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Abstract

We study a model for rate-dependent gradient plasticity at finite strain based on
the multiplicative decomposition of the strain tensor, and investigate the existence
of global-in-time solutions to the related PDE system. We reveal its underlying
structure as a generalized gradient system, where the driving energy functional is
highly nonconvex and features the geometric nonlinearities related to finite-strain
elasticity as well as the multiplicative decomposition of finite-strain plasticity. More-
over, the dissipation potential depends on the left-invariant plastic rate and thus,
depends on the plastic state variable.

The existence theory is developed for a class of abstract, nonsmooth, and noncon-
vex gradient systems, for which we introduce suitable notions of solutions, namely
energy-dissipation-balance (EDB) and energy-dissipation-inequality (EDI) solutions.
Hence, we resort to the toolbox of the direct method of the calculus of variations to
check that the specific energy and dissipation functionals for our viscoplastic models
comply with the conditions of the general theory.

1 Introduction

This paper is focused on the analysis of a model for elastoplasticity at finite strain in a
bounded body Q C RY. Its elastic behavior is described by the deformation ¢ :  — R%.
The ansatz at the core of finite-strain elastoplasticity, see [LeeG9], is the multiplicative
decomposition of the deformation gradient into an elastic and a plastic part, namely

Vi = Fakby = FaP, (1.1)
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which reflects the composition of elastic and plastic deformations. While the elastic part
contributes to energy storage and is governed by an equilibrium equation, the plastic
tensor P evolves by a plastic flow rule.

The multiplicative decomposition leads to significant geometric nonlinearities in
the energy functional J = (¢, p, P) driving the evolution of the elastoplastic process.
Nonetheless, such nonlinearities are compatible with polyconvezity of the energy density.
In fact, the theory of polyconvex materials, dating back to [Bal77], has provided the
analytical toolbox to handle elastostatics at finite strain. In particular, for the analysis
of static microstructures in elastoplasticity we refer to, e.g., [MiA91, [OrR99, (ORS00,
CHMO02l, Mie03al, [CoT05l [CoO05].

A fundamental step towards the analysis of the evolution of finite-strain elastoplas-
tic materials was made in [OrS99|: therein it was pointed out that evolutionary elasto-
plastic models can be discretized by time-incremental problems that can be written as
minimization problems for the sum of the dissipated and of the stored energy. This ob-
servation was mathematically formalized in [Mie03b] and forms the basis of the analysis
in [MiMO06, MaMO09, [HHEM12], where the flow rule for the plastic tensor was considered
rate-independent, i.e. driven by a dissipation potential that is positively homogenous of
degree 1. In this context, the existence of (global) energetic solutions was proved by
passing to the limit in a time-discretization scheme in the spirit of [OrS99]. In fact, the
analysis developed in [ExMO06], [MaMO09, MiR15a] shows that this solution concept for rate-
independent processes is markedly suited to the geometric nonlinearities in finite-strain
elastoplasticity. Essentially, its intrinsic variational character allows for the successful ap-
plication of the direct methods in the calculus of variations also in the evolutionary case.
Other mathematical results for energetic solutions of rate-independent material models
at finite strain include crack propagation and brittle fracture, see [KZMI0} [Dal.10].

In this paper we consider finite-strain elastoplasticity as a rate-dependent process, i.e.
involving a dissipation potential with superlinear growth at infinity. A natural choice
is of course given by a quadratic dissipation potential, leading to a classical gradient
flow. In fact, our analysis builds on the by now well-established wvariational theory for
gradient flows, see [Amb95| [AGS05|, and generalized gradient systems [RMS08, MRS13],
which are characterized by nonquadratic dissipation potentials. In particular, along the
footsteps of [MRS13] we will address two (intrinsically variational) solution concepts for
the elastoplastic system, based on a suitable energy-dissipation inequality, which holds as
an equality in the case of the strongest notion. Accordingly, we will obtain two distinct
existence results.

Before illustrating our analysis more in detail, let us gain further insight into the
features of the elastoplastic model under investigation, and in particular into the highly
nonlinear driving energy.

1.1 Modeling of viscoplasticity

The elastoplastic evolution of the body € is described by two variables. The deformation
¢ : 2 — R? is a mapping such that for almost all x € Q the gradient Vi (x) exists and
belongs to the general linear group GL* (d) of (dxd)-matrices with positive determinant.



Following the theory of generalized standard materials [HaN75, Mau92), [Fré02], we consider
the plastic tensor P := Fy,; € P C GL*(d), cf. (L.1), as an internal variable, modeling the
internal state of the body. As such it is a macroscopic variable (we do not resolve the
atomistic length), which is assumed to be generated by movements of dislocations, and
maps the material frame (i.e. the crystallographic lattice) onto itself.

The evolution is governed by two principles:

Energy storage via a time-dependent Gibbs’ free energy J(¢, ¢, P) and
Energy dissipation via a dissipation potential \Tl(go, P, ¢, P).

We assume that inertial effects can be ignored (quasistatic approximation) such that the
equations of interest take the abstract variational form

0=DyW(p, P, ¢, P)+ DIt o, P), (1.2a)
0 € 9pU(p, P, ¢, P) + DpI(t, o, P). (1.2b)

Here all derivatives should be taken as variational derivatives, and since J and U depend,
except for potential external loadings, on the gradients V¢ and V¢, the first equation
has the usual divergence form, i.e. D¢\/I\f contains the divergence of the viscous
stresses while D,J contains the divergence of the elastic stress tensor, see e.g. [MaH94,
Ant95, MOS14]. Hence, provides the balance of linear momentum, whereas
contains the plastic flow rule. The term D pJ contains the plastic backstress and the convex
subdifferential 815@ contains the viscoplastic stresses; in particular for P = 0 it features
the yield stress. We refer to [Miell] for general modeling background, even including a
thermodynamically consistent modeling of temperature effects.

The theory of viscoelasticity at finite strain is notoriusly difficult and it seems that
the present mathematical tools are not sufficient to provide sufficiently strong solutions in
the multidimensional, truly geometrically invariant case, see the discussion in [MOS14].
Hence, we will neglect viscous effects subsequently by using the dissipation potential
(I\/(go, P, ¢, P) = \IIP(P), which leads to a static equation for the displacement . This
gives us the opportunity to replace the stationarity condition D,J(t, ¢, P) = 0 by the
global minimality

o(t) € Argmin{J(t,p, P(t)) : o€ F}. (1.3)

Thus, the starting point of our analysis is the system and for the pair (¢, P) :

[0,7] - F x X. However, the differential inclusion has be replaced by a slightly

weaker notion of solution, which we will call EDI solution or EDB solutions, see below.
The stored energy J and the dissipation potential ¥ take the form

ﬂm%m:/wmvmmmmvmmw—ww@
@ ‘ (1.4)

and Up(P) = /QIR(JZ,P(QZ),P(x))dx,

where ¢ is a sufficiently smooth time-dependent loading, see (3.1)). For a given Banach
space X, we continue to use (-,-)y for the dual pairing on X* x X.



The energy density W and the pointwise dissipation potential R feature geometric
nonlinearities arising from frame indifference, non-self-interpenetration, and the Lie group
structure of finite strains like the multiplicative decomposition . More precisely, this
is reflected in a series of invariance principles for the energy density W and R. First of
all, we assume that W is given by the sum of an elastic part and of a part encompassing
hardening and regularizing (through the gradient of the plastic variable) terms, i.e.

W(z, Ve, P,VP) = Wal(z,V, P)+ H(z, P,VP). (1.5)

Following [MaH94l, [Ant95l [Mie03b], the elastic part W, has to satisfy spatial frame
indifference (or objectivity), namely

Wal(z, QVe, P) = Wq(x, Vo, P) for all Q € SO(d), (1.6a)

i.e. invariance with respect to rotations acting from the left, which is compatible with
polyconvexity together with the condition that We (V) = oo for det(Vy) < 0, and
Wa (V) — oo for det(Ve) | 0.

In addition, we postulate for We; and R plastic indifference (cf. [MieO3b]), namely

We(z, VP, PP) = Wa(z, Vo, P), R(x,PP,PP)=R(z,P,P) for Pe®P. (1.6b)
This axiom implies that both Wg and R can be written in reduced form as
Wal(z, Vo, P) = W(z,VoP™),  R(z,P,P) = R(z, PP7"). (1.7)

These multiplicative structures give rise to strong geometric nonlinearities. This is
easily seen when writing the PDE system induced by (1.3 and (1.2b)) explicitly, namely

©(t) € Argmin {/Q W (z,Vo(x)P l(t,x))dz — (L(t),p) : € 97} : (1.8a)

OR(z, PPHYP T + (VP ™)) DpW(z, VP )P T

1.8b
+DpH(P,VP) —div (DypH(P,VP)) =0, (1.80)

where J denotes the set of admissible deformations. Clearly, on the formal level
yields solutions to , as the latter is the Euler-Lagrange equation for the minimum
problem in . We refer to [ZR*06], Sec.4] for an engineering application of such a
finite-strain viscoplastic model, where R(V') = oyiea|V| + ¢|V|"2, see also Example [3.5]

1.2 Variational approaches: rate-independent versus
rate-dependent evolution

Variational approaches and formulations are ideal for treating material models involving
finite-strain elasticity and finite-strain plasticity. The reason is that the direct methods
from the calculus of variations rely on the flexible concept of weak lower semicontinuity,
which allows us to circumvent the much too strong convexity methods that are available
for small-strain theories.



A first global existence result for finite-strain elastoplasticity was obtained in [MaM09],
where solvability of was addressed in the case of rate-independent systems, i.e. when
R (and thus R) fulfills R(z, P, A\P) = AR(x, P, P) for every A > 0. Indeed, the authors
proved the existence of (global) energetic solutions to according to the energetic
concept (cf. [MiR15b] for a general exposition), where (¢, P) : [O,T] — J x X has to
satisfy the (global) stability condition and the energy balance (E) for all ¢ € [0,T7:

I(t, o(t), P(t)) < I(t, 3, P) + D(P(t), P) for all (3, P) e F x X, (S)

J(t, ¢(t), P(t)) + Dissp(P; [0, ]) = 3(0, ¢( / 9i)(s,(s), P(s))ds.  (E)

Here D is an extended distance suitably defined from the 1-homogeneous dissipation R,
and Dissp the induced dissipation functional. The most convenient feature of the energetic
formulation via and is that it neither involves the pointwise derivative P of the
plastic tensor, which is only BV as a function of time, nor any differential “DJ” of the
energy J. This is extremely advantageous in view of the highly nonlinear and nonsmooth
character of J(t,-,-) and the fact that (X, D) needs to be treated as a metric space not
relying on a linear Banach space structure.

The present work is devoted to the rate-dependent case, but we still rely on the varia-
tional structure given by and , which form the abstract version of . Our
system is induced by a generalized gradient system (X, &, V) with the reduced energy &
and the state-dependent dissipation potential W given by

&(t, P) :=inf{J(t,p,P) : ¢ €TF} and Up(P) ::/R(PP_I)da:. (1.9)
Q
Then, ([1.8)) can be rewritten as the abstract subdifferential inclusion
0 € AVpu(P(t) +F(t, P(t)) in X* foraa.te (0,T), (1.10)

where the state space X is LP(£; R%*9), and the multivalued operator § : [0, 7] x X = X*
is the marginal subdifferential of € (cf. [MRS13]) defined via

§(t, P) :={DpI(t, ¢, P) : ¢ is a minimizer for (1.9)}.
Denoting by ¥}, the Fenchel-Moreau conjugate U5 (=Z) = sup{ (Z,V) —Up(V) : V €
X } of Up, the celebrated Fenchel equivalence states that
—E€IVp(P) = Up(P)+Uh(-E)=—(Z,P),. (1.11)

Thus, together with the chain rule
d

—E(EP(1) = DE(E P(1) + (20, P() for all Z(t) € §(t, P(1)) for a.a. ¢ € (0,T)

(1.12)
(cf. Section [2| for details, in particular for the treatment of the nonsmoothness of ¢ —
&(t,p) induced by ((1.9))) we see that the pointwise subdifferential inclusion ([1.10]) is equiv-

alent to the energy-dissipation balance

(. P(TY) + [ (Vo (P(0) + Whio (~Z(0)

(EDB) (1.13)

+ /Tate(t,P(t))dt, where Z(t) € §(t, P(t)).

5



EDI DNE

Figure 1.1: Schematic graph of solution concepts

In [Miel6@] this equivalence is called the energy-dissipation principle, which has its origin
in De Giorgi’s theory of curves of maximal slope, cf. [DMT80].

Observe that both energy identities and balance the stored energy & with
the work of the external forces and the dissipated energy. However, features the ad-
ditional dissipative term fOT Uy (—E(r)) dr (which is in fact null in the rate-independent
case), involving the force term =(t) = DpI(t, p(t), P(t)) that needs to be suitably handled.

However, since the conjugate pair (Vp, U%) always satisfies the Young-Fenchel in-
equality ¥p(V) + ¥5(E) > (E2,V) forall V € X and = € X*, it is in fact sufficient to
ask for the estimate “<” in the right-hand side of . Thus, it suffices to replace the
EDB by the weaker energy-dissipation inequality:

( For s =0 and a.a. s € (0,7] and all t € (s,T] we have

(EDI) E(t, P(t)) +/ (‘pr(r)(P(T)) +‘I’?(T)(_E(7’))> dr (1.14)

< &(s,P(s)) + /8,,8(7‘,P(7“))dr, where Z(r) € §(r, P(r)).

\

Assuming that the chain rule holds, an easy application of the Young-Fenchel in-
equality gives the equivalence of EDI and EDB, see Proposition 2.6, However, in situations
where the chain rule does not hold, EDI is strictly weaker. Thus, we can now define three
different types of solutions for P : [0,7] — X.

DNE solution: P satisfies the doubly nonlinear eqn. 0 € d¥p(P) + F(t, P), see (1.10);
EDI solution: P satisfies the EDI ([1.14));
EDB solution: P satisfies the EDB ([1.13)) and the doubly nonlinear eqn. ((1.10)).

The exact form of EDI and EDB solutions are given in Definitions[2.1]and [2.4] respectively;
see Figure for the inclusion relations between the solution types. We will not address
the notion of DNE solutions, which is typically used for evolutionary system formulated
with monotone operators, since our approach involves the variational structure where the
energy and dissipation are crucial to obtain a priori bounds.

