ANISOTROPIC FREE-DISCONTINUITY FUNCTIONALS AS THE I'-LIMIT OF
SECOND-ORDER ELLIPTIC FUNCTIONALS

ANNIKA BACH

ABSTRACT. We provide an approximation result for free-discontinuity functionals of the form
Flu) = / f(z,u, Vu)d + / O(z,vy)dH™ L, we SBVZ(Q),
Q SunNQ
where f is quadratic in the gradient-variable and 6 is an arbitrary smooth Finsler metric. The
approximating functionals are of Ambrosio-Tortorelli type and depend on the Hessian of the edge
variable through a suitable nonhomogeneous metric ¢.

1. INTRODUCTION

The partitioning process known as image segmentation is a major task in image analysis. This
process deals with the detection of objects and object contours in possibly distorted digital images
and aims, among others, to distintuish between meaningful objects and the so-called noise. Mathe-
matically, a grey-scale image can be represented by a scalar function g defined on the image domain
Q (e.g., a rectangle) such that, at each point = € 2, g(x) measures the brightness of the image.
Since the function g is by nature discontinuous, an image-segmentation problem consists in finding
a function w which is still discontinuous, but whose discontinuities are now located only along the
relevant object-contours. Further, the function v must provide a smooth approximation of g far
from the image contours. Thus the discontinuity set of u decomposes the picture into regions with
relatively uniform brightness and the function wu is interpreted as a restored version of the input
image g. In mathematical terms an image-segmentation problem can be recast into a variational
framework by minimizing a so-called free-discontinuity functional, i.e., a functional consisting of
competing volume and surface terms. A prototipical free-discontinuity functional used in image
segmentation is the celebrated Mumford-Shah functional [28], i.e.,

|
MS(u) = /Q \Vul?dz + H"1(S,) + /Q lu — g|*d, (1.1)

where the last term in (1.1) represents a so-called “fidelity term”, since it measures the fidelity of the
restored image u to the input image g. Then the natural functional space where to set the problem is
SBV(Q): the space of special functions of bounded variation introduced by De Giorgi and Ambrosio
[23]. When one looks for minimizers of (1.1), the first term in (1.1) penalizes strong variations of
u outside its discontinuity set S,,, while due to the surface term in (1.1) this discontinuity set has
to be as “small” as possible. Clearly, the surface term in (1.1) only allows to control the “length”
of S, and it provides no information on its shape. For this reason, functionals as in (1.1) are in
general not suited to analyze, e.g., certain biomedical images, where the detection of small structure
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with a specific geometry may play a crucial role (this is the case, e.g., of thin tubular structures
such as blood vessels in MRI). In particular, to remove noise from such images without deleting
the important small structures, one needs to consider a more general free-discontinuity functional
of the form

E(u):/Qf(:z:,u,Vu)d:c—F/S mQ0(x, v )dH L, (1.2)

where f: Q xR x R" — [0, 400) is a Borel function, continuous in (u,£), convex and quadratic in
&, while 6 : Q@ x R” — [0, +00) is a convex smooth Finsler metric. (In (1.2) and in what follows we
drop the fidelity term as it represents a “lower-order term” in our analysis.) A functional of type
(1.2) which, in particular, may distinguish between noise and sets having a relevant geometry, is
the following anisotropic variant of the Mumford-Shah functional:

MSaniS(u):/ |vu|2dx_|_/ <M(.I‘)l/u7Vu>dH"*17 (13)
Q SN

where M : Q — R{X" is a Riemannian metric associated to the input image g. In [30] the author
studies existence of minimizers of (1.3) and provides an elliptic approximation of (1.3) via I'-
convergence. Indeed, despite the fact that the existence theory for minimizers of functionals of the
form (1.2) is by now quite well understood [3, 2, 4], it remains difficult to compute these minimizers
numerically in a robust and efficient way. For this reason, one wishes to approximate functionals
as in (1.2) with sequences of functionals defined on spaces of smoother functions. In the case where
the function 6 does not depend explicitly on the space variable x, an elliptic approximation of
(1.2) via T'-convergence is obtained in [20]. Both the approximations in [30] and [20] rely on the
original Ambrosio and Tortorelli approximation [5, 6] of the Mumford-Shah functional in the spirit
of [26, 27]. In [6] the authors introduced the family of elliptic functionals
2 2 1 [(v—1) 2 1,2
AT (u,v) == /(v + n:)|Vul“dx + 5/? +e|Voul*de, wu,ve WH3(Q) (1.4)
Q

(here ¢ > 0 and 0 < 7. < ¢) and study its limit as € tends to zero. Intuitively, in this model the
factor 1/e in the second integral requires that v &~ 1 in large regions of €2, as e — 0, while the first
integral forces the so-called edge variable v to approach zero in those regions where the gradient
of u is steep. Hence, one expects that v approaches 1 — xg,, thus detecting the discontinuity set
Sy. In [20] this approach has been extended to approximate functionals as in (1.2) when 6 = 0(v),
defining the approximating functionals by

_1)2
Ee(u,v) = /(v2 + o) f(z,u, Vu)dx + %/ % + e0*(Vo)dz, u,ve WhH(Q).
Q Q

In the present paper we want to investigate a second-order approximation of (1.2), that is, an
approximation where the approximating functionals depend on the Hessian matrix of the edge
variable v. In the last years, second-order models have been used in the setting of Cahn-Hilliard
phase transitions to approximate the perimeter functionals [8, 16, 17, 21] and recently this approach
has been also extended to the Ambrosio-Tortorelli approximation of the Mumford-Shah functional
[15] (see also [19]). More precisely, in [15] the authors prove that the functionals defined in (1.4) T'-
converge to MS also when g|Vv|? is replaced by £3|V?v|? or £3|Av|%. Moreover, the computational
results for these second-order models indicate several advantages if compared with the Ambrosio-
Tortorelli approximation. Then, in view of the good numerical results obtained in [15] we propose
here a second-order model to approximate functionals of the general form (1.2) with § now explicitly
depending on z. It is worth pointing out that considering a singular perturbation depending on
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V20 instead of Vv makes the problem intrinsically different from the ones studied in [20] and [30].
Indeed, now it is less clear how to relate the n x n matrix V2v to the vector v, € S"~! appearing
in the anisotropic limit model (1.2), since 6 is defined on vectors. Therefore, we cannot use the
same strategy as in [20], but we have to find a suitable convex metric ¢ defined on n X n-matrices
(for more details see Sections 2 and 3) to define our approximating functionals. To give an intuitive
idea of the construction of ¢, let us assume for a moment that ¢ is given. Then we can apply ¢ to
the tensor product ¥ ® v € R™*" for v € R". Since ¢(z,v ® v) is 2-homogeneous and quadratic
in v, \/é(z,v ® v) defines a Finsler metric on €, which though may fail to be convex in v (notice
that the convexity of 0 is a necessary condition for the lower semicontinuity of £, which otherwise
could not be a T-limit). The above consideration suggests, nevertheless, that given 6 in (1.2) we
should look for a metric ¢ such that

oz, v@v) =0(z,v) (1.5)

is satisfied for all x and v. Suppose now that we have found such a metric ¢. Then, in this
mathematical framework a common procedure to reduce the n-dimensional problem to the one-
dimensional problem is the so-called slicing-procedure. In the anisotropic setting, usually this
procedure heavily relies on the properties of the dual (and the bidual) of the metric 6 (see, e.g., [13,
Proposition 4.3]). Indeed, the main property one uses is the fact that a convex Finsler metric can

be written as )]
§v
0(x,v) = sup 7
ej=1 0o (7, )
where 6, : Q X R™ — [0, 4+00) is the dual of §. This suggests that, in addition to (1.5), our metric
¢ should satisfy also

Bo(2,E @ &) = Oo(7,&)
for all x and &, where ¢, denotes the dual of ¢ with respect to the matrix scalar product. Combining
these considerations then motivates the following definition

B | (Av, &) |
A A= B, 0, 0)

and the choice of the approximating functionals

2
Fo(uy0) = /Q (02 + ) f (., Vu)da + 2% /Q % +£362(a, V2v)da,

where u € WH2(Q), v € W22(Q2). Then the main result of the paper is a I'-convergence result which
asserts that, when e — 0, the family (F.) I'-converges in the strong (L'(Q) x L (£2))-topology to the
functional &€ defined in (1.2). To prove this result, we first investigate the one-dimensional problem,
which already contains the main information needed for the n-dimensional analysis. We then deduce
the n-dimensional result from the one-dimensional result appealing to the above-mentioned slicing-
procedure in combination with the blow-up method of Fonseca and Miiller [22]. The latter will
allow us to deal with the inhomogeneity in the surface part of the functionals F., which otherwise
could not be treated by means of a slicing-procedure.

The structure of the paper is as follows. In Section 2 we fix the notation needed throughout the
paper and recall some preliminary results. In Section 3 we state the main result of the paper and we
also discuss some examples of Finsler metrics 6 for which an explicit formula for the corresponding
metric ¢ can be given. Those examples include the case 0(x,v) = /(M (x)v,v) thus providing a
second-order approximation of (1.3). Section 4 is devoted to the study of the so-called optimal
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profile problem, a minimization problem which describes the minimal cost of a transition from the
value 0 to the value 1 in terms of the one-dimensional unscaled “Modica-Mortola part” of the energy.
The analysis of this optimal profile problem then enables us to investigate the one-dimensional case
in Section 5. Eventually, using the tools mentioned above, in Section 6 we prove the I'-convergence
result in dimension n. In Section 7 we finally study the existence of minimizers of F. and their
asymptotic behavior.

2. NOTATION AND PRELIMINARIES

In this section we fix the notation and recall some preliminary results that we will use in the
following. We start with some basic notation. Let n > 1. Throughout this paper {2 is an open
bounded subset of R™ with Lipschitz boundary and A(£2) the family of open subsets of Q. If
AV A € A(Q) are such that A’ CC A, we say that ¢ is a cut-off function between A’ and A if
peCX(A),0<p<1land p=1o0n A". By L" and H* we denote the Lebesgue measure and the
k-dimensional Hausdorff measure in R™, respectively. For p € [1, +o0] we use standard notation for
the Lebesgue spaces LP(£2) and the Sobolev spaces WP(Q). Let v, € R"™; we use the notation
(v,&) for the scalar product, |v| for the euclidian norm and v ® £ = (1;€;);; € R™*™ denotes the
matrix consisting of the entrywise products of v and . If A, B € R"*™ then AB € R"*™ denotes
the matrix product, A : B = tr(BT A) the scalar product, and ||A|| = v/A : A the euclidian norm.
We set St :={v € R": |v| =1} and for every v € S"" ! 25 € R", and p > 0 we denote by
QZ(l‘o) C R™ the cube centered at xy with side length p and with one face orthogonal to v. If
zo = 0 and p = 1 we simply write Q".

