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We consider the Griffith fracture model in two spatial dimen-
sions, and prove existence of strong minimizers, with closed
jump set and continuously differentiable deformation fields.
One key ingredient, which is the object of the present pa-
per, is a generalization of the decay estimate by De Giorgi,
Carriero, and Leaci to the vectorial situation. This is based
on replacing the coarea formula by a method to approximate
SBDP functions with small jump set by Sobolev functions
and is restricted to two dimensions. The other two ingredi-
ents are contained in companion papers and consist respec-
tively in regularity results for vectorial elliptic problems of
the elasticity type and in a method to approximate in energy
GSBDP functions by SBVP ones.

1 Introduction

The study of brittle fracture in solids is based on the Griffith model, which
combines elasticity with a term proportional to the surface opened by the
fracture. In its variational formulation one minimizes

B[, u] := /Q\F (%(Ce(u) - e(u) + h(z, u))d:ﬂ F2BHTI I NQ) (1)

over all closed sets I' C Q and all deformations u € C1(Q\ T',R") subject
to suitable boundary and irreversibility conditions. Here 2 C R" is the
reference configuration, the function h € C%(Q x R") represents external
volume forces, e(u) = (Vu+VuT)/2is the elastic strain, C € R(*m)x(nxn) g
the matrix of elastic coefficients, 8 > 0 the surface energy. The evolutionary
problem of fracture can be modeled as a sequence of variational problems,
in which one minimizes (1.1) subject to varying loads with a kinematic
restriction representing the irreversibility of fracture, see [32, 8, 23].



Mathematically, (1.1) is a vectorial free discontinuity problem. Much
better known is its scalar version, mechanically corresponding to the anti-
plane case, in which one replaces the elastic energy by the Dirichlet integral,

Bns[T, u] = / (%]Du|2 + Rz, u))dx + 28K HTNQ), (1.2)
o\r

and one minimizes over all maps v : Q \ I' — R. This scalar reduction
coincides with the Mumford-Shah functional of image segmentation, and has
been widely studied analytically and numerically [5, 24, 8]. The relaxation of
(1.2) leads naturally to the space of special functions of bounded variation,
and is given by

B[] ::/Q<;|Vu]2+h(:c,u)>dx+2B’H”_1(JuﬂQ). (1.3)

Here u belongs to the space SBV2(2), which is the set of functions such that
the distributional gradient Du is a bounded measure and can be written as
Du = VuLl™ + [ulp, H" 11 J, with Vu € L?(€;R"), [u] the jump of u, J,
the (n — 1)-rectifiable jump set of u, which obeys H"1(J,) < oo, and v, its
normal. Existence of minimizers for the relaxed problem Efq follows then
from the general compactness properties of SBV?2, see [5] and references
therein.

The breakthrough in the quest for an existence theory for the Mumford-
Shah functional (1.2) came with the proof by De Giorgi, Carriero, and Leaci
in 1989 [25] that the jump set of minimizers is essentially closed, in the sense
that minimizers of the relaxed functional Ef;q obey

HHQNT,) =H QN T). (1.4)

This permits to define I' as the closure of J,, and then to use regularity
of local minimizers of the Dirichlet integral on the open set 2\ I' to prove
smoothness of u. The essential closedness of the jump set stated in (1.4) is a
property satisfied by several variants of the energy in (1.3), in particular also
by some defined on vector-valued SBV?2(Q, RY) functions. More precisely,
the integrands dealt with in literature depend on the full gradient with
some additional structure conditions: they are either convex and depending
(essentially) on the modulus of the gradient (cf. [10, 31, 37]) or they are
specific polyconvex integrands in two dimensions, i.e. n =2 (cf. [1, 2]).

In this paper we study existence for (1.1) in two spatial dimensions;
therefore the main difference with the results quoted above is the dependence
of the bulk energy density on the linear elastic strain rather than on the full
deformation gradient. Indeed, we assume that C is a symmetric linear map
from R™" to itself with the properties

CE—€T)y=0and CE-€ > cole + 1% for all € € R™™. (1.5)



This includes of course as a special case isotropic elasticity, C£-£ = i)\l\g +
ET% + $X2(Tr€)?, where Ay and Ay are the Lamé constants.
Our main result is the following.

Theorem 1.1. Let Q C R? be a bounded Lipschitz set, g € L>(2;R?), let
C obey the positivity condition (1.5), B > 0, h(x,2) = K|z — g(x)|? for some
k > 0. Then the functional (1.1) has a minimizer in the class

A:={(u,T):T CQ closed, u € C*(Q\T;R?)}.

This result was announced in [17].

We also consider a generalization of the basic model (1.1) with p-growth,
which may be appropriate for the study of fracture models with nonlinear
constitutive relations that account for damage and plasticity, see for example
[10, Sect. 10 and 11] and references therein. We replace the quadratic energy
density and the lower order term by the functions

ful® =3 ((Cg- e+ )" =), (L6)
h@,2) = rlz = g(a)lP,

where 1 > 0 and x > 0 are parameters and g € L>®(Q;R?). We remark
that for g > 0 and for small strains £ this energy reduces to linear elasticity,
fulé) = %up/2*1C§ £+ O(|€]3). For large € it behaves, up to multiplicative
factors, as |¢-+£7'|P, which is for example appropriate for models that describe
plastic deformation at large strains. We obtain the following.

Theorem 1.2. Let Q C R? be a bounded Lipschitz set, p € (1,00), u > 0,
K, >0, g€ L®(QR?) if p € (1,2] and g € WIP(Q;R?) if p € (2,00),
let C obey the positivity condition (1.5), and let f, be as in (1.6). Then the
functional

Byl = | | Unlelw) + wlu— gyt 2690 119) (17

has a minimizer in the class
A, = {(u,T): T C Q closed, u € C1(Q\ T;R?)}. (1.8)

Remark 1.3. The assumption g € WYP(Q;R?) if p > 2 is probably of
technical nature and depends on the elliptic regularity results discussed in
Section 2.1.

In the last years several approaches have been proposed to show existence
for Eyg after the seminal paper by De Giorgi, Carriero, and Leaci [25] in
which the result has been first established (cp. [10, 31, 22, 12, 24, 26, 9], and
[30] for a recent review). Here we follow the general strategy of proof by De



Giorgi, Carriero, and Leaci [25], although several new difficulties inherent
to the dependence of the bulk energy density on the symmetrized gradient
have to be faced.

We start off writing the relaxed formulation of (1.1), which for k > 0
has a minimizer in the space GSBDP(Q2) since no L* bound is imposed (see
below for the precise definition of the functional setting). This space and
its companion SBDP are, however, much less understood than the scalar
analogues (G)SBVP, though in the last few years there have been several
contributions in this direction [21, 13, 16, 19, 18, 33, 34, 35]. In particular,
since apart from trivial cases the Chain rule formula does not hold in SBDP,
the very definition of the generalized space GSBDP given in [21] requires a
different approach with respect to the standard definition of GSBV? as the
set of functions whose truncations belong to SBVP.

