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Abstract. We consider an evolution in phase field fracture which combines, in a system of PDEs, an irre-
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for gradient flows and parametrized BV-evolutions, from which the PDEs follow.
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1 Introduction

Phase field models are widely employed to simulate crack propagation; nowadays, even within the
linear-elastic setting, the literature comprises a huge number of phase field models with different
potentials and evolution laws for both the elastic and the phase field variable, e.g. [2, 4, 7, 8, 16,
21, 23, 29, 31]. Among the many, our interest is restricted to phase field energies of the form

E(u,v) = /Q(v2 + n5)W (Du) dx, G.L(v) = %GC/Q(ZM)_I(U — 1) + §|Vo|? da,

as approximations of the linear-elastic and brittle energy respectively. Here, u is the displacement
field, W (Du) is the linear elastic energy density, v is the phase field variable, G is toughness while
0 > 0 and ns > 0 are regularization parameters. There are practical and theoretical reasons behind
this approximation: for static problems, it is well known [3, 9, 12] that for 6 — 0 and 75 = o(d) the
I-limit of the energy F(u,v) = E(u,v) + GL(v) takes the form

Flu) = /Q W (Du) dz + GH(J,),

where the set J, of discontinuity points of u represents the crack. This is clearly a strong argument in
favour of this approach, however it is fair to remember that I'-convergence yields only the convergence
of global minimizers, for applications it would be more useful to have also convergence of critical
points and energy release; these interesting questions are technically hard, some partial answers can
be found in [5, 13, 26].

Let us turn our attention toward evolutions problems considering in particular discrete schemes,
used in many applications, and based on the separate convexity of the energy F(u,v) = E(u,v) +
D(v). We start with the quasi-static variational evolution of [8]. Consider on 02 a boundary
condition u = g(t) for ¢ in the time interval [0,7] and the initial conditions ug and vy (for ¢ = 0).
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For 7 > 0 let t, = n7 € [0,7] for n € N. Given an equilibrium configuration (u,_1,v,—1) (at
time ¢,_1) the equilibrium configuration (u,,v,) (at time t,) is obtained by means of a sequence
(Un ks Un k) Of intermediate states. More precisely, u, = limju, and v, = limj v, where the
sequences uy , and v, j are defined inductively by the alternate minimization scheme

Up € argmin {F(t,,u, v, x—1) : u = g(t,) on 00N}
Up i € argmin {F (¢, tp i, v) : 0 < Vp g1}

Intuitively, the sequence (uy, k, vn 1) provides a ”zig-zagging” evolution in the time interval [t,_1,,]
connecting the equilibrium configurations (u,—1,v,—1) and (un,v,) with the separately stable con-
figurations (tn k, v k). This is by definition a discrete-in-time scheme; it’s time-continuous limit (as
7 — 0) has been fully identified in [18]. Mathematically the limit is characterized by equilibrium
and energy balance in the framework of parametrized (quasi-static) BV -evolutions [11, 24, 27], with
respect to a suitable family of intrinsic norms. Keeping aside the technical details, here it is im-
portant to remark that BV-evolutions may present both a stable and an unstable, discontinuous
propagation regime. For this reason it is convenient to introduce an ”arc-length” parametrization
s+ (t(s),u(s),v(s)) in which stable and unstable regimes correspond respectively to t'(s) > 0 and
t'(s) = 0. From the mechanical point of view, it is remarkable that in the stable points the BV -limit
satisfies a phase-field Griffith’s criterion, indeed, if ¢'(s) = 0 it holds

G(t(s),v(s)) < Ge,  (G(t(s),v(s)) — Ge) L' (v(s)) =0,

where G(t,v) is the phase-field energy release rate while £'(s) denotes the derivative of £(s) with
respect to the parametrization variable (cf. [18] for further details).