1.3 The main results

For the analysis of the gradient system (|1.10), with & and ¥ given by , we will
follow the abstract variational approach from [MRSI3|, which was developed exactly
to treat nonsmooth and nonconvex energies like €. There, following the spirit of the
variational theory for gradient systems in metric spaces, a set of abstract conditions on
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the energy functional € and on the dissipation potential ¥ were derived that guarantee
to the existence of an energy solution (i.e. fulfilling the EDB (L.13)) to (1.10).

While referring for more details to Section [, where the results from [MRSI3] are
recapitulated, let us highlight here the role of the required conditions for (£,F, V) on
coercivity, (lower semi-) continuity, compactness, and closedness. First we need com-
pactness of sublevels of € and continuity of Wp(-) to ensure that the time-incremental
minimization problems

_ p— prl
P € Argmin ( 7V pn1 | ————— ) + E(L, P) (1.15)
PEX T T

with the state space X = LP(£; R¥*4), have solutions for every partition {0 =t < t! <
<tV < Y = T} of [0,T]. Classical arguments from the theory of minimizing

movements, cf. [Amb95, [AGS05] show that the approximate solutions constructed from

(PMN_ satisfy a discrete version of the EDI (1.14). The limit passage 7 | 0 in this

discrete EDI is ensured by the following closedness/continuity property for (€, F):

P, — P in X,
=, == in X*, — Z €5t P)and E(t, B,) — E(t, P). (1.16)
=, €5, P,) forallneN

Hence, the limit P for P,(t) — P(t) satisfies the time-continuous EDI and the
existence of EDI solutions follows, see Theorem 2.7, Moreover, if a suitable version of the
chain rule is available we even have an EDB solution, see Theorem [2.7

In Section |3| the viscoplastic model is described in full detail and and the main
existence result for EDI solutions for the viscoplastic model is stated, see Theo-
rem [3.3] The proof of this result is the content of Section [4] where we check the as-
sumptions of the abstract theory. Compactness of sublevels for the energy functional
€ is provided by hardening and a gradient of plasticity term in [, H(P, VP)dxz with
H(P,A) > C (|P|**+1/(det P)* + |A]%). As in [MaMO09, MiR15a], we require gg > d to
ensure P € Whie(Q; R¥>*) ¢ CO(Q; R¥*9) as well as P~ € CO(Q; R*9), which will play
a crucial role for handling the multiplicative nonlinearities Vo P~ and PP~

The closedness/continuity condition is the most difficult part in the application
to finite-strain plasticity, since the marginal subdifferential

§(t,P) = { — div (DypH (P, VP))+DpH(P,VP)+B(Vp, P) : o minimizes I(t, -, P) }

contains the plastic backstress B(F, P) = (FP~Y)'Dp, W(FP~Y)P~T. For §(t, P,) this
backstress depends nonlinearly on the deformation gradients Vp,,, for which there is only
little control, namely that it is a minimizer. First one can use a multiplicative stress
control for the Mandel stress tensor, namely

|Ea "D, W (2, Fy)| < CW (z, Fy) + C?, (1.17)

which provides an L! bound for B(V,, P,). Second, the weak convergence of this non-
linear quantity is obtained by a technique developed in [DETO05, e.g. Lem. 4.11] that relies
only on the minimization property of ¢, and the lower semicontinuity of I(t, -, ).

7



In fact, the multiplicative stress control condition for the Mandel tensor in and
the related control of the Kirchhoff tensor, namely |0y, W (z, F))Ey"| < OW (x, Fy) + C?
where introduced in [Bal84, [BOP9I] to derive suitable variants of the Euler-Lagrange
equations in finite-strain elasticity with polyconvex energy densities. Applications in
rate-independent processes were developed in [FrMO06, MaMO09, KZM10, [MiR15a], even
to control the power term 9,J(¢, ¢, P) in the case of time-dependent Dirichlet boundary
conditions.

Based on these preparations we are then able to derive the existence of EDI solutions
for the viscoplastic problem , see Theorem

To show that these solutions are even EDB solutions, we need to verify the chain rule
for our application in viscoplasticity. One major point is to gain enough control over
t € Z(t) such that the duality pairing (Z, P), can be manipulated. However, because
of the highly nonconvex character of the energy J, we are lacking individual control of
the backstress contribution Zg(t) := B(V¢(t), P(t)), which is only in L'(; R?¢ and
the hardening-regularizing contribution =y (t) := DpH (P, VP)— div (Dva(P, VP)) of
= = Zp + =g. Ultimately, we are able to prove the chain rule only in the case in
which the duality pairings between P and both contributions =5 and = are well defined
individually, cf. also Remark . So far the validity of is seemingly an open
problem for the energy functional .

In Section [5| we consider a regularized energy &, (¢, P) = min{J,(t,¢,P) : ¢ € J}
with

I(t, ¢, P) =1(t, 0, P) +1 / W (V) dz, where [Wa(Fy)|” < CW(F) + C2.
Q

The new density W provides a purely elastic part that gives higher integrability to Vi
such that the backstress =g, which is given in terms of the Mandel tensor, now lies in
X* = LY (Q;R?9). This construction allows us to establish the chain rule for &,
and all EDI solutions are indeed EDB solutions, see Theorem [5.2]

Finally, in Section [6] we discuss some extensions of our existence results, in particular
to the case of time-dependent Dirichlet loadings.

2 Solution concepts and existence results for gener-
alized gradient systems

As mentioned in the introduction, our approach to the existence theory for the initial
boundary value problem for is based on the study of the abstract generalized gradient
system

0 € OVpu(P(t) +F(t, P(t)) c X* foraa. te(0,T), (2.1)

supplemented with the initial condition
P0)=PF €X, (2.2)

where we assume throughout that X is a separable reflexive Banach space. Moreover, for
€, VU, and § we use the following notions and notations:
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1. The energy functional € : [0,7] x X — (—o00, 00 has proper domain [0, 7] x D, with
D C X, it is bounded from below and lower semicontinuous.

2. The dissipation potential (Up)pep is a Finsler family of non-negative, convex func-
tionals on X, such that for every P € D both ¥p and its conjugate ¥} have
superlinear growth at infinity; then, OWp : X == X* denotes the subdifferential of
Up in the sense of convex analysis.

3. The multivalued mapping § : [0,7] x D = X* is such that for every ¢ € [0,7]] the
mapping F(t,-) : D = X* is a suitable notion of a subdifferential for (¢, -).

In fact, we are going to apply this approach to the reduced energy € : (¢, P) — minJ(t, -, P)
defined by minimizing out the deformation variable ¢ from the original energy J. Even if
J is differentiable with respect to ¢t € [0, 7], the minimization with respect to ¢ leads to
nonsmoothness in ¢, because the functional J(¢,-, P) is nonconvex. Hence, the subdiffer-
ential § of € as well as the time derivative of ¢t — E(t, P) need to be handled carefully by
resorting to suitable surrogates of the differentials of €. In particular, following [MRS13]
we need a coupling of the choice = € §(¢, P) and the time derivative. Thus as a surrogate
of the power 0,€ we define the power functional

P : graph(F) — R Borel-measurable (2.3)

satisfying suitable properties given below. The typical choices for the marginal subdiffer-
ential § and the associated power functional 8 in case of £(t, P) = minJ(¢,-, P) are

F(t, P)={DpI(t,.P) : ¢ € M(t,P)}, where M(¢, P) := ArgminI(¢,-, P), (2.4)
B(t,P,E) =sup{dI(t, 0, P) : ¢ € M(t, P), E=DpI(t,p,P) }. (2.5)

In the abstract setting of Section [2| we will not use this form, but in the application to
viscoplasticity we will show that these definitions satisfy the assumptions —
and f given below.

In what follows, we shall refer to the quintuple (X, €, ¥, §,B) as a generalized gradient
system, which gives rise to the generalized gradient-flow equation . We continue to
use the short-hand W for the dissipation potential (Vp)pep.

Next we will discuss three notions of solutions for (X, &, VU, §,B) and a series of ab-
stract conditions under which it is possible to obtain existence results for such concepts.

2.1 Solution concepts

Our first notion of solution consists of the energy-dissipation inequality (EDI) below.
As it will be clear from the the proof of Theorem ahead, this is the weakest notion
of solution arising in the limit of the Minimizing Movement scheme under the typical
assumptions of lower semicontinuity, coercivity, and closedness on the pair (€, V) in the
variational approach to gradient flows, cf. [DMT80, [Amb95, [AGS05, RoS06, MRS13]. For
our time-dependent situation we will need some extra condition on the power 3.



Definition 2.1 (EDI solution). We say that a function P € AC([0,T];X) is a EDI
solution (i.e. it satisfies the Energy-Dissipation Inequality) to the generalized gradient
system (X, &, W, F,P) if there exist

1. a function & € BV([0,T]) such that

E(t) > E(t, P(t)) for all t € [0,T], and

(2.6)
&(s) = E(s, P(s)) for a.a. s € (0,T) and for s = 0;
2. a function = € L'(0,T; X*) with
E(t) € §(t,P(t)) for a.a. t € (0,7T); (2.7)

such that the energy-dissipation inequality (EDI) holds for all0 < s <t <T

(DY) 6(0)+ [ (Ui (P0)+ 5 (~20) dr < ()4 [ B PO)LEE) dr (29

Remark 2.2. Clearly, from (2.6)) and (2.8) we deduce
t .
&t P) + [ (Vo) (PO)) ¥ (~2(r) ) dr

¢
< (s PO [ BP0 dr
for all't € [0,T], for s =0, and for a.a. s € (0,t).

Furthermore, since the triple (P, =, &) also fulfills the energy-dissipation inequality in the
differential form

E(t) = P(t, P(£),Z(t) < —Tpy(P(t) — Upy(—E(1)) for aa. t € (0,T),  (2.9)

taking into account (2.6|), we infer the distributional inequality

%8(t,P(t))+\pr(t)(P(t))+\I/’;,(t)(—5(t)) < P(t, P(t),2(t)) in 2'(0,T). (2.10)

Remark 2.3 (Brenier’s dissipative solutions). Our notion of EDI solutions is closely
related to the notion of dissipative solutions introduced in [Breld, Sec.5.1]. There the
dual dissipation potential ¥5,(—Z) is estimated from below which leads to the estimate

t
£t PO) + [ (D (P) = (E0).2(0))x ~¥ro () dr
t
< €(0.P0) + | B PE)LEC)
0
which is supposed to hold for a suitable dense set of test functions z : [0,T] — X.

The advantage in [Brel5] is that the difficult pairing (=(r),z(r))y can be treated more
efficiently for good test functions.
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All functions P : [0,7] — X satisfying the differential inclusion are called DNE
solutions, since they solve the doubly nonlinear equation. Note that for EDI solutions,
in general we are not able to establish , while DNE solutions need not fulfill EDI.
We now present the much stronger concept of EDB solutions, which are contained in the
intersection of EDI and DNE solutions, see Figure Indeed we ask that EDI holds as an
equality, namely the abstract Energy-Dissipation Balance (EDB) . In our abstract
nonconvex setting, the validity of the doubly nonlinear differential inclusion and of
the EDB are strongly linked, which justifies our the choice of the following definition.

Definition 2.4 (EDB solution). We say that a function P € AC([0,T]; X) is an EDB
solution to the generalized gradient system (X, &, ¥, F,R) if there exists = € L*(0,T; X*)
such that the pair (P,Z) solves the generalized gradient-flow equation (2.1)), i.e.

=(t) € F(t, P(t)) and 0€ 0Wpu(P(t) +Z(t)  for almost allt € (0,T),  (2.11)

and fulfills, for all0 < s <t < T, the energy-dissipation balance

E(t, P(t)) + (v, (P(r)) + Why (=Z(r)) ) dr
(EDB) /( v o ) (2.12)

= &(s, P(s /mrp LE(r))dr.

Observe that the distributional inequality (2.10) - reformulates as

¥r(Q) ~ Ury(P(0) 2 [ (-E(0).Q)x do+ E(t P) ~ Bt P(O.E() (213

Q
for all ) € X. This highlights the fact that the chain-rule inequality

S PO) =R PO.20) > [ (E0.PO), d,

Q
which would lead to the inequality

Vr(@) — Vg (P(0) 2 [ (-E(0),Q-P(B)y do forall Q € X,

Q
is in fact the missing ingredient to conclude from that the pair (P, Z) is a pointwise
solution to in the sense of . Indeed, our next result states that every EDI
solution turns out to be an EDB solution if the functional € satisfies a suitable chain-rule
inequality with respect to the triple (¥, §,B), namely
Definition 2.5 (Chain-rule inequality (CRI)). We say that the gradient system (X, &, ¥, §, )
satisfies the chain-rule inequality, if for every P € AC([0,T]; X) and Z € L'(0,T; X*)
with

sup |E(t, P(t))] < oo, =(t) € §(t, P(t)) fora.a.te (0,T),

te(0,T)

T T
/ Up@(P(t)dt < oo, and / Uh (—E(t)) dt < oo,
0 0

we have that

(2.14)

the map t — E(t, P(t)) is absolutely continuous and

(CRI) q . (2.15)
(L P() = (E(1), PO)x +B(t, PR).Z() for aa.t e (0,T).
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Proposition 2.6. Assume that (X, &, ¥, F,B) satisfies the CRI (2.15)). Then every EDI
solution P € AC([0,T]; X) is an EDB solution.

Proof. From (2.9)) written for s = 0 we obtain

et P(1) + [ (Woon(P(r)) + Wy (<Z()) dr
Jy (roPe) i =0) -

< €0, P(0)) + / B(r, P(r).2() dr < &(t, P(1)) + / (~Z(r), P(r) x dr.

where the latter estimate is due to the CRI (2.15)). Thus, we get

[1]

/0 (lllp(,,)(P(r)) + Uh(y (=E(r)) = (=E(r), P(r)>X> dr <0 for every t € [0,T].

Since the integrand is non-negative by an elementary inequality from convex analysis, we

conclude that W p () (P(t)) + Vb (—E(t) = (=E(t), P(t)) x = 0 for a.a. t € (0,T), whence

—ZE(t) € 0¥pu(P(t)) for a.a. t € (0,T). Taking into account (22.7), we conclude (2.11]).
The above arguments also yield that all inequalities in (2.16)) hold as equalities for every
t € (0,T], whence the EDB (2.12)). O

2.2 Assumptions for the abstract theory

We now detail the exact conditions on the generalized gradient system (X, &, V,§,B),
under which the existence of EDI solutions to the Cauchy problem for can be obtained
via the techniques developed in [MRS13].

