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Abstract

In this paper we discuss a damage model that is based on microstructure evolu-
tion. In the context of evolutionary I'-convergence we derive a corresponding effective
macroscopic model. In this model, the damage state of a given material point is related
to a unit cell problem incorporating a specific microscopic defect. The size and shape
of this underlying microscopic defect is determined by the evolution. According to the
small intrinsic length scale inherent to the original models a numerical simulation of
damage progression in a device of realistic size is hopeless. Due to the scale separation
in the effective model, its numerical treatment seems promising.
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1 Introduction

In many cases of fatal rupture of a macroscopic device the damage progression is initiated on
the microscopic scale. There, the loading of the device results in the creation of microscopic
cracks which in the long run might coalesce and, thus, cause the complete failure of the
device. Since in the beginning of the damage process the size of the microscopic defects
is very small, the number of the emerging defects has to grow to notice a significant
decrease of the device’s robustness. But this combination, namely, the occurrence of a
huge number of very small objects, makes the mathematical (and especially the numerical)
treatment of such problems very challenging. Therefore, we are interested in providing
an effective description of the initial problem, simplifying the occurring microstructure
(e.g., the union of all microscopic cracks) to enable numerical simulation but preserving
the damage behavior of the original device. For the sake of simplifying the notation as
well as the mathematical analysis of the models we are going to consider the device to
grow inclusions of material having a very low robustness compared to their surrounding
material instead of small cracks. For an extension to damage progression via the growth
of microscopic voids or cracks we refer to [12], see also Remark 2.7.
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In this paper, the heterogeneity of the material occupied body Q C R¢ under consideration
is denoted as microstructure. Even in the simplified case of microstructure consisting of
only two phases, the appearing geometries being related to their possible distributions
might be very complicated. One very common kind of microstructure approximation is
a periodically distribution of the two considered phases. Since we are interested in the
modeling of damage progression we like to account for local changes of the microstructure
in dependence of external influences. Therefore, the assumption of a global periodical
response to external forces is too restrictive. For a fixed parameter € > 0, being associated
to the intrinsic length scale of the appearing microstructure, the time-dependent occurrence
of the two material phases is captured by a finite number of (time-dependent) parameters.
These parameters for instance describe the radii of the damaged subregions and give rise
to a piecewise constant function in the sense described below.

The considered body 2 is decomposed in small cells e(A+Y) C Q, where A € A with A
being a given periodic lattice and with Y denoting the unit cell. Considering a specific cell
e(A+Y’) C Q the distribution of the two phases (modeled by the constant tensors Cgtrong and
Cyeak) is given by m geometric parameters z°* € [0,1]™. Hence, the material distribution
of the whole body 2 is associated to a piecewise constant function z. :  — [0, 1]”, where
Zele(0ry)co = 2¢*. That means, the material properties of the body € are modeled by the
state-dependent tensor

(Ca (ZE) = ]lQ\Q? (zs)(cstrong + ]lQE(zE)(Cweak)

where 1 : RY — {0,1} denotes the characteristic function of the set O C R? and QP (z.)
is the subset of €2 occupied by the material modeled by Cyeax. For instance, if m = 1,
22% may stand for the radius of the soft inclusion. For the detailed relation between the
damage variable z. and the set QP (z.) we refer to Section 2.1. Starting with these types
of admissible microstructures for fixed € > 0 an evolution model is considered accounting
for the uni-directionality of damage progression, i.e., material that once is damaged cannot
regain stiffness during the whole process. The damage progression is modeled in the frame-
work of the energetic formulation for rate-independent processes developed in [17, 18]. For
a suitable state space Q.(Q2) = U. x Z. this energetic formulation is based on an energy
functional & : [0,T]xQ.(2) — R depending on the displacement field u. as well as the
damage variable z., and a dissipation distance D, : Q.(Q2)xQ.(2) — [0, 00] depending
only on the damage variable. We introduce the energy functional via

gé(ta Uge, Za) = %<(C5(Z5)e(u€), e(u€)>L2(Q)dXd + gE(ZE) - <£(t), u€>7

where £ is a given time-dependent loading, e(u) = 3(Vu + (Vu)T) denotes the linearized
strain tensor, and G.(z:) is a regularization term; see Section 2.1 for details. We are
interested in an effective description as € — 0 of the damage process described by the
energetic formulation. To perform the limit passage ¢ — 0 rigorously, the regularization
term G.(z:) is added. This term improves the regularity of the appearing microstructures
which enables us to identify an effective limit damage model in the context of Sobolev-
spaces. The regularization term is motivated by the theory for broken Sobolev functions
and can be interpreted as a discrete gradient, see e.g. [3, 13].



The dissipated energy is proportional to the growth of the weak material and is modeled
by the dissipation distance D; : Q.(2)x Q(Q) — [0, oo] given by

/ v|z1(x) — z2(x)|pmde if 21 > 2z (component-wise),
DE(Zl, 22) = Q

00 otherwise.

The quantity v > 0 is a material dependent constant and plays the role of an averaged
fracture toughness. Observe that the dissipation distance ensures the uni-directionality of
the damage, meaning that the damaged region of €2 is only allowed to grow with respect
to increasing time.

Based on these two functionals the evolution is described by the energetic formulation
for rate-independent processes which consists of a stability condition (S°) and an energy
balance (E?); see Section 2.1 for the precise definition. As already mentioned before, the
system (S%) and (Ef) models a damage process showing up very fine structures of material
distribution. The smaller the intrinsic length scale € > 0 is chosen the more complicated the
material distribution might get. Numerically this leads to an unmanageable large amount
of degree of freedom. For this reason, we are interested in an effective description of this
damage process which captures the evolution of the microstructure but enables numerical
simulations. This is done by performing the limit passage € — 0 rigorously. For the limit
function space Qy(€2) and p > 1 the limit energy functional & : [0, T]x Qp(2) — R is given
by

Eo(t, w0, 20) = 3{Cett (20)e(u0), (o)) r2(yaxa + [V 20lI} pqaxa — (E(1), uo),

Rdxd

where material properties for £ € RiAY and z € §) are modeled by the effective tensor

(Cert (20) ()¢, €)dxa = min /Y<<Co(20(fﬂ))(y)(€ +eyv(y)), € +eyu(y))axady.  (1.1)

veH;, (V)?

Here,
Co(20(2)) = Ly \y D (2 (2)) Cstrong + Ly D (24 (2)) Cweaks

where Y (z9(x)) denotes the subset of Y occupied by the material modeled by Cyea.
In (1.1) the minimum is taken with respect to all functions v € H'(Y)? which can be
periodically extended (in H{ (R?)?) and have mean value zero, i.e., it holds [} v(y)dy = 0.
Moreover, for v > 0 the dissipated energy is modeled by the dissipation distance Dy :
Qo () xQp(2) — [0, 0] given by

/ v|z1(x) — z2(x)|mde if z1 > 2z (component-wise),
Dg(zl, Z2) = Q
00 otherwise.

Applying the methods of evolutionary I'-convergence from [16], to the sequence of evolu-
tion systems ((S¢) and (Ef)).¢ defined by (&, D:), we show that the associated sequence
of solutions ((ug,ze) : [0,T] — Qz(£2))e>0 converges (in some sense, see Theorem 5.7 for
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Figure 1: Schematic representation of the limit passage of the microscopic model (S¢) and
(Ef) to the effective limit model (S°) and (EY) for a fixed time t. In this example the
microscopic inclusions are assumed to be balls; see Section 2 for the notation.

details) to a function (ug,zp) : [0,7] — Qo(£2) which is a solution of the energetic for-
mulation (S°) and (EY) associated to the limit functionals & : [0,T]xQ(2) — R and
D() : Qo(Q)XQQ(Q) — [0, OO]

Comparison with other approaches: The limit model described by Dy and & with the
effective elasticity tensor Ceg from (1.1) belongs to the class of phase-field damage models,
see for instance [9]. In such models, the dependence of the elasticity tensor on the (typically
scalar) damage variable z in general is based on phenomenological considerations. The
approach discussed in our paper allows for a more detailed modelling of the processes on
the micro-scale and also for the modeling of anisotropic effects. Neglecting the gradient
regularization term [|Vz|", () 0 & and the discrete gradients G (z¢) in & leads to a class
of models that were studied in the papers [8, 7, 10]. There, the authors assume that in
each macroscopic material point the material either is undamaged (encoded by Cgirong) or
maximally damaged (encoded by Cyeax). During the evolution a displacement field w(t)
and non decreasing sets D(t) C Q have to be determined such that the total energy

(C(D())e(u(t)), e(u(t))) L2(q) — (£(t), u(t)) + k[ D(t)]

with C(D(t)) = Lo\ p(t)Cstrong + 1 p()Civeak is minimal. Since this problem is not well-
posed, the authors introduce a suitable relaxed problem with effective material tensors
belonging to the G-closure of the pair Cyeak, Cstrong With respect to certain time dependent
volume fractions. Compared to our approach, this allows for a much higher flexibility in
generating effective elasticity tensors. However, information on the specific underlying
micro-pattern is not available any more.

N[



2 Damage progression via the growth of inclusions

Let d € N denote the space dimension. From now on we are going to assume that the
material occupied set  C R? satisfies the following condition:

The set 2 C R? is assumed to be open, connected, bounded, and
has a locally Lipschitz boundary 9€2; see Definition 2.1 below. (2.1)

Moreover, I'pj, C 912 is a closed subset of positive measure.

Definition 2.1 (Locally Lipschitz boundary). A bounded set @ C R? has a locally Lips-
chitz boundary, if for each point x € 0O there exists a neighborhood N, such that N, Nd<
is the graph of a Lipschitz continuous function (with respect to an appropriately rotated
system of coordinates) and 2 N N, is below the graph.

2.1 Microscopic inclusions of weak material causing damage progression

We start by defining the state space Q. (2) for the microscopic models that describe damage
progression by the growth of inclusions of damaged material in an undamaged bulk. As
indicated in Section 1 the damage process under investigation is modeled with the help of
two variables, namely, the displacement field u. and the damage variable z.. Consequently,
the state space

Q.(Q) = Hf ()% x Kea(2[0,1)™) (2.2)
is the product of
Hp (Q) = {u € H'(Q)| the trace u|p,,, satisfies u|r, =0} (2.3)

and the space of piecewise constant functions K. (€2;[0,1]") that is defines as follows:
Let {b1,ba,...,bq} be an arbitrary basis of RY, with no need of orthonormality. Further-
more, let

d
A:{)\ERd P A= kb, kieZ} (2.4)
=1
be a periodic lattice and
d
Y = {a: ERY i w=> b, I € [—%,;)}
=1

the associated unit cell. In particular, the unit cell Y is the d-parallelotope whose axis are
the basis vectors {by, ba,...,bq}. The only restriction on the basis {b1, ba,...,bq} is that

na(Y) =1



is satisfied to make the following statements valid without any normalization coefficients.
Due to this definition, there is only one vertex contained in £(A+Y") such that each of these
cells is uniquely determined by € > 0 and the associated vertex e\. Moreover, we define

A ={AeA:e(MY)CQ}, AF={XeA:e(MY)NQ#0}, QF = |J e(A+Y)
AeAE
(2.5)
Finally, for an open set  C R? the set of piecewise constant functions is given by

KA (Q) = {veL}(Q)]|30 € K (RY) : 0]g = v},
where
KoA(RY) = {© € L'(RY) VA € At 0.4y = const}.

