convex
bodies by means of convex polytopes, i.e. convex bodies with polyhedral boundary. This
approximation is contained in Lemma below, which we state and prove here for the
reader’s convenience. In the following, for any convex body K C R", we set

ug = v H" ' L 0K,
where vy is the inner unit normal of K.

Lemma 2.2 (Approximation by convex polytopes). Let n > 2 and let E be a convex
body in R™. There exists a sequence (Cy)ren of convex polytopes in R™ with the following
properties:

1
(21) EcCC,CE+MNB", M\ = h(Ck, E) < %,

(2.2) H"(CL\ E) =0, H"10C) = H"HOE) ask — oo,
(2.3) po, = pes o] = lusl  as k= oo,

Proof. For each k € N, let Q) = [0, ﬁ]” and consider the family of cubes
Fr={2+Qr:2z€Z"}.

Then define
Cr =conv{Q € F, : ENQ # 2},

where conv .S denotes the convex envelope of the set S C R". By construction, C} is a
convex polytope that satisfies (2.1)). As a consequence, we have

W (O, \ E) < H'((E+ NB") \ E)

and, by ,
HOE) < H'(ICK) < MY (I(E + MB")).
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Thus (2.2) follows from the Steiner formulas for outer parallel bodies, see [7, Theo-
rem 6.14]. Moreover, since yc, — xz in L' by (2.2)), by the divergence theorem we
have

/Rncﬁduck—/Cngbd:U—>/EV¢da:—/Rn¢d,uE

for all ¢ € €1(R"). By the density of €}(R") into €°(R"), we easily get uc, — .
Finally, since C}, C E + B" for all k € N, by [9, Exercise 4.31] we also have |uc, | = |uzg|
and ([2.3) follows. O

Lemma 2.3. Let n > 2 and let ®: R" — [0,00) be a positively 1-homogeneous convex
function which is admissible in the sense of Definition . Fizrv e S and let E C vt
be a (n—1)-dimensional convex body with 0 € E. Let b € R™ such that b= —hv for some
h>0. Weset C =C(b,E), Ciat = C(b,0F) and we let ve be the inner unit normal of the
cone C'. Then

(2.4) | e(ve) dnt = W (W) g, (),
lat
where r" Y H"Y(W,) = HH(E) and W, C vt was defined in (1.6)).

Proof. The case n = 2 is easy and we leave it to the reader. Thus, in the following, we
directly assume that n > 3.

The inner unit normal vz of E is defined H" 2-a.e. on OF and belongs to the tangent
bundle of the hyperplane v*. Therefore, when vy € S"2 is defined, we can naturally

identify it with a unit vector in R" that we still denote by vg.

STEP ONE. Let us assume that E is convex polytope with faces Fi, ..., F,, for some
m > 1. Then, for each k = 1,...,m, vg is constant on F}, (the interior of Fj in the

relative topology) and we set vg = vy on l*%k, for some v, € S*L.

By definition of cone, Cjy is the union of m (n — 1)-dimensional cones Ay = C(b, Fy,).
Note that Ay is contained in a hyperplane L, and that A, = C(b, F k). Therefore, for each
k=1,...,m, vo is constant on Ak and equals the unit normal to L; with sign chosen so
that vo - v > 0.

Note that, given any = € Fy, F is contained in the intersection I of the hyperplanes
vt and x + v (I, is independent of the choice of x € F,). Thus, for each k =1,...,m,
the height ¢, > 0 of the cone Ay is given by ty = d(b, Iy,). Letting dj = d(0, ]k) we then
have t2 = h? + d2 and tpve = hyy + dpy on Ak Moreover, given any x € Fk, we have
dy = |z - v = |z - vp(z)|.

In conclusion, we have

/C O(ve) dH™ ! = fj B(vels,) - H 7 (A)

k=1
m (ko dy »
=N (v + v - "2(F
kz::l <thk+ tk V) n_1H ( k)tk
1
:n Z(I) huy + dpv) - H" 2 (F)

= O(hvg(x) + |z - ve(x)|v) dH % (x).

n—1
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STEP TWO. By , we have
[ @) + b vp(@)l) @) 2 [ g hous(@), | vp@)]) dH )

Now let r > 0 be such that 7"~ 'H"~1(W,) = H" }(E) as in the statement of the Lemma.
By the Wulff inequality in vt, we have py, (rW,) < py, (E), where for all convex body
K C vt we define

s, (K) :/ & (vic) dH" 2.
0K
Moreover, note that

1
n—1

1 m
. d n—2:7 d n—QF — n—1 E
Jyp (o)l a2 = o2 S A2 = W (E),

because, by the definitions in STEP ONE, for each k = 1,...,m, di is exactly the height of
the (n — 1)-dimensional cone C(0, F}) and E = U}",C(0, F}y) since E is convex and 0 € E.