We also recall some notation and basic results concerning measure theory and special functions
of bounded variation. For the general theory we refer to [7]. Let M;(€2) be the set of all bounded
Radon measures on 2. Then we say that a sequence (ux) in Mp(€Q) converges weakly™ in M;(Q)

to p € My(2) (px = p) if
/wduk%/sadu Vo € Co(Q).
Q Q

For every u € SBV(Q) we write Vu for the approximate gradient of u, S, for the approximate
discontinuity set of u, and v, for the generalized outer normal to S,. Finally, u™ and u~ are the
traces of u on S,. We enlarge the space SBV () to the space GSBV () which consists of all
functions u € L1(£2) such that for each M € N the truncated function u™ := —M V (uA M) belongs
to SBV(£2). Moreover, we set

SBV?(Q) := {u € SBV(Q) : Vu € L*(Q) and H"(S,) < 400}
and
GSBV?*(Q) :={u € GSBV(Q) : Vu € L*() and H"*(S,) < +oo}.
Clearly, we have SBV?(Q) N L>(Q) = GSBV?2(2) N L>=(1Q).
We say that an integrand f : Q@ x R x R™ — [0, 4+00) belongs to the class Z = Z(mq, ms) if f
satisfies the following conditions.

(i) f is a Borel function

(ii) for a.e. x € Q, f(z,-,-) is continuous
(iii) for a.e. x € Q and for all u € R, f(x,u,-) is convex
(iv) there exist constants 0 < my < mg < +o00 such that

malé]* < f(z,u,6) <molél® Y (2,u,€) € X xR xR (2.1)

The following two results are consequences of [3, Theorem 2.1] and [25, Theorem 1.2], respectively.
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Theorem 2.1. Let (uy) be a sequence in GSBV (Q) such that ||ug||z:, ||Vug|z2 and H*~(Sy,)
are bounded uniformly with respect to k. Then there exist u € GSBV(2) and a subsequence (uy;)
such that ug, — u a.e. in Q. In addition, Vuy, — Vu weakly in L*(Q;R™).

Theorem 2.2. Let f : Q2 x R x R™ — [0, +00) belong to the class T and let (ux) be a sequence in
GSBV(Q), u € GSBV(Q) such that ux, — u a.e. in Q, Vu, — Vu weakly in L'(Q,R"™) and such
that ||Vug||pz and H""1(S,,) are bounded uniformly with respect to k. Then

f(z,u, Vu)de <liminf [ f(x,ux, Vug)de.
Q k—=too Jo

Moreover, we recall the following interpolation inequality that can be found in [1, Theorem 4.14].

Proposition 2.3. Let U C R" be open, bounded and with Lipschitz boundary and let g > 0. Then
there exists a constant co = co(go,U) > 0 such that

1
coe/ |Vo|?dx < f/ U2d$—|—€3/ |V20||dx
U €Ju U

for every 0 < e < &g and for every v € W22(U).

Furthermore, we briefly recall some basic properties of Finsler metrics, for more details see, e.g.,
[9, 10, 11]. We call a function 6 : Q x R™ — [0, +00) a Finsler metric on Q, if § is continuous and
satisfies the following properties:

O(z,tv) = |t|0(z,v) V¥ (z,v) € QxR", VteR, (2.2)
AMy| < 0(z,v) < Aly] V(z,v) € Q x R”,
for some 0 < A < A < 4o0. If, in addition, for every z € Q the map v — 6(z,v) is convex, we say

that € is a convex Finsler metric. We denote by 6 € .#™(Q2) the class of all convex Finsler metrics.
For every 0 € .#™(Q) the dual 6, : Q x R" — [0, +00) is defined as

Os(x,&) :=sup{(§,v) : veR", O(z,v) < 1}.
It can be shown that 6, € .#Z™(Q), o0 = 0, and that 0, can be equivalently written as

o &V
o) 5=y

(Notice that in the literature usually the dual 6, is defined for any Finsler metric 6. In that case,
0, € A"(Q) and 0, coincides with the convex envelope of .) Analogously, we denote by .Z"*™(Q2)
the class of all continuous functions ¢ :  x R™*™ — [0, +00) satisfying

d(x,tA) = |t|p(x, A) V (z,A) € Qx R™", VieR, (2.4)

m||A| < ¢z, A) < M||A|| V (z,A) € Q x R™*™, (2.5)

for some 0 < m < M < +oo and such that for every x € Q the map A — ¢(z, A) is convex on
R™ ™ Finally, we define the dual of ¢ by

3 o en B |B: Al
¢o(x,B) :=sup{B: A: AeR"" ¢z, A) <1} = \|§11\1|1:)1 o(z, A)

Again, it holds that ¢, € .Z™*™(Q) and ¢oo = ¢.
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Remark 2.4. (Continuity Properties of 6 and ¢) Since we will heavily use them in what follows,
we state here the following continuity properties that are satisfied by 6 and ¢, respectively. Let
0 € #™(Q). Then for every n > 0 and every xg € €, there exists § = §(xg,n) > 0 depending only
on xg,n such that

10(z0,v) — O(z,v)| <n YveS"' Vac Bs(x). (2.6)
Further, if ¢ € .#™*"(), using (2.4) and (2.5) it can be shown that ¢? satisfies the following
continuity hypotheses. For every 1 > 0 and every zg € 2, there exists § = d(xp,n) > 0 depending
only on xg,n such that

|02 (z0, A) — ¢*(x, A)| < no*(x, A) ¥V A R™™ Y z € Bs(xy). (2.7)

We also state here a density result that can be found in [18] and that we will use to prove the
limsup-inequality. We start by fixing some notation that has been introduced in [18]. We denote
by W() the set of all functions u € SBV?(Q) satisfying the following properties
(a) S, is essentially closed, i.e., H" (S, \ S.) =0,
(b) S, is the intersection of € with the union of a finite number of pairwise disjoint closed
and convex sets each contained in an (n — 1)-dimensional hyperplane, and whose (relative)

boundaries are C*°,
(c) u e Wk>(Q\S,) for all k € N.
Then the following is a consequence of [18, Theorem 3.1, Remark 3.2 and Remark 3.3].

Theorem 2.5. Let § € .#"(Q) and let w € SBV?(Q) N L>(Q). Then there exists a sequence (u;)
mn W such that

u; — u strongly in L*(Q),
Vu; — Vu strongly in L*(Q;R™),

limsup [[u;|ze < [lul[ze,
oo

jo+
lim 0(x, vy, )dH" ! = / O(x, v, )dH" L.
J—+oo Qnsuj QNS

We finally introduce the functionals which will be considered in what follows. We set

MS(u,v) = /Q \Vul?dz + H"1(S,) ifue GSBV2(Q), v=1 ae.,

(2.8)
+o00 otherwise in L1(2) x L1(Q),
and
flz,u, Vu dm—i—/ O(z,v,)dH" ! ifue GSBV?(Q), v=1ae.,
Flu,v) := /Q ( ) 5.NQ ( ) () (2.9)
+00 otherwise in L'(Q) x LY(Q),

where we assume that f belongs to the class Z and that 6 € .#™(Q2). Moreover, we consider the
following functionals depending on a parameter € > 0. Throughout this paper, the parameter € > 0
varies in a strictly decreasing sequence converging to zero.
1 —1)?
/ v*|Vul*dz —l—f/ =1" + €| Vv|*dx
AT (u,v) == 7? 2Jo e
e\t V)= if (u,v) € WH2(Q) x WH2(Q), 0 <v <1,
+o0 otherwise in L'(Q) x L(Q),

(2.10)
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/ v?|Vul?de  + f/ +€3||V211H2d:c

Eelu,0) = it (a0 € WA2(Q) % W22(Q), vV € 2( R, (2.11)
+o0 otherwise in L(Q) x L(Q),
and
/sz(sc u, Vu)dz —|—7/ —|—83¢ (z, V?v)dzx
_ ) Ja
Felu,v) = if (u,v) € Wh 2(Q) x W22(Q), vVu € L*(Q;R"), (212)
+00 otherwise in L1(Q2) x L1(Q),

where ¢ € 4" "(Q).

Remark 2.6. (Domain of the I'-limit) In [15, Theorem 4.2] it has been proved that the functionals
E. T(LY)-converge to MS. Moreover, for any pair (u,v) in the domain of F., conditions (2.1) and
(2.5) directly give that

M (v—1)2
m U2Vu2dx+—/7+53 V20l|2dx
R e A
> F.(u,v) zmlf

Q
Hence, if we set F'(u,v) := I-liminf._,o Fe(u,v), F’(u,v) := I'-limsup,_Fe(u,v), then [15
Theorem 4.2] yields that F'(u,v) = F"(u,v) = 400, whenever (u,v) is not contained in the
domain of MS.

2 2 m (U_].)z 3 2 2
v CU dx+7\/ —— 4 € C v||“dzx.
‘ | 2\& Q 3 H ||

3. STATEMENT OF THE MAIN RESULT

The main result of this paper is the following theorem, which ensures that under suitable condi-
tions on ¢ the functionals F. defined in (2.12) I'-converge with respect to the strong (L*(Q) x L (Q2))-
topology to the functional F defined as in (2.9).

Theorem 3.1. Let f € T and ¢ € 4™ " (). Suppose that there exists 0 € .#™(Y) such that
d(z,v@v) =0(z,v), (3.1)

Po(,§ © &) = 0o(x,9), (3-2)

for all x € Q and for all £,v € R™. Then the functionals F. defined in (2.12) T'-converge in the
strong (L'(2) x L'(Q))-topology to the functional F defined in (2.9).

We will prove Theorem 3.1 in Section 6 gathering Propositions 6.1 and 6.2, which give the
liminf-inequality and the limsup-inequality, respectively. In particular the liminf-inequality heavily
relies on conditions (3.1) and (3.2), which allow to obtain the n-dimesional result from the one-
dimensional result via slicing. Since at a first glance (3.1)-(3.2) might appear quite restrictive we
will briefly discuss them in the following remark. In particular, we will show that given an arbitrary
0 € A#"(2) we can always find a ¢ € .#Z™*™(Q2) such that (3.1) and (3.2) are fulfilled. Moreover,
we discuss two explicit examples of metrics ¢ and 6 that satisfy (3.1) and (3.2).

