REGULARITY OF THE EIKONAL EQUATION WITH TWO VANISHING ENTROPIES
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ABsTRACT. Let QO C RR? be a bounded simply-connected domain. The Eikonal equation |Vu| = 1 for a function
u:Q C R? — R has very little regularity, examples with singularities of the gradient existing on a set of positive
H'! measure are trivial to construct. With the mild additional condition of two vanishing entropies we show Vu is
locally Lipschitz outside a locally finite set. Our condition is motivated by a well known problem in Calculus of Vari-
ations known as the Aviles-Giga problem. The two entropies we consider were introduced by Jin, Kohn [Ji-Ko 00],
Ambrosio, DeLellis, Mantegazza [Am-De-Ma 99] to study the I'-limit of the Aviles-Giga functional. Formally if u
satisfies the Eikonal equation and if

V- (Zeier (V) = 0and V- (£e,6, (Vut) ) = 0 distributionally in O, (1)

where iflé’z and i€1€2 are the entropies introduced by Jin, Kohn [Ji-Ko 00], and Ambrosio, DeLellis, Mantegazza
[Am-De-Ma 99], then Vu is locally Lipschitz continuous outside a locally finite set.

Condition (1) is motivated by the zero energy states of the Aviles-Giga functional. The zero energy states of
the Aviles-Giga functional have been characterized by Jabin, Otto, Perthame [Ja-Ot-Pe 02]. Among other results
they showed that if lim,_,e I¢, (1) = O for some sequence u, € Wg’z(Q) and u = limy,_ 1, then Vu is Lipschitz
continuous outside a finite set. This is essentially a corollary to their theorem that if u is a solution to the Eikonal
equation |Vu| = 1 a.e. and if for every “entropy” @ (in the sense of [De-Mu-Ko-Ot 01], Definition 1) function u
satisfies V - [®(Vu!)] = 0 distributionally in Q) then Vu is locally Lipschitz continuous outside a locally finite set.
In this paper we generalize this result in that we require only two entropies to vanish.

The method of proof is to transform any solution of the Eikonal equation satisfying (1) into a differential inclusion
DF € K where K C M?*? is a connected compact set of matrices without Rank-1 connections. Equivalently this
differential inclusion can be written as a constrained non-linear Beltrami equation. The set K is also non-elliptic
in the sense of Sverak [Se 93]. By use of this transformation and by utilizing ideas from the work on regularity of
solutions of the Eikonal equation in fractional Sobolev space by Ignat [Ig 12], DeLellis, Ignat [De-Ig 15] as well as
methods of Sverak [Se 93], regularity is established.

1. INTRODUCTION

The Eikonal equation is a much studied equation whose more general form |Vu| = f occurs in numerous
areas of physics (geometric optics, wave propagation) and applied mathematics. Historically there has been
great interest in first uniqueness and then subsequently regularity of the Eikonal equation. Uniqueness
was largely resolved by the development of the theory of viscosity solutions [Cr-Ev-Li 84], and subsequent
regularity results have been established by a number of authors, [Ca-Me-5i 97], [Ca-Si 04]. Indeed, regularity
and uniqueness of viscosity solutions of the Eikonal equation was one of the early triumphs that followed
the development of the theory of viscosity solutions. Without additional hypotheses solutions of the Eikonal
equation need have little regularity, it is easy to construct examples whose gradient is singular on a set of
positive H' measure. One of the simplest Eikonal equations is

|Vu(x)| =1forae x €Q, ()

where QO C R? is a bounded simply-connected domain. Our main theorem is a strong regularity result
for solutions of equation (2) with an additional condition that is best described as having two vanishing
entropies. The two entropies we consider were introduced into the study of the Aviles-Giga functional by Jin,
Kohn [Ji-Ko 00], Ambrosio, DeLellis, Mantegazza [Am-De-Ma 99], later works by DeSimone, Kohn, Miiller,
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Otto [De-Mu-Ko-Ot 02], Jabine, Otto, Perthame [Ja-Ot-Pe 02] and Otto, DeLellis [De-Ot 03] characterized a
wide class of entropies and used this characterization in a fundamental way to prove the strongest results
known for the functional. In truth our main motivation also came from the Aviles-Giga functional and for
this reason we will introduce it in some detail:

The Aviles-Giga functional is the second order functional

1 1vu? :
Ie(u):/ﬂere‘Vzu‘ dx

minimized over the space of functions WS’Z(Q; R) or W§’2(Q; R) N {u: Vu(x) =n, on 90} where 7, is
the inward pointing unit normal to dQ), where QO C RR? is a simply-connected Lipschitz domain. The
Aviles-Giga functional I forms a model for blistering and (in certain regimes) a model for liquid crystals
[Av-Gi 86], [Ji-Ko 00], [Or-Gio 94]. In addition there is a closely related functional modeling thin magnetic
films known as the micromagnetics functional [De-Mu-Ko-Ot 01], [De-Mu-Ko-Ot 02], [Co-De-Do-Mu-Ot 03],
[Ri-Se 01], [Ri-Se 03], [Al-Ri-Se 02], [Am-Le-Ri 03]. For function u € W§,2(0> we refer to I () as the Aviles-
Giga energy of u. The Aviles-Giga functional is the most natural higher order generalization of the Modica-
Mortola functional [Mo-Mo 77].

The biggest open problem in the study of the Aviles-Giga functional is the characterization of its I'-limit,
[Av-Gi 86], [Av-Gi 96], [Ji-Ko 00], [Am-De-Ma 99]. Given the structure of I it is not a surprise that the
conjectured limiting function class is a subspace of functions that satisfy the Eikonal equation (2). By analogy
to the Modica-Mortola functional, it might be expected that the limiting function space is also a subspace
of {v: Vv € BV} and the limiting energy is related to ||D [Vu]|. However this is completely false; see the
example following Theorem 3.9 of [Am-De-Ma 99]. It is necessary to build a function class that is in a sense
analogous to the function class {v : Vo € BV} that is tailored to the functional I. This is done by introducing
certain entropies on the space of solutions of the Eikonal equation. The divergence of these entropies will (by
virtue of the structure of I.) form measures that in regular examples pick up the jump in the gradient Vu.
Specifically it can be shown [Am-De-Ma 99], [De-Mu-Ko-Ot 01] that if u, € Wg’z(Q) with the property that

Wl,S(Q)

limsup, . Ie, (1) < co then for some subsequence {7} we have u,, ~— ~ u. This allows us to show that
if the vector field X, u is defined by

1 1
Yy = Ug (1 - u% - 3u§) ¢ —uy <1 — u% - 3u,2]> 1, 3)

(where 1z and u; are the partial derivatives along & and 7 respectively) then V - (Zg,u) is a measure. So
instead of having that the gradient of the gradient is a measure (as would be the case if u € {v: Vv € BV})
we have that the divergence of a vector field made up of first order partial gradients is a measure, which
“morally” is not that far away.

Following [Am-De-Ma 99], we denote by (e1, ;) the canonical basis of R?, and by

the basis obtained from (e1, e2) under an anticlockwise rotation of . It is straightforward to check that

uj u?
281621’{ = u’l 1 - urzz - = 4 _ulz 1 - ulzl - = (5)
3 3
2u?, 2u%
Yeeu=up|1— 3’ yurp1— 3’ . (6)

and
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It has been shown in [Am-De-Ma 99] that the measure
V- (Zeye,tt)
S — 1%

H ( V- (Zeyeu)
forms a lower bound on the energy I, (u,) of any sequence {u,} such that lim, e 1, = u. As such the
functional

V. (Z€1€2u> >
u— Q) 7
H( v'(Z€1€2u) (@) @

was conjectured in [Am-De-Ma 99] to be the I'-limiting energy of the Aviles-Giga functional.
Following [De-Mu-Ko-Ot 01], [De-Ot 03] we say ® € C¢° (R%; R?) is an entropy if

‘ (S) for any S C R?

z-D®(z)zt = 0 for all z€ R?, ®(0) = 0, D(0) =0, (8)

where z+ = (—2z2,21) is the anticlockwise rotation of z by 7. Note that in [De-Mu-Ko-Ot 01], entropies are

applied to divergence free vector fields m : Q — S!, in our paper they will be applied to m = Vu' where u
satisfies (2). Vector fields

iﬁ]gz(x,y) — (y (1 a2 :f) X (1 7y27 x;)) and ielez(x,y) = (X (1 - 23x2> Y (1 - 23y2>> )

satisfy

z- Dielgz (z)zt =0forall z € S, ielez (0)=0 (10)
and

z-DEeey(2)zt =0forallz € 8!, Z e, (0) =0. (11)
N 5109 & L (609 & 1 L [ .

ote that Xe eyttt = Xee,(Vur) and et = Xee,(Vu'), where Vu— = (—up,uq). Since we are

applying Ze,e,, Ze,e, to gradient vector fields Vu that satisfy |Vu| = 1 a.e., for simplicity, and following
the convention of [De-Ot 03], we will call them entropies even though they only satisfy (10), (11). However
this is just a naming convenience and is not important to the mathematics that follows. Whenever we use
any results about entropies from [De-Mu-Ko-Ot 01] we will mean vector fields ® € C®(R?%R?) that satisfy
(8). The main point about entropies is that given a sequence {u,} that satisfies limsup,,_,, I, (4x) < oo and
U = limyc0 Uy, if ® is an entropy then V- [® (Vul)] is a measure.

The characterization of this class of entropies is one of the main achievements of [De-Mu-Ko-Ot 01] and it
leads to many further developments. It was the main tool used in [De-Mu-Ko-Ot 01] to prove pre-compactness
in W3(Q) of a sequence of functions {u,} of bounded Aviles-Giga energy (an alternative proof just using
two entropies ielgz, iem is provided in [Am-De-Ma 99]). More importantly it allows for the classification
achieved by Jabin, Otto, Perthame in [Ja-Ot-Pe 02] of all functions u# and all domains () for which there exists
a sequence {u, } CW&’Z(Q) such that u = lim,_ye0 1y, and limy, s I, (4,) = 0. Functions u with this property
are called zero energy states. It was shown in [Ja-Ot-Pe 02] that if () # IR? then Q) is a ball and (after possibly
change of sign) u is just the distance function away from the boundary of the ball. The characterization of
entropies also permitted the deep work on the structure of solutions of the Eikonal equation u that arise as
limits of sequences of finite Aviles-Giga energy [De-Ot-We 03].

While the works [De-Ot-We 03], [Ja-Ot-Pe 02] are impressive achievements and indeed represent the state
of the art with respect to the structure of solutions of the Eikonal equation that arise as limits of sequences
of finite (or converging to zero) Aviles-Giga energy, when these results are formulated simply in terms of the
Eikonal equation, the statements can appear a bit technical.

Theorem 1 ([Ja-Ot-Pe 02]). Let Q be any open set in R%. Let m: Q — IR? be a measurable function that satisfies
|m(x)| =1 forae x € Qand

&-Vx (-, & = 0 distributionally in Q for all ¢ € S?, (12)
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where
_J1 form(x)-&>0,
x(x6) = {0 for m(x) - & <0.

Then m is locally Lipschitz outside a locally finite set of points.

(13)

It turns out that (-, ¢) is the pointwise limit of a sequence of entropies {®;} (see the proof of Lemma 4,
[De-Mu-Ko-Ot 01]), so if vector field m is such that

V - [® (m)] = 0 distributionally in Q) for all entropies @, (14)

then m satisfies (12). Hence by Theorem 1 any vector field m satisfying (14) is locally Lipschitz outside a locally
finite set of points. This is the main result needed by Jabin, Otto, Perthame [Ja-Ot-Pe 02] to characterize all
zero energy states of the Aviles-Giga energy.

