ON GLOBAL AND LOCAL MINIMIZERS OF PRESTRAINED THIN
ELASTIC RODS

MARCO CICALESE, MATTHIAS RUF, AND FRANCESCO SOLOMBRINO

ABSTRACT. We study the stable configurations of a thin three-dimensional weakly prestrained
rod subject to a terminal load as the thickness of the section vanishes. By I'-convergence
we derive a one-dimensional limit theory and show that isolated local minimizers of the limit
model can be approached by local minimizers of the three-dimensional model. In the case of
isotropic materials and for two-layers prestrained three-dimensional models the limit energy
further simplifies to that of a Kirchhoff rod-model of an intrinsically curved beam. In this
case we study the limit theory and investigate global and/or local stability of straight and
helical configurations. Through some simple simulations we finally compare our results with
real experiments.
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1. INTRODUCTION

Subject to proper boundary conditions or body forces, elastic materials undergo deforma-
tions strongly depending on their shapes. For thin three-dimensional bodies, low-energy defor-
mations depend on the shape to such an extent that elastic theories for lower dimensional bodies
like rods, plates or shells have been developed (see for instance [7, 21]). The rigorous ansatz-free
variational derivation of such theories from three-dimensional nonlinear elasticity is a very well
established research field. In few words the problem one aims to solve is the derivation of the elas-
tic energy of a thin object by taking a suitable limit of the elastic energy of the three-dimensional
body as its thickness vanishes. Fundamental issues, like the convergence of global minimizers
and of critical points in the limit process have been discussed in the literature and a hierarchy
of theories depending on the scaling of the energies (or the forces) in terms of the thickness has



2 MARCO CICALESE, MATTHIAS RUF, AND FRANCESCO SOLOMBRINO

been derived since the pioneering papers by Le Dret and Raoult [16] and by Friesecke, James
and Miiller [11, 12] by many authors [1, 27, 28, 29, 33, 34] under different modelling assumptions.

More recently the problem above has gained increasing attention in the case of prestrained
bodies. A number of results have appeared in the case of 3-d to 2-d dimension reduction in
[4, 10, 17, 18, 35] and many interesting questions have been raised. On one hand the above
problem has been left undiscussed in the case of 3-d to 1-d dimension reduction (see [2, 3] for a
similar problem in the theory of nematic elastomers where the dimension reduction is performed
in two subsequent steps 3-d to 2-d and 2-d to 1-d), on the other hand recent experiments in
[19] suggest to consider it from a rigorous mathematical point of view. In few words in [19] the
authors take two long strips of elastomer of the same initial width, but unequal length. The
short strip is stretched uniaxially to be equal in length to the longer one. The initial heights
are chosen so that after stretching the bi-strip system has a rectangular cross section. The two
strips are then glued together side-by-side along their length. The bi-strips appear flat and the
initially shorter strip is under a uniaxial prestrain. As a last step of the experiment, the external
force needed to stretch the ends of the bi-strip is gradually released so that the initially flat bi-
strip starts to bend and twist out of plane. It may evolve towards either a helical or hemihelical
shape (more complex structure in which helices with different chiralities seem to periodically
alternate), depending on the cross-sectional aspect ratio. In particular, a big enough aspect ratio
favors the formation of a helix, whereas a small aspect ratio favors that of a hemihelix.

The analysis in [19] is simplified first assuming that the system is one-dimensional, so that
a Kirchhoff-rod approximation is used, and then analyzing stability of configurations close to
the straight rod by matching asymptotics in a restricted class of competitors. On one hand the
results appear to be mathematically unsatisfying, on the other hand a rigorous derivation of
the complete observed behavior seems to be quite challenging. In this paper we aim at par-
tially bridging this gap by first providing the 1-d limit theory by Gamma-convergence and then
proving approximation of isolated local minima of the 1-d energy by local minima of the 3-d
energy. In our opinion the second aspect constitutes the real novelty of this paper together with
some second order criteria for strict local minimality of 1-d configurations. Second order criteria
for Kirchhoff-rod energies already appeared in the literature [22, 24, 25] but lacking any rigor-
ous relation to the 3-d problem (see below for other differences between the two approaches).
Furthermore we make use of our criteria to test the stability of the 1-d straight and helical con-
figurations in terms of critical forces. By means of numerical experiments we make some rough
comparison between our analysis and the experimental results in [19].

We now detail our setting. We consider a prestrained thin 3-dimensional stripe subject to
terminal loads. Given a small parameter h > 0, a stripe of thickness h, mid-fiber (0,L) and
cross section S C R? is denoted by €, := (0,L) x hS, with S being a symmetric, smooth
enough open set of unit area. To model the prestrain we introduce a measurable matrix-valued
field Ay, : Qp, — M3**3 (note that here we do not assume any further regularity on A, as for
instance in [17, 18] as we are interested in discontinuous prestrain to compare our results with
the experiments in [19]). Denoting by I'y, C {0, L} x hS a portion of the boundary of the beam
with positive two-dimensional measure, we consider a force field f, : Iy — R3 acting on the
beam. Further denoting by W : M3*3 — [0, 400] the strain energy density we introduce the
total energy of the system stored by a deformation u : €, — R? as

Ba(w) = | W(Vula)Ay(x) d — / Fula). u(z)) 2.
Q Iy
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As usual in the analysis of thin elastic objects, we perform a change of variables to rewrite the
energy on a fixed domain. We set Q = Qy, I' = I'; and define the new variable v : Q — R3, the
rescaled prestrain Ay : Q — M??*3 and force f; : I — R3 as

v(@) = w(x1, has, has), Ap(z) = Ap(z1, heo, has), fo(@) = Fu(@1, hao, has).

In terms of the rescaled gradient Vyv = 01v ® e + %(821) ® ey + 03 ® e3), the energy can be
rewritten as Ej,(u) = h2Ey(u), where

B = [ W(Vho()Ana)) do — [ (Fala),u(e) 2
r
We will be interested in the case where

% — f in L*(I)

suggesting that a meaningful scaling for Ej is Ej/h%. Energies Ej, of order h? correspond
to bending flexures and torsions and lead to a rod theory. To prevent the energy functional
to be unbounded from below due to the invariance under translations we will further assume
v(0, 22, 23) = Ro(0, hag, has) for some Ry € SO(3). Under standard frame indifference, non-
degeneracy and regularity assumptions on W (see the next section for the precise set of as-
sumptions) and assuming the rescaled prestrain to be a small perturbation of the identity in the
sense of (2.9), we consider the I'-limit as h — 0 of Ej/h? under several boundary conditions
comprising clamped and weak clamped beams (at both ends the beam is free to rotate on a
plane orthogonal to a fixed direction as in [19] or [26]). We notice that such kind of boundary
conditions may involve some additional technical difficulties (see for instance Section 4) and, to
the best of our knowledge, their role in the variational analysis of stability via I'-convergence
has not been studied. The quadratic scaling has been first studied by Mora and Miiller in [27, 28]
in the case Ay is the identity matrix (see also [33, 34]). Under the assumptions above, for such
energies one can prove a ['-convergence result and characterize the limit energy density follow-
ing the same steps as in [27]. Using the notation R(x1) = (01v(z1)|d2(z1)|d3(x1)), Theorem 3.6
shows that the limit energy Epy: W12(Q,R3) x (L?(Q,R?))? — [0, 4+00] is finite on the space

A= {(v,dg,dg) e W22(Q,R3) x (Wh2(Q,R3))? depend only on z;, v(0) = 0,
(D1v]da]d3) € SO(3) a.e.}.

where it has the form

L

Ey(R) = ;/0 Q2 (:L‘l,RT(l‘l)R/(xl)) dzq —/F<f(as),v(a:)>d7'[2 (1.1)
with Q2(x1, A) being a quadratic function of the entries of A which is obtained by a minimization
problem involving the quadratic form of linear elasticity (see Proposition 3.4).
The formula for @2 can be simplified when the energy density W is isotropic. Having in mind
the experiments in [19], we assume additional symmetry of .S, covering the case of a rectangular
cross section as in the experimental set-up. Furthermore we consider a prestrain matrix which
describes locally an incompressible deformation (det A, = 1) and has a two-layer structure of
the form

. 1 1 .

v _ diag(1 + hy, et 1+hx) if 3 > 0, 19

n(x) : v v . (1.2)
I if z3 <0,
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where x > 0 is the effective strength of the stretching. Under this assumptions, in Proposition 3.8
we prove that there exist positive coefficients c19, 13, ca3 such that, up to an additive constant,
the density @2 in (1.1) is given by

QQ(A) = 612G%2 + 613(a13 — k)2 + 023a33, (1,3)

where )
k=x"r——7y 1.4
s )

is the intrinsic curvature. This implies in particular that, without external forces, a uniformly
curved beam is a global minimizer (and actually, up to rotations, the unique global minimizer)
of the limit functional. As a result, by the general theory of I'-convergence, for h small enough,
global minimizers of the energy Ej with zero external forces are close to a curved beam (see
Proposition 3.8 and subsequent remarks).

The analysis of the convergence of global minimizers has been complemented in literature
with results on the convergence of critical points of the 3-d functional to critical points of the
1-d limit energy. For models without prestrain we may mention the papers [28], where more
regular energy densities are taken into account, or [29], for a stronger scaling. Since instead
we are also interested in validating the usage of stable states of the one-dimensional limit as
approximations of stable states of the three-dimensional energy, we further analyse the problem
from the reverse point of view. We namely show that, for a given (strict) local minimizer of
the 1-d functional in the W12-topology, it exists a sequence of local minimizers of the 3-d one
converging to it. The choice of the topology, as we also discuss in Section 4, complies well with
simple criteria for showing local minimality, which we also provide.

Going into detail, we first prove that, thanks to the quadratic structure of the limit func-
tional Ey, if R is a strict local minimizer with respect to the W2-topology, then it is also a
strict local minimizer with respect to the L?-topology where it is possible to apply the results
in [15] (see also [6]) about approximation of strict local minima by I'-convergence. However the
advantage of working in W12 (instead of directly considering L?) is that it is possible to char-
acterize local minima of Fy by means of its second variation. To this end in Proposition 4.3 we
compute first and second variations of the functional Ey and eventually prove in Theorem 4.7
that if the second variation of Ey at a critical point R is a positive-definite quadratic form, then
R is a strict local minimizer in L?. We remark that we do not use Euler angles to rewrite Fy in
contrast to [22, 24, 25]. On one hand this makes our problem mathematically more complicated
since the domain of our energy functional is not a linear space, on the other we gain in gener-
ality since we have to pose no a-priori restrictions to the configurations in order to avoid polar
singularities. It is worth noticing that the proof of our local minimality criterion is simplified
by the possibility of extending the limit energy functional Ej in a neighborhood of SO(3) to
a functional Ey twice continuously Fréchet-differentiable in W12, Such a strong property is a
consequence of two facts: the quadratic dependence of Eo(M) on M’ and its smooth dependence
on M. The first is due to the quadratic structure of the limit energy while the second to the
dimensionality of the problem: being Ey defined on one-dimensional W2 functions, Sobolev
embeddings give L°°-compactness for M which turns out to provide a smooth dependence of
Ep on M (see Lemma 4.5).

In the last section of the paper we investigate the local stability of straight and helical
configurations under terminal loads. A similar problem, with the already discussed restrictions
and in absence of prestrain, appeared in [22, 24, 25]. In Theorem 5.2 we compute a critical value
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(explicitly depending on the boundary conditions) £ of the terminal load f such that, for
f > £ the straight configuration is a L? local minimizer, while for f < f¢ it is not. This
result also enable us to prove that the straight configuration is the unique global minimizer
of Ey for sufficiently large loads f > f, > f<®. A stability analysis, based on a conjugate
point method, is performed in Section 5.2 for helical solutions. The results of this section are
also exploited to provide numerical evidence of some of the experimentally observed behavior
of the physical model in [19]. At the critical force, under some condition on the parameters of
the problem, helical solutions arbitrarily close at the origin to the straight configuration emerge
as a branch of local minima of the energy FEy with respect to their own boundary conditions.
If instead the same boundary conditions are kept, both in the clamped-clamped and in the
weak-clamped case, Theorem 5.6 shows that for f = f¢ there exist a branch of critical points
bifurcating from the identity.

The last part of the paper is devoted to simple numerical experiments in which we show
that two factors can influence the stability of helical solutions, namely the aspect ratio of the
rectangular cross section and the intrinsic curvature of the rod through the prestrain parameter
X in (1.2).

2. NOTATION AND PRELIMINARIES ON THE MODEL

We denote by {e1,e2,e3} the standard basis in R?, by M>*3 the set of all real-valued
3 x 3 matrices and by I the identity matrix. Given a matrix M we denote by M7 its adjoint
matrix (this convention will be also used for row and column vectors). The entries of M will be
denoted by m;;. We further set sym(M) = (M +M7T). Welet SO(3) be the set of all rotations,

while Mi;ﬁ; and Mg;@i denote the symmetric and skew-symmetric matrices, respectively. Given

Ac Mi,ﬁu we define w4 as the unique vector such that Av = wy x v for all v € R3.
All euclidean spaces will be endowed with the canonical euclidean norm. Given two vectors
v,w € R? we denote by (v, w) the scalar product and by v ® w the dyadic product. Moreover,
we define diag(v) € M?*3 as the diagonal matrix with entries diag(v);; = v;d;;. All over the
paper C' denotes a generic constant that may change from line to line. The derivative of one-

dimensional absolutely continuous functions will be denoted by .

