POROSITY, DIFFERENTIABILITY AND PANSU’S
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ABSTRACT. We use porosity to study differentiability of Lipschitz maps
on Carnot groups. Our first result states that directional derivatives of a
Lipschitz function act linearly outside a o-porous set. The second result
states that irregular points of a Lipschitz function form a o-porous set.
We use these observations to give a new proof of Pansu’s theorem for
Lipschitz maps from a general Carnot group to a Euclidean space.

1. INTRODUCTION

A Carnot group (Definition 2.1) is a connected and simpy connected Lie
group whose Lie algebra admits a stratification. Carnot groups have transla-
tions, dilations, Haar measure and points are connected by horizontal curves
(Definition 2.2), which are used to define the Carnot-Carathéodory distance.
With so much structure, the study of analysis and geometry in Carnot groups
is an active and interesting research area [1, 2, 4, 8, 13, 19, 25, 27].

The geometry of Carnot groups is highly non-trivial. For instance, any
Carnot group (except for Euclidean spaces themselves) contains no subset
of positive measure that is bi-Lipschitz equivalent to a subset of a Euclidean
space [24]. This follows from Pansu’s theorem (Theorem 2.6), a generaliza-
tion of Rademacher’s theorem, which asserts that Lipschitz maps between
Carnot groups are differentiable almost everywhere [20, 17]. Differentiabil-
ity of maps between Carnot groups is defined like that of maps between
Fuclidean spaces, but Euclidean translations, dilations and distances are
replaced by their analogues in Carnot groups.

Many interesting geometric and analytic problems have been studied in
the context of Carnot groups. For example, a geometric notion of intrinsic
Lipschitz function between subgroups of a general Carnot group was intro-
duced in [11] to study rectifiable sets [12, 18] and minimal surfaces [5, 6, 26].
Moreover, Carnot groups have been applied to study degenerate equations,
control theory and potential theory [4]. More recently, they were also con-
sidered in applied mathematics, such as mathematical finance, theoretical
computer science and mathematical models for neurosciences [7].
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In this paper, we generalize to Carnot groups two statements assert-
ing that a set of exceptional points concerning directional derivatives is
o-porous, and use them to give a new proof of Pansu’s theorem for Lips-
chitz maps from a general Carnot group to a Euclidean space.

A set in a metric space is (upper) porous (Definition 2.7) if each of its
points sees nearby relatively large holes in the set on arbitrarily small scales.
A set is o-porous if it is a countable union of porous sets. Porous sets have
applications to topics like cluster set theory and differentiability of Lipschitz
or convex mappings. Note there are several other types of porosity with their
own applications. Properties and applications of porous sets are thoroughly
discussed in the survey articles [28, 29].

Stating that an exceptional set is o-porous is useful because o-porous sets
in metric spaces are of first category, and o-porous sets in Euclidean spaces
have Lebesgue measure zero. Proving that a set is o-porous usually gives
a stronger result than showing it is of first category or has measure zero:
any topologically complete metric space without isolated points contains a
closed nowhere dense set which is not o-porous, and R" contains a closed
nowhere dense set of Lebesgue measure zero which is not o-porous [28].

Porosity has been used to study differentiability of Lipschitz mappings,
even very recently. Indeed, [15] gives a version of Rademacher’s theorem for
Frechét differentiability of Lipschitz mappings on Banach spaces in which
porous sets are I'-null. Roughly, a set is ['-null if it meets typical infinite
dimensional C! surfaces in measure zero. Applications of porosity to study
differentiability in infinite dimensional Banach spaces are thoroughly dis-
cussed in the recent book [16]. In the finite dimensional setting, porosity
and construction of large directional derivatives were recently used in [21]
to obtain the following result: for any n > 1, there exists a Lebesgue null
set in R™ containing a point of differentiability for every Lipschitz mapping
from R” to R"~!. Directional derivatives also played a key role in the proof
of the following result in a Carnot group: there exists a measure zero set N
in the Heisenberg group H” such that every Lipschitz map f: H®* — R is
Pansu differentiable at a point of N [22].

We now briefly describe the results of this paper.

For a Lipschitz function f: R™ — R, directional derivatives need not act
linearly: f'(z,u+v) may not agree with f'(x,u)+ f/(z,v) (see Example 3.1
for a simple example). However, [23, Theorem 2] asserts that such an impli-
cation does hold at points x outside a o porous (even o-directionally porous)
set depending on f, even for Lipschitz maps on separable Banach spaces.
We prove a similar statement in Carnot groups: directional derivatives (in
horizontal directions) for Lipschitz maps act linearly outside a o-porous set
(Theorem 3.8). Note that in Carnot groups it only makes sense to consider
directional derivatives in horizontal derivatives, since the composition of a
Lipschitz function with a non-horizontal curve may not be Lipschitz, and
consequently may fail to be differentiable. To relate directional derivatives
in the different directions and hence prove Theorem 3.8, we prove and apply
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Lemma 3.5 which shows how to move in a direction U + V by repeatedly
moving in horizontal directions U and V. Such a statement is non-trivial,
since U and V are left-invariant vector fields whose direction depends upon
the point where they are evaluated. Roughly, the porous sets appearing in
Theorem 3.8 are sets of points at which (on some scale and to some specified
accuracy) a Lipschitz function is approximated by directional derivatives in
directions U and V, but is not well approximated by the sum of the direc-
tional derivatives in the direction U + V.

If a Lipschitz map f: R®™ — R has all directional derivatives at a point
x € R™ and directional derivatives at x act linearly, then by definition f is
differentiable at x. In Carnot groups we observe that existence and linear
action of only directional derivatives in horizontal directions does not imply
Pansu differentiability (Example 4.1). To pass from directional derivatives
to Pansu differentiability, we first give another application of porosity.

A point x is a regular point of a Lipschitz function f if whenever a direc-
tional derivative of f at x in some direction exists, then that same directional
derivative also controls changes in f along parallel lines with the same di-
rection close to = (Definition 4.2). Proposition 4.3 adapts [15, Proposition
3.3] to Carnot groups, showing that the set of points at which a Lipschitz
function is not regular is o-porous.

We next prove Theorem 4.6. This states that if f: G — R is Lipschitz and
x is a regular point at which directional derivatives exist and act linearly,
then f is Pansu differentiable at x. To prove this we use Lemma 4.5, which
provides a relatively short horizontal path from x to any nearby point which
is a concatenation of lines in directions of a basis of Vi. We use regularity
of the point x to estimate changes along these lines using the directional
derivatives at x, then linear action of directional derivatives to show that
the derivative is indeed a group linear map.

