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Abstract

In this paper we consider variational problems involving 1-dimensional connected
sets in the Euclidean plane, such as the classical Steiner tree problem and the irriga-
tion (Gilbert—Steiner) problem. We relate them to optimal partition problems and
provide a variational approximation through Modica—Mortola type energies proving a
I'-convergence result. We also introduce a suitable convex relaxation and develop the
corresponding numerical implementations. The proposed methods are quite general
and the results we obtain can be extended to n-dimensional Euclidean space or to
more general manifold ambients, as shown in the companion paper [11].

1 Introduction

Connected one dimensional structures play a crucial role in very different areas like
discrete geometry (graphs, networks, spanning and Steiner trees), structural mechan-
ics (crack formation and propagation), inverse problems (defects identification, contour
segmentation), etc. The modeling of these structures is a key problem both from the the-
oretical and the numerical point of view. Most of the difficulties encountered in studying
such one dimensional objects are related to the fact that they are not canonically as-
sociated to standard mathematical quantities. In this article we plan to bridge the gap
between the well-established methods of multi-phase modeling and the world of one di-
mensional connected sets or networks. Whereas we strongly believe that our approach
may lead to new points of view in quite different contexts, we restrict here our exposition
to the study of two standard problems in the Calculus of Variations which are respec-
tively the classical Steiner tree problem and the Gilbert—Steiner problem (also called the
irrigation problem).

The Steiner Tree Problem (STP) [22] can be described as follows: given N points
Py, ..., Pyinametric space X (e.g. X agraph, with P; assigned vertices) find a connected
graph F' C X containing the points P; and having minimal length. Such an optimal graph
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F turns out to be a tree and is thus called a Steiner Minimal Tree (SMT). In case X = R%,
d > 2 endowed with the Euclidean £ metric, one refers often to the Fuclidean or geometric
STP, while for X = R? endowed with the ¢! (Manhattan) distance or for X contained
in a fixed grid G C R? one refers to the rectilinear STP. Here we will adopt the general
metric space formulation of [31]: given a metric space X, and given a compact (possibly
infinite) set of terminal points A C X , find

(STP) inf{#H!(S), S connected, S D A},

where H! indicates the 1-dimensional Hausdorff measure on X. Existence of solutions for
(STP) relies on Golab’s compactness theorem for compact connected sets, and it holds
true also in generalized cases (e.g. inf H!(S), S U A connected).

The Gilbert—Steiner problem, or a-irrigation problem [10, 37] consists in finding a
network S along which to flow unit masses located at the sources Pi,...,Py_1 to the
target point Py. Such a network S can be viewed as S = U?Sl'yi, with 7; a path
connecting P; to Py, corresponding to the trajectory of the unit mass located at F;. To
favour branching, one is led to consider a cost to be minimized by S which is a sublinear

(concave) function of the mass density 6(x) = ZZ]\SI 1, (x): ie., for 0 <o <1, find

(1) inf /S 0(2)|*dH ().

Notice that (I;) corresponds to the Monge optimal transport problem, while (Ip) cor-
responds to (STP). As for (STP) a solution to (I,) is known to exist and the optimal
network S turns out to be a tree [10].

Problems like (STP) or (I,) are relevant for the design of optimal transport channels
or networks connecting given endpoints, for example the optimal design of net routing
in VLSI circuits in the case d = 2,3. The Steiner Tree Problem has been widely studied
from the theoretical and numerical point of view in order to efficiently devise constructive
solutions, mainly through combinatoric optimization techniques. Finding a Steiner Min-
imal Tree is known to be a NP hard problem (and even NP complete in certain cases),
see for instance [6, 7] for a comprehensive survey on PTAS algorithms for (STP).

The situation in the Euclidean case for (STP) is theoretically well understood: given
N points P; € R? a SMT connecting them always exists, the solution being in general not
unique (think for instance to symmetric configurations of the endpoints P;). The SMT is
a union of segments connecting the endpoints, possibly meeting at 120° in at most N — 2
further branch points, called Steiner points.

Nonetheless, the quest of computationally tractable approximating schemes for (STP)
and for (I,) has recently attracted a lot of attention in the Calculus of Variations commu-
nity. In particular (I,) has been studied in the framework of optimal branched transport
theory [10, 16], while (STP) has been interpreted as respectively a size minimization
problem for 1-dimensional connected sets [27, 20], or even a Plateau problem in a suit-
able class of vector distributions endowed with some algebraic structure [27, 24], to be
solved by finding suitable calibrations [25]. Several authors have proposed different ap-
proximations of those problems, whose validity is essentially limited to the planar case,



mainly using a phase field based approach together with some coercive regularization, see
e.g. [13, 19, 29, 12].

Our aim is to propose a variational approximation for (STP) and for the Gilbert—
Steiner irrigation problem (in the equivalent formulations of [37, 23]) in the Euclidean
case X = R d > 2. In this paper we focus on the planar case d = 2 and prove
a I'-convergence result (see Theorem 3.12 and Proposition 3.11) by considering integral
functionals of Modica-Mortola type [26]. In the companion paper [11] we rigorously prove
that certain integral functionals of Ginzburg-Landau type (see [1]) yield a variational
approximation for (STP) and (I,) valid in any dimension d > 3. This approach is related
to the interpretation of (STP) and (/) as a mass minimization problem in a cobordism
class of integral currents with multiplicities in a suitable normed group as studied by
Marchese and Massaccesi in [24, 23] (see also [27] for the planar case). Our method is
quite general and may be easily adapted to a variety of situations (e.g. in manifolds or
more general metric space ambients, with densities or anisotropic norms, etc.).

The plan of the paper is as follows: in Section 2 we reformulate (STP) and (I,) as
a suitable modification of the optimal partition problem in the planar case. In Section
3, we state and prove our main I'-convergence results, respectively Proposition 3.11 and
Theorem 3.12. Inspired by [18], we introduce in Section 4 a convex relaxation of the
corresponding energies. In Section 5 we present our approximating scheme for (STP)
and for the Gilbert-Steiner problem and illustrate its flexibility in different situations,
showing how our convex formulation is able to recover multiple solutions whereas I'-
relaxation detects any locally minimizing configuration. Finally, in Section 6 we propose
some examples and generalizations that are extensively studied in the companion paper
[11].

2 Steiner problem for Euclidean graphs and optimal parti-
tions

In this section we describe some optimization problems on Euclidean graphs with fixed
endpoints set A, like (STP) or irrigation-type problems, following the approach of [24, 23],
and we rephrase them as optimal partition-type problems in the planar case R?.

2.1 Rank one tensor valued measures and acyclic graphs

For M > 0, we consider Radon measures A on R? with values in the space of matrices
RIXM  For each i = 1,..., M we define as A; the vector measure representing the i-th
column of A, so that we can write A = (Ay,...,Aps). The total variation measures |A;|
are defined as usual with respect to the Euclidean structure on R?, while we set pp =
Zf\i 1 |A;]. Thanks to the Radon-Nikodym theorem we can find a matrix-valued density
function p(z) = (p1(z),...,pa(x)), with entries pr; € LY(R?, pup) for all k = 1,...,d
and i = 1,..., M, such that A = p(z)up and SN, |pi(z)| = 1 for pp-a.e z € R (where
on vectors of R? | - | denotes the Euclidean norm). Whenever p is a rank one matrix
ua-almost everywhere we say that A is a rank one tensor valued measure and we write it



as A = 7®g- puy for a pp-measurable unit vector field 7 in R? and g: RY — RM satisfying
M
>z lgil =1
Given A € M(R4 R¥™M) and a function ¢ € O (R%R>M) with ¢ = (p1,...,0Mm),

we have
M

M
(A ) = (A, i) = /Rd @i dA;,
i=1

i=1

and fixing a norm ¥ on R, one may define the ¥-mass measure of A as

Alg(B):= sup {{(Aw®h), |w@)|<l, ¥(h(z)) <1}, (2.1)
wEC (B;RY)
heC® (B;RM)

for B € R open, where U* is the dual norm to ¥ w.r.t. the scalar product on RM | i.e.

U (y) = sup (y,z) — ¥(z).
zERM

Denote [|Al|lg = |A|lg(R?) the ¥-mass norm of A. In particular one can see that uy
coincides with the measure |A|,1, which from now on will be denoted as |A];, and any
rank one measure A may be written as A = 7®g-|A|; so that |A|g = ¥(g)|Al;. Along the
lines of [24] we will rephrase the Steiner and Gilbert—Steiner problem as the optimization
of a suitable ¥-mass norm over a given class of rank one tensor valued measures.

Let A= {P,,...,Py} CR% d> 2, be a given set of N distinct points, with N > 2.
We define the class G(A) as the set of acyclic graphs L connecting the endpoints set A
such that L can be described as the union L = Uij\i ]1Ai, where \; are simple rectifiable
curves with finite length having F; as initial point and Py as final point, oriented by
H!'-measurable unit vector fields 7; satisfying 7;(x) = 7j(z) for Hl-a.e. x € N\, NN (ie
the orientation of A; is coherent with that of \; on their intersection).