2.1. Mathematical modeling of prestrained elastic materials. We will consider a pre-
strained thin 3-dimensional stripe. Given a small parameter h > 0, a stripe of thickness h,
mid-fiber (0,L) and cross section S C R? is denoted by Q; := (0,L) x hS. On S we will
assume that it is a bounded open connected set having unitary area and Lipschitz boundary.
We moreover assume that S satisfies the following symmetry properties:

/ Toxz drodag = / Lo drodrs = / x3 drodxs = 0. (2.1)
S S S

The prestrain is defined as a measurable matrix-valued field Ay, : ), — M>*3. We require
the orientation preserving condition

det(Ap(z)) >0 a.e. in Q. (2.2)

We consider a hyperelastic material and assume a multiplicative decomposition for the strain
(see [17]). Denoting by W : M3*3 — [0, 4+00] the strain energy density, the stored energy of a
deformation w : €, — R3 is expressed by

En(u) = ; W (Vu(z)Ap(z)) dz.

Throughout the paper we make the following standard assumptions on the density W':
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(i) W(RF)=W(F) VRe€SO(3) (frame indifference),
(ii) W(F) > cdist?(F,SO(3)) and W(I) =0 (non-degeneracy),
(iii) W is C? in a neighborhood U of SO(3).
In addition to the stored energy we want to consider an external boundary force of the type
described below. Given a portion I'y, C {0, L} x hS with H?(I'y,) > 0 and a force field f), : T, —
R3 we define the total energy as

Bufw) = [ WTu@)Au(w)do = [ (Fala).ule) dH2
h I
As it is customary when dealing with the variational analysis of thin objects, we perform a
change of variables to rewrite the energy on a fixed domain. Setting 2 = Q;, I' =T'1, we define
the new variable v :  — R? and the rescaled prestrain Ay : Q — M3*3 and force f;, : I’ — R3
as
v(z) = u(w1, hae, hxs), Ap(z) = Ap(x1, hxe, has), fu(x) = fi(x1, hoa, has).

Introducing the rescaled gradient Vyv = v ®eq + %(821) ® eg + 03v ® e3), the energy takes the
form Ej(u) = h?Ej,(u), where

Ep(u) = / W (Vpv(z)Ap(x))de — /(fh(x), u(z)) dH2. (2.3)
Q T
We will be interested in the case where
% — f in L*(I) (2.4)

suggesting that a meaningful scaling for Ej is Ej/h?.

As a matter of fact, for a generic force term Ej, /h? might negatively diverge since it does not
control translations. To rule this out we supplement the problem with the following boundary
condition allowing at one end only rotations:

0
v(0, z2,23) = Ry | hxa for some Ry € SO(3). (2.5)
hxg

Stronger boundary conditions of Dirichlet type can be also considered and will be discussed in
Section 3.3, namely

Clamped:
0
U(O,ZL‘Q,333) = Ry | hao for a fixed Ry € 50(3) (2.6)
h$3
Clamped-Clamped: in addition to (2.6) it also holds
0
v(L,x9,x3) — / v(L,xo, x3) dH? = Ry, | has for a fixed Ry € SO(3). (2.7)
s hxg

We will see in Corollary 3.12 that the above constraints will imply Dirichlet boundary conditions
for the limit strains.

A weaker constraint, which we call weak clamping (at one or both ends) has been also con-
sidered in literature (see for instance [19]). In this case one leaves the ends free to rotate in
the plane orthogonal to a fixed direction. Assuming for simplicity this direction to be e; and
considering the more general case of a weak clamping at both ends, it amounts to requiring
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0
v(0,z2,23) = My | hxa | for some My € SO(3) satistying Mpe; = ey
hxs
0
v(L, o, x3) — / v(L, z9, 23) dH? = My, | hao | for some My, € SO(3) satisfying Mre; = e;.
S h:L‘g

(2.8)

The analysis of the energy Ej will entail bending and torsion effects as a result of the h?
scaling. Accordingly, in order to obtain a proper limiting theory as the thickness A tends to
zero, we assume throughout this paper that the rescaled prestrain is a (not necessarily smooth)
perturbation of the identity in the following sense:

1 _

HAh_IHoo < C() h, E(Ah_I) — A a.e. (29)
for some A € L°° (2, M3*3). Note that these assumptions already imply (2.2) if A > 0 is small
enough.

Now we can introduce the precise variational framework for our model. We consider admis-
sible deformations of the class

Aso) () =={v € W2(Q,R3) : v fulfills (2.5) in the sense of traces.} (2.10)
and define (with a slight abuse of notation) the energies Ej, : W12(Q,R3) — (—o0, +0o0] as
)AR( — 2 if Q
Bu(v) = Jo W (Viv(z)Ap(x)) de — [ (fr(z),v(z)) dH* ifv e {150(3)( ); (2.11)
+00 otherwise.

3. CONVERGENCE OF GLOBAL MINIMIZERS

In this Section we study the global minimizers of our model problem analyzing the I'-
convergence of the sequence of energies Ej as h — 0. The analysis will be performed for general
strain energy densities first and then specialized to the isotropic case.

3.1. T'-convergence of general prestrained energies. We start recalling Proposition 4.1 in
[28], which is based on the geometric rigidity estimate in [11] and show strong compactness for
sequences with finite energy of order h2.

Proposition 3.1. Let v, € W12(Q,R?) be such that
/ dist?(V v, SO(3)) dz < Ch?.
)

Then there exists an associated sequence Ry € C*((0,L),SO(3)) such that
(i) IVhvn = Rallr2(q) < Ch,
(ii) [|O1Rnllz2(0,L) S C
If in addition vy, fulfills v (0, z2,x3) = (0, haa, has), then
(iii) |Rp(0) —I| < CVh
Remark 3.2. If a clamped boundary condition (2.6) holds, statement (iii) in the previous
proposition reads

(iii") [Rn(0) = Ro| < CVh.
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This follows immediately by frame indifference if we consider the new sequence v, = R(:)th and
apply the above proposition.

Using Proposition 3.1 we deduce the analogous compactness property for our model. In the
statement we consider the space of admissible limit deformations defined as

A= {(v,dg,dg) e W22(Q,R3) x (WH3(Q,R3))? depend only on 1, v(0) = 0,
(D1v]da]d3) € SO(3) a.e.}.

Proposition 3.3. Let v, € Ago3)(2) be such that
Ep(vp) < CR?,

then (up to subsequences) vy, — v strongly in WH2(Q), Vv, — (01v]da|ds) strongly in L*(£)
for some (v,da,ds) € A.

Proof. We first show that

sup — [ dist*(Vjon, SO(3)) dx < +oo. (3.1)

>0 h?
Exploiting Poincaré’s inequality and (2.4) we get

h12/r<fmvh>dH2

Since |thvj|2 > |Vv;|? one can use the elementary inequality |A — B|?> > 1|A[*> — |B|* and
(2.9) to show that, for h small enough,

1
[ dis(Thon(2) A (2), SO@) de = &[T - C.
Q

< b2 full 2oy llvnll 2(0) < CUIVVRllL2() + B)- (3.2)

hence the energy bound and (3.2) imply supy, [|[Vos|r2(q) < +00. Since, by the boundary condi-
tion (2.5), vp(0, x2,x3) vanishes with h, we deduce that vy, is weakly compact in W12(Q) and
that the limit v satisfies

v(0,z9,23) = 0 a.e. (x2,23) € S. (3.3)
From the assumption (ii) on W and (2.9) we also have that
/distQ(thh( ), S0(3 /|thh D)L — A (@) + dist2(Vyon () An(z), SO(3)) dz < C B2,
Q

so that (3.1) holds and we can apply Proposition 3.1. Up to subsequences the family of rotations
Ry, € C*((0,L),S0O(3)) converges weakly in W2((0,L)) and uniformly on [0,L] to some
R € WH2((0,L),SO(3)). By property (i) in Proposition 3.1, Vv, — R strongly in L?(Q).
Since R is depending only on z; the limit functions depend only on ;. From this fact, the rest
of the statement follows. In particular v(0) = 0 follows from (3.3). O

We will now derive a one-dimensional limit theory. Given a matrix M € M3*3 we let Q3
be the quadratic form defined by

O*W
Qs3(M) = W(I)[Ma M].
Further we set Q2 : (0,L) x M23 — [0, 4+00) as
Q2(x1,A) = inf /Qg (( A(zoes + x3e3) + ¢ ‘ Orx ‘ Oz ) —l—ﬁ(w)) dzodxs.  (3.4)
acWh2(SR3) Jg

g€eR3
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In the next proposition we will collect some useful properties of ()s.
Proposition 3.4. Let Q2 be as in (3.4). Then the following holds true:

(i) Q2(x1,A) is given by the equivalent minimum problem

min /Qg (( A(xQGQ +.%'3€3) +gmin ‘ 82@ ‘ 836( ) —|—Z(l’)) dl’le’g, (3.5)
aEWH2(SR?) /5

where gmin € L¥((0, L), R?) is given by

gmin(T1) = — (/ a11(z1, 22, 3) dx2dx3> el
s

0

(ii) The problem (3.5) has a minimizer of the form amim = o + &, where o minimizes
(3.4) for A=0 and & solves
min /Qg 33262 —i—xgeg) ‘ Oy ‘ I5%0" )) dxodxs. (3.6)
aeW2(S,R%)

(iii) Q2(x1,A) is a quadratic function of the matriz entries of A, that is

Qa(71,A) = Q2(A) + K(x1) : A+ q(1) (3.7)

for a coercive quadratic form Qs , a matriz-valued function K € L>((0,L),M3*3) and

a scalar-valued function g € L®((0,L),R). In particular Q2(A) only depends on the
solution & of (3.6).

Proof. (i) Given any pair (g, a) € R x W12(S,R3), for almost every z; € (0, L) we may define
a(xg, x3) = a(xe, x3) — x9p — T3T

where p,r € R3 are defined as

p=p(r1) = / Ooaxdxodrs +
S 2

S

ag3 + a32

_ _\T
_ _  _ G33+ a3z
a1 + @12, a2, ———— | dzodzs,
T
( asy + a1z, ————— 5 a33) dzodxs.

= 7’(1171) = / 8304(1:112(1113
S S

Then we can write

( A(zgea +x3e3) +g | Doa |50 ) =( g—gmin | P |7 )
+ ( A(xgeg +x3€3) + Gmin ‘ I5)%0" ‘ O3a )
=: M + M.

Note that M; depends only on x1 and M is constructed in such a way that, by (2.1), the
symmetric part of My + A has zero average on S. Thus, expanding the quadratic form Q3(M)
(which depends only on the symmetric part of M) we deduce that

/ Qg 1’262 + $3€3) +g ‘ O ‘ Oz« ) +Z(:C)) dxodxs = /SQg (M1 + My + Z(l‘)) dxodxs
> 2/ D2W (I)[sym(M;), sym(Mo 4+ A(z))] dzodas + / Q3(Ms + A(x)) doodrs
S S

= /SQg (( A(z2e3 + x3€3) + gmin | 026 | O3@ ) + A(z)) dzadas.
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(ii) As the problem defining Q2(x1, A) is convex, we can characterize the minimizers by the
Euler-Lagrange equation. Those read as

Z?:Q 8j8mijQ3 (( A($2€2 =+ 1‘363) + 9min ‘ 8204 ‘ 8304 ) —i—Z(m)) =0 in S,
2?22 8mij Q3 (( A(x2€2 + 33363) + Gmin | Oox ‘ O3« ) —i—Z(JI)) =0 on 9585,
where we denote by 0y, the partial derivatives of the map M — Q3(M ) with respect to the

i=1,...,3,

matrix entries. As Op,; Qg( ) is linear for all 4, j, it follows that ampi, = a® + & solves the Euler-
Lagrange equation, where o is the corresponding minimizer for A = 0 and & is the minimizer
for A=g=0.

(iii) Note that & depends linearly on A (see also Remark 3.4 in [27]) and o is independent
of A. Introducing the linear map A — M(A)(x2,x3) = ( A(zoes + x3e3) ‘ O2& ‘ 03¢ ), the
structure of Q2(x1, A) then follows by (ii) on setting

/Q3 A)(x2, 3)) dradas,
A= 2/ D?*W(I) [M(A)(z2,23), ( gmin | 020 | 830° ) + A(z)] dwodas,
s

Q(xl) = /SQ3 (( Jmin ‘ 82040 ‘ 83@0 )+Z(CC)) dzodxs.

The coercivity of QQ(A) can be checked directly, so we omit the details. Measurability of K
and ¢ follows from Lemma A.1 and Fubini’s theorem, while the integrability assertions can be

deduced from (i), the boundedness of A and (A.3) as the latter implies |Va?||;2 < C. O
Remark 3.5. Given a function A € L%((0, L), M2)? ), one can choose a function a € L(Q2, R?)

with dga € L2(,R3) (k = 2,3) such that a(wz1,-) solves (3.5) with A = A(z1,-) for a.e.x1 €
(0, L). This fact is proved in the appendix (see Lemma A.1) since in particular the measurability
of « in the product space 2 = (0, L) x S requires some care.