We define D(t) :=dom E(t,-) ={ P € X : E(t,P) < oo} and assume

D:=D(0) =D(¢t) forallte[0,T].
Hereafter, we shall use the notation

G(P):= inf } E(t,P) forall PeD (2.17)

te[0,T

For the energy functional & we require the following conditions, where we will use C, C’,
Co, K7 etc. for various positive constants depending only on known quantities.

Lower semicontinuity:

the map P +— &(t, P) is lower semicontinuous for all ¢ € [0, T,
30, >0 V(tu) €[0,T] xD: &t P) > G(P) > Cy, and (2.E)
graph(§) is a Borel set in [0,7] x X x X™.

(Note that, if € is bounded from below, then we can suppose without loss of gener-
ality that it is bounded by a strictly positive constant.)

Coercivity: For all t € [0,T]

the map P +— &(t, P) has compact sublevels in X. (2.E;)
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Variational sum rule: If for some P, € X and 7 > 0 the point P is a minimizer of
P+ &(t,P)+7Yp ((P — P,)/7), then P fulfills the Euler-Lagrange equation

3= e€F(t,P): —-Z€dVp ((P—P)/7). (2.Ey)
Lipschitz continuity with respect to ¢ € [0, T7:

3K, >0YPeDVt,se[0,T]: |&t P)—E&(s,P)| <K G(P)|t—s|. (2.Es)

Conditioned differentiability with respect to ¢ € [0,T]: There exists a power func-
tional P : graph(F) — R, which is a Borel map and which satisfies

Ky, >0 VY(t,P,E) € graph(g) : (2.E4)

1 1
1ir£¢%nfﬁ(8(t+h, P)—&(t,P)) <B(t,P,E) < 12{3E(8(t’ P)—&(t—h, P)) < K>)§(P).

Weak closedness of (€,§,): Forall t € [0,7] and for all sequences (F,), in X, (Z,),
in X* satisfying =, € §(t, B,), &, =E(t, P,), &, ="P(t, P,,=Z,) as well as

P,— P inX, =Z,—Z weaklyin X*, &, - & and &, > & inR,

we have

=eF(t,P), P <Yt PE), and &=E(P). (2.E5)
Gronwall’s lemma, (2.Eq|), and (2.E3]) provide also an upper bound for E(¢, P), namely

VPeD: G(P)< inf &(t,P) < sup &(t,P) <exp(KiT)G(P). (2.18)
t€[0,T] t€[0,T)

Condition is fitted to the power functional 3 that is given in (2.5, where only
left and right derivatives are defined, see [KZMI10, MRS13]. In simpler situations where
t — E(t, P) is differentiable, we just have to use P(¢, P,=) = 0,E(t, P).

For the dissipation potentials (Vp)pep we require the following conditions:

Convexity and lower semicontinuity: For every P € D the function

Up: X —[0,00) is Ls.c., convex, and satisfies Up(0) = 0. (2.9)

Superlinearity: The potentials (Vp)pep and (V) pep have uniform superlinear growth
on sublevels of &, viz.

pfim <W int Wr(V)) = oo,
VS >0 Vo MIVix sis (2.05)
im — inf U,L(= ) = 0.
IE ]| x* =00 <H:] ¥+ §(P)<S P(E)

Mosco continuity: The map P — Wp is continuous on sublevels of € in the sense of
Mosco convergence (cf. [Att84]), i.e. for all S > 0 we have
P,— Pin X, §(P,) <S8, } liminf Wp, (V,) > Up(V),
—

V,=VinX, Z,—ZinX* lim inf W, (Z,) > V().

n—o0

13



Univaluedness of U},: For all P € D we have

VVeX VEL EQ € 8\pr(V) : \IJ*P(El) = ‘IJ*P(EQ> (2‘1’4)

As pointed out in [MRS13| Rem. 2.1], condition (2.W,)) is satisfied if ¥p is given by
the sum of positively homogeneous or differentiable, convex potentials.

2.3 Existence of EDI and EDB solutions

In [MRS13, Thm. 4.4] it is proved that (2.Eo)—(2.Es), (2.W4)—(2.V4)) and the chain-rule
inequality CRI imply the existence of EDB solutions for the Cauchy problem f
. However, for the application to the viscoplasticity system , it will be crucial
to establish an independent result on the existence of EDI solutions, cf. Theorem [2.7]
because we are not able to establish the CRI in the general case. Although its proof can
be inferred from the argument for [MRSI3, Thm. 4.4], we will briefly outline it for the
sake of readability.

Theorem 2.7 (EDI solutions). Assume that (X, &, V,§,B) complies with (2.Eq)—(2.Es5)
and (2.U4))—(2.W,). Then, for every Py € D there exists an EDI solution to the Cauchy

problem —.

As a straightforward consequence of Proposition [2.6| we have the following result.

Corollary 2.8 (EDB solutions, cf. [MRS13, Thm. 4.4]). If additionally to the assumption
of Theorem the CRI (2.15)) holds, then for every Py € D there exists an EDB solution

to the Cauchy problem (2.1)—(2.2)).

Sketch of the proof of Thm.[2.7. First of all, we set up the time-discretization scheme for
([2-1): Given a partition {0 =t2 < t! < ... <t} =T} of the interval [0, 7], with constant
time-step 7 = T'/N, we construct discrete solutions (P")Y_, C X starting from P? := P,
and finding
, pP—prt
P € Argmin (T\IJP;ZI (—T) + 8(tf,P)> . (2.19)

pPeXx T

We thus define the approximate solutions to (2.1)) via interpolation of the values (P™)M_,,
with

P.(t) = Pr for t € (t271 t7],
P(t) =Pt for ¢ € [ty t7),
P(t) =S pr g Btprl for g e [t e,

Using the variational sum rule (2.Es|) and the Euler-Lagrange equation for (2.19) yields
0 € OVp (B (1) +FE (1), Pr(t)) C X* foraa.te(0,T), (2.20)

where t. denotes the piecewise constant interpolant associated with the partition.
Due to the lack of convexity of £(¢,-), it turns out that the approximate version (2.20))
of (2.1)) is not sufficient for the limit passage to the time-continuous level. One needs the
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finer information provided by the approximate EDI

(1)

E(E(1), Po(1)) + /

t(s)

<EE(s), Pr(s) + [ B B(r),E () dr

(e 0 (1) + W, () (~Z:(r)) ) dr
(2.21)

for every 0 < s <t < T. Its proof (cf. [MRS13, Lemma 6.1]) relies on condition (2. )
and on De Giorgi’s variational interpolant for the values (P™)Y_, (cf. [Amb95, [AGS05]),
which is defined via P-(0) := Py and

n=1

Pex t—tot

T

- n—1
P.(t) € Argmin ((t — 2 )W <i) + E(t, P)> for t € ("1 7). (2.22)

Then, Z; : (0,7) — X* in ([2.21) is a measurable selection with Z.(t) € F(t, P-(t)) for a.a.
t € (0,7) and satisfying the Euler-Lagrange equation for the minimum problem (2.22]).

Continuing from and exploiting the positivity of ¥ and ¥*, one derives a series
of a priori estimates for the families (P,), (B)s, (P.), and (Z;),, namely

sup (SPA+IEM) <C. [ (Veo(B)+Ve o (-E0)) dr<C 22

te[0,T

for a positive constant C', uniformly with respect to 7 > 0. Hence, there exist P €
AC([0,T); X) and = € L'(0,T; X*) such that along a sequence 73 J. 0 we have

P, P, P —P in L>(0,T; X), (2.24a)
P, —P in L'(0,T; X), (2.24b)
=2, — 2 in L'(0,T; X*) (2.24c)

where the strong convergence with values in X derives from the energy bound in ([2.23)
and the compactness of energy sublevels (cf. ), while f are a conse-
quence of the integral bound of the dissipative terms WBT(T)(R(T)) and ‘Ij*gr(r)(_érO"))’
and of the superlinear growth (2.W of \If and U*. From it also follows that
SUDse(o.1) IB(t, P(1),Z-(1) < C’ via Moreover, Helly’s pr1n01ple also yields that
there exists a function & € BV([0,T1) such that

iicntl) &, (t), Py (t) = &(t) for every t € [0,T). (2.24d)
Taking into account that lim,, ;o &(t,, (), Py, (t)) > E(t, P(t)) by the lower semicontinuity
of the map t +— &(t, P), combined with the fact that |E (%, (t), Py, (t)) — E(t, Py, (t))] — 0
thanks to , we deduce the first inequality in ([2.6)).

To pass to the time-continuous limit it is necessary to gain further insight into the limit-
ing properties of the sequences (Z; )., and (B(t, B, , =, ))-, by exploiting a Young-measure
argument, see [MRS13, App. A]. A (not relabeled) subsequence (ik,’li(t, }Nka, Ek))m pos-
sesses a limiting Young measure g = (fi¢)ic(0,7), such that for almost all ¢ € (0,7") the
probability measure p; on X* xR is concentrated on the set of the weak limit points of the
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sequence (E (t),PB(t, Rk( ), =, (t)))r.. Taking into account the weak closedness property
(2.Es)) it follows that for almost all ¢ € (0,7) we have u,((X*xR)\8(¢, P(t))) = 0, where

S(t, P(t) = {(E,p) € X* xR : =€ F(t,P(t), p <Rt P(t),5)}.

Moreover, for every subinterval [s,t] C [0, 7] the Mosco convergence (2.Ws)) implies

imint [ (W, i) (En )P0 P 0). 2,0 dr

k—o0

t
> [ (W2 =) dnlE )

cf. [MRS13, Thm. A.3]. Finally, by (2.E;)) and classical selection techniques there exists
a measurable selection ¢ +— (Z(t),p(t)) with

(2.25)

(E(@), p(t)) € 8(t, P(t)) and Wp,y (—E(t)) — p(t) :(E’p)gi(gp(t))(‘l’*zv(t)(—E)—P) (2.26)

for all ¢ € [0,T]. From this it is not difficult to deduce that = € L'(0,T; X*). Moreover,
for every [s,t] C [0,7] we obtain

éa(t)+/ U (P(r ))d7"+/ (Wh(y (—E(r)=B(r, P(r),=(r))) dr

1 t

<o) + / Uiy (P(r)) dr + / (Wi (~2()—p(r)) dr

(2)
sg(m/%m dr+// R\If;zr CE) ) du(E ) dr

(<) lim &(t,, (1), Py, (1)) +hm1nf/tT . Vp (B () dr

k—o0 k—o0

+limint " o En ) B P (). 2 ()

k—o0 trk (S)

@ _ — (5)
SlllgnlnfE(trk(s),PTk(s)) = &(s),

where (1) follows from the definition of the set 8(-, P(+)), (2) from the minimality
of the selection and (3) from the convergences — combined with , the
energy convergence , and the lower semicontinuity estimate (2.25). Finally, (4)
follows from passing to the limit 75, | 0 in the approximate energy-dissipation inequality
(2.21), and (5) again from ([2.24d)).

It remains to show the second assertion in , namely that

hllr(l) E(t,, (1), Pr (1) = E(t, P(t)) for almost all t € (0,7). (2.27)

Tk

To this aim, we observe that, thanks to estimate (2.23) and the uniform superlinear

growth (2.Ws)) of the potentials ¥p, we have liminfy_,o || P, (t)||lx < oo for almost all
€ (0,7). Using now the superlinearity of W% (cf. (2.Vs) again) we see that the mul-

tivalued maps O¥p : X = X* are uniformly bounded on energy sublevels. Therefore
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liminfy o0 || =, (8)|lx- < oo, where =, fulfills Z,(t) € F(t.(t), P-(t)) N (—6\P£T(t)(157(t)))
for almost all t € (0,7T), cf. the Euler-Lagrange equation (2.20). Then we can apply the

closedness condition and conclude that liminf,_,., E(t,, (¢), Pr, (1)) = E(t, P(t)) for
a.a. t € (0,7). In view of (2.24d), we infer (2.27).

All in all, we have shown that the pair (P, Z) satisfies and , and the above
chain of inequalities yields the EDI . This concludes the proof of Theorem m

3 Assumptions and main result

Prior to listing all our assumptions on the energy functionals and on the dissipation
potentials involved in the viscoplastic system, we fix some notation and recall some useful
identities and inequalities that shall be used throughout.

Notation 3.1 (Matrices). We recall the notation GL*(d) := {A € R™? : det(A) > 0}.
By tr(A) we shall denote the trace of a matrix A € R4, by cof(A) its cofactor matrix,

by M(A) the matrix in R(*() consisting of all minors (subdeterminants) of A of order
s, and by M : R¥™4 — RHd the function which maps a matrix to all its minors, with

Wha = Zle (i)2. We endow R*™*? with the inner product

d
A:B :=tr(ABT) = Z a;;bij, giving the Frobenius norm |A] .=V A: A (3.1)
ij=1
Given r > 0, we shall use the notation

Ny={NeR™: |N-1]<r}. (3.2)

Preliminaries: We point out for later use that
A:(BC) = tr(ACTBT) = (ACT) : B forall A, B, C € R™, (3.3)

Furthermore, it follows from definition ([3.1]) that for every A, B € R%*¢ we have |AB| <
|A||B|. Combining this with Young’s inequality, we deduce for all A, B € R the
following estimate

A
|AB™Y| > |l37|| > Cr|AY" — (r—=1)C DBV for all # > 1 and all C' > 0. (3.4)

We will also use that
1 1

= mcof(A)T for all A € GL*(d). (3.5)

and that the cofactor matrix is the Gateau derivative of the determinant, i.e.

Da(det(A)) = cof(A) for all A € R™?, (3.6)
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Setup: In what follows, we consider a bounded domain 2 C R?, with Lipschitz boundary
I', and denote by I'p;, the Dirichlet part of the boundary, assumed to have positive surface
measure.

In order to highlight the main features of our analysis and avoid overburdening it with
technicalities, throughout most of the paper we will impose on I'p;, time-independent
boundary conditions ¢p;, for the deformation field; in Section [6] we will outline how
our results generalize to time-dependent Dirichlet conditions. Thus, the space for the
kinematically admissible deformations is

F = {go c Whe(Q;RY) : ¢ = ¢p; on FDir} for gp > 1 to be specified later.  (3.7)
The space for the internal variable P is
P={PecWhe(Q;R™) . P(z) € GL™(d) for a.a. x € Q} (3.8)

with qg > 1 specified later.