Remark 3.2. Let ¢ € .#™*"™(£2). Then we can associate a Finsler metric ¢ to ¢ by setting

v):=+o(z,v@v) V(z,v)edxR" (3.3)
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Indeed, ¢(z,v @ v) is 2-homogeneous and quadratic in v. Thus ¢ satisfies (2.2) and (2.3). It may,
however, fail to be convex in v. The convexity of the surface integrand being a necessary condition
for the lower semicontinuity of the functional F defined as in (2.9), it seems quite natural to assume
that ¢ € .#™(€2). This is precisely what (3.1) requires. Then condition (3.2) reads as

(0)o(2,£®E) = do(x,€) V¥ (2,€) € AR, (3.4)

where ¢, is defined according to (3.3) replacing ¢ with ¢,. In this way, we ensure that it does not
matter if we first take the dual of ¢ with respect to the matrix scalar product and then take the
square root or if we first consider the square root of ¢ and afterwards take the dual with respect
to the scalar product on R x R”. Hence, for every ¢ € .#"*"(f)) such that ¢ belongs to .Z"(Q)
and satisfies (3.4) Theorem 3.1 implies that the functionals F. in (2.12) I'-converge to F in (2.9)
with 8 = ¢.

On the other hand, from the viewpoint of approximation the most interesting question is wether
for any 6 € .#™(Q) one can find a metric ¢ € #£"*" () satisfying (3.1) and (3.2). In fact, such a
¢ can always be obtained by setting

| (Av,§) |
o(x,A) = sup ——————
( ) £7V€S"_1 90(%5)90(1'7 1/)
It can be easily checked that ¢ € .Z™*"(f2), while a direct computation shows that (3.1) and

(3.2) are satisfied. Thus, using the definition in (3.5) Theorem 3.1 allows us to approximate the
anisotropic functional F for any 6 € .Z" ().

Y (z, A) € Q x R™". (3.5)

Notice that for § € .#™()) given, the metric ¢ obtained by (3.5) is not the unique metric in
A (Q) satisfying (3.1) and (3.2). Indeed, we complete this section with two examples of specific
functions § € .#™(Q?) for which a corresponding ¢ € .Z™*"(2) satisfying (3.1) and (3.2) can be
defined in a quite intuitive way.

Example 3.3. (Quadratic forms) We consider here the anisotropic variant of the Mumford and
Shah model analyzed in [30], i.e.,

MSaniS(u) :/Q|Vu|zd$+/s . <M(x)1ju,uu>d%n*1, (36)

where for every x € ) the matrix M (x) € R™*™ is symmetric and positive definite and the mapping
x +— M (x) satisfies the following hypotheses:

(i) There exist two constants 0 < A < A < +o00 such that

Ny < (M(z)v,v) < Alv)? V (z,v) € Q x R™ (ellipticity). (3.7)
(ii) There exist & > 0 and L > 0 such that

|M(x) — M(y)|| <Lz —y|* Vz,yeQ (Holder-continuity). (3.8)

Then in [30] it is shown that (3.6) can be obtained as limit of first-order Ambrosio-Tortorelli
approximations. We now briefly describe how to approximate (3.6) via second-order functionals.
We start by setting a few notation. Let 8(x,v) := /(M (z)v,v). For every A € R"*™ we set

— T
VeCA = (a117"' yAnl,A12, ** ,An2, " , Qlp, 7ann) )
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and for A, B € R"*" we define the Kronecker product A ® B € R *n’ a9

annB - ai,B
A® B := _
aniB - appB
Finally, we set
d(x, A) == /(M (z) @ M(z)) vec A,vec A) VY (x,A) € Q x R™*™. (3.9)

Then ¢ clearly satisfies (2.4), while conditions (3.7) and (3.8) ensure that (2.3) holds true and that
¢ is continuous in (x, A). Moreover, using basic properties of the Kronecker product, for which we
refer to [24], it can be easily checked that
bo,v © V) = (M(@),v) = 0*(a,v) (3.10)

and

do(w, £ @ &) = (M(2)™1€,) = 0(,€) (3.11)
for all z € Q and for all ¢, v € S"~1, where M (x)~! denotes the inverse of M (z). Thus, by Theorem
3.1 the functionals

12
/v2|Vu|2dx +L/ -1 +5‘3<(M(x)®M(x))vecv20,vecvzv>2dx
Q 2v/2 Jo €

if (u,v) € WH2(Q) x W22(Q), vVu € L?(Q;R"),
+00 otherwise in L1(2) x L1(Q),

Fe(u,v) :=

provide a second-order approximation of (3.6). We notice that in general the metric ¢ defined in
(3.9) does not coincide with the formula in (3.5). Nevertheless, (3.10) implies that they coincide
on symmetric rank-one matrices of the type v ® v with v € S"~!. Finally, we remark that for
our purpose we can replace the Holder-continuity assumption in (3.8) with the weaker continuity
assumption as follows. For every n > 0 and for every zy € ) there exists 6 = §(zg,n) > 0 such that

|M(xg) — M(z)|]| <n ¥V z € Bs(xo). (3.12)

Namely, it can be checked that, if (3.12) is satisfied, then (2.7) still holds true, which will be
sufficient for our analysis.

Example 3.4. (p-norms) We discuss here an example of an homogeneous 6 of the form

O(z,v) =0(v) == (Z |V¢|p> Y (z,v) € Q xR, (3.13)

where p € [1,00) and v = (v1,- - ,vy). For every (z, A) € Q x R™*"™ we consider
n P
P, A) = ¢(A) := | Y lag|" | (3.14)
ij=1

By construction, § € .#™(Q2) and ¢ € .#4™*"(Q) and for p € (1,00) the duals of 0, ¢ are given by

1
1 o
p/

05(§) = (Z |€i|p,> and  ¢o(B) = Z bil” |
i=1

ij=1
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respectively, where p’ = —2- denotes the dual exponent. Then, a direct computation yields that
p—1

plv@v)=0(v) and do(§®E) =0.(¢) (3.15)
holds for all v, € R™. Let p=1. Then 6, and ¢, are given by

0,(§) = sup |v;] and ¢o(B) = sup |bil,

1<i< 1<ij<n

respectively. Again, it can be checked that (3.15) holds true. Hence, for p € [1,00) Theorem 3.1
ensures that the functional F defined as in (2.9) with 6 given by (3.13) can be approximated via
the second-order functionals F. in (2.12) with ¢ given by (3.14).

4. THE OPTIMAL PROFILE PROBLEM

In this section we study the minimization problem

+o00
m := inf { / (h—1)2 +a®(n")2dt - h e W22(0,+00), h(0) = h'(0) =0,
0

loc

h(t) =1if t > M for some M > 0}, (4.1)

where a > 0 is a fixed constant. To motivate the presence of the constant a, assume for a moment
that the metric ¢ does not depend explicitly on . Then, due to the one-homogeneity, in dimension
n = 1 we can always write ¢?(h”) = ¢?(1)(h”)? and thus, writing a = ¢(1), the value m in (4.1)
represents the minimal cost of a transition from the value 0 to the value 1 in terms of the one-
dimensional unscaled Modica-Mortola part of the energy on the positive real half line. In what
follows we refer to this problem as the optimal profile problem. The main result of this section is
Lemma 4.1, which shows that the infimum in (4.1) is actually a minimum and the corresponding
minimum value is given by m = v/2a. The proof follows the argument in [15, Theorem 3.1]. We
first introduce the following auxiliary problems. Let G : R x R — [0, +00) be given by

1
G(w, z) ;= inf { /0 (g —1)%+a(g")%dt: g e C?([0,1]), g(0) =w, g(1) =1,

/0 == g1 =0},
Testing G with a third-order polynomial, one can check that

lim G(w,z)=0.
(w,z)—(1,0)

Finally, we set
+oo
m = inf {/ (h— 1)+ a®(h")2dt : h € W22(0,+00), h(0) = '(0) =0, Jim h(t) = 1}.
0 —+00
(4.2)
Now we are ready to prove the following lemma.
Lemma 4.1. Let m, m be given by (4.1), (4.2) respectively. Then m = m = v/2a and the infimum

in (4.2) is a minimum, i.e.,

—+oo
M = min { / (h— 1)+ a®(R")2dt : he W22(0,+00), h(0) = h'(0) =0,
0
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t——+oo

lim h(t) = 1} = V2a.

Proof. The standard Euler-Lagrange equation associated to (4.2) is given by the fourth order ordi-
nary differential equation

h(t) =14+ a?h®M @) =0 in (0,400) (4.3)
subjected to the boundary conditions ~2(0) = A/(0) = 0. A solution to (4.3) is then given by
ot t T
ha(t) =1 —V2e Vo sin | —= + — 4.4
1) "

and the corresponding minimum value is given by
“+o0
/ (ha — 1) + (W')2dt = V/2a,
0

Clearly, we have that m < m. Hence, to deduce the thesis it remains to show that m < m. Let
n > 0. We choose a sequence (z;) such that z; — 400 as i — +o00 and for fixed ¢ € N we choose
g € C%([0,1]) such that g(0) = ha(x;), g(1) =1, ¢'(0) = I/ (z;), ¢’(1) = 0 and

1
| (a1 4 a*(" Pt < G halas) o) +
0
where h, is the function given in (4.4). Now, we define g;(t) := g(¢ — ;) and

ha(t) lfO § t S Z;
RL(t) =< gi(t) ifw; <t <a;+1
1 ift > x; + 1.

In this way, h belongs to Wi’f(o, +00) and satisfies the boundary conditions in the definition of
m. Thus we achieve

+oo
m= / (ha — 1)% 4 a®(h))?dt
0

> [og ey ra [ st
0+(><> x;
> [ 1 a0t G (). ()~
= U(i = G (ha(23), ho (@) — .
Since lim(y,.)—(1,0) G(w, 2) = 0, we may conclude letting first i go to infinity and then 7 go to
Z€ro. ]

Remark 4.2. Notice that if my is given by

+oo
m, := min { / (h—1)%+a®(W")2dt : h € W22(0,+00), h(0) =d, h'(0) =0, lim h(t)= 1}
0

t—+o0
for some d € R, then m; = (d — 1)2v/2a and hence
lim mg = v2a = m.

d—0
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5. THE ONE-DIMENSIONAL CASE

In this section we study the asymptotic behavior of the functionals F. when the space dimension
is one. Throughout this section we write Q = I = (a,b) C R. We will see that the one-dimensional
problem already contains the main information needed to analyze the n-dimensional problem, which
will be studied combining the slicing procedure with the blow-up method introduced by Fonseca and
Miiller in [22] (see also [12]). Thanks to the continuity properties (2.6) and (2.7) satisfied by ¢ and
0, for the analysis it would be enough to study the one-dimensional problem in the homogeneous
case, i.e., for ¢ = ¢(A). Nevertheless, for the sake of completeness, we prefer to prove the result
in its full generality also in dimension one. Note that due to the 1-homogeneity of ¢ for every
(t,z) € I x R we have ¢(t,z) = |z|¢(t,1). Then we rewrite the functionals F. as

b b
[y D® 4 g2t 1)(o2at
Foluyv) = 7@ W2 looe (5.1)
A if (u,v) € WH2(I) x W22(I), :
“+o0 otherwise in L'(I) x L(I).