The proof given in [25] of the closure condition (1.4) in the scalar case
is based on a careful analysis of sequences of SBV? (quasi-)minimizers with
vanishing jump energy, for which a priori no control of any Lebsgue norm is
available. The idea to circumvent this difficulty and to gain compactness in
SBVP introduced by De Giorgi, Carriero, and Leaci, however, makes sub-
stantial use of a Poincaré-type inequality for SBV functions that is proven
via the coarea formula, which does not extend to the vectorial case. One
key ingredient in our proof is then an approximation result for SBDP func-
tions with small jump set with WP functions, stated in Proposition 2.3
below, which permits to obtain an equivalent Poincaré-type inequality for
SBDP functions, however restricted to two spatial dimensions (see [19] for
the proof). We remark explicitly that this is the only issue in which we
have to confine to two dimensions. Indeed, the other two key results of our
approach have higher dimensional analogues. More precisely, for n > 3 the
full elliptic regularity of solutions to linear elasticity type systems stated in
Theorem 2.2 has a partial regularity counterpart with an estimate on the
Hausdorff dimension of the singular set (see for more details the comments
in Section 2.1), and the strong approximation result of GSBDP functions
with SBVP N L* ones in Theorem 2.4 holds without any dimensional lim-
itation. Therefore an extension of the Poincaré-type inequality for SBDP
functions to higher dimensions, would lead to corresponding generalizations
of Theorems 1.1 and 1.2, at least for p = 2.

Going back to commenting the proof, we note that rather than extending
the quoted Poincaré-type inequality for SBDP functions to GSBDP ones,
we argue by approximating GSBDP functions by SBDP ones in energy.
The latter issue is discussed in [11] for p = 2 and any dimension, see Sec-
tion 2.2 below. The case of a general exponent p € (1,00) is established
in a companion paper [18] without dimensional restrictions and requires a
nontrivial modification of the original arguments in [11, 12, 41]. Since the
SBDP-GSBDP approximation does not preserve the boundary values, one
additionally needs to suitably combine the two approximation results care-



fully.

Let us also stress that under the working assumption that g is bounded,
by the maximum principle, i.e. by truncations, the fidelity term in the scalar
case is a lower order perturbation that originates and justifies the more
general regularity theory developed in literature for Mumford-Shah quasi-
minimizers. In the vector valued setting of interest here instead, for the
above mentioned lack of truncation techniques, such a term plays a nontrivial
role in the asymptotic analysis of sequences with infinitesimal jump energy
and has to be taken into account (cf. Proposition 3.4).

In any case, the asymptotics of such sequences in the framework under
investigation is related, similarly to the scalar setting, to minimizers of an
elliptic problem. In the scalar case, standard elliptic regularity directly
gives the necessary decay estimates for the energy (cf. [5, 31]). The case of
the system of linearized elasticity is also well-known in literature. Instead,
for systems of linearized elasticity type with p # 2 the regularity is less
standard, and we summarize the results we need in Section 2.1. Details and
extensions to higher dimensions are discussed elsewhere [15]. In particular,
partial regularity with an explicit estimate on the Hausdorff dimension of
the potential singular set are established in [I5]. We remark that it is a
major open problem to prove or disprove full regularity in the case p # 2.
Despite this, the mentioned Hausdorff dimension estimate is particularly
relevant in view of the possible extensions of the existence of minimizers of
the energy in (1.1) in higher dimensions.

Our main contribution is a statement on the regularity of weak local
minimizers (cf. (3.2) for the precise definition). In particular, we show (see
Theorem 3.11 below) that if w € GSBDP(Q2) is a local minimizer for the
weak formulation then HY(Q2 N J, \ Ju) = 0 and u € CH(Q\ J,;R?). The
condition £ > 0 is only required for establishing the existence of a weak
minimizer in GSBDP(2) via [21, Theorem 11.3].

Let us conclude the introduction by outlining the organization of the
paper. We first provide the technical preliminaries: in Section 2.1 we state
the needed elliptic decay estimates, then in Section 2.2 we introduce the
spaces SBDP and GSBDP and discuss the quoted approximation results.
In Section 3 we prove the density lower bound and essential closedness of
the jump set for local minimizers. Finally, in Section 3.2 we prove the main
results Theorem 1.1 and Theorem 1.2.

2 Preliminaries

2.1 Regularity for generalized linear elasticity systems

In this section we investigate the regularity properties of minimizers of elastic
type energies. Despite several related contributions present in literature (see
[36, 28, 29] and references therein), we have not found the exact statements



needed for our purposes. We summarize here the results of interest, and

provide elsewhere [15] a self-contained proof of the elliptic decay estimates

as well as of full and partial regularity for local minimizers according to the

dimensional setting of the problem, following the techniques of [3, 28, 29,
, 39].

We first present a decay property of the LP-norm of e(u), with u a local

minimizer of v — [, fo(e(v))dz, i.e.,

AEMWMSAEMMM

for all v € WP(Q; R™) satisfying {v # u} CC €. Such a result is necessary
to prove the density lower bound inequality in Section 3. Since in this paper
the decay property will be applied to the blow-ups of minimizers, there are
no lower order terms, therefore we state the result only for the functional
with Kk = p =0 (cf. [15] for the proof given in the general case).

Proposition 2.1 ([15, Proposition 3.4]). Let n = 2, Q C R? open, p €
(1,00). Let u € WIP(Q;R?) be a local minimizer of

v»—>/ﬂf0(e(v))da:.

Then, for all v € (0,2) there is a constant ¢, = c(y,C,p) > 0 such that for
all p < R <1 such that Br(xg) < Q it holds

/Bp(xo) fole(u))dr < c, (%)2*7 /BR(m) fole(u))dz .

In the quadratic case p = 2 it is well-known that the minimizer u is
C*(Q;R™) in any dimension as long as ¢ is smooth (see for instance [39,
Theorem 10.14] or [38, Theorem 5.14, Corollary 5.15]). Below we state a
C1* regularity result in the two dimensional setting ( see [15, Section 4] for
the proof and for extensions to higher dimensions).

Theorem 2.2 ([15, Proposition 4.3]). Let n =2, Q C R? open, p € (1,00)
k>0and p>0,g€ WHP(Q;R?) ifp>2, g€ L®°(R?) ifpe (1,2]. Let
u € WHP(Q; R?) be a local minimizer of

v»—)/Qfﬂ(e(v))dx—i—/ﬁ/QW—g\pd:r.