Assumptions on the stored energy: The functional J : [0,7] x Whi2(Q;R?) x
LP(Q; R¥*4) — (—00, 00] has the form

I(t, @, P) = E1(P) 4+ Ja(t, @, P) for (¢, ¢, P) € [0,T] x Wh*(Q; R?) x LP(Q; R>). (3.9)

We now list the conditions on €; and J, and postpone to Example the discussion of a

concrete energy J complying with all of them.
First of all, & : LP(2; R¥9) — (—00, o0] is defined by

£\(P) = {fQ x), VP(x))dr if P € P, (3.10)

otherwise,

where the function H : R¥4 x R¥4*d s (—oo, o0] is given by

1
H(P,A) = K(P)+ —|A|% with ¢ > d. (3.11)
dc
We impose that the hardening function K : R¥¢ — (—o00, 00| complies with the following
conditions:
K is of class C? in GL"(d), and (3.Ky)

3C1, Cy > 0 Jgp, qy > dVPe GL+<d) : K(P) > (|P’qp+ det(P)iqA’) —C5. (3K2)
The functional J, : [0, T] x Whe(Q; RY) x X — (—o0, 00| is defined by

Ty(t, ¢, P) = {fg (z. V(@) P(x) ") dz — (0(t), )y ftflso?e&"ﬂ’ (3.12)

where the external loading ¢ : [0, T] — W2 (Q; RY)* fulfills

¢ e CH[0, T]; Whae (Q; RT)*). (3.L)
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In most applications the time- dependent loading consists of the work of volume and surface
forces, i.e. (€(t), Q) y1ae = [o S x)dz + fFNeu (t,x) - p(x)dz where I'ye, is the
Neumann part of the boundary F 89

We require the following conditions on the elastic energy W : Q x R¥*? — [0, oo:

dom(W) = Q x GL*(d), i.e. W(z,F) = oo for detF <0 for all z € ©, (3.Wp)
35 € L'Q)3gr > dIC3 >0V (x, F) € dom(W) : W(x, F) > j(x) + Cs|F|%;  (3.W)

for all z € Q the functional W (x,-) : R™? — (—o0, 00] is polyconver, i.e. it is a convex
function of its minors (cf. Notation [3.1). Namely,

FW: Q x RH — (—o00, 00| such that

(i) W is a normal integrand, (3.W))
(i) V (2, F) € Q x R . W(z, F) = W(x, M(F)), e
(iii) Ve € Q : W(z,-) : R* — (—o00, 00| is convex,
and W also satisfies
36>0 3C;, C5>0 Yz e QVF € GLT(d) VN € Ns :
(i) W(z,-) : GL(d) — R is differentiable,
(3.Ws)

(ii) |FTDpW (z, F)| < C4(W(x, F) + 1), and
(iii) [FTDW (2, F) — (FN)"DpW (2, FN)| < Cs|N—1|(W (z, F) + 1).

Along the footsteps of [MaM09], we will refer to condition (3.Ws|)(ii) as a multiplicative
stress control, for it involves the “multiplicative”

Mandel stress tensor M (F) := FTDpW (F), (3.13)

which is estimated, together with its variation (cf. (iii)), in terms of the energy W.
This condition goes back to [Bal84, BOP91] and has been recently publicized in [Bal02]. In
Section [6], we will see that the treatment of time-dependent Dirichlet boundary conditions
requires a multiplicative stress control condition on the Kirchhoff stress tensor S(F) :=
DrW(F)FT. Let us also mention that both the stress control conditions and their
analogs for the Kirchhoff stress tensor are compatible with polyconvexity and with the
physical feasibility requirements that W (z, F') = oo for det(F) < 0, and W(x, F') — oo
for det(F) | 0, cf. Example ahead.

Remark 3.2. In fact, in [MaM09] estimate (3.W3)(iii) was required in a much more
general form, involving on the right-hand side the term w(|N—1|), with the modulus
of continuity w : [0,00) — [0,00) nondecreasing, and such that lim,ow(p) = 0. The
discussion in Section [4 (cf. Remark[4.7) will show that in the present context it would be
possible to work with the following Holder estimate, generalizing (iii):

|M(z, F') — M(x, FN)| < C|N—=1|*" (W (z, F') + 1) for some ay € (0,1]. (3.14)
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Assumptions on the dissipation potential: The dissipation potential density R :
Q x R4 — [0, 00) is required to satisfy

R: QxR —[0,00) is a normal integrand, (3.Rq)
fora.a. x € Q: R(z,-): R —[0,00) is convex, with R(z,0) = 0, and
R*(2,Z1) = R*(x,Z,) for all Z; € OR(z,V), j = 1,2, and V € R,
(3.Ra)

and R(z,-) has a superlinear growth at infinity, uniformly with respect to z, i.e.

dpe(l,00) ICLCE, C% CH>0 foraa z€Q VV e R> .

3.R
CrlVIP = C% < R(z,V) < C3|VIP + Cp. (3:Rs)

Notice that in (3.Ro|) the symbols R*(x, -) denotes the Fenchel-Moreau conjugate of R(z, -),
and that (3.Rg]) implies

CLIEP — C% < R*(2,2) < C3|2)” + C4 (3.15)

for some fCV’f% > 0, where p/ = z%‘ In Example we shall provide a normal integrand

R:Q x R™ — [0,00) complying with (3.R)—(3.Rs)).
Setup of the generalized gradient system: energy and dissipation: Starting from
the stored energy functional J and from the dissipation metric R, we now introduce the
energy functional € and the (Finsler) family of dissipation potentials (Up)pep that will
allow us to formulate the PDE system as the abstract doubly nonlinear evolution
equation in the state space X := LP(Q; R?*%).

We consider the reduced energy functional € : [0,7] x X — (—o0, 00| obtained by
minimizing out the deformations from J. Recalling F from (3.7)) we set

E(t, P) ;== inf{I(t,p, P) : ¢ € F}. (3.16)

It is not difficult to check that dom(€) is of the form [0,7] x D for some D C X. For
this, we note that € is given by the sum of the functional €;, which is independent of the
time-variable, and of a time-dependent, reduced functional &, : [0,7] x X — (—o0, 00,
ie.

E(t, P) = &1(P) +inf{Ja(t, 0, P) : ¢ € F} =t &(P) + (¢, P). (3.17)

In Lemma 4.2| we shall prove that the functional €5 is bounded from below. Therefore,
&(t, P) < oo implies &(P) < oo. Then, it follows from (3.11), (3.Ky), and Poincaré’s
inequality that, if P € D, then P € Wt (Q;R%*9). Since gqg > d, this implies that
P € Co(Q;R¥™?), hence cof(P) € C°(Q; R*™9). Combining this with formula and
with the fact that det(P)~' € L#(2) in view of (3.K3)), we conclude that

Dc{Pe?:P'eL?(QR")}. (3.18)

In fact, we will even prove that any P € D satisfies P~1 € CO(€; R¥?), see ([4.12)) ahead.
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We are now in the position to introduce the dissipation potentials Up : X — [0, 00),
for P € D. We set

R(x, P, V) := R(x,VP™') foraa. z €, forall (P,V)e€ GLY(d) x R™  (3.19)
and define

Up(V) = /Q R(z, P(z),V(z))dz for all (P,V) €D x X. (3.20)

Notice that the above formula is well-defined thanks to (3.18)).
While postponing to Section [4] a thorough discussion of assumptions (3.K;])—(3.Ka)),
(13-W1)—(3.W3)), and (3.R1)—(3.R3)), let us mention here that they ensure that the energy €

and the dissipation potentials (Vp)pep comply with the abstract assumptions of Theorem
2.7 Thus we will deduce the existence of EDI solutions (in the sense of Definition [2.1)) to

&D.

Statement of the main result: In addition to the assumptions listed above, Theorem
below requires two further conditions suitably relating the growth exponents involved
therein.

Theorem 3.3 (Existence of EDI solutions for viscoplasticity). Let the energy I and the
dissipation potentials (Vp)pep fulfill (B.Ki)-B.Kd), B-I), B-Wi)-B-W3), and B-Ri)-
. Suppose in addition that the exponents qs, qp, g, qc, ¢, in (3.11), (3.K4)), (3.L),
and comply with

1 1 1
— =4 g >d, (3.21)
do  4r Q4P
1 2 1
q>d, where - :=—+ —. (3.22)
q G~ qG
Then, for every initial datum
Pye? (3.23)

there exist an EDI solution (p, P) : [0, T] — Whd2 (Q; R?) x Whic(Q; R¥*?) of the associ-
ated generalized gradient system. These solutions satisfy P € L°°(0,T; W19 (Q; R™*?)) N
WLe(0,T; LP (S RD)) and ¢ € L°(0,T; Whie(Q;R%)). Moreover, = given by

=(t, ) = Ay P(t,2) + DK(P(t,2)) + B(Volt, 1), P(t,))

(recalling the notation B(Vp, P) = M(NoP Y)P~T), lies in LP (0,T; L” (; R¥™%)) and
the triple (P, p, =) satisfies the EDI

It @ (t), P(t)+ / /Q (R, Por,2)P(r,2) ™) + R (z, (=Z(r,2)) P(r,2)7)) dedr
<36 0(5). P = [ (0o (324

for all t € (0,T], almost all s € (0,t), and s = 0.
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We conclude by discussing the assumptions (3.K;[)—(3.KJ)), (3.W1])—(3.W3)), and (3.R4))—-
(3.R3)) for two concrete examples.

Example 3.4 (Elastoplastic energy). We consider the hardening function K : R —
[0, o]

v
K(P) { | Pl® + ¢ ﬁ(m‘ for P € GL*(d),

00 otherwise

(3.25)

with ¢, co > 0 and gp, ¢, > d. An admissible choice for the elastic stored energy density
W (focusing for simplicity on the case of spatially-homogeneous materials) is

Cg’F|qF + ¢y

n
#(F)) for F € GL*(d),

00 otherwise

with c3, ¢4 > 0 and g > d, n > 0.

W(F)Z{

(3.26)

In addition, we suppose that the exponents gr, g, gp fulfill (3.21)—(3.22)). For instance,
we may choose qo = d+ 1, gp = gp = g = 2d + 2, and ¢, = 4d + 4.

Following the discussion in [MaM09, Example 3.2], we observe that W complies with

(13-W1)—(3.-W3)). In order to check the Mandel stress control (3.W3|), taking into account
(3.6) we calculate DpW (F) = c3qe| F|%2F — con(det(F)) " cof (F'). Therefore

M(F) = F'DpW(F) = csqe|F|*2FTF — cyndet(F) ™" FT det(F) 'cof(F) . (3.27)
=1 b;,r

Using (3.27) and arguing in the same way as in [MaM09, Example 3.2], we conclude
(13- W3)).

Example 3.5 (Viscoplastic dissipation). Given two measurable functions

1
Oyield : €2 — (0,00), such that 3o, >0 for a.a. r € Q : — < o(x) < 0y,

O (3.28)
v:Q — (0,00), such that Jv, > 0 for a.a. x € Q : v(x) > v,

we set (2)
v(x
R(LE, V) = O-yield(m)‘v‘ + T|V‘2 (329)
It can be easily computed that
1
R*(z,2) = 20 )dist2(E, E(z)) foraa x€Q forall =€ R™ (3.30)
v(x

where E(z) is the elastic domain E(z) = {Z € R™? : |Z| < gyi0qa(2)}, and dist(Z, E(z)) =
infeer(r) |2 — O] = mingep() |= — O|. In this case it is immediate to check that (3.Ri)—
(3.Rs|), with p = 2, are verified.

In engineering one often uses dissipation distances R(z,V) = oyiea(x)|V| + %WV’
withp =1+ m and 0 < m < 1, see e.g. [ZR*06, Sec. 4.2] where m = 0.012 (which means
p = 1.012 and p’ = 84.33). Note that in that work the resolved shear stress 7, already
includes the yield stress of the slip system c.
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4 Proof of Theorem 3.3

We will derive Theorem [3.3]as a consequence of the abstract Theorem [2.7] applied in this
functional setting:

1. the state space X is LP(Q2; R¥?) with p from (3.Ra));

2. the energy functional is € from ((3.16));

3. the dissipation potentials (¥ p)pep are given by (3.20)).

It will turn out to be particularly effective (cf. the discussion in [MRS13, Sec.3]) to
work with a notion of subdifferential for the functional £(¢,-) tailored to the fact that €
arises from a minimization procedure, and that the related set of minimizers is nonempty.
Thus, we choose §(t, P) at a point (¢, P) € [0,7] x D to be the collection of the Gateau
derivatives of {DpI(t, v, P)} with ¢ in

M(t, P) := Argmin{I(¢t,p,P) : ¢ € F} (4.1)
(which is nonempty, cf. Lemma below). More precisely, we set

4. §:[0,T] x X =% X* is the marginal subdifferential (with respect to the variable P)
of €, defined by

§(t, P) = {Dpd(t, 0, P) : o€ M(t, P)}

(4.2)
= —Ay P +DE(P) +{B(-, Vg, P): v M(t, P)},

(cf. also (4.27) ahead), recalling that B(-, Vi, P) = M (-, VP~ 1)P~T

= (VP ) DpW(,, VP~ 1) P~T.
Finally, as suggested by [MRS13] we will work with the following surrogate notion of 9,&,
namely the power functional:

5. P : graph(F) — R is defined via
‘B(t, P’ E) = sup atj(ta 2 P) = sup <_€(t)’ 90>W17‘1<I>’ (43)

QER(L,P,Z) CER(L,P,Z)

where for all (¢, P,Z) € graph(§) we set
R(t,P,Z):={peM(t,P): E=—-A,P+DK(P)+ M(-,VoP )P T}. (4.4)

By construction RR(t, P, Z) is nonempty on graph().

In the following series of lemmas we will show that the generalized gradient system
(X, €&,¥,F,%B) complies with assumptions and ([2.Eg)-(2.Es) and (2.0;)-[2.¥4). In all
of the ensuing results, we will specify which of conditions (3.K|)—(3.Ks)), (3.1)), (3.-W1|)—

(3-W3), (3.R1)—(3.Ra), and (3.21)—(3.22) actually come into play in the corresponding

proofs. For simplicity, from now on we will omit to explicitly indicate the x-dependence in

R, W, and the related quantities. In fact, since we do not use any higher order regularity,
it is obvious that the general z-dependent case works as well as the homogeneous case.
Furthermore, we will use the symbols ¢, C', whose meaning may vary from line to line, for
generic positive constants depending on known quantities.
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4.1 Basic properties of &

Preliminarily, we discuss the properties of the energy functional €; from (3.10]).