Corollary 2 ([Ja-Ot-Pe 02]). Let u be a limit of a sequence {u,} C WS’Z(Q) with imy_ye0 Ie, (1) = 0 then Vu is
Lipschitz outside a finite set of points.

Actually in [Ja-Ot-Pe 02] a more general result is proved that includes zero energy states of the micromag-
netic functional, but since our interest is focused on the Aviles-Giga functional we do not state their result in
full generality.

What is achieved in this paper is a proof of the regularity result under the much weaker condition that
only the divergence of two entropies ielgz and ielgz applied to Vu<t vanishes.

Theorem 3. Let QO C R? be a bounded simply-connected domain and u be a solution to the Eikonal equation (2).
Suppose

V- (Zeje,it) = 0and V - (e e,ut) = 0 distributionally in Q). (15)

Then Vu is locally Lipschitz outside a locally finite set of points S. Moreover, in any convex neighborhood © CC Q) of
a point { € S there exists « € {—1,1} such that

u(x) =a|x—_| forany x € O. (16)

This result also includes Corollary 2 as a consequence in the case that () satisfies the assumptions of
Theorem 3. The value of this result is twofold. The Eikonal equation with the additional assumption of two
vanishing entropies seems to us a fairly natural condition and as such the statement of Theorem 3 is of interest
purely from the perspective of the Eikonal equation alone. Essentially our theorem says that the dimension of
the set of singularities of solutions of the Eikonal equation is reduced by one under the additional hypothesis
of having two vanishing entropies. On this topic we mention the recent powerful results of Ignat [Ig 12] and
DelLellis, Ignat [De-Ig 15] on regularity of solutions of the Eikonal equation in fractional Sobolev spaces. We
learned a great deal and took numerous ideas from these works.

Remark 1. The choice of Z,,¢,, Xe,e, is arbitrary among the class defined by (3). If (¢1,%1), (¢2,72) are any two
different orthonormal bases for IR? then we could instead have the hypothesis

V- (Zgpu) =0and V- (Zg,,,u) = 0 distributionally in Q. (17)

This follows from Theorem 3.2 [Am-De-Ma 99] where it is shown that X¢,, u = c0s(20;)Z¢,¢, u + 5in(20;) Ze e,
where §; = (cos(0;),sin(6;)), 7; = (—sin(;), cos(6;)). Thus

sin (201 — 202) Xee,u = c08(202) ¢,y u — cos(201) X, 1 (18)
and hence (17), (18) implies V - (Z¢e,u) = 0 distributionally in Q. In the same way

sin (201 — 202) Xeje,u = sin(201) ¢, , u — sin(202) 2, 4 (19)
and so (17), (19) implies V - (¢, u) = 0 distributionally in Q2. Thus (17) implies (15).
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Remark 2. Under the hypothesis that V - (Zg,u) = 0 for a single entropy then Theorem 3 is false. Since we
have just one entropy we can assume without loss of generality that (17,{) = (e1,€2). And finding a scalar
function u that satisfies

|Vu| =1ae. and V- (X pu) =0 (20)

is equivalent to finding a function w : ) — IR? that satisfies the differential inclusion

Dw € { (;S(iigt’(bgp) %sclgs(;lézb)) P e (—m, 77]} =:ITae. in Q. (21)

Now IT has non-trivial rank-1 connections because

cos(ip) — COS(lpl) sin(yp;) — sin(¢y)
det (3 (sin® () —sin® (1))  § (cos’(i2) COS3(1P1))>

= 2 ((cos(92) — cos’ () (cos(a) — cos(pn)) — (sin® () — sin®(9) ) (sin(y2) — sin(y)))
=0

has non-trivial solutions, for example given by ¢, = 7in — 1 — 5 for n € Z. Thus we can construct non
trivial functions w satisfying (21) for which Dw is singular along lines running through (2, such functions
are called laminates (see [Mu 06], Section 2.1). This gives us solutions to (20) whose gradient is singular along
lines in Q).

As stated previously our principal interest is in the Aviles-Giga functional. As described the original
conjectured I'-limiting energy from [Am-De-Ma 99] is given by (7). As the study of the Aviles-Giga functional
evolved it was increasingly understood that to make progress the conjectured I'-limiting energy had to be an
energy that incorporated all the entropies, not simply ¢, and Z¢,¢,. As mentioned the proof of Corollary
2 requires the use of a sequence of entropies {®, } that approximates ¢x(+,¢). In [De-Ot 03] DeLellis, Otto
proved many strong structural results on a class of solutions of the Eikonial equation denoted by A(Q) that
includes all W'?(Q) limits of sequences {u,} CW&’Z(Q) that have equibounded Aviles-Giga energy. Among
the results they proved was that for any u € A(Q) there exists a set of o-finite H! measure | on which Vu has
jumps and has traces in exactly the way it would have if Vu € BV. What would be most natural is if | was
the singular set of vector valued measure that is the I'-limiting energy of I.. However this is not exactly the
case and | has to be defined as the singular set of measure into the dual space of all entropies (see [De-Ot 03],
proof of Proposition 1). It is in some sense a singular set of an infinite set of entropies simultaneously.

While utilizing the information available from all entropies is in our opinion the best way to progress with
the study of the Aviles-Giga functional, it does have the disadvantage that the statements of the theorems
proved are less transparent. It is for example not clear what the conjecture for the I'-limiting energy of
the Aviles-Giga energy is. What Theorem 3 does is to raise the possibility of reformulating the structure
results of [De-Ot 03], [Ja-Ot-Pe 02] in terms of the two entropies felez, ielez. Were this to be accomplished

it would return the measure S — H ( V' (Zepett) > ’

V- (Serentt) (S) as the natural conjecture for I'-limiting energy for

the Aviles-Giga functional.

1.1. Reduction to differential inclusions. We denote
E(Q) := {u € W'*(Q) : [Vu| =1 a.e. and (15) is satisfied }. (22)

The starting point for our work is the transformation of functions u € E(Q)) into functions F, : Q) — R? that
satisfy the differential inclusions DF, € K, where K C M?*2 is a compact connected set defined by (42). This
can be done because (15) can be rewritten as

curl ((Zelezu)l) = 0 and curl ((Zelezu)L> = 0 distributionally in Q).
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Hence we can find some potential F} such that VF! = (X,,.,u)" and F2 such that VF2 = (Z¢,c,u)"." The
structure of Z.,¢,, X¢e, implies that DF, € K a.e. in Q). It is a calculation to see that K does not have rank-
1 connections, i.e., there do not exist A,B € K, A # B with Rank(A — B) = 1. Regularity of differential
inclusions into sets without rank-1 connections has been studied by Sverak in his seminar paper [Se 93]. He
showed that if function v satisfies Dv € S C M?*? where S has no rank-1 connections and is elliptic in the
sense thatif A, B € S, then det(A — B) > c|A — B|?, then v is smooth. The set K defined by (42) is not elliptic in
the sense of Sverak, but it turns out that for some constant co> 0, det(A — B) > cg |A — B|4 for any A, B € K.
This is not enough to establish smoothness of F,, (indeed since Vu~t could be a vortex, smoothness of F, could
not be true) by using the methods of [Se 93], but is enough to establish fractional Sobolev regularity. The
fact that an inequality of this form is enough to establish fractional Sobolev regularity was previously noted
by Faraco and Kristensen [Fa-Kr 12], Proposition 1. The differential inclusion DF, € K can be reformulated
as a constrained non-linear Beltrami equation and our proof of fractional Sobolev regularity can hence be
formulated as the following theorem.

Theorem 4. Given a bounded simply-connected domain Q0 C C, and f € WV®(Q;C) that satisfies f(0) = 0
(assuming 0 € Q) and the non-linear Beltrami system

3
g]Z‘( )= = (gjzr(z)> , af(z)‘ :% forae z€Q, (23)

0z

we have that
Df e W/H(Q) forallo € (o, ;) (24)

In addition, given Q' cc ﬁ,for alle € (0, %dist(ﬁ’, aﬁ)), we have that

QY JBe( 2+ 3
for some constant C independent of €.
Now if we define Ho (&) := 3¢ then (23) can be written as a—ff( ( ) a—f 1. We will call this
a constrained non-linear Beltrami equation. The study of equations of the form a—f ( o ) has flourished

in the last few years. Under the assumptions that

(I) z = H (z,w) is measurable

(II) And for wy,wp € C, |H (z,w1) —H (z,w2)| < k|wy — wy| for some k < 1
the existence and regularity theory of non-linear Beltrami equations resembles that of the linear theory;
see [Bo 76], [Iw 76], [Bo-Iw 74], [At-Iw-Sa 01], [At-Iw-Ma 09]. But note when restricted to the circle 0B 1 (0)

the Lipschitz constant of H is exactly 1, so in some sense H, is a critical case 2. We are not aware of any
other regularity results for non-linear Beltrami equations without the assumptions (I), (II). While Theorem 4 is
essentially a regularity result for differential inclusions, we formulate it in the language of non-linear Beltrami
equations because these are much better known and more studied objects. We also find the connection to this
area is interesting and potentially worth further investigation.

The connection between Theorem 3 and Theorem 4 is made by the following result.

Theorem 5. Let () C R? be a bounded simply-connected domain. Define Q) := {x1 +ixo € C: (x1,x2) € Q} and
define B(QY) as the set of functions f € WY (Q);C) that satisfy f(0) = 0 (assuming 0 € Q) and the contrained

1The idea to study F, comes from [Am-De-Ma 99], see the proof of Proposition 4.6.
21f instead we had (¢) = %53 and ’%‘ = a for some & € (0, }) we believe the standard methods of [At-Iw-Ma 09] would give
regularity.
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non-linear Beltrami equation

Yo=2(La),

Then there exists an injective transformation

ZJZC(z)‘ = % forae. z € Q. (26)

I':[E(Q)/R] = B(QY),

where E(Q)) is defined in (22) and two functions uy,upy € E(Q) satisfy uqy = up in [E(Q)/R] if and only if u; =
uy + C for some constant C. Further T restricted to [E(Q)/R] N W21(Q) forms a bijective transformation onto
B(Q) NW21(Q)).

However Theorem 4 and Theorem 5 will only give us fractional Sobolev regularity. Ignat [Ig 12] studied
regularity of solutions of the Eikonal equation in fractional Sobolev space, and showed that if u is a solution

1
of the Eikonal equation and Vu € W/Z;p (Q) for some p € [1,2] then Vu is locally Lipschitz outside a locally
finite set of points. Note that if Vu is smooth and ® is an entropy it follows from properties of entropies from
[De-Mu-Ko-Ot 01] (see Lemma 10 of this paper) that V - [® (Vu=)] = 0. The proof of [Ig 12] carefully exploits

the structure of entropies to weaken the hypothesis on Vu to that of fractional Sobolev space. Following
1

this work DeLellis and Ignat [De-Ig 15] substantially weakened the hypothesis to Vu € Wlf);p (Q)) for some
p € [1,3]. It again was achieved by very careful work using the structure of entropies and by use of an
estimate of Constantin, E and Titi [Co-E-Ti 94]. However close though it is, this result is not quite what we
need because it requires a full 1/3 of a derivative and with the methods of [Se 93], a 1/3 of a derivative is not
available - Theorem 4 just stops short of what is required.