Then, u € Clz’g(Q;R?) for all « € (0,1) if u > 0, and for some a(p) € (0,1)
if u=0.



2.2 Approximation of SBD? and GSBD? functions

We start by briefly collecting the main properties of GBD and GSBDP of
interest to us. Let 2 be a bounded open set in R™. If v : 2 — R"™ is a Borel
function, we say that x € ) is a point of approximate continuity for w if
there is a € R™ such that for each € > 0

lim Tinﬁn (B (z) N {|u—a| > }) = 0. (2.1)
We say that x is a jump point, and we write x € J,, if there exist two distinct
vectors at € R” and a unit vector ¥ € R” such that the approximate limit
of the restriction of u to {y € Q: +(y —x)-v > 0} is a*.

The space BD(2) of functions with bounded deformation in € and its
subspace SBD(2) have been widely studied due to their role in the varia-
tional formulation of many problems in plasticity and fracture mechanics.
Let us recall that the jump set J, of a function u € BD({?) is countably
(H" 1, n — 1)-rectifiable and that for H""!-a.e. x € J, the function u has
one-sided approximate limits u® () with respect to a suitable direction v, (x)
normal to J, at x. We denote by S, the set of approximate discontinuity
points, in the sense of the set of points where (2.1) does not hold. Moreover
one can define the approximate symmetric gradient e(u) € L'(Q; R"*™). For
further details and properties see [13, 4, 6, 27, 21].

The subspace SBDP(2), p > 1, contains all functions u € BD(f2) whose
symmetric distributional derivative can be decomposed as

Fu=e(w)L"LQ+ (ut —u) O v H L J,,

with e(u) € LP(Q; R™") and H" !(J,) < oo. Fine properties and rigidity
properties of SBDP have been highlighted in [7, 11, 14, 13, 33, 34, 16].

The generalized space GSBD(f?) introduced in [21] has proved to be the
correct space where setting a number of problems in linearized elasticity,
see [11, 35]. An L"-measurable function u: 2 — R"™ belongs to GSBD()
if there exists a bounded positive Radon measure A, € M, (2) such that
the following condition holds for every ¢ € S*71: for H* l-a.e. y € Qf the
function u§ defined by ug(t) = u(y + t&) - £ belongs to SBVlOC(Qg), where
Qg ={teR:y+t& €N}, and for every Borel set B C (Q it satisfies

/ (IDu§I(B§\ T2e) + HB N ) ) < a(B),  (22)
193 Uy Uy
where JY, :={t € J ¢ : |[u§] ()] > 1}.
Uy Uy
If u € GSBD(Q), the aforementioned quantities e(u) and J, are still
well-defined, and are respectively integrable and rectifiable in the previous

sense. In analogy to SBDP((), the subspace GSBDP(£2) includes all func-
tions in GSBD(Q) satisfying e(u) € LP(Q; R™") and H" 1(J,) < oo.



Next proposition states that a G.SBDP-function with a small jump set
can be approximated by Sobolev functions. This is a minor reformulation
of the result of [19] (see [13, 33, 31] for related works in SBDP). Its proof is
based on first covering the jump set with countably many balls with finite
overlap and properties (i) and (ii), and then in each ball B constructing w as
a piecewise affine approximation to u on a suitably chosen triangular grid,
which refines towards 0B in such a way that grid segments do not intersect
Ju, following a strategy developed in [20].

Proposition 2.3. Let p € (1,00), n = 2. There exist universal constants
¢,n,§ > 0 such that if u € SBDP(B,), p > 0, satisfies

HNJ,NB,) <n(l- s)g

for some s € (0,1), then there are a countable family F = {B} of closed balls
overlapping at most & times of radius rg < (1—s)p/2 and center xp € B,
and a field w € SBDP(B,) such that

(i) nrg < HY(J, N B) < 2nrpg for all B € F;

(it) H'(JuNUFOB) = H'((Ju N Bs,) \ UrB) = 0;
(iii) w = u L%-a.e. on B, \ UrB;

(iv) w e WHP(Bg,; R?) and H (Jy \ Ju) = 0;

(v) for each B € F one has w € WHP(B;R?) with

[ letwypar < c [ jetwypas: (2.3)

and there exists a skew-symmetric matriz A such that

/ |[Vu — APdz < c/ le(u)[Pdx; (2.4)
BSP\U]:B

P

(vi) UrB C B1J2rsp and Y L*(B) < %le(Ju NB,);
(vii) if, additionally, u € L= (B,;R?) then w € L™ (B,;R?) with
[wllLoo(B,ir2) < lullLoo(B,:r2)-

The next result is an approximation in energy of G.SBDP functions with

SBVP functions, which was proven in [11] for p = 2 and for any dimension,
building upon ideas developed in [11, 12] for SBD? functions. The extension
to p # 2 is discussed in details elsewhere [13]. Let us only mention that de-
spite we still follow the ideas in [ 1, 12], in the nonquadratic case a different

definition of the piecewise affine approximants is needed. Indeed, it requires
the use of a different interpolation scheme and a different finite-element grid
for the actual construction.



Theorem 2.4 ([18, Theorem 3.1]). Let Q@ C R™ be a bounded Lipschitz
set, w € GSBDP(QY) N LP(Q;R™).  Then there is a sequence v; € L™ N
SBVP(Q;R"™) such that

Jim_(fle(v;)- e(w)l| Lo (ornxm) H|vi—ul Lo mm) HH" T (o) = H'7H(Ju)]) = 0.

3 Proof of existence of strong minimizers

We prove that weak minimizers (in GSBDP) have an essentially closed jump
set, and therefore can be identified with strong minimizers. The general
strategy is similar to the one by De Giorgi, Carriero, and Leaci [25]; the
key new ingredients are the approximation results for GSBDP functions
with Sobolev functions discussed in Section 2.2 and corresponding rigidity
estimates for treating the lower-order term.

