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Abstract

In this paper we show that every L!-integrable function on 99
can be obtained as the trace of a function of bounded variation in (2
whenever (2 is a domain with regular boundary 92 in a doubling metric
measure space. In particular, the trace class of BV (Q) is L'(99)
provided that €2 supports a 1-Poincaré inequality. We also construct
a bounded linear extension from a Besov class of functions on 952 to

BV(Q).

1 Overview

A class of problems in analysis, called boundary value problems, is the group
of problems that seek to find solutions to a given equation in a domain,
subject to a prescribed condition on the behavior of the function at the
boundary of the domain. A wide category of such problems deal with the
Dirichlet boundary conditions; in such problems one wishes to prescribe the
trace value of the solution at the boundary of the domain. Given a domain
), it is therefore natural to ask which functions f defined on 02 can be
extended to functions F' (of some specified regularity ) on the interior of €.
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More specifically, what class of functions on the boundary can be realized as
the traces of the functions F' in the preceding question?

The model problem that motivates our study is the problem of finding
least gradient functions from the class of functions of bounded variation (BV),
with prescribed boundary data, see [4, 25]. Therefore the regularity of the
extended function inside the domain is BV regularity.

The paper [4] first studied the trace and extension problem for functions
of bounded variation in Euclidean Lipschitz domains. It was shown there
that the trace functions of BV functions on the domain lie in the L!-class
of the boundary. In contrast, the work [13] demonstrated that every L'-
function on the boundary of a Euclidean half-space (and hence boundaries of
Lipschitz domains) has a BV extension to the half-space. Together, these two
results indicate that the trace class of BV functions on a Euclidean Lipschitz
domain is the L!-class of its boundary.

In the metric setting, a version of the Dirichlet problem associated with
BV functions was considered in [15], but their notion of trace required that
the BV function be defined on a larger domain. In [23] this requirement was
dispensed with for domains whose boundaries are more regular (Euclidean
Lipschitz domains satisfy this regularity condition). In [23] it was shown that
if in addition the domain supports a 1-Poincaré inequality, then the trace of
a BV function on the domain lies in a suitable L!-class of the boundary,
thus providing an analog of the results of [4] in the metric setting. The
recent work [30] gave an analog of the extension result of [13] for Lipschitz
domains in Carnot—Carathéodory spaces, which indicated that it is possible
to identify the trace class of BV functions in more general metric measure
spaces. The goal of this paper is to provide such an identification, by adapting
the technique of [13] to the metric setting.

In this paper €2 denotes a domain in a metric measure space (X, d, ). The
natural measure on € is the restriction of y to 2. The measure we consider
on the boundary 0% is the co-dimension 1 Hausdorff measure H := H|oq
(see (1.9) below). The function spaces related to 02 will have norms com-
puted using the measure H, and this being understood, we will not explicitly
mention the measure in the notation representing these function spaces.

We now state the two main theorems of this paper. In what follows,
T : BV(Q) — LY(09) is the trace operator as constructed in [23], see (2.17).

Theorem 1.1. Let Q) be a bounded domain in X that satisfies the density
condition (1.14) and the co-dimension 1 Ahlfors reqularity (1.15). Then there



is a bounded linear extension operator E : BY | (0Q) — BV (Q) such that ToE
is the identity operator on BY(0%).

Theorem 1.2. With Q0 a bounded domain in X that satisfies the density
condition (1.14) and the co-dimension 1 Ahlfors regularity (1.15), there is
a nonlinear bounded extension operator Ext : L'(9Q) — BV (Q) such that
T o Ext is the identity operator on L*(99Q).

The extension from L'(9Q) to BV () cannot in general be linear; this is
not an artifact of our proof, see [27, 28].

Combining the above results with those of [23] we obtain the following
identification of the trace class of BV (Q).

Corollary 1.3. Let X support a 1-Poincaré inequality. With € a bounded
domain in X that satisfies the density condition (1.14), the co-dimension 1
Abhlfors regularity (1.15), and 1-Poincaré inequality, we have that the trace
class of BV (Q) is L*(092).

For clarity, we note that the statements of Theorems 1.1 and 1.2 do not
require the domains or the ambient metric measure space to support any
Poincaré inequality, which allows the domains to have interior cusps or slits.
Thus, even in the Euclidean setting our methods give rise to new results, as
the results of [13] and [30] are in the setting of Lipschitz domains.

A related problem is to investigate the extensions of functions from a
domain 2 to the whole space. See [5, 8, 17, 22, 24].
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1.4 Notation and definitions

In this section (Z,d,r) denotes a metric measure space with v a Radon
measure. We say that v is doubling if there is a constant Cp such that for
each z € Z and r > 0,

0 <v(B(z,2r) <Cpv(B(z,r)) < .
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rem:lip—uppl‘

rem:lip—upp2‘

Given a Lipschitz function f on a subset A C Z, we set

LIP(f, A) := sup LW
( ) z,yEA: x#y d(l’, y)

When z is a point in the interior of A C Z, we set

Lip f(z) == liI;lj;lp W

In what follows, given a metric measure space (Z,d, v), the space L{. (Z)
consists of functions on Z that are integrable on bounded subsets of Z. We
follow [26] to define the function class BV (Z). The space BV (Z) of functions
of bounded variation consists of functions in L!'(Z) that also have finite
total variation on Z. The total variation of a function on a metric measure
space is measured using upper gradients; the notion of upper gradients, first
formulated in [20] (with the terminology “very weak gradients”), plays the
role of |Vu| in the metric setting where no natural distributional derivative
structure exists. A Borel function g : Z — [0,00] is an upper gradient of
u: Z — RU{zoo} if the following inequality holds for all (rectifiable) curves
v : |a,b] = Z, (denoting x = v(a) and y = (b)),

fu(y) — u(z)| < / gds

whenever u(z) and u(y) are both finite, and f7 gds = oo otherwise. For each

function u as above, we set I(u : Z) to be the infimum of the quantity [, g dv
over all upper gradients (in Z) g of u.