Note that in dimension one we do not need the requirement vu’ € L?*(I) since automatically
v € L*(I). The following result will be crucial to deduce the lower bound inequality in the proof
of Theorem 3.1.

Theorem 5.1. Let ¢ € .#*(I) and let f € T. Then the functionals F. given by (5.1) T'-converge
in the strong (L*(I) x L'(I))-topology to the functional £ defined on L*(I) x L*(I) as

b
/ )i+ S VoD ifue SBVAD), v=1 ae,
E(u,v) =< Ja ies,

+o0 otherwise in L*(I) x L*(I).

In all that follows C denotes a generic positive constant that may vary from line to line.

Proof. We divide the proof into two main steps proving first the liminf-inequality and then the
limsup-inequality

Step 1: Liminf-inequality. Let (u.), (ve) be sequences in L'(I) and u,v € L'(I) be such that
Ue — u, ve — v in LY(I). We claim that

E(u,v) < liminf F, (ue, ve). (5.2)
e—0
To prove (5.2), we can clearly restrict to the case where
sup Fe (ue, ve) < 400. (5.3)
From (5.3) we directly deduce that
1

b
7/ (v — 1)2dt < C,

e

for some constant C, uniformly in € and thus ||ve —1||p2 — 0, which then yields v = 1 a.e. Moreover,
Proposition 2.3 implies that there exists a constant ¢y > 0 such that for ¢ sufficiently small we have

b b 2
-1
005/ (v;)zdtg/ MJreg(vg)zdt,

£
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which in view of (2.5) and (5.3) gives

b 2
1
/ % -e(vl)?dt < C  for ¢ sufficiently small. (5-4)

Then we can apply [14, Lemma 6.2 and Remark 6.3] to deduce that for every v € (0,1) there exists
S C I finite such that for every I’ CC I\ S, fixed and for ¢ sufficiently small we have
l—-y<wv.<1+7v onl. (5.5)
Appealing to (2.1) and (5.5), for every I’ CC I\ S, we thus achieve
(1= [ ipde< 0-a? [ pueaas [ euadasc, 6o
’ I/

’

for some 0 < C' < +o0, uniformly with respect to e, from which we deduce both v € W12(I")
and u. — u’ weakly in L?(I"). Hence, by the arbitrariness of I’, we obtain that u € SBV?(I) and
S, C S. Moreover, using the convexity of £ — f(t,u,§), we deduce that

b
liminf/ V2 f(t ue,ul)dt > (1 — )2 liminf | f(t,ue,ul)dt > (1 —~)* | f(t,u,u)dt.  (5.7)
e—0 a e—0 I’ I’

Assume now that S, = {t1,--- ,tx} C S, for some N € N. Then, to prove (5.2), we have to show
that

e—0

1 (% (v —1)2 al
lim inf / £ + 32 (t, 1) (v)2dt > ti, 1).
o A R GO D T
To this end we use the same argument as in [15, Theorem 4.1], now also choosing carefully the
intervals around each discontinuity point ¢; in order to overcome the difficulties due to the inhomo-
geneity of §. We fix > 0. Then, thanks to (2.7) and the fact that there exist only finitely many

discontinuity points t;,---tx, we may deduce that there exists 6 > 0 such that for all ¢t € (a,b)
satisfying |t — ¢;] < § for some t; € S, we have

P(E1) 2 ). (5.8

Now, for each t; € S,, up to choosing ¢ small enough the intervals I; := (t; — d,¢; + 0) C (a,b) are
pairwise disjoint. Hence, appealing to (5.8) we get

b _ N o rtits _
/ e D% g2yl = 3 / e A7 | cage (e 1yt
a i=1 ti—(;

€

e
N o pti+d 2
1 /7' (Us_l) 342 1\2
> At 02, 1) (v))2dt. 5.9
DD (1 () (5.9)

Then, to prove the liminf-inequality it suffices to show that for every ¢ € {1,---, N} it holds that

Jimn inf — / (v — 1" + %% (t, 1) (vl )2dt > \/ (L, 1). (5.10)
2\/§ Ii c (3] £ - (3]

e—0
In order to prove (5.10), we consider the intervals I} := (t; — g,ti + g) ccC I; and we set n; :=

(
liminfe 0 inf7/ (ve (t))2. Then n; = 0, since otherwise by (2.1) we would get

1
[ e < —— [ i2put)a <+

’
i
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and hence u. — u’ weakly in W12(I/), which is a contradiction since ¢; € I]. Thus n; = 0 and
we may choose a sequence (s;) in I/ such that v.(si) — 0. On the other hand, since (up to
subsequences) v, — 1 a.e., we can also find r¢, 7 € I; such that 72 < st < 7l and v.(rl), v (FL) — 1.

Moreover, appealing to the Holder inequality we achieve that

. X 1/2
/ elvl]dt < \/e(b—a) (/ 5(1);)2dt> :

which in view of the interpolation inequality and of (5.3) implies that ev. converges to zero in
L'(a,b). Thus, without loss of generality, we may assume that ev’(rl), v ( *) — 0. Finally, we
choose & € (7i,r!) as a minimum point for v. on [fZ,r¢]. Since by hypotheses v. € W22(I) —
CL(I), we know that v.(8%) = 0 and moreover, for ¢ sufficiently small we can assume that

ve(52) < ve(sz) < we(rd),
and hence v.(5%) < 1. We have

[ o e
I 9

i

S; . — 1 2 7‘; . — 1 2
> / % + &8 p2 (s, 1) (V)2 dt + / % +e8¢%(t;, 1) (v))?dt.  (5.11)
We now estimate the second term in (5.11) the computations for the first one being analogous. By
the change of variables z = (t — §%) /e, setting w.(2) := v.(e2 + 8L) we get

re—3gt
e —3,

/ O = 1% | g2, 1) (") 2dt = / (we = 1%+ @3(t, ) (w!)2dz.
3 0

3t 3
€

Now we use the infimum problem defining G, introduced in Section 4, with a = ¢(¢;,1) and we
choose gt € C?([0,1]) such that

9:(0) = va(rl),  (g1)'(0) =evl(rl), gi(1) =1, (g1)'(1) =0,
and such that

/O<gz—1>2+¢2<ti,1><< D2t < G (ve(rt), el (1)) + 1.

By construction, G (vg( ) evl(r )) tends to 0 as € — 0. Flnally, we define the functions 9% as

we(z) if 0 < Ze=2e
O(z) =4 gz — T i IR f<z< Y
1 1fz> f—|—1

In this way, we clearly have that 9! € Wlif(() +oo) and that it satisfies the boundary conditions in

the definition of my in Remark 4.2 with d = v.(5%). Hence, if we choose again a = ¢(¢;,1) in the
definition of mg, due to the fact that v.(51) < v.(sl) < 1 for € sufficiently small, we get

re —8¢

/0 (o= 1)+ @t 1) (w!)dz

“+o0 1 ) )
- / (5 — 1) + 62 (13, 1) (30 dz — / (g — 1) + 62 (1, 1) ((g1)")2dt
0 0
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> m, (zi) —G(US(T ), ev(r )) n

>d<I11)151(I; )md—G(vg(r;) vl (rl)) —

= mvg(sé) -G (UE( ) Ev ( )) i/
Appealing to Remark 4.2 we deduce that

i
e

liminf [ (we — 1)+ ¢2(t:, 1) (w”)2dz > \/26(t;, 1) — 1. (5.12)

e—=0 0

e —8

Since we get the same estimate on the first integral in (5.11), from (5.7), (5.9), and (5.12) we may
deduce that

1)2

b
hmlnf]: (U, ve) >hm1nf/ V2 f(t, ue, u )dt+11m1nf \[/ + 3¢ (t, 1) (v!)?dt

(1—~ /ftuudt+<2\/T,l )

Letting I'  (I'\ S,) we then achieve

lim inf Fx (ue, v.) > (1 — 5 (t, dt+— Vot 1) —
im in (te,v /f u,u’) <Z 2\[>

E—r

and we conclude letting n — 0 and v — 0.
Step 2: Limsup-inequality. Let u,v € L*(I). We claim that there exist sequences (u.) in W12([)
and (v.) in W22(I) such that u. — u in L'(I), v. — v in L*(I) and such that

lim sup F (ue, ve) < E(u,v). (5.13)

e—0
To prove (5.13), it is sufficient to consider the case, where v = 1 a.e. in I and u € SBV?(I).
Otherwise the inequality is trivially satisfied. Thus, we may write S, = {t1,--- ,tn} such that
t; < tig1 for every 1 <i < N —1. We set ¢ty := a and tnx41 := b and 7 := ming<;<n(tit1 — ).

Moreover, for 1 < i < N we consider the intervals I; := [t”‘;_tl, #} We start by defining the

sequence u. converging to u. To this end, we choose a sequence 0 < £, — 0 such that & < ¢ and
smooth cut-off functions ¢ between (t; — %E,ti + %E) and (t; — &, t; + &). We may assume that
for € sufficiently small £ < 7. Define the sequence

ue(t) = u(t) (1 — Z wL(t)xi, (t)> ;

then u. € W12(I) and it can be easily checked that u. — w in L'(I). Indeed, we directly achieve
that u. — u a.e. in I and by the dominated convergence Theorem we obtain the L!(I)-convergence.
In order to define the sequence ve converging to v, we fix n > 0 and according to Lemma 4.1 we
choose functions g} € W22(0, 4+00) such that 95(0) = (g2)'(0) = 0 and g},(t) = 1if t > M}, for some
M;, > 0 and such that

+oo
/0 (g — 1% + (0 1)*((g1)")2dt < \/20(E 1) +11. (5.14)
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Now we fix T > max{M%, e ,M,]]V} and assume that ¢ is sufficiently small such that % >T.
Then we can define v, as
0 if there exists ¢ € {1,--- , N} s.t. [t — t;| < &,
oelt) = g% (%) if there exists ¢ € {1,--+ , N} s.t. & < |t —t;| < & + €T,
1 ifforallie {1,--- N} |t —t;] > &+ €T

or t € [a, 252] U [4522,5]

By construction, v. € W22(I) and v. — 1 in L'(I). Using again (2.7), we can assume that there
exists d € (0,7/2) such that for all ¢t € (a,b) satistying |t —t;| < ¢ for some t; € S,, we have

¢*(ti, 1) < (1 +n)¢°(t,1).