3.1 Density lower bound

In this section we assume that Kk >0, 3> 0,p > 1, g € L®(4R"), n >0
are given, and that €2 C R™ is a bounded, open, Lipschitz set. For all
u € GSBD(R) and all Borel sets A C €2 we define the functional

G(u, k, B8, A /fu d:c+/<c/|u— Pdx + 2BH" 1 (J, N A). (3.1)

By [21, Theorem 11.3] the global minimum problem for G has a solution in
GSBD(2). Moreover, we say that u € GSBDP(Q) is a local minimizer of
G(-, K, 3,9) provided

G(u,k,3,92) < G(v,k, 5,9Q), (3.2)

for all v € GSBDP(Q) satisfying {v # u} CC Q.
In order to prove the main result of the paper, Theorem 1.2, we use an
homogeneous version of G

Go(u, K, 8, A /fo dat+f<;/ \uPdz + 2BH"(J, N A)

to get an appropriate decay estimate (Lemma 3.6) and then density lower
bounds for the full energy Gy and the jump energy alone (cf. Lemma 3.8
and Corollary 3.9 respectively). For convenience, we introduce for open sets
A C Q the deviation from minimality

\IIO(ua ’%767 A) = GO(ua K‘aﬁa A) - (I)O(u> R, 6714)7

where

Do(u, k, B, A) :== inf{Go(v,k,B,A): v GSBD(Q), {v#u}  A}. (3.3)



The functions f,, with g > 0 and fy are both convex and with p-growth.
The p-homogeneous function fy captures the asymptotic behavior of f, at

infinity, L0 1
'LL =

fo(§) = lim S(ce P2, (3.4)

t—oo tP

Before proceeding with the proofs we state an auxiliary result that will
be repeatedly used in what follows (see [10, Lemma 4.3] for the elementary
proof).

Lemma 3.1. Let w C B,(y) satisfy

£7(w) < LB, ),

and let ¢ : R™ — R"™ be an affine function. Then

LM Br(y)llell oo, y)rm) < ellell 1B, (m)\wr)>
where the constant ¢ depends only on the dimension n.

We investigate first the compactness properties of sequences having van-
ishing jump energy.

Proposition 3.2. Letn =2, p € (1,00), B, C R? a ball, u, € SBDP(B,)
and

sup / fole(un))dz < 00, HY(J,) — 0. (3.5)
n JB,

Then there are a function u € Wl’p(Bp;Rz), a subsequence hj;, a sequence
of affine functions aj : R? — R? with e(a;) = 0, a sequence zj € SBDP(B))
with

(i) {zj # un,} < B, and L2({zj # up,}) = 0;
(i) |2 — aj| < |un, — a;| and |e(z)| < le(un,)| £L2-a.c. on B,;

(iii) H*(J.; \ By) < c’Hl(Juhj \ By) for every p" < p/ < p and j large,
where ¢ is a universal constant;

(w) zj —aj; —u Lj_

(Bp;]RQ).

Moreover Up; — a5 = U L2-a.e. on B, and

fo(e(uw) dx<hm1nf/ fo(e(up))dz . (3.6)
By

10



Proof. Up to the extraction of a subsequence, we may assume that the
inferior limit in (3.6) is actually a limit.

For each h € N and for any s € [1/2,1) let wgs) € SBDP(B,) and F}
be the function and the family of balls obtained by Proposition 2.3 applied
to up. By (2.3) and Korn’s inequality we can choose affine functions ags) :

R? — R? such that e(agf)) =0,
IDw — Day || 1o, max2y < cle(wy) | pop,,mezy < clle(un)llpags,mexe)

and ||w}(f) - agls)HLp(Bsp;Rz) < cplle(un)||Lr(B,m2x2). Now notice that for h
large L*(B,, N {fw,(ls) = w,gl/z) = wy}) > 1L*B,) in view of item (vi)
in Proposition 2.3 and since H!(Jy,) — 0 as h 1 oo (cf. (3.5)). Thus,
Lemma 3.1 and the triangular inequality imply for h large

HDGS) - DCLS/Q) HLP(BSP;R“?)

1
S C||Da§f) — Daglh)”Lp(Bp/Qﬁ{UJEj):wgll/Q):uh}ﬂszz) S Cue(uh)HLp(Bp;RQXZ)
(3.7)

.. 1 s
and similarly ||a§L ) _ a;l)HLp(BSP;RQ) < cplle(un) |l r(B,r2x2)-

It follows that the sequence wﬁf) — ag/ %) is bounded in WP (Bsp; R?)
and therefore has a subsequence (depending on s and not relabeled) which
converges to some w(®) weakly in WLP(Bs,; R?), strongly in L9(B;,; R?)
for all ¢ € [1,p*) and pointwise £?-a.e. on Bs,. Note that EQ(U]:;;B) <
%p’Hl(Juh) for all s € [1/2,1) by item (vi) in Proposition 2.3. Therefore, by
(3.5) we conclude that w® = w® L%-a.e. on By, if 1/2 < s <t < 1. Thus,
we may define a limit function u on B, such that u = w®) L£2-a.e. on By,
for all s € [1/2,1). In particular, u € VVI})’p(Bp;RQ).

C

Let B € F;. By the trace theorem,

1
||w;(15) - GEL /2)||L1(BB’;]R2)
C 1 1
< TB/HUJ}(LS) — CL;L/Q)HLl(B/;RQ) + CHD’(U;LS) — DCLEL /) ||L1(B’;R2X2)‘
Using Korn’s inequality, Poincaré’s inequality, and (2.3), we obtain that for
each B’ there is an affine function aps such that

)

1
rguw,ﬁs) — || o (prmz) + 1DWY) — Dapr|| 1o (grmaxey < clle(un)| oo(mmene) -

Since the center of B’ is contained in B, we have £2(B’' N By,) > cL*(B'),
and therefore, treating the affine function as in (3.7),

1 1
o =l | orgey < N0 —ap |l sz + cllan —ab ™ || ornm,,@2)

1
< dllws?) — ap |l gy + clwl) — al? | omns,, 2)-

11



The same holds for Dw,(f) — Das/ 2). We conclude

1 1 1
Z i”w,(f) - a( P e (BriR2) + HDw g Daé/z)lle(BgR?xz)
BIEF;

< clleun)ll Lr(B,r2x2)

and therefore, since rg/ < p,

1 —
S ok = a3l omrez) < o lle(un)ll s, mexz)-
B'eF;,

We define z}(f) = w,(f) + (ay, (/2) _ w;(f))XU +sB- The previous estimates show
h

that z,(ls) ( ) e SBDP(B,). Moreover, H'(J (NBs,) < EBef,i H1(0B),
Zh

e(z,(f)) = e(uh)XBp\ufiB L2-a.e., so that the sequence z,(ls) —agm

in SBDP(B,,). In addition, for all ¢ € (p,p*) it holds

is bounded

1/2
1227 = w0 o) = lag™ = w0 iaza,n0, w2y

1/p—1 1 s
< (L2UrB) "l — 0| La(s., E2-

Hence, z,g) w}(f) — 0 in LP(Bs,; R?) since LQ(U}'}SLB) < c(HY(Jy,))? for

some universal constant ¢ > 0. Therefore, z,(f) — ag/ ? has a subsequence

(depending on s) converging LP(Bs,; R?) and £2-a.e. on Bg, to u .
From e(z,(ls)) = e(w},)XB,\uF; one sees that e(z,(ls)) converges weakly in
LP to e(u) . Hence, recalling that we have assumed the inferior limit in (3.6)

to be a limit, by convexity and positivity of fy we obtain for all s € [1/2,1)

fo(e(u))dz < liminf fole(zp))dz < hm mf/ fo(e(un))

Bsp h—o0 Bsp
(3.8)
where in the second step we used e(z;) = e(un)xp,,\ur;- From this we
conclude that u € W1P(B,;R?), and moreover the lower semicontinuity
estimate in (3.6) follows at once being fy nonnegative.
Eventually, take a sequence s; 1 1, for every j € N let h; be such that

. 1
||Z;({j]) - ah/; —ullprs,, 2y < Vi,

(s5)

set zj 1= zh

(1/2)

and a;j := a;, /", then properties (1)-(iv) follow by construction.