In this work we will consider an alternate minimizing movement scheme [30, 31] which provides
a discretization of a system of PDEs employed in [21]. Let € > 0 denote a “mobility parameter” or
“viscosity”. Given (up—1,vn—1) (at time ¢,—1) the configuration at time ¢, is obtained by solving

Uy, € argmin {F(t,, u, vp—1) : w = g(t,) on 0},
Up, € argmin {F (tn, tn, v) + 367 v — vp_1[|? 10 < vpq},

where 7 > 0 is again the discrete time increment. Note that here the updated configuration is
determined by a single iteration. First, we will see that (as 7 — 0) the time continuous limit
t — (u(t),v(t)) for every t € [0,T] satisfies: u(t) € argmin {E(t,u,v(t)) : u = g(t) on IN} together
with the energy balance

F(t,u(t),v(t) = F(0,uo,v0) — 5/0 leo(r)1Z2 + 10y F(r,u(r),v(r)[7z dr +
-I-/O O F (ryu(r),v(r)) dr, (1)

where the unilateral slope |9, F(t,u,v)|r2 = sup{—0,F (t,u,v)[§] : & < 0, ||&]lz2 < 1} takes into
account the irreversibility constraint. This is De Giorgi’s integral characterization of gradient flows.
Then, after improving time regularity estimates, we show that the limit evolution solves for a.e. time
the system of PDEs

{51’1(t) = —[u()W(Du(t)) + G(48) "L (v(t) — 1) — G.oAv(t)] " )

div (o (u(t))) =0

where v(t)W (Du(t)) + G(48) L (v(t) — 1) — G.6Av(t) is a Radon measure in Q with positive part
[T in L?(Q) while o, (u) = (v? + ns) o(u) is the phase-field stress. This system, proposed in [21],
is one of the “Ginzburg-Landau” models employed in phase-filed fracture with many variations, see
for instance [1, 16].
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Finally, we consider (as € — 0) the quasi-static (vanishing viscosity) limit, characterized again
in the parametrized setting. More precisely, the limit, represented by s — (t(s),w(s), z(s)), satisfies
w(s) € argmin {E(t(s), w, z(s)) : w = g(s) on 0N} together with the energy balance

F(t(s),w(s),z(s)) = F(0,wog, z9) — /OS |0, F(t(r),w(r),z(r))|gz dr+

+ /S WF(t(r),w(r), z(r)) ' (r) dr. (3)
0

In analogy with the gradient flow, this balance together with the Lipschitz continuity of parametrized
solutions implies the main differential properties of BV -evolutions [24], including a characterization
of stable and unstable regimes in terms of PDEs (cf. §5.4).

Let us turn to some technical considerations about our convergence results. First of all, the proof
of (1) relies essentially on the separate convexity of the energy F.(t,-,-), the lower semi-continuity
of the slope and an upper gradient inequality; these ingredients allow to work with evolutions of
class W12(0,T; L?) which is a “minimal” regularity assumption for (1) to make sense. Then, in
order to prove (2) it is necessary (at least in our proof) to employ the chain rule, which in turn
requires evolutions of class W2(0,T; H'); proving time regularity in H', instead of L?, is quite
delicate and follows from a discrete Gronwall argument. Finally, in order to prove (3) from (1),
it is very convenient to employ a parametrized setting [11, 27] for both the gradient flow and the
quasi-static evolutions; this is based on the fact that the length of the parametrized curve is finite in
L?, a delicate property which shares several points in common with the estimate in W12(0,7; H').

To conclude, let us also mention that an alternate minimization scheme has been employed, in
different ways, also in a dynamic visco-elastic setting [22] and in another gradient flow setting [5].
Different approaches which provide existence of solutions without alternate minimization can be
found in several publications, see e.g. [19, 20, 27].
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2 Setting, energy and its derivatives

Assume that € is an open, bounded, connected domain in R? with Lipschitz boundary 0. Deforma-
tions are assumed to be of the form @ = u+g(t) for u € U = H}(Q,R?) and g € CL([0, T); WHP(Q, R?))
for p > 2. The phase-field "space” V is H(£2,[0,1]). In the sequel, we will say that v, — v in V if
v, — v in HY(Q).