An interesting question that we were not able to answer is whether or not the transformation I' from The-
orem 5 is actually a bijection. If this were so then Theorem 3 would also yield local Lipschitz regularity of the
gradient DF outside a locally finite set of points in () for the differential inclusion DF € K. This would be
a very attractive result and would hint at the possibility of a regularity theory for differential inclusions into
sets S that do not have rank-1 connections but are not elliptic.

Acknowledgments. The first author would like to thank Camillo DeLellis for pointing out that the Hilbert
Schmidt norm of the matrix Mj,(x) (of the proof of Proposition 4.6. [Am-De-Ma 99]) tends towards % as
h — 0. Roughly speaking Mj,(x) is (in the limit) analogous to DF,(x) from this paper and hence from this
calculation it is clear that F, is a quasiregular mapping. Our desire to further investigate this observation was
the starting point of this paper. We would also like to thank the referee for many clarifying comments that
have greatly improved the paper. The first author would also like to acknowledge the support of a Simons

Foundation collobartive grant, award number 426900.

2. SKETCH OF THE PROOF

As explained in the introduction, via the reduction to differential inclusions we get fractional Sobolev
regularity Vi € Wo4(QY') for all ¢ € (0, %) and all ' CC Q. In particular we have estimate (25). The main
thing we gain from this is the following estimate (see Lemma 14, (103)) which is one of our key technical tools

/Q/ ’1 - |Vu€|2’ ltte,mn| 18] dx < C|gl|r(cy) for any g € L' (), m,n € {1,2},r > 4 27)

We will use (27) repeatedly.
Our strategy will be to show that for

Fiy |z|>¢  forz-&>0,
D (2) := {o forz- <0, (28)
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we have
V- [@5 (VML)} = 0 distributionally in Q, for any & € S\ {e1, —ey, ez, —€2} . (29)

Regularity then follows by Theorem 1 because any ®¢ (Vu(x)t) = &x (x,¢) for |[Vu(x)| = 1, hence ¢ -
Vx (x,¢) = 0 distributionally in Q). This is a somewhat similar strategy to that of Ignat [Ig 12] and DeLellis,
Ignat [De-Ig 15] except that in [Ig 12], [De-Ig 15] it was shown that V - [® (Vu!)] = 0 distributionally in Q)
for all entropies @, they then conclude (12) using (as explained in the introduction) the fact that &x(-, &) is the
limit of a sequence of entropies. We will build toward establishing (29) in a couple of steps.

Step 1. Harmonic entropies vanish: In this step we identify a class of entropies whose divergence vanishes
when applied to Vu' as consequences of (15) holding. From Lemma 3 [De-Mu-Ko-Ot 01] (see Lemma 11 in
this paper) we know there is a one to one correspondence between entropies ® and functions ¢ € C®(IR?)
via the formula

O(z) = p(z)z + (qu(z) ~ZL) zt. (30)
As we will sketch, it will turn out that under the assumption of (15), if ¢ is harmonic then V - [®(Vu=L)] = 0.
We will call entropies ® that come from (30) via a harmonic ¢, harmonic entropies.
To see this we argue as follows. One of the key lemmas on entropies is Lemma 2 [De-Mu-Ko-Ot 01] (see
Lemma 10 in this paper), says that we can write
V- [@(m)] = ¥(m) - V(1 —|m|?) for some ¥ € CP(R%R?). (31
Now let g, := g * pe where pc(z) = p () e 2 and p is the standard convolution kernel. Let w = (w!,w?) =
Vut. For Q' CcC Q, let { € C(QY') be a test function, so integrating by parts we have

[ V@) gdr ~ —/Q/(l—|we|2)V.[‘I’(we)]Cdx

- /Q,(l — |we|?) (‘Yl,l(we)wég + ¥12(we)w? | + ¥ (we)wg o + ‘Fz,z(we)wi,z) {dx.

The key point is that if ® is a harmonic entropy then it is a calculation to see that Y1, = ¥, ;. Now we have
= (111)
V- (S (V)] 2 (e — e (1~ (Ve ) = (2 +10l) (1 [wel?) (32)

and
= 112
V- [Z€1€z<v”é)] (:)
Proceeding formally and absorbing ¥ 1(we) into the test function  (strictly speaking we can not do this
because ¥11(we) depends on €, however this can be overcome with estimate (27)) we have that since V -

{igl e (Vul)} vanishes so

2ue1p(1 — [Viue|*) = 2wk, (1 — |wel*) = 2w?,(1 — |we]?). (33)

/ (1~ [we*) ¥, (we)w! Zdx ~ 0.
In the same way [, (1 — |we|2)‘I’2,2(we)wg,2§dx ~ 0 and, since V - [ielgz(Vui)} =0and ¥, = ¥21,
/Q,(l — |w€|2) (‘Yl,z(we)wﬁ,l +‘I’2,1(w€)wl,2) {dx = /Q,(l — |w€|2)‘1’1,2(w€) (wgl + wérz)gdx ~ 0.

Thus V - [@(Vu1)] = 0 for all harmonic entropies.

Step 2. Estimate (29) holds: As we can see the real issue of getting the divergences of entropies to vanish
from hypothesis (15) is the term (1 — |we|?) (‘erz(we)wél + T2,1(w€)wl,2>. Given that we started with just

two entropies X, and Z¢,e, whose divergence vanishes (when applied to Vu') and end up with an entire
class of entropies (what we call harmonic entropies) whose divergence vanishes, the natural way to proceed is



REGULARITY OF THE EIKONAL EQUATION WITH TWO VANISHING ENTROPIES 9

to attempt to use our class of harmonic entropies to further expand into a larger class of vanishing entropies.
So what we need is a harmonic entropy to deal with terms of the form ‘I’Lz(wg)wél + %Y1 (wg)wéz. It turns
out there is a harmonic entropy that serves this purpose.

Now notice that

// (1 - |we|2> [‘I’Lz(we)wgll +‘}'2/1(w€)wé2} Cdx

-/ <1 B |w€‘2) (F1,2(we) ‘;TZJ(We)) (wgl +w2/2> Cix

[ (1) B2t = Xaal@el) (47 1) gax

(Y1,2(we) +¥o,1 (we)
2

The first term can be dealt with by absorbing ) into ¢ as before then applying (32). So the
term we have to deal with is the latter term. Now if ¢ is related to ® by (30) it is a calculation to see that

¥15(2) - ¥21(2) 2 1V (Ap(2)) - 2+ = p(2). So
/Q, (1 _ |w€|2) (Y12(we) —¥o,1(we)) <w§1 B wéz) Cdx

>
= % (.)’ (1 - |we!2) P (we) (wg1 - wlz) Gdx
_ %/Q (1 [wel?) p (we) ducax. (34)

Thus what we need is a harmonic entropy that includes the term Aue. Now taking ¢(z) = z3 — z3, via formula
(30) we obtain entropy ®¢(z) = (23 + 32123, —32z3z, — z3) and a short calculation gives
\ [q)O(we)] = —6 (ue,lue,ZAue + |vue|2ue,12> .

Now it is a calculation (see (152)) using (31) to write

// (1 - |VZ/I€|2) (ue,lue,2Aue + \Vu€|2u€,12) {dx

= 11—2 . AV [‘I’O(we) (1 — w€|2)2} fdx + % /Q, (1 - |w€|2)2 V- [¥o(we)] fdx.

The first term can be dealt with by integration by parts, and the second can be controlled via estimate (27). It
follows that

/ (1 - |Vue|2> (ueluezAue + | Vue|?ue 12) fdx —0ase — 0.
ol T ’

Now as |Vu| =1 a.e. we have
/ (1 — |Vue|2> |Vue\2 Ue120dx = / (1 — |Vue|2> Ue120dx
(0 o

@ %/Q/ V. [Zeete] fdx -0 ase —0.

So
/Q/ (1 — |Vu€|2> UeUepAueldx — 0 ase — 0. (35)

Now from (34), using we = Vuel, we can write

/Q, (1 - |we|2> Fra(we) ~ F21(we)) (wzl - wlZ) fdx = %/ﬂ/ (1 - |Vug|2) uerluerzAuEL (we) gdx.

€,
2 UeUe2

It turns out that if
¥ (we)

Ue1Ue2

remains uniformly bounded for small € > 0, (36)
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then it can be absorbed (via estimate (27)) into ¢, and as a result of (35) we have
2\ (Fr2(we) — ¥21(we))
/Q/ (1 — |we] ) £ 7 J <w§1 - wiz) gdx -0 ase—0. (37)
Hence the estimate (37) holds as long as (36) holds true. So we need to restrict ourselves to a class of entropies

for which (36) is true. The key point is that for the sequence of entropies {®*} that approximates ®¢ (for
&€ S\ {e, —ey1,ez, —e2}) we can guarantee that (36) holds true. Thus we can establish (29).

Sketch of proof completed. The choice of coordinate system axis {ej,e2} in (29) is completely arbitrary. We
could have carried out the proof with the coordinate system axis {€1,€2} and could then conclude (29) for
any ¢ €S!\ {e1, —€1, €2, —€2}. Thus (29) holds from any ¢ € S!' and therefore (12) holds true and regularity
follows by Theorem 1.

3. BACKGROUND

In this section we provide some background. Any two by two matrix can be uniquely decomposed into
conformal and anticonformal parts as follows

(ﬂu ﬂ1z) _1 (6111 +an —(an — ﬂ1z)> + 1 (6111 —axp 4y +ap ) .

a1 a4 2 \4a21 — a2 a1 +ax 2 \ay +app  —(an —ap)

So for a matrix A = <a11 a12> , define

a1 a22
1 fan+ap —(an— ﬂ12)> 1 (ﬂn —ax  axntap )
Al == d [A]l, == . 38
Al 2 (”21 —ay,  aptap ) [Ala 2 \ao1 +ap  — (a1 —ax) (38)
Its easy to see that
det (A) = det([A],) + det([A],). (39)
Given w : ) — IR? such that w(x;,x2) = (u(x1,x2),v(x1,x2)), for z = x1 +ixy, let @(z) = u(xy, x2) +
iv(x1,x7). Not'e that 92 (z) = %(% + ia%z) = w1 —vp)+ (vs +up) and 92(z) = %(% - ia%z)co =
$(uy+vp) + 5(v1 — up). Now identifying complex numbers with conformal matrices in the standard way
. (1 —X2
[x1 +ixo]p = (xz » > , (40)
we have that
0@ 1 0 )
pul, = [52@)] (5 &) md Dol = 526 . (a1)

4. Proor orF THEOREM 5

Lemma 6. Let Q and Q be as in Theorem 5. Define

o 2sin3(0) 2 cos?() )
K= { ( - COS(9)3 (1- %COSZ(Q)) sin(6) 3(1 — %sinz(())) ) 0e [0,271)} ‘ (42)

Let a map F = (F;, Fo) € WY®°((;IR?) and a function f € WY(Q); C) be related by f(x1 + ixp) = Fy(x1,%2) +
iFy(x1,x2). Then DF € K at x € Q) if and only if f satisfies the following non-linear Beltrami equation and constraint

at z = x1 +ixy € Q
of . 4 faf , \\°
Lo-3(Zo).

af(z)‘ _ L 43)
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Proof of Lemma 6. First assume x € Q) is such that DF(x) € K. We show that f satisfies (43) at z = x1 + ixp.
Note that since DF(x) € K, there exists 6 € [0,27) such that