We can also assume that ¢ is sufficiently small such that £, +¢T < §. Then, by a change of variables
we get

[ e nora
T 3

' ti_fs 1 . . — Qe 2 )
et () 1) e
ti —55—5T

titEeteT o 2 .
+/ 1 (g; (t tz 68) _ 1) +€3¢2(t,1)((g127)//)2dt+2§€

e € € €

ti—&e . ot 2 . .
caen( [ (6 () ) weenny e

N Y s 2 £
- Lo () - 1) ety + 0%

7,+55 €
€e

T . .
=2 [ oy = 1P + 60 1) ()P + 25

<(1+n)2 (\/2¢(tia1)+77) +2%- (5.15)

Moreover, we have

/ V2 f(t, ue,ul)dt = / V2 f(t, ue,ul)dt = / V2 f(t,u,u)dt. (5.16)
L\[ti—€e ti+&e]

I; I;
Gathering (5.15) and (5.16), summing over all 4, due to the dominated convergence theorem we
finally achieve

lim supF (ue, ve)
e—0

N
1 . —1)2
<2 (o sty tmen o [ e et

e—0 e—0

(1+mn)
2 "

Hence, we deduce the limsup-inequality by the arbitrariness of 7. O

b N
< / Fltouu)dt+ (1) S Vol 1) +
a i=1
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6. THE N-DIMENSIONAL CASE

In this section we study the I'-convergence of F. in the n-dimensional setting. The result es-
tablished in the one-dimensional case will be crucial for our purpose. We will prove Theorem 3.1
gathering Proposition 6.1 and Proposition 6.2 below. Thus, from now on we assume that we are
within the hypotheses of Theorem 3.1, i.e., 7 and F. are given by (2.9) and (2.12), respectively,
f€Z,and ¢ € 4™ "(Q) satisfies conditions (3.1) and (3.2). For any A € A(2) we introduce the
localized functionals

/ v f(z,u, Vu)dr +—= / +63¢2(x V2v)dx
Felu,v,A) =74 2v2 (6.1)
AN if (u,v) € Wh 2(A) W22(A), vVu € L?(4;R"), ’
+o0 otherwise in L1(A) x L!(A),
1 — 1)
—/ =17 +e2¢*(z, V2v)dz  if (u,v) € WH2(A) x W22(A),
Goluo, A) = { 2V2Ia € (6.2)
R vVu € L2(4;R"), ’
+o0 otherwise in L'(A) x L(A).
Moreover, for x( € €2 fixed, we also consider
1 (v—1)? 3,2 2 : 1,2 2,2
WG f—l—eqb(mo,v v)dr if (u,v) € WH2(A) x W=2(A),
Ge(zg,u,v, A) := A (6.3)

vVu € L?(A;R"),
+00 otherwise in L'(A) x L(A).
We are ready to prove the following proposition.

Proposition 6.1. (Lower bound) Let u, v € L*(Q) and let (u.), (ve) be sequences in L*(Q) such
that ue — w in LY(Q) and v. — v in LY(Q). Then

liminf F. (ue,ve) > F(u,v).
e—0

Proof. We may restrict our analysis to the case
sup Fe (ue, ve) < 400, (6.4)
1>
which immediately gives that v = 1 a.e. in . Moreover, invoking Remark 2.6, we know that the

domain of the I'-limit is GSBV?(Q) x {v =1 a.e.}. Thus, we have u € GSBV?(Q) and it remains
to prove that

E—r

lim inf F (ue, ve) / f(z,u, Vu) + / O(x, vy )dH 1. (6.5)
0 5.NQ

To this end, we use the blow-up method due to Fonseca and Miiller and we start by defining the
measures

e = |2 O)F (e, Vue() + = (“’5(')5‘ 2 +e3¢(~,vzve<~>)> )

2V/2

In view of (6.4), (i) is an equi-bounded sequence of positive finite Radon measures. Hence, there

exists a positive Radon measure g such that (up to subsquences) p. — p weakly™ in the sense of
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measures. Appealing to the Radon-Nikodym Theorem we can write y as the sum of three mutually
orthogonal measures
= pra L™ + pgH LSy F s

We claim that

ta(z0) > f(zo, u(xo), Vu(zg)) for L-ae. xg € Q (6.6)
and

pr(xo) > 0(zo, vu(xg)) for H" '-ae. zg € Sy. (6.7)

Indeed, if (6.6) and (6.7) hold true, choosing an increasing sequence of cutoff functions (¢y) such
that 0 < ¢ < 1 and supy, pr(z) =1 in Q, we get the following estimate for every k € N

1 . —1)2
ligélffg(ug, Ug) > ligélf/ﬂ (Ugf(xa Ue, VUE) + ﬁ <('U€) + 53¢2($7 VQUE))) prdr

:/SﬂkduZ/sﬁkdﬂawL/ Prdpy
Q Q 5,09

Z/f(x,u,Vu)<pkdx+/ G(x,yu)gokd'anl,
Q SN

and hence we may conclude using the monotone convergence Theorem.
We start proving (6.6). We claim that for each A € A(Q) it holds that

lim inf v?f(x,uE,Vug)de/f(x,u,Vu)dx. (6.8)
e—0 A A

Let us assume for a moment that we have proved (6.8). Then, using the Besicovitch derivation
Theorem, for L™-a.e. xg € 2 we can write

1 (By(20))-

Moreover, we can assume that xg is a Lebesgue point for u and invoking the Calderon-Zygmnund
Lemma we may also suppose that v is approximately differentiable at xy. Since p is finite, we also
know that ;1(0B,) = 0 except for countably many p and for p sufficiently small the upper semicon-
tinuous function z — Xm(:c) has compact support in . Hence, appealing to [7, Proposition

1.62 (a)], (6.8) applied to the sets B,(zo) gives

ta (o) pl_r% W p"

1
ta(o) = glgg) s /Q XB, (o)

. 3 1
> lim lim sup o /Q de,u €

p—0 =0
/ v f (2, ue, Vu. )d
Bp(xO)

> lim lim sup
p=0  cs0 Wpp"

1
> lim / flz,u, Vu)dx
p—0 wnp" B, (x0)

= f (.’ﬂo, ’U,(iL’()), Vu(xo)) :

So let us now prove (6.8). First suppose that up to extracting a subsequence (not relabelled) the
liminf in (6.8) is a limit. Then, to prove (6.8) we would like to invoke a suitable lower semicontinuity
theorem like, e.g., Theorem 2.2. But since we have no uniform bound on ||Vucl||zz, we have to
replace the sequence (u.) with a suitable sequence (w,) still converging to u a.e. and satisfying all
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requirements of Theorems 2.1 and 2.2. To do so we use the same strategy as in [20] now adapted to
the second-order setting. We start by using the interpolation inequality to achieve an upper bound
on the L?-norm of the gradient of v.. Indeed, for e sufficiently small we have

—1)2
o [ elvuPae< [ =7 | 1920, Pda,
Q Q €

which is bounded in view of (2.1) and (2.5). To overcome the difficulty that our sequence (v¢) is in
general not bounded between 0 and 1 (like in the case of [20]), we define the truncated functions
De := 0V (v: A1). Notice that in this way the functions #. do not belong to W2?2(Q) any more, but
we still have
Vi, = VUEX{Ogvsfl}
and hence, for every A € A(Q2) we may deduce that
= 2 2
s/ Ve [de < g/ |Vve[’dz < C' and / O 4 < / =D < (6.9)
A A A € A €

where the latter estimate implies that 0. —1[|z2(4) — 0 as € — 0 and (up to subsequences) 9. — 1
a.e. in A. Now define ® : [0,1] — [0,1] as

(1) ::/O (1= s)ds t(22_t).

Note that & is strictly increasing. Moreover, using the classical “Modica-Mortola-trick” we may
deduce that

DB (5.)|(4) = /A V(i) de = /A (1 - 5,)| Vi |z < /A

uniformly in e. Hence, if for every t € R we set U.y := {x € A: ®(0:(x)) > ¢}, applying the
coarea-formula, we may deduce that

1—10.)?
% + e Vi 2dz < C

—+oo
¢z pel)= [ Dl

and thus sup, |Dxv, ,| < +oo for almost every t € R, i.e., U.; has finite perimeter in A indepen-

dently of € for almost every t € R. Now let 0 < v < 4 < 1/2 = ®(1) and denote by P.(t) the

perimeter of U, ; in 2. Then, for every ¢ > 0, by the mean-value theorem, there exists t. € (,7’)

such that

’

.
(0 =Pt < [ Pyt = DR < €, (6.10)
¥
uniformly in €. We write U := U, ;. and we set w. := usxp.. Then w. € GSBV(A) and
Vw, = Vuexu. . (6.11)

(See, e.g., [7, Theorem 3.84 and Example 4.5]). Since . converges to 1 a.e. and u. — u in L(Q),
we converges to u a.e. and |we||pr < |luc||zr is bounded uniformly in e. Moreover, considering
(6.10) we may deduce that

HTH(S (we)) < H (S (xw)) = Pe(te) < C, (6.12)

uniformly with respect to . Finally, due to (2.1), by (6.11) and the definition of U, we achieve
that

ml/ (@‘1(7))2 |Vw, [*dx < ml/ (<I>_1(t5))2 \Vu.|*dx
A

€
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§/ m192|Vue|*dx
U.
g/f;gf(x,ue,VuE)dx
A

< / V2 f (2, ue, Vue)dz < C, (6.13)
A

uniformly in e. Here ®~1 :[0,1/2] — [0,1] is the inverse of ® given by ®~1(¢t) = 1 — /1 — 2t and
we have used the fact that ® and ®~! are strictly increasing functions. Thus by (6.12), (6.13),
the boundedness of |[we||z1(4), and the fact that w. converges to u a.e. in A, appealing to the
GSBV-compactness Theorem 2.1 we may deduce that Vw. — Vu weakly in L*(A; R"™). Hence, we
can use the lower semicontinuity Theorem 2.2 to finally achieve

liminf/ vgf(m,us,VuE)dmzliminf/ 02 f(, ue, Vue)da
A A

e—0 e—=0
> hmlnf / f(z,we, Vw,)dx
e—0
= hmlnf / f(z,we, Vw,)d

) / f(z,u, Vu)dx
A
Then, letting v go to 1/2 we deduce (6.8).
We now prove (6.7). Let xg € S,,, v := v,(x9) € S"~1. Again using the Besicovitch derivation
theorem, for H* !-a.e. z¢ € S, we may write

1y (29) = Tim 1 (Q (o))
JWr0) = I 1 (Qy (o) N Su)’
Moreover, by the definition of approximate discontinuity point, for a.e. o € S, we have that