Lemma 4.1 (Coercivity properties of &1). Assume (3.1), (3.W1)—(3.Wa)), and (3.21])-
(13.22)). Then,

dom(&(t,")) c{P e P : Pt e WH(Q;R™)} for every t € [0,T], (4.5)
and
VS>03R>0V(t,P)€dom(&): & (t,P)<S = ||P|lwiac + [P wri < R. (4.6)
Proof. 1t follows from and that for every P € P

&(t,P) > / Cy (|P| + det(P)™) + |VP|*dz — C.
Q

Therefore, the estimate for || P||jy1.qc follows from Poincaré’s inequality, cf. also the argu-
ments leading to (3.18). In order to prove the bound for ||[P~!||yy1.4, we compute

vPl=-p'vpPp (4.7)

use that &;(t, P) < S yields an estimate for ||P7!||zs (cf. again (3.18)), and combine
it with the bound for ||V P| p« via Holder’s inequality, relying on the condition that
241 = % from (3.22). This provides a bound for ||[VP||zs. Then, with Poincaré’s

q~ qG

inequality we obtain the desired estimate for ||P~!{|yy1.4, and (4.6) ensues. O

We now turn to the reduced energy functional €5 from (3.17)).

Lemma 4.2 (Existence of minimizers for J5). Assume (3.L), (3.W1))—(3.Ws)), and (3.21)) -
(13.22). Then, 35 defined in (3.12)) is coercive, namely

Yo>03cy, co>0V(tp P)e0,T] x Whe(Q; RY) x LP(Q;R™?) s.t. detP >0 a.c. in Q :

32(t790’ P) Z Cl||90| ‘11/?;1»% -0 HPl %P‘IP — Ca.
(4.8)

Moreover, for all (t, P) € [0,T] x D the set M(t, P) of minimizers, namely
M(t, P) := ArgminJs(t,-, P) = {p € F : ¢ minimizes I5(t,-, P) on F} (4.9)

is nonempty, weakly closed in W14 (Q;R?), and contained in the Wh%-ball of radius
P(P) = c3(1+ || P|| T ) /4.

Proof. In order to prove coercivity, we use (3.W;]) and find

Ga(t, 0, P) > /

j(z) da + Cy / VP~ Y% dz — (6(t), ) ypia - (4.10)
Q Q

24



Now, we observe that

|VQ0| ( |Vg0|qp >(1<I>/QF </ >qq>/q:o
Vol dx = Pl dx dx P|? dx
|14 e IP B 17

99 /9F qa/qp
< (/ VP !|* d:(;) (/ | P|% dx) ,
Q Q

where the second inequality follows from Holder’s inequality (applied to (|V¢|/|P])% and

| P|% with exponent r = gg/qs, and the conjugate exponent ' is 7’ = q¢/(gr — q3) = qp/qs
by virtue of (3.21))), and the third estimate is due to the first of (3.4)). Then, for the second
term on the right-hand side of (4.10) for every C' > 0 we have

_ Vol T
/§2|va frde> HHPHHM ||V90||qu> - C’qp/q‘?IIPIILqP, (4.11)
L

the latter estimate due to Young’s inequality (cf the second of . Then for a given
p >0, we choose the constant C' in such a way that 03 ‘IF qu/ 9 = p and we combine
estimate ) with ( - Taking into account Korn S and Young’s inequalities, we

obtain

Jz(t,so,P)z/j(x)dxﬂLCpI!sOI%il,% PIPIZ = 1) lwraw (@ma-
Q

> 8100 — PIPIE — € (1 119 pron i) -
Then, (4.8)) follows.

In order to prove the existence of minimizers, see (4.9)), we preliminarily observe that
Dc{Pe?®:P'eWH(QR™)}. (4.12)

This follows from and the fact that J,, hence €,, is bounded from below, cf. .
Hence, let us consider an infimizing sequence (¢;) C F for the minimum problem in
(3.17)). Estimate implies that () is bounded in W19 (Q; R?), so that there exists
¢ € Whee(Q;R?) such that, up to a subsequence, ¢, — ¢ in Wh(Q;R?). Because
of ([4.12), we then have Vg, P~' — VP! in L% (Q;R™?) for every P € D, since
Pt e CO(Q; R™4) in view of (4.12)). Hence, the weak continuity of minors of gradients
(cf. [Res67, Bal77]) for g > d and the Cauchy-Binet relations give

M, (Vipr P™1) = My (Vo) M, (P7') — M (V)M (P™) = M, (VP ™) (4.13)
in L9e/5(Q); R(DX@), for all s € {1,...,d}. Ultimately,
M(VP~!) = M(VeP™') in L'(Q;RM).

Then, arguing in the same way as in the proof of [MaM09, Thm. 5.2] to adapt classical
lower semicontinuity arguments for Carathéodory integrands (cf. e.g. [Eis79] or [Str90])
to the normal integrand W, we conclude in view of ([3.Wo m ) that

hmlnf/W Vor(z)P(z)™" dx—hmmf/W (Veor(z)P(z)™")) dz

(4.14)
zéwmwmmwr»m



Therefore, the direct method in the calculus of variations yields that ¢ € J is a minimizer
for J5(t, -, P), contained in the W% -ball of radius #(P) in view of (4.8).

These arguments also show that, up to a subsequence any sequence of minimizers
weakly converges in W4 (Q; R?) to a minimizer. Hence M(¢, P) is weakly sequentially
compact in Whee(Q; RY). O

From Lemma we now deduce that € : [0,7] x X — (—o00,00] defined by
is lower semicontinuous and bounded from below as required by (in fact, we will
prove that € is bounded from below by a negative constant but, as previously mentioned,
we can always reduce to a positive lower bound by adding a positive constant), and that

it complies with conditions (2.E;)) and (2.Es]).

Lemma 4.3 (Coercivity, lower semicontinuity, and time-dependence of £). Assume

(3.K1)-(3.Ks)), (3.1), (3.-Wi)—(3.Wa)), and (3.21)—(3.22). Then, for every t € [0,T] the

energy E(t,+) is lower semicontinuous on X. Furthermore,

deg, 5>0 V(L P)€[0,T]xD Ve M(t,P) :

4.15
£(6.P) 2 es(IVPIe + I1PIn + aet(PY [ + [ W(TeP)ar) —ep 1
Q
In particular, € complies with the coercivity (2.E4)). It also satisfies
VS>03dR>0V(t,P)€[0,T] xD:
(4.16)

E(t,P)<S = [IPlwras + [P~ lwra < R.
Finally, €& complies with condition (2.Es]).
Proof. Estimate (4.15) follows from (3.11]) and (3.K)), combined with (4.8]) (which clearly

yields a lower bound for €,), in which for instance we choose p = C}/4.

Estimate immediately follows from the analogous property for & and the
fact that €5 is bounded from below thanks to (4.§]).

In order to check the lower semicontinuity of &(¢,-), let P, — P in LP(Q; R¥?) with
liminf, . E(¢, P,) < oo. Up to a subsequence we have sup,, E(t, P,) < C, hence from

([4.16)) we deduce that
P, — P in Wi (Q; R4, (4.17)

Since gg > d and ¢ > d by , we have
P, — P and P;!'=(det(P,)) 'cof(P,) — (det(P)) *cof(P) = P~* (4.18)
in C°(Q; R¥%), so that
Pt~ P in WR(Q; R, (4.19)
Using — and relying on we immediately obtain liminf, ., &1(P,) >

&1(P). Furthermore, let us choose a sequence (¢,,), with ¢, € M(t, P,,). From [|¢,||y1ee <
cs(1+4 | P || %)Y (cf. Lemma 4.2)), we have (after choosing a not relabeled subsequence)
that o, — @ in Whee (Q;RY) for some @. Now, using that P;' — P~ in CO(Q; R?*9)
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by ({.19), we have that M,(P, ') — M,(P~') in C° and thus conclude (cf. ({£.13)) that
M, (Vi PY) — M (VEP) in Loe/s(Q:R(D*()), for all s € {1,...,d}. Thus,
n—oo

n—oo
Therefore, £(t,-) is lower semicontinuous.
Finally, to prove (2.E3)), we observe that for all P € D, for every 0 < s <t < T and
every @5 € M(s, P) there holds

E(t,P) — &(s, P) = Ey(t, P) — Ea(s, P)
< Js(t, s, P) — Ja(s, 5, P)
— (€(t) — £(s), 905>W1‘1<1>
< [Je(t) — £(s)
< HZHLOO(O,T;WL%(Q;Rd)
< Clt—s|(E(s, P) + 1),

(4.21)

||W1 %
/%(S(S,P) + 04)1/%

where we have used (3.1]) and (4.15]), as well as the trivial inequality (€(s, P) + c;)Y% <
E(s, P)+c4+ 1. Exchanging the roles of s and ¢, from (4.21)) and (2.18]) we infer |E(t, P) —
E(s, P)| < C|t — s|S(P) for every s, t € [0,T], and (2.Es|) follows. O

4.2 Properties of the dissipation potentials

We now show that the dissipation potentials defined by (13.20) comply with conditions
(2- W) (2. W)

Lemma 4.4 (Properties of (Vp)pep). Assume (3.Ky)—(3.Kq), (3.L), (3.W1)—(3.Wa),

ER) G, and B2D) E2D). Then

UL(2) = /QR*(E(x)P(x)T) dz  for every P € D and = € X* = LP (Q; R¥™Y).  (4.22)

Furthermore, the dissipation potentials (Vp)pep comply with (2.W)—(2.W4)), and

VS >0dc, 7 >0VPeD with§(P)<SVVeXV=ZeX":

(4.23)
Up(V)>c||VIEe —cr and Up(Z) > c6||_||p — 7.

Proof. Clearly, for every P € D the functional ¥p is well-defined on LP(£2; R%*4); from
(3.Rqf) it follows that Wp is convex and lower semicontinuous, and that ¥p(0) = 0.
Furthermore, using , the first estimate in 7 and the fact that D C C°(Q; R%*9),
we find for every (P, V) € D x LP(Q; R%¥*?) the estimate

>01/W pdr — CRQ| > ”PHp /\v WP de — C2|Q|,  (4.24)

which in particular yields that, for P € D fixed with G(P) < S, the functional Up has
uniform superlinear growth on sublevels of G.
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The representation formula (4.22)) follows from

Vi@ = [ R(Pa).Za) ds
(where R* is the conjugate of R with respect to the third variable), and the calculation
R*(P,Z)= sup (2:V—-R(VP )= sup (Z:WP—R(W))

VeRdxd WeRdxd
= sup (EPT:W — R(W)) = R*(EP"),

WeRdxd

(4.25)

where the Second identity follows from the change of variable W = V P~! and the third
one from (3.3)). With (4.22)) and the second of (i3 - ) we find that the functionals (V%) pep

comply Wlth the second of - Combining (4.22 - 4.25)) with (3.15) -, we also conclude

that
V(P,Z) € D x L' (Q; R™?)

Vp(E) = /QR*(E( 2)(P(x) ")) da > 5}3/ E@)(P@) ) - CRIQ

> = [ ar- G

Then, follows from combining and (4.26]) with estimate and the com-
pact embeddings W1 (Q; R™4) ¢ CO(Q; R¥*?) and Wl’q(Q; R4y  CO(Q; RI*9).

It remains to prove (2.U3)). Let (P,) C D, (V) C LP(Q;R¥) be sequences as in
[@-73). In view of (4.16), we find that P;' — P~ in CO(Q; R¥?), therefore V, Pt —
VP~lin LP(Q;R¥>?) and the Ioffe theorem [[of77] ensures that

(4.26)

liminf Up (V) = lim inf/QR(Vn(x)Pn(x)l) dz > lim inf/QR(V(x)P(x)l) dz = Up(V).

n—o0 n—oo n—o0

Analogously, for (Z,), with Z, — Z in X* we obtain liminf, , V} (£,) > V5(E). O

4.3 Properties of § and ‘P

We now turn to the analysis of the marginal subdifferential § from (4.2). Recall that
its definition involves the Gateaux derivatives DpJ(t, ¢, P) of J, evaluated at minimizers
¢ € M(t, P). Observe that, a priori, DpJ(t, ¢, P) = —A, P+ DK(P)+ B(Vp, P) is an
element in W% (Q)*. In fact, the precise definition of § turns out to be

Ft,P)={Z e X*=L"(Q;R™) : 3peM(t,P)st. Z=DpI(,0,P)}.  (4.27)

With Lemma [4.6|below, we show (cf. (4.36)) that for every (¢, P) € [0, 7] x D the marginal
subdifferential §(t, P) contains the Fréchet subdifferential OE(t, P) of € with respect to
the LP(Q;R¥)-topology. We recall that the latter is the multivalued operator 9€ :
[0, 7] x D = L (€; R¥™%) defined at (¢, P) € [0,T] x D by

= € 0&(t, P) if and only if (4.28)

8<t7 Q) - E(t’P> > /QE : (Q_P) dx + O(HQ_P“LP) as Q — Pin LP(Q;RdXd).
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Property ahead will be used in Corollary to verify the wvariational sum rule
required within the abstract existence theory for gradient systems, cf. .

In the proof of Lemma [4.6] and of subsequent results, a key role is played by esti-
mates 7, derived next. Note that in the following estimates the variable P is
restricted to sets such that |P| 4 |P~!| < Cp , whereas F' = V¢ varies in all of GL*(d).

Lemma 4.5. Assume (3.Ki)-(3.Kd), (3.L), (3.Wi)-(3.-W3), and (3.21)(3.22)). Then,
there holds

VCp>0dCg>04d7 >0
VP € GL"(d) with |P|+|P7'| < CpVF € GL™(d) VN € N5 : (4.29)
|B(F, NP)—B(F,P)| < Cp|N=1|(W(FP~")+1),

and

VCp>0dCy >04d7r >0
VP, P, e GLY(d) s.t. |P|+|PY| < Cp, |Pi—Py| <7 andVF € GL*(d) :  (4.30)
\W(FP[Y)=W(FPy ) =B(F, P):(Pi—Py)| < Cow (W(FP')+1)|Pi— P,

Proof. Ad (#.29): let us set Py := NP, and observe that Py' = P"'N~!. Furthermore,
we have
|Py'=P7! < Cp|N~'=1| < 2Cp|N-1], (4.31)

Let us define 7 := min{|P~!|/4Cp,d}, with § > 0 from (3.W3]). For N € N, with r < 7,
we have that 2Cp|N—1| < |P~!|/2. Therefore we find

Py < |PY'=P 7Y+ |P7Y < 2|P7Y < 20p. (4.32)

Hence
|B(F,NP)—B(F,P)| < |M(FP, Y YPy"—M(FP 1P|
< |(M(FP; )Py =M(FP™ )Py + [M(FP™Y)(Py ™ =P
%) Cs|N'=1|(W(FP 1)41)20p + C4(W(FP 1) 4+1)Cp| N~ —1|
%) 6Cp(Cy + C5) (W (FP™Y)+1)|N—-1],

where (1) follows from the multiplicative stress control conditions (3.W3l)(ii) and (3. W) (iii),
combined with estimates (4.31)) and (4.32)), while (2) is due to the last inequality in (4.31]).