As a consequence of Theorem 3.8, Proposition 4.3 and Theorem 4.6, we
obtain Corollary 4.8. This asserts that existence of directional derivatives
implies Pansu differentiability outside a o-porous set. Since it is not hard
to show that directional derivatives of a Lipschitz function exist almost
everywhere (Lemma 4.10) and porous sets have measure zero, we obtain a
new proof of Pansu’s Theorem (Corollary 4.11) for mappings from Carnot
groups to Euclidean spaces.

2. PRELIMINARIES

We now briefly describe the main notions and results used in the paper;
the reader can consult [4] for more details.

2.1. Carnot groups. Recall that a Lie group is a smooth manifold which
is also a group for which multiplication and inversion are smooth. The Lie
algebra associated to a Lie group is the space of left invariant vector fields
equipped with the Lie bracket [-, ] defined on smooth functions by

(X, V() = XY () = Y (X))
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We also denote the direct sum of vector spaces V and W by V & W.

Definition 2.1. A simply connected finite dimensional Lie group G is said
to be a Carnot group of step s if its Lie algebra G is stratified of step s, this
means that there exist linear subspaces Vi, ..., Vs of G such that

Gg=Vio---al;
with
V1,Vi]=Vip1 if 1 <i<s—1, and [V3, V5] = {0}.
Here [V1,V;] := span{[a,b] : a € V1, b € V;}.

It can be shown that Definition 2.1 implies [V;, V}] C Viq; if i+ j < r and
Vi, Vj] = {0} if i + j > r [4, Proposition 1.1.7].

Let m; := dim(V;), h; :=mq +---+m; for 1 <i < s, and hg := 0. A
basis X1,..., X, of G is adapted to the stratification if X, 4+1,...,Xp, isa
basis of V; for 1 < i < s. We define m := my; = dim(V;) and note n = hs.
The basis X1, ..., X, of V] induces an inner product w(-,-) on Vj for which
X1,..., Xy, is orthonormal. We denote by w(-) the norm on V; induced by
this inner product.

We recall the exponential map exp: G — G is defined by exp(X) = (1)
where «v: [0,1] — G is the unique solution to v/(t) = X (y(t)) and v(0) = 0.
The exponential map is a diffeomorphism between G and G. Using the
basis X1,..., X, to identify G with R”, we can identify G with R™ by the
correspondence:

exp(a1 X1+ ... +apnXy,) € G +— (21,...,2,) € R™

Using this identification of G with R™, [4, Corollary 1.3.19] states that if
hi—1 < j < hy for some 1 <[ < s then:

Xj(@) =0+ qij(@)d i=1,...,m, (2.1)

i>h;

where ¢; ; are suitable homogeneous polynomials completely determined by
the group law in G. Using (2.1) we can identify X;(z) with the vector
ej + > isn, Gij(r)ei where e; is the j'th element of the canonical basis of
R™. Denote by p: R® — R™ the projection onto the first m coordinates,
given by p(z) = (z1,...,2m). Then p(X;(x)) is independent of z € G, so
we can unambiguously define p(X;) = p(X;(z)) = e; for every x € G and
j=1,...,m. We extend this definition by linearity to all Vi, in particular
p(U(z)) = p(U(y)) for every z,y € R", U € V.

To compute the group law in coordinates, it is possible to define a mapping
©: G X G — @G for which (G,¢) is a Lie group and exp: (G,¢) — (G,-) is a
group isomorphism [4, Theorem 2.2.13], in particular:

exp(X)exp(Y) =exp(X oY) forall X,Y €g. (2.2)
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The Baker-Campbell-Hausdorf formula gives a formula for ¢:
1 1
XoY=X+Y+ i[X’ Y]+ E([X’ (X, Y]+ [V, [V, X])+..., (23)

where the higher order terms are nested commutators of X and Y.
Denoting points of G by (z1,...,z,) € R™, the homogeneity d; € N of the
variable x; is defined by

d;j =i whenever h;_1+1 <75 < h;.
For any A > 0, the dilation §): G — G, is defined in coordinates by
OA(T1y ooy ) = (AN zq, ., ATy,

and satisfies 0)(zy) = dx(x)0x(y). Using the exponential map, dilations
satisfying exp ody = d oexp can be defined on G. These satisfy J\(E) = \'E
if £ €V, for some 1 <7 <s.

A Haar measure on G is a non-trivial Borel measure g on G satisfying
w(gE) = u(FE) for any g € G and Borel set £ C G. Such a measure is
unique up to scaling by a positive constant, so sets of measure zero are
defined without ambiguity. Identifying G with R", any Haar measure is
simply a constant multiple of n dimensional Lebesgue measure £".

2.2. Carnot-Carathéodory distance. Recall that a curve v: [a,b] — R”
is absolutely continuous if it is differentiable almost everywhere, 7/ € L'[a, b]
and

A(t2) = (1) + / ") dt

t1
whenever t1,t € [a,b].

Definition 2.2. An absolutely continuous curve 7v: [a,b] — G is horizontal
if there exist w1, ..., un, € L'[a,b] such that

m
Y () =) u(0X;((1))
j=1
for almost every t € [a,b]. We define the horizontal length of such a curve
7 by:
b
L) = [ futo) at
a
where v = (uq,...,uy) and | - | denotes the Euclidean norm on R™.

The Chow-Rashevskii Theorem asserts that any two points of G can be
connected by horizontal curves [4, Theorem 9.1.3].

Definition 2.3. The Carnot-Carathéodory distance d on G is defined by:
d(xz,y) = inf{L(7) : v: [0,1] — G horizontal joining x to y}
for z,y € G.
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It is well-known that the Carnot-Carathéodory distance satisfies the re-
lations d(zx, zy) = d(z,y) and d(d,(z),0,(y)) = rd(x,y) for z,y,z € G and
r > 0. It induces on G the same topology as the Euclidean distance but is
not bi-Lipschitz equivalent to the Euclidean distance. It follows from the
definition of the exponential map that d(exp(tE)) < |t|w(E) whenever t € R
and F € V.

A homogeneous norm on G is a continuous function D: G — [0, c0) such
that D(6x(z)) = AD(x) for every A > 0 and = € G, and D(z) > 0 if and
only if z # 0. We will mostly use the homogeneous norm d(x) := d(z,0),
but it is also useful to consider the homogeneous norm given by the explicit

formula:
1

S 2s!
]| := (Z |93Z|2r!/’) (2.4)
=1

where x = (z!,...,2%) € R™x..-xR™s = R" and |2!| denotes the Euclidean
norm on R™i. By [4, Proposition 5.1.4] there exists ¢ > 0 such that

c Yzl < d(z) < ¢||z|| for every z € G. (2.5)

2.3. Directional derivatives and Pansu differentiability. If x € G and
E € Vj is horizontal then the map ¢t — x exp(tE) is Lipschitz. Consequently
if f: G — R is Lipschitz then the composition t — f(xexp(tE)) is a Lips-
chitz mapping from R to itself, hence differentiable almost everywhere. Thus
it makes sense to define directional derivatives of Lipschitz maps f: G — R
in horizontal directions. Note, however, that if E € G\ V; then the composi-
tion ¢t — f(xexp(tE)) may not be Lipschitz. In this paper we only consider
directional derivatives in horizontal directions, as in [22].

