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Abstract

In this note, we prove global weighted Sobolev inequalities on non-compact CD(0, V)
spaces satisfying a suitable growth condition, extending to possibly non-smooth and non-
Riemannian structures a previous result from [M09] stated for Riemannian manifolds
with non-negative Ricci curvature and a suitable reverse doubling condition. We
use this result in the context of RCD(0, N) spaces to get a uniform bound of the
corresponding weighted heat kernel via a weighted Nash inequality.
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1 Introduction

Riemannian manifolds with non-negative Ricci curvature have strong analytic properties.
Indeed, the doubling condition and the local L?-Poincaré inequality are satisfied on such
spaces, and they imply many important results, like the well-known Li-Yau Gaussian
estimates for a class of Green functions including the heat kernel [LY86] or powerful local
Sobolev inequalities and parabolic Harnack inequalities (see e.g. [SC02]).

In the recent years, several classes of possibly non-smooth metric measure spaces
containing the collection of Riemannian manifolds with non-negative Ricci curvature have
been under investigation, both from a geometric and an analytic point of view. For instance,
in the context of measure spaces endowed with a suitable Dirichlet form, Sturm proved
existence and uniqueness of the fundamental solution of parabolic operators along with
Gaussian estimates and parabolic Harnack inequalities [St95, St96], provided the doubling
and Poincaré properties hold. Afterwards, general doubling spaces with Poincaré-type
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inequalities were studied at length by Hajlasz and Koskela [HK00] who proved local Sobolev-
type inequalities, a Trudinger inequality, a Rellich-Kondrachov theorem, and many related
results.

Approximately a decade ago, Sturm [St06] and Lott and Villani [LV09] independently
proposed the curvature-dimension condition CD(0, V), for N € [1,+00), as an extension
of non-negativity of the Ricci curvature and bound from above by N of the dimension for
possibly non-smooth metric measure spaces. Coupled with the infinitesimal Hilbertiannity
introduced later on by Ambrosio, Gigli and Savaré [AGS14b] to rule out non-Riemannian
structures, the CD(0, V) condition leads to the stronger RCD(0, V) condition, where R
stands for Riemannian.

The classes of CD(0, N) and RCD(0, N) spaces have been extensively studied over
the past few years, and it is by now well-known that they both contain the measured
Gromov-Hausdorff closure of the class of Riemannian manifolds with non-negative Ricci
curvature and dimension lower than N, as well as Alexandrov spaces with non-negative
generalized sectional curvature and locally finite and non-zero n-dimensional Hausdorff
measure, n being lower that N. Moreover, CD(0, N) spaces satisfy the doubling and
Poincaré properties, and RCD(0, V) spaces are, in addition, endowed with a regular and
strongly local Dirichlet form called Cheeger energy (see Section 2). Therefore, the works of
Sturm [St95, St96] imply existence and uniqueness of an heat kernel, which by the way
satisfies Gaussian estimates, on RCD(0, N) spaces.

One of the interest of the CD(0,N) and RCD(0, N) conditions, and of the more
general CD(K, N) and RCD(K, N) conditions for arbitrary K € R, is the possibility of
proving classical functional inequalities on spaces with rather loose structure thanks to
optimal transport or gradient flow arguments. In this regard, Lott and Villani obtained in
[LV07, Th. 5.29] a global Sobolev-type inequality for CD(K, N) spaces with K > 0 and
N € (2,400). Later on, in their striking work [CM17, Th. 1.11], Cavaletti and Mondino
proved a global Sobolev-type inequality with sharp constant for bounded essentially non-
branching CD*(K, N) spaces with K € R and N € (1,400); in case K > 0 and N > 2,
they get the classical Sobolev inequality with sharp constant. This last inequality had been
previously justified on RCD* (K, N) spaces with K > 0 and N > 2 by Profeta [P15].

The aim of this note is to provide a new related analytic result, namely a global
weighted Sobolev inequality, for certain non-compact CD(0, N) spaces with N > 2. It
is worth underlying that our result does not require the Riemannian synthetic condition
RCD(0, N).

Theorem 1 (Weighted Sobolev inequalities). Let (X,d,m) be a CD(0,N) space with
N > 2. Assume that there exists 1 <n < N such that
Vio,r)

0 < Ojps := liminf Vio.r) < Osup = limsup ——— < 400 (1.1)

r—+00 rh r—400 T

for some o € X. Then for any 1 < p < n, there exists a constant C > 0, depending only
on N, n, Oint, Osup and p, such that for any continuous function u : X — R admitting an
upper gradient g € LP(X, m),

1
3

(o) < pm)

where p* = Np/(N — p) and p is the measure absolutely continuous with respect to m with
density w, = V (o, d(o, .))P/(N—p)d(o7 ,)—Np/(N—p)'



Note that the above number 1 might not be an integer: for instance, for any n € (3,4)
there exists a four dimensional hyperkéahler (in particular Ricci-flat) manifold satisfying
(1.1), see [Hall, Th. 1.2].

Theorem 1 extends a result due to Minerbe stated in the case p = 2 on Riemannian
manifolds with non-negative Ricci curvature [M09, Th. 0.1]. In this Riemannian setting, the
weighted L2-Sobolev inequality appears as a good replacement of the classical unweighted
L2-Sobolev inequality which cannot hold if n < N, see [M09, Prop. 2.21] and note that the
proof of this last fact relies on the locally Euclidean structure of manifolds.

Our proof is an adaptation of Minerbe’s proof to the setting of CD(0, N) spaces and is
based upon ideas of Grigor'yan and Saloff-Coste introduced in the smooth category [GS05]
which extend easily to the setting of metric measure spaces. More precisely, we apply an
abstract process (Theorem 2) which permits to patch local inequalities into a global one
by means of an appropriate discrete Poincaré inequality.

In [M09], Minerbe deduced from the weighted L?-Sobolev inequality a finiteness result
in L?-cohomology. The L?-cohomology of RCD(0, N) spaces being well-defined [G18,
Sec. 3.5.2], it is natural to ask whether an extension of Minerbe’s finiteness result holds on
such spaces. However, two harsh difficulties arise:

e there is presently no synthetic formulation of the crucial integrability assumption
I |[Rm|™? < 400, where Rm denotes the Riemann curvature tensor of a Riemannian
manifold (M", g);

e up to now, no Weitzenbock formula is known in the RCD context (in this regard,
see the discussion before Prop. 3.6.9 in [G18]); in particular, while for Riemannian
manifolds the difference between the Hodge Laplacian and the connection Laplacian
on 1-forms is given by the Ricci curvature, the way this difference relates with
curvature for general RCD(0, N) spaces is not known yet.

