SPECTRAL INEQUALITIES IN QUANTITATIVE FORM

LORENZO BRASCO AND GUIDO DE PHILIPPIS

ABSTRACT. We review some results about quantitative improvements of sharp inequalities for
eigenvalues of the Laplacian.
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1. INTRODUCTION

1.1. The problem. Let © C RY be an open set. We consider the Laplacian operator —A on
) under various boundary conditions. When the relevant spectrum happens to be discrete, it is
an interesting issue to provide sharp geometric estimates on associated spectral quantities like the
ground state energy (or first eigenvalue), the fundamental gap or more general functions of the
eigenvalues. More precisely, in this manuscript we will consider the following eigenvalue problems
for the Laplacian:

Dirichlet conditions Robin conditions
—Au = Au, inQ, 7%3 = Au, in€Q, =0

u = 0, on 0f, au+— = 0, on 0,

ov

Neumann conditions Steklov conditions
—Au = pu, inQ, —%u = 0, in ©,

u = 0, on 01, au ou, on 0.

ov

We denote by A1 (), A1 (2, @), pa(Q) and o4(2) the corresponding first (or first nontrivial®) eigen-
value. We refer to the next sections for the precise definitions of these eiegnvalues and their
properties. For these spectral quantities, we have the following well-known sharp inequalities:

Dirichlet case
(1.1) Q2N A (Q) > | BN A\(B),  (Faber-Krahn inequality)

Robin case
(1.2) Q2N A(Q, ) > | BN M\(B, ), (Bossel-Daners inequality)

Neumann case
(1.3) |BI?N pgy(B) > QPPN 12(9), (Szegd-Weinberger inequality)

Steklov case
(1.4) |B|YN 03(B) > QN 05(9), (Brock-Weinstock inequality)

where B denotes an N—dimensional open ball. In all the previous estimates, equality holds only if
Q is a ball.

The fact that balls can be characterized as the only sets for which equality holds in (1.1)-(1.4)
naturally leads to consider the question of the stability of these inequalities. More precisely, one
would like to improve (1.1), (1.2), (1.3) and (1.4), by adding in the right-hand sides a remainder
term measuring the deviation of a set ) from spherical symmetry.

For example, as for inequality (1.1), a typical quantitative Faber-Krahn inequality would read
as follows

(1.5) QN A () = [BIPN M\ (B) > g(d(92)),
where:

LObserve that in the Neumann and Steklov cases, 0 is always the first eigenvalue, associated to constant eigen-
functions. Thus we use the convention that o1(Q) = p1(2) = 0. Also observe that the Robin case can be seen as an
interpolation between Neumann (corresponding to @ = 0) and Dirichlet conditions (when a = +00).
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e g:[0,+00) = [0,400) is some modulus of continuity, i.e. a positive continuous increasing
function, vanishing at 0 only;

e O — d(f) is some scaling invariant asymmetry functional, i.e. a functional defined over
sets such that

d(tQ) =d(§), foreveryt >0 and d(Q) = 0 if and only if Q is a ball.

Moreover, it would desirable to have quantitative enhancements which are “the best possible”, in
a sense. This means that not only we have (1.5) for every set €2, but that it is possible to find a
sequence of open sets {Q, }nen C RY such that

tim (19,2 A (20) — B2V M (B)) =0,

n—oo
and
10,12 A1 () — | BN M (B) ~ g(d(Q,)), as n — oo.

In this case, we would say that (1.5) is sharp. In other words, the quantitative inequality (1.5) is
sharp if it becomes asymptotically an equality, at least for particular shapes having small deficits.

The quest for quantitative improvements of spectral inequalities has attracted an increasing
interest in the last years. To the best of our knowledge, such a quest started with the papers [48] by
Hansen and Nadirashvili and [63] by Melas. Both papers concern the Faber-Krahn inequality, which
is indeed the most studied case. The reader is invited to consult Section 7 for more bibliographical
references and comments.

The aim of this manuscript is to give quite a complete picture on recent results about quantitative
improvements of sharp inequalities for eigenvalues of the Laplacian. Apart from the inequalities
for the first eigenvalues presented above, we will also take into account some other inequalities
involving the second eigenvalue in the Dirichlet case, as well as the torsional rigidity. We warn the
reader from the very beginning that the presentation will be limited to the Euclidean case. For the
case of manifolds, we added some comments in Section 7.

1.2. Plan of the paper. Each section is as self-contained as possible. Where it has not been
possible to provide all the details, we have tried to provide precise references.

In Section 2 we consider the case of the Faber-Krahn inequality (1.1), while the stability of the
Szegb-Weinberger and Brock-Weinstock inequalities is treated in Section 4 and 5, respectively. For
each of these sections, we first present the relevant stability result and then discuss its sharpness.

Section 3 is a sort of divertissement, which shows some applications of the quantitative Faber-
Krahn inequality to estimates for the so called harmonic radius. This part of the manuscript is
essentially new and is placed there because some of the results presented will be used in Section 4.

Section 6 is devoted to present the proofs of other spectral inequalities, involving the second
Dirichlet eigenvalue Ay as well. Namely, we consider the Hong-Krahn-Szego inequality for Ay and
the Ashbaugh-Benguria inequality for the ratio Aa/);.

Then in Section 7 we present some comments on further bibliographical references, applications
and miscellaneous stability results on some particular classes of Riemannian manifolds.

The work is complemented by 4 appendices, containing technical results which are used through-
out the paper.

1.3. An open issue. We conclude the Introduction by pointing out that at present no quantita-
tive stability results are available for the case of the Bossel-Daners inequality. We thus start by
formulating the following
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Open problem 1. Prove a quantitative stability estimate of the type (1.5) for the Bossel-Daners
inequality for the first eigenvalue of the Robin Laplacian A1 (Q, a).
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2. STABILITY FOR THE FABER-KRAHN INEQUALITY

2.1. A quick overview of the Dirichlet spectrum. For an open set Q C RY we indicate by
Wy(€2) the completion of C§°(Q) with respect to the norm

1
3
u (/ |Vu|2da:> : u € C°(Q).
Q
The first eigenvalue of the Dirichlet Laplacian is defined by
/ |Vul|? de
inf 292
weCE ()\{0} / luf? do
Q
In other words, this is the sharp constant in the Poincaré inequality

c/ |u|2dx§/ Vuldr,  ue C(Q).
Q Q

A1(Q) =

Of course, it may happen that A\ (£2) = 0 if © does not support such an inequality.

The infimum above is attained on W, ?(Q) whenever the embedding W, *(Q) < L?(Q2) is com-
pact. In this case, the Dirichlet Laplacian has a discrete spectrum {A1(92), A2(Q2), A3(€2),...} and
successive Dirichlet eigenvalues can be defined accordingly. Namely, A\, (€2) is obtained by minimiz-
ing the Rayleigh quotient above, among functions orthogonal (in the L?(£2) sense) to the first k — 1
eigenfunctions. Dirichlet eigenvalues have the following scaling property

Me(tQ) =72 M\ (), t>0.

Compactness of the embedding W, ?(Q) < L2(2) holds for example when Q C RY is an open set
with finite measure.

In this case, it is possible to provide a sharp lower bound on A;(2) in terms of the measure of
the set: this is the celebrated Faber-Krahn inequality (1.1) recalled in the Introduction. The usual
proof of this inequality relies on the so-called Schwarz symmetrization (see [49, Chapter 2]). The
latter consists in associating to each positive function u € VVO1 2(Q) a radially symmetric decreasing



SPECTRAL INEQUALITIES IN QUANTITATIVE FORM 5

function u* € W, %(Q*), where Q* is the ball centered at the origin such that [Q*
function u* is equimeasurable with u, that is

= |Q|. The

Hz : u(z) >t} = {z : v (x) > t}, for every t > 0,

so that in particular every L? norm of the function u is preserved. More interestingly, one has the
Pdlya-Szegd principle (see the Subsection 2.3)

(2.1) / |Vu*|2dx§/ |Vul? dz,
Q- Q

from which the Faber-Krahn inequality easily follows.
For a connected set 2, the first eigenvalue A1(Q2) is simple. In other words, there exists u; €
Wy2(€2) \ {0} such that every solution to

—Au =X (Q)u, inQ, u=0, on 0,

is proportional to u;. For a ball B, of radius r, the value A\;(B,) can be explicitely computed,
together with its corresponding eigenfunction. The latter is given by the radial function (see [49])

u(z) = |z| 77 Jns (](N—?)/?l |$|> .
T

Here J, is a Bessel function of the first kind, solving the ODE

SO+ g+ (1 - “) g(t) = 0.

t t2

and j,,1 denotes the first positive zero of J,. We have

(2.2) M(B,) = <3<N—2>/21)2

r

2.2. Semilinear eigenvalues and torsional rigidity. More generally, for an open set Q C RY
with finite measure, we will consider its first semilinear eigenvalue of the Dirichlet Laplacian

/Q|Vu|2dx ,
ey M@= mn 0o i [ ViRl =1,
ueWy = (2)\{0} (/ ‘ |‘1d )q ueW, " (Q) Q
u xXr
Q

where the exponent ¢ satisfies

(2.4) 1<g<2":=¢ N-2’

2N N,
400, if N =2.

For every such an exponent ¢ the embedding WO1 -2 (Q) — L) is compact, thus the above mini-
mization problem is well-defined. The shape functional  — A¥(Q) verifies the scaling law

N (tQ) =tV 2EN N(Q),

the exponent N — 2 — (2 N)/q being negative. Still by means of Schwarz symmetrization, the
following general family of Faber-Krahn inequalities can be derived

(2.5) QR TITIN(Q) > [BIFTITIN(B),
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where B is any N—dimensional ball. Again, equality in (2.5) is possible if and only if € is a ball,
up to a set of zero capacity. Of course, when ¢ = 2 we are back to A () defined above. We also
point out that the quantity

T() = e =  max M

Q) ueW(}’Q(Q)\{O}/|Vu|2dZ',
Q

is usually referred to as the torsional rigidity of the set . In this case, we can write (2.5) in the
form

(2.6) |B|~"% T(B) > ||~ T().

This is sometimes called Saint- Venant inequality. We recall that for a ball of radius R > 0 we have
1

(2.7) T(Bg) = = __UN__pN+2

~ M(Br) N(N+2)

Remark 2.1 (Torsion function). The torsional rigidity 7'(2) can be equivalently defined through
an unconstrained convex problems, i.e.

(2.8) —T(Q2)= min {/ Vu|2dx—2/ud:v}.
ueWwy?() LJa Q

Indeed, it is sufficient to observe that for every u € VVO1 2(Q) and ¢t > 0, the function tu is still
admissible and thus by Young’s inequality

min {/ |Vu|2dx—2/uda:}: min min{t2/|Vu|2d:E—2t/udx}
wewd2(Q) LJa Q uewy 2 (Q) t>0 Q Q
2
(/udm)
= min AR

ueWy () / Vul? de
Q

which proves (2.8). The unique solution wq of the problem on the right-hand side in (2.8) is called
torsion function and it satisfies

—Awg =1, in Q, wg =0, on 0.
From (2.8) and the equation satisfied by wq, we thus also get

T(Q) = /Qwﬂ dz.

2.3. Some pioneering stability results. In this part we recall the quantitative estimates for the
Faber-Krahn inequality by Hansen & Nadirashvili [48] and Melas [63].

First of all, as the proof of the Faber-Krahn inequality is based on the Pélya-Szeg6 principle
(2.1), it is better to recall how (2.1) can be proved. By following Talenti (see [74, Lemma 1]),
the proof combines the Coarea Formula, the convezity of the function ¢ + t?> and the Euclidean
Isoperimetric Inequality

1—

(2.9) Q"% P(Q) > |B|'F P(B).
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Here P(-) denotes the perimeter of a set. If u € WO1 2(Q) is a smooth positive function and we set
Qi={xeQ: ulx) >t} and w(t) =1/,

by using the above mentioned tools, one can infer

0o N-1
/ IVu? de C°a:rea/ / w2 dt
Q 0 {u=t} V|

Jensen [ 1 < P(y)?
2 _
(2.10) = / P dt‘/ SO
0 / |Vu| =t dHN o TH
{u=t)

Isoperimetry roo pr)*)2
> () dt:/ |Vu*|? dz,
Q*

- o —H(t)
where Q is the ball centered at the origin such that [Qf| = |©;|. For a smooth function, the equality
1
—i(t) = / ——dHN !, for a.e. t >0,
{u=ty |Vl

follows from Sard’s Theorem, but all the passages in (2.10) can indeed be justified for a genuine
Wy? function. We refer the reader to [32, Section 2] for more details.

By taking u to be a first eigenfunction of Q with unit L2 norm and observing that «* is admissible
for the variational problem defining A\ (2*), from (2.10) one easily gets the Faber-Krahn inequality

A1(€2) > A (Q5),
as desired.

The idea of Hansen & Nadirashvili [48] and Melas [63] is to replace in (2.10) the classical isoperi-
metric statement (2.9) with an improved quantitative version. At the time of [48] and [63], quan-
titative versions of the isoperimetric inequality were availbale only for some particular sets, under
the name of Bonnesen inequalities. These cover simply connected sets in dimension N = 2 (see
Bonnesen’s paper [18], generalized in [40, Theorem 2.2]) and convex sets in every dimension (see
[41, Theorem 2.3]).

For this reason, both papers treat simply connected sets in dimension N = 2 or convex sets in
general dimensions. We now present their results, without entering at all into the details of the
proofs. Rather, in the next subsection we will explain the ideas by Hansen and Nadirashvili and
use them to prove a fairly more general result (see Theorem 2.10 below).

Theorem 2.2 (Melas). For every open bounded set @ C RN we define the asymmetry functional

2\ Bi| |B2\ 9
Q7 |B

(2.11) dp () == min {max{ } : B CQC By balls} .

Then we have:

o if N =2, for every Q open bounded simply connected set, there exists a disc Bo C §) such
that

L (19\Bal\*
@) - B8 = & (2

for some universal constant C > 0;
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e if N > 2 for every open bounded convex set 2 C RN we have

QPN A (Q) — |BPN M(B) > = dam(Q)?7,

for some universal constant C' > 0.

Remark 2.3. In dimension N = 2 Melas’ result is indeed more general. If ) C R? is an open
bounded set, not necessarily simply connected, then there exists an open disc Bq such that

1 [|QABg|\*
QAMQ)—|BlM(B)> = | ———
90 - BIAE) > & (g )

for some universal constant C' > 0.
For every open set  C RY we note

1
Q N
ro = sup{r > 0 : there exists z € {2 such that B,(xq) C } and Rg = (L|> .
N

The first quantity is usually called inradius of 2. This is the radius of the largest ball contained in
Q.

Theorem 2.4 (Hansen-Nadirashvili). For every open set Q C RN with finite measure, we define
the asymmetry functional

(2.12) Ay (Q) =1 —
Then we have:
o if N =2 and Q is simply connected,

)
T™J0,1

4 0a(9) = B X1 (B) = ( o ) A ()

e if N >3, there exist 0 < € < 1 and C > 0 such that for every Q C RN open bounded convex
set satisfying dar(Q) < e, we have

(@7 ey
‘Q|2/N )\1(9) _ |B|2/N )\1(3) > % “Ong(Q”
A ()72, if N > 4.

Remark 2.5 (The role of topology). It is easy to see that the stability estimates of Theorems 2.2
and 2.4 with daq and da can not hold true without some topological assumptions on the sets. For
example, by taking the perforated ball

Q. ={zeRY : e < |z| <1}, 0<e<l,
we have
. 2/N . 2/N _
(2.13) tim (122 /Y A(©2) — BN AB) ) =0,
while

1
1 = — 1 >
gl\% dnr () 5 and gl\% dm(§2e) >

[N
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For the limit (2.13) see for example [39, Theorem 9]. These contradict Theorems 2.2 and 2.4.
Observe that for N = 2 the set ). is not simply connected, while for NV > 3 it is. Thus in higher
dimensions simple connectedness is still not sufficient to have stability with respect to da or dg.

If we want to obtain a quantitative Faber-Krahn inequality for general open sets in every dimen-

sion, a more flexible notion of asymmetry is the so called Fraenkel asymmetry, defined by

A(Q) = inf { |Q|$|B| : B ball such that |B| = |Q|} .

Observe that for every ball B such that |B| = ||, we have |QAB| = 2|Q\ B| = 2|B\ Q|. This
simple facts will be used repeatedly.

It is not difficult to see that this is a weaker asymmetry functional, with respect to dxs and daq
above. Indeed, we have the following.

Lemma 2.6 (Comparison between asymmetries). Let 2 C RY be an open bounded set. Then we
have

A() and dm(Q) > N dar(9).

214) Ay > = AQ),  du(®) > > oy

2N

If Q is convex, we also have

1/N 1/N
AQ) = & () d'Qr'n(Q) ()™
Proof. By using the elementary inequality
aN—bNSNaNfl(a—b), for 0 < b <a,
and the definitions of ro, Ro and das(£2), we have
(2.15) 92—y} < N QP (1018 — 0] ro) = N 9] dy(9).

We then consider a ball B, () C Q and take a concentric ball B such that |B| = |€2|. By definition
of Fraenkel asymmetry and estimate (2.15), we obtain

1€2] |€2]

and thus we get the first estimate in (2.14).
For the second one, we tak@v a pair of balls By C €2 C By and consider the ball B; concentric
with By and such that |Q] = |B;1|. Then we get

A() <2 < 2N dy (),

2\ B
9]

2\ B|

<2
9]

A(Q) <2

<2maLX{IQ\Bll IBz\QI}.