Here and henceforth we will use the notation R(z1) = (91v(x1)|d2(x1)|ds(z1)). We define
the limit energy Ep: WH2(Q,R3) x (L?(2,R?))? — [0, —i—oo} as

Eo(?),dg,d;),) — { fO Q2 (."L‘l,RT(SL‘l)R/ T ) dri — fl" dH2 if (U,dg', dg) €A,
400 otherwise.
(3.8)
Note that the definition above is well-posed since, by the separability of W12(S,R3), the function
Q2 is measurable and, since R € SO(3) almost everywhere, the matrix RT R’ is skew-symmetric.
We further notice that the limit functional does depend only on R. In fact, since for admissible
functions v acl fo xl e1 dx1, one can rewrite the force term as

/F<f(x),v(x)>d7-l2 _ </Ff(L,x2,a:3)dH2,/0 R(z1)er dx1>. (3.9)

We now can state the main theorem of this section.
Theorem 3.6. Let h; — 0 and assume that (2.4) and (2.9) hold. Then we have the following
T"-convergence result:
(i) For every sequence v; — v in Wh2(Q,R3) and hij(@gvj,agvj) — (dg,d3) in L*(Q2), it
holds that )
Eo(v, dg, dg) < hInjiIlf ﬁEh]‘ (Uj).
J
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(ii) For every v € WhH2(Q,R3), da,ds € L*(Q,R?) there exists a sequence v; € WH(Q,R?)
such that v; — v in W12(Q) and h%_(@gvj,@gvj) — (da,d3) in L*() fulfilling

.1
h;n ﬁEhj (vj) = Eo(U, dQ, dg)
J

Proof. The proof follows the lines of Theorem 3.1 in [27]. We will therefore only sketch those
arguments of the proof which do not require substantial modifications. Since by our assumptions
the force term in Ej,; is continuous with respect to the chosen convergence, we can assume that

fh=1[=0.

Lower bound (i): We can assume that

.1 .1
hmjmf ﬁEhj (vj) = hjm ﬁEhj (vj) = C < +o0.
J J
Let R; = Ry, with Ry, the sequence of smooth rotations constructed in Proposition 3.3. We
define the sequence G, : Q — M3*3 as
RT(l‘l)vh.Uj(x) -1
Gj(x) = J hj~ .
J

Due to the bound (i) in Proposition 3.1, up to subsequences (not relabeled) we have G; — G
in L?(). Using frame-indifference we rewrite the relevant part of the energy as

T (Ap, = 1)
E,; (vj)= | WI{I+h; R; th’l)jhi +Gj dz. (3.10)
Q J
Since, by (7) in Proposition 3.1, R;‘-thjvj — I in L?(Q), we deduce from (2.9) that
(Ahj - I)
h;

The compactness above together with standard linearization arguments (see the proof of Propo-
sition 6.1 (i) in [11]) imply that

limjinf}%Ehj(vj) > % /Q Qs3(G(x) + A()) da.

RV v; +G =~ A+ G inL*(Q).

It remains to identify the matrix G in terms of R = (01v,da,ds). Reasoning as in the proof of
Theorem 3.1 (i) in [27] one infers that

G(x)e; = G(x1,0,0)e; + RT (z1)R (1) (20 + x3€3). (3.11)
To obtain the remaining columns we argue as follows. Let us define the functions

R;‘F(Iﬂl)h%vj(x) — xgey — T3€3
j

so that Oyaj(xz) = Gj(x)er for k = 2,3. Defining the partially averaged function a;(zi) =
Jg @j(x) dzadxs we infer from the Poincaré inequality that, for almost every z; € (0, L),

/ () — @ (1) ]? dwodas < C/ |Oacj|? + |03 |* dzadas.
S S
Integrating the above inequality over (0, L) yields

/ |oj (@) — () * dz < C/ 020 + 030> da < C,
Q Q
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where we used the L?-bound on G ;- Passing to a subsequence we may suppose that a; —o; — «
in L?(Q) for some o € L?(2,R?). Note that in the sense of distributions we have dpa = Gey.
Moreover, for almost every z; € (0,L) we have that the map ag, : (v2,23) — (1,22, 73)
belongs to W12(S,R?). Therefore, for almost every z1 € (0, L) the pair (G(z1,0,0)e1,ay,) €
R? x W12(S,R3) is admissible in the minimum problem (3.4) for A = RT(z1)R'(z1). By this,
integrating with respect to z; and using (3.11), we get

/ Qs(G(z) + A(x)) dz > + / Qs (21, B (@1) R (21)) dar,

thus concluding the proof of the lower bound.

Upper bound (ii): For any (v, dz,ds) € A, by Proposition 3.4 (i) and Remark 3.5 we can
choose o € L?(Q,R3) with dpa € L?(2,R3) for k = 2,3 such that (abusing notation)

Eo(R) = ;/QQ:; (( RT(xl)R’(:rl)(:rgeg +$3€3) —i—gmin(xl) ‘ 820& ‘ 8304 ) —i—Z(x)) dz.

We will approximate R,« and ¢ in a similar way as done in the proof of Theorem 3.1 (ii) in
[27]. First we define y,(21) = [;" gn(s) ds, where g, € C([0, L], R?) is a sequence of functions
converging to gmin in L? ((0,L)). In order to approximate « we consider the standard approxi-
mation o, obtained by convolution, where we make use of Remark A.2 to have convergence up
to the boundary. Then it holds that o, — « and Opa, — Opa in L?(Q) for k = 2,3. We can
furthermore keep the boundary condition (2.5) replacing a, by d&n(x) = an(z)0,(x1), where
0, € C*>([0,1]),[0,1]) is a suitable cut-off function. This still preserves the convergence of &,
and of its partial derivatives Oy, in L%(Q) to o and Opa for k = 2,3, respectively. Note
that since W12((0,L)) is compactly embedded into C([0,L]) we can construct by projection
onto SO(3) also a sequence of smooth functions R, € C*°([0, L], SO(3)) such that R, — R in
W12(0, L) and uniformly on [0, L]. Setting

n(1) / R, (s)e; ds, (di)n(z1) = Ry(x1)ex, k=2,3,

then for fixed n we have y,, (dx), € C([0, L],R3) for k = 2,3. Moreover, up to a subsequence
(not relabeled) we may suppose by continuity that

;/QQ;; (( RZ(%l)R%(%l)(ZQeQ + 1'363) +gn(x1) ‘ Oy, ‘ 030, ) —i—Z(x)) dx < E()(R) +
We set

v (2) = yn(x1) + haa(de)n (1) + haz(ds)n(21) + hyn(z1) + h2 Ry (21)dn (2). (3.12)

The regularity of v allows a Taylor expansion of the energy density around the identity. By
(2.9) and the dominated convergence theorem one obtains (see [27] for more details)

1
lim - B (of) = /Q3 (( RE(z1) Ry, (x1)(z2e2 + 3€3) + gn(21) | 026ty | O3 ) + A(z)) da.
Given any sequence hj — 0, there exists a subsequence h;, such that, if we define the sequence
vp as in (3.12) with h < hj,, it fulfills (2.5) and by the previous reasoning it holds that

%Eh(v,’f) < Eo(R) + % Finally we set v; := v,’fj if jn <J < Jn+1- Then limsup; hi?Ehj (vy) <
Eo(v,da,d3) and v; — v in WH2(Q) as well as 1/hj(02v;,05v;) — (da,ds) in L?(£2). O

1
-

Remark 3.7. The I'-convergence result still holds if we consider bulk forces of the type
Jo(fu(z),v(x)) dz instead of forces acting on the end. The proof is analogous.
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3.2. The isotropic case: intrinsically curved rods. In this section we treat the case of
isotropic materials showing that the asymptotic formula (3.4) can be further simplified to a
Kirchhoff rod-model with intrinsic curvature if we assume for the prestrain matrix A, a special
structure arising from a two-layer model (see (3.19)). We begin with some general consideration
about isotropic materials. Through all this section we assume that the isotropy assumption

(iv) W(FR) = W(F) VR e SO(3)

is satisfied. It is well-known that in this case the quadratic form @3 in (3.4) simplifies to
Qs(M) = 2ulsym(M)[? + Aex(M)?, (3.13)

for two positive constants p, A that are known as Lamé constants.
For the sake of simplicity, we assume that the prestrain describes locally an incompressible
deformation, that means det(A;) = 1. This implies that

tr(A(z)) =0 a.e. in Q. (3.14)
We recall that, due to Proposition 3.4 (ii), the problem (3.5) has a minimizer of the form
Qmin = a’+@, where o minimizes (3.4) for A = 0 and & is a solution of (3.6). Since the coercive
quadratic form @2 in the decomposition (3.7) only depends on &, the direct computation in
[27, Remark 3.5] shows that

A 3AN+2
O (4) = p20 20 ( [a+at | ) T ursdds, (3.15)
A1 s S

where the constant 7¢ is the so-called torsional rigidity. Introducing the torsion function ¢ of
S, defined as solution of

Ap =0 i
4 oo 5, (3.16)
Opp = —((x3, —x2)",v) on IS,
the torsional rigidity is given by
Tg i= /(x% + 22 4 23020 — T203p) = /[(xg + Dap)? + (D30 — x2)?], (3.17)
S S

where the equivalence between the two definitions follows from (3.16) and integration by parts.
On the other hand, using the trace-free condition (3.14), a direct computation shows that
aV solves the following system of Euler-Lagrange equations:

—Aag = diV(ﬁu + @91, a13 + asy) in S,
div((2u + A)doag + N0z, pdeas + pdsan) = div(—2puase — Ag1, —a23 — a32) in S,
div(udeas + pdsag, A\osag + (2 + A)dsag) = div(—ags — ase, —2pass — Agi) in S, 3 18)
o, = —<(512 + a9g1,a13 + 531>T, V) on (95(, ’
(((2p + N Doy + A3z, poas + pdzaz)’, v) = ((—2udza — Ag1, —@e3 — a32)’,v) on 05,
(10203 4 pd300, Nacra + (211 + N)d3a3)T, v) = ((—@a3 — @32, —2uazz — Ag1)’,v) on 08S.

We now focus on the particular case when the prestrain has a special two-layer structure.
This assumption is motivated by the experiments in [19]. There the authors stretch a shorter
thin piece of rubber with rectangular cross section until it has the same length as a second
one and then they glue them along one side. To describe the effects when an additional force
is applied at one end, they use a Kirchhoff model with intrinsic curvature. Here we derive this
model from three-dimensional elasticity. The result we present does only depend on the structure
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of the limit function A, so that more general hypotheses on the prestrain are possible. For the
sake of simplicity we suppose the prestrain Aj to be of the form

_ diag(1 + hy, ———, —— if 25 > 0,
Ap(zx) = iag( Xo VTHhx \/1+hx) 1 3 (3.19)
I if 3 < 0,

where y > 0 describes the effective strength of the stretching. If Ay, is of the form (3.19), then
Ay, fulfills (2.9) with

— di —X Xy if
Az) = iag(x, —2 ~3) L 0 (3.20)
0 if z3 <0
and in particular (3.14) holds. We set
ST :=5n{x3>0}
and, in addition to (2.1), we further assume the following symmetry condition:
/ zo dH? = 0. (3.21)
S+

Proposition 3.8. Assume that (3.20) and (3.21) hold and that W is isotropic. Then, there
exist positive coefficients cia,c13,co3 such that, up to an additive constant, the density Qo in
(3.4) is given by

Q2(A) = 0120%2 + ci3(a13 — k‘)z + 0236L§3, (3.22)
where
fSJr T3 dH2
k=xy"2——+ 3.23
X S a:% dH? ( )

18 the intrinsic curvature.

Proof. From (3.4) and (3.20) we deduce that limit density does not depend on z;. Referring to
(3.7), we notice that Qo is given by (3.15), ¢ affects the energy only by an additive constant,
while the linear term is given by K : A with K independent of z; because of the previous
considerations. Using the notation from the proof of Proposition 3.4, (3.13) and (3.14) yield

K:A :4,u/ssym (M(A)(z2,23)) : sym (( gmin | 02a° | 830" ) + A(z)) dH?
—1—2)\/5‘51"(M(A)(x2,;1:3))tr (( gmin | 020" | 9300 )) dH2. (3.24)

First notice that by [27, Remark 3.5] the second and third components of & are given by

<d2($2,$3)> _ 1 A < algx% — algl‘% + 2a13x9x3 ) . (325)

G3(xe, x3) AN+ p \—a1373 + a1373 + 20120073

It follows that sym (M (A)(+))23 = sym(M (A)(-))32 = 0. Moreover, the solution a to the system
(3.18) can be taken with first component o = 0 since the non-diagonal terms in A are zero,
and so are then the right-hand sides in the equation and the boundary condition for Y. By
Proposition 3.4 and (3.20) we further have gmin = —x£2(ST)e;. From all this facts we conclude
that in the matrix scalar-product in (3.24) only the diagonal entries give a contribution. Thus,
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plugging in (3.25), the expression in (3.24) simplifies as

K:A =4u/(a12x2 + a1323) (—xL3(ST) + @ (z)) dH?
s

20
- /S \ i M(a121'2 + a131‘3)(82a8 + 83043 + a2 () + asz(x)) dH?