Instead of this, we follow a classical approach (see e.g. [BCLS95]) which was neither
considered in [M09] nor in the subsequent related work [Hell] to deduce a weighted Nash
inequality (Theorem 4) for CD(0, N) spaces satisfying the growth assumption (1.1) provided
1 > 2. Let us mention that in the context of non-reversible Finsler manifolds, Ohta put
forward an unweighted Nash inequality [Oh17] and that Bakry, Bolley, Gentil and Maheux
introduced weighted Nash inequalities in the study of possibly non-ultracontractive Markov
semigroups [BBGL12]; nevertheless, these inequalities seem presently unrelated to our.

We conclude this note with a natural consequence in the setting of RCD(0, V) spaces
satisfying a uniform local Ahlfors regularity property, namely a uniform bound for the
(weighted) heat kernel associated with a suitable modification of the Cheeger energy. This
weighted heat kernel would certainly require further investigation in the future.

The paper is organized as follows. In Section 2, we introduce the tools of non-smooth
analysis that we shall use throughout the article. We also define the CD(0, N) and
RCD(0, N) conditions, and present the aforementioned patching process. Section 3 is
devoted to the proof of Theorem 1. Section 4 deals with the weighted Nash inequality and
the uniform bound on the weighted heat kernel we mentioned earlier.
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2 Preliminaries

Unless otherwise mentioned, in the whole article (X, d, m) denotes a triple where (X, d) is a
proper, complete and separable metric space and m is a Borel measure, positive and finite
on balls with finite and non-zero radius, such that supp(m) = X. We use the standard
notations for functional spaces: C'(X) for the space of d-continuous functions, Lip(X) for
the space of d-Lipschitz functions and LP(X, m) (respectively L7 (X, m)) for the space of p-
integrable (respectively locally p-integrable) functions, for any 1 < p < 4o00. If A is a subset
of X, we denote by C.(A) the space of continuous functions on X compactly supported in A.
We also write L°(X,m) (respectively LY (X, m)) for the space of m-measurable (respectively
non-negative m-measurable) functions. We write B,.(z) for the ball of radius r > 0 centered
at © € X, Sy(z) for B,(x)\By(x), and V(z,r) for m(B,(z)). For any A > 0, if B denotes a
ball of radius r > 0, we write AB for the ball with same center as B and of radius Ar. For
any bounded Borel set A C X and any locally integrable function v : X — R, we denote
by w4 or fA udm the mean value ﬁ fA udm, and by (u)4 the mean value ﬁ fA udpy,
where p is as in Theorem 1.

Several constants appear in this work. For better readability, if a constant C depends
only on parameters aj,ag, - -+ we always write C' = C(a1,ag,---) for its first occurrence,
and then write more simply C' if there is no ambiguity.

Non-smooth analysis.
Let us recall that a continuous function v : [0, L] — X is called a rectifiable curve if its
length

L(v) := sup {z”: d(y(zi),y(zi1)) : O=a20<---<axp=L, n€ N\{O}}
i=1

is finite. For any rectifiable curve v : [0,L] — X, there exists a continuous function
7 :10,L(y)] = X, called arc-length parametrization of v, such that d(¥(s),¥(t)) = |t — 5|
for all 0 <t < s < L(v), and a non-decreasing continuous map ¢ : [0, L] — [0, L(~y)], such
that v =4 o ¢ (see e.g. [BBIO1, Prop. 2.5.9]). When = 4, we say that ~y is parametrized
by arc-length.

In the context of metric analysis, a weak notion of norm of the gradient of a function is
available and due to Heinonen and Koskela [HeK98].

Definition 1 (Upper gradients). Let u : X — [—o0,+00] be an extended real-valued
function. A Borel function g : X — [0,+00] is called upper gradient of w if for any
rectifiable curve 7y : [0, L] — X parametrized by arc-length,

L
[u(v(L)) — u(~(0))] </O g9(~(s))ds.
Building on this, Cheeger defined in [Ch99] the Sobolev spaces H'*(X,d, m), where
p € [1,400), in the following way:

Definition 2 (Cheeger’s Sobolev spaces). Let 1 < p < +oo. The Sobolev (1,p) norm of a
function uw € LP(X, m) is set as

1
[l e = (Ilull’ip +infliminf||g¢||§p>
11— 00

where the infimum is taken over all the sequences {u;}; C LP(X,m) and {g;}; C L% (X, m)
such that g; is an upper gradient of u; and ||u; —ul|» — 0. The Sobolev space HP(X,d, m)
is then defined as the closure of Lip(X) N LP(X,m) with respect to || - || gip-



The above relaxation process can be performed with slopes of bounded Lipschitz
functions instead of upper gradients, see Lemma 3. Recall that the slope of a Lipschitz
function f is defined as

lim sup F@=tWl it » € X is not isolated,

|vf‘($) = { y—x d(z,y)

0 otherwise,

and that it satisfies the chain rule, namely |V (fg)| < f|Vg| + ¢g|V f]| for any f, g € Lip(X).
Let us recall that (X,d, m) is called doubling if there exists Cp > 1 such that

V(x,2r) < CpVi(x,r) Vo € X, Vr > 0, (2.1)

and that it satisfies a uniform weak local LP-Poincaré inequality, where p € [1, +00), if
there exists A > 1 and C'p > 0 such that

/|u—uB|pdm§C'prp/ gP dm (2.2)
B AB

holds for any ball B of arbitrary radius 7 > 0, any u € L}, (X, m) and any upper gradient
g € LP(X,m) of u. If (2.2) holds with A\ = 1, we say that a uniform strong local LP-Poincaré
inequality holds.

The next notion serves to turn weak inequalities into strong inequalities, see e.g. [HK00,
Sect. 9].

Definition 3 (John domain). A bounded open set Q C X is called a John domain if
there exists x, € 0 and Cj > 0 such that for every x € 2, there exists a Lipschitz
curve v : [0,L] — Q parametrized by arc-length such that v(0) = z, v(L) = x, and
t=1d(y(t), X\Q) > C; for any t € [0, L].

