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Abstract. We continue our analysis on functionals depending on the curvature of graphs of curves in high
codimension Euclidean space. We deal with the “elastic” case, corresponding to a superlinear dependence on
the pointwise curvature. We introduce the corresponding relaxed energy functional and prove an explicit repre-
sentation formula. Different phenomena w.r.t. the ”plastic” case, i.e. to the relaxation of the total curvature
functional, are observed. A p-curvature functional is well-defined on continuous curves with finite relaxed energy,
and the relaxed energy is given by the length plus the p-curvature. The wider class of graphs of one-dimensional
BV-functions is treated.

1 Introduction

In this paper we continue our analysis begun in [1] concerning the curvature functional for non-smooth
Cartesian curves in codimension higher than one. In the mathematical literature, energies depending
on second order derivatives have recently been applied e.g. in image restoration processes, in order to
overcome some drawbacks typical of approaches based on first order functionals, as the total variation.
One instance is the approach by Chan-Marquina-Mulet [4] who proposed to consider regularizing terms
given by second order functionals of the type

/|Vu|d:c+/w(|Vu|)h(Au)dx
Q Q

for scalar-valued functions u defined in two-dimensional domains, where the function 1 satisfies suitable
conditions at infinity in order to allow jumps.
The downscaled one-dimensional version of the above functional is given by

b b
/|u|dt+/ v(a) [ifPdt,  p>1, w:lab >R (1.1)

and it has been thoroughly studied in [5], where Dal Maso-Fonseca-Leoni-Morini proved an explicit
formula for the relaxed energy, under suitable assumptions on the function .
The prototypical example is the curvature energy functional, given by choosing

1

Pp(t) = 1 +t2)(3p71)/2 ’

In this case, in fact, the above functional takes the form

()]

b b
) = [ falde+ [ VTFROR k(0P dt. (0=

Therefore, in the smooth case, considering the Cartesian curve c,(t) = (t,u(t)), since k,(t) is the
curvature at the point ¢,(t), and replacing the first term with the integral of +/1+ 4?2, by the area
formula one obtains an intrinsic formulation on the graph curve ¢, as

5p(u)=£(cu)+/ kP dH*, (1.2)
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where L is the length.



Formula (1.2) can be taken in higher codimension N > 2 as the definition of our energy functional.
In fact, the curvature of a smooth Cartesian curve ¢, (t) = (t,ul(t),...,u™(t)) is given at the point c,(t)
by the formula
e Néal  Janal (L a?)af? — (ieii)?) "

ku :kc = . = . = B
R |Cul? (1 + [af?)3/2

THE RELAXED ENERGY. In this paper, we shall prove in high codimension a complete explicit
formula for the relaxed energy. More precisely, we define

Ep(u) = inf{lihminfcfp(uh) | {up} € C*(I,RN), uj, — w in Ll}
g el

for any summable function u € L'(I,RY), where I = [a,b].

In our recent paper [1] we treated the linear case p = 1, which corresponds to “plasticity”. We analyze
here the “elastic” case p > 1, where different phenomena appear, as we now briefly illustrate.

The superlinear growth of the curvature term implies that in the relaxation process the energy does
not remain bounded if the curvature radius goes to zero at some point, see Example 3.7, as it instead
happens in the plastic case. In codimension N = 1, one then obtains that a Cartesian curve with finite
relaxed energy cannot have creases or edges, compare [5].

However, in the higher codimension case, corner points (only of a special type, say “vertical”) are
allowed. This phenomenon is illustrated in Example 6.2. Roughly speaking, there is sufficient freedom
in the “vertical” directions in order that a sequence of smooth Cartesian curves approaches a curve with
a corner point, by producing a “twist” in order to keep the curvature radius greater than some positive
threshold, depending on p > 1.

Finding the optimal twist at some corner point seems to be a great challenge. This is due to the
difficulties in solving the Euler equation satisfied by energy minimizing loops, compare (5.8).

Notwithstanding, differently to the case p = 1, the set of corner points is always finite. This follows
from the fact that the contribution of the relaxed energy at any corner point is at least 7/2, as soon as
the exponent p > 1, compare Theorem 6.3.

THE GAUSS MAP. We shall take advantage of several results that we proved in [1]. In fact, it turns
out that a function u with finite relaxed energy &,(u) for some p > 1 also satisfies €1 (u) < oc.

As a consequence, the function u has bounded variation, with distributional derivative decomposed
as usual by Du = 4 L' + D + D7u. A crucial role is played by the Gauss map 7, : I — SV that is
defined a.e. in I by means of the approximate gradient w, namely

Cy

ey = (1,0, .. alN). (1.3)

Tu = 777
|Eul

Using that &;(u) < oo, in [I, Thm. 4.7] we proved that also the Gauss map 7, is a function with
bounded variation. In Theorem 8.1, we shall see that for p > 1 actually 7, is a special function with
bounded variation, i.e., its distributional derivative has no Cantor part: D7, = 0.

Therefore, in the particular case of continuous functions u with finite relaxed energy and no corner
points, we readily infer that 7, is a Sobolev function in W1(I,SV).

Notice moreover that Theorem 8.1 is false for p = 1, even in codimension N = 1. A counterexample is
given by the primitive wu(t) := fot v(s)ds of the classical Cantor-Vitali function v : [0,1] — R associated
to the “middle thirds” Cantor set. We in fact have £;(u) < oo and D7, = f(v) DCv, where f(t) =
(1,t)/V1+12, but €,(u) = oo for every exponent p > 1, see Remark 8.3.

THE TOTAL CURVATURE. For our purposes, we recall that the total curvature TC(c) of a curve
¢ has been defined by Milnor [10] as the supremum of the total curvature (i.e. the sum of the turning
angles) of the polygons inscribed in ¢. A curve with finite total curvature is rectifiable, and hence it
admits a Lipschitz parameterization. Therefore, it is well defined the tantriz (or tangent indicatrix), that
assigns to a.e. point the oriented unit tangent vector t.. Moreover, the total curvature agrees with the
essential total variation of the tantrix.



For smooth Cartesian curves ¢, the tantrix t., agrees with the Gauss map 7, whence |¢,|ky, = |Tu]
and the total curvature TC(c,) is equal to the total variation of 7, namely:

TC(cu):/ k., dH1:/|+u|dt.
Cuy I

For continuous functions such that &;(u) < oo, in [1] we proved that the relaxed energy is the sum of
the length and of the total curvature of the Cartesian curve ¢, together with its representation as the
total variation of the distributional derivative of the Gauss map:

E1(u) = L(cy) +TCley), TC(cy) = |D7u|(I) .

THE p-CURVATURE FUNCTIONAL. In this paper, we shall define the p-curvature functional of
smooth Cartesian curves as

TCp(cu) ::/ kP dH', p>1. (1.4)

Actually, using that |é,| k., = |74, by the area formula we get

TC,(cu) :/I|c'u|1*P |7ulPdt, p>1. (1.5)

We wish to extend our definition to the non-smooth case of continuous functions u with relaxed
energy and with no corner points. To this purpose, in the proof of Theorem 7.1 we shall see that the arc-
length parameterization I, 3 s+ v(s) of the curve ¢, is a Sobolev function in W2?, where I, := [0, L]
and L = L(c,). We can thus define the p-curvature functional by means of (1.4), where the curvature of
¢y at the point v(s) is given a.e. by

[(s) A4 (s)]
RIOIE.

In fact, see Proposition 9.6, formula (1.5) continues to hold, and actually the p-curvature functional
agrees with the integral of the p-power of the second derivative of the arc length parameterization:

ke, (v(s)) := selp.

TCp(cu) = / [7(s)|P ds < 0.

I

MAIN RESULTS. For continuous functions with finite relaxed energy and no corner points, in Corol-
lary 9.7 we shall obtain a nice geometric formula for the relaxed energy:

E,(u) = L{cy) + TCplcy) . (1.6)

The above expression extends to the wider class of continuous functions with finite relaxed energy.
In fact, using that the set J; of corner points is finite we shall introduce, Definition 9.8, the generalized
p-curvature functional by setting

TC,(cy) = /I|¢u|1fp FulP dt + > ENTY).

tedy

In the above formula, roughly speaking, the energy contribution 53 (T?) is the integral of the p-power of
the curvature of the optimal “vertical” curve that allows to smoothly connect the two edges on the graph
of uw at the corner ¢,(t), i.e., the optimal twist that we previously described.

The more general expression of the relaxed energy (without assuming continuity of w) is :

Ep(u) =/I|éu|17p(|c'u|p+|7'u|p)dt+|DCU|(I)+ Y &)
teJs,,

This formula reduces to (1.6) in case of continuous functions. Here, we denote by Jg, the discontinuity
set of the map ®.,(t) := (cu(t), 7u(t)), and EJ(I'}) is the energy of a minimizer among all “vertical” curves



in {t} x RY x SV with end points given by the right and left limits ®,,(¢+). For this reason, using tools
from geometric measure theory, we need to extend our energy functional to 1-dimensional currents with
vertical parts, i.e, to Cartesian currents.