2\
+ / h\ H (algm + a13x3)(82048 + (93053 — XﬁQ(S+)) dH2
SAT N

3)\+2u/ , 3A+2,,L/
=2 a12x9 + ajzxs) dH” =2 a13x3,
X N a s+( 122 + a1323) X i Nt e 11373

where we used (2.1), (3.20) and (3.21). Note that the explicit expression of aj and «af is not
needed in the previous calculation, since the corresponding term cancels. The general formula
(3.22), as well as the formula for %k, now follows from the above computation and (3.15) by
completing the squares. O

Remark 3.9. The coefficients of the density (3.22) can also be easily obtained from (3.15). We
will use their explicit form in the final section.

Remark 3.10. The function Q2 in (3.22) is minimized pointwise by skew-symmetric matrices
of the form

Amin = k(e1 ® e3 — ez @ €1).
Defining the function (v, ds,ds) € A implicitly via

cos(kxy) 0 sin(kx;)
R(x1) == 0 1 0 ) (3.26)
—sin(kx1) 0 cos(kzy)

we have
RT(z1)R'(z1) = Amin.

Hence, with the boundary condition (2.5) or (2.6) we have a curved beam as global minimizer.
On the other hand, if (v,dy,ds) € A is a minimizer, then R’ = RAp;, has a unique solution
up to a constant rotation prescribing the initial value R(0). We infer that up to rotation, the
curved beam constructed above is the unique minimizer when there are no external forces. By
the general theory of I'-convergence, it follows that for A small enough, minimizers of the energy
E, are close to a curved beam in the chosen topology.

3.3. Different kind of boundary conditions. In this paragraph we shortly discuss the effect
of the clamped and weak-clamped boundary conditions (2.6)-(2.8) on the limit model. While the
limit formula for the energy remains the same as in (3.8), its domain takes instead into account
some Dirichlet-type boundary conditions for the strain as the next lemma shows.

Lemma 3.11. Let vp,v and R = (01v,da,ds) be as in Proposition 3.3.
(i) If vy fulfills (2.6), then R(0) = Ry,
(ii) If vy, fulfills (2.6) and (2.7), then R(0) = Ry and R(L) = Ry,
(iii) If vy, fulfills (2.8), then R(0)e; = R(L)e; =e;.

Proof. Claim (i) follows immediately from Proposition 3.1 and Remark 3.2.
We now prove (iii) as the argument for (i) turns out to be a special case. We start with
the boundary condition at z1 = 0. Let Mgy, be the corresponding rotations in (2.8). Defining

ml = M0T7 wUn, it follows from frame indifference that Ej(m{) < Ch? and m fulfills

mg(O, x2,x3) = (0, hx, hxg)T.
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Applying Proposition 3.3 and Proposition 3.1 we infer that (up to subsequences) thg con-
verges to a function R € WH2((0,L),SO(3)) with R(0) = I. On the other hand, by com-
pactness of vj,, we have that the sequence of matrices My converges to My € SO(3) with
Mye; = e1, due to (2.8). By construction it holds: R(z1) = MgR(z1), so that we deduce
R(O)61 = M()R(O)el =e€1.

To prove that R(L)e; = e, we set F' = diag(—1,—1,1) € SO(3) and Q' = FQ+ Le;. Note
that the cross section of €' still has unitary area and fulfills (2.1). We define a new sequence
mﬁ QY - R3

mﬁ(wl,xg,xg) = FMEh <vh(Fx + Ley) — / U(L,xg,xg)dH2> )
S

Then we have m(0,22,23) = (0,hz2, has)? and arguing as before we deduce that (up to
subsequences) Vjmk converges to a function R € W12((0,L),S0(3)) with R(0) = I. By
construction it holds now R(x;) = FTMpR(L — x1)F, with My the limit of the rotations
My, p, . It therefore holds Mpeq = eq, which implies the conclusion by a direct computation. [

As a corollary of Theorem 3.6 we have the following convergence result about prescribed
boundary conditions.

Corollary 3.12. Let hj — 0 and assume that (2.9) and (2.4) hold. It holds that

(i) under the boundary conditions (2.6), the T -limit of Ej,/h? is finite only for (v,ds,ds) €
A with R(0) = Ry,
(ii) under the boundary conditions (2.6) and (2.7), the T -limit of Ey/h? is finite only for
(v,da,ds) € A with R(0) = Ry and R(L) = Ry,.
(iii) under the boundary conditions (2.8), the T -limit of Ej,/h? is finite only for (v,ds,ds) €
A with R(0)e; = R(L)e; =ey.

In all cases the limit energy is given by Ey(v,ds,ds) on the corresponding domain.

Proof. Lower bound: In all the considered cases the lower bound inequality is a consequence
of Theorem 3.6 and of Lemma 3.11.

Upper bound In all cases it suffices to modify the recovery sequence given by Theorem
3.6 close to {0, L} x S. We demonstrate it for (ii) and (iii). As the construction will be local the
argument for (i) is contained in (ii).

(ii): Let (v,d2,ds) € A such that R(0) = Ry and R(L) = Ry . By well-known properties
of Sobolev functions with prescribed trace, there exists a sequence R, € C*((0,L),SO(3))
converging to R in W2 which additionally satisfies R, = Rg in (0,6,) as well as R, = Ry,
in (L — 0y, L) for some 4, > 0. We now construct the recovery sequence vy as in the proof of
Theorem 3.6, that is

V() = yn(z1) + haa(do)n(z1) + has(ds)n(z1) + hyn(x1) + A2 Ry (21)dn(2) © (3.27)
By (2.1), this sequence fulfills the boundary condition (2.6) and (2.7) if
(Yn, (d2)n, (d3)n)(0) = (0, Roez, Roes), an(0,22,23) =0, ~;(0) =0,
((d2)n, (d3)n)(L) = (Rreg, Rres), an(L,z2,23) = 0.

One can directly check that all the above equalities, up to the last one, hold now by construction.
For the condition &, (L, x2,x3) = 0 it suffices to modify the sequence &, in a neighborhood of
L by multiplication with a cutoff only depending on x;. As in the proof of Theorem 3.6 this
does not affect neither the convergence of @&, nor of the derivatives in the xo and x3 directions.
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(iii): In order to fulfill the boundary condition (2.8) for a recovery sequence of the type
(3.27), we can ensure that {(da),(0),(d3)n(0), (d2)n(L), (d3)n(L)} € ei again by choosing a
suitable approximation R, of a Sobolev function with prescribed trace.

In both cases the modification of the recovery sequence does not change the argument for
the energy estimates, so that we conclude.

O

4. APPROXIMATION OF ISOLATED LOCAL MINIMIZERS

Having identified the I'-limit of the three-dimensional model in the chosen scaling regime,
we can apply the well-known results on convergence of (almost) global minimizers. However, in
practice also local minimizers are of interest. In this subsection we prove that under some lower
semicontinuity assumptions for the sequence of energies Ej any strict local minimizer R of the
limit energy Ey with respect to the W12-topology can be obtained as limit of a sequence of
local minimizers vy, of the three-dimensional energy FEj. Local minimality of the deformations
vy, has in this case to be understood with respect to the L?-topology on the scaled gradients
Vv, which, as seen in Proposition 3.3, arises naturally on the sublevel sets of %Eh.

To prove this result, we will mainly rely on the general theory on local minimizers and
I'-convergence (see [6, Chapter 5]). At least at a first glance, this would however need a weaker
topology and therefore a stronger notion of minimality, quite hard to be checked in practice.
The key observation to overcome this difficulty is that the L?-convergence together with the
quadratic structure of the energy FEp imply W'2-convergence in the limit variable R (see
Proposition 4.1 below). The advantage of this approach is that we can provide simple criteria
based on the second variation of the limit functional Ey to check local minimality of R exactly
in the W'2-topology, thus completely bridging the gap between the 3-dimensional and the
one-dimensional energy.

We start by fixing some notation in order to deal also with the additional constraints in
Corollary 3.12. We will see the limit energy Ey as defined on W12((0,L),SO(3)), since it
depends only on R. For Agp(s) as in (2.10) we will denote with A, C Agos) the domain of
the energy Ej,. This notation accounts both for the case where only (2.5) is assumed and then
An = Ago(3), as well as for additionally considering the boundary conditions (2.6), (2.6)-(2.7),
and (2.8), respectively. Accordingly, the domain A of the limit energy Ey will be either simply
given by W2((0, L), SO(3)), or will also incorporate the Dirichlet-type boundary conditions in
(i), (ii), or (iii) in Corollary 3.12, respectively.

The next proposition is of high importance since it guarantees that strict local minimizers
of Ey in the strong topology are also strict local minimizers in a weaker topology.

Proposition 4.1. Let Ey be defined as in (3.8) and let R be a strict local minimizer of Ey
in A with respect to the strong topology of W12((0,L),SO(3)). Then R is also a strict local
minimizer of Eq in A with respect to the L?-topology.

Proof. We argue by contradiction. Assume that there is a sequence R, € W2((0,L),SO(3))
such that R, — R in L?((0,L)) and Eg(R,) < Eo(R). It is enough to show that R, — R
strongly in W12((0, L)). By taking advantage of Proposition 3.4 (iii) we have

Qa(x1, A) = Qo(A) + K(21) : A+ q(x1),

where (g is a coercive quadratic form and K,q € L*((0,L)). By this, the definition of Eq
and the equality |RTR| = |R/|, we obtain that R, — R in W12((0,L)). From the assumption
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Eo(Ry) < Ep(R) and lower semicontinuity we get to
lim E()(Rn) = Eo(R) .

Since the force term converges we deduce that also

L L
1im/ Qa(x1, Ry (x1) Ry, (1)) dzy =/ Qa(x1, R" (21) R/ (21)) day. (4.1)
nJo 0

Applying L%-weak convergence of R R! we further infer from (4.1) that
L L
lim/ Q2(Ry, (1) Ry (1)) day —/ Qa(RT(21) R (z1)) dz1.
mJo 0

By the properties of QQ the convergence above implies that RI R/ — RTR' also strongly in
L?((0,L)). Again using the equalities |RL R/ | = |R!,| and |RT R’| = |R’| and uniform convexity,
it follows that R/, — R’ strongly in L?((0, L)). This proves the claim. O

From the previous proposition we deduce the convergence to isolated local minimizers.

Theorem 4.2. Assume that the functional Ej, defined in (2.3) is lower semicontinuous with
respect to weak convergence in W12(Q,R3). Moreover let Ey be defined as in (3.8) and R =
(O1v|dalds) € WL2((0,L),SO(3)) be a strict local minimizer of Ey in A with respect to the
strong W2 -topology. Then there exists a sequence vy, of local minimizers of Ey in Ay such
that vy, — v strongly in W12(Q,R3) and Vv, — R strongly in L?(Q, M3*3).

Proof. The proof follows in the footsteps of [6, Theorem 5.1]. By Proposition 4.1 we deduce from
the assumptions that R is a strict local minimizer in the L?-topology. Hence there exists § > 0
such that FEo(R') > Eo(R) for all |R' — R||;2 < d. We now set

Ul :={veA, :|Vho—R|2 <6}

Note that, by compactness of SO(3), for fixed h the set Aj is closed with respect to weak
convergence in W1H2(Q, R3). It also follows that the weak and strong closure of U gL coincide by
convexity. Since the functionals Fj, are lower semicontinuous and coercive with respect to weak
convergence by our assumptions, there exists a sequence vy, such that vy is a minimizer of Fj
on Ugl. By Proposition 3.3, or Lemma 3.11, the scaled gradients Vjvy, converge to some R’ € A
strongly in L2. It follows that |R' — R||z2 <.

Assume now by contradiction that R’ # R. We infer that

Eo(R) < Eo(R') < lim inf iEh(vh) < limsup L inf Ej(v) <limsup iEh(@h) < Ey(R),
ho h? no h?veul ho h?
where vy, is a recovery sequence for R in the sense of Theorem 3.6. Thus we obtain a contradiction
and R’ = R. It follows that Vv, € U g‘ for h small enough, which is an open set of A;, in the
WhH2(Q, R3)-topology. Hence vy, is indeed a local minimizer. The convergence of vy, — v follows
from the convergence of Vjvy, to R and the condition (2.5) which rules out translations. g

In the rest of the Section we aim to show that a solution R of the Euler-Lagrange equations
for Ey with positive second variation is a strict local minimizer of Ey with respect to the strong
W2 topology. This result cannot be directly deduced from [5, Theorem 11], which deals with
more general integrands and consequently requires W1 -regularity of the solution and proves
local minimality only with respect to the W1 -topology.