Definition 2.4. Suppose f: G - R, z € G and E € V;. We say that f is
differentiable at x in direction E if the limit

(o) = i [T RE) = 1)

exists.

Suppose f: G = R, z € G and X f(z) exists for every 1 < j < m. Then
we define the horizontal gradient of f at x by

m

Vaf(z) =Y (Xif(z)Xi(w),

i=1
which can be represented in coordinates by (X1 f(x),..., X;nf(z)) € R™.
Let G be a Carnot group with distance d and dilations d,..

Definition 2.5. Amap L: G — G is group linear if L(zy) = L(z)L(y) and
L(6,(z)) = 6,(L(x)) whenever z,y € G and r > 0.
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Amap f: G — G is Pansu differentiable at x € G if there exists a group
linear map L: G — G such that

o A @) ). L(R)
h—0 d(h)

If such a map L exists then it is unique and we denote it by df.

=0.

The following fundamental result generalizes Rademacher’s theorem to
Carnot groups and is due to Pansu [20].

Theorem 2.6 (Pansu’s Theorem). Let f: G — G bea Lipschitz map. Then
f is Pansu differentiable almost everywhere.

We fix a Carnot group G and an adapted basis Xi,..., X, of G, with
corresponding inner product norm w, throughout this paper.

2.4. Porous sets. We now define porous sets and o-porous sets; for more
information see the extensive survey articles [28, 29]. Intuitively, a set is
porous if every point of the set sees relatively large holes in the set on
arbitrarily small scales. We denote by B(x,r) the open ball of centre z and
radius r > 0 in a metric space.

Definition 2.7. Let (M, p) be a metric space, E C M and a € M. We say
that E is porous at a if there exist A > 0 and a sequence x,, — a such that

B(xn, Ap(a,zn)) NE =@

for every n € N.
A set F is porous if it is porous at each point a € F with A independent
of a. A set is o-porous if it is a countable union of porous sets.

Porous sets in Carnot groups have measure zero. This follows from the
fact that Haar measure on Carnot groups is Ahlfors regular, hence doubling,
so the Lebesgue differentiation theorem applies [14, Theorem 1.8]. If a
porous set had positive measure then it would have a Lebesgue density point,
which is impossible due to the presence of relatively large holes, which have
relatively large measure, on arbitrarily small scales.

3. DIRECTIONAL DERIVATIVES ACTING LINEARLY

Even for a Lipschitz function f: R? — R with all directional derivatives
f'(z,v) at a point x € R2 directional derivatives need not act linearly:
' (x,a1v1 + agva) # a1 f'(z,v1) + as f'(x,v2) in general. Consequently, ex-
istence of directional derivatives alone does not suffice for differentiability.
We illustrate this with a simple example.

Ezample 3.1. Define f: R> — R by f(x,y) = min(z,y). Then f is a Lip-
schitz function with all directional derivatives at (0,0). However, f is not
differentiable at (0,0), since:

of of

f’((0,0), (1,1))=1#0= %(0,0) + @(070)'
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If z lies outside a o-porous set depending on f, then directional derivatives
do act linearly: if f/'(z,v1) and f/(z,v2) exist then f/(z,a1v1 + agve) exists
and is equal to a1 f'(x,v1) + aof’(x,v2). Such a statement holds even for
Lipschitz maps from a separable Banach space X to a Banach space Y [23,
Theorem 2|. In this section we prove an analogue in Carnot groups, showing
that directional derivatives act linearly outside a o-porous set (Theorem 3.8).

3.1. Geometric lemmas. We now give several results describing the ge-
ometry of Carnot groups, essential for our study of porosity and differen-
tiability. Before proving the first geometric lemma, we state an estimate
for the norm of a commutator of group elements [10, Lemma 2.13]. Recall
that G is a Carnot group of step s, hs := n and the homogeneous norm
| - || was defined in (2.4). The following lemma is stated using a differ-
ent homogeneous norm in [10]. However the desired statement follows from
[10, Lemma 2.13] because any two homogeneous norms differ by a constant
multiplicative factor.

Lemma 3.2. There is a constant C > 0 such that

s—1

_ 1 s=1 1
lo~ gl < C(lyll + 2l =g = + 2] Iyl +) - for 2,y € G.

The first geometric lemma bounds the Carnot-Carathéodory distance be-
tween points obtained by flowing from two nearby points in the direction of
the same horizontal vector field.

Lemma 3.3. Suppose A € (0,1) and t € (—1,1). Let z,y € G satisfy
d(z,y) < MNt| and U € V1. Then, there exists C = Cy > 0 such that

d(zexp(tU), y exp(tU)) < CAY3|t| max(1,w(U)).

Proof. Throughout the proof C' will denote a positive constant depending
only on G and possibly different from line to line. Using equation (2.5), we
can estimate with the equivalent homogeneous norm || - || instead of d(-).
Without loss of generality assume y = 0 and s > 2. Indeed, if s = 1 then
G =R"™ and
lexp(tU) ™"z exp(tU)]| = [l«]| < CAl]

so the statement follows. Now suppose s > 2. Using Lemma 3.2 and the
bound ||z| < CA|t| we have:

s—1

_ 1 s=1 1
lexp(tU) ™'z exp(tU)]| SC(HfEH+HstHeXD(tU)H Sl Hexp(tU)Hs)

s—1

1 s=1 s—1 1
ZC(\I$II+\I$IISM w(U) = Azl [ w(U)

<l (/\ FASw(U) T+ A%w(U)%)
< CJtIrs (1 Fw(U)F +w(U)%),

where in the last inequality we used A € (0,1) and s > 2. The conclusion
easily follows. O
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We next recall [4, Lemma 19.1.4], as summarized in [4, page 717]. Keeping
in mind (2.2), the lemma describes how to move in the direction of a Lie
bracket of many directions, by moving repeatedly backwards and forwards
in the individual directions. Recall that an iterated bracket is of length k

with entries Yi,...,Y, if it is of the form [Y},,...[Y},,,Y;.]...] for some

multi-index (j1,...,7%) € {1,...,q}*.

Lemma 3.4. Suppose Y1,...,Y, € G. Then we can write
Yq,...[Ya.Y1].. ] =Y, 00 4+ R(Y, ..., YY),

where ¢(q) is an integer depending only on q, and
Yii,oo s Y, € {£Y1,...,£Y,}.