PLAN OF THE PAPER. In Sec. 2, we introduce the energy functional and recall from [1] the definition
of Gauss graph of Cartesian curves, whereas in Sec. 3, we deal with the energy functional 519 on currents,
following the approach by Giaquinta-Modica-Soucek [9].

In Sec. 4, we report from [1] the structure properties of the class of currents that naturally arise in the
relaxation process. In Sec. 5, we then introduce a class of minimal currents associated to our relaxation
problem. The following energy lower bound holds: the relaxed energy of u is greater than the energy of
the corresponding minimal current with underlying function w.

In Sec. 6, we shall outline some features concerning functions with finite relaxed energy. In particular,
we shall prove that (in high codimension) the set of corner points is always finite, Theorem 6.3.

The energy upper bound is then obtained in Sec. 7, by means of a suitable approximation result,
Theorem 7.1. As a consequence, in Sec. 8 we shall prove that the Gauss map 7, of a function with finite
relaxed energy is a BV-function with no Cantor part, Theorem 8.1. Therefore, if u is continuous and
with no corner points, then 7, is a Sobolev function.

Finally, Sec. 9 collects the main results that we previously described.

Acknowledgements. This research was supported by PRIN 2010-2011, “Calculus of Variations”. The
authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Appli-
cazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM).

2 Notation and preliminary results

In this section we introduce the energy functional and recall from [1] the definition of Gauss graph of
Cartesian maps.

Consider a C2-function u: I — RY where I = [a,b] and N > 1, so that the corresponding Cartesian
curveis ¢, : I — RNT! defined by ¢, (t) := (¢,u(t)), where u = (u!,...,u") in components. Any smooth
Cartesian curve is automatically regular, as ¢,(t) = (1,4(t)) for each t. For simplicity of notation we
shall correspondingly denote by 7, and k, the tantrix and curvature of ¢, respectively. We thus have

Cu

T = bu = (Lot a?), léu] = V14 [02.

el
In codimension N = 1, i.e. for c,(t) = (t,u(t)) : I — R?, the curvature of ¢, at the point c,(t) is

a(t) = — DL (2.1)

(1 +a(t)?)*?

so that |¢,(t)] k. (t) = |0(t)], where v(t) := arctanu(t).
In general, denoting by v; Ave and v; evy the wedge and scalar product of vectors in R", respectively,
the area of the parallelogram generated by v; and vy is

areafvr, va] = |v1 A va| = {|v1][va]* — (vi @ v2)?}1/2.
Therefore, the curvature of a smooth regular curve ¢ in R” is

o area[c,d] |ene]  {[e[e]? — (¢ e E)2}/?
oer e ¢f?

In particular, for a smooth Cartesian curve c,, where c,(t) = (t,u(t)) : I — R¥T! the curvature at the

point ¢, (t) is

e AE) Janal (U Pl - (o))
|eul? |Cul? (1+ [af?)3/2

(2.2)



ENERGY FUNCTIONAL. Let p > 1 a real exponent. For v € C?(I,RY) we denote

Ep(u) == L(cu)—i—/ kP dH*.

Cu

Using that
| A

- L PN . aon1/2
B [i A G| = |éy A Ey| = ((1 +a®))i)? - (i e u)2) , (2.3)

|T'u| =

we have |¢y| ky = |7u|. Whence by the area formula we get

Sp(u):/l|c'u|(1+k5) dt:/1|éu|1*p(|éu|p+|7'u|p) d.

We define
Ep(u) := inf{lihminfﬁp(uh) | {un} € C*(I,RY), up, — win L'}
g el

for any summable function u € L'(I,R"), and correspondingly
E(IL,RY) :={ue L'(I,RY) | €,(u) < oo} . (2.4)

CURRENTS. Let U := I x RY. We deal with currents ¥ € D1 (U x SN) of the type ¥ = [M,0,£].
This means that Y acts on compactly supported and smooth 1-forms w € DY(U x SV) as

(B, w) = /M<w,§> 0dH' YweD'(U xSY)

where M is a countably 1-rectifiable set, £ : M — RYT! x RY*! is an H' L M-measurable unit vector
field and the multiplicity 6 : M — R is a non-negative H' L M-measurable function. Whence the mass'
of ¥ is given by the formula M(X) = fM OdH?!.

In particular, the current ¥ = [M,6,£] is said to be an integer multiplicity (say i.m.) rectifiable
currentin Rq (U xSY) if it has finite mass, the multiplicity function @ is integer-valued, and ¢ is orienting
the approximate tangent 1-space to M at H! (L M-a.e. point. In this case, H'(M) < M(Z) < oo and
hence M is 1-rectifiable.

Example 2.1 For smooth functions u € C?(I,RY), in [1] we defined the Gauss-graph by the current
GGy = O, 4] 1], where ®,(t) := (cy(t), 7u(t)). Therefore, GG, is a l-current in U x SV, and setting

ult) = ‘?“(ti . where  [By(6)] = |éuv/T K2 (2.5)
by the area formula for every w € D(U x SV) we have
S _ 1
(6Guw) = [ 9t = [0l @0 e a= [ | Gwnga

where GG, := {®,(t) | t € I} is the Gauss graph of u. Whence GG, = [GG,,1,&, ] is an i.m. rectifiable
current in Ry (U x SV) with finite mass

M(GG,) = /1 |y (1)] dt < 00

!The mass M(X) of a current ¥ € D1 (U x SV) is defined by

M(Z) := sup{(Z,w) |w € DY(U x V), |w| < 1}.



More precisely, we shall denote by (dx°,dx',... dz"™) and (dy°,dy",...,dy"™) the canonical bases
of 1-forms in RY*! and R)*!, respectively. For any g € C°(U x SV) we thus obtain:

(GG geg)ds®) = [ g(@u(e).
(GG, g(z,y)dz?) = /g(¢u(t))aj(t)dt, j=1,...,N, (2.6)

(GGu,g(z,y)dy’) = /9(‘I>u(t))fi(t)dt, j=01...,N.
I
Furthermore the current GG, has null-boundary? (in U x SV ) as by Stokes theorem

(0GG., f) = (GGu,df):/gg df = - F=0 VfeC=UxsM).

3 Energy functional on currents

In this section we extend the energy functional to currents, following the approach by Giaquinta-Modica-
Soucek [9]. We prove a regularity property: if a current has finite p-energy, then it has finite mass, too.
We then show that the converse implication is false, in general. Finally, we see that a sequential weak
closure property holds.

We shall denote by II, and II, the canonical projections of RY+1 x Rév *1 onto the first and second
factor, respectively. For any ¢ € RYT! x RYVFL we let £®) := II,(¢) and £ := II,(¢), so that
€= (@ W) If ue C*(I,RYN), setting

@) [1-p (|¢(a o)) — 16l |7
EGG) = [ EPTEIP +IEPP) a0 = e = 2
9. Do ||
where |7,| = |¢u| ku, Dy the area formula we have
0 |CU| |Cu| k
& (GGY) | u| dt = |Cu| (1+KP) dt = Ep(u). (3.1)
RS |
This suggests to introduce for smooth functions (u,v) : I — RN x RN*! with |v| = 1, the energy
integrand

Fplu,v) == /pr(éuﬂ.}) dt, fp(éu,0) == el P (|éU|p + |@|p)
so that Fp(u,7,) = E)(u), and to give the following:

Definition 3.1 We denote by F), : RN+L x Ré\”l — [0, +00] the parametric convex l.s.c. extension of
the integrand f, in the sense of [9].

More precisely, denoting by £° € R the first component of a vector £ € RYT x RN, we set

L&) = €D (€D 1) it =1
we extend by homogeneity

L,©=5(5) i &0

and we define f, : R x R+ — [0, +-00] by
_ {i(f) if ¢&>0

fp(f) : eroo it ¢ <o.

2The boundary 9% of a current ¥ € D1 (U x S¥) is the O-current (or distribution) in Do(U x SY) defined by
(0%, f) == (,df) VfeCXWU xsN).



Then by definition F), is the greatest conver and lower semicontinuous function that is lower than or
equal to f,.

Proposition 3.2 For every p > 1 one has:

= { EDIHEDRTIEOR i €010 and €020 52)

Fp(& 400 otherwise .

Proor: We denote by 56 the complementary components to £° of any vector £ € RYF! x Révﬂ, SO
that ¢ = (£€°,€°). By convexity arguments one has

Fy§) =supf{a+b- |acR, be RN a1beG < f,(1,G) VG € R2VF1Y, (3.3)
By convexity of f, one has Fy(§) = f,(&) if €&° > 0, and F,(§) = |€@)] 4 [¢@1=PieWP if €O > 0
provided that |[¢€(®)| > 0. By homogeneity, for each A >0 and G € R*N*! this yields

_ I, (A, G)P
Fr(AAG) = [T\, G)| + OGP T

Choosing G' so that I1,(0,G) = 0 and TI,(0,G) # 0, we get f,(N\,AG) — +o0 as A — 0F. By using
(3.3), this implies that F,(¢) = 400 if |¢®)| = 0. Finally, one similarly obtains that F,(£) = +oo if
£ <0. O

Remark 3.3 If p =1, instead, one clearly has

_ @+ @] i >0
Fi(§) = { 400 otherwise .