Recalling that g, is increasing in the first argument and applying the Jensen inequality
given in Proposition 2.1, we find

9v (hp¢u (TWV)’(TL - 1)Hn_1(TWV)) S gu (hp¢u(E)7 (7’L - 1)Hn_1(E))
=g (b [ ouve(e)) @), [ vele) ol ar o)
< [, 9@ (ws@).lvp(z) - ) a1 a),

Therefore, since pg, (W,) = (n — 1)H"Y(W,) and g, is positively 1-homogeneous,
/8 _B(hvp(a) + |o - ve(@)lv) dH (@) 2 g, (hpo, (W), (0 = LYH (110,)
= g, (h" 2 (n = DH" (W), 7" (n — YR (W)
= (n—D)H"*(W,)r"2g,(h,r).

In conclusion, we get
1

/C ) W = /8 O(hwp(@) + |- vp(a)v) dH" ()
> H”_l(Wy)T”_ng(h,T).

This proves when F is a convex polytope.

STEP THREE. Now let F C v+ be any convex body and let (Ej)ren be the sequence of
convex polytopes approximating F in v+ given by Lemma . Letting 7,7 > 0 be such
that 7 *H" 1 (W,) = H"*(E}), we clearly have r, — 7 as k — oo.

Let Cy = C(b, E) and Cy ot = C(b, OE},) for each k € N. By , we have

/C D(vey) dH"™ > H (W) 2, (h, )
k,lat

and thus, adding ®(—v) H""(E}) to both sides, we find
(2.5) Py (Ci) > H" (W) 2 gy (hy i) + (=) 1" (Ey).
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Note that xo, — xc¢ in L', H"1(0C) — H"1(0C) and |uc,| = |uc| as k — oo.
Indeed, since clearly Cy, C C and h(Cy, C) < h(Ey, E), we have

H"(Cy) C H™(C) C H"(Cr + A\ B™)
and, by ,
H"(OCy) C H™"(0C) C H™"(O(Ck + N\eB™)),

so that xc, = xc in L' and H"1(0Cy) — H"1(OC) by the Steiner formulas for outer
parallel bodies. Moreover, for each 0 <t < h, let

(Cr)i=Cen{-tw+v+},  Ci=Cn{-tw+v}

Clearly x(c,), — Xc, in LY(—tv + vt) for each 0 < t < h by Lemma . Thus, by the
divergence theorem and Tonelli theorem, we have

/Rn¢duok:/CkV¢d$:/0h/(Ck)tv¢dx’dt_>/oh Ctv¢dx’dt=/cv¢dx:/]Rn¢d,uc

for all ¢ € €L(R™), and |uc,| = |pc| follows as in Lemma . Thus, since ® is continuous,
by [9, Theorem 20.6] we get Py (Cy) — Po(C).
In conclusion, since g, is continuous and r, — r, H""Y(E}) — H"}(FE) as k — oo,
passing to the limit in (2.5) as k — oo, we find
Py(C) > H" (W, )r"2g,(h,r) + ®(—v) H" 1(E),
which immediately gives (2.4)). The proof of Lemma is thus complete. 0J

We are now ready to prove our main result.

Proof of Theorem|[1.3 Since A and B are closed sets and A C B, the distance h(A, B) is
given by

h(A, B) = max min |z — yl.

Let a € A and b € B be such that h(A, B) = |a — b|. It turns out that b € B\ A and
that a is the orthogonal projection of b onto the closed convex set A. By definition of the
half-space H in (1.8]) and by minimality of the projection, the closed hyperplane

OH={xeR":(b—a,z—a) =0}

is a supporting one for the convex set A in the point a.
Since A C BN H and BN H C B, by the monotonicity formula ((1.4) we have

Pp(A) < Po(BN H) < Pp(B),
therefore
do(B,A) =d6(B,BNH)+ds(BNH,A)>bs(B,BNH)=Pyp(B)— Ps(BNH)
(2.6) = d(vg) dH" ™' — d(vy) H Y (BN OH).

0BNH¢

where H¢ = R" \ H for brevity.
Let us now set C'= C(b, BN OH). Note that C' C BN H¢, thus by (1.4) we have

(2.7) Py(C) < Py(B N o).
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We set Cip = C(b,0BN H). Then 0C = Cj,; U (BN OH) and

(2.8) Po(C) = /C B(ve) dH™ + O(—vy) H (B N OH).
Moreover
(2.9) Py(B N ) = /8 O(vg) dH" + B(—vy) H'~ (BN OH).
BHe
Therefore, combining , and , we find
(2.10) / O(ve) dH" ! < / ®(vg) dH" .
Clat OBNH¢®
Finally, inserting (2.10)) in , we get
(2.11) So(B, A) > / O(ve) dH' — B(vy) H* (B N OH).

lat
Up to a translation, we can now assume that a = 0 and apply Lemma[2.3]to the cone C.
We thus have

(2.12) /C B(ve) dH™' > H " (W, )" 2g,,, (hr),

where h = dist(b, BNOH) = |b — a| = h(A, B) and r > 0 is such that r" 'H"Y(W,,,) =
H"Y(BNOH). Inserting (2.12)) in (2.11)), we find
6‘1)(3’ A) > Hn_l(WVH)rn_2gVH<h7 T) - (I)(VH)Tn_lﬂn_l(WVH)

=H" (W, )r"? (g,,H(h, r)— (I)(VH)T)
and the proof of Theorem [I.2] is complete. O
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