Finally let us introduce a technical property taken from [HKO00]. For any v € L°(X, m)
and 0 < t; <ty < +00, we denote by v;* the truncated function min(max(0,v — t1),ts —
t1) + t1. We write x4 for the characteristic function of a set A C X.

Definition 4 (Truncation property). We say that a pair of m-measurable functions (u, g)
such that for some p € [1,4+00), Cp > 0 and X\ > 1, the inequality (2.2) holds for any ball
B of arbitrary radius v > 0, has the truncation property if for any 0 < t; < ta < 400,
beR and e € {—1,1}, there exists C > 0 such that (2.2) holds for any ball B of arbitrary
radius r > 0 with u, g and Cp replaced by (e(u — b))if, IX{t,<u<ts} and C respectively.

The next proposition is a particular case of [HK00, Th. 10.3].

Proposition 1. If (X,d,m) satisfies a uniform weak local L'-Poincaré inequality, any
pair (u,g) where u € C(X) and g € L}OC(X, m) is an upper gradient of u has the truncation

property.

The CD(0, N) and RCD(0, N) conditions.
Let us give the definition of the curvature-dimension conditions CD(0, N) and RCD(0, N).
For the general condition CD(K, N) with K € R, we refer to [Vi09, Chap. 29 & 30].
Recall that a curve 7y : [0, 1] — X is called a geodesic if d(y(s),v(t)) = [t—s|d(7(0),v(1))
for any s,t € [0,1]. The space (X,d) is called geodesic if for any couple of points
(g, 1) € X? there exists a geodesic v such that v(0) = zg and v(1) = z;. We denote
by P(X) the set of probability measures on X and by P2(X) the set of probability



measures ¢ on X with finite second moment, i.e. such that there exists x, € X for which
[x d*(2o, ) dpu(x) < +oo0. The Wasserstein distance between two measures 19, 1 € P2(X)
is by definition

1/2
W2(M07/J'1) := inf (/ d($0,$1)2 dﬂ(x07x1)>
XxX

where the infimum is taken among all the probability measures m on X x X with first
marginal equal to pg and second marginal equal to uy. A standard result of optimal
transport theory states that if the space (X,d) is geodesic, then the metric space (Po, W3)
is geodesic too. Let us introduce the Rényi entropies.

Definition 5 (Rényi entropies). Given N € (1,+00), the N-Rényi entropy relative to m,
denoted by Sn(-|m), is defined as follows:

Sn(plm) = —/ PV dm Ve P(X),
X

where 1 = pm + ™ is the Lebesque decomposition of u with respect to m.

We are now in a position to introduce the CD(0, V) condition, which could be summa-
rized as weak geodesical convexity of all the N’-Rényi entropies with N/ > N.

Definition 6 (CD(0, N) condition). Given N € (1,+00), (X,d, m) satisfies the CD(0, N)
condition if for any N' > N, the N'-Rényi entropy is weakly geodesically convex, meaning
that for any couple of measures (o, 1) € P2(X)?, there exists a Wa-geodesic (1) eefo,1)
between po and py such that for any t € [0, 1],

Sn(pelm) < (1= ¢)Sn (polm) + tSn (1 |m).
Any space satisfying the CD(0, N) condition is called a CD(0, N) space.

The Bishop-Gromov theorem holds on CD(0, N) spaces [Vi09, Th. 30.11], and as a
direct consequence, the doubling condition (2.1) holds too, with Cp = 2. Moreover,
Rajala proved the following uniform weak local L!-Poincaré inequality [Raj12, Th. 1.1].

Proposition 2. Assume that (X,d,m) is a CD(0,N) space. Then for any function
u € C(X) and any upper gradient g € L}, .(X,m) of u, for any ball B C X of arbitrary
radius v > 0,

/\u—uB]dmgélr/ gdm.
B 2B

The CD(0,N) condition does not distinguish between Riemannian-like and non-
Riemannian-like structures: for instance, R"™ equipped with the distance induced by
the L*°-norm and the Lebesgue measure satisfies the CD(0, V) condition [Vi09, p. 912],
though it is not a Riemannian structure because the L°°-norm is not induced by any scalar
product. To focus on Riemannian-like structures, Ambrosio, Gigli and Savaré added to the
theory the notion of infinitesimal Hilbertianity, leading to the so-called RCD condition, R
standing for Riemannian [AGS14b].

Definition 7 (RCD(0, N) condition). Define the Cheeger energy of a function f €
H'Y2(X,d,m) as

1
Ch(f) = 5 (IF 15z = I f172).

(X, d, m) is called infinitesimally Hilbertian if Ch is a quadratic form. If in addition (X,d, m)
is a CD(0, N) space, it is said to satisfy the RCD(0, N) condition, or more simply it is
called a RCD(0, N) space.



Let us provide some standard facts taken from [AGS14b, G18]. First, note that (X, d, m)
is infinitesimally Hilbertian if and only if H%?(X,d, m) is a Hilbert space, whence the
terminology. Moreover, for infinitesimally Hilbertian spaces, a suitable diagonal argument
justifies for any f € HY2(X,d, m) the existence of a function |V f|. € L?(X,m), called
minimal relazed slope or minimal generalized upper gradient of f, which gives integral
representation of Ch, meaning:

Ch(f) = /X VfPdm VS e HY2(X,d,m).

The minimal relaxed slope is a local object, meaning that |V f|, = |Vg|« m-a.e. on
{f =g} for any f,g € HY?(X,d, m), and it satisfies the chain rule, namely |V(fg)|. <
fIVgls + g|Vf|« m-a.e. on X for all f,g € H?(X,d,m). In addition, the function

IV(fi+efo)lf — IV fi]?
2¢

(Vf1,Vfa) = 151%

provides a symmetric bilinear form on H2(X,d, m) x H%?(X,d, m) with values in L*(X, m),
and

Ch(f1, fo) == /X (VAL V) dm  Vfi, fa e HY(X,d,m),

defines a strongly local, regular and symmetric Dirichlet form. Finally, the infinitesimally
Hilbertian condition allows to apply the general theory of gradient flows on Hilbert spaces,
ensuring the existence of the L?-gradient flow (ht)¢>0 of the convex and lower semicontinuous
functional Ch, called heat flow of (X,d,m). This heat flow is a linear, continuous, self-
adjoint and Markovian contraction semigroup in L?(X, m). The terminology ‘heat flow’
comes from the characterization of (h:):>0 as the only semigroup of operators such that
t — hyf is locally absolutely continuous in (0, +00) with values in L?(X, m) and

d
&htf = Ahyf for Ll-ae. t € (0,400)
holds for any f € L?(X, m), the Laplace operator A being defined in this context by:
feDA) < 3Ih:=Afc L*X,m)s.t. Ch(f,g) = —/ hg dm Vg € HY?(X,d, m).
X

Patching process
Let us present now the patching process [GS05, M09] that we shall apply to get Theorem
1. In the whole paragraph, (X,d) is a metric space equipped with two Borel measures
my and my both finite and nonzero on balls with finite and nonzero radius and such
that supp(m;) = supp(mz) = X. For any bounded Borel set A C X and any locally
mo-integrable function u : X — R, we denote by {u}4 the mean value m [ 4 udmy. For
any given set S, we denote by Card(S) its cardinality.