Definition 3.4 The p-curvature energy functional is given on currents ¥ = [M,6,£] by
ENT) = / F,(€)0dH".
M
Therefore, in (3.1) we have just shown that in the smooth case £)(GGy) = Ey(u).

REGULARITY. Let ¥ = [M,0,¢]. For our purposes we shall tacitly assume w.l.g. that ¢ > 0. We
now see that the functional 52 is regular, i.e., every current ¥ = [ M, 0,£] with finite energy has finite

mass, too. For p =1, since Fy(&) = [¢®)] + [€W)] > |¢] we trivially have

M(X) = /M €| 0 dH < /M Fi(6)0dH' = (D),

yielding the regularity property.
If p> 1, we observe that 1+ t? > 271(1+¢) for any t > 0. We now show the regularity property.

Proposition 3.5 If ¥ =[M,0,£], then M(X) < 2- 52(2) for all exponents p > 1.
PROOF: For any £ € RN T x R we get
Fy(§) > 27" Fi().

In fact, the above inequality is trivial if [¢(®)] = 0, as F,(§) = +00. Assuming instead 1€@)| > 0, we
estimate

W) |p ()
_ (@) €PN S p@)) .ot €1\ _ o1 g e@) W — 9—1
Fo(@) = €91 (14 o) 2161270 (1 fy) =270 61+ 160D =27 e,
Since F1(§) > |£], we deduce that 2 - F,(§) > |{|, whence the mass estimate readily follows. O



Remark 3.6 For p =1 we also have F;(¢) < 2'/2|¢|, whence
2712 8)(2) < M(D) < E)(D).

Therefore, for currents ¥ = [ M, 0,£] such that £€° >0 H'-a.e., it turns out that X has finite mass if
and only if it has finite energy £(3). However, as the following example shows, it may happen that a
sequence {X;} has equibounded masses but sup, £)(Xs) = co for every p > 1.

Example 3.7 Let [ =[—1,1] and N=1. For 0< R< 1,let yg:[-1,1+7/2] - U x S! given by

(0, —R,1,0) if —1<0<0
Yr(0) :=< (Rsind,—Rcosf,cosb,sinf) if0<60<m/2
(R,0 —1/2,0,1) if7/2<0<1+m/2

and define ¥ :=ygu[—1,1+ 7/2] € R1(U xS'), so that ¥r = [ Mg, 1,£g] where Mp = vr([—1,1+
w/2]) and &r(z) = Yr(0)/|7r(0)| if z = yr(0). Since

(1,0,0,0) if —1<60<0
Ar(0) = ¢ (Rcosf, Rsinf, —sinf,cosf) if 0 <l <m/2
(0,1,0,0) if7/2<0<1+7/2

we compute
1 if —1<60<0
Wr(@)| =< V1I+R? if0<6<m/2
1 ifr/2<6<1+7/2

and hence |§§§)| >0 on Mg, as

(1,0,0,0) if —1<6<0
¢r(Yr(0)) =< (1+ R?*)™'2(Rcosh, Rsinf, —sinf,cosf) if0 <@ < /2
(0,1,0,0) ifr/2<0<1+7/2.

Now, the mass of X is equal to the length of the simple curve g, and by the area formula

M(ZR):/ |YR(0)|dO =2+ = \/1+R2
[—1,147/2]

As before, we let 7}(;) :=1II, ovyg and 7}(%’) :=II,; o vyg, so that yg = (71(;6),7}(%)) Using that

1 if —1<60<0 0 if —1<0<0
@) ={ R it0<6<m/2 W0 = 1 it0<0<m/2
1 ifr/2<6<1+m/2 0 ifr/2<60<1+m/2

for every p > 1, by Proposition 3.2 and by the area formula we compute

2o DOl e
ry. :/ (o) (O 1 4 0
aee) = f O+ BEar @)
= (KO + 35 @)1 7[5 (0)[7) db
[~1,1+47/2]
where
/ 50y do =2+ Z R
[—1,147/2] 2
and

[ Eerers-g e,
[=1,147/2] 2



whence . -
YYR) =2+ = —R'"P.
& (ZR) + 2R+ 2R

Similarly, one has
™
ENSR) =2+ 5 (R+1),

whence we recover the estimate
2712 E)(SR) < M(ZR) < E)(SR),  2-E)(SR) > E)(SR) Vp>1.
In particular, we have

™ ™
lim M(Xg) =2+ = lim £Y(Zg) =24 = lim £2(ZR) = Vp>1.
g MER) =245, iR SER) =245, lip, &) =teo Vp

The cited example is given by X; = Xg, for a sequence of radii Ry, 0.

CLOSURE PROPERTY. By definition it turns out that the functional ¥ — £)(X) is lower semicon-
tinuous w.r.t. the weak convergence in Dy (U x SV).3
We now point out a sequential weak closure property. Fix p > 1 and choose an i.m. rectifiable
current Xo = [M,0,£] € Ry(U x SV) with finite energy, £J(Xo) < co. Setting I' := 8%, we introduce
the non-empty class
Fri={SeRi(UxSY) [0S =T, &))< oo}.

Proposition 3.8 The class Fr is closed along weakly converging sequences with equibounded energies.
Therefore, the minimum of the problem inf{E)(X) | X € Fr} is attained.

Proor: If {¥,}, C Fr satisfies supy SS(Eh) < oo and X — X, by the regularity property we
have sup, M(X2;) < oo. We thus may apply Federer-Fleming’s closure theorem [7] to deduce that
¥ € Ri(U x SY). The weak convergence conserving the boundary condition, we also have 9% = T.
Finally, by lower-semicontinuity £J(X) < liminf, £)(¥,) < oo, whence ¥ € Fr. Choosing an energy
minimizing sequence {X,}; C Fr, possibly passing to a subsequence we have that ¥; — ¥ for some
¥ € D1 (U x SY). The second assertion follows as ¥ € Fr. O

4 Gauss graphs with finite energy

In this section we report from [1] the structure properties of the class of currents that naturally arise in
the relaxation process.

THE cLASS Gceart. For C?-functions u we have &,(u) > 271 & (u). As a consequence, see (2.4), if
u € E(I,RY) then u € & (I,RY), and we may use some results proved in [1] for the case p = 1. We
thus recall from [1] the class Geart(U x SV), defined by

Geart(U x SN) :={S e Dy(U xSY) | 3{un} € C*(I,RYN) such that

GGy, — X in D1(U x SV), sup, M(GG,, ) < oo} . (4.1)

Federer-Fleming’s closure theorem [7] yields that ¥ is an i.m. rectifiable current in Rq(U x SV)
satisfying the null-boundary condition

oYX =0 on CZ(U xSY).

3The weak convergence ¥j, — ¥ of currents in D1 (U x SV) is defined by duality as

(Eh,w) = (Z,w)y  YweDYU xSY).



The weak convergence with equibounded masses implies the convergence uy — u strongly in L! to some
function u € BV(I,RY), that will be sometimes denoted by us. Moreover, by Remark 3.6 we infer that
actually u € & (I,RY). Therefore, each current ¥ in Geart(U x S) decomposes as

L=GG'+GGS+%,  u=us (4.2)
and we correspondingly have
M(Z) = M(GG%) + M(GGY) + M(Z) < co.

The absolute continuous and Cantor components only depend on v = uy, and their definition makes
sense because in [1], see also Sec. 8 below, we proved that the mapping ®,(t) := (cu(t), Tu(t)) satisfies

®, e BV(I,UxSY)  Vue&(ILRY)

where U = I x RY. More precisely, if u € & (I,RY), not only u € BV(I,RY), but also the Gauss map
Ty := ¢, /|éu] belongs to BV(I,SY), provided that it is defined in terms of the approximate gradient 1.

Remark 4.1 Since the first component 70 of the tantrix of a smooth Cartesian curve ¢, is positive, by
weak BV-convergence we infer that the first component of 7, is a.e. non-negative for each u € & (I, RY),
whence 7, takes values into the half-sphere

Sﬁz{y:(y()vylaayN)E]R:{/V+1|y|:17y020}
At any point t € I one has 70(t+) = 0 if and only if |(t+)| = +0o. We thus correspondingly define
ST = {y € 87 | yo = 0) (43)

so that 70(t1) = 0 < 7,(t+) € Sév_l. In a similar way we deduce that the support spt¥ C U x Sﬁ
for every X € Geart(U x SV).

A GEOMETRIC PROPERTY. In [1] we proved that currents in Geart(U xS™) preserve the geometry of
Gauss graphs: indeed, for a regular Gauss graph (c,,7,) the second component 7, is the normalization
of the derivative of the first component ¢,. More precisely, we proved that when the first component of
the tangent vector to ¥ at a point z = (z,y) € U X Sf is non zero, then it has to be parallel (and with
the same verse) to the second component y of the point z, see (4.4) below.