Q] 7 B

by taking the infimum over the admissible pairs (B, Ba) we get the second inequality in (2.14).
Finally, for the third one we take again a pair of balls By C £ C By and observe that if
rqg < Rq/2, then we have

(L 20 (1) o (2)
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In the last inequality we used that da(2) < 1. By taking the infimum over admissible couple of
balls, we obtain the conclusion. If on the contrary 2 is such that rq > Rq/2, then by definition of
Rq and ro we get

_ Rq —rq _ |Q|1/N — |BTQ|1/N < i |BTQ|1/N |Q| — ‘BTQ|
- Ra jQp/ TN QPN Byl
_ N
< LRl=iB] _2¥ 00\ B

N |Brg| N9l

2N {m\Bn |32\Q|}
— Imax B )
N 2] | Ba|

dn (92)

where we used that |Bi| < |B,,| < |Q|. Thus we get the conclusion in this case as well. Observe
that 1 =2V > N2~V for N > 2.

Let us now assume Q to be convex. We take a ball |B| = |Q| such that [Q\ B|/|Q| = .A(Q)/2. We
can assume that A(Q) < 1/2, otherwise the estimate is trivial by using the isodiametric inequality
and the fact that dyq < 1. Then from [37, Lemma 4.2] we know that

1 €2 N
> — )
|2\ B 3N dam()N Haus(2, B)

Here Haus(F1, E2) denotes the Hausdorff' distance between sets, defined by

(2.16) Haus(Eh, Ep) = max{ sup inf |z —y|, sup inbﬁ | — y|} .

zxeF, S yeEy TEL
We then observe that the ball By := v B contains 2, provided

R + Haus(92, B)
T R
Q

On the other hand, by Lemma D.1 we have
rq > Rq — Haus(92, B).

Let us assume that Haus(Q), B) < Rq. From the definition of da, we thus obtain

N N N
AN —1 ro 1 Haus(Q?, B)
dM(Q)<maX{,Y]V, —m}<max{1—71\[,1—<1—RQ

N N
e d 1o (1 Haus(Q?, B) (1 Haus(, B)
R + Haus(92, B) Rq
Haus(f2, B) Haus(Q2, B)
Rq +Haus(Q,B)’ Rq

:Nw <N (N )N diam(Q) A(Q)l/N.

Rq wy) QN

SNmaX{
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This concludes the proof for Haus(Q2, B) < Rgq. If on the contrary Haus({2, B) > Rq, with similar
computations we get

N N N
AV —1 ro Haus(Q2, B)
dpm(Q) < —_—— 1 - =5 < 1—(1-— 1
al )max{ N RN} max{ ( Ro + Haus(,B) )
Haus(2, B) o N Haus(¢2, B)
Rq + Haus(Q, B)’ -2 Rq ’

and we can conclude as before. O

< maX{N

Remark 2.7. For general open sets, the asymmetries A, dnr and dpq are not equivalent. We first
observe that if Qy = B\ X, where B is a ball and ¥ C B is a non-empty closed set with |X| = 0,
then
A(Qp) =0 while dn(Q0) >0, and  da(Q) > 0.

Moreover, there exists a sequence of open sets {2, }nen C RY such that

lim dpa(Q2,) =0 and lim daq(£2,) > 0.

n—oo n—oo
Such a sequence {Q, },en can be constructed by attaching a long tiny tentacle to a ball, for example.

2.4. A variation on a theme by Hansen and Nadirashvili. We will now show how to adapt
the ideas by Hansen and Nadirashvili, in order to get a (non sharp) stability estimate for the general
Faber-Krahn inequality (2.5) and for general open sets with finite measure.

First of all, one needs a quantitative improvement of the isoperimetric inequality which is valid
for generic sets and dimensions. Such a (sharp) quantitative isoperimetric inequality has been
proved by Fusco, Maggi and Pratelli in [43, Theorem 1.1] (see also [33, 38] for different proofs and
[42] for an exhaustive review of quantitative forms of the isoperimetric inequality). This reads as
follows

1

(2.17) Q" P(Q) - [BI'F P(B) > By AQ)%.

An explicit value for the dimensional constant Sy > 0 can be found in [38, Theorem 1.1]. By
inserting this information in the proof (2.10) of Pdlya-Szegd inequality, one would get an estimate

of the type
/|Vu|2dx—/ |Vu*|2dx2/ A(Q)? dt.
Q Q* 0

The difficult point is to estimate the “propagation of asymmetry” from the whole domain €2 to the
superlevel sets €); of the optimal function u. In other words, we would need to know that

A(Q) ~ A(Qy), for t > 0.
Unfortunately, in general it is difficult to exclude that
A(Q) < A(), for ¢t ~ 0.

This means that the graph of u “quickly becomes round” when it detaches from the boundary 9f2.
This may happen for example if v has a small normal derivative. For these reasons, improving this
idea is very delicate, which usually results in a (non sharp) estimate like the ones of Theorems 2.2
and 2.4 and the one of Theorem 2.10 below. We refer to the discussion of Section 7.1 for other
results of this type, previously obtained by Bhattacharya [15] and Fusco, Maggi and Pratelli [44].

The following expedient result is sometimes useful for stability issues. It states that if the measure
of a subset U C Q differs from that of 2 by an amount comparable to the asymmetry A(£2), then
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the asymmetry of U can not decrease too much. This is encoded in the following simple result,
which is essentially taken from [48, Section 5].

Lemma 2.8 (Propagation of asymmetry). Let Q C RY be an open set with finite measure. Let
U C Q be such that |U| > 0 and

Q\U] _1
(2.18) i < 1 A(Q).
Then there holds
(2.19) AU) > %A(Q)

Proof. Let B be a ball achieving the minimum in the definition of A(U), by triangular inequality
we get

UAB| _ || (IQAB| |[UAQ]
U) = > _
AV =" 2o Ul ~ |l
_ 12| (|QAB’| |BAB| UAQ>
2w\ T e T )

where B’ is a ball concentric with B and such that |B’| = |Q2|. By using that
UAQ| =2\ U| = Q| - U] = |B'AB],
and the hypothesis (2.18), we get the conclusion by further noticing that |2 > |U]. O

By relying on the previous simple result, we can prove a sort of Pdélya-Szegd inequality with
remainder term. The remainder term depends on the asymmetry of 2 and on the level s of the
function, whose corresponding superlevel set {x : u(z) > s} has a measure defect comparable to the
asymmetry A(Q), i.e. it satisfies (2.18).

Lemma 2.9 (Boosted Pélya-Szegé principle). Let Q C RN be an open set with finite measure, such
that A(Q) > 0. Let u € Wy*(2) be such that u > 0 in Q. For every t > 0 we still denote

Q={z e : ulx) >t} and w(t) = |
Let s > 0 be the level defined by

(2.20) s = sup {t L) > 19 <1 - iA(Q))}.

Then we have

(2.21) / Vul? dz z/ VU2 da + en AQ) [ F 2.
Q ok
The dimensional constant cyy > 0 is given by
41N By NN
CN = 2 S )

and By is the same constant appearing in (2.17).
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Proof. We first observe that the level s defined by (2.20) is not 0. Indeed, the function ¢ — pu(t) is
right-continuous, thus we get

i (t) = 0(0) = |(o € 25 ute) > 0} = [92> 9] (1§ A@).

where we used the hypothesis on u and the fact that A(Q) > 0.
By using the sharp quantitative isoperimetric inequality (2.17), we have

N-—1
(2.22) P(Q) > P(QF) + By p(t) ™ A()?,
while by convexity of the map 7 — 72 we get

P(Q)? 2 P(2)? + 2 P(2) (P(%0) = P(%))

N—-1

= P +2 (Nay™ u(t) %) (P(@0) - P()).

By collecting the previous two estimates and reproducing the proof of (2.10), we can now infer

No1n 2
(2.23) / IVl dz > / |Vu*|? da + ¢ / A()? (M(t),N) dt,
i o 0 —w(2)
where we set
c=20N Nw]lv/N.

We now observe that u is a decreasing function, thus we have

w(t) > u(s) > 19| (1 - iA(Q)) , 0<t<s.

This implies that the set {2; verifies the hypothesis of Lemma 2.8 for 0 < ¢ < s, since

Q|}2|Qt| =1- ’|‘g|) <1- <1 - iA(Q)) = iA(Q), 0<t<s.
Thus from (2.19) we get
AQ) > %A(Q), 0<t<s
By inserting the previous information in (2.23) and using that
u(t) > u(s) > 19 (1 - iA(Q)) > % 0<t<s

we get

N—-1

2
Q= |
w%mz/ VP de+ S Ay (T / dt.
/Q| | Q*| | 4 ) 27w o —w(t)
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We then observe that by convexity of the function 7 — 77!, Jensen inequality gives?

/S 1 Q> 52 < 52 >4 52
R Y RO
0

thanks to the choice (2.20) of s. This concludes the proof. O

We can now prove the following quantitative version of the general Faber-Krahn inequality (2.5).
The standard case of the first eigenvalue of the Dirichlet Laplacian corresponds to taking g = 2.
Though the exponent on the Fraenkel asymmetry is not sharp, the interest of the result lies in the
computable constant. Moreover, the proof is quite simple and it is based on the ideas by Hansen
& Nadirashvili. We also use Kohler-Jobin inequality (see Appendix A) to reduce to the case of
the torsional rigidity. This reduction trick has been first introduced by Brasco, De Philippis and
Velichkov in [21].

Theorem 2.10. Let 1 < g < 2%, there exists an explicit constant Tn 4 > 0 such that for every open
set Q C RN with finite measure, we have

2.2 22
(2.24) QN FITIXN(Q) — [BIV AT A(B) 2 7 A(2)°.
Proof. Since inequality (2.24) is scaling invariant, we can suppose that |Q2] = 1. By Proposition
A.1 with

g(t) =13 and d() = A(%),
it is sufficient to prove (2.24) for the torsional rigidity. In other words, we just need to prove the
following quantitative Saint-Venant inequality
(2.25) T —T(Q) > 7 AQ)?,

where as always Q* is the ball centered at the origin such that |Q*| = |Q] = 1. Of course, we can
suppose that A(£2) > 0, otherwise there is nothing to prove. Without loss of generality, we can also
suppose that
T(2%)

5
Indeed, if the latter is not satisfied, then (2.25) trivially holds with constant 7 = T(Q*)/16, thanks
to the fact that A(Q) < 2.

(2.26) T(Q) >

Let wq € Wy?(€2) be the torsion function of € (recall Remark 2.1), then we know

T(Q) = / wo dx :/ |Vwg|? dz.
Q Q
Moreover, by standard elliptic regularity we know that wq € C*°(Q2) N L>=(Q2). By recalling that
|| =1 and (2.26), we get
T(Q)
2

<T(Q) = / we dr < ||UIQ||Loo(Q).
Q

2In the second inequality, we used that for a monotone non-decreasing function f

b
/ f () dt < f(b) — f(a), for a < b.
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We now take s as in (2.20), from (2.21) and the definition of torsional rigidity we get

([, » dm>2 ex AQ) 8 h

<T@ |1+

T(Q) <

/ IVwg|? dr + en A(Q) s° / \Vwg|? d
[ O
that is

Q) 1> _CN A(Q) s

) - / |Vwg|? da

Q*
With simple manipulations, by using [,,. [Vwg|? < [, [Vwa|* = T(2), we get
(2.27) T(Q*) —T(Q) > ey A(Q) s°.
We then set
T(Q*) N+2

2.2 = Q
(2.28) =" N2

and observe that sop < T'(£2*)/4. We have to distinguish two cases.

First case: s > sg. This is the easy case, as from (2.27) we directly get (2.25), with constant

2
CN 12 N +2
= N 7@
™= 956 L 8Y) <3N+2 ’

and we recall that ¢y is as in Lemma 2.9.

Second case: s < sp. In this case, by definition (2.20) of s we get

(2.29) 1(so) < (1 - iA(Q)) .

We also observe that u(sg) > 0, since sg < T(Q*)/4 < 1/2||lwq||L~ by the discussion above. We
now want to work with this level sg. We have

(2.30) / (wo — s0) 4 dv = /(U)Q —50)4 dx > / wq dx — sog = T(2) — so.
Q Q Q

Observe that the right-hand side is strictly positive, since sg < T'(2) thanks to (2.28) and (2.26). We
have (wg — 50)4 € Wy>(€s, ), thus from the variational characterization of T(€2), the Saint-Venant
inequality and (2.30)

T(Q) = </Q - dfﬂ)z < </Q o dx)2 <T(Qy,) /ngdx 2

/ |Vwq|? dx - / |V (wq — s0)+|* dz - /(w—80)+ dx
Q Q Q

-2
N2 So
<T(Q* o1l == .
< (@) ) ¥ (1 7785 )
Since sq satisfies (2.29), from the previous estimate and again (2.26) we can infer

(2.31) (1 - iA(Q))_# (1 - T(‘B*))Q 1< 7:;((5;2*)) 1< T(é*) (T -7(@).
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We then observe that
1 - N +2 2 2
S0 So
1-—-A(Q >14+ — AQ) 1-— >1-— .
< 1 A( )) >1+ N A(Q) and ( ) >
Thus from (2.31) we get

(2.32) @) - 1) > L&) [(1 + ]\;’LNQA(Q)) (1 _ 2% ) - 1} .

2
We now recall the definition (2.28) of sg and finally estimate

(1+N+2A(Q)) (1 2 80 ) 12 L),

4N - T() 8N
By inserting this in (2.32) and recalling that A(Q) < 2, we get (2.25) with
N+2
=T(Q") ———.
T=T) SN
This concludes the proof of (2.24) and thus of the theorem. O

Remark 2.11 (Value of the constant 7 ,4). In the previous proof Q* is a ball with measure 1, then
from (2.7)

Wo2/N
T(Q) = —N —.
() N (N+2)
Thus a possible value for the constant 7 in the quantitative Saint-Venant inequality (2.25) is
wyN e wy™ N+2 N42
T=-——"——— min —
16 N (N +2) 16 N (B3N+2)2 4N |’
with ¢y as in Lemma 2.9. Consequently, from Proposition A.1 we get
2
|B|N1¢2 1 24+ -N-N
9 2421 : q
TN,q:(Z —1)|B|N+q A(ll(B) mln{r T(B) ,8}7 N74—2<1

for the constant appearing in (2.24).
Let us make some comments about the dependence of 7x,4 on the parameter ¢g. It is well-known
that for N > 3 we have

lim A\ (Q) = inf {/ Vul?dz : |ul|; 2 —1}.
lm @)= e [V s fule g

The latter coincides with the best constant in the Sobolev inequality on RY, a quantity which does
not depend on the open set 2. This implies that the constant 7 ; must converge to 0 as g goes to
2*. From the explicit expression above, we have

Yng =~ (27 —1) =~ (2F —q), as q goes to 2*.
The conformal case N = 2 is a little bit different. In this case we have (see [70, Lemma 2.2])

lim A(Q)=0 and qEquA‘{(Q) =8me,

q—+0o0
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for every open bounded set 2. By observing that for N = 2 we have ¢ = 1/q, the asymptotic
behaviour of the constant v, , is then given by

1

Yo.q (2% — 1) M(B) ~ =, as ¢ goes to +00.

q
2.5. The Faber-Krahn inequality in sharp quantitative form. As simple and general as it
is, the previous result is however not sharp. Indeed, Bhattacharya and Weitsman [16, Section 8]
and Nadirashvili [65, page 200] indipendently conjectured the following.

BWN Conjecture. There ezists a dimensional constant C > 0 such that

91N A@) ~ BN AB) 2 5 AW

After some attempts and intermediate results, this has been proved by Brasco, De Philippis and
Velichkov in [21]. This follows by choosing ¢ = 2 in the statement below, which is again valid in
the more general case of the first semilinear eigenvalues. We remark that this time the constant
appearing in the estimate is not explicit. However, we can trace its dependence on ¢, which is the
same as that of vy, in Remark 2.11.

Theorem 2.12. Let 1 < g < 2*. There exists a constant yn 4, depending only on the dimension
N and q, such that for every open set 0 C RN with finite measure we have

(2.33) QIFFETIALQ) — [BIFFITIA(B) > v, AR)2

The proof of this result is quite long and technical. We will briefly describe the main ideas and
steps of the proof, referring the reader to the original paper [21] for all the details.

Let us stress that differently from the previous results, the proof of Theorem 2.12 does not rely on
quantitative versions of the Pélya-Szegd principle, since this technique seems very hard to implement
in sharp form (as explained at the beginning of Subsection 2.4). On the contrary, the main core is
based on the selection principle introduced by Cicalese and Leonardi in [33] to give a new proof of
the aforementioned quantitative isoperimetric inequality (2.22).

The selection principle turns out to be a very flexible technique and after the paper [33] it has
been applied to a wide variety of geometric problems, see for instance [1, 17] and [36].

Let us now explain the main steps of the proof of Theorem 2.12.

’Step 1: reduction to the torsional rigidity‘

We start by observing that by Proposition A.1 it is sufficient to prove the result for the torsional
rigidity. In other words, it is sufficient to prove

1
c

where C' is a dimensional constant and B; is the ball of radius 1 centered at the origin.

(2.34) T(By) —T(Q) > = A(Q)?, for Q € RN such that |Q| = |By|,

’Step 2: sharp stability for nearly spherical sets‘

One then observes that if  is a sufficiently smooth perturbation of By, then (2.34) can be proved by
means of a second order expansion argument. More precisely, in this step we consider the following
class of sets.
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Definition 2.13. An open bounded set Q C RY is said nearly spherical of class C*7 parametrized

by ¢, if there exists ¢ € C*7(9B;) with ||p||r~ < 1/2 and such that 9 is represented by
I={zeRY : 2= (1+¢(y))y, fory € dB:}.

For nearly spherical sets, we then have the following quantitative estimate. The proof relies on
a second order Taylor expansion for the torsional rigidity, see [34] and [21, Appendix A].