Definition 8 (Good covering). Let A C A% C X be two Borel sets. A countable family
U, U}, U#)Z‘e[ of triples of Borel subsets of X with finite mj-measure for any j € {1,2} is

7

called a good covering of (A, A™) with respect to (my, my) if:
1. for everyi eI, U; C U C Ui#;
2. there exists a Borel set E C X such that E C |J; U; and m(X\E) = mg(X\E) = 0;

3. there exists Q1 > 0 such that Card({i € I : U;f N UZ-# #0}) < Q1 for anyig € I;

7



4. for any (i,j) € I x I such that U; NU; # 0, there exists k(i,j) € I such that

5. there exists Q2 > 0 such that for any (i,j) € I x I satisfying U; NU; # 0,
ma(Uy(;.5)) < Q2 min(ma(U;), ma(Uj)).

For the sake of clarity, we call condition 3. the overlapping condition, condition 4. the
embracing condition and condition 5. the measure control condition of the good covering.

When A = A% = X, we say that (U;, U7, Ui#)z'el is a good covering of (X,d) with
respect to (my, ma).

From now on, we consider two numbers p, ¢ € [1, +00) and two Borel sets A C A#* C X.
We assume that a good covering (U;, U/, Ui#)z'e[ of (A, A7) with respect to (my, mg) exists.

Let us explain how to define from (U;, U}, Ui#)ie 1 a canonical weighted graph (V, &, v),
where V is the set of vertices of the graph, £ is the set of edges, and v is a weight on the graph
(i.e. a function v : VUE — R). We define V by associating to each U; a vertex ¢ (informally,
we put a point i on each U;). Then we set € := {(i,7) € V x V:i # j and U; N U; # 0}.
Finally we weight the vertices of the graph by setting v(i) := my(U;) for every i € V and
the edges by setting v(i,j) := max(v(i),v(j)) for every (i,7) € &.

The patching theorem (Theorem 2) states that if some local inequalities are true on the
pieces of the good covering and if a discrete inequality holds on the associated canonical
weighted graph, then the local inequalities can be patched into a global one. Let us give

the precise definitions.
Definition 9 (Local continuous L?P-Sobolev-Neumann inequalities). We say that the good

covering (U;, U7, Ui#)z‘el satisfies local continuous LTP-Sobolev-Neumann inequalities if

there exists a constant S. > 0 such that for alli € I,

(/ lu — {u}Ui\qdnu) ' <S. (/ g’ dm1> ’ (2.3)
Ui Uy

for all uw € LY(U;, my) and all upper gradients g € LP(UF, my), and

( / =t Qdm2>q <s. ( / L9 dml> ” (24)

for all uw € LY (U}, mz) and all upper gradients g € LP(U#,ml).

7

Definition 10 (Discrete L?-Poincaré inequality). We say that the weighted graph (V,E,v)
satisfies a discrete L1-Poincaré inequality if there exists Sq > 0 such that:

(Z !f(i)qV(i)> < S ( > @) - f(j)\qV(m)) vfel(V,v).  (2.5)

eV {i,5}€€&

Remark 1. Here we differ a bit from Minerbe’s terminology. Indeed, in [M09], the
following discrete L9 Sobolev-Dirichlet inequalities of order k were introduced for any
ke (1,400 and any q € [1,k):

<Z !f(i)\’“qkw(i)> T sy ( > @)~ f(j)\qV(i,j)) vfeLi(V,v).

eV {i,5}€€

In the present paper we only need the case k = 400, in which we recover (2.5): here is why
we have chosen the terminology “Poincaré” which seems, in our setting, more appropriate.



We are now in a position to state the patching theorem.

Theorem 2 (Patching theorem). Let (X,d) be a metric space equipped with two Borel
measures my and mso, both finite and nonzero on balls with finite and nonzero radius, such
that supp(m;) = supp(mg) = X. Let A C A¥* C X be two Borel sets, and p,q € [1,+00)
be such that ¢ > p. Assume that (A, A%) admits a good covering (U;, U}, U#) with respect

7
to (my, ma) which satisfies the local L9P-Sobolev-Neumann inequalities (2.3) and (2.4) and

whose associated weighted graph (V,E,v) satisfies the discrete L1-Poincaré inequality (2.5).
Then there exists a constant C = C(p,q,Q1,Q2,Sc, Sq) > 0 such that for any function
u € Co(A?) and any upper gradient g € LP(A% my) of u,

1 1
</ yu|qc1m2>“gc(/ gpdm1>p.
A A#

Although the proof of Theorem 2 is a straightforward adaptation of [M09, Th. 1.8], we
provide it for the reader’s convenience.

Proof. Let us consider u € C.(A#). Then

|u|? dmg < Z ]u!qdnu
A ey

From convexity of the function ¢ + [t|9, we deduce |u|? < 297 (|u — {u}y,|? + |[{u}r,]9)
mo-a.e. on each U;, and then

[ rdms <205 [ g fram 20 ). 26

ISA% %

From (2.3) and the fact that -, x q/ P < < (¥, 27)9/P for any finite family of real numbers
{z;} (since ¢ > p), we get

/ \u — {u}Ui|qdm2 < Sg/p (Z/ pdm1>
1% i€y
qa/p
< sl ([ gam) (2.7)
A

this last inequality being a direct consequence of the overlapping condition. Now the
discrete L?-Poincaré inequality (2.5) implies

> Hudu (i) < Sa Y Hulo, — {uby, |v(i, ). (2.8)

eV (4.5)€€

For any (i,7) € &€, a double application of Holder’s inequality yields to
- v(i, j)
[}, — {udoy 7. 5) < | a0~ ) dma (o) dma(y),
’ mo(U;)me(U;) Ju, Ju,

and as the measure control condition ensures v (7, j) = max(ma(U;), ma(U;)) < Qama( k(w))’
the embracing condition implies