The remainder term R(Y1,...,Yy) is a linear combination of brackets of
length > q + 1 of the vector fields Y1,...,Y,.

The next lemma shows how to move in a direction U + V' by repeat-
edly making increments in directions U and V. Such a statement will be
useful when we want to relate directional derivatives in direction U + V to
directional derivatives in direction U and in direction V.

Lemma 3.5. There is a constant C = Cy > 0 for which the following holds.
For any pair U,V € Vi, there exist Uy, ..., Ux € {U,V} and p1,...,pn € R
with |p;| < C and N < C such that

exp(U + V) = exp(p1U1) exp(p2Us2) - - - exp(pnUn ).

Proof. We prove the lemma by induction on the step of G. Throughout the
proof, C' denotes a constant depending only on G, which may vary from line
to line. If G has step one the statement is clear: simply take N =2, U; = U,
Uy =V and use the equality:

exp(U + V) = exp(U) exp(V),

which follows from the Baker-Campbell-Hausdorff formula (2.2) and (2.3).

Suppose s > 1 and the lemma holds for Carnot groups of step s — 1.
Let G be a Carnot group of step s with Lie algebra G = V1 & --- & V; and
adapted basis X1,..., X, of G. Let ¢ = hs_1, then X1,..., X, is a basis of
Vio---®Vsq and Xgy1,..., X, is a basis of V.

Claim 3.6. There exists a Carnot group H of step s — 1 whose Lie algebra
H=W1®- - @ Ws_q is spanned by an adapted basis Y1,...,Y,, with Lie
bracket defined as follows:

q n
Vi Yila =Y aYe if  [Xi,Xjlg =) arXp. (3.1)
k=1 k=1
Proof. Fix a g-dimensional vector space H and a basis Y7,...,Y; of H. For

1 <i<s—1 define:
W; = span{Yj : X; € V;}.
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Then H = W1 @ --- ® W1 and Ws_1 # 0. Define [, J|g: H X H — H
using (3.1) and bilinearity. The vector space H equipped with [-, -]y is a Lie
algebra, so there exists a simply connected Lie group H with Lie algebra H
[4, Theorem 2.2.14]. Using (3.1), one can check:

[Wl, VVz]H = m+1 for 1 S 1 S S — 2, and [Wl, stl]H = {0}
Hence H is a Carnot group of step s — 1. O

Using (3.1), we can choose a Lie algebra homomorphism ¢: G — H sat-
isfying p(X;) =Y; for 1 <i < g and ¢(X;) =0 if ¢ < i < n. The kernel of
p is V5. We may choose a Lie group homomorphism F': G — H satisfying
dF = ¢ [4, Remark 2.1.60].

Suppose U,V € Vi. Then dF (U),dF (V') € Wj. Since H has step s —1, we
may apply our inductive hypothesis to H and use linearity of dF' to write:

exp(dF(U +V)) = expy(p1dF(U1)) - - - expy(pndF (Un)), (3.2)

with U; € {U,V'}, |pi] < Cand N < C. Here C is a constant depending only
on H, hence C is determined by G. Since F' is a Lie group homomorphism,
the equality expy o dF = F o expg holds. Hence (3.2) implies:

F(expg(U +V)) = F(expg(p1U1)) - - - F(expg(pnUn))

= F(expg(p1U1) - - - expg (pnUn))- (3.3)
Claim 3.7. There exists Z € Vg such that
expg(U +V + Z) = expg(p1U1) - - - expg (pnUnN). (3.4)

Furthermore, Z = mZ1+ ...+ npZy with |n;| < C and p < C for a constant
C determined by G. Each term Z; is a Lie bracket of length s of U and V.

Proof. The map expg is a diffeomorphism, so necessarily there exists Z € G
such that (3.4) holds. Combining (3.3) and (3.4) gives:

F(expg(U+V + Z)) = F(expg(U + V)).
Hence:
expy(dF(U) + dF (V) + dF(Z)) = expg(dF(U) + dF(V)).
Since expy is a diffeomorphism this implies
dF(U)+dF(V)+dF(Z) =dF(U) + dF(V),

so dF(Z) = 0. The kernel of dF is Vs, so Z € Vs. By (3.4), the fact that
expg is invertible and (2.2) we obtain:

Z = expg' (expg(p1Ui) - - - expg (pnUn)) = U =V (3.5)
= (pUi)o---o(pnUn) —U = V.
Using the Baker-Campbell-Hausdorff formula (2.3) we can write:
Z=Ji+...+Js (3.6)

where each J; is a linear combination of Lie brackets of length ¢ of U and V.
The number of terms in each linear combination is bounded by a constant
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depending on G. The scalars in these linear combinations are polynomials in
the numbers p;, with bounded degree and coefficients. Since the numbers p;
are uniformly bounded, the scalars are also bounded by a constant depending
on G. Note Z € V; implies J; = 0 for every 1 <¢ < s— 1. Hence Z = J; is
of the desired form. O

Any of the Z; in Claim 3.7 can be written in the form:
[Es,...[E2, F1]..]g € Vi, E; e {U, V}. (3.7)
Given such a Lie bracket, use Lemma 3.4 to find ji,. .., j.() such that
[Es,...[E2, Er]..Jc = Ejy o0 Ej  + R(E, ..., E),
where ¢(s) is an integer depending only on s, and
Ej,....Ej,, e{xU £V}

The remainder term R(E4,...,E;) is a linear combination of brackets of
height > s 4+ 1 of the vector fields Fjy,..., Fs. Since G has step s, this
implies R = 0. Consequently:

Using (2.2), this implies:
expg([Es, . .. [E2, Er] .. J6) = expg(Ej,) - - expg(Ej,,), (3.8)

where ¢(s) < C.

Claim 3.7 states that Z = m Z1+...+n,Z, with |n;| < C, p < C and each
Z; of the form in (3.7). Since Z; € V; for 1 < i < p we have [Z;, Zj]c = 0,
so:

expg(Z) = expg (M 21) - - expg (NpZp)-

Hence we may use (3.8) for each Z; and combine the resulting expressions
to write:

expg(Z) = expg(61Q1) - - - exp(dnQur), (3.9)

with M < C, |§;| < C and @Q; € {U,V}. Combining (3.4) and (3.9), we
deduce:

expg (p1U1) -+ expg (pnUN) expg (=0 Q) - - - expe (=61 Q1)
=expg(U+V + Z) expg(—2)
=expg(U + V). (3.10)

The second equality follows from the fact Z € Vs s0 [U+V + Z,—Z]|g =0
and the Baker-Campbell-Hausdorff formula (2.3) simplifies. Notice that
|pil, 10i], N,M < C and U;,Q; € {U,V'}, so (3.10) gives the required repre-
sentation holds for exp(U + V). Hence the lemma holds for G which has
step s. This completes the inductive step, proving the lemma. O
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3.2. Geometry to differentiability. We now use Lemma 3.3 and Lemma
3.5 to show directional derivatives act linearly outside a o-porous set.