Proposition 2.14. Let 0 < v < 1. Then there ezists 51 = d1(N,~y) > 0 such that if Q is a nearly
spherical set of class C?7 parametrized by ¢ with

lellczoony 01, 191=1Bil  and  woi= f wdr =0
Q
then
1 2
(2.35) T(B1) -T(Q) > 39 N2 el 0m,) -

Remark 2.15. It is not difficult to see that (2.35) implies (2.34) for the class of sets under con-
sideration. Indeed, we have

2
2 1 N-1
> dH
Hg&”m(aBl) = Nuwy (/831 ol )

|QAB1| 1 / N N-1 1 N-1
A(Q) < = 1— 1+ o)NdHN "t~ — o dHN 1.
() Q) Noom aBl\ (1+9)7] e BBII |

Let us record that actually inequality (2.35) holds true in a stronger form, where the L? norm of ¢
is replaced by its W1/22(9Q) norm, see [21, Theorem 3.3].

and

’Step 3: reduction to the small asymmetry regime‘

This simple step permits to reduce the task to proving (2.34) for sets having suitably small Fraenkel
asymmetry. Namely, we have the following result.

Proposition 2.16. Let us suppose that there exist € > 0 and ¢ > 0 such that
T(By) —T(Q) > cAQ)?,  for Q such that |Q| = |Bi| and A(Q) < e.
Then (2.34) holds true with

1
— =min{c, e}

C

where T > 0 is the dimensional constant appearing in (2.25).

Proof. Once we have Theorem 2.10 at our disposal, the proof is straightforward. Indeed, if A(£2) >
g, then by (2.25) we get

T(By) —T(Q) > 7 AQ)> > e A(Q)?,
as desired. However, let us point out that for the proof of this result it is not really needed the power
law relation given by (2.25), it would be sufficient to know that A(Q) — 0asT(By)—T(Q2) — 0. O

’Step 4: reduction to bounded sets‘

We can still make a further reduction, namely we can restrict ourselves to prove (2.34) for sets with
uniformly bounded diameter. This is a consequence of the following expedient result.
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Lemma 2.17. There exist positive constants C = C(N), T = T(N) and D = D(N) such that for
every open set  C RN with

Q| =By  and  T(B)-T(Q)<T,

we can find another open set Q C RY with

\§| = |By| and diam(Q2) < D,
such that

(2.36) A(Q) < AQ) +C (T(Bl) - T(Q)) and (T(Bl) - T(ﬁ)) <C (T(Bl) - T(Q)).

The proof of this result is quite tricky and we refer the reader to [21, Lemma 5.3]. It is however
quite interesting to remark that one of the key ingredients of the proof is the knowledge of some
suitable non-sharp quantitative Saint-Venant inequality, where the deficit T'(Q2) — T'(By) controls a
power of the Fraenkel asymmetry. For example, in [21] a prior result by Fusco, Maggi and Pratelli
is used, with exponent 4 on the asymmetry (see Section 7.1 below for more comments on their
result).

With the previous result in force, the main output of this step is the following result.

Proposition 2.18. Let D be the same constant as in Lemma 2.17. Let us suppose that there exist
¢ > 0 such that

(2.37) T(By) —T(Q) > cAQ)?,  for Q such that || =|Bi| and diam(Q) < D.
Then (2.34) holds true.

Proof. We suppose that diam(2) > D, otherwise there is nothing to prove. Let 7 be as in the
statement of Lemma 2.17, we observe that if T(B;) — T(Q) > T, then (2.34) trivially holds true
with constant T /4.

We can thus suppose that {2 satisfies the hypotheses of Lemma 2.17 and find a new open set Q
for which (2.37) holds true. By using (2.36) and (2.37) we get

VIB) - T@) 2\ & (1) - 1@) 2 [& 4@)

c
> ~ - - .
>/ (A -c (1B) -1@))
Since we can always suppose that T'(By) — T(2) < 1, this shows (2.34) for Q, as desired. O

Step 5: sharp stability for bounded sets with small asymmetry‘

This is the core of the proof and the most delicate step. Thanks to Step 1, Step 3 and Step 4,
in order to prove Theorem 2.12, we have to prove the following.

Theorem 2.19. For every R > 2, there exist two constants ¢ =¢(N,R) >0 and € =&(N,R) >0
such that

(2.38) T(By) —T(Q) > cAQ)?,  for Q C By such that |Q| = |By| and A(Q) <&
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The idea of the proof is to proceed by contradiction. Indeed, let us suppose that (2.38) is false.
Thus we may find a sequence of open sets {€;};en C Br(0) such that

(239) ‘Q]‘ = |Bl|, €j = A(Q]) —0 and T(Bl) — T(Q]) S C.A(Qj)2,

with ¢ > 0 as small as we wish. The idea is to use a variational procedure to replace the sequence
{Q;}en with an “improved” one {U,}en which still contradicts (2.38) and enjoys some additional
smoothness properties.

In the spirit of the celebrated Fkeland’s variational principle, the idea is to select such a sequence
through some penalized minimization problem. Roughly speaking we look for sets U; which solve
the following

(2.40) min {T(Bl) —T(Q) + /e + 7 (A) —£,)? : QC By, Q] = |Bl(0)|} ,

where n > 0 is a suitably small parameter, which will allow to get the final contradiction.

One can easily show that the sequence Uj still contradicts (2.38) and that A(U;) — 0. Relying
on the minimality of U;, one then would like to show that the L' convergence to By can be improved
to a C?7 convergence. If this is the case, then the stability result for smooth nearly spherical sets
Proposition 2.14 applies and shows that (2.39) cannot hold true if ¢ in (2.39) is sufficiently small.

The key point is thus to prove (uniform) regularity estimates for sets solving (2.40). For this, first
one would like to get rid of volume constraints applying some sort of Lagrange multiplier principle
to show that U; solves

(2.41) min {T(Bl) —T(Q) + (/2 + 0 (AQ) — ;)2 +AIQ] - QC BR} .

Then, recalling the formulation (2.8) for —T'(€2), we can take advantage of the fact that we are
considering a “min—-min” problem. Thus the previous problem is equivalent to require that the
torsion function w; := wy,; of U; minimizes

(2.42) /RN |Vo|? dz — 2 /RNvdx+A|{v > 0} + \/854—77(./4({1} > 0}) —¢5)2,

among all functions with compact support in Br. Since we are now facing a perturbed free boundary
type problem, we aim to apply the techniques of Alt and Caffarelli [4] (see also [28, 29]) to show
the regularity of OU; = 0{u; > 0} and to obtain the smooth convergence of U; to B;.

This is the general strategy, but several non-trivial modifications have to be done to the above
sketched proof. A first technical difficulty is that no global Lagrange multiplier principle is available.
Indeed, since by scaling

~T(tQ)— = —tV"27(Q) and tQ =tViQ|, t>0,

by a simple scaling argument one sees that the infimum of the energy in (2.41) would be identically
—o0 in the uncostrained case. This can be fixed by following [2] and replacing the term A |Q] with
a term of the form f(|2] — |Bi]), for a suitable strictly increasing function f vanishing at 0 only.
A more serious obstruction is due to the lack of regularity of the Fraenkel asymmetry. Although
solutions to (2.42) enjoy some mild regularity properties, we cannot expect d{u; > 0} to be smooth.
Indeed, by formally computing the optimality condition® of (2.42) and assuming that B; is the

3That is differentiating the functional along perturbation of the form v; = uj o (Id 4+ tV)) where V is a smooth
vector field.
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unique optimal ball for the Fraenkel asymmetry of {w; > 0}, one gets that w; should satisfy
2
A({w; > 0}) —¢;
=A+ n (A{w; D<) (1RN\§1 —1p,) on &{w; >0},
Ve 0 (A({w; > 0)) — &)

where 1,4 denotes the characteristic function of a set A and v is the outer normal versor. This
means that the normal derivative of w; is discontinuous at points where U; = {w; > 0} crosses
0B,. Since classical elliptic regularity implies that if Uj is CY7 then uj € Cl’"’(ﬁj), it is clear
that the sets U; can not enjoy too much smoothness properties. In particular, it seems difficult to
obtain the regularity C?7 needed to apply Proposition 2.14.

To overcome this difficulty, we replace the Fraenkel asymmetry with a new asymmetry functional,
which behaves like a squared L? distance between the boundaries and whose definition is inspired
by [3]. For a bounded set Q C R¥, this is defined by

a(Q):/ |1 — |z — zql| da,
QAB; (z0)

where xq is the barycenter of . Notice that a(Q2) = 0 if and only if © is a ball of radius 1.
This asymmetry is differentiable with respect to the variations needed to compute the optimal-
ity conditions (differently from the Fraenkel asymmetry), moreover it enjoys the following crucial
properties:

(i) there exists a constant C; = C1(IN) > 0 such that for every
(2.43) C1a(Q) > [QAB: (za)[%;

Ow;

ov

(ii) there exists two constants d = d2(N) > 0 and Cy = Co(N) > 0 such that for every nearly
spherical set Q parametrized by ¢ with ||| L < d2, we have

(2.44) a(Q) < Call¢lli20m,)-
By using the strategy described above and replacing A(2) with «(Q), one can obtain the following.

Proposition 2.20 (Selection Principle). Let R > 2 then there exists 1 = (N, R) > 0 such that if
0<n<n(N,R) and {Q;};en C RY verify

1| = |B1| and g5 :=a(Q;) =0, while T(By) —T() <n'ej,
then we can find a sequence of smooth open sets {U;}jen C Br satisfying:
(i) |Uj] = |Bil;
(ii) 2y, = 0;

(iii) OU; are converging to OBy in C* for every k;
(iv) there holds
T(By)—-T(U,
lim sup —( V (G,)
j—o0 a(U;)
for some constant Cs = C3(N, R) > 0.

S 037]’

In turn, this permits to prove the following alternative version of Theorem 2.19, by following the
contradiction scheme sketched above. Indeed, we can apply Proposition 2.14 to the sets U; and
(2.44) in order to get

< timsup LB = TWI) o i gup LB — T(U5)

< < CyCsn,
2N?2 7 i lwsllzen j—roo a(Uj)
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where ; is the parametrization of 9U;. By choosing i > 0 suitably small, we obtain a contradiction
and this proves the following result.

Theorem 2.19 bis. For every R > 2, there exist ¢ =¢(N,R) > 0 and € = (N, R) > 0 such that
T(B1) —T(Q) >ca(Q), for QC Br such that | =|B1| and a(R2) <E.

Finally, Theorem 2.19 can be now obtained as a consequence of the previous result, by appealing
to the properties of (). Indeed, by (2.43) we can assure that «(Q2) dominates the Fraenkel
asymmetry raised to power 2.

Open problem 2 (Sharp quantitative Faber-Krahn with explicit constant). Prove inequality (2.33)
with a computable constant. Again, it would be sufficient to prove it for the torsional rigidity, still
thanks to Proposition A.1.

We conclude this part by remarking that the Fraenkel asymmetry A(Q) is not affected by re-
moving from ) a set with positive capacity and zero N —dimensional Lebesgue measure, while this
is the case for the Faber-Krahn deficit

QPPN A () = BN M (B).
In particular, if A;(2) = A\ (B) and || = |B|, from Theorem 2.12 we can only infer that 2 is a
ball up to a set of zero measure. It could be interesting to have a stronger version of Theorem 2.12,
where the Fraenkel asymmetry is replaced by a stronger notion of asymmetry, coinciding on sets
which differ for a set with zero capacity. Observe that the two asymmetries daq and dar suffer from
the opposite problem, i.e. they are too rigid and affected by removing sets with zero capacity (like
points, for example).

Open problem 3 (Sharp quantitative Faber-Krahn with capacitary asymmetry). Prove a quanti-
tative Faber-Krahn inequality with a suitable capacitary asymmetry d, i.e. a scaling invariant shape
functional Q — d(Q) vanishing on balls only and such that

d(Q)) =d(Q) if  cap (QAQ) = 0.
2.6. Checking the sharpness. The heuristic idea behind the sharpness of the estimate
Q1N A4 () — | BIZN A (B) = vz A2,
is quite easy to understand. It is just the standard fact that a smooth function behaves quadratically
near a non degenerate minimum point.
Indeed, A; is twice differentiable in the sense of the shape derivative (see [50]). Then any per-

turbation of the type ; := X;(B), where X; is a measure preserving smooth vector field, should
provide a Taylor expansion of the form

M(Q) =M (B)+0(t?), t<1l

since the first derivative of Ay has to vanish at the “minimum point” B. By observing that the
Fraenkel asymmetry satisfies A(€;) = O(t), one would prove sharpness of the exponent 2.

Rather than giving the detailed proof of the previous argument, we prefer to give an elementary
proof of the sharpness, just based on the variational characterization of A{ and valid for every
1 < ¢ < 2*. We believe it to be of independent interest.

We still denote by B; € RY the ball with unit radius and centered at the origin. For every
e > 0, we consider the N x N diagonal matrix

M. = diag((l +e), (1 +5)—171,...71)7



SPECTRAL INEQUALITIES IN QUANTITATIVE FORM 23

and we take the family of ellipsoids E. = M. B,. Observe that by construction we have?

E.AB

Let us fix ¢ > 1, with a simple change of variables the first semilinear eigenvalue \{(E.) can be
written as

/ |Vo|? d / (M.Vu, Vu) d
(2.46) M(E:) = min N 2 S ~ B

veW2(B\{0} 7 uewlgl(lgl)\{o} 7
’ (/ |U|qu) ’ (/ |u|qu)
E. B,

where M, = M1 M-'. We now observe that

N
— 52
(1+¢)
i=3
and by Taylor formula
1 ¢ e—s
=1-2e46 | ———ds<1—2e+3¢&°%.
(1+2) o / TS TR

Thus for every u € W,?(B;) we obtain

/ <M5Vu,Vu>dx§/ \Vu|2da;+25/ (|ux2|2—|ux1|2) dx
B By B

(2.47)
+e? / (3t [2 + uga|?) da.
By

We now take U € W,*(By) a function which attains the minimum in the definition of \?(B;), with
unit L? norm. From (2.46) and (2.47) we get

)‘({(EE) < A?(Bl) +2¢ / (|Uw2|2 - |Uw1|2) dx + £ / (3 |Uav1|2 + |Uw2|2) de.
Bl Bl
By using that U is radially symmetric (again by Pélya-Szegé principle), it is easy to see that

/ ([Usal? — |Uns ) dz = 0,

B
and thus finally
M(E.) < \(By) + C &2

By recalling (2.45), this finally shows sharpness of Theorem 2.12 for every 1 < g < 2*.

4We recall that for a N —dimensional convex sets having N axes of symmetry, the optimal ball for the Fraenkel
asymmetry can be centered at the intersection of these axes, see for example [24, Corollary 2 & Remark 6].
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3. Intermezzo: QUANTITATIVE ESTIMATES FOR THE HARMONIC RADIUS

In this section we present an application of the quantitative Faber-Krahn inequality to estimates
for the so-called harmonic radius. Apart from being interesting in themselves, some of these results
will be useful in the next section.

Definition 3.1 (Harmonic radius). We denote by G¢! the Green function of  with singularity at
x €9, ie.
~AGY =6, nQ, GY=0 ondQ,

where §, is the Dirac Delta centered at x. We recall that
G2(y) = v (Twlla = yl) - H2 (),
where:
e ¢y is the following dimensional constant

1 B 1
27’ gN_(N—Q)NwN’
e I'y is the function defined on (0, +00)

Da(t) = —logt, In(t) =t>"N, for N > 3;

S2 for N > 3;

e Hf! is the regular part, which solves
AH?=0 inQ, HY =Tpn(lz—-]) ondQ.
With the notation above, the harmonic radius of € is defined by
(3.1) Tg = sup Iy (H ().

We refer the reader to the survey paper [11] for a comprehensive study of the harmonic radius.

Remark 3.2 (Scaling properties). It is not difficult to see that Zg, scales like a length. This follows
from the fact that for every t > 0

(3.2) G2y =N 6, (1), yrzetq,

Then in dimension N > 3 we get

—1_

Hi%(y) = >N H, (%) and thus Tiq:= sup (t2_N HY, (%)) YT,

In dimension 2 we proceed similarly, by observing that from (3.2)
x
H.(y) = —logt + HY, (;) .
For our purposes, it is useful to recall the following spectral inequality.

Theorem 3.3 (Hersch-Pdlya-Szegé inequality). Let Q C RN be an open bounded set. Then we
have the scaling invariant estimate

A (By)

Equality in (3.3) is attained for balls only.
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Proof. Under these general assumptions, the result is due to Hersch and is proved by using harmonic
transplation, a technique introduced in [51]. The original result by Pdlya and Szeg6 is for N = 2
and () simply connected, by means of conformal transplantation. We present their proof below, by
referring to [11, Section 6] for the general case.

Thus, let us take N = 2 and Q simply connected. Without loss of generality, we can assume
|| = 7. For every zp € Q, we consider the holomorphic isomorphism given by the Riemann
Mapping Theorem

fl’o e Bl,

such that® fao(xo) = 0. Then we have the following equivalent characterization for the harmonic
radius

N
(3.4 Ta = sup [(£2,)O)] = sup 7S

Here f’ denotes the complex derivative. Indeed, with the notation above the Green function of Q
with singularity at x( is given by

1
Goo(¥) = =5 loglfe @), y €2\ {mo}.

We can rewrite it as

|fI0(y) — fzo($0)| )

1 1 1
Q

G2 (y) = —— 1og | fuo () — fo = ——logly — 0| — —1
2o (V) = =5 108 | fay () = fao (@0)| = —5—log [y — wo| — 5—log T—

By recalling the definition (3.1) of harmonic radius, we get

- . |ro(y) B f$0($0)| _ ;
I = sup { lim exp (—log )} = sup |féo($o)|’

ToEN Y—xo |y - x0| ToEN

which proves (3.4).
We now prove (3.3). Let u € W, ?(By) be the first positive Dirichlet eigenfunction of By, with
unit L2 norm. For xq € €, we consider f,, : 2 — Bj as above, then we set

v=wuo f.