1
lim —/ lu(x) — uF (z0)|dx = 0, (6.15)
(Qy(z0))*

(6.14)

p—0 p™

where (QY(z0))* = {z € Q4(z0) : +(x —x0,v) > 0}. Fix zy € S, such that (6.14) and (6.15)
hold true. Then, arguing as for u,, we deduce that

1 (Q4(x0))

lim = lim 1dy > lim limsu / 1d
#leo) = P H(@Qu(zo) N Su)  r=0 Jarig = T e Qo) -

> lim lim sup

1 2
im li vi f(z, ue, Vue )dx
=0 0 Pnil (/(;)V(mo) Ef( : E)

\f/ ” +53¢)2(x V2v.)d )

= lim limsup p( / vZ (o + py) f (zo + py, uc(x0 + py), Vue(zo + py)) dy
Ql/

p=0  c0

1 (ve(zo + py) — 1)
+
2\/§ Qv 3

+ %97 (w0 + py, Vve (20 + py)) dy) :
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Now fix n > 0, § > 0 as in (2.7). Using conditions (2.1) and (2.7), setting v?(y) := v:(zo + py),
ul(y) = us(xo + py), for 0 < p < \2/—‘% we then get

my 1 (vP —1)2 (5)3 5 5
x9) > lim limsu — Vul|*dy + = +| = xg, Vul)dy.
wa(@o) = lim HOp/yp()l 2dy 1“72[@ (é) 5 ¢ (x0 )dy
P

Letting first € — 0 and then p — 0, in view of (6.15) we find that v# — 1 in L'(Q") and u? — ug

in LY(Q"), where ug is given by

wo(z) = 4 4 (@0) i (20} 20,
0 : u~(wo) if (z,v) <0.

By a diagonal argument, we find positive vanishing sequences (), (pr) such that o :=¢ep/pp — 0
as h — +oo and such that

py(xo) > lim myvi |V |*de + ! (on = 1)”
I =t Jp 1+n2v2 Jor  on

where u, = uf", vy, = vf+. Since now ¢ is fixed in xg, we can use the slicing procedure to deduce
the lower bound To do so, we first need to introduce some notation. For ¢ € "1, we denote
by Il :== {y € R" : (y,£) = 0} the hyperplane orthogonal to { and for every A C Q, y € Il we
set Agy :={teR: y+t e A} and uiy = up(y + t&), vi’y = vp(y + t€). Finally, we define
Gy, (70, un, vy, Q) according to (6.3) and for simplicity we set G, := G,,. Now let £ € S"~! be
fixed. Using the previous notation, thanks to the properties of the dual metric and to the fact that
I€ ® &|| = 1, we may deduce the following estimate:

Gh(.’l)o,Uh, Uh, Qu)

1 [ (=17 (V) : (€®8)°
S Wile o O e ced)

_ b (vn(y + &) — 1)° o ; -
- 2v2n, </Qg Th g (xo,f®£)< M +6€) > )

1 (’U&y — 1) a; Ey\n 2 n—1
2v2 Jn, </Q” : Oh ¢2($072®§) (<Uh ) ) dt) H )

&y

+ 03 ¢*(x0, VPup)dz,  (6.16)

dx

= | Gy¥(xo, i, vy, QL )AH " (y), (6.17)
Il¢

where Gfl’y is defined as

U_l UI?; 11\2 : 1,2 2,2
ny(mo,u,ul = 2\/’/ ¢2(I0,£®€)(v ) dt lf(u7’l))€W (I)XW (I)’

~+o0 otherwise in L'(I) x L'(I).

Clearly, in view of (6.16) this gives

wl

&y

ma (oY) (g ¥))Pdt + G (2o, w3 v ,ng)> dH" ! (y) < +oo,
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and hence we may appeal to the liminf-inequality for Theorem 5.1. Thus, passing to the limit in
(6.17), in view of Fatou’s Lemma, we achieve

lim Gy (zo, un, vh, Q")
h—+oo

: &y &y 8y -1
ZhEI—OI—loo e Gh (I’Oauh 7vh an,y)dHn (y)

> [ liminf G$Y SV &Y QY YaH
> [t o, Q)

1
——H(S(uY) N QY )dH" !
>/n5 oD NG i

_ (20,01 (6.18)

Voo (20,E®E)
Taking into account the positivity of the first term in (6.16), by (6.18) and the arbitrariness of
¢ € S ! we deduce that

T 1 <Vu(x0)7£>
w(zo) > 141 Voo (20 £ D)

Then, appealing to (3.2), passing to the supremum over £ € S"~! we finally get the estimate

vEe st

o) = T 6(z0. v (a0).

and we conclude by letting n — 0. (]

Proposition 6.2. (Upper bound) Let (u,v) € L*(Q) x L*(Q). Then there exist sequences (u.)
in WH2(Q), (ve) in W22(Q) such that u. — u in LY(Q), ve — v in LY(Q) and such that

lim sup F (ue, ve) < F(u,v). (6.19)

e—0

Proof. We may assume that u € GSBV?(2) and v = 1 a.e. in (), since otherwise there is nothing
to prove. Moreover, it suffices to prove (6.19) for all v € W. Indeed, if we showed (6.19) for all
u €W, for u € SBVZ(Q) N L>=(Q2) we might take the sequence (u;) converging to u provided by
Theorem 2.5. Thus we would have

/ 0(z,v,)dH" ™' = lim 0(x, vy, )dH" ",
SN2

j—too Su;NQ

and invoking Theorem 2.2 and Fatou’s Lemma, in view of the continuity hypotheses on f, we would
achieve

/f(x,u,Vu)dx: lim /f(m,uj,Vuj)dﬂc,
Q Q

j—r+oo
and hence
F(u,1) = lim F(uj,1) > liminf F"(uj, 1) > F"(u,1). (6.20)
j—+oo Jo+oo
Finally, if u € GSBV?(Q), for j € N we might define the truncated function u/ := —j V (u A j),
satisfying

) — win LY(Q), Vil = Vux{ju|<j3y — Vu in LA(;R™)  and H"1(S,:) < H"1(S,) < +o0.
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Thus, again appealing to Theorem 2.2 and to Fatou’s Lemma we could deduce that

/fxuVudx— lim /facujVu]

Jj—+oo

Moreover, the monotone convergence Theorem yields

lim O(x, vy ) dH" ' = lim G(x,yu)x{ng}d’;‘—[”_l z/ O(x,v,)dH" 1,
=t Js ina J=to0 Js,.na 5.NQ

and we might conclude as in (6.20). Hence, it remains to prove (6.19) for all w € W. To do so, we

divide the proof into two steps.

Step 1: We suppose that there exists an (n — 1)-dimensional hyperplane II and K C II closed
and convex such that S, = QN K.

The main idea of the proof is to divide the interior of the jump set .S, into sufficiently small
cubes such that on each cube we can use (2.6) and (2.7) thus reducing to an homogeneous ¢. Then,
on each cube we define two sequences (ul), (v?) (here i labels the cubes partitioning S,,) which are
intrinsically 1-dimensional so that we can use the results of Section 5. In the above construction
the main difficulty will be to glue the sequences (ul), (vl) in order to obtain a sequence (ue,v.)
which satisfies on €2 the required regularity properties. Specifically to construct a recovery sequence
(ve) which belongs to W22(Q) we suitably modify every v! in a neighborhood of the boundary of
each cube of the partition. To this end, we start by introducing some notation. We denote the
normal to II, the distance from II, and the orthogonal projection onto II respectively by v, d(z),
p(z). Moreover, for every h > 0 we define the sets

Kp:={zeIl: dist(z,K) < h}.
Finally, in what follows, if Q" = Q},(z¢) C K is a generic cube with side length p > 0, we write
v v
Q= Qj(x0) = Q' x (xo - %,xo + %) (6.21)
for the unique cube in © with side length p > 0 whose projection on IT is Q’. Applying Whitney’s

Covering Theorem (see, e.g., [29, Chapter 1 Theorem 3]) to IT\ S,,, we can find a countable family
of mutually disjoint open cubes @ such that S, = Uj'oloi; and such that

diam(Q}) < dist(Q},05,) < 4diam(Q}). (6.22)
We fix p > 0 and define the families
~{Qu: dist(Q 050 > )}, U, = {Qr dist(Q}050) > p}
—{Q,: dist(Q}, 58, >p}, 77— {@; dist(Q!, S,,) Zp}.

In view of condition (6.22) the family U, consists of only finitely many cubes. Indeed, there exists
a constant C'= C'(n) such that H"~ 1(@’) > Cdiam(Q})"~! for all i and thus

o0 > H"H(S,) > Z HHQ) >C Z diam(Q})" !

Qi EUp Qq EU
c : Q \n—1 C n—1
> 1 Z dist(Q;, 9S.) = Zp #Up-
QieU,
Without loss of generality we then write U, = {Q1,--- ,@n}, where Q; are the n-dimensional cubes

corresponding to @} defined as in (6.21). Let n > 0. Since @1 U---UQy is compact, due to (2.7)
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and (2.6) we may find § = §(n) > 0 depending only on 7 such that for all z,y € Q; U---UQn
satisfying |x — y| < ¢ we have

6% (x, A) = ¢*(y, A)| < ne®(z, A) ¥V Ae R (6.23)

and
6(x,€) = 0(y, &) <n VEe s (6.24)
For fixed i € {1, -+, N} we divide Q} € U}, into N (i) pairwise disjoint open subcubes @}, centered
at a;; € S, such that @ = Ujvz(i)@ and such that diam(Q;;) < 2d. This enables us to define

sequences on each subcube Q;; as follows. Appealing to Lemma 4.1, for each 1 < j < N(i) we
choose g& € W22(0,+00) such that g¥/(0) = (g¥/)'(0) = 0 and g (t) = 1 for all t > M for some
constant Méj and such that

/0 (9 = 1) + ¢*(aij, v @ v)((g)")?dt < \/2¢(aij,v @ v) +n = V20(aij,v) + 1.

Moreover, we can find f, € W;22(0, +o0o) such that f,(0) = f7(0) =0 and f,(t) =1 for all t > M,
for some constant M, and such that

+o00o
/ (fo = 1>+ (£)?dt <V2+,
0

We set T' > max {Mm max; ; M}ﬂ} and choose & = o(g). We finally define the functions

0 if [t| < &

PI(t) = gy (U2%) i <l <& +eT
1 if [t] > & + €T,
0 if [t| < &

he(t) =1 £, (“‘;f) ife < |t <€ +el
1 if [t] > & +eT.