Given a global damage state z. € K. (£2;[0,1]™), the set QP (z.) C Q characterizes the
distribution of the inclusions of damaged material in the following way: Let L : [0,1]™ —
Lreb(Y) be a set valued mapping (with Lr,ep(Y) denoting the Lebesgue measurable subsets
of Y'). We assume that L satisfies

oL :[0,1]" — Lrep(Y) is a non-increasing function, i.e., for all (2.6a)
Z1 < Zy € [0,1)™ (component-wise) it holds L(Z3) C L(z1).

e For all z € [0,1]™ with Z # 1 (component-wise) it holds pg(L(Z)) > 0. (2.6b)

e For all Z € [0,1]™ the set L(Z) is a closed subset of Y. (2.6¢)

For any given z € [0, 1]™ and every (Z5)s>0 C [0, 1]" satisfying Zs — Z in R™ it holds

o 11g(L(2)\L(Z5)) + pa(L(Z5)\L(Z)) — 0 for 6 — 0 and (2.6d)
e VA > 0359 > 0 such that for all § € (0,0¢) it holds L(Zs5) C neigha(L(Z)).  (2.6e)

Here, neigh (O) denotes the A-neighborhood of the set O C R?. For a given damage state
ze € KA (€250, 1]™) we define

0 (z) = |J e+ L(z7)), (2.7)
AEAL

which is the set of damaged material. Assuming that

Rdxd RdXd

sym> Reym ) are positive definite and symmetric, (2.8)

the tensors Cstrong, Cweak € Lin(
the elasticity tensor for x € €2 is modeled by
Ce(2e) () = ]IQ\QED(ZE)(ff)Cstrong + ]IQED(ZE)(':U)(CWGak7 (2.9a)

Observe that for small values of e the set QP (z.) may have a very irregular structure on
a very small length scale, which can be very challenging from a numerical point of view.
Therefore, we are interested in the derivation of an effective macroscopic model preserving
the microscopic behavior but enabling a numerical treatment, for instance.



Remark 2.2. The definition of QP (z.) (closed set) is chosen in such a way that the inclusions
QP (2.) (closed set) are contained in the open set {2 and have an empty intersection with
0f). This seems to be a rather technical assumption. But note that in the case of modeling
voids (Cyeax = 0), condition (2.7) guarantees for any z. € K. (£2; [0, 1]) that the boundary
of Q is contained in the boundary of the material occupied set Q\QP(z.). In this way the
presumed boundary conditions (see (2.3), for instance) are always well defined.

With Q.(€2) from (2.2) and a given load £ € C'([0,T]; (Hp, (€2)?)*), the energy functional
&0, T)xQ-(R) — R is defined by

Ee(t, ue, ze) = %<Cs(ze€>e(ua)ae(us)>L2(Q)dxd + ”R%(z“:)Hip(Q;’)mxd = (€(t),ue),  (2.10)

where the regularization term G (z:) := || Rs (2| g With p > 1 will be specified in

p
Lr(Q1)
Section 4. The last ingredient of the energetic formulation, namely, the dissipation distance
D Koa(£2;]0,1)™) xKop (€25 [0,1]™) — [0, 00], does only depend on the damage variable

and for v > 0 is given by
/ v|z1(x) — z2(x)|pmde if 21 > 2z (component-wise),
De(z1,22) = Q
00 otherwise.
Based on & : [0, T]xQ:(Q2) — R and D, : K. (€; [0, 1]™) xKA (2; ][0, 1]™) — [0, 0] we are
interested in global energetic solutions (ue, zc) : [0, 7] — Q.(Q2), which for all ¢ € [0, 7] are
assumed to fulfill the stability condition (S°) and the energy balance (E¢):

(S%) E(t,us(t), z:(t)) < E(t,u,2) + D:(2:(t), 2) for all (u,z) € Q-(),

(Ef) E-(t,uc(t),ze(t)) + Dissp_ (z¢;[0,t]) = E(0,u:(0), 2(0)) + /Otatgg(s, ue(8), z:(s))ds,

with Dissp,(z;[0,t]) = sup Z;-V:l D.(2(sj-1),2(sj)), where N € N and the supremum is
taken with respect to all finite partitions of [0,]. Moreover, for given initial values (u°, 2°)
the initial condition (u(0),2:(0)) = (u’, 2°) has to be satisfied.

Introducing the set of stable states S.() at time ¢ € [0, T] via

S.(t) = {(uz, z:) € Q.(Q) satisfying (S°) for t =t}

the stability condition (S%) is equivalently written as (u.(t),z:(t)) € Sc(t) for all ¢t €
[0,T]. Adopting the abstract existence result for rate-independent processes modeled by
the energetic formulation given in [15], we are able to state the following existence result;
see [12, Section 6.5] for the proof:

Proposition 2.3 (Existence of solutions). Let the material tensors Cggrong and Cyeak be

positive definite. Moreover, assume that the conditions (2.6) hold. Then for (u?,22) €

S:(0), there exists an energetic solution (ue,z:) : [0,T] = Q- () of the rate-independent
system (Q(Q), &, D:) satisfying (us(0), z:(0)) = (u, 20) and

Ue € LOO([Oa T]vH%‘Dir (Q)d)a
Ze € LOO([Ov T]7K€A(Q; [07 1]m)) N BVDE([O’ TLK‘SA(Q; [O’ 1]m))’
where BVp_ ([0, T], Kca(€2;[0,1]™)) = {2 : [0, T] — KA (£2; 0, 1]™)| Dissp, (2;[0,T]) < oo}.



2.2 Effective damage model based on the growth of inclusions of weak
material

We will now introduce the macroscopic limit model. For p > 1 the limit state space Qy(2)
is defined via
Qu(Q) = Hll“m (Q)4xWHP(Q;[0,1]™).

For a given damage variable zo € W1P(€;]0,1]™) the modeling of the material is based
on the tensor Cy(2o(x)) € L>(Y’; {Cstrongs Cweak }) which for almost every (z,y) € QxY is
given by

Co(20(2))(Y) = Iy\L(z0(2)) (V) Cstrong + LL(z0()) (¥) Crveak-

Here, L : [0,1]™ — Lrep(Y) denotes the set valued mapping chosen in Subsection 2.1; see
also condition (2.6).

Lemma 2.4. Let L : [0,1]" — Lren(Y) satisfy the conditions (2.6a), (2.6¢), and (2.6e).
Then, for any measurable function z : R4 — [0,1]™ the mapping

RYXY — {(Cstrongy CVveak}

is measurable on RIxY. (2.11)
(z,y) = Co(2(x))(y)

Co(2(1))() : {

Proof. To verify condition (2.11) let z : R? — [0,1]™ be an arbitrary but fixed measurable
function. Due to its definition the mapping Co(2("))(-) : R¥xY — {Cstrong, Cyeak} is
constant on the two sets M(2) = Uyega{z}xL(2(z)) and (R¥xY)\M(z). Hence, (2.11) is
proven by showing that M(z) is a measurable subset of R¥xY.

For this purpose, we choose a countable sequence (25)(5>0) of simple functions approximat-
ing the measurable mapping z : R — [0,1]™ from below, i.e., zs(x) / z(z) (component
wise) for all 2 € R%. Here, the term simple function means, that there is a ﬁnite number of
disjoint, measurable sets A9, A3, ..., A? s C R? and constant vectors 2§, 23, . .. e [o0,1]™
such that ;2| Ar = R? and zs = Sl A3 z,‘z. Thus, we now consider the sequence

7n5

(M(z5))s>0 of M(z) approximating sets. For § > 0 the measurability of M(zs) is a conse-
quence of the fact that it can be written as a finite union of measurable sets in the following

way:
nes ns

= U ( U {z}xL(z5(x ) U OxL(2D))

= 8 k=1
k=1 TEAY,

Note that for fixed § > 0 the measurability of the set L(2J) for all k € {1,2,...,ns} is
ensured by assumption (2.6¢). Due to the relation z; < z on R? and condition (2.6a) we
have M (z) C M(zs) for every § > 0 by definition. Moreover, N5~ M (25) C M(2) is shown
by the following contradiction argument:

Let (z*,y*) € Nsw>o M (z5) but («*,y*) ¢ M(z). Then for all § >0

y* € L(zs(2")) (2.12)

but
dist(y*, L(z(z"))) = 2A >0 (2.13)



since L(z(z*)) was assumed to be closed; see (2.6¢). Condition (2.13) implies

y* ¢ neigha (L(z(x"))). (2.14)

Since zs(z*) — z(z*) by assumption, there exists dgp > 0 such that for all § € (0,d) it

holds
, (2.12) (2.6¢)

y* € L(z5(z%)) C neighp (L(z(z%)))
which is a contradiction to (2.14).
All together we proved M (z) = (550 M (2s). Since M(z) can be written as the countable
intersection of measurable sets, this shows its measurability and hence condition (2.11) is
verified. O]

Remark 2.5. Let the mapping f : Y xRZX4xR™ — R be defined by

Ssym

<Cstr0ng§a €>d><d if Yy e Y\L(E),

F:6:2) = @) = { (Cyearé, E)axa  ify € L(2).

Then for fixed y € Y the mapping f(y, -, ) : RZX4xR™ — R is not continuous on R xR™

sym Sym

as for fixed € € Rg’;g it only takes the values (Cstrongé, &)dxd and (Cyeaké, §)axa. Hence,
[ Y xR¥X4xR™ — R does not satisfy the Carathéodory condition. However, as follows

sym
from the previous lemma, for every measurable function z : R? — [0,1]™ the mapping
fr i RIXY xREXE — R with f,(2,,&) = (Co(2(2))(y)€, €)axa is a Carathéodory function,

Sym
since the mapping § — f.(z,y,§) for all (z,y) € RIxY is continuous and since (z,y) —
fo(z,y, &) for any € € R¥X4 is measurable.

sym

Let zp : © — [0,1)]™ be a measurable function. We define the tensor Ceg(z0)(x) €
Lingym (REX4; REXD) via the the following unit cell problem: V¢ € R4Xd

Sym >’ - sym sym

(Cefr(20) ()€, E)axa = min /Y<C0(ZO(»’C))(y)(€+ey(v)(y)),§+ey(v)(y)>dxddy7 (2.15)

veH, (V)¢

L (RD9) having
mean value zero. In [13, Proposition 3.3] we showed, that the right hand side of (2.15) is
indeed a quadratic expression with respect to £ € ngxnﬁl.