2 i3 2 (03
_ 5 sin”(0) 5 cos”(6)
DF(x) ( —cos(6) (1—3cos?(0)) sin(0) (1— %sin?(0)) ) 44
As described in Section 3, for any matrix A, we decompose A = [A]; + [A],, where [A]. and [A], are the
conformal and anticonformal parts of A, respectively. Using (38) and (44) we have
1 sin(6)  cos(0)
[DF(x)]. = 2 ( —cos(f) sin(6) /- (45)
Now recalling the trigonometry
sin (30) = —4sin> (#) + 3sin (0), cos (30) = 4 cos’ (§) — 3 cos (0). (46)
Note that
DF 1 ( 3sin(0) —sin(0) % cos®(6) — cos(6)
[DF(x)], = 2 %cos3(9) — cos(0) (% sin3(9) — sin(@))
(46) 1 ( —Lsin(30) % cos(30)
2\ icos(30) 3sin(30)
_ 1/ = sm 39 cos(36)
o ( cos sin(30) ) (47)
Recall that f(x1 +ixp) = Fi(xq,x2) + ze(xl,xz) It follows from (41) that
of (41) of (41) 1 0
Fo] Dore. ma (Lo Qe (o ). s)
Thus of .
(40),(45),(48) . .
Bz( ) 5 (sin(f) —icos(0)), (49)
1 0 47) 1 [ —sin(30) — cos(30)
[DE()], < 0 -1 > T 6 < cos(30) —sin(30) /- (50)
Therefore it follows that
U () @0 1 30) — icos(30)
0z 6
= % (sin(6) — icos(@))3
49 59f
v i(Ee)
_ of
- H(Za) 6

We obtain from (51) and (49) that f satisfies the constrained non-linear Beltrami equation (43) at z € Q.
Conversely, suppose the function f € WL*(Q);C) satisfies (43) at z = x; + ix,. Recall that F(xy,xp) =
(Re(f(x1 +ixp)), Im(f(x1 +ix2))). We will show that DF(x) € K. Indeed, we have

% = % { (Fia+ Fp) +i(Bn— Fm)} 52)

and

ZJ_( % [ (Fi1—Fp) +i(FR1+ Fp) } : (53)
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Since ‘%(z)‘ = %, there exists 6 € [0,27) such that

% - % (cos(8) + i sin(6)) . (54)

Now since f satisfies (43) at z, we have
f 4 /1 - >
E(z) = 3 (2 (cos(8) +zsm(6))>

1
= 3 (Cos(39) + isin(SQ)). (55)
Now we obtain from (52)-(55) that

FL] + Fz,z = COS(Q),

FZ,] — Fl,Z = Sil’l(G),

1
Fi1—Fy= 3 cos(30), (56)

1
lel + Fl,Z = g sm(39)

So solving (56) for F; 1, F1 2, F21, F22, we obtain

1 1 2
Fi1 = 2 cos(6) + 3 cos(30) ) 3 cos®(6),

2
_ 1. L. 46) 2 . 3
F,= 6sm(36) 5 sin(f) = 3 Sin (9),
1 1 2
Fy1 = 5sin(6) + ¢ sin(30) %) sin(6) — sind(6),
1 1 2
Fp= 3 cos(0) — A cos(30) ) cos(0) — 3 cos®(6).
Now letting § = Z + 6, we have cos(f) = —sin(6) and sin(f) = cos(f). One can check immediately that
DF € K at x = (x1, x2) with the phase function 0. g

4.1. Proof of Theorem 5 completed. Firstly given u € E(Q) we can define F, : QO — R? by F,(0,0) = (0,0)

and
2 2
Uy (1—u’21—u?;2> U1 (1—u,22—u3'1>
DF, = . (57)

2u2] 2u22
S up (t— 3"

The existence of F, over bounded simply-connected Lipschitz domains in the classical L? framework can be
found in [Gi-Ra 86]. We provide a proof of the existence of F, over bounded simply-connected domains in
Lemma 23 in the Appendix. Such results might be well-known to experts, but we were not able to find a
reference. Therefore we include a proof for the convenience of the readers. Since |Vu| = 1 a.e. in Q, it is
clear that F, € W (Q);R?) is a mapping that satisfies

Sin(e) (1 — cosz(G) — szﬁ) COS(Q)(l o Sinz(e) . cos2(9)) ' ) o
e { ( —cos(6) (1 - %COS2(93)) sin(6) (1 — %sir#(eﬁ 10 €0,2m) p = Kae inQ.

Thus applying Lemma 6 we have that f,(x1 +ixp) := F}(xq,x2) + iF2(x1, x5) satisfies the non-linear Beltrami
system (26). So defining

T(u) := fu, (58)
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we have that T’ forms a transformation of [E(Q))/R] into B(Q2). Now we show that T is injective. Given
u,w € [E(Q))/R] such that I'(u) = I'(w), we have DF,, = DF,,. Note that for all x € Q such that |[Vu(x)| =1,
we deduce from (57) that

uy=Fy,—Fi; and up=F, +F5, (59)
The same relations hold for Vw. This 1mp11es Vu = Vw ae. in Q and hence u = w in [E(Q)/R]. Thus we
have shown that I' is injective.

Now for the second part of the theorem, given a function f € B(Q2) N W2!(Q) we need to show that there
exists some u € [E(Q)/R] N W21 (Q) such that T'(#) = f. Let us define

F(x1,x2) = (Re(f(x1 +ix2)), Im(f (x1 + ix2))) .
By Lemma 6 we have
DF € K a.e.in Q.

We have that DF € W(Q) and there exists 6(x) : Q — [0,27) such that
DE(x) = ( sin(6(x)) (1 — cos2(6(x)) — M) cos(8(x)) (1—sin2(9(x)) - “’52(;’("”) ) (60)
—cos(0(x)) (1 — % cos?(6(x))) sin(0(x)) (1 — 3sin?(8(x)))
for a.e. x € Q). Similar to (59), we deduce from (60) that
cos (0(x)) = Fip(x) —Fp1(x) and sin(f(x)) = F11(x) + Fpo(x) a.e. in Q.
Hence a(x) := cos (f(x)) and B(x) := sin (f(x)) are such that &, 8 € W1 (Q). Now we have, for a.e. x € Q,

0 = curl (VF;) = curl (/S(x) (1 —a(x)? - [3(;)2> ,o(x) <1 — B(x)* - a(;)2)>

= (1= ()2 = B(x)?) (@1 (x) = Ba(x)) +2u(x)B(x) (w2(x) = B1(x))
= 20(x)B(x) (a2(x) = Ba(x)), (61)

and
0 = curl (VF,) = curl <—oc(x) <1 - ia(x)2> B(x) <1 - % (x)2>)
= Ba(x) (1-28(x)?) +a(x) (1-20(x)?)
= Ba(x) (1=2B(0)%) + B (x) (1= 2a(x)?) + (2(x) = B1(x)) (1 - 20(x)?)
=28, (x) (1= B(x)? = a(x)?) + (@a(x) = Ba(x)) (B(x)? — a(x)?)
= (a2(x) = B1(x)) (B(x)? = a(x)?) . ()
Taking the squares of (61) and (62) and adding, and using the fact that a(x)? + B(x)? = 1, we have

0= | (w(x)? = Bx)?)” + 4a()2p(02 | feurl(a(e), ) P
- (uc(x)z + 5(x)2)2 lcurl(a(x), B(x))? = |curl(a(x), B(x))? for ae. x € Q.

Therefore, we have
curl (a(x),B(x)) =0 forae. x € Q.

Since (a(x),B(x)) € L®((;R?), by Lemma 23 in the Appendix, there exists u € H'(Q) such that Vu =
(2, B) = (cos(8),sin(#)). Since a(x)? + B(x)? = 1, it is clear that u also belongs to W (Q)). This along with
(60) and the fact that &, 8 € W1(Q) implies that u € [E(Q)/R] N W?1(Q). Now looking at (60) and the
definition of T in (58), it is clear that I'(z) = f. Hence, this completes the proof of the bijective part of the
theorem.
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5. Proor oF THEOREM 4

Define F(x1,x2) = (Re (f(x1 +ix2)),Im (f(x1 +ixp))). By Lemma 6 the function F satisfies the differ-
ential inclusion DF € K a.e. in (2, where K is the subset of all two by two matrices defined by (42). Let

Q= {(xl,xz) tx1+ixp € ﬁ} Define
2 6ind 3
M(9) = ( — cos( )3(5 —(f)cos (0)) sin(9)3(1co—s ;zfnz(e)) > ’
By Lemma 6, there exists ¢ : Q) — [0,277) such that
DF(x) = M (¢(x)) for a.e. x € Q.
Given () CC Q, denote v := dist(()/,0Q) > 0. Let h € B,(0) and define
ap(x) = P(x +h) — (x) forx € Q). (63)

First, we prove the following lemma.

Lemma 7. Forall x € OO and h € B (0) such that DF(x), DF(x + h) € K, we have that
det (DF(x +h) — DF(x)) > co |DF(x +h) — DF(x)[*, (64)

where the constant cg is independent of x and h.

Proof. Given x € () and h € B,(0) such that DF(x), DF(x + h) € K, we will show the estimate (64) in several
steps.
Step 1. We have

2 cos(ay(x)) + %cos3(¢xh(x)) = — +o(ap). (65)

det (DF(x + h) — DF(x)) = : 3 9 6

9
Proof of Step 1. We know

DF(x) [DE(x)], + [DE(x)],

(45),47 sin(y(x))  cos(y(x)) >+1(—sin<3¢<x>> 69s<3¢<x>)>). (66)

=
S—
S—
w»
-
=]
~—
w
<
—
2
S—

1
2\ —cos(y(x)) sin(y(x)) ) "6\ cos(3y(
It follows that

DF(x +h) — DF(x)

(66) 1 < sin(p(x +h)) —sin(p(x))  cos(p(x +h)) — cos((x)) >
2\ —cos(¢p(x+h)) +cos(p(x)) sin(yp(x+h))— sm(i,b(x))

1 By

6

( —sin(3y(x + h)) +sin(3y(x)) cos(3y(x+h)) — co

S
cos(3p(x+ h)) — cos(3p(x))  sin(3p(x + h)) — sin(3 ( )) ) (©7)

So using (39) we have
det (DF(x +h) — DF(x))

= ((sin(p(x -+ 1)) — sin((x))? + (cos(p(x + 1) — cos(y(x)))?)
316 ((sin(3p(x + 1) — sin(3p(x)))* + (cos(3p(x + 1)) — cos(3p(x)))?)
=1 (2 —2sin(y(x + h)) sin(y(x)) — 2 cos(y(x + h)) cos(y(x)))

—31—6 (2 —2sin(3y(x + h)) sin(3y(x)) — 2 cos(3¢P(x + h)) cos(3p(x))) . (68)
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Recall that a,(x) is defined by (63), so 9 (x + h) = p(x) + a,(x). Now
sin ((x + 1)) = sin(p(x)) cos(ay (x)) + cos((x)) sin(a; (x)) (©9)
and
cos (1 (x + h)) = cos(i(x)) cos(a (x)) — sin(p(x)) sin(a, (x)). 70)
Thus
2~ 2sin(y(x + 1)) sin(p(x)) - zcosw(x 1)) cos((x))

L7005 _ 3 (sin(i(x)) cos(ay (x)) + cos((x)) sin(ay (x))) sin((x))
) <cos<¢< )) cos(ay (x >>—sm<¢<x>>sm<ah< ) cos((x))
2 (1 — cos(ay(x))) . 71)

Note that 3¢ (x + h) — 3y(x) = 3 (x), so 3p(x + h) = 3p(x) + 3ay,(x). Thus

2 —2sin(3¢(x + h)) sin(3¢(x)) — 2 cos(3p(x + h)) cos(3yp(x))
=2 —2(sin(3y(x)) cos(3ay(x)) 4 cos(3p(x)) sin(3ay(x))) sin(3y(x))
—2 (cos(3y(x)) cos(3ay(x)) — sin(3p(x)) sin(3ay (x))) cos(3¢p(x))
=2(1—cos(3ay(x))). (72)

Thus putting (71) and (72) together with (68) we have that

det (DF(x+h) — DF(x)) = = (1 — cos(ay(x))) — % (1 —cos(3ap(x))).