We set

Ao :={z eR": p(z) € K, d(z) <&},

B.i={z €R": plz) € Ko, d(x) < £ +eT},

C. = {:r eER": p(z) € Ko, d(z) < 55/2}
(see Figure 1). Then, choosing a cut-off function ). between C. and A, we define the functions u.
as

ue = (1 — e )u.

Clearly, u. € W12(Q) and thanks to the dominated convergence Theorem u. — u in L'(€). Then
it remains to construct the sequence (v.). To this end, we focus first on a single cube @;;. In order

to not to overburden notation, we drop the indices ij and just write Q) = Q4j, a = a;j5, he = hi
gy = gf{. Using this notation we define the functions 9. and v, on @ as

be(x) := he(d(z)), Te(x) := he(d(x)).
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FIGURE 1. The sets A, and B..

We will obtain the desired recovery sequence by suitably combining the two sequences (v.) and
(0:) as above. To this end, we first consider the two contributions G, (ue, 9, Q) and Ge(ue, e, Q),
where G, is as in (6.2). Since 0. (z) = 0. (z) = 1 if d(x) > & + €T, we have

Gs(“saﬁsa Q) = Ge(usaﬁea QN Be)

1 1 1 Ue — 1 2
- —dr + —— (e 1" + 3¢ (x, V20, )dx (6.25)
2v2 Jona. € 2v2 Jon(B.a\a.) €
and
Ga(um Ve, Q) = Ga(“m Ve, Q N Ba)
1 1 1 v, — 1 2
@ — 17 + 3¢*(x, V20, )d. (6.26)

= — —dx + J—
22 Jora. e V2 Jonmaay €
A direct calculation gives

1 55 1 -
/ —dv = / (/ gdt> dH" = H”_l(Q’)2% —0 ase—0. (6.27)
QNA. Q' —&-

To compute the contribution of the second term in (6.25), note first that 0.(z) = g, <d(w)5—_€e

QN (B:\ A.) and Vd(z) = v. Moreover, since by construction |z —a| < § for all z € @Q, (6.23)
and (6.24) give
1 D — 1)2
57 O 20, i)
2v2 Jonaay €

S 1)2
S (1 +77) / (v€ 1) —|—€3¢2(a,v2ﬁs)dm
2v2  Jon(s\AL) €

) on
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_(1+n) 1 d(z) — & Yoo o fd@) -\ vev
22 /Qﬂ(BE\AE)€<gn< € >_1> e (a’g"< £ ) e? )dm

_(A+mn) g 12 4+ 62 (a. v @ ) ()2 n—1
=% /Q</O (gn — 1) + ¢°(a, <X>)(gn)dt>d71£ (y)

<) [ o) na )

<(1+n) /S P ) (L S, Q). (6.28)

Using (2.5), the same computations give for the second term in (6.26)

1 (B — 1)2

— + &3¢ (2, V2 )dx < C(1 +n)H" 1 (S, N Q). (6.29)
2v2 Jon(B.\AL) € :
In particular, combining (6.25), (6.26), (6.28) and (6.29), we deduce that |0, — 1||2LQ(Q) < Ce and
¥ — 1]|22,4, < Ce, which by means of the triangular inequality also gives
L2(Q)
[[9e — 17e||2L2(Q) < Ce. (6.30)

Moreover, appealing to the interpolation inequality we get that for ¢ sufficiently small €|| V0. \\%2(@
and e[| V.2, (@) are equibounded. We now modify 9. in a neighborhood of the boundary using

an averaging-slicing procedure. We start by choosing a positive sequence (a.) such that a. — 0,
5 —0ase— 0and we set b, := [e71]. For every 0 < i < b. we define the sets

Qi = {x €Q: dist(z,0Q) > a. — ZZE} ,
£
and for 1 <+¢ < b, we consider cut-off functions . ; between Q. ;—1 and Q. ;. Finally, we define
Ve,i = '76,7,"{)5 + (1 - ’Ye,i)f)@

By construction, we have that |lv.; — 1||2L2(Q) < Ce for every 1 < i < b, and v.; =0 on Q N A..
Since ue: = u on @ \ Ae, we easily get
hmsup/ (vg,i)Qf(x,ug,Vus)dxzlimsup/ (ve.)) f(z,u, Vu)dz :/ flx,u, Vu)dzx, (6.31)
e—0 Q e—0 Q\A: Q

independently of i. Moreover, we may write

GE(U/E7 Ve iy Q) = Ga(u&‘a Ve, Qa,i—l) + Ge(us7 Ve iy Qa,i \ Qa,i—l) + Gs(um Ve, Q \ Qa,i)- (632)

To estimate the third term on the right hand side of (6.32) note that Ge(ue, 0, Q@ \ Qe;i) <
Ge(te, Ve, Q \ Qe,0). Then, by the definition of ., in view of the growth condition on ¢ we get

c 0c — 1)
— e | )92 s
2v2 Jo\@.o

E g _1)2 1\2 n—1
<5 oo ( / (fy—1) +(fn)dt> aH (y)
< CU+mMH (Q\ Qo) N1 Su) =0 as =0, (6.33)

Ge(uaa{}e’ Q \ QE,O) <
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since
H"H((Q\Qeo)NSy) =H" ' ({z€QNS, : dist(z,0Q) < a.}) -0 ase— 0,

by the choice of the sequence (ac). To estimate the second term on the right hand side of (6.32),
note first that on Q. \ Q¢,;i—1 we have

V2. = V29.i(0: — 02) + 2V @ (Ve — Ve) + 7. V20: + (1 — 42.4) V0.

Hence, since 0 < v.; <1 and |Vyeillze < Cleas)™t, [|[V2yeill e < Cleas) ™2, in view of (2.5) we
may deduce that

1 (Us,i - 1)2
2\/§ Qs,i\Qs,i—l €

1, . - 1 1, -
< C’/ (e — 0)2 4 = (9. — 1)% + 4(1)5—1)5)2
Qe,i\Qe i1 \& € €a,

€ ~ ~ N .
+ 510 = Vi + SV + T ),
€

G, (uEa Ve i) Qa,i \ Qa,i—l) = + €3¢2 ('ra V2U5,i)d$

Summing up over i and averaging we then may find an index i(e) € {1,---,b.} such that
be

1
Ge (u67vals) Q) < b ZGE(UE7UE,i7Q)
=1
be

blz uEaUS)QSZ 1)+G (usvvszaQsz\Qsz 1)+G (u€7U€7Q\Q€’L))

€ =1

SGE(ug,ﬁg,Q)—l—bC/Q\Q <1(1§5—f15)2+1(~ 1)2 _|_L( —1.)?

€ ea?

€ . ~ N . -
+ a—2|VvE — Vi |* 4+ 3| V20 ||* + 53|V2v5||2>dx + Ge(te, 0, Q \ Qe 0)
g
. . - .. .
< Gl 8@+ C 162 = ellaqy + 5 = 1l + o~ el
€

g2 X N . . .
+ 55 (IVEelag) + 1V N3e0) ) +&* (IV20: 320 + V25 32 ) ) + Ge(te, 52, @\ Q= 0).
g
(6.34)

Thus, if we set v. := v, (), gathering (6.27), (6.28), (6.30), (6.31), (6.33), and (6.34), in view of
the choice of the sequence (a.), we finally achieve

lim sup F¢ (ue, ve, Q) < f z,u, Vu) + lim sup G (ue, ¢, Q)
e—0 e—=0
s/ f(m,u7Vu)dw+(1+n)/ 0y, v)dH" = (y) + 20(1 + n)H" " (S. N Q).
Q S.NQ

Repeating this argument on each subcube Q;;, we may find sequences (v¥) in W22(Q;;) converging
to 1 in L'(Q;;) such that v¥ = . in a neighborhood of dQ;; and such that

lim Supfe (u€7 Uéjv Ql]) < f(xv U, vu)dx + lim sup GE (u€7 Uéja ng)

e—0 Qij e—0
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< f(z,u, Vu)dz + (1 4+ n) / O(z, v)dH" ' + 2n(1L+ n)H" " (Su N Qi;). (6.35)
Qij SuNQij

Note that by construction the functions v¥ coincide in a small layer around the boundaries of
the cubes. Moreover, they are one-dimensional in normal direction and have derivative zero in
tangential direction. Hence, if we define w. , on B, as

o (x) ifxe Qy,
Wep(@) = {f)s(z) itz e B.\UU,,

we obtain a sequence in W?2?2(B,), which we finally extend to Q by taking a cut-off function .
between K. and K». and defining v, , as
Ve p(¥) i = Ve (p(2))we p(2) + (1 =12 (p(2)))-
Again, by construction, for every p we have
limsup/ vg’pf(x,ug,Vue)dx < / f(z,u, Vu)dz. (6.36)
e—0 Q Q

Thus, it remains to estimate G¢(ue, v p,2). Since £L7(0Q;;) = 0 and the number of cubes in U, is
finite, we may write

Geltte, v ) = Geltte, 0o, 0\ Bo) + Ge (ue, 00, (B2 \ A2) | JU))
+ Ge (teyvps (B AN T, ) + Gt 02, Ac).

We then estimate the terms separately. Clearly, the meaningful contribution to the energy will
come from the second term. Indeed, the first term does not give any contribution, since v, , = 1
on Q\ Be, which directly gives G (ue, v, 2\ B:) = 0. Moreover, as in (6.27), for the last term we
deduce that

&
€
To compute the contribution of the second term, we sum up (6.35) over 4,5 and get

limsup G, <u5, Ve,p, (Be \ Ac) N U Up)

e—0

Ga(usavs,pyAa) < Hn_l(Kg) —0 ase—0.

N(i)

< Z Z ((1 +n) /squ, O(z,v)dH™ ' +2n(1 +n)H" (S, N Qij)>

i=1 j=1
<(14n) / O, v)dH" " + 29(1 + )" (S0 N ). (6.37)
SN

Hence, it remains to estimate G, (ug,v&p, (B:-\ 4.) \ UUP). To do so, we write B \ A. as the
disjoint union of the sets

D.:={xeR": p(x) € K, & < d(z) <& + €T}
and

E.:={zeR": p(x) € Koc \ K., d(z) <& +eT}
(see Figure 2). Clearly, we have that p(z) € K. for all z € | JU,, which gives

Ge (e v (BN AN\ T,) = G (e 00 DANJT, ) + Gl ve,p, Be).
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FIGURE 2. The sets D. and F..