Remark 1.5. We note here that if u is a (locally) Lipschitz function on Z,
then Lipu is an upper gradient of u; see for example [19]. We refer the
interested reader to [6, 18] for more on upper gradients.

The total variation of the function u € L. (Z) is given by

|1Dul|(Z) := inf {lim inf I'(u; : Z): w; € Lip,,.(Z),u; — u in LIIOC(Z)} :

1—00

Remark 1.6. From Remark 1.5 we know that if w is a locally Lipschitz
continuous function on Z, then ||Dul|(Z) < [, Lipudpu.



For each open set U C Z we can set || Dul|(U) similarly:

| Dul||(U) := inf {liminf I(u; - U): u; € Lip (U), u; — u in LIIOC(U)} .

1—00

It was shown in [26] that if ||Dul[(Z) is finite, then U — ||Dul[(U) is the
restriction of a Radon measure to open sets of Z. We use ||Dul| to also
denote this Radon measure.

Definition 1.7. The space BV (Z) of functions of bounded variation is
equipped with the norm

[ullBv(z) = llullLi(z) + |1 Dull(2).

This definition of BV agrees with the standard notion of BV functions in
the Euclidean setting, see [2, 12, 31]. See also [3] for more on the BV class
in the metric setting.

We say that a measurable set £ C Z is of finite perimeter if xp € BV (Z).
It follows from [26] that the superlevel set E; := {z € Z : u(z) > t} has
finite perimeter for almost every ¢ € R and that the coarea formula

| Du(4) = / |Dxe. | (A) de

holds true whenever A C Z is a Borel set.

Definition 1.8 (cf. [1]). A metric space Z supports a 1-Poincaré inequality
if there exist positive constants A and C' such that for all balls B C Z and
allw e L (2),

loc

[ Dul[(AB)

_ <
]i]u up|dv < Crad(B) A

Here and in the rest of the paper, fa denotes the integral mean of a
function f € L°(Z) over a measurable set A C Z of finite positive measure,

defined as .
7 fAfu V(A)/Afv

whenever the integral on the right-hand side exists, not necessarily finite
though. Furthermore, given a ball B = B(x,r) C Z and A > 0, the symbol
AB denotes the inflated ball B(x, Ar).
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Given A C Z, we define its co-dimension 1 Hausdorff measure H(A) by

s . V(Bi> ) .
H(A) = 515[1)1 inf { Z ad(B,) B; balls in Z,rad(B;) < 6, A C LiJB,}.

)

(1.9) ’ eq:deff-mathcal

It was shown in [1] that if v is doubling and supports a 1-Poincaré in-
equality, then there is a constant C' > 1 such that whenever £ C Z is of
finite perimeter,

CT'H(0E) < [|Dxpll(Z) < CH(OLE),

where 0, F is the measure-theoretic boundary of E. It consists of those points
z € Z for which

lim sup H(B(zr) N E) >0 and limsup w(B(zr) \ E)
r—0+ ,U(B(Z> T)) r—0+ ﬂ(B(Za T))
We next turn our attention to the definition of other function spaces to be
considered in this paper. The Besov classes, much studied in the Euclidean
setting, made their first appearance in the metric setting in [9] and were
explored further in [14].

Definition 1.10. For a fixed R > 0, the Besov space B (Z) of smoothness
0 € [0, 1] consists of functions of finite Besov norm that is given by

dt

R
ot 0 = Wl + [ [ £ 1ut) — @ vty avtogig - (.11

We will show that the function class BY (Z) is in fact independent of the
choice of R € (0,00), see Lemma 3.3 below.

The following fractional John—Nirenberg space was first generalized to
the metric measure space setting in [17]. In the FEuclidean setting it was
first studied in [10] and [11], but the case # = 0 in the Euclidean setting
appeared in the earlier work of John and Nirenberg [21]. The fractional
John-Nirenberg space A{ (Z), where 6 € [0,1] is its smoothness and 7 > 1
the dilation factor, is defined via its norm

1
il 0 = Vol +530 3 s [ lw—wenldss 112

T BeB:

> 0.

where the supremum is taken over all collections B, of balls in Z of radius at
most R/7 such that 7B N7 By is empty whenever By, By € B, with By # Bs.
The class A{ (Z) is also independent of the exact choice of R € (0, 00).



ec:BliO-extension‘

1.13 Standing assumptions

Throughout this paper (X,d, ) is a metric measure space, with p a Borel
regular measure. We assume that X is complete and that p is doubling on
X. Furthermore, 2 C X is a bounded domain and there is a constant C' > 1
such that for all z € 992, z € 2, and 0 < r < diam(f2), we have

w(B(z,7) N Q) > Cu(B(z,1)), (1.14)

and

C—IM < H(B(z,r)n Q) < L

The property of satisfying (1.15) will be called Ahlfors codimension 1 regu-
larity of OS.