For L € G(A), if we identify the curves \; with the vector measures A; = 7; - H'L \;,
all the information concerning this acyclic graph L is encoded in the rank one tensor
valued measure A = 7 ® g- H'L L, where the H!-measurable vector field 7 € R? carrying
the orientation of the graph L satisfies sptT = L, |7| = 1, 7 = 7; H'-a.e. on )\;, and
the H!-measurable vector map ¢g: R? — RY~! has components g; satisfying g; - H'L L =
HIL\; = |Ay], with |A;| the total variation measure of the vector measure A; = 7-H'L \;.
Observe that g; € {0,1} a.e. for any 1 <i < N — 1 and moreover that each A; verifies
the property

=A; = (5132. — 5PN' (2.2)

Definition 2.1. Given any graph L € G(A), we call the above constructed A, = A =
T®g - H'L L the canonical rank one tensor valued measure representation of the acyclic
graph L.

To any compact connected set K D A with H!(K) < +4oo, i.e. to any candidate
minimizer for (STP), we may associate in a canonical way an acyclic graph L € G(A)
connecting {Py,..., Py} such that H!(L) < H(K) (see e.g. Lemma 2.1 in [24]). Given



such a graph L € G(A) canonically represented by the tensor valued measure A, the
measure H!' L L corresponds to the smallest positive measure dominating 'L \; for 1 <
i < N —1. It is thus given by H!L L = sup; H'L \; = sup; |A;|, the supremum of the
total variation measures |A;|. We recall that, for any nonnegative 1 € CO(R?), we have

N-1 N—-1
/ w(supwo:sup{z [ eidinil, o € com, Zsomsw(:c)}-
R¢ : i=1 R i=1

Remark 2.2 (graphs as G-currents). In [24], the rank one tensor measure A = 7® g -
H'L L identifying a graph in R? is defined as a current with coefficients in the group
ZN=1 ¢ RN=1, For w € DY(R?) a smooth compactly supported differential 1-form and
G = (¢1,..,on—1) € [D(RH]N=1 a smooth test (vector) function, one sets

N—-1
(A, w® @) ::/ (Ww®GT®g) d’HlLLZZ/ (w, T)pigi dH' L L
=1 /R?

Rd
N-1

= Z/ (w, 7)pi A
i=1 JR?

Moreover, fixing a norm ¥ on RY~! one may define the W-mass of the current A as it
is done in (2.1). In [24] the authors show that classical integral currents, i.e. G = Z, are
not suited to describe (STP) as a mass minimization problem: for example minimizers
are not ensured to have connected support.

2.2 Irrigation-type functionals

In this section we consider functionals defined on acyclic graphs connecting a fixed set
A ={P,...,Py} C R?, d > 2, by using their canonical representation as rank one
tensor valued measures, in order to identify the graph with an irrigation plan from the
point sources {P, ..., Py_1} to the target point Py. We focus here on suitable energies
in order to describe the irrigation problem and the Steiner tree problem in a common
framework as in [24, 23]. We observe moreover that the irrigation problem with one point
source (I,) introduced by Xia [37], in the equivalent formulation of [23], approximates
the Steiner tree problem as o — 0 in the sense of I'-convergence (see Proposition 2.4).

Consider on RN~! the norms ¥, = |+ |p/a (for 0 < a < 1) and ¥y = | - |po. Let
A =7®g-H'LL be the canonical representation of an acyclic graph L € G(A), so that
we have |7| =1, g; € {0,1} for 1 <i < N — 1 and hence |g|oo = 1 H!'-a.e. on L. Let us
define for such A and any « € [0, 1] the functional

FUA) = |[Allw, = [Alw, (R,

Observe that, by (2.1),

FOA) = / 17]|gloe dH' L L = H(L)
]Rd



and

Fo(A) = / 7llg11 o dHM L = / 01 dH (2.3)
R4 L

where 0(z) = >, gi(2)"/* = 3", gi() € Z, and 0 < 6(x) < N — 1. We thus recognize that
minimizing the functional F* among graphs L connecting P, ..., Pny—1 to Py solves the
irrigation problem (I,) with unit mass sources Pi,..., Py_1 and target Py (see [23]),
while minimizing F° among graphs L with endpoints set {P, ..., Py} solves (STP) in
Re.

Since both F* and F° are mass-type functionals, minimizers do exist in the class of
rank one tensor valued measures. The fact that the minimization problem within the
class of canonical tensor valued measures representing acyclic graphs has a solution in
that class is a consequence of compactness properties of Lipschitz maps (more generally by
compactness theorem for G-currents [24]; in R? it follows alternatively by the compactness
theorem in the SBV class [5]). Actually, existence of minimizers in the canonically
oriented graph class in R? can be deduced as a byproduct of our convergence result (see
Proposition 3.11 and Theorem 3.12) and in R?, for d > 2, by the parallel I'-convergence
analysis contained in the companion paper [11].

Remark 2.3. A minimizer of F° (resp. F%) among tensor valued measures A repre-
senting admissible graphs corresponds necessarily to the canonical representation of a
minimal graph, i.e. g; € {0,1} V1 <1i < N — 1. Indeed since g; € Z, if g; # 0, we have
lgi| > 1, hence g; € {—1,0,1} for minimizers. Moreover if g; = —g; on a connected arc in
AiN A, with A; going from P; to Py and \; going from P; to Py, this implies that \; U \;
contains a cycle and A cannot be a minimizer. Hence, up to reversing the orientation of
the graph, g; € {0,1} forall 1 <¢ < N — 1.

We conclude this section by observing in the following proposition that the Steiner
tree problem can be seen as the limit of irrigation problems.

Proposition 2.4. The functional FO is the T'-limit, as « — 0, of the functionals F with
respect to the convergence of measures.

Proof. Let A = 7®g-H'L L be the canonical representation of an acyclic graph L € G(A),
so that |7| = 1 and ¢; € {0,1} for all ¢ = 1,...,N — 1. The functionals F*(A) =
Jga \g\l/adﬂl L L generates a monotonic decreasing sequence as o — 0, because |g|, < |g/4
for any 1 < ¢ < p < 400, and moreover F*(A) — F°(A) because |g|; — |g|oo as ¢ — +oo.
Then, by elementary properties of I'-convergence (see for instance Remark 1.40 of [15])

we have F& Ly F0 O

2.3 Acyclic graphs and partitions of R?

This section is dedicated to the two-dimensional case. The aim is to provide an equiv-
alent formulation of (STP) and (I,) in term of an optimal partition type problem. The
equivalence of (STP) with an optimal partition problem has been already studied in the
case Pi,..., Py lie on the boundary of a convex set, see for instance [3, 4] and Remark
2.10.



To begin we state a result saying that two acyclic graphs having the same endpoints set
give rise to a partition of R2, in the sense that their oriented difference corresponds to the
orthogonal distributional gradient of a piecewise integer valued function having bounded
total variation, which in turn determines the partition (see [5]). This is actually an

instance of the constancy theorem for currents or the Poincaré’s lemma for distributions
(see [21)).

Lemma 2.5. Let {P,R} C R? and let \, v be simple rectifiable curves from P to R
oriented by H'-measurable unit vector fields 7', 7"". Define as above A = 7' - H' L\ and
I=7" H'L~.

Then there erists a function v € SBV (R?,Z) such that, denoting Du and Du" re-

spectively the measures representing the gradient and the orthogonal gradient of u, we
have Dut =T — A.

Proof. Consider simple oriented polygonal curves A; and v connecting P to R such that
the Hausdorff distance to respectively A and -y is less than % and the length of Ay (resp.
~k) converges to the length of A (resp. 7). We can also assume without loss of generality
that A\x and 7% intersect only transversally in a finite number of points my > 2. Let
71, 7/ be the H'-measurable unit vector fields orienting Ag, 7% and define the measures
Ak = T]; HlLAk and Fk = 7',2/ 'Hll_"yk.

For a given k € N consider the closed polyhedral curve o = Ag U 7 oriented by
7 = 74, — 7/ (i.e. we reverse the orientation of ;). For every x € R?\ oy, let us consider
the index of x with respect to oy (or winding number) and denote it as

ug(x) = Indy, () = 1% dz

27 zZ—x

By Theorem 10.10 in [33], the function wuy, is integer valued and constant in each connected
component of R?\ o}, and vanishes in the unbounded one. Furthermore, for a.e. z € oy,
we have

lim wy(z + emp(z) ") — lim ug(z + emg(a)’) = 1,
0+ e—=0—

i.e. wug has a jump of +1 whenever crossing oy from “right” to “left” (cf [32], Lemma
3.3.2). This means that

Duﬁ = -1 - H'L o, =T% — Ay

Thus, |Dug|(R?) = H!(o}) and ukll 1 r2y < C|Duyg|(R?) by Poincaré’s inequality in
BV. Hence u, € SBV(R?Z) is an equibounded sequence in norm, and by Rellich
compactness theorem there exists a subsequence still denoted wuy converging in L!(R?)
to a u € SBV(R?;Z). Taking into account that we have Du% =TIy, — Ag, we deduce in
particular that Dut =T — A as desired. ]

Remark 2.6. Let A C R? as above. For i = 1,...,N — 1 let ; be the segment joining

P; to Py, denote 7; = ‘gx :g‘ its orientation, and identify ~; with the vector measure

I'; =7,-H'L~. Then G = Uf\;—ll%. is an acyclic graph connecting the endpoints set A
and H'(G) = (sup; |T;|)(R?).