(b, — {udo, [T, ) < — 22 / () — u(y)|? dma(z) dma(y).
J))

U* * *
ma (Ui ) k(i Ukt ? Uring)

9



Convexity of t + [t|? leads to |u(x) — u(y)]|? < 297 (ju(x) — {u}y=

o ey, —u@)

k(3,5)

for any z,y € Uy, - and any (i,7) € €, so that

Huto, = {utu; v (i, 7) < Q22q/* lu—A{upoy, I

k(i,5)
k(i,5)

Summing over (i,j) € £, we get

> Hubu —{udy, (i g) < @227 - u—{uby;, |7dmy. (29)
(i.4)€E (i.g)€€ 7 Ui
Then (2.4) yields to
q/p
> I{u}ui—{u}Ujlqv(i,j)§Q22q53/”( > /# gpdml) : (2.10)
(i4)€E (i.5)€€ ¥ Uk

Finally, a simple counting argument shows that

> / gPdmy < Q?/ gP dm. (2.11)
v A#

(1.7)€E 7 k(i)
The result follows from combining (2.6), (2.7), (2.8), (2.9), (2.10) and (2.11). O

A similar statement holds if we replace the discrete L2-Poincaré inequality by a discrete
“Li9-Poincaré-Neumann” version:

(Z (i) = V(f)!qV(i)> < S ( > 1) - f(j)\qV(i,j)) (2.12)

ey {i,j}€€

for all compactly supported f :V — R, where v(f) = (Zi:f(i#o I/(Z)) ' > f@)v(i). The
terminology “Poincaré-Neumann” comes from the mean-value in the left-hand side of (2.12)
and the analogy with the local Poincaré inequality used in the study of the Laplacian on
bounded Euclidean domains with Neumann boundary conditions, see [SC02, Sect. 1.5.2].

Theorem 3 (Patching theorem - Neumann version). Let (X, d) be a metric space equipped
with two Borel measures my and mo, both finite and nonzero on balls with finite and
nonzero radius, such that supp(m;) = supp(mg) = X. Let A C A% C X be two Borel
sets such that 0 < m(A) < 400 and p,q € [1,+00) such that ¢ > p. Assume that (A, A%)
admits a good covering (U;, U7, UZ#) with respect to (my, ma) which satisfies the local LTP-
Sobolev-Neumann inequalities (2.3) and (2.4) and whose associated weighted graph (V,E,v)
satisfies the discrete L1-Poincaré-Neumann inequality (2.12). Then there exists a constant
C = C(p,q,Q1,Q2, S, Sq) > 0 such that for any u € C.(A%) and any upper gradient

g € LP(A*,my),
1 1
(/ |u—{u}A|qdm2)q §C</ gpdm1>p.
A A#

The proof of Theorem 3 is similar to the proof of Theorem 2 and writes exactly as
[M09, Th. 1.10] with upper gradients instead of norms of gradients, so we skip it.

10



3 Proof of the main result

In this section, we prove Theorem 1 after a few preliminary results.

As already pointed out in [M09], the local continuous L?"-2-Sobolev-Neumann inequali-
ties on Riemannian manifolds (where 2* = 2n/(n—2) and n is the dimension of the manifold)
can be derived from the doubling condition and the uniform strong local L?-Poincaré
inequality which are both implied by non-negativity of the Ricci curvature. However, the
discrete L2 -Poincaré inequality requires an additional reverse doubling condition which is
an immediate consequence of the growth condition (1.1), as shown in the next lemma.

Lemma 1. Let (Y,dy,my) be a metric measure space such that

o my (Br(yo)) . my (Br(yo))
inf 1= < = .
0 < Ojns lrlgl ﬁng e < Ogup I}E igop o < 400 (3.1)
for some y, € Y and o > 0. Then there exists A > 0 and Crp = Crp(Oinf, Osup) > 0
such that

my (Br(0)) R\® .
my(Br(O)) ZCRD(Y’) VA< < R. (3.2)

Proof. The growth condition (3.1) implies the existence of A > 0 such that for any

R>1r> A, 0i/2 <r my(Br(¥)) < 204 and R™my (Bgr(Ys)) > Oins/2, whence
(3.2) with Crp = Oint/(4O4up)- O

Remark 2. Note that the doubling condition (2.1) easily implies (3.4): see for instance
[GHLO0Y, p.9] for a proof giving Crp = (1 + Cp*) ™! and o = logy(1 + Cp*). But in this
case, a > 1 if and only if Cp < 1 which is impossible. So we emphasize that in our context,
in which we want the segment (1, ) to be non-empty, doubling and reverse doubling must
be thought as complementary hypotheses.

The next result, a strong local LP-Sobolev inequality for CD(0, N) spaces, is an
important technical tool for our purposes. In the context of Riemannian manifolds, it was
proved by Maheux and Saloff-Coste [MS95].

Lemma 2. Let (Y,dy,my) be a CD(0,N) space. Then for any p € [1,N) there exists
C = C(N,p) > 0 such that for any u € C(Y), any upper gradient g € L},.(Y,my), and
any ball B with arbitrary radius r > 0,

. p* p* T D %
(/B lu — upl| dmy> < Ciy( N (/Bg dmy) , (3.3)
where p* = Np/(N —p).

Proof. Let u be a continuous function on Y, g € L}OC(Y, my) be an upper gradient of
u, B be a ball with arbitrary radius » > 0, and p € [1, N). In this proof up stands for
my (B)~! i) pudmy. Thanks to Holder’s inequality and the doubling property, Proposition

2 implies
1/p
][ |lu — up|dmy < oN+2, (][ gpdmy> .
B 2B

Let xo,z1 € Y and rg,m > 0 be such that x; € By, (x¢) and r; < rg. Then

mY(Bm (xl)) > mY(Bm (:L'l)) > 27N ( T )N > 272N <T1)N
— my (B 4dy (wo,21) (T1)) 7o + dy (20, 71) N 70

11



by the doubling condition. Moreover, we know from Proposition 1 that (u, g) satisfies the
truncation property, so that [HK00, Th. 5.1, 1.] applies and gives

. Ip* 1/p
<][ lu —uplP dmy) <Cr <7[ g dmy>
B 10B

where C depends only on p and the doubling and Poincaré constants of (Y,dy, my) which
depend only on N. As (Y,dy,my) is a CD(0, N) space, the metric structure (Y,dy) is
proper and geodesic, so it follows from [HK00, Cor. 9.5] that all the balls in Y are John
domains with a universal constant C; > 0. Then [HK00, Th. 9.7] applies and yields to the
result since 1/p* —1/p=1/N. O

Finally, let us state a result whose proof - omitted here - can be deduced from [MO09,
Prop. 2.8] by using Proposition 2. Note that even if Proposition 2 provides only a weak
inequality, one can harmlessly substitute it to the strong one used in the proof of [M09,
Prop. 2.8], because it is applied there to a function f which is Lipschitz on a ball B and
extended by 0 outside of B. Note also that Proposition 2 being a L'-Poincaré inequality,
we can assume o« > 1 (a L2-Poincaré inequality would have only permit o > 2).