Finally, the sequence ujy, — a; converges in measure to u by item (iii) in

Proposition 2.3 and since EQ(U »+i B) is infinitesimal as already noticed. [
hj
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Remark 3.3. The result above extends to sequences up € GSBDP(B,) N
Lp(Bp;R2) by using the approrimation argument that will be employed in
Proposition 3.4 below.

We investigate next the asymptotics of sequences with vanishing jump
energy.

Proposition 3.4. Letn =2, p € (1,00). Let B, be a ball, up, € GSBDP(B,)
and kp, € [0,00), By € (0,00) be two sequences with K, — 0 as h — 0o, and
such that

sup GO(uh>Kh7ﬁhaBT') <00, and lim \I’(](Uh, Hh?/Bh’BT) = lim Hl(‘]uh) =0.
h h—o0 h—o0

Then there exists u € W1P(B,;R?), a: R? — R? affine with e(a) =0 and a
subsequence hj such that

(i) for all p € (0,7)

Jim Gom,ory 6, B) = [ fotelwd+ [ v

p

(ii) for allv € u+ Wol’p(Br;Rz)

W))dz < /B Fole(v))dz

(i) up; — aj — u pointwise L%-a.e. on B, for some affine functions aj,
e(up,) — e(u) in LP(B,; R**?), ﬁhjﬂl(Juhj NB,) =0, and /@;/]?uhj —
@ in LP(B,;R?) for all p € (0,7).
Proof. Theorem 2.4 provides v, € SBVP N L*¥(B,;R?), for every h € N,
such that
lle(un) — e(vn)ll Lo (B, m2x2) + H (Ju,) = H (Ju,)|
+ llun — vnll o, w2 < (h+683) 7 (3.9)

In particular, for all p € (0, 7]

lim sup Go(up, kn, Br, Bp) = limsup Go(vp, ki, Bh, Bp), (3.10)
h—o0 h—o0
and
lim #'(J,,) =0.
h—o0

Hence, (vp)pen satisfies (3.5) in Proposition 3.2. Let ap; and u be the
functions obtained by Proposition 3.2, then vj, — ap, — u pointwise L%-a.e.
on B,. Recall that Proposition 3.2 and (3.9) 1mply that

/fo dx<hm1nf/ fole(up)) (3.11)

13



Additionally, up to extracting a further subsequence we may assume that
up; — ap; — u pointwise L2-a.e. on B, by (3.9). Here and henceforth we
denote h; by h for simplicity.

Since s — Go(up, Kk, Br, Bs) is nondecreasing and uniformly bounded, by
Helly’s theorem we can extract a subsequence, not relabeled for convenience,
such that the pointwise limit

hlim G()(’U,h, Kp, 6h7 Bs) = A(S) (312)
— 00

exists finite for £!-a.e. s € (0,7), and A is a nondecreasing function. Define
I C (0,7) to be the set of radii where (3.12) holds true.

Being (mz/p up)n, bounded in LP(B,;R?), it has a subsequence (not re-
labeled) converging to some @ € LP(B,;R?) weakly in LP(B,;R?). At the

. 1 . .
same time /Qh/p(uh —ap) — 0 pointwise L2-a.e. in B,, as ky | 0 as h — oo,

therefore (ﬁ,ll/pah)h is bounded in LP(B,;R?) by Lemma 3.1. Hence, by the
Urysohn property, by the weak LP-convergence of (/1}/ Pup)p and by the equi-

integrability of (/{2/ ’(up — ap))n, we obtain that in turn (K,]ll/ Pay)n converges

weakly to @ in LP(B,;R?). Since /i,ll/ Pay, are affine functions, and the space
of affine functions is finite dimensional, convergence is actually strong, and
a is affine on B,, with e(a) = 0.

Fixed p € I a continuity point of A satisfying (3.12) we apply Proposi-
tion 3.2 again to B, and obtain a subsequence of h not relabeled, a sequence
(z,(f ))h € SBDP(B,), and a sequence aép ). R? — R? of affine functions with
e(agf)) = 0, such that v, — aglp) — ulP) L2-ae. on B, z}(Lp) — a,(zp) — u®) in
L (B,;R?) and {z,(lp) # up} @ B,, for some ul?) € W'P(B,;R?). Thus,
we may consider z,(lp ) as a function in SBDP (B;) by extending it equal to
vy on By \ By.

Next note that z,(f) —ap = uwin LV (B,;R?), where aj, and u are the
globally chosen functions introduced above. This claim easily follows from

the convergences vy, — ap, — u L%*a.e. on B, and vj, — agp) — ulP) L2

a.e. on B,. Indeed, from these we deduce that aglp) —ap, = u—u® in

LP(B,;R?). Hence, the claim follows at once by taking into account this

and the convergence z}(Lp) — agp) — ul® in LY (By; R2).
Let v € WLP(B,;R?) be such that {u # v} C B, and let 0 < p"” < p” <
P < p<p<r, with p”, p e I and assume in addition that {u # v} C B,».
Let ¢ € CX(By;[0,1]), ¢ € C&(Bp;[0,1]) be cut-off functions such
that ¢ = 1 on By, ¢ = 1 on B, and HVCHLOO(BP,;RQ) < 2(p — p" 1,
IV@ll Lo (Bm2) < 2(5 — p)~". Define

= Co +ap) + (1= O (e + (1 - p)up)
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and note that

Ty, = Cw+an)+(1-¢)z" on By
" cpz,(f) + (1 —p)up on B, \ By.