In fact, for every X € Geart(U x S) we showed the existence of a Lipschitz function ¥ € Lip(I 7 U x

SY), where I := [0, Z], such that the image current W4[/; ] agrees with X. Moreover, for a.e. s € I3
such that |1, (¥(s))| # 0, we have

=11, (¥(s)) e SY. (4.4)
THE A.C. COMPONENT. According to Example 2.1, the current GG¢ € Dy (U x SV) is given by

(GGS,w) == /(w(@u(t)),ti)u(t» dt Vwe DHU x SV) (4.5)
1

so that GG := ®,x[I] as in the smooth case, but this time the pull-back is defined a.e. in terms of

the approximate gradient of the BV-function ®,,, whence the formulas (2.6) hold with GG,, = GGS.

THE CANTOR COMPONENT. The current GGS € Dy (U x SV) is defined by linear extension of its
action on basic forms. For any g € C2°(U x SV) we set:

i) (GGS, g(x,y) da®) =0

i) (GGEg(e.y)do) = [ g(@,0)dDOW, j= 1. N
I

10



iit) (GG, g(x,y) dy’) ::/g(@u+)dDCTg, j=0,1,...,N.
I

We shall see, Theorem 8.1, that the Gauss map 7, of a function w with finite relaxed energy has
no Cantor part, D7, = 0, and hence it is a special function with bounded variation. This will allow
us to prove that the energy contribution of the Cantor component GGS reduces to the total variation
|DCu|(I), see Remark 8.2.

BOUNDARY. We have:

GG +GG) =~ " (da,(t,) — 0a,¢)) on CZ(U xSY)

teJo,,
where §p is the unit Dirac mass at the point P. In fact, for each f € C°(U x S¥) we compute

(0GG, f) = (GG, df) = —/IVf(‘I’qu)'dDC‘I)u— Y (F(@ults)) = F(@u(t-))

te€Ja,,

06GE. £) = (GG df) = [ Vf(@,0) 0 dDC .
I

Since the composition function f o ®, belongs to BV (I), by definition of distributional derivative we
deduce that f] D(f o ®,) =0, whereas by choosing ®,(t) = ®,(t1) as a precise representative, by the
chain-rule formula we get

D(fo®,) = V[f(Py)edydt + Vf(Pui) e DCy + (f(®uy) = f(Pu)) HOL Jb,

and hence
(O(GGS + GG, f) = —(F(Bus) = F(@u)) HOL Ja, -

JUMP-CORNER AND CORNER COMPONENTS. As a consequence, the third component ¥ in (4.2)
satisfies the verticality condition

(Z,9(z,y)dz’) =0  Vge C®(U xSV)

and the boundary condition

X =" (0p,(t.) — 0a,¢)) on CZ(U xSN).

t€.]<pu

Also, the following decomposition in mass holds:

S=S+ ) Tz, ME)=ME)+ Y M), (4.6)

t€.]<pu tEJq)u

where the current 3 € R1(U x SV) satisfies the null-boundary condition oS = 0, and Ity is for each
t € Jo, an a-cyclic im. rectifiable current in Ry (U x SV), supported in {t} x RN x S¥, and with
boundary

aFnz - 5<I>u(t+) - 6<I>u(t,) . (47)
Recalling that Jg, = J,, U (Jy \ Ju), we denote by

2= "Tix, Y%= Y TIiy (4.8)

ted, teJu\Ju

the jump-corner and corner components of a current ¥ in Geart(U x SY), respectively. We shall
correspondingly call J; \ J,, the set of corner points of wu.

RELATION WITH CARTESIAN CURRENTS. For each ¥ € Geart(U x SV), the projection

T =T(2) :=MuS

11



is a Cartesian current in cart(I x RY) in the sense of Giaquinta-Modica-Soucek [9]. More precisely,
according to (4.2), (4.6), and (4.8) we can write

T=T'+TS+T'+T°, u=us
where one respectively has
ILuGGL =T, TuGGS =TS, Mu¥/c=T7, TuX¢=0, IuX=T°.

The absolute continuous component 7% =: G,, is given by T.? = c,x[ ], so that

(T?, p(z) dz®) = /@(cu(t))dt, (T, p(z) da?) :/tl)(cu(t))aj(t) d, j=1,...N

I I
for every ¢ € C2°(I x RY). The Cantor component T satisfies
(T ¢(a)da®) =0, (T ¢(x)da?) = (D pocus), j=1,...N
The Jump component T./ is given by
(T, 0(x) d®) =0, (T ¢(w)da’) = 3 / o(a)da’, j=1,..N
teJ, 7(T)

where ~,(T) is for every t € J, an oriented, simple, and rectifiable arc in {t} x RY with end points
given by the one sided limits ¢, (t+), so that O[v(T)] = d¢,t,) — de,(t_).- We remark that property
IT,4%¢ = 0 follows from the fact that I'yx is for each ¢ € J; \ J, an a-cyclic i.m. rectifiable current
supported in {c,(t)} x Sﬁ . Arguing as before, one obtains the null-boundary condition

T+ TS +T7)=0.

As a consequence, the singular component T is a (vertical) i.m. rectifiable current such that 97° = 0.
Finally, a decomposition in mass holds, i.e.

M(T) = M(T2) + M(TS) + M(T”) + M(T*)

where one has

M(T) = [ leddt, M) = [D%ul(D), MT?) = 30 M([(T)]).
I ted,

5 Energy lower bound

In this section we introduce a class of minimal currents associated to our relaxation problem. In fact, we
prove an energy lower bound: the relaxed energy is greater than the energy of the corresponding minimal
current.

THE CASE p = 1. According to (4.2), for every u € BV(I,RY) we define
Geart,, := {¥ € Geart(U x SV) | ug = u}, u € BV(I,RY). (5.1)
In the case p =1, in [1] we in fact proved the following
Proposition 5.1 Let u € L*(I,RY), where N > 1. Then
u€ & (IL,RY) <= Geart, #0.
In this case, moreover, we have

E1(u) = min{&Y(X) | £ € Geart, } .
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MINIMAL CURRENTS. In order to obtain a similar formula in the case p > 1, for every u € &,(1, RY)
we now introduce an optimal current P of the type :

¥P = GG + GGY + 5P, (5.2)
where the third component SP € Ry(U x SV) is given by

Shi= > TV

tEJq)u

for suitable minimal currents T’} that we now describe, see Definition 5.4 below.
For any point ¢t € Jgp, we first introduce a suitable class F(u,t) of a-cyclic i.m. rectifiable currents
I in Ry (U x SV), supported in {t} x RY x S¥, with boundary

ar = 5<I>u(t+) - 6<I>u(t,) (53)

and such that ES(F) < 0. By Federer’s structure theorem [6, 4.2.25], for any such I" we find a Lip-
schitz function v = vp : [~1/2,1/2] — U x S¥ with constant velocity |§(s)| = M(I') for a.e. s, and
%[ —1/2,1/2] = . Therefore, we deduce that |¥(*)(s)| > 0 a.e., and as in Example 3.7 we obtain that

am=[ (OO TEP) ds. (5.0
[(-1/2,1/2]

According to the geometric property (4.4), we say that T’ € F(u,t) if in addition one has

¥ s) _
RO

Remark 5.2 Let I' € F(u,t) for some ¢ € Jg,. By property (5.5) we deduce that the second component
W) = II,(yr) is the tantrix of the first component 7®) := I, (yr), and that the curve (*) has positive
length, as |¥(®)(s)] > 0 a.e. Therefore, formula (5.4) yields that the p-energy of T' is equal to the
p-curvature functional of the curve Il (yr), i.e.

W(s)  forae se[-1/2,1/2], ~v=1r. (5.5)

£0(T) = /(1+kz§)d7—£1, ¢i= (). (5.6)

Finally, notice that the vertical cycle Y defined in Example 6.2 below satisfies the above property
(5.5), whence ¥ € F(u,t), with t =0 € J,.

EXISTENCE. We have:

Proposition 5.3 For every u € £,(I,RY) and t € Jsp,, the minimum of the problem
inf{&)(I') | T € F(u,t)}
is attained.

PROOF: In fact, by (4.7) and the structure property (4.4), we deduce that the class F(u,t) is non-empty
for each ¢t € Jp,. We then choose a minimizing sequence {I'y}; in the class F(u,t). On account of
Proposition 3.8, and using that sup, M(T'y) < 2-sup, SS(Fh), by Federer-Fleming’s theorem we deduce
that (up to a subsequence) {I',}, weakly converges to a current I'n, in Ri(U x SV), supported in
{t} x RN x S, and satisfying the boundary-condition (5.3). By lower-semicontinuity one has £J(I'os) =
inf{E)(T) | ' € F(u,t)}. Therefore, denoting Yoo = 7r.. : [~1/2,1/2] — U x SV the parameterization
of T, as above, we only have to show that the geometric property (5.5) holds for v = 7. Since
E)(Poe) < 00, we deduce as above that |7§§)(s)| > 0 for a.e. s. Moreover, by assumption we know
that (5.5) holds for ~yp, := 4, for each h, and we thus have to prove that such a geometric property is
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preserved by weak convergence. This property has been proved in [1, Thm. 6.3], and for completeness
we report here the same argument.