Now, for p > 1 the energy functional & : [0,7]xQy(2) — R is defined in the following
way:

where H. ()¢ denotes the set of periodically extendable functions (in Hi

Eo(t, w0, 20) = 3{Cett (20)e(un), (uo))r2(yaxa + [V z0lI} p(ymxa — (€(t), u0).
Finally, the limit dissipation distance Dy : WLP(Q; [0, 1]™)x WP (Q; [0, 1]™) — [0, 0o] for
v > 0 is given by

/ v|ze(x) — z1(x)|mde if 21 > 2z (component-wise),
Do(zl, 2’2) = Q

00 otherwise.



The proof of the following existence result is carried out in Section 5.2 by showing that
subsequences of global energetic solutions of ((S.) & (E:)) converge in a suitable sense to
solutions of ((Sp) & (Ep)).

Theorem 2.6 (Existence of solutions). Let the material tensors Cetrong and Cyeak satisfy
(2.8) and assume that the conditions (2.6) hold. Let (ud,z9) € Qo(Q2) N Sp(0) and assume
that for € > 0 there exist initial values (u2, 20) € Q. () N S-(0) with lim._,0 E(0,u?, 20) =
E0(0,ud, 20). Then there exists an energetic solution (ug, z9) : [0,T] — Qo(Q) of the rate-
independent system (Qo(R2), Ey, Do) with initial condition (ul, z) satisfying

uo € L>([0, T]; Hy,, (2)%),

20 € L([0, T]; WH(€;[0,1]™)) N BV, ([0, TT; WH(€; [0,1)™)),
i.e., for allt € [0,T] it holds
(S & (t,uo(t), 20(t)) < Eo(t, @, 2) + Do(20(t), 2) for all (u,z) € Qp(),

(E%) &o(t, uo(t), 20(t)) + Disspy, (20; [0, 1]) = E0(0, uo(0), 20(0)) + /Otatgo(&uo(s)a zo(s))ds,

with Dissp,(z;[0,t]) = sup Zj-v:l Do(2(sj-1),2(s5)), where N € N and the supremum is
taken with respect to all finite partitions of [0,t].

In contrast to the microscopic models introduced in Subsection 2.1, the rate-independent
system (Qo(£2), &0, Do) shows up a diffuse material distribution. In any point z € Q
the material is a mixture (see (2.15)) of the two initial materials modeled by the tensors
Cstrong and Cyeax. Since by L(zg(z)) the distribution of these initial materials is uniquely
determined, the structure of the microscopic models is preserved in some sense. But due to
(2.15) the very fine microstructures of the microscopic models (Q.(2), &, D) are replaced
by shifting the occurring inclusions to a second scale. In this way in the effective model
(Q0(£2),&0,Dy) the numerical treatment of the inclusions is independent of the actual
microstructure, whereas in (Q:(Q2), &, D) it heavily depends on the intrinsic length scale
€ > 0, for instance.

Remark 2.7. In [12, Section 8] a similar result is obtained for a model, where damage is
described by the growth of microscopic voids, i.e., there the material tensor Cyeax is set
to zero. This obviously causes some mathematical issues. First of all, for prescribing the
same boundary values independently of the chosen scale € > 0, the micro-voids (see the
definition of Q2 (z.); (2.7)) are not allowed to intersect the boundary 9. Moreover, to gain
a priori estimates independent of £ > 0, uniform coercivity of the energy functionals needs
to be shown. In [12] this is done by constructing suitable continuation operators, extending
an H!-function on Q\QP(z.) to Q such that its norm can be estimated independently of
€ >0 and z.

3 Two-scale convergence

One of the crucial techniques exploited to derive Theorem 2.6 is the theory of two-scale
convergence. This section introduces everything needed in the following sections concerning

10



the notation and the theory of folding/unfolding and two-scale convergence and does not
claim completeness. Note that this is just a rough overview which we already stated in
[13] in almost the same way. For further details we recommend to [1, 4, 5].

Before defining the two-scale convergence with the help of the periodic unfolding operator
we start by introducing the mappings [], and {-}, on R

[y :RE= A, {}y:R'=Y, and z=[z], +{z}, forallzcR?

Let A € A and let € R? be in the cell A+Y, then [z]y = A and {z}, is determinable as
{z}, = x — [z]5. For ¢ > 0 and x € R? we have the following decomposition:

o)+l iAo = <[]

EIA

and V. (z) = {x} , (3.1)
€ly

where M. (z) denotes the macroscopic center of the cell N.(x) 4+ €Y that contains = and

V.(z) is the microscopic part of z in Mo(x) + €Y. At last, we want to distinguish the unit

cell Y from the periodicity cell Y = R?/,. Following Ref. [22], we introduce the mappings

J- and S, as follows:

7 R? — RIx)Y, S . RixYy — R,
Tl = (Ne(x), Ve(x)), S\ (my) = Ne(z) +ey,

where in the last sum y € Y is identified with y € Y C R<.

For ¢ > 1 two-scale convergence is linked to a suitable two-scale embedding of L4(£2) in
the two-scale space LI(R¢xY"). Such an embedding is called periodic unfolding operator.
The following definition of a periodic unfolding operator was given in Ref. [4].

Definition 3.1. (Ref. [4]) Let © € R? be open, ¢ > 0 and ¢ € [1,00]. Then the periodic
unfolding operator 7; is defined via:

T : LYQ) — LYRIXY); v = v 0 8.,
where v** € LI(RY) is the extension of the function v by 0 to all of R9.

With this definition the following product rule is valid: Let ¢,q¢’,r € [1,00] such that
% + % = % Then

v € LI(Q),v9 € L (Q) = Tz(v1v2) = (Tev)(Tevs) € LT (RIxY).
Note that [QxY]. = Sz 1(Q) = {(z,)[S-(,y) € Q} is the support of Tzv, and this is not
contained in 2xY, in general.
Following the lines in Ref. [20] we now will use this periodic unfolding operator to introduce
the kind of two-scale convergence, which is used here; the strong and weak two-scale
convergence, respectively. But before that, we define the folding operator F.. For details
see [20].
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Definition 3.2. (Ref. [20]) Let Q C R? be open, ¢ > 0 and ¢ € [1,00). Then the folding
operator F¢ is defined via:

Fo :LIRIXY) - LIQ); V= (P-(Liaxy].V)) © Telo,

where (P.V)(z,y) = ng(mHay V(¢ y)dC.

Definition 3.3. (Ref. [20]) Let g € (1,00) and let (ve)e>0 be a sequence in L4(£2). Then

(a) w. converges strongly two-scale to V € LI(QxY) in LI(QxY),v. > V in LI(QxY), if
Teve — V& in LI(RIXY).

(b) we converges weakly two-scale to V € LY(QxY) in LI(QxY),v. = V in LI(QxY), if
Teve — Ve in LI(RIxY).

Referring to (2.5) we have that for all € > 0 the support of the function 7:v. is contained in
QxY]. C ﬁ: XY which results in the fact that the support of a possible accumulation point
U of the sequence (T:v:):>0 has to be in QxY, since uq(Q2F\Q) — 0. Due to 1q(0Q) =0
we also have LI(QxY) = LI(QxY) and so every accumulation point of (7zv:)e>o can
be uniquely identified with an element of LI(2xY’). But notice that it is important to
determine the convergence in LY(R?xY") and not in LI(Q2xY). We refer to Ref. [20], where
it is shown in Example 2.3 that convergence in LZ(Q2xY) is not sufficient.

Note, that according to the definition of the two-scale convergence in LI(2xY") via the
convergence of the unfolded sequence in LY(R%xY") all convergence properties known for
L2-convergence are transmitted. For a summary of those properties we refer to Proposition
2.4 in [20]. For the convenience of the reader we state here only those properties used in
the following.

Proposition 3.4 ([20]). Let q € (1,00) and set ¢ = —45. Furthermore, let Vy € LI(QxY),

Wo € LY(QXY) and My € LY(QxY) be given. Then for sequences (v:)eso C LI(Q) and
(we)es0 C LI(Q) the following conditions hold.

(a) Ifv- 2V in LYQXY) and w.>Wp in LY (QxY) then (Ve we)12(0)— (Vo, Wo)r2axy) -

(b) If vo — vg in LI(Q) then v. > Evg in LI(QXY), where E : LI(Q) — LI(QXY) for
v € LY(Q) and (z,y) € QXY is defined via Ev(z,y) = v(x).

(¢) If v > Vi in LI(QAXY) and if (me)eso is a bounded sequence of L>°(Q) such that
Teme(z,y) — Mo(z,y) for almost every (z,y) € QxY. Then meve > MyVy in
LI(QxY).

The following corollary extends property (c) of Proposition 3.4 to a special case appearing
when applying the two-scale theory to the energy functional in (2.10). The proof is done
via a standard contradiction argument.

Corollary 3.5. For g € (1,00) let (ve)eso C LI(Q) and Vo € LY(QXY') be given such that
ve > Vp in LI(QXY). Moreover, let (m:)e>o be a bounded sequence in L>®(Q) satisfying
me > My of LY(QxY) for some function My € LY(QxY). Then mev. > MyVy in
LI(QxY).
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In Section 5, we are going to prove a I'-convergence result for the energy functionals given
by (2.10). There, the following integral identity for v € L!(£2) will be central.