Given the set of terminal points A = {P,..., Py} C R? let us fix some G € G(A) (for
example the one constructed in Remark 2.6). For any acyclic graph L € G(A), denoting I'
(resp. A) the canonical tensor valued representation of G (resp. L), by means of Lemma
2.5 we have

HY(L) = / sup |A;| = / sup | Dui- — Ty (2.4)

R2Z ¢ R2Z 4
for suitable u; € SBV(R%Z), 1 < i < N — 1. Thus, using the family of measures
I'=(T1,...,I'ny—1) of Remark 2.6, we are led to consider the minimization problem for

U € SBV(R?;,ZVN~1) for the functional

F(U) = [DU* = Ta, (2) = [

sup |Dui- — T (2.5)
R2 @

Proposition 2.7. There exists U € SBV (R%,ZN~1) such that

FO(U) = inf FO(V).
VeSBV (R2;ZN-1)

Moreover sptU C Q = {x € R? : |z| < 10max; | P;|}.

Proof. Observe first that for any U € SBV (R?ZN-1) with FO(U) < oo, we can find U
st. FO(U) < FO(U) and sptU C Q. Indeed, consider r = 8max; |P;|, x = 1p, (o) and
U= (xu1,...,xun—1). One has, for 1 <i < N —1,

/ \Dits| = / |
R2\ B, (0) 9B,(0)

where u; is the trace on 0B, (0) of u; restricted to B,(0), and

/ Da%—rirzj |Du#—rz-|+/ juf
R2 B (0) 8B,.(0)

s/ \Du%—rm/ \Dui|:/ Du — T
T(O) RQ\BT(O) R2

foranyi=1,...,N —1, ie. FO(U) < FO(U).
Consider now a minimizing sequence U* € SBV (R?;ZV~1) of F°. We may suppose
w.lo.g. spt(U¥) C Q, so that, for any 1 <i < N —1,

|Duf|() < |Duf —T4[(Q) + H'(G) < FOU*) + H(G) < 31N (@)

for k sufficiently large. Hence U* is uniformly bounded in BV by Poincaré inequality
on (), so that it is compact in Ll(Q;]RN_l) and, up to a subsequence, U* — U a.e.,
whence U € SBV(;ZN71), spt U € Q and U minimizes F© by lower semicontinuity of
the norm. O

We have already seen that to each acyclic graph L € G(A) we can associate a function
U € SBV(R?;,ZN=1) such that H!'(L) = FO(U). On the other hand, for minimizers of
FO, we have the following



Proposition 2.8. Let U € SBV(R?*ZN=1) be a minimizer of FO, then there eists
an acyclic graph L € G(A) connecting the terminal points Py, ..., Py and such that
FO(U) = HY(L).

Proof. Let U = (uy,...,ux_1) be a minimizer of FY in SBV(R%Z"~1), and denote
A =T; — Duil. Observe that each Du; has no absolutely continuous part with respect
to the Lebesgue measure (indeed w; is piecewise constant being integer valued) and so
A; = 7; - HYL \; for some 1-rectifiable set \; and H!-measurable vector field 7;. Since we
have +A; = dp, — dp,, \i necessarily contains a simple rectifiable curve A, connecting P;
to Py (use for instance the decomposition theorem for rectifiable 1-currents in cyclic and
acyclic part, as it is done in [23], or the Smirnov decomposition of solenoidal vector fields
[35]).

Consider now the canonical rank one tensor measure A’ associated to the acyclic
subgraph L’ = \| U--- U Xy _, connecting Pj,...,Py_1 to Py. Then by Lemma 2.5,
there exists U’ = (u},...,uly_;) € SBV(R%;Z" 1) such that DugL =T; — A, and in
particular FO(U'") = HY(L') < HY(L) < F°(U). We deduce H'(L') = H'(L), hence
L' = L, L is acyclic and H*(L) = FO(U). O

Remark 2.9. We have shown the relationship between (STP) and the minimization of
FO over functions in SBV (R?; ZN~1), namely

inf{ FO(U) : U € SBV(R%Z" 1)} =inf{F°(AL) : L e G({P,...,Py})}.

A similar connection can be made between the a-irrigation problem (I, ) and minimization
over SBV (R?;ZN~1) of
F*(U) = DU = Tw, (R?), (2.6)

namely we have
inf{ F*(U) : U € SBV(R%ZN "1} = inf{F*(AL) : L€ G{Py,...,Px})},

where F© is defined in equation (2.3). Indeed, given a norm ¥ on RN~ and F¥(U) =
|DUL — T'|¢(R?) for U € SBV(R?;ZN=1), the proofs of Propositions 2.7 and 2.8 carry
over to this general context: there exists U € SBV(R?;ZN~1) realizing inf F¥, with
sptU € Q and DUL — T = Ay, with A;, = 7 ® g - H'L L the canonical representation of
an acyclic graph L € G({Py,...,Pn}).

Remark 2.10. In the case Pi,..., Py € 0Q with Q C R? a convex set, we may choose
G = U]-\;l% with 7; connecting P; to Py and spt~y; C 02. We deduce by (2.4) that for

7

any acyclic graph L € G(A)
HIL) = [ sup|Du
Q i

for suitable u; € SBV (€;Z) such that (in the trace sense) u; =1 on y; C 92 and u; =0
elsewhere in 092, 1 < i < N —1. We recover here an alternative formulation of the optimal
partition problem in a convex planar set §2 as studied for instance in [3] and [4].

The aim of the next section is then to provide an approximation of minimizers of the
functionals F® (and more generally F'V) through minimizers of more regular energies of
Modica—Mortola type.



3 Variational approximation of

In this section we state and prove our main results, namely Proposition 3.11 and Theorem
3.12, concerning the approximation of minimizers of F'“ through minimizers of Modica—
Mortola type functionals, in the spirit of I'-convergence.

3.1 Modica—Mortola functionals for functions with prescribed jump

In this section we consider Modica—Mortola functionals for functions having a prescribed
jump part along a fixed segment in R? and we prove compactness and lower-bounds
for sequences having a uniform energy bound. Let P,Q € R? and let s be the segment
connecting P to ). We denote by 75 = % its orientation and define ¥y = 75-H!'L s. Up
to rescaling, suppose max(|P|, |Q|) = 1 and let Q@ = Bj¢(0) and Q5 = Q\ (Bs(P)UBs(Q))
for 0 < § < |Q — P|. We consider the Modica—Mortola type functionals

1
F.(u,Qy) = / ec(u) dx = / e|Dut — 2,2 + =W (u) du, (3.1)
Qs Qs €

defined for u € Hy = {u € Wh2(Qs \ s) N SBV(Qs) : u|pg = 0}, where W is a smooth
non negative 1-periodic potential vanishing on Z (e.g. W (u) = sin?(ru)). Define H(t) =

2f(f VW(r)dr and ¢y = H(1).

Remark 3.1. Notice that any function u € H, with F;(u,Qs) < oo has necessarily a

prescribed jump ut —u~ = 41 across sL_ s in the direction v = —77 in order to erase

the contribution of the measure term Y in the energy. We thus have the decomposition
L= vutL? + Jut = Vet £? + 3L Q.

where Vu € L%(€s) is the absolutely continuous part of Du with respect to the Lebesgue
measure £2, and Ju = (uF —u")vs - H'Ls = v, - HlL s.

Remark 3.2. Notice that we cannot work directly in 2 with F. due to summability
issues around the points P and ) for the absolutely continuous part of the gradient,
indeed there are no functions u € W12(Q\ s) such that ut —u~ = 1 on 5. To avoid
this issue one could consider variants of the functionals F.(-,€) by relying on suitable
smoothings ¥ . = Y, * 1. of the measure ¥, with 7. a symmetric mollifier.

Proposition 3.3 (Compactness). For any sequence {u:}. C Hs such that F(ue,Qs5) <
C, there exists u € SBV (Qs;Z) such that (up to a subsequence) ue — u in L'(£s).

Proof. By Remark 3.1 we have Dul = Vul L2+ X, Qs, and using the classical Modica—
Mortola trick one has

1
C’>/ 5\Dué—23|2+7W(u€)dx
Qs
z/ €‘VUL‘ + I/V(u8 dx>2/ VW (ue)|Vue | dx.
Qs

10



Recall that H(t) = 2 f(f VW (T)dr and ¢y = H(1). By the chain rule, we have

IDUT 0w () =2 | W) Vul do+ [ (H(h) = 7)) ai' (@)
< C+ coHl(s).