N\'—‘

Now cos (3ay(x)) ) 4 cos? (ap(x)) — 3 cos (a5(x)). So

det (DF(x+h) — DF(x)) =

2 4
Now since cos(ay,(x)) =1 — 5 + 5k + o(a};), we have

3
4 2 2 3 4 2 o ap\ o 2 o o s
§ §Cos(ah(x))+§cos ([Xh(x)) — § g (1 74‘2 +§ 1 7+ﬂ +0(Déh)
o ap 3, 7
h h 2 4 4
= 4 b _h (7= -
ot3 "3T9 sztherh)Jro((xh)
4
= %h +o(aj)
for aj, > 0 sufficiently small.
Step 2. We have
|DF(x +h) — DF(x)|” = — — = cos(aj,(x)) — = cos”(ap,(x)) = aj, + o(ay,). (73)
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Proof of Step 2. Now looking at (67), it is clear that the two matrices in the decomposition are orthogonal
when they are identified as vectors in R*. Therefore, using similar calculations as in Step 1, we have

IDF(x +h) — DF(x)]* ‘=
- ((sinw(x +h)) = sin($(x)))’ + (cos(p(x + ) — cos(p(x)))?)
+ 1 (Sin@p(x+ 1)) — sin(3p(x)))? + (cos@Bp(x + ) — cos(3p(x)))?)
= 2 (2~ 2sin(p(x + 1) sin(p(x)) — 2cos(p(x + 1)) cos((x)))
+ 2 (2 25in(3p(x + ) sin(3p(x)) — 2cos(3p(x + ) cos(3p(x)))
) (1~ cosay (1)) + g (1 - cos(3ay(x)))
£~ 2 cos(ay(x) - gcos3(uch(x)).

When gy, is sufficiently small, we have

10 2 4 4 10 2 o
5~ gcos(och(x)) —gcos (a(x)) = 3 "3 <1 2)
Step 3. We have
det (DF(x 4+ h) — DF(x)) > co |DF(x + h) — DF(x)|*

for some constant ¢y independent of x and h.
Proof of Step 3. It follows from (65) and (73) that there exist 6 > 0 and ¢; > 0, such that, forall 0 < aj <4,
we have

det (DF(x + h) — DF(x)) > c1 |DF(x + k) — DF(x)|*. (74)
Let o(t) = 4 — %cos(t) + 2 cos®(t). Then ¢'(t) = %sin®(t). Note that ¢(0) = 0 and fg Zsin®(s)ds > 0 for all
t € (0,27), since sin ( ) > 0 and sin®(t) = —sin®(t + 71) for t € (0, 7r). Therefore, for all t € (0,27), we have
o(t) = 0(0) + f 3 sin®(s)ds > 0. By periodicity of the function g, it is clear that o(t) > 0 for all t € R, and
o(t) = 0 if and only if t = 2km, k € Z. Similarly, given 0 < 6§ < 71, by the odd symmetry of ¢’(t) with respect
to t = 7, we have f(s s)ds > 0 forall 6 <t < 2m— 4. As a consequence, for all 6 <t < 27 — 6, we have
o(t) > 0(8). Thus for all 5 < ap, <27 — 6 we have
4 2 2 4 2 2
373 cos(ay(x)) + 5 cos® (ay(x)) > 573 cos(d) + 5 cos®(8) > 0. (75)

Note that |DF(x +h) — DF(x)|* is uniformly bounded for all x and h such that DF(x), DF(x +h) € K.
Therefore, it follows from (65) and (75) that there exists some ¢, > 0 such that for all § < a, <271 — ¢

det (DF(x + h) — DF(x)) > ¢ |DF(x + k) — DF(x)|*. (76)

Since o(t) is even with respect to t = 0 and periodic with period 277, and so is the function 7(t) = 4 —

%cos(t) — %cos3(t), it is clear that the estimate (74) also holds for 27t — § < a;, < 271. Combining (74) with
(76), and using the periodicity of the functions ¢ and 7, we conclude that
det (DF(x + ) — DF(x)) > co |DF(x + h) — DF(x)|*,

where ¢y = min{cy,c2} > 0 is independent of x and h. O
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Proof of Theorem 4 completed. Here we follow the idea in the proof of Theorem 3 in [Se 93] to show the
regularity of Df. Let ' CC Q) and «y := dist(Q),9Q) > 0. Let 5 € C°(Q)) be such that # = 1 on () and
dist(Spt(r7),9Q) > }. Given e € S! and h € R satisfying 0 < i < %, we have DF(x), DF(x + he) € K for a.e.
x € Spt(n). It follows from Lemma 7 that

x + he) — DF(x x)?
det (U(x) DF(x + hh) DF( >> = '7(]12) det (DF(x + he) — DF(x))
(624) con(x)? [DF(x + he) — DF(x)|" for a.e. x € Spt(). (77)

h2

Using the identity det(A + B) = det(A) + det(B) + A : Cof(B), where Cof ( M1 ) = < f22 T2 ),
ap1 4 —aip 411

we have

Fx+he x)>+17(x)<DF(x+heh)DF(x)))dx
> LDy ® <F(x+h(;1)—l-"(x)> . Cof (U(x) (DF(x—i—ht;)—DF(x)))

Since det(a ® b) = 0 for any a,b € IR?, the above simplifies to

. /Q Dy(x) & (F(x + heh) - F(x)) - Cof <17(x) (DF(x + heh) — DF(x) ))

+ det (q(x) (DF(erhZ) —DF(x)>) N 78
Using (77), (78) and Holder’s inequality, we have
[ xp RELehe) ZDECOL,
7 % det <;7(x) <DF(x+heh) — DF(x))> "
23 o /0 Dj/(ﬁ)l ‘F(x : hi) ~EO ) ‘ PR }:j)ﬁ_ PR 4 (79)
< S0yl Ao Lip (F) 7 ( [ st LDt DF(X)|4dx> )

, x + he) — x) [ i
- c%v) ( [ (e [DEGx +10) ~ DF(x) dx) ,

where the constant C((), ) depends only on Q) and 1.
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Given B € (0,3), it follows from (79) that

/ |DF X + he) — (x)|4dx
hP h?
1
) 1¢c(Qy) [ [ o|DF(x+he)—DF(x)*, \*
< IR 5 dx (80)
1
Cc(Q,7) 1 DF(x + he) — DF(x)[* , \*
O 1 (] pIDFE ) ~ DR
h2 hT Q h
Note that the above estimate (80) holds for all ¢ € S! and for all 0 < h < .So for 0 < R < we have
ﬂDFX+y) DF(x)[*
dxd
A¥L/ \yﬁ+ﬁ g
1
(80) 1 DF(x + X 4 1
< C(Q,’Y)/ M(/ n(x )2‘ ( y)2+5 PO 4 dy. (81)
Br |yl /O vl

Now by Holder’s inequality

. DF Loy
/BRM;“UQ’“ o2 (x+|yy|)2+ﬁ F(x)| dx) &y

2DF(x +y) - DF(x)[ :
§</BR /3 ) </BR/ |y|2+ﬂ dx“ly> | (#2

AsBe(0,%),lets:=2—(B+3)>0,then B+ % =2— 5. We have

1 R q R s 2w s
/BRWdy—Zn/O ﬁrdr:ZN/()r +clr:TR. (83)
Putting this together with (81)-(82) we have
\DF x+y) - DF(x)[*
dxd
oo > ’
1
(81),(82),(83) 4 1
< C(Q, ) ( ) (/ / |DF x+y)2+ﬁ F)| dxdy) . (84)
Br vl
Thus, noting 6 =2 — (B + %) > 0, we deduce from (84) that
4
/ / w2 DECx +y>2+ﬁDF(x)‘ dxdy < C(Q, 7, B) (85)
B vl

for some constant C((), v, f) depending only on (), v and B. Note that 7(x) = 1 for x € (). Therefore, we
deduce from (85) that

IDF(x +y) — DF(x)[*
/BR/, pa dxdy < C(Q, 7, B).
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It follows that

/V/JDﬂx H;Hdti

IDF DF(w)|* |DF(x) — DF(w)|*
dwd dwdx
/Q’ /BR(X) |x_ |2+F * /Q’ /Q/\BR (x) |x — w|*P

<C(Q,7,B) + W / / /Q/\BR(X) IDF(x) — DF(w)[* dwdx < C.

So this implies DF € W§'4(Q’). Recall that F(x1,xp) = (Re(f(x1 +ix2)),Im (f(x1 +ix2))). Therefore we
have established (24).
Now from (79) we have that for any y € By (0)

S el s e

It follows that

DF — DF(x)|* ~

[ PR ZDEIE 4 < & ). (86)
lyl3

Given 0 < € < 7, integrating the above with respect to y over Be(0) and using the fact that |y| < e for all

y € B¢(0), we obtain
4
LR
Q' JBe(

e2

2+3
4
< // |DF(x +y) — DF(x)| dydx
el I
(86) -
< C(Q’fy)/ o ldy = mC(Q, ).

This establishes (25). O

As a corollary of Theorem 4, we have

Corollary 8. Let QO C R? be a bounded simply-connected domain and u € E(Q), where E(Q) is defined in (22). Then
Vu e WZ)?(Q) forall0 <o < % Further, for any Q) CC Q, there exists a constant C such that

4
/ / [ Vu( x+y2)+4 Vu(x)] dydx < C 87)
/ 6 3

for all € sufficiently small, where the above constant C is independent of €.

Proof of Corollary 8. Since u € E(Q), it follows from Theorem 5 that there exists F, such that

) U 2 15
up (T—uj— 5| wup(1-uy—5
DF, =
u Zu’z1 Zu/z2
_u,l — T u,z J— T

and therefore DF, € K a.e. in ), where the space K is defined in (42). Using (59) we have that
uy=Fi,—F; and up=Fl +F, ae inQ. (88)
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From Theorem 4, we have DF, € Wl‘;f(()) forall ¢ < %, and for any () CC Q,

[DFy(x +y) — DF(x)|*
dyd C 89
/Q’/E(O) yax < (89)

4
c2+4

for some constant C independent of €. It follows from (88) that Vu € Wl‘;’f (Q) forall o < %
By the inequality |A + B|* < 8(]A* + |B|*) we have that

ua(ety) —ua@t 2| (Blalety) — Byt w)) — (Blao) — B[

1 1 4 2 2 4
< 8 Fu,Z(x—i_]/)_Fu,Z(x)) +38 Fu,l(x—i_y)_Fu,l(x)‘
< C|DF,(x+y) — DF,(x)|*. (90)
In the same way we can show that
Jua(x+y) = ua(x)] < C|DFy(x +y) — DEi(x)[". 1)
Thus
4 (90),091) .
[Vu(x+y) = Vu(x)[" <  C|DF,(x+y)— DF,(x)] 92)
for some pure constant C. Finally, putting (89) and (92) together, we immediately obtain (87). O

6. VANISHING OF HARMONIC ENTROPIES

Recall the definition of entropies in (8). We first recall a few lemmas from [De-Mu-Ko-Ot 01].