/Qv(x)da: = /[QXY]E Tev(z,y)dydz (3.2)

Observe that this identity immediately gives us the norm-preservation of the periodic
unfolding operator 7z. It is proved by decomposing R? into cells e(A+Y) for A € A. In
preparation for performing the limit passage ¢ — 0 in the models of Subsection 2.1, we
are now going to state two-scale convergence results for two particular types of sequences
of functions. Due to the linearized strain tensor appearing in the energy functional & :
[0,T]x Q:(2) — R we first of all have to investigate the asymptotic behavior of bounded
sequences in H%Dir(Q)d. In this context we need the function space

1,0 = {v € 1 )] [ o)y =0}

To describe the weak two-scale convergence of gradients we introduce the function space
L2(Q; HL,()), which is the space of functions V € L2(Q2xY) = L2(Q; L%(Y)), having the
same traces on opposite faces of Y and satisfying [, V(z,y)dy = 0 for almost every = € Q
as well as V,V € L2(QxY)? in the sense of distributions. We equip this space with the
norm [|[Vlr2@ur, ) = IVyVllL2@xy)e. With this, we have the following compactness
result which we will exploit for converging sequences of the displacement components of
the microscopic models of Subsection 2.1, cf. [21, Theorem 3.1.4]:

Proposition 3.6. Let (v:)c>o be a bounded sequence in H*(Q)). Then there exists a sub-
sequence (Vr)erso of (Ve)eso and functions (vo, V1) € HY(Q)xL2(; HL,(Y)) such that:

Vet — U in HY(Q),
v > By in L2(QxY),
Voo 2 V,Evg+V, Vi in L2(QxY),
where E : L2(Q) — L2(QxY) is defined via Ev(z,y) = v(z).

For the construction of the displacement component of the recovery sequence the following
density result is important, cf. [11, Proposition 2.11]:

Proposition 3.7. Let (wo, W1) € H{(Q)xL2(Q;HL,())) be given. Moreover, for every
e >0 let w. € HY(Q) be the solution of the following elliptic problem:

/ (we — Fo(Bwo)™)w + (Ve — Fo(VaEwot VW)™, Volg)dz = 0 Vo € HY(Q).
Q

Then

We — Wo in H(Q),
we > Ewo in L2(QxY),
Vwe % V,Ewo+V,W1 in L2(QxY)%

13



In the context of deriving the effective model (S°) and (EY) by performing the limit pas-
sage ¢ — 0, we have to concern with the two-scale asymptotic behavior of sequences like
(Co(2c))e>0- Here, for a sequence (z:)->0 with z. € KA (€;]0,1]™) the tensor C.(z:) €
L>°(£2; {Cstrongs Cweak }) is given by (2.9). Moreover, for p > 1 according to available a
priori estimates (see Section 5) it is reasonable to consider the existence of a function
20 € WHP(Q)™ such that z. — zp in LP(Q)™. Starting with these assumptions the two-
scale limit of (C.(z¢))e>0 is identified in the following way:

Theorem 3.8 (Two-scale limit of (C.(2¢))es0). Let L : [0,1]™ — Lrep(Y) satisfy the
conditions (2.6). If (z:)e>0 denotes a sequence of functions satisfying z. € Kca(€2;[0,1]™)
and z. — zg in LY(Q)™ for some function zo € L1(Q;[0,1])™, then

(CE(ZE> i> (C()(Z()())() m Ll(QXY§ {(Cstrong; (Cweak})v
where C.(z:) is defined by (2.9) and Co(zo(+))(+) for almost every (x,y) € QXY is given by

Co(20(z))(y) = ]lY\L(zo(m))(y)Cstrong + ﬂL(zo(x))(y)(Cweak‘ (3.3)

Proof. Let the sequence (z:)s>0 be given such that z. € K.(9Q;[0,1]™) and 2. — zp in
LY(Q)™ for some function zg € L'(£2;]0,1])™. We start by rewriting the two-scale function
T-C.(z:) € L®(RIxY; {Cstrong; Cweak, 0}) to gain a preferably simple description to work
with.

The case x € RN\Q: For fixed 2 € RY\Q there exists ¢g > 0 such that 2 € RN\QZ for all
e € (0,g9). Hence, T:C.(2:)(z,-) =0 on Y for all € € (0,&); see Definition 3.1. Moreover,
the extension C§¥(zo(-))(+) trivially fulfills C§*(zo(x))(-) = 0 for all z € R4\ by definition.
Altogether this shows for all 2 € R\Q

T-Ce(z:)(2,-) — C§*(20(2))(-)  in L'(Y:; {Cstrong, Cweak, 0})- (3.4)

The case z € Q: Let x € Q be fixed. Since €2 is assumed to be open there exists eg > 0 such
that € Q_ for all e € (0,2¢). Note that for (z,y) € Q- XY we have (i) z-(x) = z.(Nz(2)),
(ii) Ne(Nz(z) + ey) = N:(x), and (iii) {W}y = y. Keeping these observations in
mind, applying 7z to the tensor C.(z:) given by (2.9) results in

TeCeo(ze)(z,y) = Co(ze(x))(y) for all (x,y) € Q. xY. (3.5)
According to z. — zg in L' (€)™ there exists a subsequence (¢')./~¢ of (€)e>0 such that
zer(x) = zo(z) for almost every x € Q. (3.6)

Now, condition (2.6d) together with (3.6) enables us to pass to the limit in relation (3.5)
(at least for the subsequence (&')or~¢ of (€)s>0), i.e., for almost every x €  we have

7;/@5/(2:5/)(56, ) — (Co(ZO(SU))() in Ll(Y; {(Cstrong7 (Cweak})' (37)
Define fE/ : Rd — [0, OO) by fa/ ((L‘) = ||7;/(CE/(Z£/)($’ ) — ((:8)((20)(337 .)||L1(Y;Linsyrrl(ngXrg§ng><1g )

Then, by combining (3.4) and (3.7) and exploiting 1q(9€2) = 0 (see (2.1)) we finally showed

for — 0 almost every in RY.
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Note that the sequence (f./)~¢ is uniformly bounded and that the support of f. : R¢ —
[0, 00) is contained in QF for all &’ € (0,¢0). Hence, the theorem of dominated convergence
yields

i [ £ ey = lim [ | fora)lda =0,

which proves
Cs’(zs/) i> CO(ZO())() in Ll(QXY; {(Cstronga (Cweak})-

By a standard contradiction argument it follows that this convergence holds for the whole
sequence (€)e>0- O

4 Discrete gradients of piecewise constant functions

This section is devoted to the definition of the regularization term Ge (2c) = || Rz (22) Hip (OF ymxd
(p > 1) appearing in the microscopic energy functional & : [0, T]|x Q. (€2) — R. As already
mentioned in Section 1, to identify the limit energy by performing the limit passage € — 0,
we need to improve the a priori regularity of the admissible microstructures. In particular,
for the sequence of solutions ((ue,zz) : [0,T] = Qc(£2))e>0 of ((S°) and (EF))e>o we need
to enforce the strong convergence in LP(2)™ with respect to the damage variable. Obvi-
ously, when neglecting the regularization term we would only expect weak* convergence
in L*°(2)™ of the sequence (z¢)e>0. Models, where the regularization terms are neglected,
are discussed in [7, 8, 10], where there is no restriction on the geometry of the occurring
microstructure consisting of the two phases modeled by Cgirong and Cyeak. But observe
that due to the absence of a regularization in [10] some information on the microstructure
is lost in the limit model. There, the limit material tensor is an element of the non-single
valued G-closure of the tensors Cgtrong and Cyeak-

Coming back to our models, we are interested in the definition of a discrete gradient
for piecewise constant functions on a lattice in such a way that only an overall constant
function has gradient zero. Furthermore an in some sense bounded sequence of those
piecewise constant functions, where the spacing of the lattice tends to zero, should lead to
a limit belonging to a Sobolev space W1, Roughly spoken we want to introduce a penalty
term, extracting those sequences of BV-functions that converge strongly in LP to a Sobolev
function, such that the discrete gradient of these sequences converge weakly in IP to the
gradient of this Sobolev function.

The definition of the discrete gradient is based on the extension operator V. : K.z (Q2) —
KA (QF) extending a piecewise constant function v € K5 (£2;[0,1]) for every A € AT\AZ
on €(A4+Y)\Q constantly by the (constant) value of v on e(A+Y") N .

For z € K 2 ()™ the function Vez € K A (QF)™ for every

\ \ (4.1)
A€ Al and 2t = 2|e(ay)ne 1s defined via Vez| a4y i= 257

Definition 4.1 (Discrete gradient). For {b1,ba,...,bs} being the basis of R? chosen in
Section 2.1, let Re : KA ()™ — K%A(Qj)de be defined via Re(z) = Y4 ﬁg)(%z),
2
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where for i = 1,2,...,d the mapping RY . KA (QF)™ — K%A(Qj)de for z € Kop ()™
2
reads as follows:
0 () = ﬁ (Z(z+5bi) — Z(z—5b;)) @ ny if 24-5b; € QF and r—5b; € Or,
2 0 otherwise,
with n; € R? given by
n; € {bl,---’bifl,biJrl,...,bd}L, |ni|d: 1, and <ni,bi>d > 0. (4.2)
The function R:(z) € K%A(Qj)mx‘i is called discrete gradient of z € K. (Q2)™.

This construction of the discrete Gradient is inspired by the lifting operator introduced by
A. Buffa and C. Ortner in [3]. For a detailed discussion about the differences of these two
approaches we refer to [13]. The following theorem states that the discrete gradient can

be used to filter out sequences of piecewise constant functions converging to elements of
whr(Q)m,
Theorem 4.2 (Compactness result). For p € (1,00) and every sequence (2zz)e>0 with

ze € KA (€250, 1])™ which satisfies

sup (|2l + 185 (z2) lupqaymes) < C < 00 (4.3)
g

there exist a function zo € WHP(Q)™ and a sub-sequence (zo/)er>o of (2¢)es0 with
zer — 20 in LI(Q)™  and  Re(ze) — Vazo in LP(Q)™*4,

where 1 < g < p*, and p* denotes the Sobolev conjugate of p.

For the proof of this and the following approximation theorem we refer to [13].