Theorem 3.8. Suppose f: G — R is Lipschitz. Then there is a o-porous set
A C G such that directional derivatives act linearly at every point x € G\ A,
namely the following implication holds: if E1 f(z) and Eqf(x) exist for some
Ey,Ey € V1, then (a1 E1 + asE2) f(x) exists and

(a1 E1 + azEy) f(z) = a1 B f(2) + a2 Ea f ()
for all ay,as € R.
It follows directly from the definition that if a directional derivative E f(x)
exists then (sE)f(x) exists and is equal to s(E(f(x))) for any s € R. Hence
to prove Theorem 3.8 we may assume a; = ag = 1.

Recall the constant C from Lemma 3.5. Given U,V € V1 \ {0}, y,z € R
and g, > 0, let A(U,V,y,z,¢,0) be the set of x € G such that for all |¢t| < ¢:

|[f(zexp(tU)) — f(z) — ty| <elt], (3.11)
|[f (zexp(tV)) — f(z) — tz| <elt], (3.12)

and there exist arbitrarily small ¢ for which:
|f(zexp(tU +tV)) — f(z) — t(y + 2)| > 2eCalt]. (3.13)

Fix x € A(U,V,y,z,¢,d). Use Lemma 3.5 to choose Uy, ...,Uy € {U,V}
and p1,...,pn € R with |p;| < Cy and N < Cy such that

exp(U + V) =exp(p1Ui) - - - exp(pnUn). (3.14)
Choose
1
t in (9 3.15
< min (0 ey o) 19
satisfying (3.13). Dilating both sides of (3.14) by the factor ¢ gives:
exp(tU + tV) = exp(tp1Ui) - - - exp(tpnUn). (3.16)

Let g = x. For 1 <i < N let x; = x;—1 exp(tp;U;), yi =y if U; = U and
y; = z if U; = V. Note that zny = xexp(tU + tV) by (3.16).

Claim 3.9. If U and V are linearly independent then the following state-
ments hold:

1) SN piyi =y + 2,
(2) there exists 0 < i < N — 1 such that

|f(@iv1) = f(@i) = tpivayita| > 2¢[t].
Proof. We first verify (1). Define:
Ipy={i:Uj=U}and Iy ={i: U; =V }.
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Recall that p: G — R™ is the projection onto the first m coordinates. The
equality (3.14) implies

p(U) +p(V) = p1p(U1) + ... + pnp(Un)
. ( > pi)p(U) + ( > pi)p(V)-
i€ly iely

Since U,V € Vj and are linearly independent, p(U) and p(V') are linearly

independent. Hence:
D2 pi= pi=1l

icly icly
Consequently:

iﬂi?ﬁ = (Z Pi)er ( Z pz‘>2

iely iely
=y+tz

which proves (1).
Next suppose (2) fails. Then:

|f(l‘i+1) - f(l’z) - tpi+1yi+l| < 2€|t| for 0 < ) < N —1. (317)
We estimate using (1), (3.17) and N < Cs:

N
|f(zexp(tU +1V)) — f(x) =ty + 2)| = ‘f(va) — fl@) =t piys
i=1

(f(xi) = f(wic1) — tpiyi)

WE

1

< [ f (@) = frica) — toiwil
i=1

< 2€Cg|t|,

.
Il

=

This estimate violates our choice of ¢ satisfying (3.13). This proves (2). O

Claim 3.10. The set A(U,V,y,z,¢&,0) is porous for each choice of the pa-
rameters U,V y, z,€,9.

Proof. We may assume that U and V are linearly independent, otherwise
A(U,V,y,z,e,0) = @ and the claim is trivial. Use Claim 3.9(2) and the
equality x;11 = x; exp(tpi+1Ui+1) to choose 0 < ¢ < N — 1 satisfying:
|f(ziexp(tpis1Uis1)) — f(@i) — tpiv1yiva| > 2elt]. (3.18)
Recall the constant C; > 0 defined in Lemma 3.3. Let
A = 2Lip(f)C1Ca max(w(U),w(V)),

. es €
A = min <A5’ m, 1) , (3.19)
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and
r =min(Aw(U), Aw(V), N)[t]. (3.20)
Fix ¢ € B(z;,r). We will apply Lemma 3.3 with parameters:

A as defined in (3.19),
t replaced by tp;r1w(Uit1),
x replaced by x;,
y replaced by q,
U replaced by U;y1/w(Uit1).
To see the hypotheses of Lemma 3.3 are satisfied, notice:
e (3.15) and the bound |p;+1| < Co implies |tp;r1w(Uis1)| < 1,
e 0 < A < 1is clear from the definition in (3.19),
o d(zi,q) < A|t| using ¢ € B(z;,r) and the definition of r in (3.20).
Also note w(Ujt1/w(Uiy1)) < 1 and recall |p;41| < Cy. Applying Lemma
3.3 gives:

d(@; exp(tpis1Uis1), qexp(tpis1Uis1)) < CLAY*[tpi1|w(Uisr)
< C1Coltlw(Uip1) A
< C10q|Hw(Usvr)e/A
< elt|/(2Lip(f)).

Hence:
| f(ziexp(tpi+1Uir1)) — flaexp(tpit1Uitr))] < elt]/2. (3:21)
Since q € B(x;,r) we can also estimate:
() — £(@)] < Lip(H)r < Lip(HN] < eltl/2. (3.22)
Applying (3.18) together with (3.21) and (3.22) gives:
| flaexp(tpiv1Uit1)) — f(a) = tpivryita| > elt]. (3.23)

Recall that either U;11 = U and y;+1 =y or Ujy1 =V and y;+1 = 2. Hence
(3.23) shows that (3.11) or (3.12) fails with x replaced by ¢q. Consequently
q ¢ A(U,V,y,z,e,d). Since ¢ was an arbitrary member of B(xz;,r), we
deduce:
B(z;,r) N AU, V,y,z,e,0) = 2.
Since N < Cy and |p;| < Cq, we can estimate as follows:
d(l‘, IZ) < d(.Zo, $1) + ...+ d(l’ifl, l‘l)
<w(tpmUi) + ...+ w(tpnUn)
< [tllprlw(U1) + ... + [t[|pn |w(Un)
< C2 max(w(U),w(V))|t].
Since r = min(Aw(U), Aw(V), A)|t|, B(x;,r) is a relatively large hole in
A(U,V,y, z,¢&,0) close to . Since t can be chosen arbitrarily small, it follows

that A(U,V,y, z,¢,0) is porous at . The point z was chosen arbitrarily from
A(U,V,y, z,¢,0), so the claim is proven. O
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Proof of Theorem 3.8. Fix a countable dense set W C Vi. Let A be the
countable union of sets A(U,V,y, z,¢,d), with U,V € W and y, z,£,6 € Q
such that €,6 > 0. Clearly A is o-porous.