We start by recalling the expressions for the first and second variation of the limit energy. A
quick derivation is presented for the reader’s convenience, although some of the calculations are
already present in [28] (for the first variation) and a formal derivation of the second variation
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has been shown in [8]. For notational convenience, we introduce the function ¢ : (0,L) x R? —
[0, +00) defined implicitly by g2(z1,wa) = Q2(z1, A) and denote by Vyga2(x1, A) the derivative
of go with respect to the second variable. We also recall that the tangent space to the space of
admissible deformations A at a configuration R is given by 7 R, where 7 is a space of test
functions depending on A. In the unconstrained case when A = W12((0, L), SO(3)), it is well-
known that 7 = W1H2((0, L), M3X3 ). If the additional constraints in Corollary 3.12 are taken

skew
into account, the following characterizations hold:

(i) when A = {R € W"2((0,L), SO(3)) : R(0) = Ry} for a fixed Ry € SO(3), then
T ={BeW"2((0,L),M3*3): B(0) =0} ;

skew
(ii) when A = {R € W'2((0,L),SO(3)) : R(0) = Ry and R(L) = Ry} for fixed Ry,
Ry € SO(3), then T = Wy *((0, L), M)

skew
(iii) when A = {R € W12((0,L),SO(3)) : R(0)e; = R(L)e; = ey} , then
T ={B e W"((0,L),M>3 ) : B(0)e; = B(L)e; = 0}.

In all these cases, 7 is a linear subspace of W1H2((0, L), M3%3 ).

skew

Proposition 4.3. Let Ey be defined as in (3.8) and R € WH2((0, L), SO(3)) be a local min-

imizer of Ey in A with respect to the strong W12 -topology. Then R satisfies the following
first-order necessary condition for every B € T :

L
/0 (Vyaa(z1,wa(z1)), RT (z1)wpr (21)) — 2(f, (wB(x1) x R(z1)e1))dar =0, (4.2)

where A= RT R'. R
Furthermore, if R € A solves (4.2), the second variation of FEy at R is given by

L
D?Ey(R)[BR, BR] = ;/ [(CRTwp/, RTwp) — (RVygo(21,wa), Bupr) — 2(f, B’Re1)] day
0
(4.3)

for every B € T, where C := qug(wl,v) is a constant matriz.

Proof. Fix a local minimizer R € A. Given B € T, for ¢ small there exists a smoothly varying
one-parameter family ~, € A such that Y90 = R and 49 = BR, where 4 denotes differentiation
with respect to the parameter €. We set A, := ’yET 7L as well as B, = ‘ysfyaT € T, and observe
that Ag = A and By = B. Exchanging the order of differentiation we get

YeAerT = BT (1:(0)7)" + 79 AAT = Beve (V)T + Al = 3 (1) + 4T = BL,
where used that B. and v.7. are skew-symmetric almost everywhere. Using the general equality
wpr 15 = Rfwjy, valid for all R € SO(3) and A € M3 | we have

wy = 'yngé . (4.4)
Due to Proposition 3.4 (iii) and the estimate (A.1) we may indeed differentiate inside the integral
in Eo(v:) with respect to €. We then obtain

L
0?5;/0 Qo(x1, 7L (1) (1)) — 2(f, v (z1)er) day
1 (L ‘
— 2/0 (Vyaga(z1,wa, (21)) w4 (21)) = 2(f, 4=(z1)er) day.
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Evaluating the above expression at € = 0 where it must vanish by local minimality and using
(4.4), we obtain (4.2).

For the second part of the statement, first notice that the claim about C follows from
Proposition 3.4 (iii). Now consider R € A (for the moment, not necessarily a minimizer) and let
. be a one-parameter family as above. Again we may differentiate inside the integral to obtain

d? 1 [E .
gz Bo(re) = 2/0 (Cw,wji )+ (Vyae(r1,wa,),wi ) — 2(f,Yee1) dai. (4.5)

By (4.4) and a direct computation we have

wi =9 wp + 'YEWBQ Ye = BeYe — ¥e¥ e,
which implies by definition of 7. that

Wi, :RT(w36 — Bwp/), 40 = (Bo + B*)R.

Hence evaluating (4.5) at ¢ = 0 we infer by the above equalities and (4.4) that

1 L
D?Ey(R)[BR, BR] :2/ (CRwpr, RTwp/) — (RV yqa(1,wa), Bwp) — 2(f, B*Re1) dx;
0

L
+/ (quz(xl,wA)7RTwBé) — 2<f, (U.)BO X R61)> dx
0

If R solves now (4.2), then the last integral vanishes since By € 7. This proves (4.3). O

Remark 4.4. Note that (4.2) is the weak formulation of the system

(R(x1)Vyaa(z1,wa(z1)))" = 2f x R(z1)er, (4.6)
R'(x1) = R(z1)A(z1),

endowed with boundary conditions that depend on the choice of A. In the unconstrained case

when we only assume (2.5), system (4.6) has to be coupled with the natural boundary conditions

VyQQ(O,wA(O)) = VyQQ(L,wA(L)) =0. (4.7)

If we consider the clamped-clamped case (2.6)-(2.7), then (4.7) is simply replaced by the Dirichlet
boundary conditions R(0) = Ry and R(L) = Ry, for fixed Ry and Ry € SO(3).

In the case of weak clamping (2.8), we have R(0)e; = R(L)e; = e; while wp(0) and wp(L) are
parallel to e; for all test functions B € 7. We therefore get the mixed boundary conditions

R(0)er = R(L)er =e1 and  (Vyq2(0,wa(0)),e1) = (Vyqa(L,wa(L)),e1) =0. (4.8)

The proof of the announced local minimality criterion is in our case considerably simplified,
since we can extend Ey in a neighborhood of SO(3) to a functional Ey € WhH2((0, L), M?*3)
(see (4.10) below) that proves to be twice continuously Fréchet-differentiable in W12, This
is crucially due to a very special structure: Ey is quadratic in the derivative M’, while the
L*> -compactness provided by the Sobolev embedding allows us to consider a general smooth
dependence on M. Notice that C? Fréchet-differentiability is a very strong property, which in
general fails for integral functionals on W12 also if the integrand is smooth (see [31, Example
2.3]). It is indeed a known fact in the literature that a quadratic structure is needed (see again
[31, Introduction], which also refers to [30]). Since however we did not find a precise statement
for the case we will consider, we prefer to give a self-contained proof in the lemma below.
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Lemma 4.5. Let U C WY2((0, L), M™*™) be an open set and F : U — R be a functional of
the type

L
F(M) = /0 o(t, M(t), M (1)) dt

for a Carathéodory integrand ¢(t,V, W) which is smooth in the last two variables, is quadratic
in W and fulfills

0w o (t, V., W)| + |[0vowé(t, V,W)| < C(1 + [W]), (4.9)
Ryo(t, V,W) = f(t,V)

with f(t,-) bounded and continuous uniformly in t. Then F is twice continuously Fréchet-
differentiable on U .

Proof. Tt is a standard fact that the assumptions imply F' € C*(U) with first derivative
L
DF(M)[h] =/ Ov(t, M(t), M'(t))h(t) + Owe(t, M(t), M' () (t) dt.
0
We continue with the second derivative. The natural candidate is given in compact form by

L
D2F(M)[hy, hy) = /0 [D2(t, M(t), M (£)) (ha(t), Ry(1))] - (ha (), B, (£)) dt,

where the term inside the brackets has to be understood as the product of a tensor and a
matrix. Using the bounds (4.9) and the Sobolev embedding theorem it follows that D?F (M) is
a continuous bilinear form on W12((0, L), M™*"). Rewriting the difference

A(R) := (DF(M + hy) — DF(M))[hg] — D*F(M)[hy, ha]

as a double integral we infer from Fubini’s theorem and Holder’s inequality that
1 L
|A(R)| g/ / |[(D?¢(t, M + shy, M' + shl) — D*¢(t, M, M")) (ha, hb)] : (h1,h})| dtds
o Jo

1 L
< 1 ool lloc /0 /0 162.6(t, M + shy, M’ + shh) — 0% p(t, M, M)| dt ds

N

1 L
+ 2ma (o [15122) / ( / |0y O B(t, M + sha, M' + shy) — Oy o(t, M, M")|* dt) ds
¥ 0 0

+ 1B | 2 17| 2 sup [ f(t, M(t) + sh (1)) — f(t, M(2))]

Since we have to estimate the operator norm we can assume that ||hza||y1.2 < 1. When [|hq]|y1,2 —
0, the integrals vanish again by the bounds (4.9) and the general Lebesgue dominated conver-
gence theorem applied twice. The supremum in the last line vanishes by the assumptions on f.
Hence F' is indeed twice Fréchet-differentiable in M .

It remains to show that the second derivative is continuous on U. To this end take any
hi,hy such that |hi|y12,||hellwr2 < 1 and suppose that M, — M in W12((0, L), M™*").
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Then, as above, the difference A, (h) := (D*F(M,) — D*F(M)) [h1, hs] can be estimated as

L
A, (h)) g/o |[(D*¢(t, My, M}) — D*¢(t, M, M")) (ha, hb)] : (h1, hY)| dt

L
SC/O 0% ¢(t, M, M) — Oy 6(t, M, M")| dt + C'sup |f (&, Mn(t)) — f(t, M(2))]

L 2
+C < / |0y Ow @ (t, M, M),) — Oy 0w (t, M, M) [? dt) :
0

Again the right hand side is independent of (h1,hs) and vanishes when n — oo by the Sobolev
embedding theorem and the bounds (4.9) combined with the general Lebesgue dominated con-
vergence theorem. Hence we proved the continuity. O

Remark 4.6. The statement of Lemma 4.5 remains valid if F' is defined on an open set U with
respect to an affine subspace of W12((0, L), M™*"). This will be useful to include boundary
conditions.

Now we can state our main result of this section:

Theorem 4.7. Assume that the functional Ej, defined in (2.3) is lower semicontinuous with
respect to weak convergence in W1H2(,R3). Moreover let R = (01v|ds|d3) € A be a solution of
(4.2). Assume that D*Ey(R)[BR, BR] > ¢||BR|}1.2 for some ¢ >0 and all B € T. Then R is
a strict local minimizer of Ey with respect to the L?-topology on A and there ezists a sequence
v, of local minimizers of Ej, in Aj, such that vy, — v strongly in WH2(Q,R?) and Vv, — R
strongly in L?(€, M3*3).
Proof. Due to Proposition 4.1 and Theorem 4.2 it is enough to show that under the assumptions
R is a strict local minimum of Ey in A with respect to the W12-topology.

We prove the statement only in the case of the boundary conditions (2.8) since they involve
some additional difficulties. We introduce the closed affine space

V= {M e WE2((0,L),M33) . M(0)ey = M(L)ey = ey,
(M(0)es, e1) = (M(L)es, e1) =0, i = 2,3}.

Note that A C V since for R € SO(3) the condition Re; = e; implies the conditions in
the second line. Let us denote by II3 the smooth projection onto SO(3) defined on an open
neighborhood Uy of SO(3). We may assume that det(M) > 0 for all M € Uy. Setting 20 :=
dist(SO(3),Up) > 0 we introduce the auxiliary functional Ey: U C V — R given by

Bo(M) = Bo(TTs(M)) + 5 |1M — Tls(M)[f3. (4.10)

where U := {M €V : dist(M(z1),50(3)) < 6}. Note that by the choice of § we can assume
that the derivatives up to any finite order of the projection operator II3 are uniformly bounded.
In particular, by Lemma A.3 and the chain rule and it holds that II3(M) € A for all M € U with
(IT3(M)) = DII3(M)M’, so that Ey is well-defined and finite. Moreover, as |(II3(M))| < C|M’|
and

L
Eo(M) = ;/0 Qo(H3(M) T DII3(M)M') + |M' — DU5(M)M'|? + |M — TI3(M)|? day,

using Proposition 3.4 (iii) one can check that Ey fulfills the assumptions of Lemma 4.5. By
Remark 4.6, it is twice continuously Fréchet-differentiable on the open set U. Thus it is enough
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to show that the first derivative vanishes while the second is strictly positive definite in R. Using
standard variations of the form R+eM with M € V— R we can relate the Fréchet-derivative of
Ey to the Euler-Lagrange equation of the functional Ey. Indeed, since R is a solution of (4.2)
we obtain

- d -~ d
DEO(R>[M] - deEo(R + €M)\£:0 = &EO(H?)(R + 6M))|E:0 =0.

Similarly for the second derivative we deduce

2 2

- dz2 .
2 _ —
_D EQ(R)[M, M] — @EO(R—}_SM)L‘E:O - d752

C
> cl|(DIa(R)M [fy1z + 1M = (DUs(R) M1z = — M|z

Eo(I5(R + eM))jc=o + | M — (DI5(R)) M [[f1..

By standard results of calculus the functional Ej has a strict local minimum at R, and so does
the constrained functional Ej. O

A~

Remark 4.8. A necessary condition for R to be a W2-local minimizer in A is given by
D?Ey(R)[BR, BR] > 0. This follows for instance by applying [5, Theorem 11].