Theorem 4.3 (Approximation result). For every function zg € WHP(Q)™ there exists a
sequence (zz)eso with ze € Kop (5[0, 1])™ such that

lim (|20 =z [Lo@ym + (V20)™ =R (ze)ll Ly o ymxa) = O- (4.4)

Remark 4.4. For a given function zg € WHP(2)™ one might construct the sequence (z:)e~0
of Theorem 4.3 explicitly in the following way: For z € RY let the projector P. : LP(R?%) —
K A (R?) to piecewise constant functions be defined via

Poo(z) = ]ﬁf oy VI

where f, g(a)da = ﬁ Jo g(a)da denotes the average of the function g over the set O

with p1g(O) > 0 and where N : R? — ¢A is defined by (3.1). Choose A > 0 arbitrary but
fixed. Then there exists g > 0 such that for all € € (0,0) we have QF C neigh (), where
neigh A (Q2) denotes the A-neighborhood of Q. Moreover, for given zy € WLP(Q)™ there
exists an extension Zy € W(l)’p (neigh A ()™ with Zp|q = 20 according to Theorem A 6.12
in [2]. Then for ¢ € (0,e0) the sequence (z:).>o defined by z. = (P:z{%)|q € Kea(2)™
satisfies condition (4.4), see [13, Section 4]. Note that here the application of P has to be
understood component-wise.
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5 Proof of Theorem 2.6

Since the sequence of material tensors (C.(z:))e>0 does provide better convergence proper-
ties with respect to the two-scale topology, the identification of the limit energy functional
& 1 [0,T)xQu(2) — R is based on a two-scale translation of the sequence of microscopic
energy functionals (£:).>o. For this purpose, for p > 1 we introduce the two-scale limit
energy Eq : [0, T]x Qo(Q)xL2(; HL, (V)% — R in the following way:

Eo(t, uo, 20, U1) = 5(Co(20(-))(-)(€x(uo)+ey(U1)), €x(uo)+e, (U1))12(qxy)ixd

(5.1)
+ Hvonﬁp(Q)mxd - <€(t)7u0>
According to [13, Theorem 3.1], for all (u,z) € Qy(2) it holds
olt . 2) = min{Bo(t,u, 2, U) | U € L(Q: L (9)%). (52)

5.1 Mutual recovery sequence

This subsection is in preparation for proving the convergence of the microscopic models
introduced in Subsection 2.1 to the effective model of Subsection 2.2. For this purpose, we
are going to apply the evolutionary I'-convergence method which is presented in [16] in an
abstract setting. There, the authors pointed out that the crucial issue in performing the
limit passage is to guarantee the stability of the limit when starting with a stable sequence.
Hence, one of the main concerns of [16] is the provision of various sufficient conditions
ensuring this stability. The existence of a mutual recovery sequence is requested and we
are going to focus on one suitable definition and refer to [16] for the general theory.

The state spaces and functionals underlying the following definitions and theorems are
those introduced in Section 2. Summarizing, this subsection contains the proof that there
are subsequences of solutions of the microscopic models (S°) and (E?) which converge to
a function satisfying the limit stability condition (S°) for all ¢ € [0, T] (see Theorem 2.6).
We start with the following definitions:

Definition 5.1 (Stable sequence with respect to t € [0,7). A sequence (ue, 2:)s>0 satis-
fying (ue,z:) € Q- () for every € > 0 is called stable sequence with respect to the time
t € [0, 7] if the conditions (a) and (b) hold:

(a) There exists a function (ug, z0) € Qo(2) such that:
Us — ug in H%Dir(Q)d, ze = zo in LP()™, Re(z)lo = Vzo in LP(Q)™*d,
(b) (ue, ze) € Sc(t) for every € > 0.

Definition 5.2 (Mutual recovery condition and mutual recovery sequence). A sequences of
functionals (&, D:).>o fulfills the mutual recovery condition, if for every function (%o, 2p) €
Qo (92) and for every stable sequence (ue, z:)e>0 with respect to ¢t € [0, T the following holds:
There exists a sequence (U, Z¢)e>0 With (U, 22) € Q(€2) for all € > 0 such that

lim sup D (ze, z2) < Do(20, Z0) (5.3)

e—0
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and

limsup (& (¢, Ue, 2e) — E=(t, ue, 22)) < Eo(t, Wo, 20) — Eo(t, uo, 20)- (5.4)

e—0

Such a sequence (e, ¢ )e>0 is called mutual recovery sequence.

Remark 5.3. Observe that Definition 5.2 does not ask the mutual recovery sequence (e, 2z )e>0
to converge to (up, 20) € Qo(2) in any sense.

Theorem 5.4 (Mutual recovery sequence). Assume that the conditions (2.6) hold. If
(Ue, 22 )e>0 15 a stable sequence with respect to some t € [0, T] with limit (ug,z9) € Qo(2),
then:

(a) For every (o, z0) € Qo(2) there exists a mutual recovery sequence (Ug, Ze)e>0-
(b) The function (ug, z0) satisfies the stability condition (S°) for t.

The construction of the u-component of the mutual recovery sequence is based on the
two-scale density result concerning Sobolev functions stated in Proposition 3.7. Starting
with a given stable sequence (ue, z:)e>0 the z-component z. € K_5(€; [0, 1]™) is explicitly
constructed out of z. € K.z (€;[0,1]™) in the proof of the following theorem.

Theorem 5.5 (z-component of the mutual recovery sequence). Let (ue, 2:)e>0 be a stable
sequence with respect to t € [0, T] with limit (ug, z0) € Qo(2).

Then for every zy € WHP(£;]0,1])™ with Zy < 2o there exists a sequence (Z:)e>0 satisfying
Ze € Koa(510,1]™), Z. < z. component-wise, z. — Zg in LP(Q)™, R%5€|Q — V2zp in
LP(Q)™*4 and

: > ||P p > ||P p
hI?_?élp (HR%ZEHL;;(Qg-)mxd - ||R%Z€||Lp(gg')m><d) § ||vz0||Lp(Q)m><d - HV’ZOHLP(Q)de‘ (55)

The construction of the z-component of the mutual recovery sequence generalizes the con-
struction in [19] to the discrete setting. In [19], the authors constructed a mutual recovery
sequence for scalar Sobolev functions. The main steps of our proof stay the same but due
to the discrete setting on the e-level and the vectorial case, some new technicalities come
into play. The main difficulties arise due to the irreversibility condition.

Proof. 1. Let zg,Zo € W'P(Q;]0,1]™) and (z.)e>0 be given as assumed in Theorem 5.5.
Choose A > 0 arbitrary but fixed. Then there exists €9 > 0 such that QF C neighn ()
for all € € (0,e9). Moreover, there exists an extension zg € WP (neigha (Q);[0,1]™)
of Zp € WHP(£;]0,1]™) satisfying Zolq = Zo according to Theorem A 6.12 in [2]. Let
P. : LP(R%) — K.z (R9) denote the projector to piecewise constant functions introduced in
Remark 4.4. Then z. = (P-(Z§*))|q satisfies

lim (20 —Ze[|Lo@)m + [1(VZ0)™ = Rs Ze [l o o ymxa) = 0, (5.6)

as mentioned in Remark 4.4. Observe that the application of the projector P. to the

function z§¢ € LP(RY)™ has to be understood component-wise. Following the proof in
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Figure 2: Decomposition of €2 into the subsets A, and B..

[19] we introduce the function z; € K. (92;[0, 1]™), decomposed for every component Y ),

j€{1,2,...,m}, in the following way:
@ { max{0,z9) (z)=0V}  ifz e AV) = Q7\BY),

2 () =14 .
20) (x) if z € BY) U (Q\Q0),

>
where BY) = {r e : zéj)(az) < maX{O,fgj)(w)—(Séj)}}. For j € {1,2,...,m} the positive
constants 67 will later be chosen in such a way that 6 — 0 for ¢ — 0. This definition
immediately results in 0 < z. < z..
2. Now, we prove that z; — Zp in LP(Q2)™. Since z. — Zp in LP(2)™ is equivalent to
Zéj) — E((Jj ) in LP(Q2) for every j € {1,2,...,m} we will restrict ourselves to the case
m = 1. Hence, let A, = Agl), B. = Bél), and 0, = 5§1) to shorten notation. According to
|ze(x)—Zo(x)| < 1, especially on B, we find

”56_:50”5;7(9) < || max{0,Z.—d:} — EOHip(AE) + pa(Be).- (5.7)

By increasing the domain of integration from A. to 2, adding zero (—Z.+Z.) and applying

the triangle inequality, the first term of (5.7) is bounded by the expression 2P~! || max{0, Z.—.} —
feHip(Q) + 2P71||§5—50H€,,(Q). Hence, due to (5.6) the right hand side of (5.7) converges to
zero if the sequence (J:)s>0 can be chosen such that §. — 0 and ugq(B:) — 0.

3. Choice of 6. > 0: As before let m = 1. Since Zy = Zp on 2. by definition the identity

Ze = P.z§* on Q_ holds. Combining this identity with the assumption zy < 2 results in

Ze < Pz§* on 7. Due to this estimate

B, C {z € Q| z-(x)< max{0, Pe2§*(2)—6: } } C {z € Q7 |0:<|Pe2§*(x)—zc ()|} = B.
such that Markov’s inequality (M) can be exploited in the following way:

~ (M)
pa(Be) < pa(Be) < 3 o [F=70 (7) = 2 ()" dw.

By choosing 6% = |[Pe2§* — 2|10 (o) < [1Pe26" = 20llLr(0) + l|20—2¢[lLr (o), for instance, the
assumed convergence z. — 2z in LP(2) yields §; — 0 and pgq(B:) — 0 as € — 0. As already
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Figure 3: Here, z(5) and z (g denote points considered in step 5 and 6, respectively.

mentioned in [19], 6. > 0 is necessary to apply Markov’s inequality. However, in the case
of §: = 0 the assumed convergence z. — 2o in LP(Q) implies (P:.z5*)|q — 2z — 0 in LP(Q)
such that lim._,q ,ud(és) = 0 results immediately.

4. To show: imsup, o (IR 2l o0 a1 Rs2l7, 1) < 192000 00— V200
Roughly spoken, the fact pg(B:) — 0 for ¢ — 0 means that in the case of a sequence of
Sobolev functions (z. € W1P(Q)) it is sufficient to prove (5.5) for A instead of QF on the
left hand side. However, since we are interested in the case of piecewise constant functions
we have to pay some special attention to the region around the interface I. = 9A. N OBZ,
where Bf = B.U(Q\Q_). Note that due to the definition of A. and B. there are disjoint
subsets Aa_, Ap. C A such that A = Uyep, €(A4Y) and Be = Uyep,, e(A+Y). Hence,

for Ap+ = Ap. U (AT\A7) we have B = Usen e(AY).

Fori € {1,2,...,d} let n; € R? be given by condition (4.2) and let F,,(¢)\) denote the face
of e(A+Y’) orthogonal to n; € R? which is contained in e(A+Y"). Then, the interface I. can
be uniquely represented by I, = UL, U,e 5 F,,(e\), where S A is a suitable finite

subset and |, _ . Fp,(e)\) are all faces of the interface I. that are orthogonal to n; € R%.

Aest .
Observe that |S§)| < |Agz+| since the number of faces in St is bounded by the number of
all cells contained in BZ.