Suppose € G\ A and E f(x), Eaf(z) exist. Choose rational £ > 0 and
rational d > 0 such that for all |¢| < ¢:

|f(zexp(tEr)) — f(x) — tELf(x)| < e[t]/2
and
|z exp(tEy)) — f(x) — tEaf(x)] < lt]/2
Fix y,z € Q such that |y — E1f(z)| < /4 and |z — Exf(z)| < £/4. Choose
F1, F5 € W such that
d(exp(E1), exp(F1)) < e/4Lip(f),
d(exp(E2), exp(Fy)) < e/4Lip(f),
and
d(exp(E1 + Ez),exp(F1 + Fy)) < e.
Analogues of (3.11) and (3.12) hold with E; replaced by Fj and Es re-
placed by Fy. For the first one notice that for any [t| < d:
|f(zexpthr) — f(z) — ty| < |f(zexptEr) — f(z) — tELf(2)]
+ |f(zexptEr) — f(zexpthFl)]
+ |ty — tE1 f (7))
< elt]/2 + Lip(f)[t|d(exp(E1), exp(F1))
+ [ty — Erf(z)]
< eltl.
The second estimate is similar. Since z € G\ A, necessarily x ¢ A(F, F»,y, 2,€,0).

However, (3.11) and (3.12) hold, so necessarily (3.13) fails. Hence, for all
sufficiently small ¢,

|f(zexp(tF + tF2)) — f(x) — t(y + 2) < 2eChlt].
This implies that for sufficiently small ¢:

|f(zexp(tEr +tEp)) — f(z) — t(E1f(2) + Bz f(2))|
<|f(zexp(tF1 +tF2)) — f(x) — t(y + 2)|
+ [t|Lip(f)d(exp(E1 + E2), exp(F1 + Fy))
+ [t ELf(z) — yl + [t Eaf (2) — 2]
< 2eCh[t| + [t|Lip(f)e + [te/2
< (2C1 +Lip(f) + 1/2)elt].

This implies that (Ey + Ep)f(x) exists and is equal to E;f(z) + Eaf(x),
which proves the theorem. O
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4. REGULARITY AND DIFFERENTIABILITY

For Lipschitz maps between Euclidean spaces, existence and linear action
of directional derivatives implies differentiability (by definition). The fol-
lowing example shows that for a Lipschitz map f: G — R, existence and
linear action of directional derivatives (in only horizontal directions) does
not suffice for Pansu differentiability.

Example 4.1. Let H' = R? be the first Heisenberg group. The Heisenberg
group is the simplest example of non trivial Carnot group of step 2. The
group law has the form

1
(z,y,t) (", ¢, t)) = (:c +a y+y t+t + 5(1‘?/ - :v’y))-

The homogeneous norm defined in (2.4) reads as
(@, y, 0 = (@ +y*)* + )Y (2,y,0) e H
and d(a,b) = |la='b|| defines a metric on H'. Let
A= (R* x {0}) U ({(0,0)} x R) c H',

equipped with the restriction of the metric d on H'. Define f: A — R by
f(z,y,0) =0and f(0,0,t) = \/m We claim that f is Lipschitz with respect
to restriction of the metric d. Clearly, it suffices to prove that there exists
C > 0 such that

|f(2,y,0) — £(0,0,t)] < Cd((z,,0),(0,0,¢)) forall z,y,t e R (4.1)
and
|£(0,0,¢) — £(0,0,s)| < Cd((0,0,),(0,0,s)) forallt,scR  (4.2)
Using the definition of the group law and d:
d((z,y,0),(0,0,t)) = [[(—z,—y, )| > c(l[(z,y)llp> + V/T¢])
and
£(9,0) = £0,0,0)] = VIl < ~((z,,0), 0,0,1)

o (4.1) follows. Moreover,

1£(0.0,8) = £0,0,5)] = |/l = V/Jsl| < V/E = 5] = d((0.0,1), (0,0,5)).

By the classical McShane extension theorem (see for example [14, Theorem
6.2]), f admits an extension to a Lipschitz function f: H' — R, note that by
(2.5), f is Lipschitz also with respect to the Carnot-Carathéodory distance
d. Clearly Ef(0,0,0) =0 for all E € Vi, so f has all directional derivatives
and they act linearly at (0,0, 0). Indeed, recalling that exp(tE) € R? x {0},

we have:
£/(0.0,0) = ling HEPHED = J0.0.0

=0.
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However, f is not Pansu differentiable at (0,0,0). Indeed:

I 1£(0,0,¢%) — f(0,0,0)] _ [¢]

= =1>0.
50 d((0,0,£2),(0,0,0) _ |{]

In this section we adapt [15] to define regular points of Lipschitz functions
on Carnot groups and show that the set of irregular points of a Lipschitz
function is o-porous (Proposition 4.3). We then show that outside another
o-porous set, existence of directional derivatives (in horizontal directions)
implies Pansu differentiability (Theorem 4.6 and Corollary 4.8). This then
yields a new proof of Pansu’s theorem (Corollary 4.11).

4.1. Regular points. We adapt [15, Definition 3.1] from Banach spaces to
define regular points for Lipschitz maps on Carnot groups. Intuitively, z
is a regular point of f if whenever E € Vj and Ef(x) exists, then Ef(z)
controls changes in f along all lines close to = in direction F.

Definition 4.2. Suppose f: G — R. We say that x € G is a regular point
of f if for every E € V; for which Ef(x) exists,

o T @) exp(tE)) = f(w8i(w)

t—0 t

= Ef(z)
uniformly for d(u) < 1. A point is irregular if it is not regular.

We adapt [15, Proposition 3.3] from Banach spaces to show that irregular
points of a Lipschitz function form a o-porous set.

Proposition 4.3. Let f: G — R be Lipschitz. Then the set of irreqular
points of f is o-porous.

Proof. Let J be a countable dense subset of V7. For p,q € N, E € J and
w € Q, let A, , g be the set of z € G such that

|[f(zexptE) — f(x) — tw| < [t|/p for [t] < 1/q (4.3)

and

f(@6i(u) exp(tE)) — f(xdt(u))
t

limsup sup
t=0  d(u)<1

- w‘ > 2/p.