By conformality we preserve the Dirichlet integral, i.e.

/ |Vo|? dx :/ |Vul? de = A\ (By).
Q B,

On the other hand, by the change of variable formula we have

[P de= [ iy da,
Q By

We now observe that |(f;.!)'|* is sub-harmonic, thus the function
1
Q)= 5
270 J{jal=o}

is non-decreasing. In particular, we have

®(0) = @(0) = |(£,)(0).

(3.5) |(fzo ) |2 d#,

5We recall that this is uniquely defined, up to a rotation.
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Thus we obtain
[k e = [ Wy e =ox [ 0nto)de
Q Q ) 0
> (20 [ ode) 1Y OF = Y O,
since u has unitary L? norm. By using the variational characterization of A;(£2), this finally shows

|(f2) ()1 M () < M (Br).

By taking the supremum over Q and using (3.4), we get the conclusion. |

Remark 3.4 (Conformal radius). Historically, the quantity

1
—1y\/
max 0)| = max ———
e U=V O = e T o
has been first introduced under the name conformal radius of €. The definition of harmonic radius
is due to Hersch [51], as we have seen this gives a genuine extension to general sets of the conformal
radius.

Among open sets with given measure, the harmonic radius is maximal on balls. By recalling
that for a ball the harmonic radius coincides with the radius tout court, we thus have the scaling
invariant estimate

2/N
1 > 2N

This can be deduced by joining (3.3) and the Faber-Krahn inequality. If we replace the latter by
Theorem 2.12, we get a quantitative version of (3.6). This is the content of the next result.

Corollary 3.5 (Stability of the harmonic radius). Let Q C RN be an open bounded set. Then we
have
‘ Q|2/N

T Nz CAR)?
Q

(3.7)

for some constant ¢ > 0.
Proof. We multiply both sides of (3.3) by |Q|2/N/w12\,/N, then we get

Py L (19 ).
N MB) T ey

w
IQ N
Q

By recalling that wif/N A1(B7) is a universal constant and using the sharp quantitative Faber-Krahn
inequality of Theorem 2.12, we get the conclusion. O

For simply connected sets in the plane, the previous result has an interesting geometrical con-
sequence, which will be exploited in Section 4. Indeed, observe that with the notation above we
have

KN=/I%$H%w2MM$ﬂ®R

B
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where we used again monotonicity of the function (3.5). If we assume for simplicity that || = 7,

thus we get
1 -1

o)~ Ve )(0) <1

with equality if Q is a disc. If  is not a disc, then the inequality is strict and we can add a
remainder term. In other words, the local stretching at the origin of the conformal map f;ol can
tell whether € is a disc or not. This is the content of the next result.

Corollary 3.6. Let Q2 C R? be an open bounded simply connected set such that || = 7. For every
g € Q, we consider the holomorphic isomorphism

fwo Q= Bl»
such that fr,(xo) = 0. For every xg € 2 we have
1 _ 1
T = (F)(0)] <4/1 = S A(9)?,

|féo(330)|

for some C > 4.
Proof. We observe that from (3.7) we get

1 c
— >1+ - A(O)?
I%_ +7rA()7

where we used that |2] = 7. From this, with simple manipulations we get
1
73 <1— = AQ)?>%
3<1- L AW®)
It is now sufficient to use the characterization (3.4) to conclude. O

4. STABILITY FOR THE SZEGO-WEINBERGER INEQUALITY

4.1. A quick overview of the Neumann spectrum. In the case of homogeneous Neumann
boundary conditions, the first eigenvalue p; () is always 0 and corresponds to constant functions.
This reflects the fact that the Poincaré inequality

c/ |u|2d:r§/ \Vu|? dr, u e Wh(Q),
Q Q

can hold only in the trivial case ¢ = 0. For an open set  C RV with finite measure, we define its
first mon trivial Neumann eigenvalue by

pi2(82) =

/|Vu|2dm
0 . /ud:ﬂ:(]
Q

Wliglg 0
ueW2(2)\{0) /|u\2da:
Q

In other words, this is the sharp constant in the Poincaré-Wirtinger inequality

2
C/U—][U
Q Q

When Q C R¥ has Lipschitz boundary, the embedding W12(Q) < L2(Q) is compact (see [60, The-
orem 5.8.2]) and the infimum above is attained. In this case the Neumann Laplacian has a discrete
spectrum {1 (), p2(€2), ... }. The successive Neumann eigenvalues can be defined similarly, that

dx < / |Vul|? dz, u e Wy?(Q).
Q
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is pr(€2) is obtained by minimizing the same Rayleigh quotient, among functions orthogonal (in the
L?(2) sense) to the first & — 1 eigenfunctions.

If Q has k connected components, we have p1(Q) = -+ = up(Q) = 0, with corresponding
eigenfunctions given by a constant function on each connected component of 2. We still have the
scaling property

pr(tQ) =72 up(), >0,
and there holds the Szegs-Weinberger inequality®
(4.1) Q12N 1a(Q) < [BIPN pa(B),

with equality if and only if 2 is a ball.

For a ball B, of radius 7, us(B,) has multiplicity N, that is ua(B,) = -+ = pun+1(B,). This
value can be explicitely computed, together with its corresponding eigenfunctions. Indeed, these
are given by (see [6])

(12) )= oy (22 2o

)
r ]

Here Jy /o is still a Bessel function of the first kind, while 8y, 1 denotes the first positive zero of
the derivative of ¢ — t2=N)/2 Jy o (), i.e. it verifies

2—-N

Bny2.1 J/% (Bny2,1) + <2> Iy (Bnj21) =0.

Observe in particular that the radial part of §;

_N ,6,30
(1.3 (el =l = g (222211

satisfies the ODE (of Bessel type)

N -1
t

J(0) + ¢w+(mw»—N‘ﬁgw=a

and one can compute
B\’
pa(By) = (L1

Finally, we recall that in dimension N = 2 inequality (4.1) can be sharpened. Namely, for every
Q C R? simply connected open set we have

(4.4) ﬁ (W}Q) + NS}Q)) = é (Mz(lB) - us(lB)> ’

where B C R? is any open disc. This result has been proved by Szegd in [72] by means of conformal
maps, we will recall his proof below. By recalling that for a disc uy = pg, from (4.4) we immediately
get (4.1) for simply connected sets in R2.

bwe point out that Szegé-Weinberger inequality holds for every open set with finite measure, without smoothness
assumptions. In other words, the proof does not use neither discreteness of the Neumann spectrum of €2, nor that
the infimum in the definition of u2(Q) is attained.
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Remark 4.1. The higher dimensional analogue of (4.4) would be
N+1 N+1

A ) 2 B 2

However, the validity of such an inequality is still an open problem, see [49, page 106].

4.2. A two-dimensional result by Nadirashvili. One of the first quantitative improvements of
the Szegé-Weinberger inequality was due to Nadirashvili, see [65]. Even if his result is limited to
simply connected sets in the plane, this is valid for the stronger inequality (4.4). We reproduce the
original proof, up to some modifications (see Remark 4.3 below). We will also highlight a quicker
strategy suggested to us by Mark S. Ashbaugh (see Remark 4.4 below).

Theorem 4.2 (Nadirashvili). There ezists a constant C > 0 such that for every  C R? smooth
simply connected open set we have

i 1 1 _i 1 1 l 9
(45) |m<mmfhmm>|m(mwfﬂmm)>c“m'

Here B C R? is any open disc.

Proof. The proof of (4.5) introduces some quantitative ingredients in the original proof by Szegé.
For the reader’s convenience, it is thus useful to recall at first the proof of (4.4).

By scale invariance, we can suppose that |Q] = |B| = 7 and we may take the disc B to be
centered at the origin. From (4.2) above, we know that
T
&i(z) = CJ1(511|$|) Iz | and a(x) = cJ1 (B le)ﬁ,

are two linearly independent Neumann eigenfunctions in B, corresponding to us(B) = ps(B). The
normalization constant ¢ is chosen so to guarantee that & and & have unit L? norm.

Since  C R? is simply connected, given xy € Q by the Riemann Mapping Theorem there exists
an analytic isomorphism f,, : €@ — B such that f,,(z¢) = 0. For notational simplicity, we will omit
the index xg and simply write f. Szeg6 proved that we can choose xg € 2 in such a way that if we

set v; =& o f (i=1,2) then
/UidSU:O, 1=1,2.
Q
Then if we set h = f~! we have
(4.6) / ;|2 da :/ 2|12 d, / |V, |* da :/ V&2 da, i=1,2,
Q B Q B

where h' denotes the complex derivative. Also observe that by conformality we have
/ <VU17 V'U2> dxr = / <Vfl, V£Q> dx = 0.
Q B

By recalling the following variational formulation for sum of inverses of Neumann eigenvalues (see
for example [54, Theorem 1])

1 1 /|U1|2d=’ﬂ /|U2|2d$ /uldx:/qux:O
. Jao Q

+ = max
p2(2)  pa(Q)  wewi2(@)\{0} / Vi |? dz / |Vus|? dx /(Vul,VuQ>d:z: =0
Q
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and using that ps(B) = pg(B), from (4.6) we get

1 Il da /|v2|2dx R /Ifl |h'|2dx

MQ(Q /|V01|2da: /\va|2dx #2(B)

| (&P +1eR) P do

p2(B)

(4.7)

Since A’ is holomorphic, the function |h/|? is subharmonic, thus
s B(r) = ][ W2 dH*,
{lz|=r}

is a monotone nondecreasing function. The same is true for the radial function

1617 + (&l = AT (B |2))?,

thus by Lemma B.1 we have

[ G +1al) wrar=2x [ (1P + i) o) edo

1
2 2
2277/0 (|§1\ 1+|§2| )QdQ /1 5(0) 0do
(4.8) /0 odo 0

=2 /01 <|£1|2+|§2\2) odo (/01 /{l ‘ }lh'l2d”H1d9)
z|=o
o [ (16 +16F) ede= [ (16 +16f) dr =2

1
/ / |h’|2d7-lldg:/ W |? dx = .
0 J{jz|=e} B

By using the previous estimate in (4.7), we finally get (4.4).

where we used that

We now come to the proof of (4.5). By using Corollary 3.6 from the previous section, we get
(4.9) W) < 1— éA(Q)Q.
Since h is analytic, we have
"(z) = inan "L
n=1
and thus

(I)(Q):f |h/|2d7'[1 an 2 2
{lz|=c}
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The latter can be rewritten as

00 n+2\2 2
2N o n even
D) = E an 0", where o, = ( 2 ) el ’
70 0, n odd,

and from (4.9)

ag=al =N 0)2 <1 - éA(Q)2 =2 (1 - éA(Q)2> /0 (o) odo.

We can thus apply Lemma B.2, with the choices

FolaflaP=¢a el =f WP ad g2 (1-5a02).
{lz|=e}

Thus in place of (4.8) we now obtain

[ (16 + 1) eae

1
/ odp
0

1
+20/A(Q)2/ ®(0) odo =2+ A(Q)2.
0

[ (6 + 1) 12 do > 2 / (o) ode

By using this improved estimate in (4.7), we get
1 n 1 S 2 d
p2(2)  ps(Q) — pe(B)  p2(B)
which concludes the proof. O

Remark 4.3. The crucial point of the previous proof is to obtain estimate (4.9) on h'(0) =
(f71)/(0). The argument we used to obtain it is slightly different with respect to the original one
by Nadirashvili. The latter exploits a stability result of Hansen and Nadirashvili (see [47, Corollary
2]) for the logarithmic capacity in dimension N = 2, which assures that”

(4.10) Cap(92) — Cap(B) > c A(Q)?, if |Q| = |B.
Here on the contrary we rely on the stability estimate of Corollary 3.6, which in turn is a consequence
of the quantitative Faber-Krahn inequality, as we saw in Section 2.

Remark 4.4 (An overlooked inequality). Inequality (4.4) in turn can be sharpened. Indeed, in [52]
Hersch and Monkewitz have shown that there exists a constant ¢ > 0 such that for every Q C R?
simply connected open set we have

(4.11) 1<1+1+c>>1<1+1+c>

' 1 \p2(2) * pa(Q)  M(Q)) 7 Bl \p2(B)  ps(B)  M(B))’
By using this inequality, we can provide a quicker proof of Theorem 4.2. Indeed, let us suppose for
simplicity that [Q] =1, from (4.11) we get

1 1 1 1 . )
(Mz(ﬂ) " us(Q)) ) <u2(9*> ’ us(ﬂ*)> > SE @ (@)~ h@)

"As explained in the Introduction of [46], for connected open sets in R? inequality (4.10) follows from an inequality
linking capacity and moment of inertia which can be found in the book [68]. This observation is attributed to Keady.
In [47] the result is extended to general open sets in R2.
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where Q* is a disc such that |Q*| = |Q] = 1. We now observe that if A\;(Q) > 27 (Q*), the
right-hand side above can be bounded from below as follows

@@ (M =M@ > g >

where we used that A(2) < 2. If on the contrary A1 () < 2 A1 (©2*), then from the sharp quantitative
Faber-Krahn inequality (Theorem 2.12) we get

A()?,

C/

@ O = x@9) 2 o AP

In conclusion, we can infer the existence of a constant ¢’ > 0 such that

(Nziﬂ) - u:iQ)) - (Mz(lg*) + ug(lg*)> > " AQ)?,

thus proving Theorem 4.2. We thank Mark S. Ashbaugh for kindly pointing out the reference [52].

4.3. The Szeg6-Weinberger inequality in sharp quantitative form. From Theorem 4.2, one
can easily get a quantitative improvement of the Szegé-Weinberger inequality, in the case of simply
connected sets in the plane. For general open sets in any dimension, we have the following result
proved by Brasco and Pratelli in [27, Theorem 4.1].

Theorem 4.5. For every Q C RN open set with finite measure, we have
(4.12) BN pa(B) — QPN p2 () > pn AQ)?,
where py > 0 is an explicit dimensional constant (see Remark 4.6 below).

Proof. Here as well, we first recall the proof of (4.1). As always, we denote by 2* the ball centered
at the origin and such that |Q*| = |Q|. Since (4.12) is scaling invariant, we can suppose that
|| = wy, i.e. the radius of Q* is 1. Observe that the eigenfunctions &; of Q* defined in (4.2) have
the following property, which will be crucially exploited:

N N

T S(x)]? and T VEi(2)]? are monotone radial functions.
> &)
=1 =1

Indeed, we have

N N 9
@) Yle@P=pnlla)?  ad 30 Va@P = ei(el? + (v -1 2D

and the first one is radially increasing, while the second is decreasing. Moreover, since each &; is an
eigenfunction of the ball, we have

pa@) [ P o= [ VePde  i=1.N.
Q* Q*

If we sum the previous identities and use (4.13), we thus end up with

[ Jentiat+ v - 230

(4.14) () =
/ on(|z])? dx
Q*
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We then extend ¢y to the whole [0, +00) as follows

_J oen(@), 0<t<1,
¢N(t)_{ QDJJVV(]_)’ t>1,

and consider the new functions defined on RY

Ei(x) = ¢n(lzl)

T; .
‘?1', i=1,..., N.

Observe that if we define

t

FN(t):/ gf)N(S)dS, tZO,

0

this is a C! convex increasing function, which diverges at infinity. This means that the function
o [ Fw(e =) dy

Q

admits a global minimum point 29 € RY and thus

Xo — —_ —_
(0a~-70):/F1/v(|950—y|) 0"V gy = </ :1(wo—y)dy7~-~,/:N(:Eo—y)dy>-
Q |x07y| Q Q

Thus it is always possible to choose the origin of the coordinate axes in such a way that®

/Ei(ac)dx:O, i=1,...,N.
Q

33

By making such a choice for the origin, the functions Z; can be used to estimate p2(€2) and we can

infer

Q
/Ez2 dx
Q

Again, a summation over i = 1,..., N yields

N
Z/ IVE;|? da
< i=1 Q
- N
;/{)Eﬂ&

and the summation trick makes the angular variables disappear and one ends up with

[ ottt + v - 200 4,

p2(82)

i

|z[?

/Q o (|2])? da

and  g(t) =o¢n(t)?, t>0,

(4.15) pa(f2) <

We set
on(t)?