Taking the union of all cells

d
Je=1J U e(r-%b+Y)
=1 )\eséi)
containing the face Fy,(¢)) in the middle (see Figure 3) we have I. C J. and
d d d
pa(Je) <D0 30 et =180t < 3 [Agele? = dpa(BY). (5.8)

1=1 AESéi) =1 i=1

The set J. has been constructed in such a way that x € A.\J. implies z+5b; € A. and
r—5b; € A. and the analog statement is valid on B\ J.. Hence, by exploiting the structure

20



of Re : KA (92;[0,1]™) — K%A(Qj)mx‘i given by Definition 4.1 we have

oy

s (max{0,Z.—0.}) in A\ Je,
R:% = { R:Z in JL, (5.9)
Rez in BI\J..

Keeping (5.5) in mind, we want to estimate |RsZ|[? from above by terms depending only
on z. and Z.. Due to (5.9) we only have to care about the case z € J.. Therefore, we
consider every component (R%ZS (x))b; separately.

5. The case = € J.\ UAeSé“ E(A—%bi—i—Y) for i € {1,...,d} fixed:

In this case either z+5b; € A. and ©—5b; € A. or z+5b; € B and z—5b; € Bf.
Combining this result with the definition of the function z; € K.5(92;[0,1]™) and the
structure of the discrete gradient yields the desired estimate

|(RsZ(2))bi| < max {|(Re (max{0,Z:(2)—0:}))bi, |(R 2= (2)) bi }. (5.10)
6. The case = € U,\eS@ e(A\—3b+Y) for i € {1,...,d} fixed:
In this case either z+5b; € A. and x—5b; € B or x+5b; € B and x—5b; € A, according
to the definition of Ss(l). Without loss of generality set a = x+5b; € Ac and b = x—5b; €
BZ. Then due to the definitions of A, and B we have
1> z.(a) > Z:(a) = max{0,Z-(a)—d:} > 0, (5.11a)
1 > max{0,z:(b)—d:} > Z-(b) = z:(b) > 0. (5.11b)
Since b € BF\B. = QF\Q is possible, in relation (5.11b) and in the following table every
function has to be understood as its extension with respect to the continuation operator
Ve @ Koa(Q) — KA (QF) given by (4.1). Keeping this remark in mind the following
estimates are valid.

if z-(a) > z-(b) if Z-(a) < z-(b)
|22 (a)—2:(b)] = Z(a)—Z(b) = Z(b)—2(a)
(5.11a) (5.11b)
< ze(a)—2z:(b) < " max{0,z:(b)—0c} — Z:(a)

G @)=z ) | P2 max{0, 7. (b)—6.) — max{0, 7. (a)—6.}

Hence, we also find
| (R Z:(2))bi| < max {|(Rg (max{0,Z(2)—0:}))bil, | (Rg 2 (2))bil }, (5.12)

for all 2 € U, _g0 e(A—1bi+Y).

7. Summary of the case z € J.: Combining (5.10) and (5.12) these inequalities hold for
every = € J, which finally results in

\Rg?slp in A\ Je,
|ReZ|P < { |ReZe’ + Rz’ in L, (5.13)
|Rs 2| in BF\J.,
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by recalling (5.9), since | max{Cy, Ca}P < |C1|P 4 |C2|P and since
|Re max{0, Ze (¢) = 0c }| < [Re (Ze(2)—0c)| = [R5 Ze(2)].
Exploiting (5.13) we conclude in the case m = 1 that

limsup (|| Rz
e—0 2

Lp(Q;‘)d - HR%ZEHP

Loy
< Tim sup ( / IRZ.(2)|P — | Re 2 (2)|Pda
e—0 Ac\Je 2 2
4 /B o VB @ = Ry

+ [ IRE@P + By @) — Ry ze(o)Pds

= limsup (/ |ReZe(z)Pda — / |Rszg(:c)|pdx)
e—0 AcUJ. 2 AN 2

< lim |Rezg( )|pdx—hm1nf/ L a\g. () Re ze () [Pda

e—0

= ||VZOHLP(Q)d - ||VZ0HLP 0)d

where in the second last line the first term converges to ||VZOH€I)(Q)¢ according to (5.6).
Moreover, weak lower semi-continuity of the norm together with the weak convergence
Tyo\j.Reze = Vzo in LP(2)? is exploited for the second one. Note that due to estimate
(5.8) we have 1 4.\ ;. — 1q in LY(Q) for every ¢ € [1, 00), since lim._, pg(B:) = 0 implies
lim. 0 puqa(B) = 0.

8. The general case m > 1: Up to now, in the case m > 1 it holds (5 € {1,2,...,m})

timsup (1R 2N o000 = IR50DIT, 00) < IVE Iy = IV I gy

for every component zgj), U( ) (j), ((]j) of the functions z, z. € K. (€2;[0,1]™) and 2o, 2o €

WLP(Q;[0,1])™. Summing up these inequalities for all 7 = 1,2,...,m we finally have
hmj(l)lp (HRs’ZEHLp Q+)m><d ||R ZEHLp Q+)mxd) S ||vz0‘|€p(ﬂ)m><d - ||vzo”€p(ﬂ)m><d'

9. R%'z}m — V% in LP(Q)™*%: According to step 8, Theorem 4.2 can be applied for the

sequence (Z;)e>0. Moreover, due to step 2 the limit-function of Theorem 4.2 is identified as

Zo € WHP(€; [0, 1]™) which altogether yields Rezlg — VZp in LP(2)™*4 for a subsequence

(not relabeled). O

Now, Theorem 5.5 enables us to construct the mutual recovery sequence (e, Zz)e>0-
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Proof of Theorem 5.4. Part (a): Let (ue, 2:)e>0 be a the stable sequence with respect to
t € [0,T] converging to the limit (ug, z0) € Qo(£2); see Definition 5.1. Then, for a given
function (ug, Zg) € Qo(2) we start by constructing the mutual recovery sequence (U, Zz )e>0-
1. First, the z-component z; € K5 (92;[0,1]™) is constructed and (5.3) is verified. Observe
that in the case of Dy(zp, 2p) = 00, the lim sup-inequality (5.3) is trivially fulfilled for the
sequence (Z;).>o mentioned in Remark 4.4. Hence, without loss of generality we assume
Zo < 2o (component-wise) from now on. According to Theorem 5.5 there exists a sequence
(Ze)eso satisfying zz € Ka(;]0,1]™), Z: < z., z: — Zp in LP(Q)™, R%EE‘Q — VZp in
LP(Q)™*4 and

— [ Rs 2|1}

timsup (|17 % ] < V20 lE gy — [V 20 gy

Lr Q+)mxd Lp Q+ mxd)

Recalling the structure of the involved functionals results in lim._,g D.(ze, 2:) = Do(20, 20)
and (5.3) is shown.

2. Now, the u-component 4. € H%Dir(Q)d is constructed. Since u. — ugp in H%Dir(Q)d by
assumption, according to Proposition 3.6 there exists a function U; € L2(Q; HL, ()))? such
that Vu, = V,Eug+V,U; in L2(QxY )44 at least for a subsequence (not relabeled). For
(u, z) = (T, Z0) let Uy € L2(Q;HL (V) be the unique solution of (5.2). Therefore,

Eo(t, o, Z0) = Eo(t, U, 20, U1) (5.14)

by definition. Adopting the notation of Proposition 3.7 let w. € H(l)(Q)d be the solution of
the elliptic problem stated there with wg := 0 € HY(Q)% and Wy = U; € L2(Q; HL (V)%
Then according to Proposition 3.7 we have w. — 0 in H{(Q2)¢, w. = 0 in L2(2xY)?, and
Vw, = Vyﬁl in L2(QxY)?*? Thus, the u-component of the mutual recovery sequence is
defined via

Ue = U + We.

Using property (b) of Proposition 3.4 and the convergence results for (w).~¢ we find
e — T in Hy. (),
Vi % V. Eig+V,U;  in L2(QxY)P<,
3. Now we are in the position to prove the lim sup-inequality stated in (5.4). According to
the assumption and step 2 we have u. — wug in H%Dir(Q)d and U, — Up in H%Dir(Q)d which

implies

lim ({£(1), ue) — (€(2), @e)) = {(t), uo) — {£(1), o).

e—0

4. Next we prove that

lim sup (<(Cs(gs)e(a€)’e(as»L?(Q)dXd - <(C€(Z€)e(u€)>e(u€)>L2(Q)dXd)

e—0
< (Co(20() () (ex(Ti0)+ey(T1)), e (Tio) +ey (T1))1 2 (05 y)ixa
—(Co(20(-)) (") (ex(uo)+ey(U1)), ex(uo)+ey(U1))L2(axyyaxa. (5.15)
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Combining this with the convergence results of step 1 and 3 implies the lim sup-inequality
(5.4). To show relation (5.15) we are going to prove

lim (C.(Z2)e (@), e(e) 2 (ixa = (Co(Zo()) () (€a(@o)+ey(U1)), €a(@io)+ey(U1)) 2y yixd
(5.16)

and

lim inf{Ce (22)e(ue), e(ue))r2@)axe 2 (Co(20())()(ex(uo)+ey(U1)), ex(uo)+ey(Ur)) L2 quy)ixa-
(5.17)

Ad (5.16): Since Z. — % in L?(Q)™ according to Theorem 3.8 we have C,(Z.) = Co(Zo(-))(")
in L1(QxY; {Cstrong, Cweax}). Adopting the notation of Corollary 3.5 let m. = C.(Z:),
My = Co(2(-))(-), and v. = e(ic), Vo = e, (i) +e,(U1). Then Corollary 3.5 together with
the convergence results for (@:).>o give w. = Cc(2:)e(t:) = Co(Z0()) () (ex(To)+ey(U1)) =
Wo in L2(QxY)¥4. With this, Proposition 3.4(a) yields (5.16).

Ad (5.17): We start with the following integral identity valid according to identity (3.2)
and the product rule for the unfolding operator 7:

(Ce(zz)e(ue), e(uz))2()axe = (TeCelze)Toe(ue), Tee(ue))2(raxy yaxa- (5.18)

Since z. — zp in LP(2)™ according to Theorem 3.8 we have 7:C.(z:) — C§*(20(+))(:) in
LY (RIxY; {Cstrong; Cweak, 0}). Moreover, due to the definition of two-scale convergence it
holds Tze(ue) — e2*(ug)+e*(Uy) in L*(R4x Y )?*4, which enables us to apply Theorem 3.23
of [6] yielding the following inequality:

111}'1_1}1(’)1f<7;(cg(25)7::e(u6)a EG(U5)>L2 (RdxY)dxd
> (C5*(20(-)) () (eZ* (uo)+ey (U)), €5 (uo) ey  (Ur)) L2 (raxy)axd-

Taking into account that supp(Cg*(z0)) C Q2xY this inequality together with (5.18) gives
(5.17). Combining the convergence results of step 1, step 3, and (5.15) with the equal-
ity (5.14) we showed

hmsup(gf(t7ﬁ87 55) - EE(t7u87 25)) S 80(t7ﬁ07 20) - EO(t7U07 Z07 Ul)

e—0
< 50(t7 ﬂ07 z0) - EO(ta uo, ZO)a

where we minimized the right hand side with respect to all functions of L2(Q;HL ())))%.
With this, the proof of point (a) in Theorem 5.4 is done.