Setting a(s) := 75,?(3) and b(s) := %gg)(s) we prove that the two vectors a(s) and b(s) are parallel
and pointing the same way, for a.e. s € [—1/2,1/2].

Now, given two vectors a,b € R¥*! with a # 0 and |b| = 1, they are parallel and pointing the same
way if and only if a/|a| = b, that is equivalent to a e b = |al, since

aeb
lal
Since M(I') < 2-£)(T'y), and |y5(s)] = M(T'y) for a.e. s € [-1/2,1/2], by Ascoli’s theorem we may

assume that {7y}, uniformly converges to the Lipschitz function 7. Therefore, letting ap(s) := "y,(f)(s)

l(a/]a]) —=b)* =1+1—2

and by(s) := 'y,(Ly)(s), we infer that bp,(s) — b(s) € SV uniformly. Since moreover 4;, — 4o, weakly-* in
L%, we deduce that ap(s) — a(s) weakly-* in L, whence

lim ap(s) e bp(s)ds = / a(s) e b(s)ds.
oo Ji-1/2,1/2) [=1/2.1/2]

Since moreover ay(s) — a(s) weakly in L!, the lower semicontinuity

/ la(s)| ds < lim inf/ lan(s)| ds
[~1/2,1/2] hroo Ji-1/2,1/2]

holds, and hence

/ (Ja(s)| — a(s) e b(s)) ds < 1iminf/ (lan(s)| — an(s) @ bu(s)) ds.
[~1/2.1/2] oo J1-1/2,1/2]

Since (5.5) holds for v = 73, we have seen that |bn(s)] =1, |an(s)| # 0, and an(s)/|an(s)| = bp(s) for
a.e. s and for all h. Therefore, we obtain

/ (Ja(s)| — a(s) @ b(s)) ds < 0.
[~1/2,1/2]

The integrand being non-negative by the Schwartz inequality aeb < |a||b| = |a|, we deduce that |a(s)| —
a(s) eb(s) =0 for a.e. s € [—1/2,1/2], whence the two vectors a(s) and b(s) are parallel and pointing
the same way, as required. O

Definition 5.4 For each t € Jp, we denote by T'Y a minimum point for Eg in the class F(u,t).

In particular, I'} is an a-cyclic current in Rq (U x S). From our definition (5.2) we thus obtain:

EN(TR) == E(GGL) + ENGGS) + E)(SE),  EJSH) = D £)(TY). (5.7)

teJs,,
Remark 5.5 Examples 6.2 and 6.5 will show that in high codimension N > 2 in general ¢, (t-) # ¢u(t4)
at some point t € Jg,, even if we always have |¢,(t4+)| = co. As a consequence, differently to what

happens in the case p = 1, it turns out that if ¢ € Jgp, the optimal current I'? is not supported on a
straight line-segment, in general.

EULER EQUATION. For the sake of completeness, we report here the result of the computation of the
corresponding Fuler-Lagrange equation.

Proposition 5.6 For any non-negative smooth function f of the curvature k of curves -, the Fuler

equation of the functional F(v) := /f(k) dH! s
v

Faole  fok(ces
E E FE

Lt k{1 f k) - 100} ¢l = 0. (58)
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In particular, for f(k) = 1+ k2, so that F(v) = L(y) + f,y k2 dH!, the above equation takes the
simpler form:
ok 2k(ced) ) ,
——————"+k(k"—-1)]¢=0.
€] f?
Therefore, even for p =2 it seems a difficult task to write explicitly the above minima I'Y.
Notice that by choosing the arc-length parameterization, one has |¢| =1 and (¢eé) =0 a.e., whence
the above equation (5.8) reduces to the classical one

fRk+ fk)K+k{kfk) — fk)} =0

compare [8, Ch. 1, Sec. 5]. For f(k) =1+ |k[?, where p > 1, so that F(y) = L(vy) + f,y k[P dH!, the
above equation takes the simpler form:

I+ plp — 2) [P kP — X =0
(p—1)

Now, searching for smooth closed planar curves with constant curvature, i.e. for minimal circles of
radius R, since k = R~ we deduce that the above equation is solved when R = (p — 1)/?. More
generally, even in presence of first order boundary conditions, minimizing curves in general depend on
the choice of the exponent p > 1.

ENERGY LOWER BOUND. As a consequence, we readily obtain the following energy lower bound:

Corollary 5.7 Let p > 1. For every u € E,(I,RY) we have
Ep(u) > E(GGS) + ENGGT) + E9(SP)

where

s = 3 ).

teJa,
ProOF: By lower semicontinuity we get
Ep(u) > inf{&)(T) | & € Geart(U x SN, us = u}
see (4.2), where B
E)(D) = ENGGY) + E)(GGT) + E)(X)

and according to (4.6)
) =E)E)+ Y E)Ivs).

t€.]<pu

The energy lower bound follows as by minimality £)(I';x) > £)(T}) for each t € Jg,. O

6 Functions with finite relaxed energy

In this section we outline some features concerning functions with finite relaxed energy. In particular,
differently to what happens for N = 1, we see that corner points may occur in high codimension.
However, we prove that the set of corner points of a function with finite relaxed energy is always finite,
Theorem 6.3.

THE GAUSS MAP. We first point out a property of the Gauss map at the Jump set Jg,. Notice that
the following proposition is false in the case p = 1, compare [1] and Remark 6.4 below.

Proposition 6.1 Let N > 1 and u € E,(I,RY) for some p > 1. Then 70(tL) =0 for every t € Jg,.
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Figure 1: To the left, the curve ¢, and (dashed) the current 3 which lies in the vertical plane {¢t = 0}; to
the right, one term of the smooth approximating sequence c,,, .

PRrOOF: Let {up} € C*(1,RY) be such that supy, £J(un) < co and wup — u strongly in L'. Using that
sup;, £)(up,) < oo, possibly passing to a subsequence we find the existence of a current ¥ € Geart(U x SY)
such that GG, — X weakly in D;(U x SV), see (4.1). By lower semicontinuity we have £)(X) < oo.
Since £)(X) = ES(GGZ)JrES(GGS)JrES(f]), according to the decomposition (4.6) we have £)(T';5) <
oo for every t € Jp,. Assume that 70(t+) > 0 for some point ¢ € Jg,. Since I'tx is an a-cyclic i.m.
rectifiable current in R (U x SV), supported in {t} x RY x S¥, the boundary condition (4.7) joined with
the structure property (4.4) imply that the unit tangent vector ¢ has zero component £(*) at a subset of
points in set(T; ) with positive H'-measure. By the structure (3.2) of the energy integrand, this yields
that £)(T¢x) = 400, a contradiction. O

CORNER POINTS. Condition 79(t1) = 0 is equivalent to |i(t+)| = +oo. Therefore, in case of
codimension N = 1, Proposition 6.1 implies that @(t;) = u(t_) € {£oo} for each t € Jgp,, otherwise
one would obtain as above that 52(1",572) +00, a contradiction. This implies that J; = () and hence,
compare (4.8), that the corner component ¢ =0 if N =1, as already shown in [5].

Example 3.7 may suggest the absence of corner points for Cartesian curves ¢, of continuous functions
u € E,(I,RYN). We now see that this is not the case in high codimension N > 2.

Example 6.2 For [ =[—1,1] and N = 2, consider the continuous W1 !-function u : I — R? given by

ult) = (0,—V—t2—2t) ift<0
Tl (W=t +2t,0)  ift>0

so that the graph curve ¢, is the union of two quarters of unit circles meeting at the point Ogs, centered
at the points (—1,0,0) and (1,0,0) and lying in the hyperplanes z1 = 0 and z2 = 0, respectively. Since
¢u(0-) = (1,0,400) and ¢,(04) = (1,+00,0), we have 7,(0_) = (0,0,1) and 7,(04+) = (0,1,0), thus a
corner point with turning angle equal to /2 appears at the point Ogs, whence J; \ J, = {0}.

It is not difficult to check that u € SO(I R?) for each p > 1. In fact, one may approximate u
by a smooth sequence {up} such that the Gauss graphs GG, weakly converge to a current ¥ in
Geart(U x S§?) given by ¥ = GG + 5., where ¥ is the l-current integration of a smooth curve in
{0} x R? x S{, see (4 3), with end points ®,,(0+) = (Ogs, 7, (04)) and satisfying the geometric property
(4.4). Since supy, &) (up) < 0o, we deduce that u € (I, R?).

When p = 1, one simply has to smoothen the angle by means of an arc with small curvature radius.
For p > 1, instead, good approximations (i.e., with small energy contribution) are performed by means of
vertical arcs which have curvature radius greater than a positive constant, depending on p, see Figure 1
on the left.
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Figure 2: The small notches on the ¢ and a2 axes are 1/h away from the origin; the angled lines thus
have slopes 1/h and h.