7 = o (0 + (N = 1) 2

8We avoid here the original argument based on the Brouwer Fixed Point Theorem.
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and recall that f is non-increasing, while g is non-decreasing. Then from (4.14) and (4.15) we get

@ie) @) [ e de=pa@ [ olahde> [ flahdo— [ f(a)a

By using the weak Hardy-Littlewood inequality (see Lemma C.1) and the monotonicity of g, we
have

/ g(|z]) da > / g(|z]) dz = / 12N Tnya(Bayo )2 dy = wif™ v,
Q Q* {lyl<1}

where we used the definition of ¢ and that of ¢y, see (4.3). The dimensional constant 7y is
defined by

1
N-—2
N = Nwy" / Ins2(Bny21 0)% 0do > 0.
0

Thus, by recalling that || = |Q*| = wy, inequality (4.16) yields

(117) 0P a(02) ~ 10 ) = = | [ gl o= [ sala]
N LJax Q
The proof by Weinberger now uses Lemma C.1 again to ensure that the right-hand side of (4.17)
is positive, which leads to (4.1).
If on the contrary we replace Lemma C.1 by its improved version Lemma C.2, we can get a
quantitative lower bound. Since f is non-increasing, by using (C.1) in (4.17) we get

Ro
2 () — QPN i (9) > Nn - /R 1£(0) — f(1)] NV da
(4.18) N o
> / F(1) — (o) do.
1

nN
The radii Ry < 1 < Ry are such that

Q] = [Br,| = 2"\ Q] and  |Bg,|—[Q"] =2\ Q"]
By recalling that |Q| = wy, they are defined by
1 1
QNO*\~ Q\ Q* N
Ry = <| i > and Ry = <| \ ] + 1)
wWN wWN

In order to conclude it is now sufficient to observe that

S0 -0z W -Dov? £ 2 T on2 -1, for Rz

where we also used that o < Ry < 2Y/N. Thus from (4.18) we get

N(N - 1wy
*|2/N *\ 2/N
|Q | :UQ(Q ) |Q| NQ(Q) 2 9(N+1)/N nN

pn(1)? (Ry — 1),

By using the definition of Ry we have

(4.19) (Ry —1)° = ((1+f22]vm>11v_1>22(21/1v—1)2 ('QL}NQ')Q

thanks to the elementary inequality

1+ YN > 14 2N — 1), for every t € [0, 1],
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which follows from concavity. By observing that |QAQ*| = 2|2\ Q*| and recalling the definition
of Fraenkel asymmetry, we get the conclusion. (|

Remark 4.6. An inspection of the proof reveals that a feasible choice for the constant py appearing
in (4.12) is

(2V/N —1)2 w]2\/'/N Iny2(Bny21)?
8. 21/N 1 '
/ In/2(Bnj2q 0)? 0do
0

By observing that o — JN/Q(BN/QJ 0)? o is increasing on (0, 1), we can estimate this constant from
below by

pn = (N —1)

(21/N _ 1)2 o /N
pn = (N —1) WWN/

4.4. Checking the sharpness. As one may see, the proof of the sharp quantitative Szegé-
Weinberger inequality is considerably simpler than that for the Faber-Krahn inequality. But there
is a subtlety here: indeed, checking sharpness of Theorem 4.5 is now much more complicate. The
argument used for A; can not be applied here: indeed, the shape functional

Q- MQ(Q),

is not differentiable at the “maximum point”, i.e. for a ball B. This is due to the fact that po(B)
is a multiple eigenvalue (see [49, Chapter 2]). Thus what now can happen is that pus(B) — p2(2;,)
behaves linearly along some family {2 }.~o converging to B, i.e.

pa(B) — p2(Qe) ~ A(Q), Q| = |BJ.

Quite surprisingly, the familiy of ellipsoids { E¢ }.~o from the previous section exactly exhibits this
behaviour. Indeed, by using the same notation as in Section 2.6, we have

/ <MEVU,VU> dz
min B : / udr =0
w€W1,2(B1)\{0} / |u|2d$ By
B

M2 (Ee) =

By recalling that
iz, [ S
— _ x 2 2 2
[REAA T ((lgg)mue) sl + 3 )dx,

1 2
m§1—25+35,

if we use a L?—normalized eigenfunction of the ball £ relative to us(B), we obtain

ya(E2) < pa(By) + 26 / (€aal? — |01 [?) da + 2 / (3102 + [€s]?) da.

Bl Bl

and

An important difference with respect to the Dirichlet case now arises. Indeed, £ is not radial and
with a suitable choice of £ we can obtain

/ (|£x2|2 - |§:r1|2) dr < 0.
By
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Thus we finally get for 0 < e < 1
1 1
BN pa(Br) = [Be PN pia(Ee) > o0& g AE:).
This shows that the family of ellipsoids {E.}.~o has (at most) a linear decay rate and thus it can
not be used to show optimality of the estimate (4.12).

The difficult point is to detect families of deformations of a ball such that pe(B)— p2(€2:) behaves
quadratically. In other words, we need to identify directions along which  — u2(€) is smooth
around the maximum point. The next result presents a general way to construct such families.
This statement generalizes the one in [27, Section 6] and comes from the analogous discussion for
the Steklov case, treated in [22, Section 6.

Theorem 4.7 (Sharpness of the quantitative Szegd-Weinberger inequality). Let the function ¢ €
C>(0By) satisfy the following assumptions:

e for every a € RN, there holds
(4.20) / {a, ) dHN ™ = 0;
9B
o for every a € RN, there holds
(4.21) / (a, ) pdHN "t =0,
631

Then the corresponding family {Qc}eso0 of nearly spherical domains
QE—{xERN cx=0 or |z <1+5¢(|x|>},
x

1s such that
~e and |B1|>N jia(By) — Q)N pa(Q.) ~ 2, e< 1.
Remark 4.8. We may notice that the second condition (4.21) implies also

(4.22) YdHN Tt = 0.
9B,

Indeed, we have

N
YdHN T = Z/BB (z,e;)2p dHN "1 = 0.
=1 1

0By

Remark 4.9 (Meaning of the assumptions on ). Conditions (4.20), (4.21) and (4.22) are equiva-
lent to say that v is orthogonal in the L?(0B;) sense to the first three eigenspace of the Laplace-
Beltrami operator on 9By, i.e. to spherical harmonics of order 0,1 and 2 respectively (see [64] for
a comprehensive account on spherical harmonics).

Each of these conditions plays a precise role in the construction: (4.22) implies that || —|B;| ~
2. The first condition (4.20) implies that 2. has the same barycenter as By, still up to an error of
order €2. Then this order coincides with the magnitude of A(.)?.
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FIGURE 1. The sets 2. corresponding to the choice ¢ (}) = 2 sin 39 + cos 5. Such
a function satisfies (4.20) and (4.21).

In order to understand the second condition (4.21), one should recall that every Neumann eigen-
function £ relative to ps(B7) is a linear combination of those defined by (4.2). Thus it has the
form

N
£(x) = on(|z]) Zam:w(\xl)w,x), z € By,

where @ is the radial function appearing in (4.3) and a € R \ {0}. We then obtain for z € 0B,
(@) * = on(1)? (a,2)?,

and for the tangential gradient V..

V&2 = |VE = (V& ) af” = |VE|* — (VE, 2)°

= —pn(1)*{a,2)* + on(1)* |af*.

Thus condition (4.21) implies
(4.23) Y|EFdHN "t =0  and YV dHN T = 0.

OB, 9B,

Relations (4.23) are crucial in order to prove that us(B1) — p2(2e) ~ &2.

We now sketch the proof of Theorem 4.7. In order to compare us(§2:) with ps(Bi), we define an
admissible test function in Bj, starting from an eigenfunction u. of .. First of all, we smoothly
extend u. outside ()., in order to have it defined in a set containing 2. U B;. Then we take the test
function

Ve = Ue - 1B, — Oc, where 55:][ ue dz = O(e).
By

By construction, it is not difficult to see that

2 2
/ v, dx — / u: dx
B4 Bq

(4.24) < Ké&?,
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By (4.24) and assuming that u. has unit L? norm on 2., we can estimate j(B;)

/\Vve\zdz / |Vu5|2dx+/ |Vue|? da
,LLQ(Bl) S Bl < Blsz BI\QE

(4.25) / v2 dx - / u?dr + / udr — K &
B B1NQ. B1\Q.

o H2(Q) T Ri(e)
T 14+ Ra(e) — Ke?’

The two error terms R1(e) and Rz(e) above are given by

Ri(e) = / |V |? de — / |Vue|? do and Ra(e) = / u? dr — / u? dr.
BI\QE QE\BI Bl\Qs QE\BI

It is not difficult to see that the following rough estimate holds
(4.26) |R1(e)] < K'e, |Ra(e)| < K'e,

for some K’ > 0. Indeed, as €. is a small smooth deformation of By, then u. satisfies uniform
regularity estimates, thus for example ||Vue|| e~ + ||ue|| e < C and

[Ri(e)] + [Ra(e)] < 2C% |B1AL],
thus giving (4.26). By inserting this in (4.25), one would get
pi2(B1) < p2(Qe) + K" e.

This shows that in order to get the correct decay estimate for the deficit, we need to improve (4.26)
by replacing ¢ with £2.

We now explain how the assumptions on the function v (i.e. on the boundary of 9Q.) imply that
the rough estimate (4.26) can be enhanced. For ease of readability, we present below the heuristic
argument, referring the reader to [27, Section 6] and [22, Section 6] for the rigorous proof. We focus
on the term R;(e), the ideas for Ra(g) being exactly the same. By using polar coordinates

2 1+Ew(y) 2 N-1 2 N-—1 N-—1
/Q\B V| d:c:/{ o )>O}/1 <<agu5) I ) oV dpdHN 1,
e\D1 ye 1:Y%(y) =

and

1
N-1
/ |V | do = / / ((ang)Q +—— |V7u5|2> oN " tdodHN L,
Bi\Q. {y€dB1 1 9(y)<0} J14+e v (y) e

where we recall that V. is the tangential gradient and J, is the derivative in the radial direction.
The homogeneous Neumann condition of u. on 9€). implies that the gradient Vu. is “almost
tangential” in the small sets By \ 2. and €2, \ By. In particular

Opue = O(e) for o =1+ O(e),
and
IV ue(o,9)| = |Vrue(1,y)| + O(e), for o =1+ O(e).
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By observing that |By \ Q| = | \ B1| ~ €, one can compute

1+e vy (y)
/ IV |? dz = / / Vw2 0N 2 dodHN ! + o(<2)
Q\B1 {yedBy :¢(y)>0} J1

_ 5/ O IVou 2 dHY 1 0(2),
{y€dB1 : ¢ (y)>0}

and similarly

1
/ |Vu€|2dm:/ / Vruel? oV 2 dodHN ! + o(e?)
Bi\Q. {y€0B1: ¢ (y)<0} J1+ev(y)

= —5/ Y | Vou 2 dHY 7+ O(?).
{y€dB1 : 9 (y)<0}

Hence, recalling the definition of R (g), one gets

(4.27)
Rl (E)

Y|V ? dHN L — 5/ VY | Vouc? dHY 7+ O(e?)

. /
{y€dB1 : ¢ (y)<0} {y€dB1 :¢(y)>0}

— Y | Vo2 dHY 7+ O(e?).
831

It is precisely here that the condition (4.21) on ¢ enters. Indeed, since 2. is smoothly converging
to Bj, one can guess that u. is sufficiently close to an eigenfunction £ for ug(B). If we assume that
we have

(4.28) ue =&+ O(e),

then substituting u. with £ in (4.27), one would get
Ri(e) = O(e?).

Indeed, we have seen that (4.21) implies (4.23) and thus

/ OV £ aHN T =0,
OB

This would enhance the rate of convergence to 0 of the term R;(g) up to an order 2. The same
arguments can be applied to R2(g), this time using the first relation in (4.23). By inserting these
informations in (4.25), one would finally get

pa(B) < p2(Q) + K €2,

as desired. Of course, the most delicate part of the argument is to prove that the guess (4.28) is
correct in a C! sense, i.e. that |[u. — &[|cr = O(e).

Remark 4.10 (Back to the ellipsoids). Observe that if on the contrary ¢ violates condition (4.21),
we can not assure that all the first-order term in the previous estimates cancel out. For example,
for the case of the ellipsoids E. considered above, their boundaries can be described as follows (let
us take N = 2 for simplicity)

[N

, .-
] . _ 2,2, Y1
OE. = {x =0:(y)y 1 y€0B1 and o (y) = <(1+5) Y2t (1+£)2)
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Observe that
0-(y) ~1+e(yf —y3),  ye€IBi,
and the function ¢ (y) = y? — 42 crucially fails to satisfy® (4.21). This confirms that

p2(B) — pa(Ee) ~ &,
i.e. ellipsoids do not exhibit the sharp decay rate for the Szegs-Weinberger inequality.

5. STABILITY FOR THE BROCK-WEINSTOCK INEQUALITY

5.1. A quick overview of the Steklov spectrum. Let @ C RY be an open bounded set with
Lipschitz boundary. We define its first nontrivial Steklov eigenvalue by

/ |Vu|? dx
Q

02(Q) = inf —_— / wdHN 1 =03,
ueW2(2)\{0} / 2 au-1 Joo
o0
where the boundary integral at the denominator has to be intended in the trace sense. In other
words, this is the sharp constant in the Poincaré-Wirtinger trace inequality

2
C/ U—][ u
o0 [2}9)

Thanks to the assumptions on Q, the embedding W2(Q) < L?(dR) is compact (see [60, Section
6.10.5]) and the infimum above is attained. We have again discreteness of the spectrum of the
Steklov Laplacian, that we denote by {o1(2),02(Q),...}. The first eigenvalue o1(2) is 0 and
corresponds to constant eigenfunctions. These are the only real numbers o for which the boundary
value problem

dHN 1 g/ |Vul*dz,  uweWh3(Q).
Q

—Au = 0, in Q,
(Vu,vg) = ou, on 9,

admits nontrivial solutions. Here vq stands for the exterior normal versor. As always, oy (§2) is
obtained by minimizing the same Rayleigh quotient, among functions orthogonal (in the L?(99)
sense, this time) to the first k — 1 eigenfunctions. The scaling law of Steklov eigenvalues is now

O’k(tQ) =¢! O’k(Q)
and we have the sharp inequality due to Brock
(5.1) QYN 02(Q) < [B]YN 03(B),

with equality if and only if 2 is a ball.
As in the case of the Neumann Laplacian, here as well for any ball B, the first nontrivial eigen-

value has multiplicity N. We have o3(B;) = -+ = on4+1(B,) and the corresponding eigenfunctions
are just the coordinate functions
Accordingly, we have
1
B,) = -.
02(Br) =

9This function is indeed a spherical harmonic of order 2.
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Actually, in dimension N = 2 and for simply connected sets, a result stronger than (5.1) holds.
Indeed, if we recall the notation P(Q) for the perimeter of a set €2, for every Q C R? open simply
connected bounded set with smooth boundary, we have

(5.3) P(Q) 02(2) < P(B) 05(B),
where B is any open disc. This is the Weinstock inequality, proved in [75] by means of conformal
mappings. Observe that by using the planar isoperimetric inequality
PW) | P(B)
VIBI

from (5.3) we get

Vil
9] 02(9) = P(©) 02(0) gg < PB)0a() 33 = VIDIoD)

thus for simply connected sets in the plane, inequality (5.3) implies (5.1).

Remark 5.1 (The role of topology). Weinstock inequality is false if we remove the simple con-
nectedness assumption, see [45, Example 4.2.5]. On the other hand, the quantity

P(2) 02(),

is uniformly bounded from above, but it is still an open problem to compute the sharp bound, see
[45] for more details.

We also recall that it is possible to provide isoperimetric-like estimates for sums of inverses. For
example, for simply connected set in the plane Hersch and Payne in [53] showed that (5.3) can be
enforced as follows

P (aim N a?jﬂ)) > 53 (02§B> N a?,(lB)) :

In general dimension and without restrictions on the topology of the sets, in [30] Brock proved that
for every Q2 C RY open bounded set with Lipschitz boundary, we have the stronger inequality

N+1 N+1
(5.4)

1 1 1 1
> .
T 2 @) 2 BV 2 00(B)

Equality in (5.4) holds if and only if 2 is a ball. By recalling that for a ball we have oo(B) = --- =
on+1(B), we see that (5.4) implies (5.1).

5.2. Weighted perimeters. The proof of (5.1) is similar to Weinberger’s proof of (4.1). Namely,
one obtains an upper bound on 02(Q2) by inserting in the relevant Rayleigh quotient the Steklov
eigenfunctions (5.2) of the ball. This would give

/ \Va|? da 0
02(Q) < 22 i=1,...,N.

/ |1,2|2 dHN71 / “’EllQ dHN71
1919) oN
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Observe that the chosen test functions are admissible, up to translate 2 so that its boundary has
the barycenter at the origin. By summing up all the inequalities above, one gets

N9

/ ‘$|2 dHN71
o0

Since for a ball we have equality in the previous estimate, in order to conclude the key ingredient
is the following weighted isoperimetric inequality

(5.5) /|x\2d’HN_12/ FEPITLES
oQ o0*

where Q* is the ball centered at the origin such that |Q*| = |Q|. Inequality (5.5) has been proved
by Betta, Brock, Mercaldo and Posteraro in [14]. If we use the notation

Py() = /a el Y

and observe that P scales like a length to the power N + 1, (5.5) can be rephrased in scaling
invariant form as

(5.6) Q7% Ry(Q) > [B|F Py(B),

where B is any ball centered at the origin. Equality in (5.6) holds if and only if  is a ball centered
at the origin.

In order to get a quantitative improvement of the Brock-Weinstock inequality, it is sufficient to
prove stability of (5.6). This has been done in [22], by means of an alternative proof of (5.6) based
on a sort of calibration technique (related ideas can be found in the paper [58]).

O'Q(Q) <

Theorem 5.2. For every Q C RN open bounded set with Lipschitz boundary, we have
|QAQ*>2
€2 ’

where ¢y > 0 is an explicit dimensional constant (see Remark 5.3 below).

(5.7) Q5 Py(Q) — (B ¥ Py(B) > ox (

Proof. As always, by scale invariance we can suppose that || = wy, so that the radius of the ball
0* is 1. We start observing that the vector field x — ||z is such that

div(|z|z) = (N + 1) |z|, zeRY.

By integrating the previous quantity on 2, applying the Divergence Theorem and using Cauchy-
Schwarz inequality, we then obtain

(N +1) /Q|x|dx = /@Q |22 <|i|,m(m)> dHN T < Py(Q).

On the other hand, by integrating on the ball Q* we get

(N +1) /Q 2] de = /m @ dHN Y = Py (),

since v« (z) = x/|z|. We thus obtain the following lower bound for the isoperimetric deficit

Py(Q) — Py(Q%) > (N + 1) { i |x|da:—/s* |x|dm].
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The proof is now similar to that of the quantitative Szegé-Weinberger inequality. By applying again
the quantitative Hardy-Littlewood inequality of Lemma C.2, we get

R>
P(Q2) - P(") > (N+1)Nwy / \Q—1|QN_1dQ.
Ry
The radii Ry < 1 < Ry are still defined by

1 1

QNO*\~ Q\O* N
Ry = (") and Ry = <\'+1) .