Part (b) is a consequence of point (a): Let (ue, 2:)e>0 be a stable sequence with respect
to t € [0,T] converging to the limit (ug, z0) € Qo(2); see Definition 5.1. Then, for an
arbitrary function (g, Zo) € Qo(2) with Zyp < 2y choose (U, Z:)e>0 as constructed in the
steps 1 and 2. Note that in the case zy £ zp according to Dy(Zp, 20) = oo the stability
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condition (S°) is trivially fulfilled. Due to the stability of (ue, z:) € Q-(Q) at time ¢ € [0, T]]
we have

0< Ee(t,ﬁg, 55) + De(zey ZE) - Sa(ta Ug, 25)'

Applying the limsup with respect to the sequence ().~ to the right hand side according
to (5.3) and (5.4) results in

0 < &(t, uo, 20) + Do(z0, 20) — Eo(t, uo, 20),

which is nothing else than the stability condition (S%) of (ug, 20) € Qo(f2) at time ¢ € [0, T]]
for the arbitrarily chosen test-function (g, 2p) € Qp(2). O

5.2 Convergence result

This subsection provides the main result of this paper, saying that the model of Subsec-
tion 2.2 is the limit of the microscopic models introduced in Subsection 2.1. However,
before that we show that & : [0,7]xQp(2) — R is the I'-limit of the sequence (& )s>0 of
functionals & : [0, T]x Q-(£2) — R with respect to our special topology.

Theorem 5.6 (& RN &o0). Let (ue, z:)e>0 be a sequence satisfying (ue, ze) € Q:(Q) for all
e >0 and

Us = up N H%Dir(Q)d, ze = zo in LP(Q)™, Re(ze)lo = Vzo in LP(Q)™*4,

Then for every t € [0,T] it holds liminf._,o E (¢, ue, z:) > Eo(t, ug, z0). Moreover, for every
function (g, Z0) € Qo(Q2) there exists a sequence (tg, Ze)e>0 With (Ue, Z:) € Q:(2) for every
e >0, with

. =t inHE ()Y, Z—oZ inIP(Q)™,  Re(Z)|o— Vi in LP(Q)™

3
and with hmgﬁo gs(t, ﬁg, 55) == go(t, ao, 50)

Proof. Ad liminf-inequality: Due to the assumptions of Theorem 5.6 we already have
lime,0(€(t), ue) = (£(t), uo) and liminf. o || R (22)llLpymxa = [[V20llLp(q)mxa. Moreover,
Theorem 3.8 states 7-C.(z:) — C§*(20(-))(:) in LY (RIxY; {Cstrong> Cweak, 0}). According
to Proposition 3.6 there exists a function U; € L2(€;HL ()))? such that T2(Vu.) —

Vug*+V, U™ in L2(RIxY)¥*9 at least for a subsequence. Thus, we are in the position
to apply Theorem 3.23 of [6] which yields the following inequality:

hran_}glfmg(ce(zs)%e(ue)a ee(ue»L?(Rde)dXd
> (5" (20(-)) (-) (€ (uo)+e,"(U1)), € (uo)+e, (U1))r2(raxyyaxa-
Recalling the definition of Eq : [0,7]x Qo(Q)xL2(Q; HL (I))? — R (see (5.1)) we proved

liminf. 0 & (¢, ue, 2:) > Eo(t, up, 20, Uy) for every t € [0,T], by taking the integral identity
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(3.2) and supp(C§*(z0(-))(+)) € 2xY into account. This immediately gives us the estimate
liminf._,o & (¢, ue, z:) > Eo(t, up, 20) due to (5.2).
Ad lim(sup)-(in)equality: For a given function (uo,zp) € Qo(2) and (u,z) = (uo, 20) let
Ur € L2(Q; HL, ()¢ be the minimizer of (5.2). For @, € H%Dir(Q)d chosen as in step 2 of
the proof of Theorem 5.4 it holds
. — T in Hp (Q),

Vie % Vo Eig+V,U;  in L2(QxY)¥<,
According to Theorem 4.3 for Zy € WHP(€; [0, 1]™) there exists a sequence (Z: ).~ such that
Ze € Kea(€%[0,1]™), Ze — Zo in LP(Q)™, and R:(Z:)|o — VZ in LP(Q)™*4, Moreover,
condition (4.4) implies

i (1R (Z)I? s = IV 2002 g (5.19)

Finally, Theorem 3.8 yields C.(Z.) > Cy(Zp) in L1(QxY; {Cstrong, Cweak }). By adopting
the notation of Corollary 3.5, with m. = C.(Z), Mo = Co(%), v- = e(uc), and Vp =
e (Up)+e, (Ur) we have w. = C.(Z:)e(u:) = Co(Zo)(ex(tio)+e,(Ur)) = Wo in L2(Qx Y )4x4,
Additionally exploiting Proposition 3.4(a) results in

m (Ce (2c)e(ue), e(ue))2(q)ixd

e—0

= (Co(20(+)) () (e (o) +ey(U1)), ex(tio)+ey(U1))L2(xy)ixd- (5.20)

Combining (5.19), (5.20), and lim._,o(¢(t), us) = (¢(t), up) concludes the proof. O

Now we are in the position to state the final result of this paper, saying that the sequence
of solutions of the microscopic models (S%) and (E?) introduced in Subsection 2.1 converges
to a solution of the effective limit model (S°) and (EY) introduced in Subsection 2.2.

Theorem 5.7 (Convergence result ensuring the existence of solutions to (S°) and (E°)).
Let the material tensors Cgrong as well as Cyeax be positive definite and assume that the
conditions (2.6) hold. If for every € > 0 the function (ue,ze) : [0,T] — Q(Q) is an
energetic solution of (S%) and (E?) with (u-(0),2:(0)) = (u?, 20) and if there exists a tuple

€7 7€

(ud, 28) € Qo(Q) of initial values of (S°) and (E®) such that
;i_%EE(O,ug, 20) = &(0,ud, 20)
then there exists a function (ug, 2g) : [0,T] — Qo(Q2) with

up € L2([0, T]; Hp,, ()7,
29 € L([0, T]; WP (Q; [0, 1]™)) N BVp, ([0, T]; WHP(Q; [0, 1]™))

and a subsequence of (€)e>0 (not relabeled) satisfying for allt € [0, T

ue(t) = up(t) in H%Dir(Q)d, ze(t) = 2zo(t) in LP(Q)™,
Re(2:(t))|lo = Vzo(t) in LP(Q)™*d,
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Furthermore, (ug,z0) : [0,T] — Qo(Q) is an energetic solution to (SY) and (E°) with
(u0(0), 20(0)) = (uf, 23). Additionally, for all t € [0,T] it holds

;i_% Ec(t,us(t), z:(t)) = Eo(t, uo(t), 20(t)),

lim Dissp_c(2¢; [0, t]) = Dissp, (205 [0, ¢]).
e—0

Note that since (ud, z0) € Qo(Q) are assumed to be initial values of (S%) and (E°) the tuple
(ud, 2§) has to satisfy the stability condition (S°) at time ¢ = 0.

Proof. 1. Let (ue,2:) : [0,T] — Q:(€2) be an energetic solution of (S°) and (E) with

(u:(0), 2:(0)) = (u2, 20). We start by proving a priori estimates. Due to Korn’s inequality,
for Cy = ”EHCl(O,T};(HIl, (@)d)) < oo inequality (5.21) below is obtained and is further
Dir

estimated by exploiting the non-negativity of Dissp_(z;[0,¢]) in the energy balance (Ef).

Ciomllus(Oliy (e < Ecltue(t), 2(1)) + Cellue )y, (@e

Dir
(E%) t
< E(0,250) = [ (i) ucle))ds + Collu- Oy o0 (5:2)

According to the assumptions on (u?, z0).~¢ there exists a constant Cp > 0 such that

E-(0,u2,20) < Cp for all e > 0. Applying the scaled version of Young’s estimate to the
product Col|us(t )HH% ()¢ on the right hand side of (5.21) and taking the supremum with
Dir

respect to ¢t € [0, 7] on both sides afterwards, yields the uniform estimate

sup [lu(®)lls. (e < (522
t€[0,T7] Dir
where ¢ > 0 only depends on Cy > 0, T > 0, and £ € C'([0,TT; (Hf,_(©2)?)*). This estimate
implies that the energy balance’s right hand side is uniformly bounded which results in
a uniform bound for the total dissipation Dissp_(z;[0,¢]) on its left hand side. Hence,
c 0 [0,T] — Kca(€;]0,1]™) is a (component-wise) non-increasing function. Estimating
[ R (z(t ))||LP(QJr g In the same way as in (5.21) gives

sup sup [|Rg ()7, g e < CorteCr(T1),

>0 t€[0,T]
where we already exploited (5.22). Moreover, ||z€(t)||£p(mm < mpug(Q) for every e > 0
and all t € [0,7] since 0 < z.(¢t) < 1 by definition. Combining all estimates results in the
following uniform bound of the solution (u., z:) : [0,T] — Q-(2): There exists a constant
C > 0 depending only on Cy > 0, T > 0, and ¢ € C([0, T7; (H%Dir(Q)d)*) such that for all
e > 0 it holds:

t t)|1F E <C. 2

sup sup (el @0+ 12Ol + V5 Oy o) SO (329

2. Now we are going to construct a function zy : [0,T] — W1P(Q;[0,1]™) and choose a
subsequence (£)z>0 of (£)s>0 such that for any ¢ € [0, T] the sequence (2z(t))s>0 converges to
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20(t) with respect to the strong L!-topology. Similarly to the proceeding in [14, Section 3],
we start by constructing the function zp : [0,7] — W?(€;[0,1]™). This construction is
based on the limit of the sequence (F;).>¢ of functions F; : [0,7] — R defined via

Fe(t) = [lze ()L @ym: (5.24)

where the subscript I denotes that the space L'(Q)™ for v € LY(Q2)™ is equipped with
the norm |[v[| 1 qym = 22721 [|vjllLi)- As already mentioned in step 1, F% : [0,7] — R
is monotonously decreasing and uniformly bounded by mpug(€2). Therefore, the Helly

selection principle is applicable saying that there exists a monotonously decreasing function
Fy € BV([0,T];R) and a subsequence (')~ of (¢)e>0 such that for all ¢ € [0, 7] it holds

Fu(t) 29 Fy(t). (5.25)

Let Jp C [0,T] be the jump set of Fp, which is at most countable since Fy € BV([0,T]; R)
is monotone. Furthermore, let K C [0,T]\Jy be a dense and countable subset and choose
(tn)nen such that (tp)neny = Krp U Jp. For arbitrary but fixed n € N according to the
uniform bound (5.23) the assumptions of Theorem 4.2 and Theorem 3.8 for the sequence
(zer(tn))er>o are satisfied. Hence, there exists a function z(()t") € WHP(Q;[0,1]™) and a
subsequence (¢”)cr~¢ of (¢')o< satisfying for e — 0

zen (tn) — zét") in LP(Q)™, (5.26a)

Ro (zen(tn))|o = V2™ in LP(Q)™¥4, (5.26b)
2

Con (20 () 2 Co(24)  in L% Y3 {Cytrong, Cweak })- (5.26¢)

Let (z(()t"))neN C WHP(Q;[0,1]™) denote the set of all limit functions. Since (t,)nen is a
countable set, by a diagonalization argument we are able to construct a (possibly different
but not relabeled) subsequence (”)./~q of (¢')o~¢ satisfying (5.26) for all n € N.