Since {uy, # up} CC By, by the very definition of ¥y we have

Go(un, kn, B, Bs) < Go(tn, £h, Br, Bs) + Yo(un, kn, Bh, Br). (3.13)

We estimate separately the contributions on B, and B; \ B, for the first
summand on the right hand side above as follows. First, for some ¢ = ¢(p) >
0 we have

Go (Un, Kk, B, By) < Go(v + an, ki, Bry Byr) + ¢ Go(v + an, ki, Br, By \ Byr)

¢ (p)
—|—cGOZ ,Iih,ﬁh,B B / v+ap — 2" [Pdx
( 4 \ ) (p/ - p//)p AV | h ’

— [ et wn [ fo+ anPds

Bl)// PH

+c/ fo(e(v))daz+cmh/ |v+ ap|Pdx
/\B 7 B /\B 7"
¢ (p)
+cGo(z ,ﬁh,ﬁh,B By / v+ap — 2" |Pdx.
o(a R T \B | i

)

Moreover, since {z P #vp} CC By, and up = z}(lp on B, \ B, we have

GO(ﬂha Rh, ﬁfh Bﬁ \ BP') <c GO(Z](Lp)v Kh, /Bhv Bﬁ \ Bp') + CGO(uha Rh, /Bha Bﬁ \ BP)

C

+ / lvp, — up|Pdz.
(P—p) J)\B,

Therefore, since u = v on B, \ B,» we deduce that

Go (s ks B, By) < hwmm+@/\wmmm
Bp// p//

+c/ fole(v))dx + ckp, / |u + ap|Pdx
\B i B _/\B_n

+c Go(z}f), Kh, Bhs Bp \ Bpr) + ¢ Go(un, kn, Bn, B \ Bp)

¢ (p) ¢
+/ |u+ap — z; ' [Pdx + = / lvp, — up|Pde.
(p/ - p//)p Bp/\Bp// (p - p)P B;\B,

(3.14)

Note that by (ii)-(iii) in Proposition 3.2 we have, for h sufficiently large,
Go(zh s Khs By B \ Byr) < ¢ Go(vn, K, B, Bs \ Byrr).
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therefore (3.10), (3.12) and the choices of the radii p"”',p € I yield

timsup (Go(=4!", ., B, By\ Byr)+Golun, sn, s Bo\By)) < c(A(B)—A(5")).

h—o00

Moreover, recalling the convergences uy —vy, — 0 in LP(B,; R?), z}(Lp )—ah —u

LP(By;R?), n;/pah — @ in LP(B,;R?) and K, — 0 as h — oo, we infer

1
lim (mh/ |u+ahpd$+,,// \u+ah—z}(f)\pdx
h—o0 Bp/\Bp// (p - P )p Bp/\Bp//
1
+ p/ lvn, — Uhlpdﬂﬁ): / |a|Pdz,
(P—p) B;\B, B, \B

Hence, by taking the superior limit as A — oo in (3.13), in view of (3.14)
and the last two inequalities we get

Ao < [ et |

|aPdz + c/ fo(e(v))dx
Bp// B BP/\Bp//

pl/

e / [alPdz + c(A(p) — A(p").
Bp/\Bp//

On the other hand, the weak convergence of (/i;/puh)h to @ and (3.11) yield

fole(w)ds+ [ falPds < timint [ (fo(e(un)) + malun”) do < A(p).
B, B, h—o00 B,

(3.15)
Therefore, from the last two inequalities we conclude as p™;p — p

fole(u))dz +/ |a|Pdx
B, B,
=|P
VR letdz+ / e (310)
and thus in particular
fole(u))dz < | fo(e(v))dz (3.17)
B, B,

for all v € WP (B,; R?) such that {u # v} < B, and for L' a.e. p € (0,r).
Clearly, a simple approximation argument yields that the inequality (3.17)
holds for all v € u + Wol’p(Br; R?), i.e. item (ii) is established.

Finally, setting v = v in (3.16), we deduce that for £! a.e. p € (0,7)

/ fole(w)) + [alPdz = A(p).
By
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Being the left-hand side there continuous as a function of p, A turns out to
be continuous as well, and recalling its very definition and the monotonicity
of the integral we conclude that convergence in (3.12) holds for all p € (0,7),
i.e. item (i) is established as well. Furthermore, from this and (3.16) above
one deduces that equality holds in (3.15), and therefore that the convergence
of e(up,) and /-i,ll/ Py, is strong, which concludes the proof of (iii). O

We are now ready to prove a fundamental decay property of Gy by
following the ideas in [10, Lemma 3.9]. Nevertheless, we note explicitly that
contrary to [10, Lemma 3.9] the lack of truncation arguments forces to take
also into account the fidelity term in the decay process, since a priori we
have no L* bound on local minimizers. As part of the argument extends
directly to higher dimension, we give a proof of the density lower bound that
depends only on the decay property. However, the decay property has been
proven using the regularity of Sobolev minimizers as well as Propositions
3.2 and 3.4, which have only been established in dimension n = 2.

Definition 3.5. Let n > 2, p € (1,00), kK > 0, 8 > 0. We say that the
decay property holds for the functional Go in dimension n if the following
is true. For any v € (0,1) there is 74 > 0 such that for all T € (0,7,] there
existe € (0,1), 9 € (0,1), and R > 0, such that if u € GSBDP () satisfies

H" (T, N By(x)) < ep™ ! and Go(u, k, B, By(x)) < (14+9)Po(u, K, B, B,(x))
for some B,(x) <C Q with 0 < p < R, then
GO(ua K, Bv BTp('r)) < Tn_,yGO(uv K, 67 Bp(x))

Lemma 3.6 (Decay). The decay property holds in dimension n = 2 for any
pe(l,00), k>0, >0.

In what follows ¢, denotes the constant in Proposition 2.1 having chosen
~ > 0, and ¢ that of Lemma 3.1.

Proof of Lemma 3.6. Let 7, > 0 be such that max{cy/ﬂ';h, &y} =1/

By contradiction suppose the statement false. Then there would be
7 € (0,7,] and three sequences ¢, — 0, ¥, — 0, p, — 0, a sequence
up, € GSBDP(R), and a sequence of balls B,, (x5) C €2 such that

H' (Jup, N By, (1)) = € phs
Go(un, K, B, By, (z1)) = (1 +U4)Po(un, &, 8, By, (1)),

with
Go(uh>K7BaBTph(xh)) > TQ_WGO(uh>K;767BPh(xh))'
We define
Ph (onpp) /P
Oh = and v = MRPR) T (e +
" Golun, w, B, By, (x1)) n(y) o w(Th + pry)
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so that vy, € GSBDP(B) satisfies Hl(Jvh) = ep, Go(vh,/{pﬁ,ﬁah,Bl) =1,
\I/()('Uh, Hp;;;, Bop, Bl) = ﬂh/(l + ﬂh); and

Go(vh,lﬁlpz,ﬁah,BT) > 7'2_’7. (3.18)

By Proposition 3.4 there exist a subsequence h not relabeled, a function
v E Wl*p(Bl;]RQ), and affine functions ay, such that vy, — ap — v L£%-a.e. on
Bi, and for some affine function @ with e(a) =0

fole(v))dz +/ lalPdz = hlim Go(vn, kph, Boy, B,) < 1 (3.19)
Bp —00

P

for all p € (0,1), with v a minimizer of w — [ fo(e(w))dr among all
w € v+ WP (By;R?).