5. STABLE CONFIGURATIONS IN THE ISOTROPIC CASE

In this section we apply the previous results to the case of an isotropic material with a
prestrain of the form (3.19) and a cross section fulfilling (3.21). We will investigate the stability
of the straight and the helical configurations as the material is subject to a force fe; applied at
the free end {L} x S and to suitable boundary conditions. Using (3.22) the limit total energy,

now denoted by E[J; to highlight the dependence on the force parameter f, reads as

1

L
Eg(R) = 5 /0 012a12($1)2 + 613((113(%1) — k)2 + 623a23(w1)2 — 2f<€1, R<$1)61> dzq, (51)

where A(z1) = RT(z1)R'(z1) and f € R. To reduce notation we set C = diag(co3,c13, c12)-
Note that in this case we have

g2(v) = (Cv,v) — 2k(Ceg,v) + k2<C€2, e2). (5.2)

5.1. Stability of the straight configuration. We start by briefly discussing the boundary
conditions under which the straight configuration is a local minimizer for the energy in (5.1). If
we only assume the boundary condition (2.6) with Ry = I, the straight configuration R(x1) =TI
cannot be a local minimizer since the natural boundary conditions in (4.6) require a;3(L) = k.
Instead, if we consider the boundary conditions R(0)e; = R(L)e; = e; that correspond to (2.8)
at both ends, it follows again by Remark 4.4 that the straight configuration is a critical point
of Ey. In particular such a configuration is a critical point of the energy FEy under Dirichlet
boundary data corresponding to the clamped-clamped conditions (2.6) and (2.7) with Ry =
Rp=1.

In the following Theorem 5.2 we give sufficient and necessary conditions for local stability
of the straight configurations in terms of f. We notice that in the weak-clamping case (2.8) we
recover the same critical value of the force which was obtained in [19] by means of a formal
perturbation argument.
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In the statement we will make use of the following auxiliary functions

g1(x) = (x - mx3> sin(x) + 2(cos(z) — 1),

kL)?
(c13kL) (5.3)
C12€23 3 .
= — 1)—2 .
g2(x) (1‘ (ClgkL)2x ) (cos(x) + 1) — 2sin(x)
and of the following simple lemma.
Lemma 5.1. Let the functions g1,g2 be defined in (5.3) and let a = (511;]:2332 CIf1—4n%a>0

then the functions do not have any common zero in the interval (7, 2m). If instead 1 —4m%a < 0
then there exists a unique common zero x, in the interval (mw,2mw).

Proof. First note that 1 — 4aw? > 0 implies that  — ax® > 0 for all € (m,27), whence
ga(x) > 0 so that there is no zero in (m,27). It remains the case when 1 — 472a < 0. It holds

that go(m) =0, gh(m) = 2 and go(27) = 47(1 — 472a) < 0. Therefore there exists x, € (7, 27)
such that gs(w,) = 0. Then (x, —ax?) = % which yields g1 (z«) = 0. We claim that there
exists only one zero in (7, 27). Assume by contradiction that there are at least two zeros. Since

g1, g2 can be extended to holomorphic functions these zeros are isolated. Let x1 < xo be the
two smallest zeros in (m,27). Note that 1 — az? < 0 and

gi(x) = g2() — (z — az’) +sin(2)(1 - 3az?),
gh(x) = —g1() — 2 + (cos(x) + 1)(1 — 3az?),

Hence ¢}(z1) = —(x1 — ax3) + sin(z1)(1 — 3ax?) > 0 and we conclude that g; > 0 for all
x € (x1,22) (as gi1(x) = 0 implies ga(z) = 0 for = € (m,27)). It follows that, for all z € (z1,x2),
gh(x) < =24 (cos(x) + 1)(1 — 3az?) < -2,
which is a contradiction. O

Theorem 5.2. Let Eg be as in (5.1) and let x. be as Lemma 5.1. Then there exists a critical

force % such that for f > f the straight configuration is a strict local minimizer of Eg
in the L?-topology with the respective boundary conditions. If instead f < f¢* the straight
configuration is not a local minimizer. Moreover, it is given by

(( (c13k)? B 42cyy 7j M -
2 P} =
2 (613/{)% 22c,  7lers dmieiacas T o the boe. R(0) = R(L) = I,
; max - = - otherwise
frt = { C23 L2’ L2 }
k 2 2 2
max { (6163;3) -t Lc;?’} for the b.c. R(0)e; = R(L)ey = ey.

Proof. We start observing that, by Proposition 4.3 the second variation of Eg at I is given by
the functional

L
Fl(w) = / (Cw', W) — c13k(wiwh — Wiws) + f(w3 + w?) day. (5.4)
0

Above, to reduce subscripts and referring to formula (4.3), we have set w = wp and observed
that W' = wp.
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We first discuss the case of Dirichlet boundary conditions R(0) = R(L) = I. In this case
BES W&’z((O, L),R?). Thanks to Theorem 4.7 and Remark 4.8 we have that

[t =inf{f e R: inf  F/(w) >0} (5.5)
weW,y? [lw|=1

Notice that the quadratic structure of Ff implies that, for f > ft Ff(w) > cHwH 123 SO

that, by Theorem 4.7, the conclusion holds true. It now simply remains to characterize fmt as
in the statement of the theorem.

We begin by claiming that f¢"* can be characterized as the unique f € R such that

inf Fl(w) = min Fl(w)=0.
weWy? Jlw||=1 weW 2 Jlw||=1
We first show that there exists w # 0 such that F fertt (w) = 0. Indeed, (5.5) implies that
FI™ > 0. Moreover, if F/*"(w) > ¢|w||y1.2 for some ¢ > 0, then one can use the Poincaré

inequality to show that f<® violates (5.5). Hence there exists a sequence w,, € VVO1 2((0, L), R?)
such that ||wy |12 =1 and

hm/ (Cuwy,,wr, clgk(wl,nwéyn — Wi,nWS,n) + fC”'t(w;n + W?%,n) dz; = 0. (5.6)

Up to subsequences, we have that w, — w in WH2((0, L)) and uniformly on [0, L]. By lower
semicontinuity, the claim follows if w # 0. Suppose w = 0, then passing to the limit in (5.6),
we deduce from uniform and weak convergence that also w!, — 0 strongly in L?((0, L)) which
contradicts the fact that ||wy|y1,2 = 1. To prove uniqueness of such f, take a minimizer w with

|w|| = 1. Then it follows that for any f < f we have Ff(w) < (f — ferit) [ o wi+widr <0

(otherwise F/“"(w) > 0). The same argument shows that there exists no f > f¢it such that
Ff(w) =0 for some w # 0.
It is now convenient to decouple the functional F/(w) = Flf (w1,ws) + FQf (w2), where

L
Flf(wl, w:),) = / 623((4)/1)2 + Clg(wé)Z — clgk‘(wlwé — w’lng,) + fw% d:El,
0

L
Fy (ws) :/ c13(wh)? + fws dxy.
0

By similar arguments used for Ff(w) there exist unique ferit 5t € R characterized as those
f1, f2 € R such that

Ffl(wl,wg): min Flfl(wlaw?))zoa
[l(w1,ws)[|=1 l[(w1,ws)[=1 (5.7)
inf FZfQ(wg) = min Ffz( 9) =0,
[[wall=1 [lwa|=1
where || - || denotes | - |, Wi We now claim that fé = max{f{", f$"1. Indeed, in the case

ferit < forit we take any minimizer wy # 0 for F5™ and define w = (0,ws,0). Then |jw|| = 1

cri crit . cri .
and F/5™" (w) = 0. Moreover, as Ff 2 >0 it follows that F/™" > 0, thus by uniqueness we

get f§T = ferit | A symmetric argument proves the claim in the remaining case.
. 7r2Lc213
it remains to calculate f{"*. Using integration by parts and the Poincaré inequality with sharp

Applying the Poincaré inequality to ws, it is immediate to see that f§™ = — . Hence
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constant for w3 we obtain

L 2

T

Ff(w) > / coz(w))? + <L2012 + f) w3 + 2c13kwiws day,
0

so that if (%2012 + f) c23 > (c13k)?, then Flf(wl,wg) > 0 for all wy,ws with H(W1,W3)HW01,2 =1.
Thus ffrit < C8° _ rg.. |
Now we use the Euler-Lagrange equation to calculate f{"*. Note that if w # 0 is such that
crit
Flf ' (w) =0, then it is a global minimizer. Hence it solves the following differential equations:
ngw/{ + Clgkwé =0,
Clgwg - Clgkwll — flcritwg =0.
The general solutions of the above system are
wi(z1) = a1 + agxy + aze™™ + agze” 1,
w3(x1) =b; + bz + b3€/\x1 + b4€_>\x1,

where

crit k)2 . k 2
A= \/fl - M or equivalently f{" = cjo\% 4 M (5.8)

C12 C12C23 €23

. 2
Note that by the a priori upper bound f{" < % — % we have A € iRy and |A|L > 7.
Plugging this ansatz into the equation and taking into account boundary conditions we get a

linear system which admits non-trivial solutions under the following zero determinant condition:

casA(eM — 1 A
23(6)\L) <_2(613k)2(e)\L - 1) + CQg)\Lff”t(eAL + 1)) —0.

Using (5.8) in the previous equation we get that either |A\|L € 27N or

AL <012623A; + 1) (M +1) —2(eM —1) =0. (5.9)
(c13k)
Checking the real and imaginary part of (5.9) we infer that
)\2
IA|L <0120232 + 1) sin(|A|L) + 2(cos(|A|L) — 1) = 0, (5.10)
(c13k)
C12C23\° .
ML | =5 + 1) (cos(|A|L) + 1) — 2sin(|A[L) = 0.
(c13k)

Using Lemma 5.1 we conclude that
k)2 2 . P
{“23) - AR if 1 - dn? B > 0,

(c13k)?  a2ci se 1 4.2 ciacos
e i if 1 —4r CEIAE < 0.

crit
1

where the first line follows from (5.8) by taking the minimal possible value for || € 22N in the
case when system (5.10) has no solutions. By comparing the values of f{" and f5"* we get the
claim.

We now discuss the case of weak-clamped boundary conditions. In this case the test functions
w € WH2((0,L),R3) are such that we(0) = w3(0) = we(L) = w3(L) = 0. Since the second
variation is not sensitive to translations in the variable w;, we may further suppose that w;(0) =
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0. As a result we can follow the same lines as in the previous case, the only difference being
the Neumann boundary condition wj(L) = 0. Again we split the functional in two parts and

we define the two critical forces f{™, fs™ as in (5.7) for the new space of test functions. The

value for f§" is the same as in the previous case. The zero determinant condition of the new
linear system for critical forces gives AL € miZ. Since A = 0 gives only the trivial solution,

the critical force f{™ corresponds to AL = 7i and, by (5.8) (observe that this condition was

derived independently of the boundary data) it reads f{™ = (cask)® _ Pz O

c23 L2

Using the above stability result, we can conclude that if the force is large enough, then the
straight configuration becomes even the unique global minimizer.

Theorem 5.3. Under the boundary conditions R(0)ey = R(L)e; = eq or R(0) = R(L) =1,
there exists f, such that for all f > f, the straight configuration R = I is the unique global
minimizer of Eg .

Proof. We prove the statement in the case R(0)e; = R(L)e; = e; which in particular implies
the result in the case R(0) = R(L) = I. We argue by contradiction. Assume that there exists
a sequence f, — +oo and an associated sequence R,, such that Eg" (R,) < Eg" (I). We know
from Theorem 5.2 that for f > f¢% the straight configuration is a strict local minimum in
L?((0,L),S0O(3)). As an elementary first step, we note that the L?-neighborhood in which
R(z1) = I is stable can be taken independent of the forces for all f > f¢ 4+ 1. This simply
follows since increasing the force adds a positive contribution to the energy difference. Hence it
is enough to show that R, — I in L?((0,L)). Since ((R — I)e1,e1) < 0 for every R € SO(3),
we deduce

L
0 < EY(Ra) < EY(1) + /0 (Rulwr) — Dex,er) dar < EY(D), (5.11)

so that ES(Rn) is bounded. Thus, up to subsequences, we can assume that R, — R, in
W12((0,L)). Moreover, since f, — +oo and the integral in (5.11) is sign-definite, it follows
that Rn,e; — e; in LY((0,L)) and thus uniformly by the Sobolev embedding. Passing to the
weak limit of A, := RIR! it holds that A4, = A, = RL R’ in L?((0,L)). As R._e1 =0, the
matrix-valued function Ao takes the form

Ao (1) = ags(x1)(e2 ® e3 — e3 @ e3).

Passing to the limit in (5.11) and using weak lower semicontinuity yields EJ(Roo) < EJ(I),
which by a direct comparison is only possible for a3 = 0, hence Ao =0 and Ry, = 1. ]

Remark 5.4. In general there is a gap between the critical forces where the straight configu-
ration becomes a local and a global minimizer. For example, if kL = 27 and 0%3 < c19¢93, then
the straight configuration is a strict local minimizer for f = 0 according to Theorem 5.2. Since
for such value of the parameters the curved beam defined in (3.26) is also an admissible config-
uration for the Dirichlet boundary data R(0) = R(L) = I, it turns out that this is the unique
global minimizer by Remark 3.10. Using formula (3.15) together with (5.25), it can be seen that
a limit model satisfying the condition c?; < c12¢23 can be obtained by taking a rectangular cross
section with w, << wy.