Throughout the paper C represents various constants that depend solely
on the doubling constant, constants related to the Poincaré inequality, and
the constants related to (1.14) and (1.15). The precise value of C' is not of
interest to us at this time, and its value may differ in each occurrence. Given

expressions a and b, we say that a ~ b if there is a constant C' > 1 such that
Cla<b< Ca.

M. (1.15)

2 Bounded linear extension from Besov class
to BV class: proof of Theorem 1.1

2.1 Whitney cover and partition of unity

The following theorem from [18, Section 4.1] gives the existence of a Whitney
covering of an open subset () of a doubling metric space X by balls whose
radii are comparable to their distance from the boundary, see also [7].

Theorem 2.2. Let Q) C X be open. Then there exists a countable collection
Wa = {B(pji,r;:) = Bji} of balls in Q so that

L4 Uj,z' Bj,i == Q,

L4 Z],Z XB(pjyi,QTj’i) S 20%7
o 27t <y, <27 foralli,
e and so that r;; = & dist(p;;, X \ Q).

Here the constant Cp s the doubling constant of the measure .

7
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ssec:BesovEXt\

prop:extnBounds‘

Since the radii of the balls are sufficiently small, we have that 2B; C ().
By the boundedness of () there is a largest exponent j that occurs in the cover;
we denote this exponent by jy. Hence —j € NU{0,---, —jo}. Note that 270
is comparable to diam(2). One wishing to keep track of the relationships
between various constants should therefore keep in mind that the constants
that depend on jy then depend on diam(£2).

We also note that no ball in level j intersects a ball in level j + 2. This
follows by the reverse triangle inequality d(p;, pjrox) > 2714 — 203 = 27+3
and the bounds on the radii: 2771 < r;; <279 and 27T < rj g, < 2072

As in [18, Section 4.1], there is a Lipschitz partition of unity {¢;,;} sub-
ordinate to the Whitney decomposition Wq, that is, Z]Z ©ji = Xo and for
every ball B;; € Wq, we have that xp,, < ¢;; < Xo,, and @;; is C/rj,-
Lipschitz continuous.

2.3 An extension of Besov functions

Suppose that f : 9Q — R is a function in BY,(0Q). We want to define a
function F : 2 — R whose trace is the original function f on 0f2.

Consider the center of the Whitney ball p;; € 2 and choose a closest point
gji € 00. Define U;; := B(qj;,r;:) N 0. We set a;; := fU]f(y) dH(y).

Then for z € Q) set
F(I) = Z aj,igpj,i-
i

In subsequent results in this section we will show that ' € BV(Q2). From

the following proposition and Remark 1.6 we obtain the desired bound for
IDE] ().

Proposition 2.4. Given Q C X and f € B ,(09), there exists C > 0 such
that

/ Lip Fdp < C||f |l 5o, o0)-
) |

Proof. Fix a ball By,, € Wq, and fix a point = € By,,. For all y € By,

F () — F@)] = | Y a5a(14(0) — 034(0)
= [T o)) = @] € X g )

2B;,iNBy,m#0



The last inequality in the above sequence follows from the Lipschitz constant
of ¢;;. Rearranging and noting that if the balls intersect then |j — ¢| < 1,
we see that

‘(I‘M — Clg7m|.

|[F(y) — F()] < ¢ Z
d(y, ) Tem ok
2B, iNBgm#0

Hence, we want to bound terms of the form |a;; — asn|:

oss—nl = |f JEHE) ~ f 1))

Ue,m

- ][ (1)~ fw) dw) 1)

][ ]{, (w)| dH(w) dH(2)

IN

Ugm / /U (w)| dH(w) dH(z)
~HU / /U (w)| dH(w)dH(2) (2.5) |ineq:expandballsl
B 7'[ / / ()| dH(w) dH(2)

—07[* f (w)] dH(w) dH(2),

where Uy, denotes the expanded subset of the boundary:

Ul = B(@em, 2°rem) N OKY. (2.6) ’eq:expandedsubset

By the doubling property of X, the boundary regularity condition on 0f2,
and the definition of codimension-1 Hausdorff measure, we have

which gave inequality (2.5). The above estimates together with the bounded



overlap of the Whitney balls yield the following inequality:

Lip F(x) = h?j;lpw
- Tem ][ ][ (w)| dH(w) dH(z) (2.7) [eq:pointwise-Lip-

for x € By,. From (2.7) and (1.15) we see that

/LlpF ) dp(x <Z/ Lip F(z) du(z)

Bém

< S B ][ ) ][ ()] dH(w) dH(2)
<CZH (Upm) ][ ][ (w)| dH(w) dH(z)

25355 [ A 156 - ) dtw)anes

¢y /a ) ][ o [FE) = S ) a ).