Fix p,q, E,w and © € Ap 4 . Then there are arbitrarily small |t| < 1/q
such that for some u € G with d(u) < 1, depending on ¢,

|f(z6¢(u) exp(tE)) — f(de(u)) — tw| > 2[t|/p. (4.4)
Let

1 1
A = min - , - , 1),
((2C1lep(f)(1+w(E)))s 2pLip(f) )
where C is the constant from Lemma 3.3. Fix |t| < 1/¢ and v € G with
d(u) < 1 satisfying (4.4). Suppose y € B(zdi(u), Alt]). We may apply
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Lemma 3.3, with U replaced by E and x replaced by xd;(u), to obtain:

|f(yexp(tE)) — f(26:(u) exp(tE))| < Lip(f)d(y exp(tE), 26, (u) exp(tE))
< Lip(f)CiAY* [t max(1, w(E))
< |t/2p.
Hence, using also (4.4) and the assumption d(y, xd;(u)) < Al¢],

[f(yexp(tE)) — f(y) — tw| = | f(x6¢(u) exp(tE)) — f(zdy(u)) — tw)
— |f(yexp(tE)) — f(2di(u) exp(tE))|
— |f(@6:(u)) — f(¥)
> |t]/p-

Since |t| < 1/q the previous estimate contradicts (4.3), so y ¢ Ap 4 Ew- To
summarise:

d(z,d¢(u)) = d(6(u)) < [¢]
and we have shown:

B(z0:(u), At]) N Apgpw = 9.

Since [t| could be chosen arbitrarily small, this shows Ay, g is porous.
Every irregular point of f belongs to one of the countable collection of
porous sets A, gw, Where p,g € N, E € J and w € Q. Hence the set of
irregular points of f is o-porous, as desired. O

4.2. Differentiability and Pansu’s theorem. To pass from directional
derivatives to Pansu’s theorem, we use a lemma showing how to join ar-
bitrary points by following directions from our chosen basis Xi,...,X,, of
Vi. To prove our desired statement we first quote the following lemma [4,
Theorem 19.2.1].

Lemma 4.4. Let Z = {Z;,...,Zy} be a basis for Vi and fix a homogeneous
norm p on G. Then there exist constants M € N (depending only on G)
and ¢y > 0 (depending on G, p and Z) for which the following holds.
For every x € G, there exist x1,...,zp € exp(Vh) with the following
properties:
e L =T1"""TM,
o p(z;) < cop(x) forallj=1,...,M,
o for every j=1,...,M, there exist t; € R and i; € {1,...,m} such
that x; = exp(t;Z;;).
Lemma 4.5. There are constants M € N and (Q > 0 such that the following
holds for every point h € G. For 1 < j < M, there exist t; > 0 and
E; e {£Xy,...,£X,,} such that:
(1) 2551t < Qd(h),
(2) h=exp(t1E1) ---exp(tmEnr).
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Proof. Apply Lemma 4.4 with the basis Z = {X1, ..., X;,} of V} and homo-
geneous norm x — d(x) on G. We obtain M € N such that for every h € G,
there exist t; € R and i; € {1,...,m} for 1 < j < M, such that

h =exp(t1Xi,) - -exp(tmXiy, ), (4.5)
and
d(expt; X;;) < cod(h). (4.6)
Since w(X;,;) = 1 for every j, (4.6) implies |t;| < cod(h) for 1 < j < M.
Hence:

M

> Ity < Meod(h). (4.7)

j=1
For each 1 < j < M choose E; = Xl-j if t; > 0, or choose E; = —Xij and
replace t; by —t; if t; < 0. After such a replacement we have t; > 0 for every
J, (4.5) still holds giving the desired equality (2), and (4.7) gives (1). O

We now prove a pointwise differentiability result, whose hypotheses com-
bine the various conditions we have investigated so far.

Theorem 4.6. Suppose f: G — R is Lipschitz and x € G has the following
properties:

o Xif(x),..., Xnmf(x) exist,

e directional derivatives act linearly at x,

e 1 is a regular point of f.
Then f is Pansu differentiable at the point x with group linear derivative
L(:) = (p(),Vuf(z)), where p: G — R™ is projection onto the first m
coordinates.

Proof. First we remark that h — (p(h), Vg f(x)) is group linear. Indeed,
the group operation is Euclidean in the first m coordinates so:

(p(h1h2), Vi f(x)) = (p(h1) + p(h2), Vu f(z))
= (p(h1), Vi f(z)) + (p(h2), Vi f(2)),
and

(p(6r(h)), Vi f(x)) = (rp(h), Vi f(z)) = r(p(h), Vi f(x))
for any hi,hs € G and r > 0.

We may assume x = 0. Fix M and @ as in Lemma 4.5 and let € > 0.
Since X1 f(z),...,Xmf(z) exist and directional derivatives act linearly at
x, necessarily F f(x) exists for every F € V. Since 0 is a regular point of
f, for each E € V; we can find 6 > 0 such that if 0 < [t| < ¢ and d(u) < 1
then:

|f(6¢(u) exp(tE)) — f(de(u)) — tEf(0)] < elt]. (4.8)

Since J :={F € Vj : w(F) < 1} is compact, we may additionally choose
d > 0 so that (4.8) holds uniformly if 0 < |[¢t| < J, d(u) <1 and F € J.
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Fix h € G\ {0} with d(h) < 6/Q. Use Lemma 4.5 to choose ¢; > 0 and
E; e {+X;,...,£X,,} for 1 <i < M such that

M
>t < Qd(h) (4.9)
j=1
and
h =exp(t1E1) - -exp(tmEnr). (4.10)

Let x1 = 0 and x;41 = z;exp(t;E;) for 1 < i < M. Notice zpr41 = h
follows from (4.10).

Claim 4.7. For each 1 <i < M:
|f(2ig1) — f(zi) — 6B £(0)] < Qed(h).

Proof. Fix 1 <i < M and let t = Qd(h). We check that there exist u € G
with d(u) < 1and E € V; with w(E) < 1 such that x; = 0;(u) and t;, E; = tFE.
We begin by solving z; = d;(u). Notice

xTr; = eXp(t1E1) s eXp(ti_lEi_l).
Using the definition of z;, w(E;) < 1 and (4.9), we can estimate d(x;) as
follows:
i—1 i—1
d(z:) <Y d(wj,x541) = Y dlexp(t; Ej))
Jj=1 Jj=1

i—1

<Y tw(E))
j=1

< Qd(h),

Since t = Qd(h), we can choose u € G with d(u) < 1 such that x; = §;(u).
Since h # 0, we have t # 0. Let E = (t;/t)E. Since w(FE;) = 1 and (4.9)
implies ¢; < Qd(h), we have

w(B) = t;/t = t;/Qd(h) < 1.