We also have (H ouc)|gn = 0 since u. vanishes on 02, so that, by the Poincaré inequality,
{H ou.}. is an equibounded sequence in BV (€s), thus compact in L'(Qs). In particular,
there exists v € L'(Qs) such that, up to a subsequence, Hou. — v in L*(£2s) and pointwise
a.e. Since H is a strictly increasing continuous function with co(t —1) < H(t) < cp(t+1)
for any ¢ € R, then H~! is uniformly continuous and |H ()| < ¢y *(|t| + 1) for all t € R.
Hence, up to a subsequence, the family {u.}. C L'(s) is pointwise convergent a.e. to
u = H '(v) € L}(Qs). By Egoroff’s Theorem, for any o > 0 there exists a measurable
E, C Qs, with |E,| < o, such that u. — w uniformly in Q5 \ E,. Then, taking into
account that [t| < g (|H(t)| + 1) for all t € R, we have

e — oy < e — ullaagm,) + [E (lue] + ful) de

o

< 19 [lue — ull gy + 2657 1 Eol + 5 / (1H o ue| + o) da

o

and for €, o small enough the right hand side can be made arbitrarily small thanks to the
uniform integrability of the sequence {H o u.}.. Hence u. — u in L'(Qs). Furthermore,
by Fatou’s lemma we have

W(u)dx < liminf W(uz) dzx < lim i(])af eF.(us,Qs) =0,
E—r

Qs e—0 Qs

whence u(x) € Z for a.e. x € Q. Finally we have

co|Du|(Qs) = |D(H o u)|(Qs) < limiglf |D(H o u.)|(Qs) < C + coH(s),
JEN

ie. u€ SBV(Qs; 7). 0

Proposition 3.4 (Lower-bound inequality). Let {uc}. C Hs and u € SBV (Qs;Z) such
that u. — u in L' (). Then

lim i(I)lf F.(ue, Qs) > co| Dut — (). (3.2)
e—
Proof. Step 1. Let us prove first that for any open ball B C )5 we have

lim inf F (ue, B) > co|Dut — 34| (B). (3.3)
e—

We distinguish two cases, according to whether B N's = () or not. In the first case we
have

1
F.(us,B) = / e|Dut|? + EW(uS) dx.

B

11



Reasoning as in the proof of Proposition 3.3,
co|Du|(B) = |D(H o u)|(B) < liminf |D(H o u.)|(B) < liminf F.(u., B),
e—0 e—0

and (3.3) follows.

In the case BNs # () we follow the arguments of 8], and consider uy = 1p+, where
Bt ={2€B\s: (z—2) vs >0}, for 20 € BNs and v§ = 74, so that Dug = XL B.
Letting v. = u. — up we have Dv: = Dul — ¥, = VulL? with Vu. € L?(B) and
W (ve) = W(ue) on B by 1-periodicity of the potential W. Hence

1
F.(us, B) = / g|Dve|? + EW(UE) dx.
B
Let v = u — ug, we have
1
co|Dut — 4| (B) = ¢o| Dv|(B) < liminf/ e|Dv.|? + =W (v.) dz = lim inf F.(u., B)
e—0 B £ e—0

and (3.3) follows.
Step 2. Since |Dut — Y| is a Radon measure, one has

|Dut — 5,4](Q5) = sup Z |Dut — 24|(B;) (3.4)

J

where the supremum is taken among all finite collections {B;}; of pairwise disjoint open
balls such that U;B; C Q5. Applying (3.3) to each B; and summing over j we have

co Z |Dut —%,|(B;)) < Z lim nf F (ue, B;) < nggZ F.(ue, Bj) < lim inf F (ue, Q5)
J J J

which gives (3.2) thanks to (3.4). O

Remark 3.5. The proof of Proposition 3.4 can be easily adapted to prove a weighted
version of (3.2): in the same hypothesis, for any non negative ¢ € C°(R?) we have

liminf/ vee(ug) de > co/ @d|Dut — %).
Qs

e—0 Q(S

Remark 3.6. Proposition 3.4 holds true also in case the measure ¢ are associated to
oriented simple polyhedral (or even rectifiable) finite length curves joining P to Q.
3.2 The approximating functionals F¥

We now consider Modica—Mortola approximations for W-mass functionals such as F'“.
Let A= {Py,..., Py} be our set of terminal points and ¥: R¥~1 — [0, +00) be a norm
on RV=1. For any i € {1,...,N — 1} let I'; = 7, - H'L~; be the measure defined in

12



Remark 2.6. Without loss of generality suppose max;(|P;|) = 1 and define Q = Bj(0)
and Q5 = Q \ U; Bs(F;) for 0 < 6 < min;; |P; — P;j|. Let

Hi={uecW"2(Q\ ) NSBV(Q) : ulpgo =0}, H=H; x---x Hy_1, (3.5)

and for u € H; define

; 1
el(u) = e|Dut — Ty? + “W(w). (3.6)
Denote €-(U) = (el (u1),...,eY (un_1)) and consider the functionals
FY (U, Q) = |-(U) dx|w (), (3.7)

or equivalently, thanks to (2.1),
N-1 ‘
FY(U,Q5) = sup Z / wieg(u;)de, V(p(x)) <1;. (3.8)
peC (RN 1) | 521 /O

The previous compactness and lower-bound inequality for functionals with a single pre-
scribed jump extend to FY as follows.

Proposition 3.7 (Compactness). Given {U.}. C H such that FY(U.,Qs) < C, there
exists U € SBV (Qs; ZN 1Y) such that (up to a subsequence) U. — U in [L*(Qs)]V 1.

Proof. For each i =1,...,N — 1, by definition of F.Y we have
/ el (uei) dr < U*(e;) FY (Us, Qs) < CU*(e;)
Qs

and the result follows applying Proposition 3.3 componentwise. 0

Proposition 3.8 (Lower-bound inequality). Let {U.}. C H and U € SBV (Q5;ZN~1)
such that U. — U in [L*(Qs)]N L. Then

lim inf FY (U, Q5) > co| DU = T|9(Qs). (3.9)

Proof. Fix ¢ € C°(Qs; RY™1) with ; > 0 for any i = 1,...,N — 1 and ¥*(p(x)) < 1
for all z € 5. By Remark 3.5 we have

N-1

< i <
COE /cpld\Du — T 111;1351]?/9 pie (u‘EZ ) dx hmlnfg /goz (uei)
< hm inf ng(UE, Qs),
e—0

and taking the supremum over ¢ we get (3.9).
O

We now state and prove a version of an upper-bound inequality for the functionals
FY which will enable us to deduce the convergence of minimizers of F¥ to minimizers of
FY(U,Q5) = ¢o| DU+ —T|y(Qs), for U € SBV (Qg; ZN1).

13
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Figure 1: Typical shape of the sets Vj (left) and general construction involved in the

definition of R¥ (right).

Proposition 3.9 (Upper-bound inequality). Let A = 7 ® g - H'L L be a rank one
tensor valued measure canonically representing an acyclic graph L € G(A), and let
U= (u,...,uny—1) € SBV(Qs; ZN~1) such that Du;- =T;—A; for anyi=1,...,N—1.
Then there exists a sequence {U.}. C H such that U. — U in [L'(25)]V "1 and

limsup FY (Us, Qs) < co| DU — T]g(Qs). (3.10)

e—0

Proof. Step 1. We consider first the case A; = 7; - H'L \; with )\; a polyhedral curve
transverse to «y; for any 1 < ¢ < N. Then the support of the measure A is an acyclic
polyhedral graph (oriented by 7 and with normal v = 71) with edges Ey,..., Ey and
vertices {So,...,S¢} € (Uivs) N Qs such that Ey = [Sk,, Sk,] for suitable indices ki, ko €
{0,...,£}. Denote also g* = g|p, € RY¥~! and recall g¥ € {0,1} for all 1 <i < N. By
finiteness there exist n > 0 and a € (0,7/2) such that given any edge Fj of that graph

the sets
VF = {z € R?, dist(z, E}) < min{n, cos(a) - dist(z, Sk, ), cos(a) - dist(z, S, )} }

are disjoint and their union forms an open neighbourhood of U;A; \ {So, ..., S¢} (choose
for instance a such that 2« is smaller than the minimum angle realized by two edges and

then pick 7 satisfying 2ntan a < min; H!(E;)).
For 0 < ¢ <« 6, let B = {x ER?: |z — S, < ?;‘i/j}, B. = U, B! and define

RECVFE as

RF = {y+tv : y € B}, min{dist(y, S, ), dist(y, Sk, )} > 3¢2/% cot(a), 0 < t < 3¢/3}.