We thus conclude (4.29)).
Ad (4.30): By the chain rule we have that

1
W(FP Y)W (FP; ) :/ B(F,N,P,):(P,—P,)do with N, := 1+ (1—0)(P,—P,) P,
0

Clearly, N,P, = (1—0)P, + 0P, and

IN,~1] < (1-0)Cp| P~ (4.33)
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Let us set 7 := 7/2Cp with 7 > 0 from (4.29), then for |P,—P,| <7 we have that
|IN,—1| < 7/2. (4.34)

Therefore,

1
\W(FP Y)W (FPy ) —B(F, P):(Pi—P)| g/ |B(F,N,P,)—B(F, P)| |P.—P;|do
0

1)

1 )
< CB(W(FP11)+1)\P1—P2|/ |IN,—1|do < CpCp(W(FPH)+1)|P— P,
0

where (1) is due to the previously proved estimate (4.29)), (which applies since N, € N5 /2
by (4.34])), whereas (2) ensues from (4.33]). We have thus established (4.30). O

We are now in the position to prove Lemma 4.6, where we also derive a bound for
the L'(€; R¥*4)-norm of the backstress contribution B to F(t, P) from the multiplicative
stress control condition (3.W3)(ii). This will turn out to be crucial in the proof of the

closedness property (2.Es)), cf. Lemma ahead.

Lemma 4.6 (Marginal subdifferential § and Fréchet subdifferential 0€). Assume (3.L]),
(3. K1) —(3.Ksf), (3.W4))~(3.W3)), and (3.21)—(3.22). Then, the following holds:
1. For every (t, P) € [0,T] x D with 0&(t, P) # () we have:

VE € E(t, P)Vyp € M(t,P): E—DK(P)—B(Vy, P) = —A, P in L*(Q;R™?), (4.35)
which in particular implies

0&(t,P) C §(t,P) C X*  for every (t,P) € [0,T] x D. (4.36)

2. For every (t, P) € [0,T] x D and ¢ € M(t, P) we have B(Vp, P) € L*(Q; R¥>?), and
Jes>0 Y (¢, P)€[0, T|xD YV peM(t, P): |B(Ve, Pl < cs||P7 |2 (G(P)+1).  (4.37)

Proof. Ad (4.35)): For the proof of (4.35]), we shall use the notation
- 1
E1(P) := —/ |V P(x)|% dx.
4G Ja

Since the Fréchet subdifferential of €; with respect to the W19 (€; R¥?)-topology fulfills

s €1(P) = {=Ag P} C (Whas(Q; R¥*4))", we will establish by showing that for

all Z € 9E(t, P) € X* = L¥ (Q; R>*?) and ¢ € M(t, P) we have E—DK (P)— B(V, P) €

Oyrac &1(P). Then, holds, because all terms on the left-hand side lie in L*(£2; R?*?),
Hence, by the definition of Fréchet subdifferentials, we have to prove that

A(Ey) =&, (P,) — &(P) — /Q (E-DE(P) = B(Veg, P)) : (P,—P)dz (4.38)

> o||Py — Pllwre) as P, — P in Whis(Q; R™9)
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For this we will in fact exploit that, since gg > d by (3.21), we also have P, — P in
CO(Q; R¥™4). Now, we observe that

AEY) :8(t,Pn)—8(t,P)—/E:(Pn—P)dx

+ /Q (K(P) — K(P,) + DK(P) : (Pa—P)) da
+ Eo(t, P) — Ea(t, Py) + /Q B(Vy,P): (P,—P)dx = A(E) + A(K) + A(Ey).
In what follows, we will estimate from below the three terms A(-) individually. First of
all, by the definition of the Fréchet subdifferential, there holds
A(E) > o(||P,—P||») as P, — P in LP(Q; R,

As for A(K), we observe that images of the sequence (P,), and P belong to a compact
subset of GL*(d). Hence, we have

AK) = / (K(P)— K(P,)+DK(P): (P,—P)) dx

-1 (DK(P) - DK((1-0)Pa+ oP)) : (Pu=P)dodz (439

> —C||Pi=Pllz> = o(| Pu = Pllwac)

as P, — P in W4 (Q; R¥?) where the second estimate follows from the fact that K
is of class C? on GL*(d). Finally, for A(€) we choose ¢ € M(t, P) and use &(t, P,) <
Ja(t, ¢, P,) to obtain

A(Es) = Ex(t, P) — Ex(t, P,) + / B(Ve, P) : (P,—P) du
Q
> / W(VeP™Y) — W(VeP,™Y) + B(Ve, P) : (P—P) da
Q (4.40)

(1)
Y / (W/(VoP 1) +1)|P,— P dz
Q

2 ®3)
> —C(&(t, P)+1) [|Pa=Pllie > —C(S(P)+1) [|Pa=Pllf106 -

Here, (1) follows from estimate (4.30)), which applies since P € D and we may suppose
that ||P,—P| 1~ < 7, with 7 from [&.30)), as P, — P in C°(Q;R**?). Then, estimate (2)
ensues from ([4.17)), and (3) from (2.18). All in all, we infer that A(E2) > o([| P, — P||yy1c)
as P, — P in W4 (Q; R*?). This gives (4.38)), hence ([4.35).

Ad ([£.37): In view of (3.W3)(ii), there holds
/Q B(Vi(z), Pa))|de < C, / (W (Ve(x)P@@) ™) + 1) [P@) | de
S C4HP71HL°° (Cgl(g(t, P) —+ ‘Q|) s

where the last inequality ensues from (4.15)). Hence, (4.37)) is established. This concludes
the proof. n
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Remark 4.7. If (3.W3)(iii) holds in the more general form (3.14), cf. Remark [3.2, the
proof of (4.35)) still goes through. Indeed, in this case we would have

A(€2)

v

Oy / (W (Vg P)4+1)|Py— P10 dy
Q

> —C ($(P)+1) | Pa=PIl5% = o(l| Pa=Pllwrac)

Lemma 4.8 (Properties of B). Assume (3.K;)—(3.Ks)), (3.L)), (3.W1])—(3.W3)), and (3.21)—-
(13.22)). Then,

PP = sup (i) @y = max (—0(0),hyre,  (441)
PER(L,P,E) ©ER(L,P,E)

and the function P : graph(F) — R complies with (2.E4)).

Proof. We first observe that for every (¢, P,Z) € graph(§) the set
M(t, P, =) is nonempty and weakly sequentially compact in W% (€; R%). (4.42)

Indeed, every sequence (,), C R(t, P,Z) is bounded in W1 (Q; RY) thanks to (4.15),
hence up to a subsequence it weakly converges to some ¢. From the arguments in the
proof of Lemma ahead (cf. Step 5), it will follow that ¢ € (¢, P,=). Thus, it is
immediate to see that the sup in formula is indeed a max.

Furthermore, the function B : graph(§) — R defined by is a Borel function
because it is the sup of Borel functions.

For the lower estimate of B in (2.E4), we consider first (¢, P) € [0,T]xD, h € (0,T—t]
and ¢(t) € M(t, P) to obtain

E(t+h,P)—E(t,P) Es(t+ h,P)— Es(t, P)

) _ ) < 3 (L(HR) + L08), 90 e

whence lim SUPhww < B(t, P,Z). In order to prove the upper estimate
PB(t, P,Z) < limyg w, it is sufficient to observe that

E(t+h,P)—E(t,P) _ 1
h h
for every ¢(t) € M(t, P), and then take the limit as A | 0. On the other hand, it follows

from (3.L]) and (4.15) that

B, P,E)] < [ [grrany - sup [ @lwras < esllf(t)]|wrany (14| Pl|%m) %
peM(t,P)

< C(G(P)+1)Yee < C(G(P)+1).
Therefore, (2.E4)) is fulfilled. O

We will now show that the triple (&€, §,98) complies with a more general form of the
closedness condition , where a sequence (t,), is also considered. This is the most
difficult step, which involves the ideas developed in [DETO05] and, more abstractly, in
[ErMO6, [KZM10].
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Lemma 4.9 (Closedness for (&€,§,B)). Assume (3.K4|)—(3.Ka)), (3.L]), (3.W4))—(3.Wj3)),

and (3.21)—(3.22). Then, (2.Es|) holds.

Proof. Let (t,), C [0,T], (P.)n, C LP(Q;R™?) and (Z,), C L”(Q;R™?) with 2, €
S(tn, Py) for all n € N fulfill as n — oo

ty = t, P, — Pin LP(Q;R™?), 2, = Zin LF' (Q; R,

) (4.43)
E(tn, P,) — & and P(t,, Py, Z,) — & in R.
We will split the proof that
=eft,P), &=E(,P), & <Lt P (4.44)

in several steps.

Step 1: lower semicontinuity inequality for the energies. From sup, &(t,, P,) <

oo and from (4.16) we infer convergences ([.17)-{.19) for (P,), and (P;!),. Thus we

have liminf, . €1(P,) > &1(P) as well as, with the very same argument as in the proof
of Lemma , liminf, o Ea(tn, By) > Ea(t, P).

Step 2: convergence of the minimizers. Take any (v,), with ¢, € M(t,, P,) for
every n € N. As we have seen in the proof of Lemma up to a subsequence ¢, — ¢
for some ¢ € F. From ¢, € Argmin,c4Js(t,, @n, Pn) we deduce

/W vﬂpn n dx_ <€( )a¢n>W1;Qq> < /QW(VnPn_l) do — <£(tn)an>wl’% (4'45)

for all n € F. Moreover, using (4 we see that [, W(VnP, ™) dx — <€(t ) Mytae —

JoW(VnP~ 1) de — (€(t),n) 100 for all n € F, and combining (4.20) with (4.47)), we
conclude that ¢ € M(t, P). Moreover, choosing n = ¢ in (4.45)), we ﬁnd

lim sup (/W VP, ) da — (6(t ),gon)wl,qq,)

n—o0

< lim sup ( /Q W(VeP, ) dz — <€(tn>,<p>wl,q¢)

= /S;W(VSOP_I)d.’L'— <€(t),50>wlyq(b = 82<t,P>

Combining this with (4.20)), we ultimately have Es(t,, P,) — Ea(t, P) as n — oo, whence

lim [ W(Ve,P, ") dr = / W(VeP 1) dr. (4.46)
Q

n—oo QO

Step 3: further compactness arguments and convergence of the energies. In

view of (4.2)), the sequence Z,, € §(t,, P,) in (4.44]) is given for every n € N by

E,=—Ay P, +DK(P,)+ B(Vy,, P,) for some ¢, € M(t,, P,). (4.47)
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Bstimate (L37), sup, &(ta, Pa) < o0, @I8), and § > d yields sup, [|B(Vgn, P) 11 < C.
Moreover, unsing K € C*(GL*(d);R) and (4.18) we deduce sup,, |[DK(P,)||z~ < C. By
comparison in (4.47) we infer that

sup || Ay Pullr < C. (4.48)
neN

Since gg > d, we have L'(Q; R¥>?) € Wl4e(Q; R¥*4)* such that, up to a (not relabeled)
subsequence, —A B, — x in W (Q; R?*4)* for some x. Combining this with and
taking into account that the monotone map P — —A, P has a weakly-strongly closed
graph in W46 (Q; R¥*4) x Whas (Q; R¥*4)* we ultimately conclude that y = —A, P, and
that along the same sequence as in there holds

~Ay Py — —Ay P in WhHe(Q; R4, (4.49)
Thus, the assumed weak convergence P, — P in W46 (Q; R¥4) cf. ([4.17), improves to
P, — P in W4 (Q; R*9), (4.50)

Now, taking into account that K is of class C° on GL*(d) we conclude that

K(P)dz — [ K(P)dz asn — oo. (4.51)
/. /

Combining this with (4.50) and recalling (3.10)—(3.11]), we have &;(P,) — &1(P) so that,

by (4.46]) we have
E(tn, Py) — E(t, P) asn — oo, (4.52)

whence the second of (4.44]).

Step 4: convergence of the stresses. With (4.18) and the C%regularity of DK we
infer

DK(P,) — DK(P) in L>®(Q; R™>%). (4.53)
We now show that
B(Vg,, P,) — B(Ve, P) in LNQ; R, viz.

(4.54)
/B(Vgpn,Pn) :Qdr — / B(Vp,P):Qdx
Q Q

for all Q € L>®(Q;R™?), where ¢,, € M(t,, P,) and ¢ € M(t, P) are from the previous
steps. To this aim, we mimic the proof of [FrM06, Prop. 3.3]. We fix Q € L>(Q; R%*%)
and A > 0. On the one hand, we have

‘%/ﬂ (W(Von(PathQ) ™) = W(Vp, P, ) = hB(Vip,, P.):Q) dm‘

M1

o (4.55)
< 20w [ (W(Ve,P )+ [HQF do < hC(S(P)+1) QI = i),

where (1) follows from applying estimate (4.30) with the choices P, := P, and P, :=
P,+hQ. Note that ||P,| r~ + || P; |z~ < C thanks to the energy bound sup,, &(t,, P,) <
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oo, combined with the coercivity property and the continuous embeddings

Whar (Q; R ¢ Lo°(Q; R™*4) and Wha(Q; R>*) € L°(Q; R™*?). We may then take h
sufficiently small, in such a way that ||Pi—P;||z~ = [|Po—(Po+hQ)||z~ = h||Q|lL=~ < 7.
Then, (2) ensues from very same calculations as in ([(£.40). Hence, w(h) — 0 as h — 0.
On the other hand, the polyconvexity of W combined with the very same arguments as

in the proof of Lemma [4.2] and the second of (4.46) yield

n—o0

lim inf/ (W(Vgon(Pn—i—hQ)—l) _ W(VgonPn—l)) dx
)
1
Z—:/(WﬂVwGH%QXJ)—WKV¢P_U>¢n
h Ja
Estimate (4.55) and the above inequality yield, for all A > 0, the estimate

liminf/ BV, P,) : Qdx
Q

n—oo

ZIMfwﬁié(quwdﬂﬁﬁQYU—WVﬁMleU)dr—wm)

, (4.56)
> / Big(W (Vo(P+h@Q)™") — W(VeP™)) dr — w(h)

Z/B(VQO,P) : Qdx — 2w(h).

where the last inequality follows from (4.55]) written for P instead of P,. Exchanging @)
with —@Q), we analogously infer that

limsup/ B(Vg,, P,) : Qdz < / B(Vp, P): Qdx +2w(h). (4.57)
Q

n—o0 [9)

We conclude taking the limit of (4.56) and (4.57) as h — 0.