WN WwN

With simple manipulations we arrive at

R2
(5.8) Py (Q) — P(2) > (N+1) Nwy / (0 —1)do.
1
As in the proof of the quantitative Szegé-Weinberger inequality, we have

Ry (R2_1)2 (21/N_1)2 |Q\Q*| 2
[ temnae= gt s B (B

where we used again (4.19). By using this in (5.8) and recalling that [Q\ Q*| = |Q*\ Q], we get the
desired conclusion. ]

Remark 5.3. The previous proof produces the following constant

N+1)N (21N —1)2
59) y = EDN @Y 21
WN

in inequality (5.7).
Remark 5.4. The results of [14] and [22] hold for more general weighted perimeters of the form

Py (Q) = - V(|z]) daHN T,

under suitable assumptions on the weight V. One may also consider anisotropic variants where the
Euclidean norm is replaced by a general norm, see [23, Appendix A].

5.3. The Brock-Weinstock inequality in sharp quantitative form. By using Theorem 5.2,
one can obtain a quantitative improvement of the stronger inequality (5.4) for the sum of inverses.
This has been proved by the Brasco, De Philippis and Ruffini in [22, Theorem 5.1].

Theorem 5.5. For every Q C RN open bounded set with Lipschitz boundary, we have

N+1 N+1 2
1 1 1 1 QA(Q +
S D =

QN 22 5,(@) " (B[N £ 0,(B) )

(5.10)

where the dimensional constant ¢y > 0 is given by (5.9) and xaq is the barycenter of the boundary

09, i.e.
Ton = ][ zdHN L
o0
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Proof. We start by reviewing the proof of Brock. The first ingredient is a variational characteriza-
tion for the sum of inverses of eigenvalues. In the case of Steklov eigenvalues, the following formula
holds (see [54, Theorem 1], for example):

N+1 N+1

1 w2 dHN
— = dH
kZZQ ok(Q) (v “N+1)€5 Z /BQ

,,,,,

where the set of admissible functions is given by

€= {(vg, o une) € (W)Y / vila) dHN T =0, /(Vvi(x),ij(x»dx - 5”}.

1) Q
The quantities o;(§2) are translation invariant, so without loss of generality we can suppose that
the barycenter of 0f is at the origin, i.e. zgq = 0. This implies that the eigenfunctions relative to
02(2*) = -+ = on4+1(Q*) are admissible in the maximization problem above. More precisely, as

admissible trial functions we take

vile)= 22X j=2,.. N+1
V19|
In this way, we obtain
N+1 1
2 jN-1
s Z 0 2 [T ot = 0 )
which implies
N+1 N+1 o
e EUQ m*w > o 2197 P - 5(42)
In the inequality above we used that (recall that [Q*|'/Y oy (Q*) = w]lv/N)
N+1
N ¥ |- N "
|Q*1/NZ T = [T P().
N
It is then sufficient to use the quantitative estimate (5.7) in (5.11) in order to conclude. O

As a corollary, we get the following sharp quantitative version of the Brock-Weinstock inequality.
Theorem 5.6. For every Q0 C RN open bounded set with Lipschitz boundary, we have

‘QA(Q* + JUdQ)| ) 2
19 ’

where ¢y > 0 is an explicit constant depending only on N only (see Remark 5.7 below).

(5.12) |B|YN 03(B) — |Q|"N 05(Q) >ty (

Proof. First of all, we can suppose that
1
(5.13) QYN 6y (Q) > 3 |B|IYN 04(B),

otherwise estimate (5.12) is trivially true with constant 6y = 1/8 |B|Y/~N 05(B), just by using the
fact that
92" +200)] _
2]
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Let us assume (5.13). By recalling that o2(Q2) < 0;(Q) for every i > 3, from (5.10) we can infer
N . N >0y <|QA(Q*+$89)|)2.
Q7N 03(Q) BN 03(B) — ]
This can be rewritten as
|BIYN 05(B) = 1YY 05(Q) _ On <|QA(Q* + xm)>2

(1907 02(9) (1BIY 0a(B)) — N i
By using (5.13), the previous inequality easily implies (5.12). O
Remark 5.7. By recalling that for every ball | B|'/N o3(B) = wjlv/N, the constant ¢ above is given
by
1/N 5 1
FEN = N? mln{]gw]l\,/N, 4} 5

and ¢y is the same as in (5.9).

Open problem 4 (Stability of the Weinstock inequality). Prove that for every Q C R? simply
connected open bounded set with smooth boundary, we have

P(B)03(B) = P(Q) 02(Q) > en A(Q)?,

and

1 1 1 1 1 1 )
7 (e )~ 7B (o + ) 2 A
5.4. Checking the sharpness. The discussion here is very similar to that of the quantitative
Szeg6-Weinberger inequality. Indeed, the ball is the “maximum point” of
Q= QYN 69(Q),

and o9 is multiple for a ball, thus again we do not have differentiability. Then verifying that the
exponent 2 on A is sharp is necessarily involved, exactly like in the Neumann case. In order to
check sharpness of (4.5) we can use exactly the same family of Theorem 4.7. The heuristic ideas
are the same as in the Neumann case, we refer the reader to [22, Section 6] for the proof. About
the condition (4.21), i.e.

/ (a, )2 dHN "1 =0, for every a € RY,
831
we notice that this is still related to the peculiar form of Steklov eigenfunction of a ball. Indeed,
from (5.2) we know that each eigenfunction £ corresponding to o2(B) has the form
& ={a,z), for some a € RY.

Then we get

> = (a,2)*  and  |VoE* = af* — (a,2)%
Thus condition (4.21) implies again

YIEPAHY T =0 and WV AR =0,
831 aBl

which are crucial in order to have the sharp decay rate.
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Remark 5.8 (Sum of inverses). Observe that
N+1 N+1

1 1 1 1
Sn A(Q)? < -
AP <t 2 @) T TBITY 2 ()
N (BN ouB)
S BN o) \ QN (@) )

Since the exponent 2 for A(Q) is sharp in the quantitative Brock-Weinstock inequality, this auto-
matically proves the optimality of inequality (5.10) as well.

6. SOME FURTHER STABILITY RESULTS

6.1. The second eigenvalue of the Dirichlet Laplacian. Up to now we have just considered
isoperimetric-like inequalities for ground states energies of the Laplacian, i.e. for first (or first
nontrivial) eigenvalues. In each of the cases previously considered, the optimal set was always a
ball. On the contrary, very few facts are known on optimal shapes for successive eigenvalues. In
the Dirichlet case, a well-known result states that disjoint pairs of equal balls (uniquely) minimize
the second eigenvalue Ay, among sets with given volume. This is the so-called Hong-Krahn-Szego
inequality'®. In scaling invariant form this reads

(6.1) QY Ao (@) = 22/N | BN A(B),

once it is observed that for the disjoint union of two identical balls, the first eigenvalue has multi-
plicity 2 and coincides with the first eigenvalue of one of the two balls. Equality in (6.1) is attained
only for disjoint unions of two identical balls, up to sets of zero capacity.

The proof of (6.1) is quite simple and is based on the following fact.

Lemma 6.1. Let Q C RN be an open set with finite measure. Then there exist two disjoint open
sets Qy, Q_ C Q such that

(6.2) A2(€) = max {)\1((2+), )\1((2_)} .

For a connected set, the two subsets 24 and €2_ above are nothing but the nodal sets of a second
eigenfunction. In this case we have

A1(Q24) = A2(Q) = M (2-).
By using information (6.2) and the Faber-Krahn inequality, we get

(6.3) |Q|2/N A2 (Q) > ‘B‘Q/N)Q(B) max{(||éﬂ|>” , <|S|29_||>N}

By observing that

(6.4 mx{(m) ()

we obtain inequality (6.1). As for equality cases, we observe that if equality holds in (6.1), then we
must have equality in (6.3) and (6.4). The first one implies that 2, and Q_ above must be balls

2w

}222/1\[, for every a,b >0, a+b < (9],

10This property of balls has been discovered (at least) three times: first by Edgar Krahn ([59]) in the ’20s. Then
the result has been probably neglected, since in 1955 George Pdlya attributes this observation to Peter Szego (see
the final remark of [67]). However, one year before Pélya’s paper, there appeared the paper [55] by Imsik Hong,
giving once again a proof of this result. We owe these informations to the kind courtesy of Mark S. Ashbaugh.
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(by using equality cases in the Faber-Krahn inequality). But the lower bound in (6.4) is uniquely
attained by the pair a = b = [Q|/2, thus we finally get that Q4| = |Q_| =|Q|/2 and Q is a disjoint
union of two identical balls.

As before, we are interested in improving (6.1) by means of a quantitative stability estimate.
This has been done in [27, Theorem 3.5]. To present this result, we first need to introduce a
suitable variant of the Fraenkel asymmetry. This is the Fraenkel 2—asymmetry, which measures
the L' distance of a set from the collection of disjoint pairs of equal balls. It is given by

QAB, UBL)|

Ap(Q) = inf { a

Q
. By,B_ballss.t. B,NB_ =0, |By|=|B_| :|2|}

We refer to [62, Section 2] for some interesting studies on the functional Ay. We then have the
following quantitative version of the Hong-Krahn-Szego inequality. We point out that the exponent
on the Fraenkel 2—asymmetry A; in (6.5) is smaller than that in the original statement contained
in [27], due to the use of the sharp Faber-Krahn inequality of Theorem 2.12.

Theorem 6.2. Let Q C RN be an open set with finite measure. Then
1

(6.5) QPN Ao (Q) = 22N BN A(B) > o Ax ()N,
N

for a constant Cny > 0 depending on N only.
Proof. Let us set for simplicity
K(Q) := QN Xa() — 227V | B2V M (B).

The idea of the proof is to insert quantitative elements in (6.3) and (6.4), so to obtain an estimate
of the type

(6.6) K(Q) > CL max {A(Q+)2 + ‘1 94 1 ||

’ A Q_ 2 a5 101 )

v s~ Ao+ - i}

where Q4 and Q_ are in Lemma 6.1. Estimate (6.6) would tell that the deficit on the Hong-Krahn-
Szego inequality controls how far Q. and Q_ are from being balls having measure |2|/2. Once
estimate (6.6) is established, the claimed inequality (6.5) follows from the elementary geometric
estimate

119
<Oy (A(Q+>+ ‘2 o

+A(Q_)+';—||%_||),

N+41

(6.7) Az ()2

proved in [27, Lemma 3.3]. Observe that since the quantities appearing in the right-hand side
of (6.6) are all bounded by a universal constant, it is not restrictive to prove (6.6) under the further
assumption

(6.8) K(Q) <22V B>V \i(B).
To obtain (6.6), we need to distinguish two cases.

Case 1. Let us suppose that

Q Q
|Q+|§|2—‘ and \Q_|§|2—‘.
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In this case, let us apply the quantitative Faber-Krahn inequality of Theorem 2.12 to Q. By
recalling (6.2), we find
22N N A1) < (2121 )YN M(Qy) — 22N BN A(B)
< (2[4 )N 22 (Q) - 22V BN A (B)
= K@) + (142N = 1217 ) Aa(9)

2/N
— Q) + 192N A(Q) KQ:g*') - 1] .

2/N

By concavity of 7 +— 7/ we thus get

4 Q 1
(6.9) 22N vz A(Q4)? < K(Q) + 1917V 22(9) 5 (||ﬂ+| - 2) '

By using the hypothesis on |2 | and the Hong-Krahn-Szego inequality, we thus obtain
1]y

2«

Hence, the same computations with Q_ in place of Q. yield (6.6)

(6.10) K(Q) > en AQL ) +en

Case 2. Let us suppose that

Q4] > — and Q| < |2ﬂ

We still have the estimate (6.9) for both Q4 and 2_. In particular, for the smaller piece 2_ we get
again (6.10). On the contrary, this time it is no more true that

194y |1 19y
2 |9

20
Then for 4 the second term in the right-hand side of (6.9) has the wrong sign. The difficulty is
that this term could be too big. However, by recalling that |[Q_| + |Q4| < || and using (6.10) for
|Q2_|, we have

o 1_1 jo | _ 1
Bl 2o 2 _Plo k).
o 253 T S oy M@

Therefore, using this information in (6.9) and recalling (6.8), we immediately get

(6.11)

(8 22/NBI2/N X\ (B) + 1> K(Q) > 22N Ay 5 A4 )2

NCN
By joining this and (6.11), we thus obtain estimate (6.10) for 2 as well, possibly with a different
constant. Thus we obtain that (6.6) holds in this case as well. O

Concerning the sharpness of estimate (6.5), some remarks are in order.

Remark 6.3 (Sharpness?). The proof of (6.5) consisted of two steps: the first one is the application
of the quantitative Faber-Krahn inequality to the two relevant pieces {2} and €2_; the second one
is the geometric estimate (6.7), which enables to switch from the error terms of Q; and Q_ to
Az (€2). Both steps are optimal (for the second one, see [27, Example 3.4]), but unfortunately this
is of course not a warranty of the sharpness of estimate (6.5).
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FIGURE 2. The set Q. of Example 6.4 and the pair of balls achieving A2 (£.).

Indeed, we are not able to decide whether the exponent for A, in (6.5) is optimal or not. In any
case, we point out that the optimal exponent for the quantitative Hong-Krahn-Szego inequality has
to be dimension-dependent. This follows from the next example.

Example 6.4. For every € > 0 sufficiently small, we indicate with B} and BZ the open balls of
radius 1, centered at (1 —¢)e; and (¢ — 1) eg respectively. We also set
QF = Bf n{x, >0} and Q- = B n{x; <0},

then we define the set Q. := QF UQZ C RY| for every € > 0 sufficiently small. Observe that we
have

\Qj\_wj\:o(a”z“) and AQ(QE)—Al(B:)SO(sNz“),

for the second estimate see for example [25, Lemma 2.2].
As for asymmetries, it is not difficult to see that

AQD) = AQD) =0 (s”z“) and  Ax() = O(e).

(see Figure 2). Then we get
QPN A2(92) = 22N (BN x(B) = 22 (10F 2V Ao(9) = |BIPN M(B)
=0 (") = 0 (Aa(@)VH0/2).

This shows that the sharp exponent in (6.5) has to depend on the dimension and is comprised
between (N +1)/2 and N + 1.

Open problem 5 (Sharp quantitative Hong-Krahn-Szego inequality). Prove or disprove that the
exponent N + 1 in (6.5) is sharp. If N + 1 is not sharp, find the optimal exponent.

6.2. The ratio of the first two Dirichlet eigenvalues. Another well-known spectral inequality
which involves the second Dirichlet eigenvalue Ay is the so-called Ashbaugh-Benguria inequality.
This asserts that the ratio A2/A; is maximal on balls and has been proved in [7, 8]. In other words,
for every open set Q C RV with finite measure we have

Aa(Q) _ Aa(B)
A(Q) T M(B)

(6.12)



50 BRASCO AND DE PHILIPPIS

Remark 6.5 (Equality cases). Equality cases in (6.12) are a bit subtle: indeed, in general it is
not true that equality in (6.12) is attained for balls only. As a counter-example, it is sufficient to
consider any disjoint union of the type

Q=BuU,

with €' open set such that A1(€) > A2(B). In general equality in (6.12) only implies that the
connected component of €2 supporting A; and As is a ball.

Remark 6.6. Inequality (6.12) is an example of universal inequality. With this name we usually
designate spectral inequalities involving eigenvalues only, without any other geometric quantity
(see for example [5]). In particular, inequality (6.12) is valid in the larger class of open sets having
discrete spectrum, but not necessarily finite measure.

The first stability result for (6.12) is due to Melas, see [63, Theorem 3.1]. To the best of our
knowledge, this is still the best known result on the subject. The original statement was for
the asymmetry daq defined in (2.11). Here on the contrary we state the result for the Fraenkel
asymmetry.

Theorem 6.7 (Melas). Let Q C RY be an open bounded convex set. Then we have
A2 (B A2 (2 1

2( )7 2( ) > 7‘A(Q)m’
M(B) M@ T C

for some C = C(N) > 0 and m = m(N) > 10 (see Remark (6.12) below) depending on the
dimension N only.

(6.13)

We are going to present the core of the proof of Theorem 6.7 below. At first, one needs a handful
of technical results.

Lemma 6.8. Let Q C RN be an open set with finite measure. Let B C RN be a ball such that
A(B) = A ().

There exists a constant C = C(N) > 0 such that

Q-1 _ 1

6.14 Q)2
(6.14) a2 oA
Proof. Observe that thanks to Theorem 2.12, we have
_ |B|2/N YN,2 2
A(B) = A(Q) 2 WM(B) + WA(Q) :
Thus we get
2
[\ N2 2
— 1> —=—— A(Q)".
(81) 1> e Ao
From the previous inequality, by concavity of the function 7 — 72/ we obtain
2 19— |B|
1 VA2 < =

We now distinguish two possibilities: if |2 < 2|B|, we have
2= 1Bl _, 191~ 1Bl
|B| jtl
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By inserting this information in the right-hand side of (6.15), we get (6.14) as desired.

The case || > 2|B] is even simpler. Indeed, in this case
Q- 1B 11
1] 278

since the asymmetry of a set does not exceed 2. O

A(Q)?,

The key ingredient in the proof by Melas is the following result. It asserts that for non degen-
erating convex sets with given measure, the values of the first Dirichlet eigenfunction control in a
quantitative way the measure of the corresponding sublevel sets. Namely, we have the following.

Lemma 6.9. Let A > 0, there exist C = C(N,A) > 0 and 8 = B(N,A) > 1 such that for every
open convex set Q C RN with

(6.16) Q=1 and A (Q) <A,

and every t > 0 we have
1 B
(6.17) ol {r e :u(x) <t} <t

Here uy is the first (positive) Dirichlet eigenfunction of Q with unit L? norm.