Hence, by Proposition 2.1, applied with the exponent /2, by Lemma 3.1
and (3.19)

lim Go(un,wgf o, B) = [ doetw)ie+ [ jaras

-

§67/272_7/2 + Ha||poo(B7_;R2)£2(B1)7—2 < (07/277/2 + EPT’Y)7-2—’7 < 7_2—7’

where the last inequality follows by the definition of 7,. This contradicts
(3.18). O

Remark 3.7. The conclusions of Proposition 2.1 actually hold without di-
mensional limitations (cf. [15, Proposition 3.4]), but are clearly not enough
to deduce in higher dimensions the decay property (cf. Definition 5.5).

We finally establish the density lower bound for the homogeneous energy
Gy and for the jump term. The proof of the next result follows the lines of
[31, Lemma 4.3]. As this argument does not depend on dimension except
for the decay property we formulate it for general n. We denote by J; the
set of points = € J,, with density one, namely

»1(J,NB
Jy = {x € Jy @ lim H f(x)) = 1} ; (3.20)
p—0 Wp—1p""

where wy,_1 is the (n — 1)-dimensional Lebesgue measure of the unit ball in
R,

Lemma 3.8 (Density lower bound for Gy). Letn > 2, p > 1, k > 0,
B>0,u>0,g¢€ LP(R"). Assume the decay property holds for Gy in
dimensionn. Ifu € GSBDP(Q) is a local minimizer of G(-, k, 3,Q) defined
n (3.1), then there exist ¥y and Ry, depending only onn, p, C, k, B, p, and
19|l oo (@srn), such that if 0 < p < Ry, x € Q N Jg, and B,(z) CC Q, then

Go(u, K, B, By()) > dop™ . (3.21)
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Proof. Let us first assume that z € J.
Step 1. We choose v = 1/4 in the decay property (Definition 3.5) and choose
7€ (0,27 A7y,), with 71/, as in Definition 3.5. Let € := wp_1 Ae(7), where
e(r) € (0,1), 9=9(r) € (0,1), and R= R(r) > 0, are as in the decay
property.

We claim that there exists a radius Ry = R1(n,7, 4, p, [|9 oo (o)) > 0
such that if

G(u,k, B, B,(z)) < Bep (3.22)

for some 0 < p < Ry, then one of the following inequalities holds
Glu, &, B, Bryl@) < 71, (3.23)
G(u, K, B, Brp(x)) < T"2G(u, k, B, By(z)). (3.24)

We distinguish two cases. If
G(u, &, B, Brp(x)) < p"~ 7", (3.25)

then (3.23) holds provided we choose Ry < 74(*=1),
To deal with the remaining case we state two elementary inequalities:
for any o > 0 there is k, > 1 (implicitly depending also on p) such that

24P < (1 +0) 2P +ko|¢[P forall z, { € R® (3.26)
and
fol€) — pP% < £ (6) < (14 0) fo(&) + kopt/?  for all € € R™*". (3.27)

Using (3.27) and (3.26) with o = 1, and the fact that g € L>®(Q;R"), we
get

G(U, K‘aﬁa BTp('r)) < 2G0(u7 Ky 67 B’Fp(x)) =+ kl(up/Q + ||gHi°°(Q;R2))pnwn .

Since (3.25) does not hold, choosing Ry < R such that

1/4
Bk (17 + gl ) B < 1 (3.28)
we obtain
G(u, K, B, Brp(x)) < 4Go(u, K, B, Brp(x)). (3.29)
Suppose now that
Go(u, K, B, By(x)) < (1 +9)®o(u, K, B, By(x)). (3.30)

Then, by (3.22) and (3.30) the decay property, (3.27), (3.29) and g €
L=(Q:R™) yield

G(u, &, B, Bry(x)) < 47" 'Go(u, , B, By())
< 8" 4G (u, kv, B, By(w)) + dwn (1 + k1|1 e im0
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Since (3.25) is not satisfied, as above we can absorb the last term in the
left-hand side by taking into account the condition in (3.28) to obtain

G(u, &, B, Brp(x)) < 167" *G(u, &, B, B,(x)).

The proof of (3.24) is concluded since 167'/* < 1.
Hence, we are left with proving (3.30) assuming that (3.25) is violated.
To this aim we first fix 0 = o(7) € (0,1/2) such that

(1+20)*=1+9. (3.31)

By (3.26), (3.27) and g € L*°(2; R™) we obtain

GU(“? Ky 5730) < (1 + U)G(uv K, B, BP) + wn(up/2 + kaHgHZI)/OO(Q;R"))pn
< (14 20)G(u,k,B,B,), (3.32)

provided
1
wn(i + ko llg e ) R < 00 (3.33)

Now, for any field v € GSBDP(Q) with {v # u} & B,, being u a local
minimizer of G, (3.26) and (3.27) give

G(U, ’/”-757 BP) S G(’U, K, B, BP)
< (1 + G)GO(Uv K, Ba Bp) + wnko'(up/z + ||g||p°°(Q;R”))pna

as (3.25) is violated, we infer

(]' - Wnk‘a(ﬂp/Q + ||g||poo(Q7Rn))Ri/4)G(u7 K, IB’ Bp) < (1 + U)GO(% K, 53 Bp)

(3.34)
We choose Ry € (0, R) such that (3.28), (3.33) and
1 + g p/2 P 1/4
1+20§1—wn%0i +”ﬂ’wmwﬂ31 (3.35)

are satisfied. Then (3.34) becomes G(u, &, 8, B,) < (1 + 20)Go(v, K, B, B,),
so that recalling (3.32) and the choice of o € (0,1/2) made in (3.31), we get

GO(uv K”Bv Bp) < (1 + ﬁ)GO(U7 Kaﬁv Bﬂ)

We finally deduce (3.30) from the latter inequality by taking the infimum
on the class of admissible v introduced above (cp. the definition of @ in

(3.3)).
Step 2. Fix Ry > 0 such that

Ry < Ry A(Be)® AT, (3.36)
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where 0 < Ry < R satisfies (3.28), (3.33) and (3.35). For any p < Rs set
pi :=T'p, i € N. Let us show by induction that (3.22) implies for all i € N

G(u, s, 8, By, () < Bep? . (3.37)

)

The first inductive step i = 0 is exactly (3.22). Suppose now that (3.37)
holds for some 4, then by Step 1 either (3.23) or (3.24) holds. In the former
case by (3.36) we have
G B n—1,n—1/2 _ 2 n—1 n—1
(u, 5, B, B,y () <777 p; i Pyt < Bepiiy-

Instead, in the second instance by the inductive assumption we infer, since
T<1,

G(u, &, B, By, (x)) < 7" G (u, k, B, By, (z)) <" PBepl™ < Bepll.