Differently to the case p = 1 analyzed in [1], the vertical current % is not supported in {c,(0)} x S,
compare (4.3). An exampleis ¥ := yx[n/2,7], where 7 : [1/2, 7] = R3 xR? is the regular curve defined
in components 7(®) := I, oy and ¥ =TI, 0y by ¥®)(0) := (0,7,(0)) and ¥ (0) := (0,7,(0)),

where )
— (—sinfcos2 0, — in2 L 170)
Y2(6) := (—sin6 cos® 6, — cos O sin® 0) , vy (0) = R @)
so that the geometric property (4.4) holds true. More explicitly, one has
0(3sin%60 — 1),sin (1 — 3 cos? 6
() = (cos6(3sin ), sin 6( cos? 0)) 0 € [r/2.7]

(3sin* @ — 3sin? 0 + 1)1/2

whence y(7m/2) = (Ogs, 7,(0-)) = ®,(0_) and ~y(7) = (Ogs, 7 (04)) = ®,(04), and according to (4.7)

0% = Oyun/2,7] = On(x) = Ony(n/2) = 0, (04) — 0@, (0_) -

An approximating sequence up, : [-1,1] — R* satisfying supj, &) (upn) < oo is defined by widening
the base of the vertical arc so that the loop is made on the interval —1/h < ¢ < 1/h; the resulting arc
does no longer begin and end vertically, but with slope h, so we cannot simply glue the two parts of
the graph of u to it (conveniently separated); the problem is easily solved by cutting away a suitable
(and small) terminal portion of each arc and translating it so that the three pieces fit, see Figure 2. The
resulting curve is defined on a very slightly larger interval than [—1, 1] but a reparameterization does the
trick, see Figure 1 on the right. Since {up}, € WHI(I,RY), by applying Step 2 of Theorem 7.1 below
to each wuy, a diagonal argument yields the existence of a smooth sequence {uy}, C CY(I,RY) with
supy, E}S@h) < oo and U, — u strongly in L'. We omit any further detail.

FINITENESS OF CORNER POINTS. We now see that for every p > 1, the set J;\ Ju of corner points
of a function u € E,(, RN) with finite relaxed energy is always finite. On account of Definition 5.4 and
Corollary 5.7, it clearly suffices to prove the following

Theorem 6.3 Let u € £,(I,RY) for some p > 1. For every t € Jy \ J, we have E)(IT) > m/2.

PROOF: Let ' € F(u,t) and consider the curve ¢ := Il,(yr) where ~vr : [~1/2,1/2] — U x SV is the
Lipschitz function with constant velocity such that yprg[—1/2,1/2] =T'. The boundary condition (5.3),
where @, (t1+) = (cu(t), 7 (t+)) by the continuity of w at the point ¢, yields that ¢ is a closed curve with
initial and final velocities parallel to the unit vectors 7,(t+) € SY ™!, and 7,(t_) # 7u(t3). By (5.6) we
estimate

ES(F):/(lJrkf)dHl2%/(1+k6)d7-[12%/kcd7-[1.

Therefore, it suffices to observe that the total curvature fc k.dH' of any closed arc with positive length
is at least m, compare [10] and also [3, Lemma 3.2]. O
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Remark 6.4 Theorem 6.3 fails to hold in the case p = 1. It suffices to consider a piecewise affine and
continuous function w : [0,1] — R with a countable set of corner points J, = {t; :==1—277]j € NT}
such that (setting to = 0) the slope of u at the interval ]t;_1,t;[ is equal to 277 for every j. In fact,
the length of the Cartesian curve ¢, is lower than 2, and its total curvature is equal to m/4, whence
u € EY(I,R). Notice that by Proposition 6.1 we get &,(u) = +oo for every p > 1.

DISCONTINUITY POINTS. In general a function with finite relaxed energy may have a non-trivial
jump set J,,. This was already observed in [5] when N = 1, and we give here an example for N = 2.

Example 6.5 Similarly to Example 6.2, consider the BV-function u : [-1,1] — R? given by

ult) = (0, —v/—t2—2t) ift<0
Tl (V-2 +2t,3)  ift>0

so that « has a jump point at the origin, as u(0_) = (0,0) and «(04) = (0,3). This time the graph
of u is the union of two quarters of unit circles centered at the points (—1,0,0) and (1,1, 3) and lying
in the hyperplanes 1 = 0 and xo = 3, respectively. We again have ¢,(0-) = (1,0,4+00) and ¢,(04) =
(1,+400,0), so that 7,(0_) = (0,0,1) and 7,(04+) = (0,1,0). Again, it is not difficult to check that
u € SO(I R?) for each p > 1. In fact, one may approximate u by a smooth sequence {u} such that the
Gauss graphs GG,,, weakly converge to a current 3 in Geart(U xS?) given by ¥ = GGa—i—Z where ¥ is
the 1-current integration of a smooth curve in {0} x R? x S} with end points ®,,(0_) = ((0,0,0), (0,0,1))
and ®,(04+) = ((0,0,3),(0,1,0)) and satisfying the geometric property (4.4). Since supy, Eg(uh) < o0,
we deduce again that u € &,(I,R?).

An explicit formula for 3 can be obtained by slightly modifying the definition of + from Example 6.2,
this time defining a regular curve v : [1/2, 7] — RS x R such that

5@ ()
1y@)()]

whereas (m/2) = ((0,0,0),7,(0-)) = ®,(0-) and (7)) = ((0,0,3),74(0+)) = ®,(04). Whence the
geometric property (4.4) is satisfied and according to (4.7) we again have 9% = ds,(0,) — 0, (0_)-

7,(6) = V0 € [r/2,7]

COUNTABLE DISCONTINUITY SET. The lower bound in Theorem 6.3 is false if ¢ € J,, i.e. on the
Jump component 7. As a consequence, in general the Jump set J, of a function u € Ep(I JRY) s
countable, for any p > 1. We sketch here an example in codimension N = 2.

Consider u : [0,1] — R? whose components u/ are increasing and bounded functions that are
discontinuous on the countable set J, = {t; =1 —27% | i € N*} and smooth outside .J,, in such a way
that the integral [} ¢, [P~ (|¢u|P + |7u[P) dt is finite, the series Y-, |u(t;+) — u(t;—)| is convergent, and
u is a BV-function with no Cantor-part, |D%u|(I) = 0. We define u with unbounded right and left
derivative at the discontinuity set, i.e. |1i(t;+)| = +oo for each i, and the Gauss map 7, : I — St is
a BV-function with no Cantor part, D7, = 0, and discontinuity set .J,, = J,, i.e. u has no corner
points. Then 7,(t;4) € S} for each 4, see Remark 4.1. Denoting by d; the geodesic distance between
7u(ti—) and 7,(t;+) in S}, we can define u in such a way that the series Y, d; is convergent. Finally,
denoting by T}, a minimum point for &) in the class F(u,t;), see Definition 5.4, we can define u in
such a way that also

£ (T) < (utit) —ulti—)| +di) Vi

for some constant ¢, > 0 not depending on i. By our relaxation result, Proposition 9.2 below, we have

Z,(u) = / el (eul? + [7ul? ) dt+ 3 E9(T) < oo

i=1

and hence u € £)(I,R?), but H°(J,) = +00. We omit any further detail.
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7 Energy upper bound

Let p > 1 and N > 1. Recalling that the optimal current X2 is defined by (5.2), in this section we
prove the following density result.

Theorem 7.1 (Energy upper bound). For every u € &,(I,RY), there exists a sequence of smooth
functions {up} C C*(I,RN) such that up — u strongly in L', GG,, — XF weakly in D1(U xS") and
Ep(un) = EJ(XP) as h — oo.

CONVOLUTION ARGUMENT. As a preliminary step, we report here a density argument from Step 1
in [1, Thm. 8.1], readapted to the case p > 1.

Proposition 7.2 Let u € £,(I,RY) be a Sobolev function in WHL(I,RY), with @ € L>(I,RN). Then
Tu € WEP(I,SN).  Moreover, there exists a smooth sequence {up} C C?*(I,RN) such that up — u
strongly in Wh' and

lim /|c'uh|1_p (|éuh|p+|7"uh|p)dt:/|éu|1_p(|éu|p+|7‘u|p)dt. (7.1)
I I

h—o0

PROOF: Since u € & (I,RY), we know that ®, = (c,,7,) is a BV-function, where ¢, (t) = (¢,u(t)) and
) ) 0 1 ; o :
|Cu|: 1+|u|2, Tu5:ﬁ, T&::ﬁ7 j=1,...,N.
Cu Cu

Moreover, if {uy} C C?(I,RY) is such that uj, — u in L' and supj, &,(up) < oo, since supy, & (up) <
00, in [1] we showed that (possibly passing to a subsequence) w; — @ a.e. in I. If u € WhH(I,RY),
we may and do assume that supp,(||unlleo + ||@n|lec) < 0o. Therefore, using that supy, ||éy, || < 00 and
supy, [} [€u, [" 7P| Fu, [P dt < 00, we deduce that supy, [} |7y, [P dt < oo. Therefore, possibly passing to a
subsequence we conclude that 7,, — 7, weakly in WP and hence T, € Wip (1, SN ).