We omit the proof of the previous result, the interested reader may find it in [63, Lemma 3.5].
We just mention that (6.17) follows by proving the comparison estimate

(6.18) uy (x) > cdist(z,00)°, x e

Remark 6.10 (The exponent ). By recalling that, on a convex set, the first eigenfunction u; is
always globally Lipschitz continuous, we know that the exponent g above can not be smaller than
1. Moreover, it is quite clear that § in (6.18) heavily depends on the regularity of the boundary
09). To clarify this point, let us stick for simplicity to the case N = 2. If 02 contains a corner at
xo € 0N of opening o < /2, classical asymptotic estimates based on comparisons with harmonic
homogeneous functions imply that

up(z) ~ dist(z, 0Q) 2=,

around the corner zg. This in particular shows that the smaller the angle « is, the larger the
exponent 3 in (6.18) must be. In particular, without taking any further restriction on the convex
sets 2, it would be impossible to get (6.18).

The hypothesis (6.16) exactly prevents the convex sets considered to become too narrow and
permits to have a control like (6.18), with a uniform £.

Finally, one also needs the following interesting result, whose proof can be found in [9, Section
6.1]. This permits to reduce the proof of Theorem 6.7 to the case of convex sets satisfying the
hypothesis (6.16) of the previous result. A similar statement was contained in the original paper
by Melas (this is essentially [63, Proposition 3.1]), but the proof in [9] is quicker and simpler. We
reproduce it here, with some minor modifications.

Lemma 6.11. Let {Q,}nen C RY be a sequence of open convex sets such that
|2, =1 and lim A\ (2,) = +oc.
n—oo
Then we have

=1

(6.19) nhHH;O ()
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In particular, for every § > 0 there exists A = A(d) > 0 such that

A2()
A1()

(6.20) sup {/\1(9) : Q c RY open convex such that > (1+ 5)} <A.

Proof. We first observe that (6.20) easily follows from the first part of the statement. Thus we just
need to prove (6.19). For every n € N, we take a pair of points (a,,b,) € 9, such that
|an, — b,| = diam(£2,,).
Up to rigid motions, we can suppose that
an = (0,...,0,diam(£2,)) and b, = (0,...,0).
Observe that the hypotheses on the sequence {2, },en implies that

lim |a, —b,| = lim diam(Q,) = +oo,
n—-+oo n—-+oo

see Remark D.4. We now need to prove that for every n € N there exists 0 < ¢, < diam({2,) such
that

(6.21) A () > M (N {2y = ta)).

Indeed, let us consider the first (positive) eigenfunction u,, € VVO1 2(Qn) with unit L? norm. By
Fubini Theorem we have

diam(Q2,)
Al(Qn):/ |Vun\2dx2/ / IV 2 d’ dt
Qn 0 Qnﬂ{xN:t}

diam(2,,)
z/ Al(Qnﬂ{xN:t})/ | da’ | dt,
0 Qnﬁ{:cht}

where we used the notation ' = (x1,...,2x-1) and V' = (9z,,...,0z5_,). Since we assumed

diam(£,,)
/ / |y, | dx'dt:/ [t |? do = 1,
0 Q"ﬁ{wN:t} Q

n

from the previous estimate we get (6.21). From the fact that 0 < ¢, < |a,| = diam(€2,,), we have

e cither
|ap| — t,, = dist(an, Q, N {zy =t,}) > diamﬁ(ﬁn);
® Or
tn, = dist(bn, Q@ N {zn =t,}) > dlamf(@n)

Without loss of generality we can assume that the first condition is verified, then we consider the
cone C,, given by the convex hull of {a,} U (Q, N{zy =t,}). By convexity, we have C,, C ,, and
for every 0 < h < |a,| — t,

_ap| =t —h

T (h) := (Qn U{an = tn}) X (tn,tn +h) C Co C Q.

|an| —tn

In other words, €2, contains a cylinder having height h and with basis a scaled copy of the (N —
1)—dimensional section Q, N {zy = t,}, see Figure 3. By monotonicity and scaling properties of
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FI1GURE 3. The construction of the cylinder T,,(h) for the proof of Lemma 6.11.

Dirichlet eigenvalues and (6.21), we thus obtain'!

A2(2,) A (Ty(h)) 1 lan| — tn — R 42
1< < < A (=i R, =t, -
S M@ S @ Sy M T, @ty =) )+ 5
_ lan| —tn \° N 472 1
I \Jan| —tn — R h2 A (2,) ]
By recalling that A;(€Q,) and |a,| — t,, are diverging to 400, we get (6.19) as desired. O

We now come to the proof of the quantitative Ashbaugh-Benguria inequality.

Proof of Theorem 6.7. We first observe that since the functional A2/ is scaling invariant, we can
suppose that

(6.22) Q] = 1.
Moreover, we can always suppose

(6.23) Ao(€) > (14 8) A (Q),

e also use that for a cylindric set O x (a, b) its Dirichlet eigenfunctions have the form U(z’, zx) = u(z')- v(zn),
with w Dirichlet eigenfunction of O and v Dirichlet eigenfunction of (a,b). The corresponding eigenvalues take the
form

n? 2

A=) R
T -2

where ) is an eigenvalue of © and n € N.
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6::% (ijg; - 1) > 0.

Indeed, when (6.23) is not verified, then we have
Ao(B A2 (2 Ao (B 1 (B
2(B) Ao )2 2( )_(1+5):< 2( )_1>>0’
AM(B) M) — Mi(B) 2 \\(B)
and the stability estimate is trivially true, with a constant depending on the dimensional constant
A2(B)/A1(B) only. Finally, thanks to hypothesis (6.23) and Lemma 6.11, we obtain

(6.24) AL(Q) <A,

with A depending on ¢ only and thus only on the dimension N.
We now take the ball B centered at the origin and such that A;(Q2) = A\;(B). By (2.2), its radius
R is given by

where ¢ is the dimensional constant

_JNj2-11

VA(Q)

We set u; and z for the eigenfunctions corresponding to A1(€2) and A;(B), normalized by the

conditions
/ u dzx :/ 22 dr = 1.
Q B

(o) = alal 7 T (1222}

We recall that

with the normalization constant « given by

(6.25)

_ . -2
= ) N ‘ 5 =!CN R~
R i<ty ] Inja—1 (Gnje—11 lyl)™ dy
y|<

We then compare A2(2) and A2(B): since B and € have the same A;, we get

(6.26) A2(B) = X2(Q) = (A2(B) — Mi(B)) — (A2(22) — A1(Q)) -
We introduce the functions P; defined as follows
iz .
Pl(x):g(|x|)m’ Zzla"'va

with g being the ratio of (the radial parts of) the eigenfunctions corresponding to A1 (B) and A2(B),
that is .
IN/2,
J% ( NI/%Q 1 t)
IN/2-1, ’
Tsps (P t)

extended as g(t) = lim,_, z- g(s) for t > R. In this way, the functions P; are defined over RV. With
a suitable choice of the origin of the axes, one can guarantee (see [49, Lemma 6.2.2])

g(t) =

/Piu’;’dxzo, i=1,...,N.
Q
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This implies that the functions P;u, are L?—orthogonal to u;, thus we can use them in the varia-
tional problem defining A2 (). We get

/|VP|2 %dx+/ |Vu1|2Pi2da:+2/(VPi,VuﬁPimda:
Q Q

/ P?ui dx
Q

then we observe that by testing the equation —Au; = \(Q) u; against P? u1, we obtain

/|Vu1|2PZ-2d9c+2/<VPi,Vu1)Piu1dx:>\1(Q)/Pfu%dm.
Q Q Q

/|VP¢\2u?dx
Q)<
/Pfu%d:v
Q

The same computations in the ball B give of course equalities everywhere, since in this case P; uy
would coincide with a second Dirichlet eigenfunction of B. Thus

/ |VP;|? 22dx
B
/ P? 2% dx
B

We then perform the standard trick of adding these (in)equalities for ¢« = 1,..., N, which let the
angular variables disappear, as in the proof of the Szegd-Weinberger inequality. Thus from (6.27)
and (6.28), we obtain

(6.29) (/Qg u? dx) A2 () — A1 (Q)] S/Q l|gl(m|)2+(Nl) <9(||;|)>2

and

(6.30) /B [|g’(|x|)|2 +(N-1) <9(||;|))2] 22 dr = (/B g* 22 da:) A2(B) — A\ (B)].

We now use the fact that the function g is monotone non-decreasing on R (see [7, Theorem 3.3]),
so that by Hardy-Littlewood inequality we obtain'?

/ G dr > / g2 (u})? dz > / ¢ (u}) d,
Q Q* *

where g, denotes the spherically increasing rearrangement. As always, 2* is the ball centered at
the origin such that |Q*| = |2] = 1. We denote its radius by Rg.

This permits to infer

(6.27) A2(2) —

(6.28)

= X2(B) — Mi(B).

2
uy dz,

L2There is a small subtility here. Indeed, even if g is a radially non-decreasing function, in general we just have
g«(r) > g(r), for 0 < r < Rq,

and inequality could be strict. This is due to the fact that g« is constructed by rearranging the super-level sets of g
on © and not on the whole RY (see [7, page 606]).
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Another essential ingredient in the proof by Ashbaugh and Benguria is a comparison result
between z and the spherical rearrangement u} of u;. This is due to Chiti, who proved (see [31])
that there exists a radius r; € (0, R) such that

ui(z) < z(x), for 0 < |z| <ry,
(6.31)
ui(x) > z(x), forr <|z| <R.

/ gz(u’{)2dx2/g222dac.
. B

More precisely, by using (6.31), the monotonicity of g and polar coordinates we have

/ 9* [(u})* = 2*]dv = Nwy / 9?[(uf)? — 2] @V do
i 0

This in turn implies that

R
+ N / g2 [(u})? — %) N do

Ro
+ Nuy / g (u})? ¥V dg
R

> g(r)? /B [(uf)? — 2] dz + g(R)? /Q (u})? di

*\B

= (9(R)* - 9(7"1)2)/ ul(x)? da.

Q*\B

/szm:/ (up)?dr = 1.
B *

We now observe that, using the definition both of z and g, we get

/92 dex:azRQ/ Jg(jN/m
B

{lyl<1}

thanks to (6.25). In this way, we have shown

/ g ui2dz > Oy + (9(R)? — g(r)?) / i () do.
Qr Q\B

In the end, by using (6.26), (6.29) and (6.30) we have obtained that

Cn ()\Q(B) - )\Q(Q)) > (/B g2 22 dx) ()\Q(B) - /\1(B)> - (/Q e u;|2dx) ()\Q(Q) - )\1(9)>

+ (9(R)* — g(r1)?) </Q*\B i (z)? dl”) ()\2(9) - )\1(9))

> [ P+ - (ﬁ)] Zdo— [ lgf+ (v -1 (f;)] wdo

+6 (g(R)* — g(r1)?) (/ (u})? dx) A (),
Q\B

In the last equality we used that

y|)? dy == Cy,




SPECTRAL INEQUALITIES IN QUANTITATIVE FORM 57

where we also used hypothesis (6.23) for the last term. It is now time to use the monotonicity
properties of the function
2
t
Gl =57+ (v - 1) (20
which is monotone non-increasing (see [7, Corollary 3.4]), so that again by Hardy-Littlewood in-
equality
/ Guidr < G* (u})*dx < G (u})? du.
Q Q* Q*
and we thus have

Cn (Xa(B) = 2a(2) /B G2 de— | G de 5 (o(R) —g(r)?) ( / <ui>2da:> A (9).

Proceeding as before, by using (6.31), the monotonicity of G and indicating as always with R the
radius of Q*, we obtain (we omit the details)

/Gzzdxf/ G (u})?dx > 0.
B *

What we have obtained so far is the following
0 ]
A2(B) — A2(2) > c (9(R)* = g(r1)?) (/ Jui | dl’) A1(€2).
N Q*\B

Dividing by A1(2) = A1(B), the previous can be rewritten as

)\Z(B) /\2(9) Z c (g(R)Z _g<rl)2) / |u>1k|2 dl‘,

(6.32) M(B)  A(Q) Q*\B

where ¢ > 0 depends on N only. We now choose R = (R + Rq)/2, the monotone behaviour of u}
permits to infer'?

/ g2 dae > /
Q\B B:\

R

; juil® dz > |Bg \ Bl uj(R)?

= X [(Ra + R — 2R i (B
> ;TJ\\,[ (Rg]\{ - RN) wi(R)? = 2LN |0\ B|ut(R)>.

In the second inequality above we used the elementary fact
(6.33) (a+n) N —b+n)N >V -0Y,  a>b>0, h>0,
which follows from convexity. Thus from (6.32) we obtain

A2(B) ()

B @ 2 ¢ R - g)?) 197\ Blui(B)”

13The paper [63] contains a misprint in this part of the proof. Indeed, it is claimed that (in our notation)
[ ui@?de > uim? e\ B,
Q*\B

which is of course not true, since u} is non-increasing.
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We now use further properties of g: indeed, in addition to being increasing on [0, R], this is also
concave on the same interval, with ¢’ < 0 on (0, R] (see [7, proof of Theorem 3.3]). Thus we get

R
9(R)* = g(r1)* = g(R) (9(R) — g(r1)) = C / (=g"(T) (7 = r1)dr,

by Taylor formula and the fact that C' = g(R) > 0 is a constant depending on N only. This in
particular implies

9(R)* = g(r1)* > c(R— 1),

for a possibly different constant ¢ > 0. We join this with the fact that z is a Lipschitz functions.
Thus for some ¢’ > 0 depending on N only we have

(R=r1)* = ¢ (2(n) - z(R))2 = ¢ 2(r)? = dui(r)? > ¢ uj(R)?.

By resuming, we finally obtain

>

A(B) Xa(©)
A(B) M)

for some ¢ > 0, still depending on N only. In order to conclude, we now use the key Lemma 6.9.
Indeed, by recalling (6.22) and (6.24), we can infer from (6.17)

(6.34) > c|2°\ Bluj(R)*,

1 = 7
o ’{z €Q: u(x) SUT(R)}’ < uj(R).

Moreover, by definition of u] we have

(£eQ: u(e) gu’;(é)}( = Q" \ B| = “2% (2Ra)N — (R+ Ro)™)
> N (RN —RV) = oy 197\ B,

again thanks to (6.33). By using the last two estimates in (6.34), we get
A2(B)  A2(92)
A(B)  A(Q)

for some constant ¢ = ¢(N) > 0. By recalling that |Q* \ B| = || — |B] = 1 — |B| and that
A1(B) = A1(€), we can use Lemma 6.8 and finally get the conclusion by (6.14). O

2 C|Q* \B‘4ﬁ+1,

Remark 6.12. An inspection of the proof reveals that the exponent m appearing in (6.13) is given
by
m=2(48+1)> 10,

with 8 being the exponent coming from Lemma 6.9.
Open problem 6 (Sharp quantitative Ashbaugh-Benguria inequality). Prove that there exists a
dimensional constant cy > 0 such that for every open bounded convex set 0 C RN
A2(B) A ()
M(B) ()

The same family of sets in Theorem 4.7 should give that the exponent 2 is the best possible (recall
that Mg is multiple for a ball and thus not differentiable).

>cn A(Q)2
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6.3. Neumann VS. Dirichlet. It is immediate to see that by joining Faber-Krahn and Szegé-
Weinberger inequalities, one gets the universal inequality

is(2) _ pa(B)
M) T M(B)

Equality in (6.35) holds only for balls. By observing that!*

w2(B) ( B2, )2
6.36 On := = |- <1,
( ) N A1(B) IN/2—1,1

(6.35)

one can obtain
w2 () < A1(92).
We have the following quantitative improvement of (6.35).
Corollary 6.13. For every Q C RN open set with finite measure, we have
p2(B) — pa() 2
6.37 — > kn A(Q)4,
(647 B w@) = A
where Ky > 0 is an explicit constant depending on N only.

Proof. Let B be a ball such that |B| = |[Q], then we write

(6.38) pa(B)  pa() _ (uz(B) B u2(3)> n (Mz(B) MQ(Q)) |

M(B) Q) \a(B) Q) Q) M(9)

If we suppose that A1(Q) > 2\1(B), by using Szegs-Weinberger for the second term in the right-
hand side of (6.38) we get

p2(B)  p2(Q) 1 1 p2(B) p2(B) 2
MB)  a@) = reB) <>\1(B) - )\1((2)> ZonB) = s MW

As always, we used that A(Q2) < 2. Thus the conclusion follows in this case.
If on the contrary A1(Q2) < 2A1(B), then by using the Faber-Krahn inequality for the first term
in the right-hand side of (6.38), we obtain

p2(B)  p2(Q) p2(B)  pa(9) 1
B a) (A?m) - Af(ﬂ)) > 5 ()~ @),

It is now sufficient to use Theorem 4.5 to conclude. O

Remark 6.14. A feasible value for the constant ky appearing in (6.37) is
KN = 1 min O—N ___PN
N7 47 |BRINM(B) [
Here Oy is defined in (6.36) and py is the same constant appearing in (4.12).

14This can be obtained by direct computation. However, it is also possible to prove directly that 65 < 1, without
computing its explicit value. This is indeed a consequence of the sharp estimate for convex sets

diam (B) ) 2
diam () ) ’

12(9) < M (B) (

which holds with strict inequality sign, see [26, Theorem 3.1 & Corollary 3.2].
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7. NOTES AND COMMENTS

7.1. Other references. We wish to mention that one of the first paper to introduce quantitative
elements in the Pélya-Szeg6 principle (2.1) was [61] by Makai. There the scope was to add some
remainder term in order to infer uniqueness of balls as extremals for the Saint-Venant inequality
(2.6). More recently, sophisticated quantitative improvements of the Pélya-Szeg6 principle have
been proven in [12] and [32].