Here the last inequality follows from the uniformly bounded overlap of the
balls Uy, for each £. Without loss of generality, we may choose R = 2J0+7 in
the definition of the Besov norm (1.11). Note that R ~ diam({2) then. The
following estimate (cf. the proof of [14, Theorem 5.2]) concludes the proof:

/asz ]i»(z o740y — f(w)| dH(w) dH(z)

2]0+7 dt
/ / ][ (w)| dH(w)dH(z)— (2.8) ’eq:BesovKuivSum
¢ 00 J B(2,t) t

< CHfHB?lﬁﬂ ]

We will use the extension constructed in this section in formulating a
nonlinear bounded extension from L'(9Q,H) to BV () in the subsequent
sections. There we will need the following estimates for the integral of the
gradient and the function on layers of €.

f=—00
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1ayer—est—grad‘ Lemma 2.9. For 0 < p; < ps < diam(Q2)/2, set

Qp1,p2) ={z € Q : p <dist(z, X \ Q) < pa}. (2.10) ’eq:def—OmRhoRho

Let J(p1,p2) be the collection of all ¢ € Z such that there is some m € N
with 2By, N Q(p1, p2) non-empty. Then

LipFdu <C 2) — Flw) dH(w) dH(2).
[, verasc ST [ f i) - s auc)

LeJ (p1,p2) B(z,27+4)

Proof. For each ¢ € J(p1, p2) let Z(¢) denote the collection of all m € N for
which 2By, N Q(p1, p2) is non-empty. Then by (2.7) and (1.15),

/ Lip Fdu < Z Z / Lip F'du
Q(p1,p2) B

2eJ (p1,p2) meZL(L) © 76m

<oy oy M ][ f ()] dH(w) K ()

LeJ (p1,p2) meZ(l)

<C D> > HUm) ][ ][ (w)| dH(w) dH(z)

LeJ (p1,p2) meZ(X)

D> Z/ f (1)) dH(w) dH(2)

LeJ (p1,p2) meZ(€)

<c ¥ ¥ / f — f(w)| dH(w) dH(2)

70
LeT (p1,p2) meZ() (z,27F )

/(m][ wgriy ) S0 dit(w) dH(2). o

ayer-est-grad-lip| Corollary 2.11. Using the notation of Lemma 2.9, we have that

/ Lip F dp < CpyH(02) LIP( f, 092)
Q(p1,p2)

LeT (p1,p2)

whenever f is Lipschitz on 0S2.

Proof. For a fixed ¢ € Z, we can estimate

[ A 1) - swldmw) i)

o0 J B(z,27+4)
< /6 ) ]i o LIPS 990z, 0) aHw) aH )
< CH(0Q) LIP(f,00) 27+ .
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Therefore,

/ Lip Fdu < CH(0Q)LIP(f,00) > 2"
Q(p1,02)

LT (p1,p2)

Every ball B = B(p,r) € Z({) satisfies 21 < r < 2¢ and dist(p, X \ Q) = 8r.
There is C' > 1 such that C~'p; < 2¢ < Cp, whenever ¢ € J(p1,p2). Thus,
ZEEJ(,DL/JQ) 26 < OpQ Il

We next turn our attention to the L!'-estimates for F.

em:Li-est_Whitney| Lemma 2.12. There exists C' > 0 such that

[ IFldi < € (@)1,
Q

Proof. We first consider a fixed ball By, from the Whitney cover. Then

o= [ [SF smmeo| ao
SLMZ;ff y) dH() | 93a(x) da(z)
-, X ) AH(9)| 34(@) du(x).
i Y

Recall that if 2B;; N By # 0, then |j — €] < 1, so H(Uj;) =~ H(U;,,)-
Also, for Uy, as defined in equation (2.6), U;; C Uy,,. Furthermore, by the
construction of the Whitney decomposition, each point is in a fixed number
of dilated Whitney balls 25;;. Hence,

/B S y) dM () |2;:(x) dp(x)
P T
<cf ][ DI dH () dule) <CuBe) £ 1] M)
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In view of (1.15), we obtain that

J

|F(z)] du(x) < Cr&m/ |f(y)| dH(y). (2.13) ’eq:Ball—F—est

£,m UZ*m

Summing up and noting that Q = J,,, Bem, we have

Jo Jo
/Q|F\dugczzr&m/ |f| dH < C szz/ |f| dH
Uy UZm

f=—oc0 m 0,m l=—00 m

Jo
<C Z 212/89|f‘ dH <Cdiam(Q)|| f||z1 o). U

l=—00

We now aim to obtain an analog of Lemma 2.9 for the L'-norm of F on
the layer Q(p1, p2).

t-Fn-boundaryball| Lemma 2.14. Let z € 02 and r € (0,diam(Q2)/2). Then,

/ Fldi < C min{r.pa} [ f] dH
B(z,m)NQ(p1,p2) B(z,287)Nox

whenever 0 < p; < min{r, po} and ps < diam(Q2)/2.

Proof. Since B(z,r) N Q(p1,p2) = B(z,7) N Qp1, min{r, po}), we do not
lose any generality by assuming that p, < r. Similarly as in the proof of
Lemma 2.9, we set J'(p1,p2) to be the collection of all ¢ for which there
is some m such that 2By, N Q(p1, p2) N B(z,r) is non-empty, and for each
¢ € J'(p1,p2) we set Z'(f) to be the collection of all m € N for which
2By N Qp1, p2) N B(z,r) is non-empty. Then by (2.13),

|F|dp < |F| du
/B(Z,T)QQ(PLW) Z Z

e (p1,p2) meT'(£) ¥ Btim

<c ¥ % em/U £l dH.
Zm

LeJ’ (p1,p2) meL’ (L)

The triangle inequality yields that

d(Z, qg,m) S d(zvpf,m> + d(p&’nw q&m) S 2d<zap€,m) S 2(’/’ + 2r€,m)7
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layer-est-Fn

where By, = B(pom, e,m) and Uppm = B(qem, To,m)NOQ with gg, € 02 being
a boundary point lying closest to py,,. Moreover, 8r¢,, = dist(pgm, X \ ) <
d(pems2) < 1+ 2r,. Hence, 14, < %7“. Consequently, d(z, qrm) < %7“ and
U C B(z,(§ + §)r). Thus, Uy,, C B(z,2%r) and