For each j > 1 we choose a sequence {v]} C C*°(I) that converges strongly in W'? to 7J. Since

|

moreover ||illo < 0o, we may assume that [[v]|lec < ||7/]lcc < 1 for each h and j. Denoting v), =

(v},...,v)), and ) := /1 — |vp]?, we compute

0 v, ® U,
Uh:_

VI=Tol*

Therefore, by dominated convergence we deduce that the sequence {v)} C C*°(I) converges strongly in
WP to 70, Setting then for j=1,..., N

v () j

wy (t) = m, up(t) := v’ (a) Jr/a wy (s)ds, tel

we now check the following convergences as h — co:

i) w] — @ strongly in L', for each j;
t
i) uj(t) — v(a) + / w!(s)ds = (t) a.e. and strongly in L*(I);
iii) / V14 |ap|?dt — / 1+ |u|2dt, hence up — u in WHY(T,RY);
T T

iv) /(|@h|2+(1>2)2)p/2 dt%/|7’u|pdt.
I I

Differently to the cited case p = 1, we point out that property iv) holds true as the sequence (v ,vp) :
I — SN converges to 7, strongly in W, In Step 1 from [1, Thm. 8.1], we also computed

) ) ) (vp, ® )%\ 1/2 ) )
| = Jean o = {fonl? + 0 1 =yl + )2
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By property iv) this implies that

lim /|+uh|pdt:/|7'-u|pdt.
h—oo Jr I

Using that supy, [|éu, [| 557 < 0o, by dominated convergence we get

i [ feu, Pt = [ fe
h—oo J1 I

and the claim follows. O

Remark 7.3 If u € &,(I, RN )NW>°, then 3% = GG, whence £)(X8) = £)(GGS). Moreover, arguing
as in the smooth case, compare (3.1), we deduce that

E)NGGY) = / ea P (Jeul? + [FulP ) dt Vu e EIL,RY). (7.2)
I

Therefore, Proposition 7.2 yields the validity of Theorem 7.1 for the subclass of Lipschitz functions v in
Wheo(I,RM).

PrOOF OF THEOREM 7.1: According to the previous remark, by a diagonal argument it suffices to find
an approximating sequence {up} in W1°(I, RV).

Let u € & (I,RY) and write X2 = [M,0,£], so that the multiplicity § = 1. By Corollary 5.7 we
have £J(XF) < co. On account of (4.4), Definition 5.4, and (3.2), we deduce that for H'-a.e. z € M
the following geometric property holds:

@)

£

Let TP := II,4¥E, so that T? € cart(] x RY). By Federer’s structure theorem [6, 4.2.25], we find

a Lipschitz and one-to-one function ~ : I, — U, where I, := [0, L], such that vx[I.] = TP and
|9(s)| =1 a.e. in Ir, so that by the area formula

(2) =y, z=(,y)cUxS".

L= £(y) = M(T%).

The above geometric property says that (up to H!-null sets) there is a one-to-one correspondence between
parameters s € I, and points z € M such that

) £@)
) = gem

In particular, we have X = (v,4)%[Ir ] and hence in the above correspondence

(v(s)) =My(z) if I.(z) =7(s).

GO ey A6
' COTEme YT

By (3.2) and the area formula we thus have
E() = /M Fy(€) dH' = /M(|s<l>| + [ EW ) ant

_ [ .oy —1 < N |p—1 |’Y|p s
= /IL|(%7)|(|(%7)| +1(%:9)] |(%W,g)d (7.3)

= [ asperds
Ir

so that

L)+ | Fs)Pds =E)(ED) < 0.
Iz
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Therefore, it turns out that the arc length parameterization v is a Lipschitz function in W2P(I,U),
whence the tantriz t, of the curve v is a Sobolev map in Whe(Ip,SN).

Since TP is a Cartesian current, we know that the first component 7 : I, — I is a Lipschitz-
continuous and surjective function with 4°(s) > 0 a.e., whence 7° is non-decreasing.

We now wish to modify for ¢ > 0 small the curve ~ is such a way that the new curve ~, : I, — RN*!
satisfies the following properties:
a) 7. is Lipschitz continuous with 4. € WP and [|¥:]lec < 2;
b) the first component 1. :=~? satisfies 1/}€ >¢c ae. in I;

c) the length of 7. converges to the length of v as € \(0;

)
)
)
d) the support of the curve ~. is the graph of a Lipschitz function v. : I. — R™ such that o, is
differentiable a.e., where I :=[a,b+ Le] if I = [a,b];

e) following the notation in (2.3), we have

lim / o [P (Je P+ 7o |?) dA = / (14 [5(s)[P) ds.
I. Ir,

e—0

For this purpose, we denote vy = (7°,~°), so that 7% = (%,...,7"), and define

Ve(s) :=70(s) +es,  7e(s) = (e(s),7°(5)), sel.

Using that 4° > 0 and |§| = 1 a.e., we have & < t).(s) < 1+¢ forae. s¢€ I. Therefore, the inverse
function ¢, = 1. ' : I. — Iy satisfies (14 ¢)™' < ¢.(A) < e ! for a.e. X\ € I.. We thus define
ve(A) := (vi(N), ..., v (X)), where

vI(A) ==7(¢-(N), Ael, j=1,...,N.

It is readily checked that for a.e. A\ € I,

L (s). 40 s :"yg(s) - _ (1/.’8(5)".76(3)) _ e (s)
W) @) =70 N = 1 e~ e

1

c.’UE (A) we (S)

where s = ¢.(\) and, we recall, 1/}5(5) = 4°(s)+e¢. In particular v. is Lipschitz-continuous. By changing
variable A = 1.(s), we also have:

/I é. (V)] dA = / (e +4°(),4%(5))  ds = £(32)

so that by dominated convergence

tiy £(22) = | i)l ds = £0).

Using that

7o (V)] =

da Ve (s) LB () — |'Y€(S)/\'Y€(S)| 1
s wa<s>|‘ YO=TE P e

the same change of variable yields that

1 L IT'v5|pdA:/I () e(s) A e (s)|P ds =: Fe.
€ L

Since H:(s) = %(s), we have

Ye(8) A Fe(s) = A(s) AF(s) + (€, 0rn) AF(s) .-
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Also, condition |¥| =1 gives that 4 (s) e 4(s) =0 a.e., whence

9= (5) A A= ()P = (1 + €23 ()] +2e4°(5) [3(s)* — £24°(s)?
whereas
5 ()1 = [7(s)[* + €* + 2 4°(s) .
We thus have F. = [, fe(s)ds, where

fols) = (P 42 4+ 203%9) (@ + DB + 2650 [ - 4°2)”

For € > 0 small we have f-(s) < 2|%(s)[P a.e. on I. Since |§(s)| € LP(I1), by dominated convergence
one has [, fe(s)ds — [} [(s)|P ds, whence the limit in e) readily follows.

The only minor fault of v, is that it is defined in I. = [a,b+ Le] instead of I = [a,b]. Denoting by
ge the affine and increasing function mapping I onto I, the function u. = v. o g. does the trick. In
fact, clearly &,(uc) — E)(XF), whereas the flat convergence of (v, 3:)#[ 1] to (v,%)#[ 1z ] yields the
weak convergence of GG, to XL, along a sequence ep “\, 0. O

8 The Gauss map

In this section we prove that the Gauss map 7, of a function u € &,(I,RY) is a BV-function with
no Cantor part, Theorem 8.1. If in particular u is continuous and with no corner points, then 7, is a
Sobolev function, Remark 8.3.

We first recall that in the proof of Theorem 7.1 we defined for each u € &,(I, RY) a Lipschitz function
v : I, — U satisfying the following properties:

i) |%(s)] =1 with 4°(s) >0 for a.e. s € Ip;

ii) 4 € Whe(I,SN) and (%,%)x[IL] = 32;
i) £)(XP) = 5 ()P ds :
) &) = £0) + [ P ds:

iv) since yx[Ir] = HuuXP € cart(I x RY), and 7, is the orienting vector at the points in T, we
have ~
F(s) = 1o (¥°(s)) for L'-ae. s€If (8.1)

where T, 1, denotes the open set _ )
I :={secl;|4s)>0}. (8.2)

We already know that ¢, € BV(I,RY). Since u € & (I,RY), in [1, Thm. 4.7] we proved that also
the Gauss map 7, : I — SV is a function with bounded variation. We now show that 7, is a special
function with bounded variation.

Theorem 8.1 Let u € EP(I,RN) for some p > 1. Then the Gauss map 7, has no Cantor part, i.e.
Dr, =0.

PROOF: By changing variable ¢t = 7%(s), for every test function ¢ € C°(I,RV*1) we have

(Drus ) = — / r(t) o gt dt = / ru(10(5)) ® $(1°())4°(s) dis

Ir

and hence, denoting ¢(s) := ¢ 0+%(s), and recalling that ¢ € WP, by (8.1) and (8.2) we have

(D7) = — / 4(s) ® d(s) ds.

I,
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Moreover, using that B
5(5) = 7 (7°(5)) 4°(s) for a.e. se€1y (8.3)

the absolute continuous component is

(D%, p) := /I%u(t) o p(t)dt = / ~(s) e P(s)ds.