Due to (5.26a) for all n € N we have Fir(tn) = |2 (tn)l|L1(0)m =0 Hz(()t")HL%(Q)m which
results in Fy(ty,) = Hz(()t")HL%(Q)m by keeping (5.25) in mind. Moreover, the monotonicity of

zen 2 [0, T] — Kop(25]0,1]™) together with (5.26a) results in z(()tl) < z((]t’“) for all t;, < t; €

K. According to this relation of z(()tk) and z(()tl) for t < t; € Kp we find

Conll2§™ =25 | @y < 11267 =26 Lr@ym = 128 eaym =126 s @ym = Folte)—Fo(t)

which due to the continuity of Fy on [0,T]\Jy D K7 converges to 0 for t ¢, or t; \ tx.
Here, C}, > 0 is the constant resulting from the utilization of the norm equivalence in
dimension m. Hence, the function (y : K7 — W'P(Q;[0,1]™) for all t, € K7 defined by

Colty) = z(()tk) is continuous with respect to ||-[|1,1(qym. This function enables us to construct
the limit function zg : [0, 7] — L*(92)™ in the following way:

(a) zo(tn) = z(()t") for all n € N,
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(b) 2o0ljo,77\J, is the continuous extension of (o with respect to || - |11 (q)m-

Observe that according to Jy C (tp)nen and the density of Kp C [0,T]\Jp the function
20 : [0, T] = LY(Q)™ is defined everywhere on [0, T].

3. Now we show that the sequence (z.#(t))er~¢ for all t € [0,T] converges to the function
20(t) in the sense of (5.26). Since the monotonicity of z.» : [0,T] — K. (€; [0, 1]™) has to
be understood as z.# () < z.(t) (component-wise) for all t < ¢ € [0, T] it holds

~ ~ (5.24) ~
[zen () =z ()L ym = llzen (O)llL1ym — lzer (O)llL1@ym = Fer(t)—Fer ().

Exploiting this relation in the following calculation yields z./(t) — zo(t) in LY(Q)™. For

t € [0, T)\(tn)nen C [0, T]\Jo we choose t,,, € Kp such that t < t,,,. Then

El,iglost”(t)—zo(t)HLl(Q)m < El/,igo(HZs”(t)—Zs"(tm)HLl(Q)m+Hze“(tm)—zo(tm)”Ll(Q)m)

+ lz0(tm) =20 () L1 (@)m

(5.26a)
< dim Gt (Fer(8) = Fen(tm)) + [120(tm) =20 () 1 @
5.25 _
OB Co Ry ()= Foltm)) + [0 (tm)—20 (1)1 2y (5.27)

Since Fj and zp are continuous on [0, T\ Jo, tm € K7 with ¢ < t,, can be chosen such that
(5.27) gets arbitrarily small, which proves z.»(t) — zo(t) in L*(Q)™ for every t € [0, T).
On the other hand, according to estimate (5.23) we are able to apply Theorem 4.2 and
Theorem 3.8 again such that for arbitrary but fixed t € [0, T\ (¢, )nen there exists a function
2 € WhP(Q;[0,1]™) and a subsequence (¢”).m~q of (€”)ersq satisfying

zem (t) — 2 in LP(Q)™, (5.28a)

R (zem ()| = V2O in LP(Q)™*4) (5.28b)
2

Com(zem () = Co(2))  in LY(Q2xY; {Cstrong, Cuweak })- (5.28¢)

Since t € [0,T]\(tn)neny was chosen arbitrarily and we already proved z.(t) — 2o(t) in
LY(Q)™ for all t € [0, T], this convergence result first of all gives zq(t) € WP(Q; [0, 1]™) for
every t € [0,T]. Observe that the validity of this statement for all ¢ € (¢,),en is already
guaranteed by (5.26). Secondly, with z(!) = zy(t) the convergence result (5.28) is valid for
all converging subsequences of (£”).r-¢ such that we conclude that (5.28) holds for the
whole sequence (£”)cr.

Recapitulating all results proven in step 2 and 3 there exists a piecewise continuous, mono-
tone function zg € L*°([0, T]; W1P(£;]0,1]™)) and a subsequence of (¢).~¢ (not relabeled)
such that the following is valid for all ¢t € [0,7] if ¢ — 0:

ze(t) = 20(t) in LP(Q)™, (5.29a)
Re (2:(t))|lo = Vzo(t) in LP(Q)™*¢, (5.29Db)
Ce(2:(t)) > Co(20(t)) in LM (QxY; {Cstrongs Cweak })- (5.29¢)
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4. Now for every t € [0,T] we prove the displacement field’s convergence for the same
subsequence constructed in step 2 and 3. For this purpose, let ug : [0,7] — H%Dir(Q)d be
uniquely defined by

uo(t) € Argmin{&y(t, u, 2o(t)) |u € H%Dir(Q)d}, (5.30)

where zg : [0,T] — WHP(Q) is the function defined in step 2.

On the other hand for fixed ¢ € [0, 7] we have (uc(t), z:(t)) € S:(t) by assumption. Due to
(5.23) and Proposition 3.6 there exist u(()t) € H%Dir(ﬂ)d and a subsequence (g')./~¢ of the
sequence (£)s>0 considered in (5.29) such that

uor(t) = wff) in HE ()4 (5.31)

Thus, we verified the applicability of Theorem 5.4 which states that (ug), 20(t)) € Qo(Q)
satisfies the stability condition (S°) at ¢t € [0,7]. By choosing Z = 2z(t) in the stability
condition (S°) we find

ul € Argmin{&(t,u, 20(t)) |u € Hh__ (2)7}. (5.32)
Comparing (5.30) and (5.32) we obtain u(()t) = ugp(t). This identification shows
ue(t) = up(t) in H%Dir(Q)d, (5.33)

where the validity for the whole sequence (£).>¢ considered in (5.29) is proven via a stan-
dard contradiction argument.

Note that in this step we already proved that (ug(t), z0(t)) € Qo(f2) satisfies the limit
stability condition (SY) for all ¢ € [0,7], which includes (ud,z)) € Qo(2). Since the
pointwise limit of a sequence of measurable functions is measurable again, according to the
uniform estimate (5.23) we have uy € L>([0, T];HllﬂDir (Q)9).

5. For proving that (ug, z0) : [0, T] — Qo(€2) satisfies the limit energy balance (E°) we pass
in (E?) to the limit ¢ — 0. We start with the right hand side. Due to the uniform bound

(5.23) we have |(£(s),us(s))| < CyC for every € > 0 and all s € [0, T] such that

lim t(f(s),z@(s))ds = t lim (£(s), ue(s))ds = /Ot@(s),uo(s»ds

e—0Jo 0 €—0

by applying the theorem of dominated convergence and making use of u.(s) — wuo(s) in
Hll“m (Q)? for all s € [0,]. According to the assumptions we already have lim. o & (¢, u?, 20)
Eo(t,uf, 2).

6. Left hand side of (E): According to the convergence results (5.29) and (5.33) all

assumptions of Theorem 5.6 are fulfilled, such that for all ¢ € [0,7] we have

lim inf & (¢, us(t), 22 (t)) > Eo(t, uo(t), z0(t)). (5.34)

e—0
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For N € Nlet iy = {0 =ty < t1 < ... < ty = t} be an arbitrary partition of the
interval [0,¢]. Then, by exploiting the definition of Dissp,(z¢;[0,¢]) and the convergence
result (5.29a) the following estimate holds:

N N
hIEn_)iélf Dissp, (2¢;[0,t]) > ?_r}n Z;D 2e(tj—1), 2:(t;)) = Z (20(tj—1), 20(t;))-
] :

By taking the supremum with respect to all finite partition 7y of the interval [0,¢] on the
right hand side this inequality yields

lim i(l)lf Dissp, (2¢;[0,t]) > Dissp,(z0; [0, ]). (5.35)
e—

Since Dissp, (z¢;[0,¢]) is uniformly bounded with respect to ¢ > 0 and t € [0,7T], re-
lation (5.35) implies zg € BVp,([0,T]; W'P(Q;[0,1]™)). Adding (5.34) and (5.35) and
combing this with the convergence results of step 5 for all ¢ € [0,T] we have

0 <1 . . . . . < I 5 stg)S 0
(E}) < hren_%lf E(t,us(t), z:(t)) + hran_}élf Dissp_ (23 [0,1]) < il_r)%(Er) (E;),  (5.36)

where the index | and r denote the left and right hand side of the respective energy
balance. Due to the stability (ug(t),z0(t)) € Qo(2) proved in step 4 we immediately
obtain the opposite inequality (E) > (EY) according to Proposition 2.4 of [16], such that
finally (uo, z0) : [0,T] — Qo(2) satisfies for all ¢ € [0, T] the energy balance

Eo(t,uo(t), Ur(t), 20(t))+Dissp, (203 [0, t])=Eo(t, uo(0), U1(0), 20(0))— /Ot@(s%uo(s»ds-

Due to the validity of the energy balance (E°) actually all inequalities in (5.36) are equal-
ities. This implies that (5.34) and (5.35) also have to be equalities and that their limits
exist. Hence, it holds

il_rf[l) gs(tv uE(t)7 Za(t)) = SO(ta ’LLo(t), ZO(t))’ (537)
lii% Dissp,_ (2¢;[0,t]) = Dissp, (20; [0, t])

and the proof is concluded. O
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