/ Fldp<C ) 23/ |f| dH
B(z,r)NQ(p1,p2) ) B(2,287)NoN

LeJ(p1,p2

< Cpy / flan,
B(z,28r)NoN

where the last inequality can be verified as follows: Every ball B = B(p,r) €
T'(¢) satisfies 21 < r < 2% and dist(p, X \ Q) = 8. There is C' > 1 such that
C~1p, <2¢ < Cpy whenever £ € J'(p1, p2). Thus, D te T (p1.p2) 26 < Cpy. O

By covering 02 by balls of radii , whose overlap is bounded, we obtain
the following corollary.

Corollary 2.15. With the notation of Lemma 2.9, we have

[ imanscp [ nan
Q(p1,p2) o0

2.16 Trace of extension is the identity mapping

From the above lemma we know that given a function f € B?yl(aQ) the
corresponding function F is in the class NV1(Q) c BV(Q), where NY1(Q)
is a Newtonian class introduced in [29]. The mapping f — F is denoted
by the operator £ : B} (02) — BV(Q). This operator is bounded by
Proposition 2.4 and Lemma 2.12, and it is linear by construction.

We now wish to show that the trace of F' returns the original function f,
i.e., T o E is the identity function on Bf,(9Q). It was shown in [23] that if
Q) satisfies our standing assumptions and supports a 1-Poincaré inequality,
then for each u € BV (Q2) and for H-a.e. z € 0 there is a number Tu(z) € R
such that

lim Sup][ uly) — Tu(2)| duly) = 0. (2.17)
r—0+t B(z,r)NQ
The map u — Tu is called the trace of BV(Q). Moreover, Tu € L'(99)
provided that u € BV (Q).

14



trace-Besov

Note also that BY,(9Q) C L*(09) and the inclusion is strict in general,
which is shown in Example 3.11 below. Further properties of the Besov
classes are explored in Section 3.

For the sake of clarity, let us explicitly point out that the following lemma
shows that the BV extension of a function of the Besov class BY | (0€2), as con-
structed above, has a well-defined trace even though no Poincaré inequality
for 2 or for X is assumed.

Lemma 2.18. For f and F' as above, and for H-a.e. z € 052,

lim IF(a) — f(2)] dulx) = 0.

r—0+ B(z,r)NQ
That is, TE f(z) ezists for H-a.e. z € 0N).

Proof. Since [ € B?,l(aQ) C L'(09), we know by the doubling property of
Hl|oq that H-a.e. z € 00 is a Lebesgue point of f. Let z be such a point.

Since » ;%5 = X, we have
f fd’H> prale) = f(2)
U. .

][B(z,r)ﬂﬂ = fE) = ][B(z,r)ﬂﬂ ]ZZ ( i
ARC) d%) e

N ][B(z,r)ﬂQ Z ( 3,

J,?

][ (2) ZZ: (]{J” If = f(2)] de) ;i) dp(x).

By the properties of the Whitney covering Wq,

~ )| dH | o) du(e
/()Z(][u o) )w (a) du)

< x|/ (][ e )IdH>90j,i(f€)du(x)

{m s.t. Lm o 44
(fU 7= ) d%) ().

QB/mﬂBzrﬁé@
Emst /Bfm 7,0 s.t.

2Bg mﬂB Z T‘)?éw QB] lﬂBg m#@

dpi(z)

dp(x)

15



If 2B;,; N By, is non-empty, then U;; C Uy, and H(U;;) =~ H(U;,,). There-
fore by (1.15) we have

/B(z,r)ﬁﬂ ; (]{]

Ji

<c > (]{]

lm s.t. £,m
2By mNB(z,r)#0

<c > m,m/* f — f(z)] dH.

lm s.t. Lm
QBg’mﬂB(Z,T‘);ﬁ@

If = f(2) dH) wji(x) dp(x)

If = f () dﬂ) 1(Be.m)

Let J(B(z,r)) denote the collection of all ¢ € Z for which there is some
m € N such that 2By,, N B(z,7) is non-empty. For each ¢ € J(B(z,r)), set
Z(¢) to be the collection of all m € N for which 2By, N B(z,r) is non-empty.

Then,

7,1

> 2@2/ 1~ f(2) dH

LeJ (B meZ(l) Ut
<c Z 2%/ = F)] dH
teT(B (2,27r)NON

gcr/ f = F(2)| dA.
B(2,27r)Nox

In the above, we used the fact that ZZGJ(B(M)) 2¢ ~ r, since only the indices
¢ € Z for which 2 ~ dist(By,,, X \ Q) < r are allowed to be in J(B(z,7)).
From the fact that z is a Lebesgue point of f, we now have

r

fB(z,r)ﬁQ |F f(Z)l H = C,U(B<Z,T) N Q) /B(Z,27r)m8§2 |f f(Z)| H

SC’][ If = f(2)|dp — 0 asr — 0F.
B(2,27r)Nox

This completes the proof of the lemma. n
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Sec:spaces

cor:ballcovering‘

1em:BesovIndepR‘

3 Comparison of B?’l(aQ) and other function
spaces

We now wish to show that Bgl (012) has more interesting functions than mere
constant functions. What functions are in BY ;(92)? Since the results of this
section deal with function spaces based on more general doubling metric
measure spaces, we consider the underlying metric measure space (Z,d, v).
The other function spaces include L!, BV, and the fractional John—Nirenberg
spaces as well as the class of Lipschitz functions.