We close this section with a bifurcation result. Our aim is to prove that at the critical force
another branch of solutions of (4.6) emerges. We make use of the Crandall-Rabinowitz-Theorem
[9] which reads as follows:

Theorem 5.5 (Crandall-Rabinowitz). Let X,Y be Banach spaces, V' a neighbourhood of (0, Xo)
in X XR and G:V — 'Y have the properties
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(i) G(t,0) =0,
(ii) the partial derivatives Gy, Gy, Giy exist and are continuous,
(i) Gz(X0,0) is a Fredholm operator with zero index and N(Gz(Xo,0)) = span{v},

(iv) Giz(Xo,0)v & R(Gz(Xo,0)).
If Z is any complement of N(Gz(Xo,0)) in X, then there is a neighbourhood U of (Ag,0) in
R x X, an interval (—a,a) and continuous functions ¢ : (—a,a) — R and 9 : (—a,a) — Z
such that ©(0) =0, ¥(0) =0 and

GHO)NU = {(Mo + p(t), tv +tap(t)) : |t| <a}U{(t0): (t,0) € U}.
If G e C™(V), then p,vp € C" 1((—a,a)).

We will use this theorem in order to show that for a generic value of f* the couple
(fer.I) is a bifurcation point. We state the result in the general case and prove it for weak-
clamping boundary conditions. The proof in the clamped-clamped case, which requires only
slight modifications, is left to the reader.

The restriction on the critical forces in the statement below excludes the case of a two-
dimensional null space. Note that for non-negative critical forces such a restriction is always
satisfied.

Theorem 5.6. Let Eg be the functional defined in (5.1) and let f be as in Theorem 5.2.
Assume that

(i) if R(0) = R(L) =1I either (clghl)® o gpl (k) slas 4 re

4m2c19c03 c23 L? L2
(ii) if R(0)er = R(L)er = ey it holds 30" _ w2 o4 _wcra,

Then there exists a sequence (fn, Rn) € R x C*((0, L), SO(3)) such that (fn, Ry) — (f, 1)
in R x C?((0, L)) with R, # I being critical points of the energy Eg".

Proof. As in the proof of Theorem 4.7, we let U C M?*3 be a small neighborhood of SO(3)
and let Il : U — SO(3) be the smooth projection onto SO(3). We define the vector space

V= {p € C2([0,LLM%3) : 0(0) = 0, (¢ (0)es, e2) = 0, p(L)er = 0}

skew

and choose an open neighborhood V' of 0 in the C2([0, L])-topology such that I +(x) € U for
all ¢ € V'. To reduce notation we introduce the auxiliary affine function 7 : M3*3 — R3 defined
as T(M) = —cozmazer + c13(mi3 — k)ea — ciomyzes. We set G : R x V' — C((0,L),R?) x R as

_ ( (Wa(I + ) TI(T + )" DII(1 + 9)¢"))" — ter x T(I + p)es
G(ta 90) - T / 9
(T3(1 + )" DII3(I + ¢)¢") (L)es, e2)
so that due to the definition of T" and (5.2), G(¢,¢) = 0 if and only if R = II3(I+¢) solves (4.6)
and (4.8) with f = t. Indeed, the boundary conditions (4.8) follow from Lemma A.3, the second

component of G and the chain rule. Note that G(¢,0) =0 and G has the required regularity of
Theorem 5.5 (ii). Next we calculate

crit [ —cizkhea + T (h") + ci3keg — fe1 x hey
GGD(f ) 0)[h] - < <h,(L)63, 62> ) (5'12)
where we used that DII3(I) is the projection onto Mgkéi We now define T': V' — C((0, L), R?) x

R as T'(h) = (T(K") + cizkes, (W' (L)es, e3)) and we notice that this is a Fredholm operator of

(613kL) -1
4m2ciaca3

We convene that z, = 27 if
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index zero since it is bijective. Since all the remaining terms in (5.12) are a compact perturba-
tion of 7, it follows that G, (f**,0) is a Fredholm operator with index zero, too. Moreover, if
G,(f",0)[h] = 0, then the axial vector wy, of h solves the system

" /
Cco3wi + Clng3 =0,
cl3wh — ey =0, (5.13)
Clgwg — Cl3k}w/1 — fc”tw?, =0

together with the boundary conditions w(0) = 0, we(L) = w3(L) = 0 and wj(L) = 0. The
solutions are given by

‘ Leyzk(1 — cos(Fx1))
wcmt(l,l) — 0
—Teo3sin(fry)

. 2 . .
if ferit = 7(05;]:) ——“1‘3212 , while in the case f¢ = ——”25213 it is given by w"(z1) = (0,sin(Fx1),0).
2
Since we have assumed that (Clcil;) - ”25212 # —”QLC;?’ the kernel of the system (5.13) is one-

dimensional and wj, € span{w}.

It now remains to check the transversality condition (iv). Note that G, (f<*,0)[h] = (—e1 x

he1,0). We distinguish between two cases: If fori = —”2;213 , then we have to be sure that the

following system of differential equations has no solutions:

—Clgk‘hleg + T(h”) + ci1skes — fcritel X hep = sin (%1‘1) es.

The second component reads as

2
1 TC13 . ™
013h13 + 7[/2 h13 = sin Zaj‘l .

Multiplying the equation with the right hand side and integrating by parts then gives a contradic-

tion as the left hand side vanishes since hy3(0) = hi3(L) = 0. In the case f = (ash)’ _ r’q

co3 L2 >
we obtain the differential equation
; T
—c13kh'es + T(h") + ci3kes — ey x hey = —mco3sin (le) es

and the additional condition h;(L) = 0. Hence, using also the other boundary conditions in
V' we can integrate the first component and obtain ca3hbs = —ci3khi2, which turns the third
component into

™ 2012

72
Again multiplying the equation with the right hand side and integrating by parts leads to a
contradiction as the left hand side vanishes due to the boundary conditions h12(0) = hi2(L) = 0.
Now we can apply Theorem 5.5 to obtain a sequence (t,,,) converging to (£ 0) such
that G(tn,pn) = 0. Hence setting f,, = t, and R,, = II3(I + ¢,) we have that R, are critical
points of Eg”. Notice that, since ¢, (z) € Mi’;ju, wn 7 0 and Mi,ﬁv is the tangent space of

SO(3) at I, it follows that II3(I + ¢,,) # I. The C*°-regularity of R, follows by a standard
bootstrap argument in (4.4). O

. ™
h12 - Clth{Q — —TC23 S11 (Zl'l) .



30 MARCO CICALESE, MATTHIAS RUF, AND FRANCESCO SOLOMBRINO

5.2. Stability of helical solutions. In this section we apply the results of Section 4 to discuss
the stability of helical solutions to (4.4) in the clamped-clamped case under their own Dirichlet
boundary conditions. By this we mean that we will consider as boundary data Ry and Ry, in (2.7)
as Rp = R(0) and Ry, = R(L). It is worth noticing that these are the only possible boundary
data for proper helices (by this we mean configurations having both non-trivial curvature and
torsion) which in general do not satisfy the natural boundary conditions in (4.7) (see Remark
5.8 below).

As in the previous section we focus on the isotropic case, thus considering the functional
(5.1). In terms of the limit variable R we define a helix to be a function of the form

R(z1) = Roe™Q(Bx1 + ¢), (5.14)

where A € M3 is a constant matrix, Q(#) = (e1|cos(f)es + sin(f)es| cos(f)es — sin(f)es),
Ry € SO(3), 8,c € R. The definition is motivated by the fact that under these assumptions the
first column of R(x1) is the tangent vector of a curve having constant curvature and torsion (a
property characterizing helices). In (5.14) the matrix Ry (which does not affect the energy) is
responsible of a constant rotation of the coordinates system while @, through the twist parameter
B and the phase shift ¢, accounts for the possibility of rotating the vectors ds,ds at constant
velocity in the plane orthogonal to the helix. We mention that a first effect of having intrinsic
curvature in the functional (5.1) is that of ruling out (proper) helical solutions with 3 # 0. This
effect has been already observed in the literature (see the appendix in [26]). Here for reader’s
convenience such a feature will be shortly discussed in the proof of Lemma 5.7 among other
properties.
In this case it is an easy computation to get that

B — a3
wprp(x1) = | aigcos(Bxy + ¢) — arzsin(fz1 +¢) | . (5.15)
—aqz cos(Bz1 + ¢) — arzsin(Bxy + ¢)

Moreover we remark that the following equivalent formula for (5.14) holds by the definition of
exponential of a matrix and since @ € SO(3):

R(z1) = RyQ(Bxy + ¢)e@ (1) AQ(Bz1+0): (5.16)

We have the following proposition we discuss some stationarity conditions for helical solu-
tions.

Proposition 5.7. Assume that an heliz R as in (5.14) is a stationary point of the functional Eg
defined in (5.1) subject to its own boundary conditions at x1 = 0, L. Then there ezist A € Mg,ﬁu
such that R(x1) = R(0)eA™ . Furthermore, if additionally f # 0, then AR(0)Te; =0.

Proof. Let us consider R as in (5.14) and set w = wrrp for notational simplicity. First notice,
that the first part of the statement is satisfied in the case a12 = a13 = 0, which corresponds to
a twisted straight rod. Indeed, by (5.15), in this case the matrix A := RTR' is constant, and
the statement follows upon replacing A with A and with R(0) = Ry Q(c), since the initial and
differential condition together uniquely determine R(xz1). We can therefore additionally assume
that

a2y + a3 > 0. (5.17)

Requiring R to be a stationary point of Eg subject to its own boundary conditions amounts to
solving the following Euler-Lagrange equation:

(R(z1)C(w(z1) — kea)) = fer x R(x1)es. (5.18)
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On multiplying the differential equation above by R (z1) and taking the first component we
have
—c13wz(w1)(w2(@1) — k) + crawz(@1)ws(21) = 0.

This implies that, for all x; € [0, L], it holds either w3(z1) = 0 or (c12 — c13)wa(x1) = —ci3k.
Since k # 0, it follows that either ws(x1) or wy(z1) has to be constant on a non-empty interval:
looking at (5.15) and (5.17), this is only possible when 3 = 0. Then, using (5.16), the first part
of the statement follows upon replacing A with QT (¢)AQ(c) and for R(0) = Ro Q(c).

For the second part of the statement, we begin by observing that, for R(z;) = R(0)eA?!,
(5.18) further simplifies to

A(—cazasger + ci3(ars — k)ea — craarzes) = fR” (z1)er x ey
As we assume that f # 0, differentiating the above equation again yields
e A1 AR(0) ey x e = 0. (5.19)

For 1 = 0 we get that there exists § € R such that AR(O)T61 = fey. Therefore we are only
left to show that 6 = 0. If we assume by contradiction that this does not hold, inserting again
into (5.19) gives e 4%le; x e; = 0; since e~4%1 € SO(3), this implies e 4%1e; = ¢; for all zy,
and consequently Ae; = 0. Since A is skew-symmetric we then have a1; = a2 = a13 = 0.
This entails that the first component of the vector AR(0)”e; must be zero, and contradicts the
assumption 6 # 0. The proof is therefore concluded. O

Remark 5.8. Let us consider the energy (5.1). For a possibly twisted helix as in (5.15) the nat-
ural boundary conditions (4.7) corresponding to weak clamping imply that the first component
in (5.15) must vanish, that is 5 = ags. On the other, as shown in the previous proposition, a
helix having non-trivial curvature can be stable only if 5 = 0. Hence only a curved beam can
be stable. This justifies our choice of Dirichlet boundary conditions in order to consider proper
helices.

We now derive from Theorem 4.7 a sufficient condition for strict local minimality of helices.

Proposition 5.9. Let an heliz R(x1) = R(0)e*" be a stationary point of the functional Eg in
(5.1) subject to its own boundary conditions. Let Q4 € Mi’kew be the matriz having as azial
vector C(wa — kez) and let r = R(0)Tey. Setting

D= %Q ax— AC,
(5.20)

1
B=ATCcA + i(QA’kA + AQAJC) + f?“l(eg ®ex+e3® 63) — %(61 Qe+ e ® 61),

consider the linear system with constant coefficients
Cc¢” = (D - D1)¢ + Be. (5.21)

If for all t € (0, L] (5.21) has only the trivial solution & = 0 within the space W()I’Q((O,t),R?’),
then R(x1) is a strict local minimizer of E(J;.

Proof. According to Section 4, the class of admissible test functions for Dirichlet boundary

conditions is VVO1 2((0, L), M?,:jw) For B in such a space we set ¢ = RTwp which belongs to
VVO1 2((0, L), R3). Since the helix R is fixed, one can easily show that there exists a constant

(that is uniform whenever R’ is in a bounded set of L?) such that

1€llw12 = cl| BR[yr.2- (5.22)
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We first consider the case f # 0. In this case Theorem 5.7 implies that RT(x1)e; = r for all
x1 € [0, L]. By this, the second variation D2Eg(R) [BR, BR] in (4.3) can be written in terms of
& as

L
F(E) 1—/0 (C(§' + AE), &' + A + (£, Qan (&' + AQ)) + f{E x 1, € x e1) .

By Theorem 4.7 and (5.22), we simply need to show that F(&) > c[|¢[|%,... Using that the

matrix B is symmetric, one can collect the terms in the above expression to get

L
F() = /0 (CE€) + 26, DEY + (BE,E) da.

Since C is positive definite, the stability of such a quadratic functional can be studied via the
method of conjugate points, that is we search for non-trivial solutions £ € VVO1 2((0,1),R3) of the
equation (5.21) where ¢ € (0, L]. It is well-known that if there is no such ¢, then the required
estimate holds (see for example [14] §6.3, Theorem 6 and the corresponding corollary). This
concludes the proof in the case f # 0.