All in all, , , and imply that the sequence =, in (4.44) weakly
converges in L¥' (Q; R™?) to = = —A, P+ DK (P)+ B(Vy, P), which belongs to (¢, P).
This proves the first of .

Step 5: Upper semicontinuity of the powers. The sequence (B (¢,, P,,E,)), from
is given for every n € N by R(t,, P, Z,) = — (é(tn),¢n>wl,% for some @, €
R(tn, Py, Ey), which thus fulfills =, = —A, P, + DK(P,) + B(V$,, P,). The arguments
from Steps 2 and 4 yield that, up to a further (not relabeled) subsequence, @, converges
weakly in W1 (Q; R?) to some ¢ € M(t, P) and, in addition, B(V®,, P,) — B(Vp, P)
in L'(Q;R™>?). Hence £ = DK(P) — AP + B(Vg, P), ie. ¢ € R(t, P,E). Since
¢ € CY[0,T7]); Whae (Q; RY)*), we have

lim — {((ta), Gu)yprae = = (), Bypran < B(t, P,5) (4.58)

n—oo

where the last inequality is due to the definition of B(¢, P,Z) in (4.3). From (4.58) we
conclude the third relation in (4.44]) and Lemma is proved. O
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Finally, it remains to verify condition (2.Es)), i.e. the variational sum rule. For this, we
apply Proposition 4.2 from [MRS13], which indeed holds for a general subdifferential § and
for a family (Up)pep of dissipation potentials complying with and (2.0y). It states
that, if for every (¢, P) € [0,7] x D the set §(¢, P) contains the Fréchet subdifferential
0E&(t, P), and if the pair (£,F) complies with the closedness condition, then holds.
Hence, the following result is a consequence of Lemmas , (guaranteeing the crucial
subdifferential inclusion (4.36)), and of Lemma [4.9]

Corollary 4.10 (Variational sum rule). Assume (3.K))—(3.Ks)), (3.L), (3.-W1))—(3.W3)),
and (3.21)—(3.22). Then, the dissipation functionals (V,),cp and the reduced energy func-
tional € comply with the variational sum rule (2.Eq)).

4.4 Conclusion of the proof of Theorem |3.3

In view of Lemmas and Corollary [£.10, our Theorem [2.7 applies to the generalized
gradient system (X, &, U, §,B), yielding the existence of EDI solutions to the viscoplastic
Cauchy problem in the form of the abstract doubly nonlinear equation . This finishes
the proof of Theorem [3.3] O

Remark 4.11 (Missing chain rule). It remains an open problem to prove or disprove
that the functional & with differentials (§,*B) fulfills the CRI (2.17)). Indeed, let a
curve P € AC([0,T]; LP(; R™?)) and = € LY(0,T; LP (Q; R%?)) fulfill (2.14). Then,
P e LP(0,T; LP(Q; R4 and = € LY (0,T;; L (Q; R?9)), hence their duality pairing is
well defined for almost all t € (0,T). But, in order to estimate it as required in , one
would have to use the full information provided by the structure of the marginal subdif-
ferential, i.e. by the formula = = —A, P + DK(P) + B(V, P) with ¢ € M(t, P). Since
there are no compensations between the terms contributing to =, this would ultimately
boil down to estimating individually the duality pairings (—A, P, P), (DK(P), P), and
(B(V, P), P), which seems to be out of reach. In fact, the stress control condition
(B-W3)) (ii) only ensures that B(Vy, P) € L>(0,T; L'(Q;R%4)), and accordingly by a
comparison argument we may only conclude that —A,. P € L>(0,T; L*(Q; R?*9)). Hence,
neither the first, nor the third duality pairings are well defined.

As we will see in Section [5, this problem can be circumvented if we add to the stored
energy J a term which improves the spatial estimates for the Mandel stress tensor.

5 Existence of energy solutions for a regularized sys-

tem

We now investigate an alternative model for finite-strain viscoplasticity, where the stored
energy J from is augmented by a regularizing contribution J3, multiplied by a (small,
but positive) parameter n > 0. We will show that the reduced energy &, accordingly
obtained by minimizing out the deformations complies with the CRI , in addition
to conditions f. From Corollary we will thus deduce the existence of EDB
solutions to the generalized gradient system driven by the regularized energy &,,.
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This will yield solutions to a version of the PDE system (1.8]) with a different minimum
problem for ¢, but the same flow rule for P. For this, it will be crucial that J3 in (/5.3
below does not depend on the plastic variable P.

5.1 The regularized model

In the next lines, we specify the form of the regularizing contribution to the stored energy
and accordingly introduce the energy functional driving the regularized gradient system.

The regularized stored energy

For 1 > 0 fixed we define the functional J,, : [0, T'|x W (Q; R?) x LP(Q; R¥*?) — (—o0, 00
by
jﬂ(t7907p> = EI(P)—i_jQ(t?QO?P)—i_njfi(@)? (51)

with &; and J, from (3.10)) and (3.12), respectively, and Js : W92 (Q; RY) — [0, oo] defined
by
. T )

otherwise.

Accordingly, the set of admissible deformations is now
F=Fn{peW e (:RY) : W(-, V) e L'(Q)}. (5.3)
We impose that the elastic energy W in (5.2)) is bounded from below, that
for all x € Q the functional W(x, )t R4 [0, 00] is polyconvex, (5.Wy)

and that W controls W in the following sense

VS>03C)>0Vre QVF, PcR>™ with |P|+|P7'| < S :

/ N (5.W3)
W(x, FP~HP < CP(W(x, F) +1).

Recall that p’ = £ is the conjugate exponent to p: in fact, 1) is tuned to the

p—1
coercivity /growth properties of the dissipation metric R.

Example 5.1. Condition (5.W5)) is satisfied if, for example, in addition to (3.Wy))-(3.W3)

the functional W fulfills for some qy > 1 the upper estimate
305 >0V € QVF € GLT(d) : W(x, F) < Cs(|F|™ + |[FH™ + 1), (5.4a)
whereas W is oo on R>N\GL* (d) and satisfies the coercivity estimate

3Cy, Cs >0V F € GLT(d) : W(x, F) > Co(|F|P'™ 4 |F~P'7) — Cs. (5.4b)
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The regularized reduced energy

We now introduce the energy functional obtained by minimizing out the deformations
from J,, viz.

&,(t, P) := inf{J,(t, 0, P) : o €F} for (t,P)€[0,T] x X, (5.5)

with X = LP(Q; R?*9). Observe that dom(€,) = dom(€) = [0,7] x D, with D fulfilling
(3.18]). We also consider the reduced energy

Eon(t, P) :=inf{Js(t, 0, P) + nds(e) : ¢ € F}, (5.6)

so that &,(t, P) = &1(P) + E,,(t, P).

The marginal subdifferential
Let §, : [0,7] x X = X* be given by
Falt, P) = {Dp3, (1,0, P) = ¢ € My(t, P)}, (5.7)

where M, (¢, P) is the set of minimizers for J,(t, -, P) over . Since the functional J5 does
not depend on P, we have

Sy(t, P) ={Dpl(t,p,P) : ¢ € M,(t,P)} =DE(P)+{B(-,Vp,P) : p e M,(t,P)}.
Hence, the doubly nonlinear evolution equation
OUp(P(t)) +T,(t, P(t)) 20  ae. in (0,7) (5.8)

associated with the generalized gradient system (X, &,,¥,§,,B,) (with the dissipation

potentials (Vp)pep from (3.20) and B, : graph(F,) — R defined by analogy with (4.3))),
yields a solution to the regularized PDE system

o(t) € Argmin { / W (z, Vo(z) P~ (t,2)) + nW (2, V@(z))dz : € %} . (5.9a)
Q
0 € OR(z, PP~Y)P~ T — A, P +DK(P) + B(z, Vg, P) in Q, (5.9b)
where ((5.9b)) is supplemented with homogeneous Neumann boundary conditions for P on
oN.
Existence for the regularized system

Our next result states the existence of EDB solutions for the Cauchy problem associated
with system (/5.9)).

Theorem 5.2 (EDB solutions for viscoplasticity). Assume (3.Kq|)—(3.Ka)), (3.L)), (3.W1])—

(3-W3), (3.R4)—(3.R3)), and - - Suppose that 7 > 0 and that the exponents

qp, qF, 4, and g in (3.11), (3.Ky)), (3.L), and (3.W4)) comply with (3.21) and (3.22)).
Then, for every initial datum Py as in ([3.23) there ea:z'st P e L>®(0, T; Whae(Q; R>4))n

WLe(0,T; LP(; RD) and ¢ € L>(0,T; Whie(Q; R?)) solving the Neumann boundary
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value problem for system (5.9) and complying with the initial condition P(0,-) = Py()
a.e. in €.
Moreover, the function t — 3,(t, P(t)) is absolutely continuous on [0,T| and, setting

E(t,x) = =A, P(t,x) + DK(P(t,x)) + B(z,Vp(t,x), P(t,x)),

we have = € LP'(0,T; LY (Q; R>)), and the pair (P,Z) satisfies for all0 < s <t < T the
energy-dissipation balance

I,(t, o(t), P()) + / t /Q (R(x,P(r,x)P(r,x)_l)+R*(m, —=(r, :c)P(r,a:)T)) dz dr

— 1,5, 0ls), P(s)) — / (), () yrae - (5.10)

s

5.2 Proof of Theorem [5.2l

In what follows, we will verify that the regularized energy &, complies with the conditions
of Corollary [2.8] again omitting to denote the z-dependence of W and R, and the related
quantities, in the proofs of the various lemmas ahead.

The analogs of Lemmas [4.1] and hold for the regularized energy &,, which
therefore complies with , , and . We now turn to examining the marginal
subdifferential §,. With the following result we prove that §,(¢, P) contains the Fréchet
subdifferential 0E, (¢, P) at every (¢, P) € [0,7] x D. Lemma |5.3 below also features an
L7 (Q; R¥4)-estimate of the backstress contribution B to &,(t, P) (cf. ahead, to be
compared with estimate in Lemma , and a sort of uniform superdifferentiability
property for the regularized energy &,, cf. ahead. Once again, for its proof we resort
to Lemma . Estimate will play a crucial role in the proof of the CRI , cf.
Lemma [5.4] ahead.

Lemma 5.3 (Properties of the marginal subdifferential §, for ;). Assume (3.K,) —(3.Ks),
BI), BWI)-BW), B21)-[B22), and (5.W1)~(5.W4). Then, we have the following:
1. For every (t, P) € [0,T] x D and ¢ € M,(t, P) we have B(Vp, P) € LV (Q;R¥) and

dé; >0 V(t,P)€[0,T]xD Ve M,(t, P):

1 (5.11)
[1B(Ve, Pl < érl[P™ oo (Gy(P)+1)

2. For every (t, P) € [0,T] x D we have 0&,(t, P) C §,(t, P).

3. There exists 6 € (0,1) and for all S > 0 there exist constants C5 > 0 and r* > 0 such
that for every Py, Py € D such that

max{G,(P), §,(%)} < S and |Pi—Pyl[p» <77 (5.12a)

and for all 1 € M, (t, Py) there holds

82777(25,P2) - 82777(t,P1) - / B(V@l,Pl)I(PQ—Pl) dz S C§||P2_P1||%;9 . (512b)
Q
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Proof. Ad (1): The proof follows using the argument developed for (4.36)).
Ad (2): For the proof of (5.11)), it is sufficient to combine (3.W3)(ii) and (5.W,)), viz.

/Q B(Vo(z), Po))f dz < C / (W(Ve(e)P(x) ™) + 1) [P(2) T da

_ (5.13)
< C/Q (W(Vg@(m)) + 1> |P(z) "|P'dz < C ||P—1||’200(Q;Rdxd) (Ea(t, P)+1).
Ad (3): Let Py, P, € D comply with (5.12a) and let ¢, € M, (t, P;). We have
Con(t, Po) — Ea,(t, P1)

S / (W(V@Pg_l)—W(ngpl_l)—B(VQD, Pl)(PQ—Pl)) dz
Q

)

< Cw/ (W (VP )+1) [P =P da (5.14)

Q

(2)

< Cw|W(VoPy ™) +1| 1 | Pi= Po|| o || Pi— P 1

(3) —~ , (4)

< CIIW (Vo) + 1P F | P=Pol 50 | P=Po|frse < ClIP—Po|%0 .

Here, (1) is derived via estimate (4.30) from Lemma as follows. First we use (/5.12al)
giving the upper bounds

1Pl wras + 1P llwias < C5 (5.15)
by the analog of (4.16)). Using g > d the Gagliardo-Nirenberg inequality

dqe
qep — dp + dqg

| Pi= Pyl 120 < Con||Pi—Po||fprac | Pi—Pol|}»° with 6 = € (0,1) (5.16)

provides smallness of ||Pi—P| 1. Indeed, choosing r* = 1 (f/(2(]§)9)1/(1_9) with 7 from
[4.30), we find || P,— P 1~ < (2C5)0(r*)'=% < 7, such that is applicable.
Estimate (2) is Holder’s inequality, while to obtain (3) we use estimate , ob-
serving that ||Py||~ + [P/ |z~ < C due to and the continuous embeddings
Whae(Q; R4 C L°(Q; R™*Y) and WHI(Q; R*4) C L°(Q;R*Y). We also again re-
sort the Gagliardo-Nirenberg inequality . Finally, (4) ensues from the energy bound
S > G,(P) > c|W(V1)+1|1: — C by the analog of (4.15), and again from the bound
(65-15). We have thus established (5.12). ]

With the very same argument as in the proofs of Lemmas [4.§ and [4.9] it is possible

to check conditions (2.E4) and (2.Es|), which implies the variational sum rule (2.Es). We
now check the CRI ({2.15).