Let Z = (Z,d,v) be a metric space endowed with a doubling measure.
In applications in this paper, Z will be 92 C X and v will be the Hausdorff
co-dimension 1 measure H|aq.

3.1 Preliminary results

Lemma 3.2. For every T > 3, there is C' = C(Cp, 1) > 1 such that for every
r > 0 there is an at most countable set of points {x;}; C Z (alternatively,
{z;}; C Q, where Q C Z is arbitrary) such that

e B(z;,r)N B(xg,r) =0 whenever j # k;
o 7 =J; B(wj,7r) (alternatively, Q@ C |, B(z;,17r));
i Z]‘ XB(zj,rr) <C.

The above lemma is widely known to experts in the field, but we were
unable to find it in current literature; hence we provide a sketch of its proof.

Proof. An application of Zorn’s lemma or [18, Lemma 4.1.12] gives a count-
able set A C Z such that for distinct points xz,y € A we have d(x,y) > r,
and for each z € Z there is some x € A such that d(z,z) < r. The countable
collection { B(x,r) : © € A} can be seen to satisfy the requirements set forth
in the lemma because of the doubling property of v. O]

Lemma 3.3. Let f € LY(Z). Then,

//f“ ()] dv(y)d (w)t%<oo if and only if

//][ (@) dly) dv(o) 55 < 0,

17



lem:BesovEquiv

where 0 < r < R < oco. If 8 > 0, then the equivalence holds true even for
R = oc.

Proof. By the triangle inequality, we obtain for ¢ > 0 that

[, i = s@lata < [ f (5] 150) i) dvio
/Qﬂﬂ+f |<nw<0w@
= 1l /][Bt )| dv(y) dv(z).

The Fubini theorem and the doubling condition then yield

[, oraian [ SOBGAeD

:/Z|f(y)y s dv(z) dv(y) = || fllz2(z)

//][“) ()| dv(y) d (a:)%.
/t/fxt ()] ) do()

dt 1 .
<>+c[|mm@ﬂw=<>+owmwmﬁ_ﬁﬁ’

For » > 0 set

Then,

with obvious modification for 8 = 0. O]

Lemma 3.4. Let R < 2diam(Z) and 0 € [0,1]. Then,

— f(=)]
/ / B(z,R) x d ZL‘ y)))d(:ﬁ,y)a dy(y) dl/(x).

Proof. The equivalence follows from the Fubini theorem, see also [14, Theo-
rem 5.2]. O

18



ovEquivFixedBalls| Lemma 3.5. There is a constant C' > 1 and there are collections of balls
B, k=0,1,..., such that

(1 <szd /If fpldv < CI(4).

k=0 BeBk

Moreover, rad(B) ~ 27% whenever B € B*, and the balls within each collec-
tion BX have bounded overlap (also after inflation by a given factor T > 1).

Proof. By Lemma 3.2, there is a constant C' = C'(Cp,7) > 1 and collections
of balls B¥, k = 0,1,..., such that rad(B) = 27* for every B € B* and
1 <Y pegr XorB(w) < C for all x € Z. Then, by (2.8),

<sz0 >/ f ) @)l dvty) dvfa)

BeBk

<022’“’Z/][ () — £(@)| dv(y) dvia)

BeBk

<0y oy /][\f )| dv(y) du ()
Sczzrad /|f fap|dv.

Thus, we choose B¥ = {2B : B € Bk}, k=0,1,..., to conclude the proof of
the first inequality.

The proof of the second inequality follows analogous steps backwards.
Recall that rad(B) = 2% whenever B € B*. Thus,

izrad%/jg\f—fﬂd”
k=0 BeBk
~ZZ2’“9/][|f )| dv(y) dv ()

k=0 BeBk

<022'f9 > [ O @l

BeBk

< cz 2 [ f )~ Sty o),

19



where we used the fact that the balls have uniformly bounded overlap within
each collection B*. O

Remark 3.6. Let 0 <0 <n < 1. Then, [lul[g < C(1+ Ii”’_@)HuHB{z1 and
Jull40 < C(1+ Rn_Q)HUHAQ’T for any 7 > 1.

3.7 Comparison of function spaces with BYf (Z)

Proposition 3.8. Let § € [0,1] and 7 > 1 be arbitrary. Then there is a
constant C' > 1, which depends on 0 and 7, such that

lullag . < Cllulss,.

Proof. Let B, be a fixed collection of non-overlapping balls in Z of radius at
most R/7. Then,

B%iﬁ/ﬂgm—mﬂdy
= T @y 11O - ) 0t

/ Tf;g 2 ]fB|u<x>—u<y>|du<y>du<x>

Z BeB,
|u(x) — u(y)]
- /ZB%; ol / 5 V(B(z, d(z,y)))d(z, y)° dv(y) dv(x)

(@)~ uly) )
/ / Ble2r) V(B(x d(a: y))d(z,y)? dv(y) dv(r) =~ I(2R),

where we used that v is doubling and B(z,d(z,y)) C 37B for all z,y € 7B.
Taking supremum over all collections of balls concludes the proof. O

Proposition 3.9. Assume that Z is bounded. Let 0 <0 <n<1andt>1.
Then, A (Z) C B} ,(Z).