Let ¢o be the optimal profile for the 1-d Modica-Mortola functional, which solves ¢f, =
VW(po) on R and satisfies lim_,_~ @o(7) = 0, lim, o @o(7) = 1 and ¢((0) = 1/2. Let

14



~1/3

us define 7. = ¢ , T; = @o(1e), 72 = po(—7:), and

(0 T —Te — T,

T+ T +71, —Te—1, <7< -7
Pe(T) = { ¢o(7) 7| <7

7'77'5+1";|r TESTSTEJrl*’I“;_

1 T>14+1-r7

Observe that (1 —r¥) and r- are o(1) as ¢ — 0. For x = y + tv € R" let us define
ve(x) = @e (é —Te — r;), so that, as ¢ — 0,

9 1 1 QTE—T&-_ 9
[ e+ SW(e) do < (BN D) / DG7)? + W(Ba(7)) dr + o(1)
RENQs

—Te—Te
T

< Hl(Ek N Qg / 2(,00 \/ 900 dT + O < COHI(Ek; N Q(s) + 0(1).

—Te

Define, for z € Q5 \ Be,

() wi(z) + pe() — 1 if z € (R¥\ B.) N Qs whenever Ej, C \;
Ue 4\ T ) =
° u;i(x) elsewhere on Q5 \ B

and on B, N {)s define u.; to be a Lipschitz extension of us7i‘a(Bng6) with the same
Lipschitz constant, which is of order 1/¢. Remark that u. ; has the same prescribed jump
as wu; across ;, and thus F¥ (U, Qs) < oo. Moreover Ugi — U; in LY ().

Observe now that if Fj, is contained in A; N A; then by construction

eé(u&i) :e](uw) ‘D805| + W(‘PE)

on RF = (RFNQs)\ Bz. Let ¢ = (¢1,...,on_1), with ¢; > 0 and U*(p) < 1, we deduce

/952% (uei d$<2/k2% (uei dx+/ ngieé(um)dm

7 =N i

> Yt (dADg 2w dr [ e

=N

< / ¥ (g") <€!D%2+iW(%)> dx + Ce'/3

< (g (coH (B N Q) + 0(1)) + Ce'/3 < ¢o| DU = T]g(Qs) + o(1)
k=1

as € — 0. In view of (3.8) we have

FY(U.,Qs) < co|DUL — T[4 (Q5) + o(1),
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and conclusion (3.10) follows.

Step 2. Let us consider now the case A = A =7®¢-H'L L, L = U;\; and the \; are
not necessarily polyhedral. Let U € SBV (Q5; ZV~1) such that DU =T — Ay. We rely
on Lemma 3.10 below to secure a sequence of acyclic polyhedral graphs L, = U;A, A
transverse to «;, and s.t. the Hausdorff distance dg (A", \i) < % foralli=1,...,N —1,
and [Az, |w(Qs) < |[ALlw(Qs)+1. Let U™ € SBV (Qy; ZN 1) such that (DU™)* =T—Ay,.
In particular U" — U in [L(Qs)]¥~! and by step 1 we may construct a sequence U s.t.
Ur — U™ in [LY(Q5)]V ! and

lim sup FE‘I'(UE", Qs) < col(DU")J‘ —Tw(Qs) = colAL, |w(Qs)

e—0

C C
< colArlw(9s) + = = o DU — T (Q) + .

We deduce
lim sup Fe\i(U;,Q(s) < ¢o| DU = T|w ()

n—o0

for a subsequence €, — 0 as n — +o00. Conclusion (3.10) follows.
O

Lemma 3.10. Let L € G(A), L = Ui]izlki, be an acyclic graph connecting Py, ..., Py.
Then for any n > 0 there exists L' € G(A), L' = UNTIN,, with N, a simple polyhedral
curve of finite length connecting P; to Py and transverse to ~y;, such that the Hausdorff
distance dg(Ni, N) < n and |Ap|w(R?) < |ALle(R?) + 1, where A and Ap are the
canonical tensor valued representations of L and L'.

Proof. Since L € G(A), we can write L = U —1Gm, with ¢, simple Lipschitz curves such
that, for m; # mj, G, N Gn, is either empty or reduces to one common endpoint. Let
A = 7® g-H'LL be the rank one tensor valued measure canonically representing L,
and let d,, = ¥Y(g(z)) for = € (. The d,,, are constants because by construction g
is constant over each (. Consider now a polyhedral approximation fm of (,, having
its same endpoints, with dg (G, Cm) < 17, H (Gn) < H(Gn) + 1/(CM) (C to be fixed
later) and, for m; # m;, fml N fmj is either empty or reduces to one common endpoint.
Observe that whenever (,, intersects some ~;, such a fm can be constructed in order
to intersect 7; transversally in a finite number of points. Define L' = U%zlfm and let
A =7 ®¢g - HLL be its canonical tensor valued measure representation. Then, by
construction W(g'(z)) = d,, for any z € (,, hence

Az |o(R2) = Zd HY(Cn) < Zd (M () + o) < IALlu(®) 4,

provided C' = max{¥(g) : g € RV=1 g, € {0,1} for all i = 1,..., N —1}. Remark finally
that dg (L, L") < n by construction. O

Thanks to the previous propositions we are now able to prove the following
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Proposition 3.11 (Convergence of minimizers). Let {U.}. C H be a sequence of min-
imizers for FYY in H. Then (up to a subsequence) U. — U in [LY(Q)]V ™Y, and U €
SBV (Qs; ZN71) is a minimizer of F¥ (U, Qs) = co| DU+ — T'|g(Qs) in SBV (Qs; ZN71).

Proof. Let V € SBV (Qs; ZN~1) such that DV+ =T — A, where A canonically represents
an acyclic graph L € G(A), and let V. € H such that limsup._,, F.¥ (Vz, Qs) < FY(V,Qs).
Since FY(U.,Qs) < FY(V.,s), by Proposition 3.7 there exists U € SBV (Qs; ZV 1) s.t.
U. — U in [L}(Qs)]¥~! and by Proposition 3.8 we have
FY(U,Q5) <lim inf FY(U.,Qs) < limsup F¥ (V,Q5) < FY(V,Qs) .
£ e—0

Given a general V € SBV(Qs;ZY~1) we can proceed like in Remark 2.9 and find V'
such that DV’ =T — Az, with L acyclic, and FY(V’,Qs) < F¥(V,Qs). The conclusion
follows.

g
Let us focus on the case ¥ = ¥, where ¥, (g) = |g|/o for 0 < a <1 and ¥y(g) =
|9]s, and denote FO = FYo and F® = F¥e. For U = (uy,...,un_1) € H we have
FEO(U, Qé) = / sup ei_(ul) dx, Fg(U7 Q(g) = / (Z 6é(ui)1/a> dx, (311)
Q1 2 \i=1

and
FOU,Qs) := co| DU =Ty, (Qs) and F(U,Qs) := co| DU — Ty, (), (3.12)
which are the localized versions of (2.5) and (2.6).

Theorem 3.12. Let {P,..., Py} C R? such that max; |P;| = 1, 0 < § < max;; | P, — P},
Q = Byo(0) and Qs = Q\ (U;Bs(F;)). For 0 < a <1 and 0 < ¢ < 4, denote Fga’é =
Fo(-,Qs) and F*9 = F(-,Q;5), with F2(-,Qs) (resp. F(-,Qs)) defined in (3.11) (resp.
(3.12)).

(i) Let {US}. be a sequence of minimizers for F*° on H, with H defined in (3.5).
Then, up to subsequences, Usd 5 U in [LY Q)Y as e — 0, with U ¢
SBV (Q5; ZN 7YY a minimizer of F*% on SBV (Qs; ZV ™). Furthermore, Fsa’é(UEa’&) —
Fa,&(Ua,é).

(ii) Let {U®}s be a sequence of minimizers for F*° on SBV (Qs; ZN=1). Up to subse-
quences we have U — U%q, in (LY Q)N as § — 0 for every fized n sufficiently
small, with U% € SBV (;ZN~Y) a minimizer of F* on SBV (;ZN~1Y), and F®
defined in (2.5), (2.6). Furthermore, F*°(U*°%) — F*(U®).

Proof. In view of Proposition 3.11 it remains to prove item (i7). The sequence {U®%};
is equibounded in BV (Q,) uniformly in 7, hence U%° — U in [L'(Q,)]N~! for all n > 0
sufficiently small, with U® € SBV(Q;ZN~1) and F*"(U?®) < liminfs_o F*"(U*?) by
lower semicontinuity of F®". On the other hand, let U® be a minimizer of F* on
SBV(Q;ZN~1). We have F&M(U*®) < F9(U*?) for any § < 7, and by minimality,
Fod(U9) < Fod(UY) < F(U®) < F(U®). This proves (). O
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4 Convex relaxation

In this section we propose convex positively 1-homogeneous relaxations of the irrigation-
type functionals F for 0 < a < 1 so as to include the Steiner tree problem corresponding
to a = 0 (notice that the case a = 1 corresponds to the well-known Monge-Kantorovich
optimal transportation problem with respect to the Monge cost ¢(x,y) = |z — y|).

More precisely, we consider relaxations of the functional defined by

) = Mo = [ lohyadi' L

if A is the canonical representation of an acyclic graph L with terminal points { Py, ..., Py} C
R?, so that in particular, according to Definition 2.1, we can write A = 7 ® g - H'L L
with |7| = 1, g; € {0,1}. For any other d x (N — 1)-matrix valued measure A on R? we
set F*(A) = +o0.