Lemma 9 ([De-Mu-Ko-Ot 01], Lemma 1). Let ® € C®(R?; IR?) be an entropy. Then there exists a ¥ € C°(R%;R?)
such that

D®(z) +2¥(z) @z s isotropic for all z. (93)
Consequently, we have
1 1
Yi(z) = _ECDLZ(Z) and  ¥y(z) = —ECIDM (2). (94)

Lemma 10 ([De-Mu-Ko-Ot 01], Lemma 2). Let ® € CP(R%R?) and ¥ € C®(R%R?) satisfy (93). Let m €
H'(Q;R?) satisfy
V-m=0 ae inQ.
Then
V.- [®(m)]=Y¥(m)-V (1 - |m\2) a.e. in ). (95)

Lemma 11 ([De-Mu-Ko-Ot 01], Lemma 3). There is a one-to-one correspondence between entropies ® € C*(R?; R?)
and functions ¢ € C*(R?) with ¢(0) = 0 via

D(z) = @(z)z+ (qu(z) ~zl) zt, (96)
where z+ = (—z,2z1) is the anticlockwise rotation of z by %.

Using the above lemmas, we have the following relationship between ¥ and ¢.

Lemma 12. Let ® € CX(IR?;1R?) be an entropy, and Y and ¢ be the functions related to ® through Lemmas 9 and 11,
respectively. Then we have

¥1a(2) Yo (2) = 5V (Ag) = @7)
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Proof. Using formula (96), we have
D15(z) = 22291 (2) + 23912(2) — 21220,22(2),  Po1(2) = 22192(2) + 219 12(2) — 2122911 (2).-
Putting the above into (94), we obtain
z z z z
Y1(z) = —9a(z) - ?Zﬁﬂ,lz(z) + %(pm(z), Ya2(z) = —@p(z) - %@12(,2) + EZ(P,M(Z)-

By direct calculations, we have

3 z z 3 z z
Yi2(z) = *E(P,lz(z) — EZ<P,122(Z) + 314),222(2), ¥51(z) = *E(P,lz(z) - 51<P,112(Z) + EZ<P,111(Z)~

Hence, we have

1 1
¥i2(z) —¥21(2) = 5 (@122 + @111, @112 + 9220) - (—22,21) = 5V (Ag) - 2+
2 2
O

Given a function u € W1'°°(Q), for all € > 0, we denote 1, = u * p., where p. is the standard convolution
kernel supported in B¢(0) C R2. Very often in this paper, we use the following notation

= (Vu)" = (—up,uy). (98)
Then we have
We = (wé,wg) = (—Uep, Ue) - (99)
The main result of this section is the following theorem.

Theorem 13. Let O C R? be a bounded simply-connected domain. Let ® € CP(R%*R?) be an entropy, and ¢ €
C(R?) with ¢(0) = 0 be the smooth function related to ® through (96). In addition, we assume that

V(Ap) -zt =0 forallz € R%. (100)
Then, for all u € E(QY), where E(QY) is defined in (22), we have
v [@(wi)] =0
in the sense of distributions.

Proof of Theorem 13. Given Q' CC Q, let { € C°(Q)') be a test function. Recall w %) (Vu)t = (—us,uy). So

as in Step 6 of the proof of Proposition 3 [De-Ig 15] we have
[ SV - [@(we)] dx

D e¥we) 9 (1 fwel?) dx

le e

= [ eV [#we) (1= we) [ dx = [ 2(x) (1= fwel?) V- [¥ (o). (01

1
Since ¥ (we) (1 - \we|2> Lo, integrating by parts we see that

Ie — 0. (102)
In the following, we show that, under the additional assumption (100), we have
ITe — 0.
Thus, we have
/Q, (w) - vgdx_hm/ ) Vedy = ~lim [ V- [@(we)]¢dx =0,
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from which Theorem 13 will follow.
We will need several lemmas. First, we provide the following lemma, which will be used repeatedly.

Lemma 14. Let Q) be as in Theorem 13 and u € E(Q)). Given Q) CC Q) there exists a constant €9 = €y(Q)') such
that, for all € < ey, and for all v > 4 and g € L"(QY), we have

|t 19 el 81 dx < Cligllrer) (103)

forallm =1,2 and n = 1,2, and for some constant C independent of e.
Consequently, if g; — g in L"(Q), then for any sequence {€;} such that 0 < €; < € for all j, we have

/Q/‘lf|Vu€j|z‘

Proof. Givenr > 4 and g € L"(Q)), by Holder’s inequality, we have

|g—gjldx =0 asj— oo (104)

Ue;
€j,mn

forallm=1,2andn =1,2.

1

i ! I
/ 1= 1P| el 18] dx < (/ 1= 1VueP| el dx> gl (105)
where % l, = 1. Now as in (i) and (ii) of Step 6 of the proof of Proposition 3 [De-Ig 15], we have that

1—|we<x>|2s""j"°“‘2 (e —2) — ()P dz (106)

and ”
p Loo IRZ
[wej(x)] < / |w(x — z) — w(x)|dz, (107)

where recall that we defined the vector fields w and we in (98) and (99), respectively. For the convenience of
the reader, we take the proofs of (106)-(107) in [De-Ig 15] and put them into Lemma 22 in the Appendix.

Note that since r > 4, we have ' < % and, therefore, 377/ < 1. Now arguing very similarly to (iii) of Step 6
of Proposition 3 [De-Ig 15], we have

r /
S 1= 190eP| el ax

(106)<’(107)§,'/(.)/ (]ge |w(x —z) —w(x)] dz) <][ |w(x —z) (x)|dz> " dx
35. . (%6 lw(x —z) —w(x)| clz)r2 (7[ |w(x — z) (x)|4dz) dx

_c (Bew(x—z)— w(x)| dz) dx

RN

(108)

e Jor

/

3
C 4 T
<= —z)— dzd
< (// . |lw(x —z) —w(x)|" dz x)
4 34i (87)
¢ (// [w(x —2) () dzdx) D
(01 € €2+§

Putting (108) into (105), we immediately obtain (103). The estimate (104) is a direct consequence of (103). [

Lemma 15. Let Q be as in Theorem 13 and u € E(Q). Denote w := (Vu)*. Given Q' CC Q, forall { € C®(QY),
we have

| A= el mi@ax =0, [ (1= e, ()i (x)dx 0, (109)
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and
= lwe)) (w2, (x) + wla(x)) E(x)dx — 0
ase — 0.

Proof. Given a smooth function v, by direct calculations, we have

5
V- [Eepe, 0] e (011 —v22) (1 - |Vv|2)

and
6
V- [Zee,7] © 201 (1 - |VU|2) .
Recall the definition of w, in (99). In particular, we have

wl,l = —Ue12, w?,z = Ue12/ wé,l + wéz = Ue,11 — Ue22-
Thus, using (99), (112) and (113), we have

/Q’ (1 B \we(x)|2) wél?J(x)g(x)dx( _/, <1 - |Vu€( )| )”612( gdx

6),(112) 1 2ug 2u?
i ol ol e
2 2

:% N (m (1 ”€2> ( e, )) -V dx.

Since u € W*(Q), it follows from (114) and (15) that

// (l B |w€(x)|2) we,1 (x)¢ (x)dx

114) 1 2u? 2u 1 e
SR (”’2 (l‘:f)’”'l (1‘51))'%“:2/0,2&62 0 Veix £ o

Similarly, as wg » = Ue12, we have

99)(113)

[, (1= [we)P) w2o(x)g(x)dx — 0.
Next, using (99), (111) and (113), we have

/Q/ (1= fwe(@)?) (w21 (x) + wla(x)) g(x)dx
(99)(113) /Q/ (1 B |Vue(x)|2> (e (x

X) — e,
2 2
(5),(111) 1 u ug,
= E o v . (Merl <1 - Mglz 7; > ’ 71/15,2 (1 - ugrl - 7; >> g dx.

By (15) and the same arguments as in (115), we conclude (110).

23

(110)

(111)

(112)

(113)

(114)

(115)

O

Lemma 16. Let Q) be as in Theorem 13 and u € E(Q). Denote w := (Vu)*. Given Q' CC Qand any F € C®(R?),

we have
// (1—|we| ) we y, (F(w) — F(ws))dx =0 ased — 0

forallm=1,2and n = 1,2. As a consequence, we have

/Q/ (1= e ) wl, (F(we) = Flaws))dx — 0 as€,6 0.

(116)

(117)
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Proof. First, it is clear that by applying Lemma 14, we have
2
//(1 = [we(0)[7) (E(w(x)) — F(ws(x))) we,y (x)dx

<sup|DF| | (1 [we(x) 1) [ (x) | [e0(x) = ws(x)| dx

R2 (118)
(103)
< Csup |DF| [[w — ws |7 (c)
IRZ
for all ¥ > 4. Now as w € L*(Q)) C L"(Q)) so ws Yy, Applying this to (118), equation (116) follows.
To show (117), we write
[ (1= lwe?) i (Flawe) = F(wy)) dx
= [ (1= lwel) ity (Flwe) = Fw)) e+ [ (1= e ?) ety (F(ew) = E(w;)) d.

By applying (116) to the above two terms on the right side, we obtain (117). g

Lemma 17. Let Q be as in Theorem 13 and u € E(Q). Denote w := (Vu)*. Given Q' CC Q, for any F € C®(R?)
and any { € C®(Q)), We have

[, (1= e()?) wky (1) F(awe(x))g(x)dx = 0, (119)
[ (1= e ()P wla(x) Fwe ()5 (x)dx = 0, (120)
and
I, (1= wel2) (w2 +wls) Fwe(x)2(x)dx — 0 (121)
ase — 0.

Proof. We write
[, (1= e ()P Fwe (o))l (x) ()
= [, (1= e (@) P) F(ws(x)ly (0 (v)ax
[ (1= o)) (e () = Flaws(x))) wdy ()5 (),

where ws = ps * w. It follows from Lemma 15 (109) that, for any fixed 6 > 0,
/(.2/(1 - |we(x)|2)F(W5(x))will(x)g(x)dx —0 ase—0. (122)
On the other hand, we obtain from Lemma 16 that
/Q/(l — we(x)]?) (F(we(x)) — F(ws(x))) wél(x)é(x)dx —0 ased—0. (123)

Given a > 0, it follows from (123) that there exist dy = dp(«), €9 = €o(a) > 0 sufficiently small such that,
for all € < €y, we have

[0 o) P (Flae(x)) — Euwgy (x))) el ()G ()| < & (124)
By (122), there exists €1 (= €1(a)) such that, for all € < €1, we have
[ (= e () P (g, ()0l (x)C (x)dx| < 5. (125)
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Define €, := min{ey, €1 }. Combining (124), (125), we have that, for all € < €,

[, (1 ) Pl ()t (1 )| < . (126)
This implies (119). The estimates (120) and (121) follow exactly the same lines. ]
Proof of Theorem 13 completed. Now we return to (101). We have
e = [ (1= lweP) [Fia(e)wly + ¥ia(wewd; + ¥oa(w)wls + Yaa(wewd (wdv.  (127)
By Lemma 17 (119)-(120), we have
/Q/ (1 - |w€\2) [‘Pl,l (we)wg,l + ‘Yz,z(we)wg,z} {(x)dx - 0ase — 0. (128)

By Lemma 12, the assumption (100) implies ¥ »(we) = ¥21(we). Therefore, we have

|, (1= wel?) [¥1awed, + agwe)wls] cdx = | (1 fwel?) ¥ra(we) (w2 +wls) Cx)dx. (129

Now applying Lemma 17 (121) to (129) implies that

/Q/ (1 - |we\2> [‘I’lrz(we)wél + ‘Fz,1(we)wé2} {(x)dx - 0ase — 0. (130)
Finally, putting (128) and (130) into (127), we obtain Il — 0 as € — 0. This together with (101) and (102)
completes the proof of Theorem 13. O

7. VANISHING OF THE SPECIAL ENTROPIES

Given ¢ € S, recall the definition of the function ®¢ in (28). The main result of this section is the following
theorem.