We start by estimating the second term writing E. once more as the disjoint union of the sets
Ver={z € R": p(z) € K. \ K., & <d(z) <& +eT}
and
We:={x e R": p(z) € Ko \ K, d(x) <&}
Note that V?v., = DIV?y.D, on W., where D, is the Jacobian matrix of p. Thus, since
Dyl <1, V22|l < %, and 0 < 7. < 1, using (2.5) we achieve

Ve, — 1)2
/ % +e3¢? (z, Vv, ,)dx

€

1
<C | =+&DIV*yDyl*dx
w, €

55 1
< c/ / L) anr—1(y) = omn (Ko \ KL)2%,
K25\Ka Ea € €

which again tends to zero as € — 0 due to the boundedness of H" 1 (Ks. \ K.). Instead, on V. we
have v, = 7 (p(2))fy (4275 ) + (1 = 7 (p(2))), which gives

g,p0 1 2
/V 7(1} £ ) +63¢2(x,v2vg7p)dx

cof E”ET (2 (et (55 - %<y>)2

Dy(y +tv) " V23 (y) Dy(y + tv) (fn <t — 58) - 1)

3

+ &8
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vl ( 56) (1 () Dy + )Ty + 1)

+ Vd(y + tv)" V. (y)D (y +tv))
+3e ) f;) (t_€€> ny

n—1
E dtd”H (v)

C
< ;57-[”*1(1(26 \K.) >0 ase—0,

where to deduce the last inequality we have used that [|VAe|pe < % Finally, since v, , =

fn (du)si_gf) on D. \ JU,, using the same change of variables as in (6.28), we get

g,p 1 2
/ M + &3¢ (x, V3., p)dx
DAUT, €

T
—_1)2 1\2 ne1
< 0(/K - \UU,/ (fo = 1)+ (f,))?dtdH" " (y)

/K\S/ y— 1) /)thd'H"I(y)). (6.38)

In view of the definition of f,, for the second term in (6.38) we deduce that
T
[ [ =1 e ) < (VB g RN ) 0 as e o
a\S

To estimate the first term in (6.38), we notice that for all y € (K. N S,) \ | JU), there exists a cube
@ such that dist(Q’,9S,) < p and y € Q’, which gives
dist(y, 3S,) < diam(Q’) + dist(Q’, 95,) < 2dist(Q’,dS.,) < 2p,

where in the last step we have again used (6.22). Hence, we get

T
[ v
(K-ns.)\UT} Jo
<(V2+mH ({y €8, : dist(y,dS5,) < 2p}) =0 as p— 0. (6.39)

Further, we have

Ve, — 1in LY(Q) ase,p— 0. (6.40)
Thus, in view of (6.36),(6.37), (6.39), and (6.40) we can find p(g) > 0 with p(¢) — 0 as € — 0 such
that the sequence v. := v, ,() satisfies v. — 1 in LY(Q) and

lim sup F (te, ve, ) < / fz,u, Vu)de + (1 + 77)/ O(z,v)dH™ ' + 2n(1 + n)H" (S, N Q).
e—0 Q SN
Hence, thanks to the arbitrariness of 1, (v.) is the desired recovery sequence.

Step 2: Let u € W and S, = QN (UI_, K;), where K; are pairwise disjoint closed and convex sets
contained in a hyperplane 1I; such that 1I; # II; for ¢ # j. Adopting the same notation as in the
first step, we write v;, d;(x), p;(x) for the normal to II;, the distance from II; and the orthogonal
projection onto II; and for every h > 0 we define the sets

K} = {z c1l; : dist(x, K;) < h}.
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Arguing as in the first step we fix > 0, choose & = o(e) and define the sets
Aé = {33 eR™: pi(x) € Ké, di(z) < §E}
and
Bl :={z e R": p;(z) € Ki_, di(z) < & + T3},
where T; is chosen according to 7 in the optimal profile problem in such a way to obtain sequences
(ul), (vi) satisfying
limsup G (u',v!, B\ A%)

ey Yer
e—0

<1 +n)/ O(z,v)dH™ ™ 4+ 2n(1 + n)H 1 (S, N K; N Q).
SuNK;NQ

Notice that for e sufficiently small the sets B! are pairwise disjoint as well as the sets AL. More
precisely, we set § := min{dist(K;, K;) : 1 <4,j5 <r}and T :=max{T; : 1 <i <r}, and we
choose gy > 0 sufficiently small such that

T<

—2¢.
%Tg Ve < ep. (6.41)

Then, for € < g9 both
T kA
AE = U Aé and BE = U Bg
j i=1
consist of pairwise disjoint sets. Hence, if for £ < g9 we define u., v. by

() ue(z) ifze AL,
ue(z) == .
u(z) ifr e Q\ A,

() vi(z) ifz € B,
ve(x) := R
1 if x € Q\ B,

then (6.41) ensures that u. and v. are well defined. Moreover, (uc,v:) — (u,1) in L*(Q) x L1(£).
Finally, summing up over i, using the computations of the first step, gives

lim sup F¢ (ue, ve, 2)

e—0

Slimsup/ 02 f(x, ue, Vue)da
Q

e—0

+ lim sup (Gg(ug, 118,1215) + G (ue, ve, B. \ 1215) + Ge(ue, ve, 2\ B€)>

e—0

< /Q f(z,u, Vu)dx

+ (Zlimsup G (ue,ve, AL) + Zlimsup G- (ue,ve, BL\ Aé))
= i=1

i—1 e—0 e—0

g/f(x,u,vu)dx+(1+n)/ 0z, va)AH™ + 20(1 + ) H "1 (S0 N ).
Q S.

wNQ

Thus we deduce the thesis by the arbitrariness of 7. |
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Remark 6.3. (Addition of the fidelity term) Let g € L*(Q2). Then the so-called fidelity term
fQ |u — g|?dx is only lower semicontinuous with respect to the strong convergence in L!(2). There-
fore, we cannot appeal to the stability of I'-convergence under continuous perturbations to deduce
that

fg(u,v)—i—/ lu — g|*dx EN f(u,l)—l—/ lu — g|*dx (6.42)
Q Q

with respect to the strong (Ll(Q) X Ll(Q))—topology. Nevertheless, the lower semicontinuity of the
fidelity term ensures that

lim inf (]—'E(ua,vg) —|—/ lue — g|2d$) > Flu,v) —l—/ |u — g|2dx,
Q Q

e—0

for every (uc,ve) — (u,1) in LY(Q) x LY(Q). On the other hand, the sequence (u.,v.) as in
Proposition 6.2 still provides a recovery sequence for F(u, 1)+ fQ |u— g|?>dz. This is due to the fact
that by adding the fidelity term the domain of the I'-limit reduces to

GSBV*(Q)NL*(Q) x {v=1ae.}.
Indeed, if uw € GSBV?(Q) is such that

F(u,1) +/ lu — g|*dx < +oo,
Q

then u € L?(Q). Thus the sequence (u.) as in Proposition 6.2 converges to u in L?(Q2), which in
turn implies that

lim sup (fs(us,vs) +/ |ue — de:v> < F(u,1) —|—/ lu — g|da.
Q Q

e—0

Hence, we deduce that (6.42) holds true.

7. CONVERGENCE OF MINIMIZATION PROBLEMS

In this section we study the existence of minimizing pairs (i, 0¢) for a suitable modification of
F- and their asymptotic behavior. Indeed, if 7. > 0 is chosen in a way such that n./e = 0ase — 0
and if for (u,v) € W2(Q) x W22(Q) we define the functionals

Fulu,) 1. / Vulde + / fu — g|2da, (7.1)
Q Q

where g € L2(€2) is given, then for every fixed ¢ > 0 the functionals defined in (7.1) are coercive with
respect to the weak (W12(Q) x W22(Q))-topology. Further, the following theorem holds true.

Theorem 7.1. Let g € L*(S). Then, for every e > 0 there exists a pair of minimizers (1., ?.) for
the problem

M, = inf {}"E(u,v) + 7)5/ |Vu|2da +/ lu — g|?dz = (u,v) € WH2(Q) x W2’2(Q)}.
Q Q
Moreover, (up to subsequences) (tic,9:) — (u,1) in L1(Q) x LY(Q), where u is a solution of
M := min {f(u, 1) —|—/ lu — g|*dr: u e GSBVQ(Q)} , (7.2)
Q

and if n =1 then v € SBV?(Q). Finally, M. — M as ¢ — 0.
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Proof. Appealing to [15, Theorem 4.4], in view of the growth conditions on f and ¢, we may directly
deduce the coercivity of the functionals defined in (7.1). Indeed, for ¢ > 0 fixed let (ug,v;) be a
minimizing sequence. Then we get

oo > sup (fa<uk,vk>+n€ [ 1wupan [ |uk—g|2dx)
k Q Q

> sup (ml/ |Vuk|2v2dx+77€/ |V |2dx
k Q Q

1 (Uk—1)2 2_311o2,, 112 / 2 )
+ + cie” ||V ||[“dx + u— gl°dx |,
2\/5/Q - 1 || k” Q‘ gl

where the coercivity of the latter functional has been shown in [15, Theorem 4.4]. More precisely,
the authors proved that there exists a pair (u,v) € W12(Q) x W22(Q) such that up — u in
Wh2(Q), v — v in W22(Q) and vVu € L?(Q2). Then, since ¢ is continuous and convex in the
second variable, we may directly deduce that

-1 2 -1 2
/ =1 + &%¢?(z, V2v)dx < liminf/ (o — 1)1 + 9% (x, VP )da,
Q e k——+oo Q 9

while Toffe’s Theorem (see, e.g., [7, Theorem 5.8]) ensures that

/vzf(x,u,Vu)dxgliminf/vzf(:c,uk,Vuk)dx.
Q Q

k——+oo

Hence, the existence of a minimizing pair (4., v ) follows by the direct methods. Moreover, Remark
6.3 and the requirement 7./ — 0 ensure that

fg(u,v)—i—ng/ |Vu|2dx—|—/ |u—g|2dx L F(u, 1)+/ |u—g|2dm (7.3)
Q Q Q

in the strong (L*(€2) x L*(2))-topology. Indeed, we can repeat the same constructions as in The-
orem 5.1 and Proposition 6.2 now choosing §¢ = /7€ to see that the perturbation term does
not affect the I'-convergence result. Finally, assume that (uc,v.) is a sequence in L*(2) x L(Q)
satisfying

sup (f5<u57v5>+n5 [ 1wz [ |u5—g|2dw) < too.
5 Q Q

Then, appealing again to the growth conditions on ¢ and f and to the interpolation inequality, we
find that also

sup (m;(ug,ve)w [ 1vupar | |u—g|2dx) < +o0,
15 9] Q

where AT is as in (2.10). Then [6, Theorem 1.2] yields the equicoercivity of the functionals defined
in (7.1). Finally, the convergence of minimizers and of the corresponding minimization problems
follows by the fundamental property of I'-convergence. O
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