The first papers to prove quantitative improvements of the Faber-Krahn inequality for general
open sets with respect to the Fraenkel asymmetry have been [73] by Sznitman (for N = 2) and [69]
by Povel (for N > 3). It is interesting to notice that both papers prove such a kind of estimates
for probabilistic purposes. In [73] these estimates are employed to study the asimptotic behaviour
of the first eigenvalue of —A + V,, of a square (0,£) x (0, £) for large £. Here V,, is a soft repulsive
random potential. In [69] a quantitative Faber-Krahn inequality is used to estimate the extinction
time of a Brownian motion in presence of (random) absorbing obstacles.

Among the contributions to the subject, it is mandatory to mention the papers [15] by Bhat-
tacharya and [44] by Fusco, Maggi and Pratelli. Both papers consider the more general case of the
p—Laplacian operator A, defined by A,u = div(|Vu[P=? Vu). More precisely, they consider the
quantities

Np

min {/ |VulP dz - ||u||Lq(Q):l}, l<g<p"=4 N-p’
wewy?() U 400, ifp>N.

if1<p<N,

It is not difficult to generalize the Faber-Krahn inequalities (2.5) to these quantities, again thanks
to the Pdlya-Szegé principle. Then in [15, 44] some (non sharp) quantitative versions of these
Faber-Krahn inequalities are proved, similar to Theorem 2.10.

Finally, we wish to cite the recent paper [62] by Mazzoleni and Zucco. There it is shown that
quantitative versions of the Faber-Krahn and Hong-Krahn-Szego inequalities can be used to show
topological properties of minimizers for a particular spectral optimization problem (see [62, Theorem
1.2]). Namley, the minimization of the convex combination ¢ A 4 (1 —t) A2, with volume constraint.

7.2. Nodal domains and Pleijel’s Theorem. Let 2 C R? be an open bounded set. For every k €
N let us note by A (k) the number of nodal domains of the Dirichlet eigenfunction ¢y, corresponding
to A\;(92). A classical result by Pleijel (see [66]) asserts that

- e 40 < (2’

k—o0 %
By observing that 2/jy < 1, this results in particular asymptotically improves the classical Courant
nodal Theorem (see [49, Theorem 1.3.2]), which asserts that N'(k) < k. The proof of (7.1) can be
obtained by combining the Faber-Krahn inequality on every nodal domain €2;

N (k)
QUA(Q) = D 1 A () = N (k) 7 i,
i=1
and the classical Weyl law, which describes the asymptotic distribution of eigenvalues, i.e.
. #{Xeigenvalue : A <t} |Q]
lim = —

t—00 t T Ax

As observed by Bourgain in [19], the estimate (7.1) can be (slightly) improved by using the quan-
titative Faber-Krahn inequality and the packing density of balls in the Euclidean space. More
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precisely, the result of [19] gives an explicit improvement in dimension N = 2 by appealing to the
Hansen-Nadirashvili result of Theorem 2.4, which comes indeed with an explicit constant. On the
same problem, we also mention the paper [71] by Steinerberger.

7.3. Quantitative estimates in space forms. In this manuscript we only discussed the Eu-
clidean case. We briefly mention that some partial results are known for some special classes of
manifolds (essentially the so-called space forms).

For example, the paper [76] by Xu proves a stability result for the Szegé-Weinberger inequality
for smooth (geodesically) convex domains contained in a nonpositively curved space form (i.e. the
hyperbolic space HY or RY). More precisely, [76, Theorem 4] proves a pinching result which shows
that if the spectral deficit ps(B) — ua(2) converges to 0, then the Hausdorff distance from the set
of geodesic balls with given volume goes to 0.

The paper [10] by Avila proves a quantitative Faber-Krahn inequality for smooth (geodesically)
convex domains on the hemisphere S% ([10, Theorem 0.1]) or on the hyperbolic space H? (see
[10, Theorem 0.2]). These can be seen as the natural counterparts of Melas’ result Theorem 2.2,
indeed stability is measured with a suitable variant of his asymmetry d . In [10, Theorem 0.3] the
aforementioned Xu’s result is extended to a sufficiently narrow polar cap contained in Sf .

In [9] Aubry, Bertrand and Colbois prove pinching results for the Faber-Krahn and Ashbaugh-
Benguria inequalities for convex sets in SV, RN and HY. These results show that if the relevant
spectral deficit is small, then the set is close to a ball in the Hausdorff metric. As for the hyperbolic
space HY , it should be noticed that the inequality

A2(Q) _ Aa(B)
A(Q) ~ M(B)’

does not hold true and that the correct replacement of the Ashbaugh-Benguria inequality is
(7.2) A2(Q) < X\y(B), if A1(Q) = M (B),

where B denotes a geodesic ball (see [13, Theorem 1.1]). Then for HY the pinching result of [10,
Theorem 1.5] exactly concerns inequality (7.2).

APPENDIX A. THE KOHLER-JOBIN INEQUALITY AND THE FABER-KRAHN HIERARCHY

Let ¢ > 1 be an exponent satisfying (2.4), for every @ C RY open set with finite measure we
still denote A\Y(Q) its first semilinear Dirichlet eigenvalue, see definition (2.3). The Kohler-Jobin
inequality states that

2
2+-N-N

(A1) T@ENONQ) > TN N(B),  where 9(q,N) = ——— < 1.

The original statement by Marie-Thérese Kohler-Jobin is for the first eigenvalue of the Laplacian,
i.e. for ¢ = 2 (see [57, Théoreme 1]). This can be equivalently reformulated by saying that balls
are the only solutions to the following problem

min{\;(Q) : T(Q) = c}.

We refer to [56, Theorem 3] and [20, Theorem 1.1] for the general version (A.1) of Kohler-Jobin
inequality.
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An important consequence of Kohler-Jobin inequality is that the whole family of Faber-Krahn
inequalities (2.5) for the first semilinear eigenvalue A can be derived by combining the Saint-Venant
inequality (2.6) and (A.1). Indeed, we have

QIFFIN(@) = (JIF (@) M) (T(9) e M)

= (1% @) """ (T e K@)

N

+2 —9%(q,N) 2 2
H1(m)) (T(B)" N N\ (B)) = |BIF 5 X(B).

> (1Bl

More interestingly, we can translate every quantitative improvement of the Saint-Venant inequality
into a similar statement for A]. Namely, we have the following expedient result.

Proposition A.1 (Faber-Krahn hierarchy). Let ¢ > 1 be an exponent verifying (2.4). Suppose
that there exists C' > 0 and

e G:[0,00) = [0,00) a continuous increasing function vanishing at the origin only,

e Q — d(Q) a scaling invariant shape functional vanishing on balls and bounded by some
constant M > 0,

such that for every open set 0 C RN with finite measure we have

1
C Gd(Q)).

(A2) |B|=F T(B) — |9~ F T(Q) >

Then we also have
2 2 2 2
QYT TIA(Q) — [BIF T X(B) 2 ¢G(d(92)).
The constant ¢ > 0 depends on C, N, q and G(M) only and is given by

_ (o0 24214 f1B% 1
c=(2 1)|B] A(B) mln{c () ’7Q(M) .

Proof. Without loss of generality, we can suppose that |Q2] = 1 and let B be a ball having unit
measure. We also use the shortcut notation ¥ = 9¥(q, N). By (A.1) one obtains

() <ﬂmy
A3 D> (%) —1
i e T
Since 0 < ¥ < 1, by concavity we have
tY—1>@2%-1)(t-1), te[l,2.
Thus from (A.3) and (A.2) we can easily infer that if T(B) < 27T(2), then
M(Q) 9 T(B) 127 -1
—1>22"-1) | =—=—-1)>—=—-—-G(d()).
e =@ (1) 2 & 7y 94
In the last inequality we also used that T'(2) < T'(B) by Saint-Venant inequality. On the other
hand, if T(B) > 2T(), still by (A.3) we get
AT(Q) 9
—1>2"-1>
M(B) T ~ G(M)
since d(€2) < M and G is increasing by hypothesis. |

=

—_
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Remark A.2. Examples of shape functionals d as in the previous statement are: da defined in
(2.11), dps defined in (2.12) and the Fraenkel asymmetry A.

APPENDIX B. AN ELEMENTARY INEQUALITY FOR MONOTONE FUNCTIONS

Szegd’s proof of the inequality

1 ( 1 n 1 ) S 1 ( 1 n 1 )

Q] \p2(Q)  ps(Q)) ~ |B] \p2(B)  pa(B))’
is based on the following elementary inequality for monotone functions of one real variable. We
give its proof for completeness.

Lemma B.1 (Monotonicity lemma). Let f : [0,1] = Ry and ® : [0,1] — R4 be two non-decreasing
functions, not identically vanishing. Then we have

1 f(t)tdt 1
(B.1) /Of(t)op(t)tdtz /01 /Ocp(t)tdt

tdt
0

Proof. By approximation, we can assume that ® is C''. We first observe that if we set
1

F(t):/otf(s)sds and f=2 _

then (B.1) is equivalent to

1
/ (F’(t) - ?t) ®(t) dt > 0.
0
If we perform an integration by parts, this in turn is equivalent to
1, 42
/ (f L. F(t)) &' () dt > 0.
0 2
Since ® > 0, in order to conclude it would be sufficient to prove
— 2 2 [t !
(B.2) F(t)gf? ie. o) / f(s)sds§2/ f(s)sds.
0 0
In turn, in order to show (B.2) it would be enough to prove that the function
2 t
Hi) =5 [ f0s)sds
2 J,
is monotone non-decreasing. A direct computation gives
4 [ 2 2 2 [
w0 =5 [ sesas 20 =2 |10~ 2 [ f9sas| 2o
where in the last inequality we used that f is non-decreasing. This proves (B.2) and thus (B.1). O

The result of Theorem 4.2 is based on the following improvement of the previous inequality.
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Lemma B.2 (Improved monotonicity lemma). Let f : [0,1] — Ry be a strictly increasing function.
Let @ : [0,1] — R be a non-decreasing function, such that

o) 1
(B.3) o) =) ant", with — an >0 and og=®(0) <~ / d(t) tdt,
n=0 0
for some 0 <~ < 2. Then we have
1
1 /0 fle)tde 1 1
(B.4) /0 f)®(t)tdt > T » /0 () tdt+c(2—7) /0 d(t) tdt,

0
for some ¢ > 0 depending on f.

Proof. We use the same notation as in the proof of Lemma B.1. We then recall that

1
f@)tdt
/01 ft)®(t)tdt — /Oltdt /01 O(t)tdt = /01 (?g - F’(t)) ' (t) dt
0
— inan /01 (fg = F(t)) t"1at
_ i L 01 (100 = H(®)) £+ at.

For the last term, we recall that H' > 0 on the interval [0, 1], thus for n > 1

YH@) - B e s [0 (B HE) e
0 0

oo ()] ()

Observe that from

—

B.3) we get

an 1 1 7y 1
= [} — >(1—-—= [} .
L /O (1) dt ao/o vt > ( 2)/0 (1) dt

Thus in order to conclude the proof of (B.4) we need to prove that for n > 1

1 1\""?
_ - - > .
a1 2)] (1) s e
By observing that

(o)™ L o [ (- 2)] <20 gy [ s

n—oo

WK

n=1

we conclude that this holds true. O
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FIGURE 4. The rearrangement of QAQ* for the proof of (C.1)

APPENDIX C. A WEAK VERSION OF THE HARDY-LITTLEWOOD INEQUALITY

The proofs by Weinberger and Brock are based on a test function argument and an isoperimetric-
like property of balls with respect to weighted volumes of the type

Qs /Q f(la]) dx,

with f positive monotone function. This is encoded in the following result, which can be seen as a
particular case of the Hardy-Littlewood inequality.

Lemma C.1. Let f : Ry — Ry be a non-increasing function and g : Ry — Ry a non-decreasing
function. Let @ C RN be an open set with finite measure, we denote by 0* the ball centered at the
origin such that |Q| = |Q*|. Then we have

[tz [ aa [ gear< [ oGeha

The quantitative versions of Szego-Weinberger and Brock-Weinstock inequalities are based on
the following simple but useful improved version of Lemma C.1.

Lemma C.2. Let f : Ry — Ry be a nonincreasing function. Let Q@ C RN be an open set with

finite measure, we denote by Q* the ball centered at the origin such that |Q| = |Q*|. Then we have
(1 [ stede— [ sehae= Now [ 150 - o) oo

where 1

e rae () e (RO g (e

Proof. The proof is quite simple, first of all we observe that

(©3) J fabae = [ ez = [ geyan [ s ae

Then the idea is to rearrange the set Q* \ Q into a spherical shell having radii Rg and Rs, and
similarly to rearrange the set Q \ Q* into a spherical shell having radii Rg and R; (see Figure 4).
Thanks to the definition (C.2) of Ry and Ry, we have
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[Br| =[] = [2°\Q  and  |Q] = |Bg,| =[2"\ 0,

i.e. the two spherical shells mentioned above will preserve the measure. We will prove below that
this property and the monotonicity of f entail

©n [ dehdez [ pehdewwd [ fahdes [ (ahae

Q*\BRl BR2 \Q*

This means that the worst scenario for the right-hand side of (C.3) is when all the mass is uniformly
distributed around 02*. Thus from (C.3) and (C.4), we can obtain

/Q* f(l:z:|)dac/Qf(|as)dx2/m\8Rl f(x|)d:c/BR2\Q* F(z)) de.

In order to conclude, we just observe that since by contruction |Q*\ Bg, | = |Br, \ 2*|, then we get

/Q*\BRI f(|m|)dx_/%\n* f(wax:/Q*\BRl [f(I2]) = f(Rq)] dw—/BRQ\Q*[f(h:) — f(Rq)] dz.

This finally gives (C.1), by using polar coordinates and using once again that f is nonincreasing.
Let us now prove (C.4). We first observe that we have
(C.5) ("N Q) \ Bg,| = [(2°\ Q) N Bg,|.
Indeed, we get
(" N\ Br, [+ (2" \ Q) \ Br,| = |27\ Bg,| = [2"\ Q|
=[(Q"\ Q) N Bg,|[+[(Q"\ Q) \ Bg,|,

which proves (C.5). By using this and the monotonicity of f, we get

/ F(lz]) de = / F(le) d + / F(lz]) da
Q*\Q (2*\Q)NBR,; (Q\Q)\Brg,

> f(R) [\ Q)N By | + / £l da

(2 \Q\Br,

— (R (2 ")\ Br, | + / f(la)) de

(2 \Q)\Br,

> / F(le) d + / F(lz]) dz = / F(lz]) da,
(Q2*NQ)\Bg, (Q*\Q)\Br, Q*\Br,

which proves the first inequality in (C.4). The second one is proved similarly. O

APPENDIX D. SOME ESTIMATES FOR CONVEX SETS

We still denote by rq the inradius of a set and by Haus the Hausdorff distance between sets,
defined by (2.16).

Lemma D.1. Let Q C RY be an open bounded convex set. For every ball Br of radius R, we have

Haus($2, Br) > R — rq.
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Proof. We first observe that if Haus(£2, B) > R there is nothing to prove. Thus, we set for simplicity
0 = Haus(Q2, Br) and suppose ¢ < R. By definition of Hausdorff distance, we have that
(D.1) Br C Q46 B1(0) =: Qs,
where + denotes the Minkowski sum of sets. Let € Q and 2’ € 9Q be such that
|z — 2’| = dist(z, 0).

We also consider the point 2§ = 2’ 4+ § (2’ — z)/|x — 2’| € 085, then we obtain for every z € Q

dist(z,0Q) = |z — 2'| > |z — 2| — |af — 2| > dist(x, 0Qs) — 6.
Since rq coincides with the supremum on  of the distance function, this shows

(D.2) ro + d > sup dist(x, 0Qs).
e

We now want to show that

(D.3) sup dist(z,00s5) < 4.
QCEQ&\Q

Let us take z € Qs \ Q, then we know that
=2 +tw, for some 2’ € 9, 0 <t <4, we SV

The point "/ = 2’ + d w lies on the boundary of 994, thus we get

dist(x,0Qs) < |z — 2" | = (6 —t) < 4.
This shows (D.3). By putting (D.2) and (D.3) together, we thus get

ro, = sup dist(x, 0Qs) = max {sup dist(x, 0Qs), sup dist(z, 895)} <rg-+4.
z€Q;s Q 2;\0
It is only left to observe that from (D.1), we get
R <rqs <rq+4,
as desired. ]
The following result asserts that for convex sets A1 is equivalent to the inradius.

Proposition D.2. For every Q C RY open convex set such that rq < 400 we have

L@ < B

2 _
4rg

(D.4)

b

2
o
where By is any N—dimensional ball of radius 1.

Proof. The upper bound easily follows from the monotonicity and scaling properties of A;. For the
lower bound, we can use the Hardy inequality for convex sets (see [35])

i)
4 Jqlda

where we used the notation dg(x) = dist(z, 0€2). By recalling that the inradius rq coincides with the
maximum of dg, we get dg < rq and taking the infimum over I/VO1 2(Q) we get the conclusion. [

u

2
dx </ \Vul>dz,  ue W,>(Q),
Q
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Lemma D.3. For every 2 C RN open bounded convex set, we have

(D.5)

Lo _ N-1
— <d Q )
Now 1o = iam(2)

Proof. By using Coarea formula, we obtain

|Q|:/Q dx/OmP({:cEQ :do(z) = t}) dt < rq P(),

thanks to the convexity of the level sets of the distance function'®. Since €2 is contained in a ball

with

This

radius diam(€2), we have
P(Q) < N wy diam(Q)V 1,
concludes the proof. O

Remark D.4. By joining (D.5) and (D.4), we obtain the estimate

Thus

then

(1]
2]
(3]

(4]

diam(Q)V-1\°
€2 ) '

in particular for every sequence of open convex sets {2, },en C RY such that
|2, =1 and nh_)n;o A (Qy) = +o0,

)\1(9) S (NCUN)2 )\1(31) <

the diameters diverge to +o0o as well. This fact has been used in the proof of Theorem 6.7.
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