Theorem 18. Let Q) C IR? be a bounded simply-connected domain and u € E(Q)), where E(Q) is defined in (22). Then
for every & € S\ {e1, —ey, ez, —e2}, we have that

V- [®%(w)] =0 in the sense of distributions, (131)
where w(x) = (—uy(x),u1(x)).
We first recall the following lemma from [De-Mu-Ko-Ot 01].

Lemma 19 ([De-Mu-Ko-Ot 01], Lemma 4). For a fixed & € S', the map ®¢ defined in (28) is a generalized entropy
in the sense that there exists a sequence {®y }y 0 of entropies in C°(R%;R?) such that

{®y(z) }v—co is bounded uniformly for bounded z,
@, (z) — D°(z) for all z. (132)

For the convenience of the reader, we include the proof of Lemma 19 in the Appendix. Now we provide
the proof of Theorem 18.

Proof of Theorem 18. Given & € S\ {e1, —ey, €2, —€2}, we may approximate ®¢ by smooth entropies ®f as in
Lemma 19. We prove that

V - [@(w)] = 0 in the sense of distributions
for all k sufficiently large. As a result, we have (131).

As can be understood from the proof of Theorem 13, by virtue of Lemma 17 the only thing we need to
show is

/Q / (1 - |w€|2> [‘Y’l"z(we)wgll + ‘ygl(we)wgz} Zdx — 0, (133)
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where the function ¥* is related to ®* through Lemma 9 and { € C®°(QY) is any test function. Let us write

[, (1= lweP) [ p(we)a?, + 9 weyly] cdx

Wi, (we) +¥5 1 (we)
= /Q/ (1 - |we|2> ; : (wgl + w§2> Cdx

2

‘I”l‘z(we) — ‘P’él(we)
+ /Q, (1 — |we|2) . 5 , (wgl — wb) Zdx.

We deduce from Lemma 17 (121) that

YE(we) + ¥, (we)
. 2 2 1 12\7¢€ 2,1\7"€
/Q / (1 || ) (we,l + w(_ﬂ) 5 Zdx >0 ase— 0. (134)
In the following, we show
¥ o (we) — ¥5 4 (we)
/Q, (1 - \we|2> - 5 (wgl - wgz) dx -0 ase—0. (135)

V(A(,pk)-zL
4

Let us denote y*(z) = , where the function ¢ is related to ®* through Lemma 11. Using this

new function l[)k and the calculation (97), we write

/Q, (1 _ |w€|2) Tlf,z(we) ;‘P’é/l(wG) (w§1 B wlz) Cdx

(136)
= [ (1= weP) ) (w2) —wl) cx+ [ (1= fwel?) (94 (we) = ¥ (@) (w2, —why) g
Recall the definition of we in (99). For the above first term, we further write
(1= e) ) (w2 = wh,) ax
= | (1= 1Vuel) () (e + nez2) Gt 137)
- _ 2\ ik Ue,12 _ _ 2 Pk (w)
= /Q’ (1 [Vie| ) ¥ (w) (ue,ll +Uepr + u/lu,2> ddx /Q, (1 |Vie| ) Ue12 11l gdx
In the following, we will establish
| (1= Te) (#(we) = ¢ (@) ) (w21 = wka) cax =0, (139)
u
/Q / (1 - |Vu€|2> ¥k (w) (uan e + u;lf ) Zdx — 0, (139)
and )
/ (1-1Vuc?) L CO P R (140)
o Uiup

as € — 0, respectively. Putting (136)-(140) together, we obtain (135), which together with (134) gives us (133).
This will conclude the proof of the theorem.

First note (138) follows as a direct consequence of Lemma 16. Equations (139), (140) will be established in
the following two lemmas. g

Lemma 20. We have for sufficiently large k

k
/ , (1 — \Vu€|2) uelulfll(;uz) fdx —0ase — 0. (141)
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k
Proof. A key observation in the proof is that, for k sufficiently large, x* := i](ﬂ is an L* function. Indeed, we

use smooth entropies ® to approximate the entropy ®¢ in the way that is given in the proof of Lemma 19 in
the Appendix. In particular, for k sufficiently large, the function ¢ satisfies D?¢* = 0 outside a sufficiently

small neighborhood of the line z - & = 0 inside the ball B;(0). Consequently, on S', ¢*(z) = w is
supported in a sufficiently small neighborhood of the points z - ¢ = 0 with |z] = 1. Since we have chosen
& € S! to be such that & is not parallel to the axes, for k sufficiently large, the support of ¢*(z) on S! is
bounded away from the axes. Indeed, let & > 0 denote the distance between the support of * on S! and the

axes. Then, either |u;| < & for some i = 1,2, so ¢*(w) = 0, or u1| > & and |uy| > &, so |x| < %.
Therefore, for all x € Q such that |Vu(x)| = 1, we have x*(x) < C; for some constant C; depending only on
@F. Since |Vu| = 1 a.e. in O, we have x* € L®(Q).

In particular, we have x* € L*(Q). Let { X;j} be a sequence of smooth functions such that

Xj— A in L*(Q).

Then we have

*(w)
Jo (1= 19eF) uelulfl,l;l;@dx (142)

_ 2 2 k
= /Q’ (1 — |Vuc| ) ue,lZngdx + /(.), (1 — [Vuel ) Ue,12 (X - Xj) gdx.
It follows from Lemma 14 that
' 2 k .
./Q/ (1 — | Vue| ) Ue 12 ()( - )(]-) gdx -0 ase—0,j— oo. (143)

On the other hand, we have x;i € C°(Q)'). It follows from Lemma 15 (noting the relationship between w
and u, as in (99)) that

/ (1 - |Vue\2) Ue12XjGdx — 0 ase — 0. (144)
Q/

Putting (142)-(144) together and using arguments similar to those in (124)-(126), we obtain (141). ]

Lemma 21. We have

/Q, (1 - |Vu€|2) P (w) (Me,n +Uepn + ;i:fz) gdx — 0ase — 0.
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Proof. Recall that we defined x* := P L*®(Q)). We write

u,] u/2

u
/Q’ (1 a |Vu€|2) ¢ (w) (Me,u + e + u€12> gdx

AU2
Xk
K(w)
w
:/ (1 - IVue|2> (uqup (Ue11 + Uepn) + Ue2) P (w) Cdx
“ Ui
- 11

= oy (1 - |Vue|2) (uethen (e + tenn) + Ue1n) X<Cdx + /Q/ (1 - |Vu€|2) (e 11 + ) (Mg — Ueqtien) X Cdx
I

2
= (1 — |Vu€|2) (ueﬂue,z (te11 + tenn) + \Vu€|2u€,12) xFedx +/ (1 — |Vu€|2) uellzxkgdx
o o
1

- /Q/ (1 - |V”e|2) (tte11 + the ) (U1t — e tie ) X Gdx .

(145)
First, we have (noting |Vu| =1 a.e.)
2 3
[ (0= 19ue?) wepn'cd = [ (192 = |VueP) (1= [Fuel) ngand gax. (146)
o Jor
Since |Vue| < 1and |Vu| = 1, and ¥ € L®(Q), we have
‘/ (1P = 1VueP) (1= [Vue) nuanax| < C [ [Vu= Vel (1= Vuel?) uealdx.  (147)
o Jor
Since ||Vu — V| sy = || — Wel| 14y = 0, we deduce from (147) and Lemma 14 that
/ <\Vu|2 — |Vu5|2) (1 - |Vu€|2) Ue 12X Cdx =0 ase — 0. (148)
Q/
Combining (146) with (148), we obtain
2)? k
/, (1 — |Vue| ) Ue1pX ¢dx =0 ase—0. (149)
For the last term in (145), since |[w — we || r () — O forall p > 1, itis clear that [[u 11 — uc1tiep | 4y — O-
It follows from the fact that x*¢ € L*(Q) and Lemma 14 again that
/Q, (1 — \Vu€|2) (Ueq1 + Uenn) (Ul — Ue1lle ) Xtdx -0 ase— 0. (150)

Finally, we look at the first term in (145). Following the arguments in Lemma 20, we choose a sequence of
smooth functions {x;} such that

Xj— A in L4(Q).

Note that we have |u¢qucp| <1 and |Vue| < 1. Therefore, we have

“/Q’ (1 - |vue|2) (”e,l”e,Z (ue,ll + ”6,22) + |vu€‘2ue,12) (Xk - Xf) Gdx

= /Q, (1 - \Vue|2) (luean| + [ue2| + |ue12]) ’Xk - X]-‘ || dx.
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Let « > 0. By Lemma 14 there exists some jy € IN such that

‘/ﬂ/ (1 — |Vue|2> (ue,lue,Z (e + te22) + |V”e|2”e,12) (Xk - Xf) Gdx

< % foralle € (0,e9),7 > jo (151)

where € is the small constant as in Lemma 14.

Using the harmonic polynomial §(z) = 22 — z3 and the formula (96), we obtain ®(z) = (23 + 32123, 32325 —
z3). Let 7 € CP(IR?) be a cut-off function such that 7 = 1 on B,(0) and define ¢ := ¢n € C*®(RR?). Let ® be
the entropy obtained from the function ¢ through formula (96). As noted in Lemma 11, & is an entropy in
the sense of (8) and hence we can apply Lemma 9. Since ¢ = @ on B,(0), we have ® = ® on B,(0). Since
lw| =1 ae. and |we| < 1, we see that ®(w) = ®(w) for a.e. x € Q and ®(we) = d(w,) for all x € Q. By
direct calculations, we have

V- [®(we)] =V- (—”g,z — 3u€,2u62.,1, —3u§/2u6,1 — ”g,l)
=—6 (ue,lue,z (ue,ll + ue,22) + ‘Vu€|2ue,12) .

Let us apply (101) to our particular entropy &:

/(.)/ (1 o |Vu€|2> (ue,lue,Z (ue,ll + ue,22) + |vue|2ue,12) ongdx

1
= ¢ |, (1= 1wel?) 3V - [@(we)] dx
©) 1 o 12) w _ 2
22 (1 |we] )oné‘l’(we) v(1 e )dx (152)
__1 , 2)?
1 o Xjo0¥ (we) - V (1 — |we] ) dx

=53 f eV [‘P(we) (1- !wel2ﬂ xt g5 [, 20 (1 ) 9 [ree)] d,

where ¥ € C®(IR%;R?) is related to the particular entropy @ via Lemma 9. Tt is clear that {sup [¥(w.)|} is
uniformly bounded. It follows from integration by parts that

2
/Q/ XV - [‘I’(we) (1 — \we|2) } dx -0 ase—0. (153)
Now we write out the other term in (152)
g 2
2
o xd (1= wel?) V- (¥ (we)] dx

2\2 1 2 1 2 (159
= /Q/ XjoC (1 — |we] ) [‘I’Ll(we)we,l +Y12(we)wg | + Vo1 (we)we —l—‘I’z,z(we)we,Z} dx.