Step 3. Let 0 = o(7) > 0 be as in (3.31), and fix Ry > 0 such that
Be . . .
Ry < ER N ER A Rg, with Ry defined in (3.36). We claim that

for all p € (0, Ry)

Go(u, K, B, By(x)) > ¥ p" (3.38)

By contradiction, if (3.38) does not hold, we find by (3.26), (3.27), and
since p < Ry

G(U, K?B? BP($))
< (1 +0)Go(u,k, B, By(x)) + Wn]fcr(ﬂp/2 =+ ||g||p°°(Q;Rn))pn < 6@0”_1-

Hence (3.22) holds true, and therefore by Step 2 inequality (3.37) yields

lim inf

p—0  pn—l1 G(u, k, B, By(x)) < P,

in turn implying

n—1
lim inf i (Ju Bp(x)) < <

<1
p—0 Wp—1p" 1 T 2wp—1

by the definition of €, so contradicting (3.20). This concludes the proof of
(3.38) for points in J;.

Finally, since the definitions of Ry and ¥ are independent of the partic-
ular point z € J}, (3.38) readily extends to 2N J; and (3.21) is proven. [l

The density lower bound for the jump term of the energy follows straight-
forwardly.
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Corollary 3.9 (Density lower bound for the jump). Under the same as-
sumptions as Lemma 3.8, there exist Y1 and Ry, depending only on n, p,
C, K, B, p, and ||g||z(mrn), such that if 0 < p < Ry, z € N J¥, and
B,(x) @ Q, then

H" (T, N By(x)) > 919"t (3.39)

Proof. Let x € QNJ} and B,(z) cC Q. Denoting by ¥y and Ry the constants
in Lemma 3.8, if p € (0, Rg] we have both

Go(u, K, B, By(x)) > 9pp™ " (3.40)

by Lemma 3.8 itself, and the energy upper bound

'

G(“v K, B, Bp(x)) < annﬁpnil + wnHHQHZE/oo(BP(x);Rn)p .

The latter easily follows by the local minimality of v and comparing its
energy with that of UX B, (2)\B,_s(x) and then letting § | 0. Moreover, by
taking into account the first inequality in (3.27), we have that

Go(u, &, B, By()) < 27" G(u, w, B, Bp(@))tewnp™ (042" 5 1917 w5, (ay.m))-
Hence, for all p € (0,1 A Rp] we conclude that

Go(u, 5, B, By (x)) <2°nwnfp"~"
+ wn (1 + 2Pk HngOO(Bp(x);Rn))p" <cp"h, (3.41)
where ¢, depends on n, p, k, B8, i1, and ||| oo (;rn)-
We fix v € (0, 1), for example v = 1/4 as above, and choose 7 € (0, 7]
in the decay property such that c, 7177 < 9. Let ¢ = ¢(7) > 0, ¥ = 9(7)
and R = R(7) > 0 be the constants provided by the decay property. We

now show that
H" 1 (J, N By(x)) > ep™ (3.42)

for all p € (0, R1], with Ry := 1A Rp A R. Indeed, arguing as in (3.31)-(3.35)
from (3.40) we deduce that for p < Ry

Go(u, K, B, By(x)) < (1 4+ 9)Po(u, K, B, By(x)).

If (3.42) were false we would conclude using (3.40), the decay property and
(3.41) for some p € (0, Ry] that

do(rp)" " < Go(u, K, B, Brs(x))
< 7 Go(u, K, B, By(x)) < o 7P,

contradicting the choice of 7. O
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Corollary 3.10. Under the same assumptions as Lemma 3.8, the set
Qu = {2 € Q: Golu, s, B,B,(x)) < Vop" ' for some p € (0, RoAdist(x,0))}
is open and obeys 0, N J* = (. Moreover, H"~1(Q, N J,) = 0.

Proof. Let x € Q,. Then there is p € (0, Ry) with Go(u, &, 5, Bp(z)) <
Yop™ 1, and therefore there is § € (0, p) such that

Go(u, K, B, By(x)) < Jo(p — 6)"71.

The inclusion Bs(z) C €, follows straightforwardly. Indeed, let y € Bs(x),
we have

GO(ua ’%767 Bp*ls(y)) S GO(“?"{:/B?BP(x)) < 790(p - 5)n—1'

Therefore €2, is open.
By Lemma 3.8 and the definition we immediately obtain Q, N J*= ().
Since H"~1(J,\J}) = 0, by the (n — 1)-rectifiability of .J,,, and Q,NJ} =
0, we infer that H"~1(Q, N J,) = 0. O

In dimension 2 the assumptions of Lemma 3.8 hold true and Sobolev
minimizers are regular everywhere, therefore we may conclude the following
result.

Theorem 3.11. Let n =2, Q C R? open, p € (1,00), k>0, B3>0, u >0,
g€ L>®(Q;R?) ifp e (1,2] and g € WHP(Q; R?) if p > 2.

Let uw € GSBDP(Q) be a local minimizer of G according to (3.2), then
QNS =0NT, =0\ Q,

HY QN T\ J.) =0 (3.43)
and u € CH(Q\ Jy; R?).

Proof. Since GSBDP is defined via slices and Q, is open, from H!'(Q,N.J,) =
0 we deduce u € Wllo’f(ﬂu; R?). Thus, by elliptic regularity of Theorem 2.2
we obtain u € C1(£2,; R?). Hence, S, C Q\Q, and actually 2NS, C O\ Qy,
as €1, is open.

On the other hand, if z € Q\ J,, then u € WIP(B,(z); R?) for some
p > 0, as GSBDP? is defined via slices and again by elliptic regularity u €
CY(B,(z);R?). Thus, x € Q,, and since J, C S, we conclude Q\ Q, =
QNsS,=QnJ,.

Eventually, (3.43) is a straightforward consequence of (3.39) and [5, The-
orem 2.56]. O
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3.2 Proof of the main results

We are finally ready to establish existence of strong minimizers for the Grif-
fith static fracture model. For simplicity of notation we write the functional
G appearing in (3.1) as G(-) = G(-, K, 3,Q).

Proof of Theorem 1.2. By the compactness and lower semicontinuity result
[21, Theorem 11.3], G has a minimizer u in GSBD(f?). By Theorem 3.11
we obtain u € C*(Q\ J,; R?) so that E,(Jy,u) = G(u), E, being defined in
(1.7). Now, if I' C Q is closed and v € Wﬁ)’f(Q \ I R?) with E,(T',v) < oo,
then v € GSBD(Q) with H!(J, \T') = 0, again arguing by slicing. We
conclude that

Ep(Ju,u) = G(u) < G(v) < Ey(T,v).

The proof of Theorem 1.1 is analogous.
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