Proposition 3. Let (Y,dy,my) be a CD(0, N) space satisfying the growth condition (3.1)
with o > 1. Then there exists ko = ko(N,a) > 1 such that for any R > 0 such that Sr(yo)
is mon-empty, for any couple of points (x,2') € Sr(y,)?, there exists a rectifiable curve
from x to x’ that remains inside BR(yo)\BHg1R(yo).

Remark 3. It is worth pointing out that Proposition 5 implies a strong connectedness
property for (Y,dy,my); notably, all the annuli B _i+2(y,)\B,i-1(yo), i € N, are connected.

Let us prove now Theorem 1. Let (X,d,m) be a non-compact CD(0, N) space with
N > 3 satisfying the growth condition (1.1) with parameter n € (1, N], and p € [1,7).
We recall that p is the measure absolutely continuous with respect to m with density
w, = V(o,d(0,-))P/N=P)d(o,.)~NP/(N=P) "and that p* = Np/(N — p). Note that Lemma 1
applied to (X, d, m), assuming with no loss of generality that A = 1, implies:

V(o,R) R\"
V(O, 7’) > CRD (7’) Vi<r<R. (3.4)

STEP 1: The good covering.

Let us briefly explain how to construct a good covering on (X,d,m), referring to
M09, Section 2.3.1] for additional details. Define x as the square-root of the constant
ko given by Proposition 3. Then for any R > 0, two connected components X; and Xy
of Byr(0)\Bg(0) are always contained in one component of B,r(0)\B.-1r(0): otherwise,
linking z € X1NSkr(0) and 2/ € XN Skr(0) by a curve remaining inside Byg(0)\B,-1(0)
would not be possible.

Let 7 be a line starting at o, i.e. a continuous function v : [0, 400) — X such that
v(0) = 0 and d(y(t),v(s)) = |t — s| for any s,t > 0. Such a line can be obtained as follows.
For z1 € S1(0), let 1 : [0,1] — X be a geodesic between o and x;. Define then recursively
xyn = argmin{d(z,_1,2) : € Sy(0)} and ~, geodesic between x,,_1 and x,, for any n > 1.
The concatenation of all the -, provides the desired ~.

For any i € N, let us write A; = B,i(0)\B,i-1(0) and denote by (U ,)o<q<p the
connected components of A;, Ui/,o being set as the one intersecting v. The next sﬁnple
result was used without a proof in [M09].

12



Claim 1. There exists a constant h = h(N, k) < oo such that sup; b, < h.

Proof. Take i € N. For every 0 < a < h{, pick 2, in Uj o N S(,iyni-1y/2(0). As the balls
(Ba = Bi_i-1)/4(%a))o<a<n are disjoints and all included in By, (0), we have

h; nglzignh'.m(Ba) < Z ,m(Ba) < V(o, k).
! 0<a<kh]

With no loss of generality, we can assume that minh m(B,) = m(By). Notice that
0<a<h]

d(o,x0) < k;. Then

B < Vo, k") < V(zo, " +d(0,x0)) <(— 8K |
m(Bo) m(Bo) Kl — ki1
N
by the doubling condition. This yields to the result with A := (%) . O

Define then the covering (U] ,,U!* U(#)ieN,ogagh’. where U/, is by definition the union

,a) Y a0 Yia

of the sets Uj, such that m NnU;, # 0, and Uﬁf is by definition the union of the
sets U}, such that @ﬁ U* # (. Note that (U] ,, U U'/#)ieN,ogagh; is not necessarily

,a i,a° “ 1,00 Yia
a good covering, as pieces U{ya might be arbitrary small compared to their neighbors:
in this case, the measure control of the overlapping condition would not be true. So
whenever U; , N Si(0) = @ (this condition being satisfied by all “small” pieces), we set
Ui—1,4 = Ui'ﬂ U U/, , where @ is the integer such that Ul ,NUira # (0: otherwise we
set Ui q := U] ,. See Figure 1 below.

Then we define U/, and U;?; in a similar way than U/%, and Uﬁf Using the doubling

condition, one can easily show that (U;q, U, Uﬁ)ieN,Ogaghi is a good covering of (X,d)

with respect to (u, m), with constants @)1 and Q2 depending only on N.

U}y, is too small

Figure 1: we glue the small piece U], to the adjacent piece U;_; ., to form Ui q.

STEP 2: The discrete LP -Poincaré inequality.

Let (V, &, v) be the weighted graph obtained from (Uj 4, U, Ui)ieN,ogaghi- Define the
degree deg(i) of a vertex i as the number of vertices j such that i ~ j. As a consequence
of Claim 1, sup{deg(i) : i € V} < 2h. Moreover, the doubling condition easily justifies the
existence of a number C > 1 such that C~1v(i) < v(j) < Cv(i) for every (i,j) € £. Thus
by [M09, Prop. 1.12], the discrete L!-Poincaré inequality implies the L? one for any given

g > 1. But the discrete L'-Poincaré inequality is equivalent to the isoperimetric inequality

13



(M09, Prop. 1.14]): there exists a constant Z > 0 such that for any 2 C V with finite
measure,
V()
v(0Q)

where 0 := {(i,7) € £:i € Q,j ¢ Q}. The only ingredients to prove this isoperimetric
inequality are the doubling and reverse doubling conditions, see Section 2.3.3 in [M09].
Then the discrete Li-Poincaré inequality holds for any ¢ > 1, with a constant Sy depending
only on ¢, 1, ©inf, Osup and on the doubling and Poincaré constants of (X,d, m), i.e. on
N. In case ¢ = p*, we have Sq = Sq(N, 7,0, Oinf, Osup)-

<7

STEP 3: The local continuous LP P-Sobolev-Neumann inequalities.