Hence E € Vi solves tE = t;E; with w(F) < 1 as desired.
Since:

o 111 = x;exp(tiF;),
® I, = 5t(u) and tiEi == tE,
ot = Qd(h) <0,

we may apply inequality (4.8) to obtain:
|f(@it1) — (@) — tEif(0)] < Qed(h).
This proves the claim. ([
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The group operation in the first m coordinates is Euclidean, (4.10) states
exp(t1E1) ---exp(tprEn) = h, and exp(AE) = 0E(0) whenever § € R and
FE € Vi. Hence:

(t1E1(0)) - - (tmr Epr (0)) = h.
Since p(X;(0)) is the ¢’th standard basis vector of R™ in coordinates, we

deduce:
M m
p(X}JM@)zp(E:m&mO.
=1 i=1

Hence Zf\il tiE; and > ;" | h; X; are two horizontal vectors whose projections
in R™ are equal at 0. Consequently:

M m
ZtiEi = Z hi X;.
=1 =1

Since directional derivatives act linearly at 0, we deduce:

M m
D GEf(0) = hiXif(0).
i=1 i=1

We then estimate as follows:

M m

£ (h) = f(0) = (p(h), VE [(0))] = Z(f(xi+1) — f(=i)) — ZhiXif(O)
z]\—/ll 1;41

= > (fl@irr) = f(@) = Y _t:Eif(0)
=1 =1

M
<D U fwinn) = f(@) — LES(0))]
1=1

< MQed(h).
Hence for d(h) < §/Q we have:
[f(h) = f(0) = (p(h), Vi f(0))| < MQed(h).

This proves that f is Pansu differentiable at = with the desired derivative.
O

We can combine Theorem 4.6 with Theorem 3.8 and Proposition 4.3 to
obtain the following application of porous sets.

Corollary 4.8. Let f: G — R be Lipschitz. Then there exists a o-porous
set P for which the following implication holds at all points x ¢ P: if X;f(x)
exists for every 1 < i < m, then f is Pansu differentiable at x.

Proof. Use Theorem 3.8 to choose a o-porous set A, outside which direc-
tional derivatives act linearly. Let B be the set of irregular points of f
defined in Definition 4.2, which Proposition 4.3 states is g-porous. Clearly
the set AU B is o-porous. Suppose X;f(x) exists for all 1 < i < m and
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x ¢ AU B. Then Theorem 4.6 asserts that f is Pansu differentiable at x,
proving the desired implication. U

We will use existence of directional derivatives and Corollary 4.8 to prove
Pansu’s theorem. To construct many directional derivatives we first need
the following well-known fact, for example see [17, Lemma 3.3].

Lemma 4.9. Let Z1, Zy be two subspaces of G with Z1 & Zy = G and
dim(Z,) = 1. Then there are open neighborhoods of the origin Q1 C Zi,
Qo C Zo and an open neighborhood of the identity U C G such that the map

b Qx> U

defined by
¢(a, z) = exp(a) exp(z)
is a diffeomorphism.

Lemma 4.10. Suppose f: G — R is Lipschitz and E € Vi. Then the
directional derivative E f(x) exists for almost every x € G.

Proof. Let Z1 C G be the subspace spanned by E and let Zs be the subspace
of G for which G = Z1 & Zs. Let 1, Qs, U and ¢ be given by Lemma 4.9.
Choose ¢ > 0 so that if |t| < § then tE € ;. Notice that all these quantities
are independent of the map f.

For each fixed a € Qa, F,: (—9,d) — R defined by F,(t) = f(¢(a,tE)) is
a composition of Lipschitz functions, hence Lipschitz and therefore differ-
entiable almost everywhere. Note exp((t + h)E) = exp(tE) exp(hE) follows
from (2.3) and [E, E] = 0. Hence for ¢t € (—4,9):

[Fa(t+h) — Fa()] _ f(¢(a, (t+H)E)) — f(d(a,tE))

h h
_ f(¢(a,tE) exp(hE)) — f(¢(a,tE))
h
Using Definition 2.4 and existence of F)(t) for almost every t € (—6,0),
we deduce that Ef(¢(a,tF)) exists and is equal to F/(t) for almost every
t e (—0,9).

Using the basis X1,..., X, of G, G is identified with R™ so equipped with
Lebesgue measure. Viewing ¢ as a map between subsets of R", Fubini’s
theorem implies that Ef(¢(Z)) exists for almost every Z € Qg x ;. Since
¢ is a diffeomorphism, it preserves sets of measure zero. Hence F f(z) exists
for almost every z € ¢(€Q2 x 1) = U. This holds for every Lipschitz map
f, with the set U independent of f.

For any R > 0, let gr(z) = f(dr(z)). It is easy to show that Egr(z) exists
if and only if Ef(dr(x)) exists, in which case Egr(x) = R(Ef(dr(x))).
Since dilations preserve sets of measure zero, Ef(z) exists if and only if
Egr(d 1 (x)) exists. Suppose f is a Lipschitz function for which E f(x) fails

to exist at points z in a set of positive measure. Then we can find a compact
set K of positive measure such that Ef(x) does not exist for any z € K.
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Now fix R > 0 such that 0 1 (K) C U. Then gg is a Lipschitz function and
Egr(y) does not exist for points y € (%(K) C U and 6% (K) has positive

measure. This contradicts what we showed above with f replaced by gg.
Hence E f(x) exists for almost every = € G, for any Lipschitz function f. O

We now use Lemma 4.10 and Corollary 4.8 to obtain Pansu’s theorem for
mappings from G to a Euclidean space.

Corollary 4.11 (Pansu’s Theorem). Suppose f: G — RN is Lipschitz.
Then f is Pansu differentiable almost everywhere.

Proof. First assume N = 1. Using Lemma 4.10, we can find a measure
zero set A C G such that X;f(z) exists for 1 < i < m and z € G\ A.
Using Corollary 4.8, choose a o-porous set P such that x ¢ P and existence
of X;f(x) for 1 < i < m together imply that f is Pansu differentiable at
x. Since porous sets have measure zero, the set A U P has measure zero.
The function f is Pansu differentiable outside A U P, consequently Pansu
differentiable almost everywhere.

Now assume N > 1 and let f = (f1,...,fn): G — RY be Lipschitz.
Clearly f;: G — R is Lipschitz for all 1 < ¢ < N, therefore there exists a
null set B C G so that every component f; is Pansu differentiable in G\ B.
Let L: G — R¥ be the group linear map defined by L = (Ly, ..., Ly) where
L; is the Pansu derivative of f;. For every z € G\ B we have:

N 1
| f(zh) = f(x) — L(h)] _ (filzh) = fi(z) = Li(h))*\ 2
B0 d(h) ( 2350 d(h)? ) 0
Hence f is Pansu differentiable almost everywhere. O
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