Proof. We use the characterization of Besov functions from Lemma 3.5.

SN ity [N - ol

k=0 BeBk

<oy 21 fB\du<022“"||f||An =

k=0 BeBk
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exa:BesO!=L1\

Lemma 3.10. For every T > 1, we have L'(Z) = A} (Z).

Proof. Let B, be a fixed collection of balls in Z that remain pairwise disjoint
after being inflated 7-times. Then, the triangle inequality yields that

1
Z W/ﬂg[u—uﬂgldu% Z(/TB]uH- ]{Budu)du

BeB- BeB;

= Z 2/ |u|d1/§2/|u]d1/.
B zZ

BeB, T

Hence, HUHA?’T(Z) < 3Jullri(z)-
Conversely, |lull 40 (z) > [[ullz1(z) by the definition (1.12). O

The following example shows that the inclusion BY,(Z) C A} (Z) may,
in general, be strict.

Example 3.11. Let
f(z) = ZX[I/(]’—H),I/]’) (z)u(@z), =€ (0,1),
j=1

where wu is the I-periodic extension of xjo1/2). Obviously, f € L*(0,1).
Hence, f € L'(0,1) = A?_,(0,1). On the other hand, u ¢ B{,(0,1), which
we are about to show.

We will use the characterization of BY,(0,1) from Lemma 3.5. There, we
may choose BY = {(127, (1+2)27%) : 1 =0,1,...,2"=2} to get f, |f—fB| = 1
whenever B C (0,1/;) and B € B* for some k < j. Then,

iZ/BV_fBlZC_IZ 3 |B|zi%:oo,

o
k=0 BeBk k=0 BepBk k=0
Bc(0,k~1)

Next, we will provide a family of examples that show that BV (Z) is, in
general, strictly smaller space than val(Z ) for every 6 € [0, 1).

Example 3.12. Let a € (6,1). Then, the Weierstrass function

. cos(2Frx)
wale) = 32T o)
k=1
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sec:ll-extension\

is a-Holder continuous but nowhere differentiable in [0, 1] by Hardy [16].
Hence, u, ¢ BV]0,1] as it would have been differentiable a.e. otherwise.
Since o > 6, we have C%*[0,1] € BY[0,1] by [14, Lemma 6.2].

In conclusion, we have now proved the following theorem.

Theorem 3.13. Let 7 > 1 and 6 € (0,1] be arbitrary. Then,
LMZ) = A (2) > B,(2) > A (Z) > AL(Z) € BV(Z),

where all but the last of the inclusions are strict in general. Furthermore,
Lipschitz functions on Z belong to BY |(Z).

We know from [17, Theorem 1.1] that A} (Z) C BV(Z). Note however
that A} (Z) = BV(Z) holds by [17, Corollary 1.3] whenever Z supports a
1-Poincaré inequality.

4 Extension theorem for L' boundary data:
proof of Theorem 1.2

Given an L!'-function on 092, we will construct its BV extension in € using
the linear extension operator for BY,(09) boundary data. Observe however
that the mapping f € L'(9Q) — F € BV(Q) will be nonlinear, which is not
surprising in view of [27].

Instead of constructing the extension using a Whitney decomposition of
), we will set up a sequence of layers inside €2 whose widths depend not only
on their distance from X \ 2, but also on the function itself (more accurately,
on the choice of the sequence of Lipschitz approximations of the function in
L'-class). Using a partition of unity subordinate to these layers, we will glue
together BV extensions (from Theorem 1.1) of Lipschitz functions on OS2 that
approximate the boundary data in L'(99). Roughly speaking, the closer the
layer lies to X \ 2, the better we need the approximating Lipschitz data to
be. The core idea of such a construction can be traced back to Gagliardo [13]
who discussed extending L*(R"!) functions to W (R™).

First, we approximate f in L!'(92) by a sequence of Lipschitz continuous
functions {fi}32, such that ||fir1 — filloro) < 22_k\|fHL1(39). Note that
this requirement of rate of convergence of f; to f also ensures that f, — f
pointwise H-a.e. in d€). For technical reasons, we choose f; = 0.

Next, we choose a decreasing sequence of real numbers {p; }72; such that:

22



prop:trace-L1

o p; < diam(2)/2;
e 0 < pr1 < pi/2;
© >k Pk LIP(fir1, 02) < C| fll 12 00)-

These will now be used to define layers in €2. Let

Up(x) = max{(),min{l, pr. — dist(z, X\ ) }}, x € Q.

Pk — Pk+1

Then, the sequence of functions {1 — ¥y : k = 2,3,...} serves as a
partition of unity in (0, po) subordinate to the system of layers given by
{Q(karla pkfl) k= 2,3,.. }

Recall that Lipschitz continuous functions lie in the Besov class B?yl
Thus, we can apply the linear extension operator E : BY,(9Q) — BV(Q),
whose properties were established in Section 2, to define the extension of
f € LY(09) by extending its Lipschitz approximations in layers, i.e.,

o0

F(z) = Z(lbk—l(x) - ¢k($))Efk(x)

Z )(E frpi(x) — Efi(z)), =€Q. (4.1)

k=

The following result shows that the above extension is in the class BV (2)
with appropriate norm bounds (see Remark 1.6).