Let us explain how to get the local continuous LP"P-Sobolev-Neumann inequalities.
We start by deriving from the strong local LP-Sobolev inequality (3.3) a LP-Sobolev-type
inequality on connected Borel subsets of annuli.

Claim 2. Let R >0 and o > 1. Let A be a connected Borel subset of Bor(0)\Br(0). For
0 < § < 1, denote by [A]s the 6-neighborhood of A, i.e. [Als = Uyea Bs(x). Then there
exists a constant C = C(N,d, a,p) > 0 such that for any function v € C(X) and any upper
gradient g € LP([A]s,m) of u,

. 1/p* RP 1/p
w—uyl?P dm) <Ce—emrooo—rsr / gpdm> )
(/A | | V (o, R)p/N ( [Als

Proof. Define s = JR and choose an s-lattice of A (i.e. a maximal set of points whose
distance between two of them is at least s) (z;);jes. Set Vi = B(x;,s) and V;* = Vl# =
B(z;,3s). Using the doubling condition, there is no difficulty in proving that (V;, V", V;#)
is a good covering of (X,d) with respect to (m,m). A discrete LP -Poincaré inequality
holds on the associated weighted graph, as one can easily check following the lines of [M09,
Lem. 2.10]. The local continuous LP"P-Sobolev-Neumann inequalities stem from the proof
of [M09, Lem. 2.11], where we replace (14) there by (3.3). Then Theorem 3 gives the
result. O

Let us prove that Claim 2 implies the local continuous LP P-Sobolev-Neumann inequal-
ities with a constant S, depending only on N, n and p. Take a piece of the good covering
Uia- Choose § = (1 — k7')/2 so that [Uj]s C Uf,. Take a function u € C(X) and an
upper gradient g € LP([U; 4]5,m) of u. Since |u — (u)y, | < |u — ¢| + [¢ — (u)y, ,| for any
c € R, and since |z +y[P" < 2P"~1(|z| + |y|) holds for any =,y € R by convexity of ¢  [t|P,
we have

/ lu — (u)y, . |P" du < 2P inf/ lu— P du < 2P / lu — uUi’a\p*wo dm.
’ ceR Us.a

i,a i,a

As w, is a radial function, we can set w,(r) := w,(z) for any r > 0 and any = € X such
that d(o,z) = r. Note that by the Bishop-Gromov theorem, w, is a decreasing function, so

/ = (), P dpe < 27 () / o — ug,, |7 dm.

i,a i,a
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Applying Claim 2 with A = U; 4, R = x*~! and a = x? yields to
X . Klp*(i_l) - p*/p
_ P P*op TR P
e <O ) ( | s dm)

p*/p ’
<C (/ g dm)
Ui*,a

where we used the same letter C' to denote different constants depending only on N, p,
and k. As k depends only on N, n and p, we get the result.
An analogous argument implies the inequalities between levels 2 and 3.

STEP 4: Conclusion.

Apply Theorem 2 to get the result.

4 Weighted Nash inequality and bound of the correspond-
ing heat kernel

In this section, we deduce from Theorem 1 a weighted Nash inequality. We use this result
in the context of RCD(0, V) spaces to get a uniform bound on a corresponding weighted
heat kernel.

Theorem 4 (Weighted Nash inequality). Let (X,d,m) be a CD(0, N) space with N > 2
satisfying (1.1) with n > 2. Then there exists a constant Cng = Cno(N, 1, Oing, Ogup) > 0
such that:

2+ 4 4
||U||L2(]§(,M) < CNQ|’U‘|£’1(X7M)Ch(U) Vue Ll(Xa @) N HLQ(Xad»m)»

where p < m has density w, = V (0,d(0,-))> N=2)d(o,.)72N/(N=2),

To prove this theorem, we need a standard lemma, consequence of [ACDM15, Section
3], which states that the relaxation procedure defining Ch can be performed with slopes of
Lipschitz functions with bounded support (we write Lip,,(X) in the sequel for the space
of such functions) instead of upper gradients of L?-functions. We provide a proof for the
reader’s convenience. Note that here and until the end of this section we write LP(m),
LP(p) instead of LP(X,m), LP(X, i) respectively for any 1 < p < +o0.

Lemma 3. Let (X,d,m) be a complete and separable metric measure space, and u €

HY2(X,d,m). Then

n—oo

Ch(u) = inf {liminf/ Va2 dm : () C Lipys (), [t — | 2y — 0} |
X

In particular, for any v € HY2(X,d, m), there exists a sequence (uy)n C Lip,s(X) such
that |[u — unl|L2(m) — 0 and H]Vun]||%2(m) — Ch(u) when n — 4o0.

Proof. Choose a point o € X and for every n € N\{0}, let x,, be a Lipschitz function
constant equal to 1 on B(o,n), to 0 on X\B(o,n + 1) and such that |Vy,| < 2. Take
f € Lip(X) N L?(m) and define, for every n € N\{0}, f, = fxn. Using the chain rule and

15



Young’s inequality for some ¢ > 0, denoting by Lip(x,)(< 2) the Lipschitz constant of x,,
we get

2
Vil < (Xn|vf| + fLip(Xn)lB(O,n-‘rl)\B(O,n))
< (14 9)|VF?+4(1/(1+ ) f*1Bomnr1)\BOm):

Integrating over X and taking the limit superior, it implies

limsup/ |V ful?dm < (1+€)/ IV f|? dm,
X X

n—oo

and letting € go to 0 leads to

limsup/ \anIQde/ IV f|? dm.
X b'e

n—oo

Then for u € HY?(X,d, m), for any sequence (ug); C Lip(X) N L?(m) L2-converging to
u, considering for any k& € N a sequence (vkp)n C Lip,(X) built as above, a diagonal
argument provides a sequence (Ukm(k)) & such that

liminf/ [V 0g () | dm < liminf/ |Vaug|? dm.
k—oo X ’ k—oo X

Taking the infimum among all sequences (u)r L2-converging to u leads to the result. [
We are now in a position to prove Theorem 4.