As a preliminary remark observe that, since we are looking for positively 1-homogeneous
extensions, any candidate extension R® satisfies

RY(cA) = |c|F*(A)

for any ¢ € R and A of the form 7 ® g - H'LL L as above. As a consequence we have that
R (—A) = R*(A), where —A represents the same graph L as A but only with reversed
orientation.

4.1 Extension to rank one tensor measures

First of all let us discuss the possible positively 1-homogeneous convex relaxations of F¢
on the class of rank one tensor valued Radon measures A = 7 ® g - |A|1, where |7] = 1,
g € RN=1 (cf. Section 2.1). For a generic rank one tensor valued measure A = 7 ®g- |A|
we can consider extensions of the form

R = [ 9 (g)anl;

for a convex positively 1-homogeneous ¥® on RV~! (i.e. a norm) verifying

¥*(g) = l9l1/a if g;e{0,1}foralli=1,...,N —1,

4.1
U*(g) > |g]1/a for all g € RNVL (4.1)

One possible choice is represented by ¥*(g) = [g|y/o for all g € RN—1 while sharper
relaxations are given by, for a > 0,

(6% (6%
L S e I B N 1 A (4.2)
1<i<N-1 1<i<N-1
and for o = 0 by . .
1\ = T — inf - 4.
+(9) N S SN (4.3)
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with g7 = max{g;,0} and g; = min{g;,0}. In particular ¥¢ represents the maximal
choice within the class of extensions ¥ satisfying

U*(g) =lglija ifg>0foralli=1,...,N—1.
Indeed, for o > 0, g € RVN"! and g% = (gli, . ,g]j\[,_l), we have

T¥(g) < U (gT +g7) =207 (;f + ;g‘) <2 (;‘Pa(gﬂ + ;‘I"’(g‘)>

=g +¥g7) =19 h/a + 197 110 = ¥2(9).

The interest in optimal extensions U® on rank one tensor valued measures relies in the
so called calibration method as a minimality criterion for “-mass functionals, as it is
done in particular in [24] for (STP) using the (optimal) norm WY.

According to the convex extensions ¥ and WO considered, when it comes to finding
minimizers of respectively R® and R° in suitable classes of weighted graphs with pre-
scribed fluxes at their terminal points, or more generally in the class of rank one tensor
valued measures having divergence prescribed by (2.2), the minimizer is not necessarily
the canonical representation of an acyclic graph. Let us consider the following example,
where the minimizer contains a cycle.

Example 4.1. Consider the Steiner tree problem for {P;, P, P3} C R?. We claim that
a minimizer of R%(A) = [ |g]oc d|A|1 within the class of rank one tensor valued Radon
measures A = 7 ® g - |A|; satisfying (2.2) is supported on the triangle L = [P}, P5] U
[P, P3] U [Py, Ps], hence its support is not acyclic and such a minimizer is not related to
any optimal Steiner tree. Denoting 7 the global orientation of L (i.e. from P to Pa, Py
to P3 and P, to P3) we actually have as minimizer

11
22

11

1 1
A:T®<[ —2]-H1I_[P1,P2]+[ 53

3 } “HIL[Ps, Po) + [ ] -Hll_[Pg,Pl]). (4.4)

The proof of the claim follows from Remark 4.2 and Lemma 4.3.

Remark 4.2 (Calibrations). A way to prove the minimality of A = 7 ® g - H!L L
within the class of rank one tensor valued Radon measures satisfying (2.2) is to exhibit
a calibration for A, i.e. a matrix valued differential form w = (wy,...,wy_1), with
wj = Z?Zl w;jdx; for measurable coefficients w;;, such that

e dwj=0forall j=1,...,N—1,;

o ||w|l« <1, where || - ||« is the dual norm to |7 ® g|| = |7| - |9]co, defined as

lwll =sup{r'wyg : |7/ =1, [gloe < 1};

o (w,A) =3, Tiwijgj = |9l pointwise, so that
/ (w, A) = RO(A).
R2
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In this way for any competitor ¥ = 7/ ® ¢’ - |3|; we have (w,¥) < |¢'|oo, and moreover
¥ — A= DU", for U € BV(R%RN1), hence

/Rz<w’A_E> - /RQ<‘*’7DUL> = /Rg<dw,U> =0.

0 _ w. A) = RO
R 2 [ w5 = [ ) =RO@).

i.e. A is a minimizer within the given class of competitors.

It follows

Let us construct a calibration w = (wy,w2) for A in the general case P, = (z1,0),
Py, = (22,0) and P3 = (0, 23), with z1 <0, 1 < x93 and x3 > 0.

Lemma 4.3. Let P, P», P3 defined as above and A as in (4.4). Consider w = (w1,ws)
defined as

1 1
w) = %[(371 + a)dx + z3dy], wo = %[(xl —a)dx + x3dy], for (z,y) € By,

1

1
= %[ (g — b)dx + x3dy], for (x,y) € Br

(x2 + b)dzx + x3dy], wo = %[

w1

with By, the left half-plane w.r.t. the line containing the bisector of vertexr Py, Br the

corresponding right half-plane and a = /x? —|—l’§, b = /3 —{—ZL‘%. The matriz valued
differential form w is a calibration for A.
Proof. For simplicity we consider here the particular case 1 = —%, Ty = % and r3 =

(the general case is similar). For this choice of 1, x2, z3 we have

1 3 3 3
wy = de + {dy, Wy = —dewL {dy, for (z,y) € R% x <0,

1
by = %dm n *fdy, wp = —pdr+ ‘fdy, for (z,y) € R%, 2 > 0.

M

The piecewise constant 1-forms w; for i = 1,2 are globally closed in R? (on the line {z = 0}
they have continuous tangential component), ||w||« < 1 (cf. Remark 4.2), and taking their
scalar product with respectively (1,0) ® (1/2,—1/2), (-1/2,v/3/2)® (1/2,1/2) for z < 0
and (1/2,v/3/2) ® (1/2,1/2) for z > 0 we obtain in all cases 1/2, i.e. |g|so, s0 that

/RQ@,M — RO(A).

Hence w is a calibration for A.
O

Remark 4.4. A calibration always exists for minimizers in the class of rank one tensor
valued measures as a consequence of Hahn-Banach theorem (see e.g. [24]), while it may
be not the case in general for graphs with integer or real weights. The classical minimal
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configuration for (STP) with 3 endpoints P;, P, and P3 admits a calibration with respect
to the norm W2 in RV~! (see [24]) and hence it is a minimizer for the relaxed functional
RY(A) = ||Allgo among all real weighted graphs (and all rank one tensor valued Radon
measures satisfying (2.2)). It is an open problem to show whether or not a minimizer of
the relaxed functional R(A) = ||A[|yo has integer weights.

4.2 Extension to general matrix valued measures

Let us turn next to the convex relaxation of F¢ for generic d x (N — 1) matrix valued
measures A = (Aq,...,Ay_1), where A;, for 1 < i < N — 1, are the vector measures
corresponding to the columns of A. As a first step observe that, due to the positively
I-homogeneous request on RY, whenever A = p-H'LL =7 ® g- H'L L, with || = cte.
and ¢; € {0,1}, we must have

RAW) = [ frllalyjadH' L= [ @u(p)dHILL,
R4 Rd
with @ (p) = [7]|g|1/o defined only for matrices p € Ko (+00 otherwise), where
Ko={r®geR™*W g c{0,1}, || =cte}.

Following [18], we look for ®**, the positively 1-homogeneous convex envelope on
RIX(N=1) of . Setting ¢ = (q1, ... ,qN—1), with ¢; € R? its columns, we have that the
convex conjugate function ®¥(q) = sup{q-p — ®o(p), p € Ko} is given by

@7 (q) :Sup{Tt‘Q'g_|T"|g|1/aa 7| =cte., g=> e, JC{l,---,N—l}}
ied

=sup{ c |1°- qu —J*l, e>0,|7|=1,JC{l,...,N -1}
jeJ

Hence @, is the indicator function of the convex set

K*=qqeRN-U 1N "gl <|J]* VIC{1,...,N—1} »,
Jj€J

and in particular, for o = 0, it holds (cf. [18])
K'=qqeR>W-DIN"gl <1 VJC{l,...,N—-1}
jeJ

It follows that ®}* is the support function of K¢, i.e., for p € RIX(N-1),

¢ *(p) = sup p-g=sup{p-q, qu <|J|*, Jc{l,...,N—=1} ». (4.5)
qere jed

21



We are then led to consider, for matrix valued test functions ¢ = (¢1,...,¢on-1), the
relaxed functional

N—-1
RY(A) = /Rd F(A) :sup{ Z /Rd widA;, @€ Cso(Rd;Ka)}.
1=1

Observe that for A a rank one tensor valued measure and a = 0 the above expression
coincides with the one obtained in the previous section choosing W0 = W9,

In the planar case d = 2, consider a 2 x (N — 1)-matrix valued measure A =
(A1,...,AN_1) such that divA; = dp, — dp,. Fix a measure I' as for instance in
Remark 2.6. We have div(A — ') = 0 in R? and by Poincaré’s lemma there exists
U € BV(R%;RN=1) such that A = T' — DU*. So the relaxed functional reads

E¥U) =RYA) for A=T— DU, U e BV(R%*;RN ). (4.6)

The relaxed irrigation problem (I%) = mingy E*(U) can thus be described in the
following equivalent way, according to (4.5): let ¢ = ¢ be any matrix valued test function
(with columns ¢; = ¢; for 1 <i < N — 1), then we have

N-1
I = min su / Du —T;) - ¢, € C°(R% K¢
( ) UEBV(RZ;RNfl) P Z( (2 ’L) Pi 12 c ( ’ )
R2 i=1
Notice that with respect to the similar formulation proposed in [18], there is here the
presence of an additional “drift” term, moreover the constraints set K¢ is somewhat
different.