For all m,n € {1,2}, using |w| = 1 a.e., we have

2
/Q/ XjoG (1 — |w€\2) ‘-I’m,n(we)w’g,mdx = /Q/ XjoC (|w|2 — |w€\2) (1 — \we|2) ‘I’m,n(we)wgmdx. (155)
Since ||w — we||4(qyy — 0 and {sup [¥,n(we)|} is uniformly bounded, an application of Lemma 14 yields
/Q/ Xio$ (|ZU|2 _ |w€‘2) (1 - ‘w€|2) Yonn (we)wy ,dx < C(/Q/ |w — we| (1 - \w€|2) wy dx — 0. (156)
Putting (155)-(156) together, we obtain

2\?2 "
/Q’ X](]g (1 - |w€| ) ‘Ym,n(we)we’mdx — 0.



30 ANDREW LORENT, GUANYING PENG
Taking the sum over all m, n, we deduce from (154) that
2
/Q, X0l (1= [we?)" - [¥(we) dx — 0. (157)
Combining (157) with (153) and (152), we have
/Q, (1 - \Vue|2) (ue,lue,z (U1 4 Ueo) + |Vue|2ue,12> Xjo¢dx — 0 as e — 0.
So there exists some €1 € (0, ) such that

/Q, (1 - |Vug|2) (ue,luaz (Ueq1 + Uepn) + |Vu€\2u€,12) XjoGdx < % forany € € (0,€1) . (158)

Inequality (158) together with (151) yield

< waforanye € (0,€).

/Q, (1 - \Vue|2) (ue,lue,z (te11 + Uea) + |Vue!2ue,12> X gdx

As this is true for any & > 0 we have shown

/Q/ (1 - |V”€|2) (”6,1”6,2 (”6,11 +Uep) + ‘v“e|2ue,12) ngdx —0ase—0. (159)

Finally, putting (149), (150) and (159) into (145) concludes the proof of Lemma 21. O

8. PROOF OoF THEOREM 3

By Theorem 18, (131) we have that
V- [Cbg (VML)} = 0 distributionally in Q), for any & € S'\ {e1, —ey,e2, —e2}. (160)

As explained in the sketch of the proof, we could carry out the the argument that establishes (160) for a
coordinate axis {€1,€2} (see (4)) and this gives (160) for all & € S'\ {€;, —€1,€2, —€2} and hence (160) holds

for any ¢ € S.

Now defining w(x) = Vu(x)* we have that ®¢ (Vu(x)*') = Zx (x,&) for a.e. x € Q and so

0=V [0f (V)] = V- [ex (&) =& Vi (-§) in D'(Q)

and thus applying Theorem 1 we have that Vu is locally Lipschitz outside a locally finite set of points.

It has been observed in [Ig 12] that the results of [Ja-Ot-Pe 02] imply that under the hypothesis of Theorem
1, if O CC Q is a convex neighborhood of a point { € S (where w= Vu-" is locally Lipschitz outside of S)
then there exists « € {1, —1} such that

z-0)"

vE =g

Since we have shown that w satisfies (12), this implies (16). For the convenience of the reader, we note that
(161) follows from the results of [Ja-Ot-Pe 02] in the following way. Firstly by Lemma 5.1 [Ja-Ot-Pe 02] for
any xg,yo € O that are Lebegue points of w we have

forany z € O. (161)

lw(x0) — aw(yo)| < M for some & € {1,—1}, (162)
where d = dist(O,0Q) > 0. In the proof of Theorem 1.3 (that follows the proof of Lemma 5.1) the estimate

(162) is strengthened in that it is shown that « = 1. Thus w is %—Lipschitz in O. This contradicts the fact that
¢ € O and hence (161) follows. O
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9. APPENDIX: SOME AUXILIARY RESULTS

We have used in a fundamental way a couple of estimates from [De-Ig 15], these in turns were inspired by
a commutator estimate of Constantin, E, Titi [Co-E-Ti 94]. For convenience of the reader we repeat the proof
from [De-Ig 15].

Lemma 22 ([De-Ig 15]). Let Q C R? be a bounded domain and w € L3(Q;R?) satisfy |w| = 1 a.e. in Q. Given
Q' cc Q, let v == dist(QY,0Q) > 0. Then, for all x € Y and 0 < € < vy, denoting we = w * pe, we have

1= e )P < 220 [ o —2) - w()Pas, (163)
and
IVplle
e(x)] < EE [ e —2) —w(o)] . (164)

Proof. First, for x € () and for 0 < € < 7, using |w| = 1 a.e., we have
1— we(x)[* = [w]? * pe (%) — [w * pe

_ /R w(x — 2)|? pe(z)dz

- (/]1;2 w(x — z)pe(z)dz) : (/}RZ w(x — y)Pe(y)dy>
o /]RZ w(x —z) (w(x —z) —w(x —y)) pe(z)pe(y)dzdy
z=yyi=z %/}Rz /}Rz lw(x —z) — w(x — y)|? pe(2)pe (v)dzdy

< 2/]R2 lw(x — z) — w(x)|? pe(z)dz

< 2||P!L°°
€ B.

e

<

lw(x —z) — w(x)[* dz.

This establishes (163).

To show (164), note that | B, ajp(g)dz =0 for j = 1,2. Therefore, we have
1
3

|8jw€(x)| = |w*ajpe(x)| = 7/3 W(x—z)ajp(g)dz

€

- e%/ (w(x —z) —w(x)) ajP(g)dz
R P

O

Lemma 23. Let QO C IR? be a bounded simply-connected domain and v € L®(Q;R?) be such that curlv = 0 weakly.
Then there exists some potential f € WV (Q) such that Vf = v a.e. on Q.

Proof of Lemma 23. We follow some of the ideas in the proof of Theorem 2.9 in [Gi-Ra 86]. The proof goes in
two steps.
Step 1. We can find a sequence {();} of open simply-connected sets with the following properties:

1) Qp cc Q;
(2) O C Opy1;
3) Ur Q= Q.
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Proof of Step 1. Define Oy := {x € Q : dist(x,0Q) > 27¥}. We start with some kg sufficiently large such
that Oy, is nonempty. Define () to be any connected component of Oy,. For all k > ko, define () to be
the connected component of Oy that contains (). It is clear that the sequence {()}>, satisfies (1) and

(2). To see (3), we claim that for any k1 > ko, O, C () for all k sufficiently large. Indeed, let {O] }m be
the connected components of O,. Without loss of generality, assume Ol = le For each j = 1 2,..,m,

we fix a point a; € O . Since () is connected, we can find continuous paths 71 C Q) connecting a7 and 4;
forj =2,3,..,m. Denote (Sj = dist(’y{,&()) > 0, and let T] be a tubular neighborhood of 'yji of size ﬁ for
j=2,3,..,m. Now denote &, := min{(5~} > 0. It is clear that Oy, U ( =2 T]) C Q) is connected, and for any

x € Oy, U (U] ’ ]) dist(x,9Q) > min{2~ kl } Therefore Oy, U (U] 0y ]) C Oy for k sulfficiently large.

Since O, U (szz ]-> is connected and (), C Oy, by definition of (), we have O, U (U] 2 T]> C (. Since
Q = J Oy, it follows that (3) is satisfied.

Now we claim that each () is simply-connected. We argue by contradiction. Suppose () is not simply-
connected for some k. Then we can find some closed curve I' C () such that there exists x € Int(I') N (O )°.
By the definition of Oy, we have dist(x,9Q) < 27, Let y € 9Q be such that |x — y| = dist(x,dQ), and let z be
the intersection of T with the line segment joining x and y. Then clearly we have |z — y|<|x —y| < 27F. On
the other hand, since z € T C (), we have |z — y| > dist(z,0Q) > 27. This is a contradiction. It follows that
Q) is simply-connected.

Step 2: proof of Lemma completed. Without loss of generality we can assume 0 € () for all k. For any

€ (O,Z_k ), Ve = U * pe is such that curlo, = 0 on (). Since () is simply-connected, there exists fe such that
Vfe = ve on () and f¢(0) = 0. Now take some sequence €, — 0. By basic properties of convolutions, we

know Vfe, —(>))Uasn—>oo foralll < p < oo.

Since v € L*((); R?), we have ||v¢|leo < ||7]|co, and hence {fe, } is a sequence of equicontinuous functions
on Qk with fe,(0) = 0. It follows from the Arzela-Ascoli Theorem that for some subsequence (not relabeled)

fe,, % fk for some Lipschitz function f; with f;(0) = 0. Therefore V fy = v a.e. on ().
We claim
fi=fron Oy foralll > k. (165)

Indeed, the equation (165) follows from the facts that f; — fj is Lipschitz and f;(0) = f;(0) and V(f; — fx) =0
a.e. on (). Thus by (165) we can define

fi(x) on(y
f2(x) on Qz
flx) =
fr(x)  on Q)
And finally Vf = v a.e. on Q). O

Finally, we provide the proof of Lemma 19.

Proof of Lemma 19. We mostly follow the proof of Lemma 4 in [De-Mu-Ko-Ot 01]. Let us consider the function

@ defined by
z- forz-¢ >0,
plz)=1%¢ :
0 forz-¢ <0,
and the map F given by

)¢ forz-¢ >0,
F(Z>{0 forz-¢ <0.
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Note that F is the gradient of ¢ whenever ¢ is differentiable.
Now we construct a sequence { @y }x in C¥(IR?) such that

{(¢x(z), Voi(z)) }x is bounded uniformly for bounded z, (166)
(9x(2), Voi(2)) “=° (@(2), F(z)) forall z, (167)

Here we use an approximation that was used by the first author in [Lo 14] to make the proof more transparent
than that in [De-Mu-Ko-Ot 01]. Clearly there exists a monotone smooth function sy : R — R such that
so(x) = 0 for x < 0 and s9(x) = x for x > 1. Given k € N*, define s;(x) := {so(kx). It is easy to check that
sk is a smooth function satisfying

{(sk(x),s(x))} is bounded uniformly for bounded x, (168)
(s(x), 54 (x)) *=° (s(x), f(x)) forall x, (169)
where
x forx >0,
s(x) =
0 forx <0,
and
1 forx>0,

o

for x <0.

Now we define ¢y (z) = si(z - &) xx, where xj € C°(IR?) satisfies Spt(xx) CC Biy1(0) and xx = 1 on Bi(0). It
is clear that ¢, € C2°(IR?) and V¢y(z) = s;(z - €)¢ for z € Bi(0). One can check directly that the properties
(168)-(169) for s translate to (166)-(167).

According to Lemma 11,

O(z) = gu(2)z + (Vu(z) -2 ) =+

is an entropy. It is clear that (166) implies that {®y(z)} is bounded uniformly for bounded z. According to
(167),

~ J|z]*¢ forz-g >0,
D (z) = @(z)z + (F(z) .zi) zt = {0 forz-2 <0,

which is (132). O
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