Therefore, the singular part writes as
(D7) = (D) = (D7) = = [ (39 0 905) +5(5) 2 6(5)) ds.
Ip

The open set I;, is the union of an at most countable disjoint family of open intervals {I;}, whence

(D70 Z / $)+(5) » 0(5)) ds.

Since the function s — §(s)e¢(s) is WP with derivative (¥(s) o d(s) +%(s)®¢(s)), denoting I; =]az, by[
and integrating by parts we have

D1 0) =Y (5 —(br)  (br)) -

=1

This implies that the singular part D7, is concentrated on a countable set, whence D7, = 0, as
required. O

Remark 8.2 Recalling from Sec. 4 the definition iii) of Cantor component GGS, we deduce that for

every g € C°(U x SV)

u’

(GGE, gz, y) dy?) = /g<¢>u+>dD%z —0 V¥j=0,1,...,N.
I

As a consequence, writing as usual GGS = [ M, 1,£], the tangent unit vector ¢ has zero y-component
€W =11 4(€) at H'L M-a.e. point. By (3.2) and Deﬁnition 3.4, we thus deduce that

£(GGE) = [ 1€ ant =M(TE) =D ul(1) (8.4
M

where T¢ =11, GGY.

Remark 8.3 In the case of continuous functions w with finite relaxed energy and no corner points,
Theorem 8.1 yields that 7, is a Sobolev function in WH1(1,SV).

Notice moreover that Theorem 8.1 is false for p = 1, even in codimension N = 1. In fact, if T =[0,1]
and u(t fo s)ds, where v: I — R is the classical Cantor-Vitali function associated to the “middle
thirds” Cantor set one has u € C*(I,R), the Gauss map 7, € BV(I,S!) is continuous, whence Jg, = 0,
but D7, # 0, as D7, = f(v) Dv with f(t) = (1,t)/v/1+ 12, whereas 7, = f(v)® = 0. Following [1]
or also [5], and denoting by TC(c,) the total curvature of the Cartesian curve c¢,, one has

E1(u) = L1cy) + TC(ey) <00,  Lley) = /\/1+—v2dt, TC(e,) = |D7|(1) = %
I
On the other hand, the arc- 1ength parameterization c: I, - I xR is c(s) = (t(s),u(t(s))), where t(s)
is the inverse of the function s(t) := fo V14 v2(X\) d\, whence IL = IL in definition (8.2), and also
F(s) = t(s)(1,v(t(s))), with (s ) (1 + 0% (t(s)))” 1/2. Therefore, the function ~(s) is not W and
hence the argument in the proof of Theorem 8.1 fails to hold, as + e ¢ + 4 @ ¢ is only the approximate

gradient and not the full derivative of 7 e ¢. In particular we deduce that the function u satisfies
Ep(u) = +oo for every p > 1.
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9 Main results

In this final section we collect our main results. Proposition 9.2 deals with the general case and corre-
sponds to Proposition 5.1 for the case p = 1. We then restrict to the subclass of continuous functions
with no corner points. In this case we are able to give a geometric meaning to the energy term Eg (GGY),
Corollary 9.7. In fact, we see that such an energy term agrees with the p-curvature functional, see Defi-
nition 9.4 and Proposition 9.6. Finally, for continuous functions with finite relaxed energy, we introduce
a suitable generalized p-curvature functional, Definition 9.8, that comes into play in the explicit formula
of the relaxed energy, Corollary 9.9.

THE CLASS Gecart?. We first recall that Geart,, denotes the subclass of currents in Geart(U x SV)
such that us = u, see (4.1) and (5.1).

Definition 9.1 For any function u € £,(I,RY) we denote by Geart!, the class of currents 3 in Geart,,
such that £)(¥) < co.

Proposition 9.2 Let p > 1 and u € L'(I,RY). Then

u € E(IL,RY) <= Geart? # 0.
Moreover, if u € E,(I,RY) we have

Ep(u) = min{Eg(E) | £ € Geartl }
and the Gauss map T, is a function of bounded variation in BV (I,SY) whose derivative has no Cantor
part, i.e., D7, = 0. More explicitly, for every u € Ep(I,RN) we have

Eyu) = [ 117 (el + i) di + IDCulD) + 3 E0(r)
I t€.]<pu

where TV denotes for every t € Jp, a minimum point for Eg in the class F(u,t), see Definition 5.4.

PROOF: The first equivalence follows from our definitions. If u € &,(I,RY), the lower bound “>” is
trivial, whereas the upper bound is a consequence of Theorem 7.1. More precisely, the density theorem
implies that the minimal current X defined in (5.2) belongs to the class Geart!. We thus have:

Vue&(LRY),  E,(u)=E)ED).

Finally, Theorem 8.1 says that D7, = 0, and the explicit formula follows from the structure (5.7) of
the energy £)(X%), on account of (7.2) and (8.4). O

Remark 9.3 The lack of precise knowledge of the minimal arcs T} prevents further explicitation of the
relaxed energy ?p(u), which is instead possible when wu is continuous either if N = 1, see Remark 9.10,
or (in high codimension) if we assume that « has no corner points, so that no such arcs appear, compare
Corollary 9.7 below.

p-CURVATURE FUNCTIONAL. Assume now that u € &,(I,R") is continuous and with no corner
points, i.e. Jp, = (. Consider the Lipschitz parameterization «: I, — U of ¢, defined in the proof of
Theorem 7.1. Since « is in W2, we define the curvature of ¢, at the point ~(s) by

ke o) = PRI e

Definition 9.4 Let u € £,(I,RY) be such that Jp, = 0. The p-curvature functional is defined by

TC,(cu) ::/ k2 dH'.

u
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Remark 9.5 By the area formula, using (2.3) we have
R ORIOING e e
TCy(ea) = [ 1is)| (i) ds = [ B F(s) A(s) P ds
I [¥(s)l I

Since in particular |¥| =1 a.e., the function s — ~(s) being the arc-length parameterization of ¢,,
the vector 4(s) is perpendicular to 4(s) and hence |¥(s) A¥(s)| = |¥(s)|, whence ke, (7(s)) = |¥(s)| for
a.e. s € I;,. We thus have:

TCy(c.) = [ ils)P ds.

I
The above definition is motivated by the following;:

Proposition 9.6 If u € ,(I,RY) is continuous and with no corner points, we have
Tcp(cu):/|c'u|1*P |7ulP dt .
I

PROOF: By (8.1) and (8.2) we deduce that 5°(s) = 0 if s € I, \ I, where |I1, \ Ip| = 0, the function
u being continuous, and 4%(s) = |é,(t)|~! if s € I1, with ¢ =~°(s). By changing variable t = 7%(s), so
that 4°(s) ds = dt, and using (8.3) we can write

(s)Pds = [ [5(s)P ds = / 50(s(B)P Al ()P dt

IL IL

where s(t) = (7°)71(t), so that 49(s(t))P~1 = |é.(¢)|* 7P for a.e. t € I, and hence

[1erilra= [ e ds.
I Ir

The claim follows from Remark 9.5. (|
For continuous functions with no corner points, we thus have a more geometric formula:
Corollary 9.7 Let p > 1 and u € E,(I,RY) such that Jo, =0. Then 7, € WHH(I,SY) and
Ep(u) = L(cu) + TCplcu)

where L(c,) is the length of the Cartesian curve ¢, and TCp(c,) is the p-curvature functional of w,
see Definition 9.4.

ProoOF: We already know that 7, is a Sobolev function, see Remark 8.3. Moreover, using that Jg, = 0,
in Proposition 9.2 we have:

Eow) = [ 16177 (el + [5) dt + |D°ul(1)
I
and hence
Zy(u) = / éuldi + D | (I) + / eI P[P dt
I I

Since wu is continuous, one has
Llea) = / (el dt + D, (D)
I
whereas the third term agrees with TC,(c,), by Proposition 9.6. ([l
GENERALIZED p-CURVATURE FUNCTIONAL. We assume now more generally that u € &,(I,RY)

is only continuous. By Theorem 6.3 we deduced that the set J; of corner points is finite. Motivated by
Proposition 9.2, we are led to extend the previous definition as follows.
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Definition 9.8 Let u e &,(1 ,RN) be continuous. The generalized p-curvature functional is defined by
TCy () = [ I dt+ 3 £9TY)
1 teJy

where for any corner point t € J; we have denoted by TV is a minimum of 52 in the class F(u,t), see
Definition 5.4.

In fact, we finally obtain:

Corollary 9.9 Let p>1. If ue EP(I,RN) is continuous, the set of corner points Jy is finite and

Ep(u) = L(cu) + TCp(cw)
where L(c,) is the length of the Cartesian curve ¢, and TCy(c,) is given by Definition 9.8.
Proor: This time in Proposition 9.2 we have
E,(u) :/|c'u|dt+ |Dccu|(1)+/|éu|1*p|%u|pdt+ ey
I I teJy

where the sum in J; is finite, as a consequence of Theorem 6.3. 0

Remark 9.10 Finally, differently to the case N > 2, see Example 6.2, we recall that in codimension
N =1 no corner points appear when p > 1, as already observed in [5].
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