Lemma 5.4 (Chain-rule inequality for the regularized energy & 0). Assume that
BK)-BK). BI), BW)-EWVa). B21)-B22), and (.Wi)-(5.Wa) hold. Then, the
triple (€., 8y, By) fulfills the CRI (2.15).
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Proof. Let us fix a curve P € AC([0, T]; LP(Q; R**?)) and a function = € L'(0, T; L¥'(; R¥*4))
fulfilling (2.14]). Taking into account (4.15)), (4.16]), and (4.23)), we have a fortiori that

P e L>®(0,T; Whie(Q; R n WH(0, T; LP(Q; R™?)),
P~ e L0, T; WhHi(Q; R™>%)), (5.17)
= e LP(0,T; LP (Q; R™*?))

with
E(t) = —A, P(t) + DK(P(t)) + B(Vg(t), P(t)) fora.a.te (0,7). (5.18)

Here, t — ¢(t) € M, (t, P(t)) is a measurable selection. Each of the three terms on the
right-hand side of (5.18)) is in L” (0, T'; L' (Q; R¥*?)) and in fact we have

H_AQGPHLP'(O,T;LP'(Q;RdXd)) + ||DK(P)”LOO(O,T;LOO(Q;RdXd))

(5.19)
+ HB(VSO? P)HLO"(O,T;LP’(Q;RdXd)) S C.

The estimate for B(Vp, P) follows from (.11) using supcjop (¢, P(t)) < oo. The
bound for DK (P) is due to the fact that

P € C°([0, T); C°(Q; R™%)), which in particular implies det(P(¢,z)) > 7 >0, (5.20)

(where we have used the compact embedding W% (Q; R¥*4) € CO(Q; R¥*?)), combined
with the fact that DK is continuous on GL*(d). Then, the estimate for —A, P ensues
from a comparison argument, using = € L¥ (0, T; L¥' (Q; R¥*%)).

Now, the chain rule for &', given by the sum of a convex and of a Fréchet differentiable
functional, yields that

the map t — E'(t, P(t)) is absolutely continuous and
d
dt

| (5.21)
Lerw, Py = /Q (—A, P(t) + DK(P(t)):P(t)de for a.a. t € (0,T).

Let us now prove that the map ¢ — &,,(t, P(t)) is absolutely continuous, by estimating
the difference |€,,(t, P(t)) — €a,(s, P(s))[. We will use that sup,cjor 9,(P()) < S.
Without loss of generality, we may also suppose that ||P(t)—P(s)||zr < r* with r* > 0

from ([5.12al). We have

2n(t; P(1)) = €a,9(5, P(s))
Ea(t, P()) = Eay(t, P(s)) + Ex(t, P(s)) = Ea(s, P(5))
&y

2t P(t)) — E2,(t, P(s)) + Ta(t, 0(5), P(s)) — Ja(s, (s), P(s)) (5.22)
< / B(Vi(s), P(s)):(P(t)—P(s)) da
T CSIIP()—P(s)]%7 — (6 —L(5), 9(5)) 1o

where ¢(s) is a selection in M, (s, P(s)), and for (1) we have used estimate (5.12b). Ex-
changing the role of s and ¢, we thus conclude, for every 0 < s < ¢t < T, the estimate

<

—
~—
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€2, P(1)) = Ea(s, P(5))]

< |[P(t)=P(s)]|zr (Cf\\P(t)—P(S)HlLZ“r sup HB(W(t),P(t))HLp'>
(5.23)

te[0,7)

+ 16 =(8) lwr.an (@may- (o) [[wrras + o (8)[wriaa)

(2)

< C([[P()=P(s)|Le + [t—5]) -
Indeed, for (2) we have used condition (3.L)) on ¢, the coercivity property (4.8) for J5, and
combined (5.11)) with estimate (4.16), so that

sup || B(Ve(t), P(t))llw < & sup [|P(8) |1 (G4 (P(t))+1) < C.

te[0,717] t€[0,T

Thus, from (5.23) and the fact that P € AC([0,T]; LP(Q; R%*)) we infer that t
Ea4(t, P(t)) is absolutely continuous on [0, 7.
In order to prove the CRI (2.15)), let us fix t € (0,7) outside a negligible set such that
formula ([5.21]) holds and that for 4 | 0 we have
3 §i€24(t, P(1).
3 P( ) and +(P(t+h)—P(t)) — P(t) in LP(Q; R*?), (5.24)
34(t) and F(0(t+h)—L(t)) — 0(t) in Whee (Q; R,

We now use estimate (5.22) for ¢ € R, (¢, P(t),Z(t)), divide by h < 0, and obtain

(32 n(tth, P(t+h)) — 2y (t, P(1)))

h
>

SRS

/ B(VA(t), P):(Pl+h)—P(1) do + 05 12 (t+h);P<t>H%p"

— R ~(0), By -

Taking the limit as h 1 0 in the above inequality, we observe that the second term on the
right-hand side converges to 0 by the second of (5.24)) giving | P(t+h)—P(t)|| < 2||hP(2)]
for small h and by 2—60 > 1. Thus, for all ¢ € R, (¢, P(t),=(t)) we have

Gt PO) 2 [ BV PO:POd ~ (10). D)wren

It follows from the definition of R, (¢, P(t), =(¢)) that
B(V@1, P(t)) = B(Vgo, P(t))  for all @1, @2 € R, (t, P(t),Z(t)).

Therefore, we have

;%mmmmz/memm»PoM+m@m>a» (5.25)
Q

for every selection ¢t € (0,7) — ¢(t) € R,(t, P(t),Z(¢)). Combining (5.21]) and ( -
yields the CRI ([2.15)).
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Remark 5.5. It is natural to wonder whether EDB solutions to the doubly nonlinear
evolution equation converge to a solution of the generalized gradient system driven
by the original energy & from , as the regularizing parameter 1 vanishes. This is far
from guaranteed. Indeed, mimicking the variational arguments that we have employed
for passing to the time-continuous limit in the proof of Theorem it should be possible
to show that EDB solutions to (5.8) converge to a solution of the generalized gradient
system driven by the energy functional &(t, P) := inf{Jo(t, ¢, P) : ¢ € F}, with Jo(t, -, P)
the I'-limit asn | 0 of J,, (t,-, P) and F the set of admissible deformations from (6-3). Note

that € need not coincide with €, as there might be a Lavrentiev phenomenon.

6 Extensions

In this section we briefly discuss directions in which our analysis could be extended.
First, as in [MaMO09] we might easily couple the evolution of the plastic variable P with
the (rate-dependent) evolution of some other hardening variable p € R™, with m > 1.
Second, as outlined in [MaMO09], it would be possible to encompass in our model also
a global version of the non-self-interpenetration condition, as proposed in [Cia82]. For
this, it would be sufficient to replace the space of admissible deformations J by

Fnsi = {p € WH2 (1 RY) : ¢ = ¢pi on Ty, det Vip > 0 ace. in Q,

(6.1)
/Qdet(Vgo) dz < vol(y(22))}.

Since Fq is weakly closed in Whe(Q; RY) if g > d, it is possible to define our reduced
energy by minimizing out from the stored energy the deformations in F,s. Then, all our
results carry over to this case.

In what follows, we will focus more specifically on the extension to time-dependent
Dirichlet loadings. To replace the time-independent Dirichlet condition (¢, x) = pi ()
for (t,l‘) € [O,T] X FDir by

o(t,z) = gpi(t,z) (t,x) €10, T] X I'pyr, (6.2)

with gpi : [0, 7] x I'p;y — R? given, we follow the ideas from [FrMO06] Sec. 5].
For this, we will suppose that gp; can be extended to [0, T] x R? and search for the
deformation ¢ : [0, 7] x Q@ — R? in the form of the composition

o(t, ) = gpu(t,y(t,)) with y(t,-) €Y :={y € W (Q;R?) : y =1d on I'p,}. (6.3)

In fact, underlying (6.3 is the implicit idea that gpi(¢,-) : R? — R? is a diffeomorphism.
Therefore, as in [FrM06l eqn. (5.7)] we require that gp;, satisfies

gpir € CH[0,T] x RERY), Vgpi € BCH([0, T] x RY R,

i o (6.4)
dCy >0 V(t,x) € [0,T] x R* : |Vgpic(t,z) | < Cy,

where BC stands for bounded continuous.
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We now rewrite the stored and the reduced energy functionals in terms of the variable
y, taking into account that the composition (6.3)) leads to the following multiplicative
split for the deformation gradient

Vio(t,w) = Vaou(t,y(t, 2))Vy(t,z) for every (t,2) € [0,7] x Q. (6.5)
With a slight abuse of notation, we will continue to use the symbols J and € for

j(t’%P) = 81(P) + JQ(t,gO,P) with
Joy W, Vapie(t, y) VyP ") da

if (y,P) €Y xP, (6.6)
jQ(ta(p?P) = - <€<t)7gDir(tay)>W1,qq> ( )
00 otherwise,
8(t7 P) = Hlf{j(t,y’P) VS y} - 81(P) + 82(t,P) (6 7)
with Es(t, P) := inf{Js(t,y, P) : y € Y}. '
Clearly, the marginal subdifferential of € is now given by
§(t, P) = —Ay P + DK(P) + {B(, Vapu(L, )V, P) - y € M(LP)},  (68)

where we still use the notation M(t, P) for Argmin, . J(¢,y, P).

In what follows, we will discuss the conditions the gradient system (X, &, W, F, ),
with X = LP(Q; R¥*?), needed to obtain the abstract conditions (2.Eg)—(2.Es]). The lower
semicontinuity and coercivity (2.Eq) and (2.E;)) can be checked by suitably adapting the
proofs of Lemmas and , cf. also the arguments in the proofs of [FrM06, Lemma
5.5]. We now closely examine the time dependence of € and the properties of the power

function .

The power of the external loadings In order to check conditions (2.Es) and (2.E,)),
we will resort to the explicit calculation of the power 9,J(¢,y, P) from [FrM06, Lemma
5.5]. Therein, it was proved that, in the case of zero volume and surface loadings (i.e. for

(=0)
0J(t,y, P) = 0,Js(t,y, P) = / K(z, Vgpi(t, y(2))Vy(x)P(x)™") : V(t,y(x))dz, (6.9)
Q
where S denotes the (multiplicative) Kirchhoff stress tensor
K(z, F) := 0pgW (2, F)F" (6.10)

and we have used the short-hand notation V(¢,y); = Vipi (¢, v)(Vgpu(t,y)) . Formula
(6.9) was established under stress control conditions for S of the same type as the ones

in (3.W3)), namely
36>0 3Cy, C5>0 V(z, F) € dom(W) VN €Ny :
(i) W(z,-) : GL*(d) — R is differentiable,
(i) [0pW (z, F)FT| < C4(W (z, F) + 1),
(ili) [DpW (2, F)FT —DpW (2, NF)(NF)"| < C5|N — 1|(W (z, F) + 1).

Therefore, we have the following explicit formula and properties for 9,J.
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Lemma 6.1. Assume (3.1]), that W is frame-indifferent and that it fulfills (3.W1])—(3.W3|)
as well as (6.Wsl), and let gpi, comply with (6.4]). Then, for every (y, P) € Y x D we have

O (t,y, P) = /QK(SC, Vpie(t,y(2))Vy(2) P(2) ") : V(t,y(2)) do

- <€<t)7 YDir (t7 y)>W1vq<I> - <€(t)7 gDir <t7 y)>W1’q<I>

and there exist cg, c19 > 0 and a modulus of continuity w such that for every s, t € [0,T]

(6.11)

10:3(t, y, P)| < co(I(t,y, P) + 1), (6.12)
|0, 3(t,y, P) — 0, I(s,y, P)| < w(|t—s|)(I(t,y, P) + ci0)- (6.13)

Hence, for every s,t € [0,T] and every (y, P) € Y x D there holds
I(t,y, P)+ 1 < exp(colt—s|) (I(s,y, P)+1) . (6.14)

Proof. In the case ¢ = 0, i.e. when 0,J is given by , formulae (6.12]) and (6.13]) were

proved in [MaM09, Thm. 5.3]. In view of conditions (3.L)), (6.W3)), and (6.4), It is easy to
check that they extend to the case when ((6.11]) holds. Hence, (6.14)) follows via a simple

Gronwall argument. O]

Then, the time-dependence estimate (2.Es)) is an immediate consequence of (6.14]),
whereas (2.E,)) can be checked straightforwardly, also resorting to (6. Wj]).

Corollary 6.2. Assume (3.L|), that W is frame-indifferent and fulfills (3.W1])—(3.W53|)
and let gpi comply with (6.4)). Then, € from (6.7) complies with (2.E3) and (2.E,|).

To establish the closedness condition , we exploit to check that for § from
the analog of Lemma holds. Furthermore, a combination of the arguments from
the proof of Lemma with the techniques from [MaMQ9, Prop. 5.1, Thm. 5.2] allows us
to prove that (&€, §) comply with the closedness property in (2.Es|) (whence the variational
sum rule (2.EJ)).

Hence, it remains to check the upper semicontinuity of the functional B : graph(g) —
R. Preliminarily, we examine the continuity properties of 9;J. The following result is a

consequence of [MaM09, Prop. 4.4] (see also [ErMO06]), combined with (6.13)).

Lemma 6.3. Assume (3.L)), let W be frame-indifferent and fulfill (3.W1)—(3.W3|) and
(6.W3)), and let gpi. comply with (6.4). Then, we have

ty = t, Yp — y in Whiz(Q;RY),
P, — P in Whis(Q; RIxd), = 0JI(tn, Yn, Pn) — 0I(t,y, P). (6.15)
j<tnaynapn) — J(t,y,P) < 0

Therefore, let (t,), C [0,T], (Py), C X = LP(Q; R, and (Z,,), C X* = LP (Q; R**9)
with =, € §(tn, P,) for all n € N converge to ¢, P, = as in ([£.43). Thus B(t,, Pn, =) =
0 I(tn, Un, Pn) for some g, € R(t,, P,,=,). The very same arguments as in Step 5 in the
proof of Lemma yield that, up to a further (not relabeled) subsequence 7, weakly
converges in W4 (Q; RY) to some § € R(t, P,Z). Thanks to Lemma we have

lim B(t,, P, =) = nh_)Iglo 0 I(tn, Yn, Pn) = 0, I(t,y, P) < B(t, P, =),

n—oo
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whence the upper semicontinuity of 8. This concludes the proof of the closedness (2.Es)).

Finally, combining the arguments in the proof of Lemma with property it
can be checked that the CRI holds for the regularized energy &, also in the case
of time-dependent Dirichlet boundary conditions. Thus, the existence of EDI and EDB
solutions follows as in Section 4
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