Proposition 4.2. Given f € L'(09), the extension defined by (4.1) satisfies

| Lip Fll 1) < C(1 + HE)|[ |z 00)-
Proof. Corollary 2.15 allows us to obtain the desired L' estimate for F. Since

the extension on BY (09) is linear, we have that E fyi1 — Efr, = E(fir1— fr)-
Therefore,

1P <D 1B (frn — flle@ < D 1B (e — fidl@opn
k=1 k=1

SCZpkakH — fillerony < Corllfllzree) < C diam(Q)|| f|| L1 o) -

k=1
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subsec—LlTrace‘

In order to obtain the L' estimate for Lip F', we first apply the product rule
for locally Lipschitz functions, which yields that

Lip F' = Z |E(frrr — fi)| Lip g + ¢ Lip(E(fr1 — fr)))

M

- (|E fk‘f‘l o fk)lXQ (Pk+41,0k)
Pk — Pk+1

+ XQ(0,08) Lip(E(fr1 — fk)))

k—1
It follows from Corollary 2.15 that
E(fi1—f k)

Pk — Pk+1

[e.9]

< CZ e = Fellrony

LY (Qpr+1,0k))

k=

< CZ [ fr1 = frllrony < CllfllLion) -

k=1

Next, we apply Corollary 2.11 to see that

k=1

< CHOD) Y pi(LIP(frg1,09) + LIP(fi, 09))
k=1

< CHO)[ £ 2100,

where we used the defining properties of {p;}72, to obtain the ultimate
inequality. Altogether, || Lip F'||11q) < C(1 4+ H(0Q)) || fllL100)- O

4.3 Trace of the extended functions

In this section we complete the proof of Theorem 1.2 by showing that the
trace of the extended function yields the original function back.

Proposition 4.4. Let F € BV () be the extension of f € L'(9Q) as con-
structed in (4.1). Then,

lim |FF— f(2)]dp =0

r—0 B(z,r)NQ

for H-a.e. z € 09.
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Proof. Let Eqy be the collection of all z € 9€) for which limy, fx(z) = f(2), and
for k € N let Ej, be the collection of all z € 99 for which TE f(2) = fi(2)
exists. Lemma 2.18 yields that H(9Q \ (Ny—o Ek) = 0. We define also an
auxiliary sequence {F,,}>° ; of functions approximating F' by

Fo=) (e —tn)Efi+ Y (o —n)Efa, neN.
k=2 k=n+1

It can be shown that F,, — F in BV (2), but we will not need this fact here.
Note that F,, = Ef, in (0, p,) and hence the trace of F,, exists on 0f2 and
coincides with the trace of Ef,, i.e., with f,.

Fix a point z € (), Ex and let ¢ > 0. Then, we can find j € N such
that |fr(z) — f(2)] < € for every k > j. Next, we choose ky > j such that
R = py, satisfies:

o RLIP(f;,00) <c¢;
i J[B(z’r) |F; — fi(2)| dpn < € for every r < R;
o > il Pk LIP(fry1,09) < e.

For every r € (0, pro+1) C (0, R/2), we can then estimate

f F — f(2)] du
B(z,r)NQ

<f F-Bldrf B EIHGE - 1)

B(z,r)NQ B(z,r)NQ

<f |F-Bldu+ee (4.5)
B(z,r)NQ

For such r, choose k, > ko such that pg, 1 <1 < pg,.. Then,

/ F— Fjldy < 2/ (s — )| EG — £;)| di
B(z,r)NQ k=Fk, B(z,r)NQ

<

/ |E(fi — f;)| du
k=k, Y B(z:r)NQ(pr41,0k-1)

<C Z min{r, pk_l}/B( — |f — fi|dH  (4.6) ’eq:Ll—trace—A
2,2°7)N

k=k,
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by Lemma 2.14. In the last inequality above, we used the fact that when
k = k., we must have B(z,r) N Q(pg,+1, pr.—1) = B(z,7) N Q(pg,+1,7) by the
choice of r < py, .

Let us, for the sake of brevity, write U, = B(z,2%r) N 9Q. As f — f; is
Lipschitz continuous, we have by the choice of j, and the fact that k£ > j,

/U o= fil dH < /U i £ — (ful2) = F()) | dH + 1ful=) — f(2)HT)
< CrH(U) LIP(fi — £;,U,) + 2H(U,). (4.7)

Observe that rH(U,) =~ pu(B(z,r)) by (1.14), (1.15), and the doubling condi-
tion for y1. Note that 352, pr_1 < Cpr,—1 < CR. Combining this with (4.6)
and (4.7) gives us that

[P Bldu< 3 CouunlBla) (LIP(fe,0%) + LIP(;,00)
B(z,r)NQ k=k,

+ 2ep(B(z, 1)) Z w
k=k,

< Cu(B(z,1)) (Z (pk LIP(frs1,09)) + RLIP(f;,09) + 5)

k=ko
< Cu(B(z,71))e.

Plugging this estimate into (4.5) completes the proof. O

4.8 Summary

In conclusion, we have shown that every function in L'(9Q) has an extension
to BV(Q2) in such a way that the trace of the extension returns the original
function. This extension is nonlinear, but it is bounded. In a preceding
section we demonstrated that there is a bounded linear extension from the
subclass BY 1 (09) to BV (Q). Note that B ;(99), containing all the Lipschitz
functions on 9, must necessarily be dense in L'(9). Tt therefore follows
that the extension from L'(99) to BV (£2) cannot be continuous on L!(99)
(see [27] for the fact that in general any extension from L'(992) to BV ()
cannot be both bounded and linear).
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