In the case f = 0, the proof follows the same line as above. Notice that the property
R(z1)Te; = r may be no longer satisfied, but at the same time r does not intervene in the
definition of B since f =0. U

The existence of non-trivial solutions to the system (5.21) is equivalent to an algebraic
condition. In the next proposition we give a precise statement for such a condition.

Proposition 5.10. Let an heliz R(z1) = R(0)e™ be a stationary point of the functional E(J;
in (5.1) subject to its own boundary conditions. For D and B as in (5.20) and t € R consider
the matriz M(t) € M3*3 | defined through

M(t) = ( &u(t) | &) | &) ),

where for i = 1,2,3 the function &(t) is the unique solution of (5.21) with the initial data
&(0) =0 and &(0) = e;. If for all t € (0, L] it holds that det(M(t)) # 0, then R(x1) is a strict
local minimizer of Ky .

Proof. Since every solution £ of (5.21) satisfying £(0) = 0 can be written as a linear combination
of &1, &2, and &3, the condition £(t) = 0 is equivalent to det(M (¢)) = 0. The conclusion follows
by Proposition 5.9. O

5.3. Numerical results. By using the results of the previous section, we here aim to provide
some numerical evidence for an experimentally observed behavior of the physical model we
are considering (see [19]). At the critical force f (here assumed to be non zero) provided in
Theorem 5.2, under some condition on the parameters of the problem, helical solutions arbitrarily
close at the origin to the straight configuration emerge as a branch of local minima of the energy
Eg with respect to their own boundary conditions. Our stability analysis can be related to the
results in [19] at least for the experiments that are conducted in a quasi-static regime (see |20,
S2.2]).

More precisely we look for helical local minima of Eg under Dirichlet boundary conditions
close to the identity matrix.

We start by proving that for every given f # 0 there exists a sequence of stationary helical
solutions for the energy Eg converging uniformly to the straight configuration.
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Proposition 5.11. Assume that f # 0. Then there exists a family Rs(xi) := Rs(0)eds™

of helical stationary points of E(J; with Dirichlet boundary conditions such that Rs — I in
C=(10, L], SO(3))..

Proof. Given |§| << 1 we consider Rs(0) such that

rs = Rs(0)Te; = (1 —0)ep + V20 — 62es. (5.23)

We look for a stationary point to E(J; under the ansatz wa; = 0575 for some 65 to be suitably
chosen. Such an ansatz is indeed motivated by the necessary condition in Proposition 5.7. We
first notice that, under the assumption (5.23), it holds that Rl (z1)e; = Rs(0)Te;. Moreover the
differential equation (5.18) becomes an algebraic equation:

ai2(c13(a1z — k) — ciza13) 0
(€23 — c12)a12a23 =

0 (5.24)
azs(cazarz — c13(arz — k)) — V26 — 62

where we have also taken into account that the third component of rs is zero by (5.23). It is
readily seen that the only condition on the coefficients fulfilling the first and second equation
which are at the same time compatible with f # 0 in the third one, is aj9 = 0. By using
the explicit expression of wya, in (5.15) (notice that here 3 = 0 as observed in the proof of
Proposition (5.7)) the third equation is satisfied if 65 is a root of the following second order
polynomial

p(;(@) = (023 — 013)\/ 20 — (52(1 - (5)92 + Clgk(l - (5)9 - f\/ 20 — 52.

Since k # 0 the roots of the polynomial are reals. The case c13 = co3 leads to 05 ~ CVs — 0
as & — 0. If instead c13 # co3 the former asymptotic behavior is satisfied by the root with
smaller absolute value. Using (5.15) the helix corresponding to 65 via the ansatz is such that
al3, a3 = O(05). Hence it converges to the straight configuration uniformly on [0, L] as § — 0.
By the formula Rj(x1) = R5(0)e5*! the same convergence holds for all derivatives. O

Remark 5.12. For f = 0, one can still derive the algebraic system (5.24). As for a proper

helix ag3 # 0, we obtain aj3 = —ﬁ

helix). Note that this will not converge to the straight configuration.

whenever this is well-defined (otherwise there exists no

Equipped with the results of Propositions 5.10 and 5.11, in what follows we investigate the
stability of helical solutions in the vicinity of the straight configuration and f close to <% by
testing numerically the condition det(M(t)) # 0 for all ¢ € (0, L]. We warn the reader that our
numerical tests do not aim at providing a complete description of the physical phenomenon (as
they are limited to small ranges of the parameters), but more to provide some insight on the
dependence of the model on some of the parameters.

In what follows we consider the case of a rectangular cross section S = (—wy, wy) X (—w,, w;)
of fixed area |S| = 1. We recall that in this case the torsion constant 7s appearing in formula
(3.15) describing the quadratic part of the energy admits a series representation. Indeed a
separation of variables ansatz leads to the following formula for the torsion function ¢ solving
(3.16):

o(x2,x3) = T2T3 — Z Zy, sin((pa3) sinh(¢yx2),
n>0
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where ¢, = (23521)” and Z, = Mtf:s—lll)(sz%)' Differentiating inside the sum and using (3.17) we

calculate

1 64w, Z tanh(G,wy)

(2n+ 1) (5:25)

To perform the numerical computations we need to set the following free parameters of the
model:

A, i Lamé constants of the material,

L,w,: Length of the rod and width of the rectangular cross section,
x: Effective strength of the prestrain,

f: External force along the eq-direction,

0: parameter in the boundary condition (5.23).

In the case of a rectangular cross section these parameters determine analytically C and the
given intrinsic curvature k (we approximate the torsional rigidity with a suitable partial sum
of the series in formula (5.25)). To consider rubber materials, we choose the Lamé constants as
A = 0.326 GPa and g = 0.654 - 1073 GPa (p. 78 in [32]) and we divide the energy by u to
introduce more stable scales. The functions &;(t), &(t), and &3(t) entering in the definition of
M (t) can be calculated rewriting (5.21) into the equivalent first-order linear system with matrix

= (C_OlB C_I(DI_ DT)> (5.26)

In the following we plot the values of the function A(t), defined as the smallest eigenvalue

in modulus of the matrix M (t), for ¢t € (0,L]. We recall that the helix has a strictly positive
second variation (in the sense of Theorem 4.7) if and only if A(t) > 0 for all ¢ € (0, L].
Before discussing the results of our computations, we have to warn the reader that considering a
broader range of the parameters than we did involves the solution of some non-trivial numerical
issues. For instance, when increasing the value of the prestrain x, the matrix I' in (5.26) turns
out to have a large positive eigenvalue. Since the solution of (5.21) involves combinations of
exponential functions, this can heavily affect the accuracy of the computations. While a more
complete analysis of the stability would require a delicate treatment for this problem, we decide
to confine our plots to ranges of parameters where the issue does not appear, keeping ourself
content with highlighting some qualitative behavior of the system.

The next plots single out two factors that can influence the stability of helical solutions,

namely aspect ratio wy/w, and intrinsic curvature k (through the prestrain parameter x). By
looking at the presence of conjugate points in the interval (0, L] the following behavior is ob-
served.
Aspect ratio (see Figure 1): as the aspect ratio w,/w, = % = ﬁ increases conjugate points
leave the interval (0, L] showing phase transitions from unstable helices to stable helices. On
the other hand, stability can be lost again for too big aspect ratios when not compensated by a
big enough prestrain (see the case of w, = 0.45 and x = 10, 15,20 in Figure 2).

Intrinsic curvature (see Figure 2): a bigger prestrain y, which is to say by formula (3.23) a
bigger intrinsic curvature k, favors stability of helical solutions.

Acknowledgement The authors would like to thank G. Albi for some useful discussions on the
numerical results contained in the paper.
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F1GURE 1. Numerical simulations of A(¢) for the choice of parameters L = 1,
§=0.05, f =0.999- f% y =6 and w, decreasing from 2.1 to 0.6 (from left to
right). As w, decreases (increasing aspect ratio) a conjugate point moves to the
right end of the interval (0, L], finally leaving it, thus showing the transition from
unstable to stable helices. The bottom picture is a zoomed view of the second
one.

APPENDIX A

Here we prove that the functions (g,«) can be assumed to be measurable with respect to
the product o-algebra.

Lemma A.1. Let A € L*((0, L),Mg,fe?;u) and A € L>®(Q,M3*3). Then, for almost every x; €
(0, L) there exists a minimizer o, of (3.5). Moreover one can choose @ € L*(Q,R3) such that

Opa € L2(,R3) for k=2,3 and a(r1,-) = gy -
Proof. Note first that it is convenient to restrict the admissible set to the subspace
M :={a e WH(S,R3) : / a=0, / Dyars — Dzay = 0},
S S
On M a minimizing pair exists since Q3(M) > c|sym(M)|?, hence minimizing sequences are
weakly compact in W12(S,R3) by Korn’s inequality (note that S is connected). The class M is
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FIGURE 2. Numerical simulations of A(t) for the choice of parameters L = 1,
§ =0.05, f =0.999 - f* w, = 0.45. As the prestrain x increases from 10 to
20, a conjugate point exits the interval (0, L] leading to the stability of helical
solutions.

closed by this convergence and by weak lower semicontinuity the limit is a minimizer. Since ()3
is strictly convex on symmetric matrices it follows that the minimizer in the set M is unique.

Testing @ = 0 in the infimum problem and using the fact that Q3(M) < C|M|?, we deduce
that

Q2(x1, A(z1)) < C(|A(z1)* + [ 4]1%,), (A1)

while the lower bound Q3(M) > c[sym(M)|? together with the inequality |a +b|? > %|a|* — |b|?
yields

Q2(x1, A(21)) > c|[Va® - %(IA(M)F +1411%), (A.2)

where we have again used Korn’s inequality for a minimizer (ag, a3). Combining (A.1) and (A.2)
and the Poincaré inequality we find that

lolf1.2 < CIA@D + [ A]1%,). (A.3)

We now prove joint measurability. For the moment assume that A and A are both piecewise
constant (to be more precise we consider the case where A is constant on intervals of the form
k/n+ (0,1/n) with k € Z and A is constant on cells of the form z/n 4+ (0,1/n)3 with z € Z3).
Then the minimizer in M constructed for every x; € (0, L) will be piecewise constant in z1,
too. Hence in this case a and the weak derivatives are indeed jointly measurable. Integrating
(A.3) we obtain that o € L?(2). Notice also that the pointwise obtained weak derivative of
a(r1,-) € WH2(S,R3) is also the weak derivative of a € L?(Q,R?) by Fubini’s theorem, hence
Opa € L2(Q,R3) for k =2,3.

We conclude with an approximation argument. Let A, € L2((0,L),M3?) and A4, €
L>(Q,R3*3) be piecewise constant functions converging to A and A respectively in the L2-
norm and pointwise almost everywhere. We can assume that ||A;,||cc < ||A]|co. For each n € N
and every x1 € (0,L) let ap(x1,-) € M be the solution defining Q2(z1, An(z1)). By (A.3) and
the Sobolev embedding theorem we may assume that oy, (z1,-) — a(z1,-) in L*(S) for almost
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every 1 € (0,L). Note that indeed the whole sequence converges. This follows from the fact
that for almost every z1 € (0, L) the functionals

Fo(a) = {fs Q3 (( Ap(x1) (262 + 23€3) + gn (1) ‘ Orcx ‘ Oz ) —i—Zn(x)) dr if o € M,

+00 otherwise

I'-converge with respect to the strong topology on L?(S,RR?) to the functional
Fla) = {fs Q3 (( A(xy)(z2e2 + z3€3) + g(21) ‘ O ‘ Oz ) —|—Z(ZL‘)) dz ifaeM,

+00 otherwise.

To conclude the measurability of a note that due to (A.3), up to subsequences we have «,, = @
in L?(Q,R3). Then there exists a convex combination of the a,, that converges strongly to @
in L?(©2,R?). From Fubini’s theorem we deduce that for almost every z; € (0, L) it holds that
a@(z1,-) = a(x1,-). The measurability of the partial derivatives for & = 2,3 can be proven the
same way. O

Remark A.2. If we consider a bounded extension of A to R and A to R x S and then extend
the solutions obtained for the piecewise constant approximations in the proof of Lemma A.1 for
fixed 71 € R such that a,(x1,-) € WI2(R?,R3) in such a way that (A.3) still holds, then we
can prove that @ € L?(Q,R?) and dya € L*(Q,R?) for k = 2,3 with Q cC .

Here below we prove a compatibility property of the projection on SO(3) with the weak
clamping boundary conditions.

Lemma A.3. Assume that M € M3*3 is such that det(M) > 0 and Me; = e1 as well as
(Meg,e1) = (Mes,e1) =0. Then II3(M)e; = e;.

Proof. Let M = UP be the unique polar decomposition of M . It is well known that dist(M,O(3)) =
|U—M]| (see [13]). As det(M) > 0 we have U € SO(3), hence II3(M) = U. Setting M1 € M?*2

as the submatrix of M where the first column and row have been removed, we have det(M!) > 0
and thus there exists also a unique polar decomposition M1t = UP with U € S 0O(2). It is now
easy to verify that

hence by uniqueness Ue; = e;. U
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