We compare now the functional £*(U) with the actual convex envelope (F*)**(U) in
the space BV (R%RY1), where we set F(U) = |DU* — |0 (R?) if T — DUL =
canonically represents an acyclic graph, and F®(U) = +oco elsewhere in BV (R?; RN ~1).
In the spirit of [18] (Proposition 3.1), we have

Lemma 4.5. We have E4(U) < (F®)™*(U) < (N—=1)=2&€*(U) for any U € BV (R?;RN1)
and any 0 < a < 1.

Proof. Observe that £*(U) < (F*)**(U) by convexity of £*(U). Moreover, whenever
A =T —DU" canonically represents a graph connecting P, ..., Py, we have (F®)**(U) <
(FY)**(U) since F*(U) < FY(U). For a > 0, denoting A =" — DU, we deduce

N-1 N-1 a
(F)™(U) < Y |N|(RY) < (N —1)!7° (Z IAill/“> (RT) < (N —1)'ee(U),
i=1 i=1

and analogously we have (F1)**(U) < (N — 1)£°(U). O
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Figure 2: Rectilinear Steiner trees and associated vectorial drifts for five and seven points

5 Numerical identification of optimal structures

5.1 Local optimization by I'-convergence

In this section, we plan to illustrate the use of Theorem 3.12 to identify numerically local
minima of the Steiner problem. We base our numerical approximation on a standard
discretization of (3.11). Let Q = (0,1)? and assume {Pi,...,Py} C €; thus, as a
standard consequence, the associated Steiner tree is also contained in ). Consider a
Cartesian grid covering () of step size h = % where S > 1 is a fixed integer. Dividing
every square cell of the grid into two triangles, we define a triangular mesh 7 associated
to Q and replace each point P; with the closest grid point.

Fix now I'; an oriented vectorial measure absolutely continuous with respect to H' as
in Remark 2.6. Assume for simplicity that T'; is supported on ~; a union of vertical and
horizontal segments contained in  and covered by the grid associated to the discrete
points {(kh,lh), 0 < k,1 < S}. Notice that such a measure can be easily constructed by
considering for instance the oriented ¢!-spanning tree of the given points.

To mimic the construction in Section 3.2, we define the function space

H}' = Pi(T,Q\ %) N BV(Q)

to be the set of functions which are globally continuous on €\ 7; and piecewise linear on
every triangle of 7. Moreover, we require that every function of H Zh has a jump through
~; of amplitude —1 in the orthogonal direction of the orientation of I';. Observe that
th is a finite dimensional space of dimension S?: one element uf can be described by
S? + n; parameters and n; linear constraints describing the jump condition where n; is
the number of grid points covered by ~;.

Then, we define

; 1
Fiui) = b Dul|* + EW(U?), (5.1)
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if u € LY() is in H! and extend f{ by letting f}(u) = 400 otherwise. Notice that
these discrete energy densities do not contain the drift terms I'; because the information
about the drift has been encoded within the discrete spaces H, leaving us to deal only
with the absolutely continuous part of the gradient (see Remark 3.1). Then, for U" =

(ult, . ul )€ HPY x -+ x HY% | we define

N-1 «
Gwh = [ s fid) wd Gt = [ (Z ﬁ;(u?)”a) .
Q1<i<N-1 Q \i;

By a similar strategy we used to prove Theorem 3.12, we still also have convergence of
minimizers of G (resp. G¢) to minimizers of coF (resp. coF'“) with respect to the strong
topology of L'(R%;RN~1). Observe that an exact evaluation of the integrals involved in
(5.1) is required to obtain this convergence result (an approximation formula can also be
used but then a theoretical proof of convergence would require to study the interaction of
the order of approximation with the convergence of minimizers). We point out that this
constraint is not critical from a computational point of view since every function u}l of
finite energy has a constant gradient on every triangle of the mesh. On the other hand,
the potential integral can be evaluated formally to obtain an exact estimate of this term
whith respect to the degrees of freedom which describe a function of th

Figure 3: Local minimizers obtained by the I'-convergence approach applied to 3, 5 and
7 points

Based on these results we performed two different numerical experiments. We first
approximated the optimal Steiner trees associated to the vertices of a triangle, a regular
pentagon and a regular hexagon with its center. To obtain the results of figure 3 we
discretized the problem on a grid of size 200 x 200. In the case of the triangle we used
the associated spanning tree to define the measures (I';);=1 2. In the case of the pentagon
and of the hexagon we used the rectilinear Euclidean Steiner trees computed by the
Geosteiner’s library (see [36] for instance) to initiate the vectorial measures. We refer to
figure 2 for an illustration of both singular vector fields. We solved the resulting finite
dimensional problem using an interior point solver. Notice that in order to deal with
the non smooth cost function G?L we had to introduce standard gap variables to get a
smooth non convex constrained optimization problem. Using [17], we have been able
to recover the locally optimal solutions depicted in figure 3 in less than five minutes on
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a standard computer. Whereas the results obtained for the triangle and the pentagon
describe globally optimal Steiner trees, the one obtained for the hexagon and its center
is only a local minimizer.

In a second experiment we focus on simple irrigation problems to illustrate the ver-
satility of our approach. We applied exactly the same approach to the pentagon setting
minimizing the functional Gj. We illustrate our results in figure 4 in which we recover
the solutions of Gilbert-Steiner problems for different values of a. Observe that for small
values of a, as expected by Proposition 2.4, we recover an irrigation network close to an
optimal Steiner tree.

Figure 4: Gilbert-Steiner solutions associated to parameters o = 0.2, 0.4, 0.6, 0.8 and 1
(from left to right)

5.2 Convex relaxation and multiple solutions

The convex relaxation of Steiner problem (I°) obtained following [18] reads in our discrete
setting as:

min sup — Z Z (Vu?)t : (tp?)t (5.2)

h .
(ui)1<i<n (p)1<ic NEKO teT i=1

where

K= (eMcien e RN Y vy c{1,...,N-1},vte T,

S|y 63)

jeJ

and V1 <i < N, ul € H". Applying conic duality (see for instance Lecture 2 of [9]), we
obtain that the optimal vector (uf) solves the following minimization problem

2
min YOS W (5.4)

(W) 1<ien €L, (1) seqr,. vo1y ERT)ZN ! 2 teT JC{1,..,N—1}

where L is the set of discrete vectors (U?)1§z’<N which satisfy Vi =1,...,N -1, Vt € T

(Vul), = > (¥)- (5.5)

JcA{1,....N—1},ieJ
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We solved this convex linearly constrained minimization problem using the conic solver
of the library Mosek [28] on a grid of dimension 300 x 300. Observe that this convex
formulation is also well adapted to the, now standard, large scale algorithms of proximal
type. We studied four different test cases: the vertices of an equilateral triangle, a square,
a pentagon and finally an hexagon and its center as in previous section. As illustrated
in the left picture of figure 5, the convex formulation is able to approximate the optimal
structure in the case of the triangle. Due to the symmetries of the problems, the three last
examples do not have unique solutions. Thus, the result of the optimization is expected
to be a convex combination of all solutions whenever the relaxation is sharp, as it can
be observed on the second and fourth case of figure 5. Notice that we do not expect this
behaviour to hold for any configuration of points. Indeed the numerical solution in the
third picture of figure 5 is not supported on a convex combination of global solutions
since the density in the middle point is not 0. Whereas the local I'-convergence approach
of previous section was only able to produce a local minimum in the case of the hexagon
and its center, the convexified formulation gives a relatively precise idea of the set of
optimal configurations (see the last picture of figure 5 where we can recognize within the
figure the two global solutions).