Proof. By the previous lemma it is sufficient to prove the result for u € Lipy,(X). By
Hoélder’s inequality,

loll gy < ol 122,

where

; ? + 2*9 ie 0= N+2 Then by Theorem 1 applied in the case p =2 < 7,

[l 2y < CHuIILNTZ)IIIVulllivzf(fn

As u € Lipy(X), Ch(u) = H]Vum%g(m), so the result follows by raising the previous
inequality to the power 2(N + 2)/N. O

Let us consider now a RCD(0, V) space (X, d, m) satisfying the growth condition (1.1)
for some 1 > 2 and the uniform local N-Ahlfors regularity property :

<C, Vee X, VO<r <, (4.1)

for some C, > 1 and r, > 0. Note that it follows from [BS18] that N is an integer which
coincides with the essential dimension of (X, d, m).

We take the weight w, = V (0, d(0,-))>N=2)d(o, -)~2N/(N=2) which corresponds to the
case p = 2 in Theorem 1; recall that 4 = w,m, and note that L%(m) C L?(u) as w, is a
bounded function (this follows from Bishop-Gromov’s theorem and (4.1)).

Set Hllof(X dm)={feL?.(m): of € H?*(X,d,m) Vo € Lip,,(X)} and note that
as an immediate consequence of the boundedness of w,, we have f € L? (m) if and only if

f 6Lloc( )
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Define the Dirichlet form @ on L?(p) as follows:

[x IVfl2dm if f € H, (de) with |V f|. € L?(m)

+00 otherw1se

on-

Q is easily seen to be convex. Moreover, since convergence in L7, (m) and in L2 (u) are
equivalent, Q is a L?(u)-lower semicontinuous functional on L?(u), so we can apply the
general theory of gradient flow to define the semigroup (h})¢~¢ associated to @ which is
characterized by the property that for any f € L?(X,pu), t — hi'f is locally absolutely
continuous on (0, +00) with values in L?(X, ), and

d
ghff = —AW'f for L'-ae. t € (0,+00),

where the self-adjoint operator —A associated to @ is defined on a dense subset D(A) of
D(Q) = {Q < +oo} and characterized by:

Qf.9) = /X (Af)gdu  ¥f € D(4), Yg € D(Q).

Be aware that although @ is defined by integration with respect to m, it is a Dirichlet form
on L?(u), whence the involvement of x in the above characterization.

Note that by the Markov property, each h}' can be uniquely extended from L2(X,p)N
LY (X, i) to a contraction from L'(X, ) to itself.

We start with a preliminary lemma stating that a weighted Nash inequality also holds
on the appropriate functional space when Ch is replaced by Q.

Lemma 4. Let (X,d, m) be a RCD(0, N) space with N > 3 satisfying (1.1) and (4.1) for
somen > 2, C, > 1 and v, > 0. Then there exists a constant C' = C(N,1n,Ojnf, Ogyp) > 0
such that:

2+ 4 4
258 < Ol Q) Vue L) nD(@).

Proof. Let u € L'(u) N D(Q). Then u € L2 (m), pu € HY3(X,d, m) for any ¢ € Lipy,(X)
and |Vul, € L?*(p). In particular, if we take (Xn)n as in the proof of Lemma 3, for
any n € N we get that y,u € H“?(X,d,m) and consequently there exists a sequence
(Un,k)i C Lipys(X) such that u, x — xpu in L2(m) and [y [V, k? dm — [y [V(xnu)|? dm.
Apply Theorem 4 to the functions u, j to get

i kI 20 < Cllunell g, / Vet dm (4.2)
X

for any k € N. As the wu,} and x,u have bounded support, and thanks to (4.1) which
ensures boundedness of w,, the L?(m) convergence uy,  — Xnu is equivalent to the L? (m),
L2 (1), L?(p) and L*(u) convergences. Therefore, passing to the limit k — +o00 in (4.2),
we get

Il 22 < Clhvnulfs, / IV (o) 2 .

By an argument similar to the proof of Lemma 3, we can show that

limsup/ |v(xnu)|3dm</ [Vul? dm.
X X

n—-+o00

And monotone convergence ensures that |xnulr2) — lullr2qy and [[xnullzi

%
|lull 1 (u), whence the result. O
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Let us apply Lemma 4 to get a bound on the heat kernel of Q).

Theorem 5 (Bound of the weighted heat kernel). Let (X,d,m) be a RCD(0, N) space
with N > 3 satisfying the growth condition (1.1) for some n > 2 and the uniform local
N -Ahlfors regular property (4.1) for some C, > 1 and v, > 0. Then there exists C =
C(N,n,Oint, Osup) > 0 such that

C
IPE Ly < e V8> 0,

or equivalently, for any t > 0, h admits a kernel p}' with respect to p such that:

C
P (z,y) < i TmyeX.

To prove this theorem we follow closely the lines of [SC02, Th. 4.1.1]. The constant C
may differ from line to line, note however that it will always depend only on 1, N, O,
and Ogyy.

Proof. Let u € L'(11) be such that lullpi(uy = 1. Let us show that [[hful| 2, < Ct—N/4
for any ¢t > 0. First of all, by density of Lip,,(X) in L'(x), we can assume u € Lip,,(X)
with |lulz1(,) = 1. Furthermore, since for any ¢ > 0, the Markov property ensures that
the operator h} : L*(u) N L?(1) — D(Q) extends uniquely to a contraction operator from
L'(p) to itself, we have hi'u € L'(u) (ND(Q)) and ||hfullf1(,) < 1. Therefore, we can
apply Lemma 4 to get:

Hh“UHLzN < CQ(M'v) Yt > 0.

d 1d
Vh“u2dm—/(Ah“ )h“udu——/x(d hiu )hffud,u:— ||h“u\|L2

X
we finally end up with the following differential inequality:

2+4/N _ Cd
Hh# H[; ,u/) > fdtHhHUHLQ(M vt > 0.
Writing ¢(t) = Hh“u”mw and ¥(t) = ];80( #)=2/N for any t > 0, we get % < /(t) and

thus 2t < ¢(t) —¢(0). As (0) = N||u|]L§(//iV > 0, we obtain 2t < 1(t), leading to

C

1Rl L2y < INJL

We have consequently [|hf[| 11— r2(u) < tf\’%' Using the self-adjointness of h}', we deduce
|4 L2(p)— Lo () S t}\% by duality. Finally the semigroup property

HhI;HLl(uHL‘X’(M) < HhéL/QHLl(uHLQ(M)HhéL/QHLZ(uHL""(M)

implies the result. ]
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