Figure 5: Results obtained by convex relaxation for 3,4, 5 and 7 given points

6 Generalizations

In this article we have focused on the optimization of one dimensional structures in the
plane in specific, classical cases. A first possible generalization is to consider the same
problems with respect to more general norms, for instance anisotropic ones: given ||, an
anisotropic norm on R? and a norm ¥® on RV~! as in Section 4.1, one could consider,
for a matrix valued measure A € M (R4, R¥>*N=1) the (¥*, a)-mass measures

Ao o(B) := sup {Awah), |w)
weCX (B;RY)
heC (B;RN 1)

ar <1, (U9*(h(z)) <1}, (6.1)

for B C R? open, and the corresponding (¥®, a)-mass norm ||A||ya 4 = |A]ga o(R?). Then

minimizers of ¢ = || - ||wa,, over rank one tensor valued measures representing graphs
L € G(A) will solve the anisotropic irrigation problem (resp. the anisotropic Steiner tree
problem in case a = 0), in particular, if |- |, = |- |1, F? is related to the rectilinear
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Steiner tree problem in R?. For d = 2, following [14, 30, 2] one may reproduce the
I'-convergence and convex relaxation approach developed here to numerically study the
anisotropic problem (6.1). A further step in this direction would consist in considering
size or a-mass minimization problems in suitable homology and/or oriented cobordism
classes for one dimensional chains in manifolds endowed with a Finsler metric.

Another generalization concerns the convex relaxation and the variational approximation
of (STP) and (I, ) in the higher dimensional case d > 3. This is done in the companion pa-
per [11], where we obtain a I'-convergence result by using functionals of Ginzburg-Landau
type in the spirit of [1] and [34]. Moreover, as in the present paper, we introduce appro-
priate “local” convex envelopes, discuss calibration principles and show some numerical
simulations.

In parallel to previous theoretical generalizations, we are currently developing numerical
approaches adapted to these new formulations. On the one hand, we are studying a
large scale approach to solve problems analogous to the conic convexified formulation of
Section 5.2. Such an extension is definitely required to approximate realistic problems
in dimension three and higher. On the other hand, we want to focus on refinement
techniques which may decrease dramatically the number of degrees of freedom involved
in the optimization process. Observe for instance that very few parameters are required
to describe exactly a drift as the ones given in Figure 2. Based on such observations, a
sequential localized approach may provide a very precise description of, at least locally,
optimal structures.

Acknowledgements

The first and second author are partially supported by GNAMPA-INdAM. The third au-
thor gratefully acknowledges the support of the ANR through the project GEOMETRYA,
the project COMEDIC and the LabEx PERSYVAL-Lab (ANR-11-LABX-0025-01). We
wish to warmly thank Annalisa Massaccesi and Antonio Marigonda for fruitful discus-
sions.

References

[1] Giovanni Alberti, Sisto Baldo, and Giandomenico Orlandi. Variational convergence
for functionals of Ginzburg-Landau type. Indiana Univ. Math. J., 54(5):1411-1472,
2005.

[2] Micol Amar and Giovanni Bellettini. A notion of total variation depending on a
metric with discontinuous coefficients. Ann. Inst. H. Poincaré Anal. Non Linéaire,
11(1):91-133, 1994.

[3] Luigi Ambrosio and Andrea Braides. Functionals defined on partitions in sets of
finite perimeter. 1. Integral representation and I'-convergence. J. Math. Pures Appl.
(9), 69(3):285-305, 1990.

27



[4]

Luigi Ambrosio and Andrea Braides. Functionals defined on partitions in sets of
finite perimeter. II. Semicontinuity, relaxation and homogenization. J. Math. Pures
Appl. (9), 69(3):307-333, 1990.

Luigi Ambrosio, Nicola Fusco, and Diego Pallara. Functions of bounded variation
and free discontinuity problems. Oxford Mathematical Monographs. The Clarendon
Press, Oxford University Press, New York, 2000.

Sanjeev Arora. Polynomial time approximation schemes for Euclidean traveling
salesman and other geometric problems. J. ACM, 45(5):753-782, 1998.

Sanjeev Arora. Approximation schemes for NP-hard geometric optimization prob-
lems: a survey. Math. Program., 97(1-2, Ser. B):43-69, 2003. ISMP, 2003 (Copen-
hagen).

Sisto Baldo and Giandomenico Orlandi. Codimension one minimal cycles with co-
efficients in Z or Z,, and variational functionals on fibered spaces. J. Geom. Anal.,
9(4):547-568, 1999.

Ahron Ben-Tal and Arkadi Nemirovski. Lectures on modern convex optimization:
analysis, algorithms, and engineering applications, volume 2. Siam, 2001.

Marc Bernot, Vicent Caselles, and Jean-Michel Morel. Optimal transportation net-
works: models and theory, volume 1955. Springer Science & Business Media, 2009.

Mauro Bonafini, Giandomenico Orlandi, and Edouard Oudet. Variational approxi-
mation of functionals defined on 1-dimensional connected sets in R™. preprint, 2016.

Matthieu Bonnivard, Antoine Lemenant, and Vincent Millot. On a phase field ap-
proximation of the planar Steiner problem: existence, regularity, and asymptotic of
minimizers. arXiv preprint arXiw:1611.07875, 2016.

Matthieu Bonnivard, Antoine Lemenant, and Filippo Santambrogio. Approximation
of length minimization problems among compact connected sets. SIAM J. Math.
Anal., 47(2):1489-1529, 2015.

Guy Bouchitté. Singular perturbations of variational problems arising from a two-
phase transition model. Appl. Math. Optim., 21(3):289-314, 1990.

Andrea Braides. I'-convergence for beginners, volume 22 of Ozford Lecture Series in
Mathematics and its Applications. Oxford University Press, Oxford, 2002.

Lorenzo Brasco, Giuseppe Buttazzo, and Filippo Santambrogio. A Benamou-Brenier
approach to branched transport. SIAM J. Math. Anal., 43(2):1023-1040, 2011.

Richard H. Byrd, Jorge Nocedal, and Richard A. Waltz. KNITRO: An integrated
package for nonlinear optimization. In Large-scale nonlinear optimization, volume 83
of Nonconvex Optim. Appl., pages 35-59. Springer, New York, 2006.

28



[18]

[19]

[30]

31]

[32]

[33]

Antonin Chambolle, Daniel Cremers, and Thomas Pock. A convex approach to
minimal partitions. SIAM J. Imaging Sci., 5(4):1113-1158, 2012.

Antonin Chambolle, Luca Alberto Davide Ferrari, and Benoit Merlet. A phase-field
approximation of the Steiner problem in dimension two. Advances in Calculus of
Variations, 2017.

Thierry De Pauw and Robert Hardt. Size minimization and approximating problems.
Calc. Var. Partial Differential Equations, 17(4):405-442, 2003.

Herbert Federer. Geometric measure theory. Springer, 2014.

E. N. Gilbert and H. O. Pollak. Steiner minimal trees. SIAM J. Appl. Math., 16:1-29,
1968.

Andrea Marchese and Annalisa Massaccesi. An optimal irrigation network with
infinitely many branching points. ESAIM Control Optim. Calc. Var., 22(2):543—
561, 2016.

Andrea Marchese and Annalisa Massaccesi. The Steiner tree problem revisited
through rectifiable G-currents. Adv. Cale. Var., 9(1):19-39, 2016.

Annalisa Massaccesi, Edouard Oudet, and Bozhidar Velichkov. Numerical calibration
of Steiner trees. Applied Mathematics € Optimization, pages 1-18, 2017.

Luciano Modica and Stefano Mortola. Un esempio di I'"-convergenza. Boll. Un.
Mat. Ital. B (5), 14(1):285-299, 1977.

Frank Morgan. Clusters with multiplicities in R?. Pacific J. Math., 221(1):123-146,
2005.

APS Mosek. The MOSEK optimization software. Online at http://www. mosek.
com, 54, 2010.

Edouard Oudet and Filippo Santambrogio. A Modica-Mortola approximation for
branched transport and applications. Arch. Ration. Mech. Anal., 201(1):115-142,
2011.

Nicholas C. Owen and Peter Sternberg. Nonconvex variational problems with
anisotropic perturbations. Nonlinear Anal., 16(7-8):705-719, 1991.

Emanuele Paolini and Eugene Stepanov. Existence and regularity results for the
Steiner problem. Calc. Var. Partial Differential Equations, 46(3-4):837-860, 2013.

John Roe. Winding Around: The Winding Number in Topology, Geometry, and
Analysis, volume 76. American Mathematical Soc., 2015.

Walter Rudin. Real and complex analysis. Tata McGraw-Hill Education, 2006.

29



[34] Etienne Sandier. Ginzburg-Landau minimizers from R™*! to R” and minimal con-
nections. Indiana Univ. Math. J., 50(4):1807-1844, 2001.

[35] Stanislav Konstantinovich Smirnov. Decomposition of solenoidal vector charges into
elementary solenoids, and the structure of normal one-dimensional flows. Algebra 4
Analiz, 5(4):206—-238, 1993.

[36] DM Warme, Pawel Winter, and Martin Zachariasen. GeoSteiner 3.1. Department of
Computer Science, University of Copenhagen (DIKU), 2001.

[37] Qinglan Xia. Optimal paths related to transport problems. Commun. Contemp.
Math., 5(2):251-279, 2003.

30