The potential energy F : [0,T] x U x V — [0,4+00) is given by the following [3, 8] phase field
energy for brittle fracture

F(tu,v) = ;/Q(v? + )W (D)) dz + ;Gc/ﬂ(v S )24 (Vo2 da, (4)

where @(t) = u + g(t) and W(Da) = Du : CDu = e(u) : o(u) is the linear elastic energy density,
G. > 0 is the toughness while n > 0 is a (small) regularization parameter. For convenience of
notation, let

E(t,u,v) = %/(v2 + n)W(Du(t)) dz, D(v) = %GC/(U —1)? + |Vo|* d
Q Q
denote respectively the elastic and the fracture (dissipated) phase-field energy.

Lemma 2.1 Ift, —t, up, = u inU and v, — v in V then

< Timi
F(t,u,v) < %g_}_rolf]:(tmumvn)'

Proof. Since v, — v in V it is clear that D(v) < liminf, ;- D(v,). It is thus enough to show
that
< limi .
E(t,u,v) < lﬁglfgfg(tm Up,, Up,)

First, extract a subsequence (not relabelled) such that liminf, E(t,, un,v,) = limy, E(ty, un, vp).
Since vy, is bounded, we can extract a further subsequence (again not relabelled) such that v, — v
a.e. in Q. By Egorov’s Theorem, for every ¢ < 1 there exists Q. with |\ Q.| < € such that v, — v
uniformly in Q.. Hence for § < 1 and n > 1 it holds 0 < (v? 4+ 1) — 6 < (v2 + 7). Then

;/Q(vg + )W (Dt (t,)) dz > ;/ (v? 41— 6)W (Diiy, (1)) dex.

€

By the weak lower semi-continuity of the right hand side

.. 1 2 . -
i nf €0, 0) > § oy WD) de

To conclude, it is sufficient to take first the supremum for § N\, 0 and then the supremum for € \ 0.
|

In the sequel, both the gradient flow and the quasi-static evolution will be defined by means of a
suitable unilateral slope of F(t,u,-). If the displacement field u is sufficiently regular (and this is the
case for our evolutions) variations of energy take a simple form; more precisely, if u € WHP(Q, R?)
for some p > 2 then by Lemma A.5 the energy F(t,u,-) is differentiable with

0.7 (t.u. e = [

vE W (Di(t)) dz + Gc/ (v—1)E+Vo-Vede VEe HY(Q). (5)
Q Q

Due to the irreversibility constraint in the evolution we will consider only negative variations, i.e. £ <
0; thus if u € WP(Q, R?) for some p > 2 the unilateral slope is defined by
laijf(muvv)’LQ - ‘inf{&]]:(t, u,v)[{] 1§ € Hl(Q>v §<0, Hg“LZ < 1}’ (6)

For future convenience denote = = {£ € HY(), £ <0, ||¢]|z2 < 1}. Note that the slope could be
equivalently defined as

|0, F(t,u,v)|r2 = sup{—0,F(t,u,v)[{] : £ € E}. (7)
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Lemma 2.2 Ift, —t, u, — u in WHP(Q,R?) for p > 2 and v, — v in V then

|0, F(t,u,v)|r2 < lig}_nf |0y F (tny tn, vp)| 2. (8)

Proof. First, we show that for every £ € = we have

lm Oy F (tn, Un,vn)[E] = OpF(t,u,v)[E]. (9)

n—-+o0o

By weak convergence in H'(Q)

lim (vn—1)§+an-Vfda;:/(v—l)ﬁ—i—Vv-V&dx,
n—-+o0o Q Q

while

Jim [ (@4 WD) ds = [ (7 4+ )W (Dit) do
Q Q

because v, — v in L1(Q) for every ¢ < oo (by compact embedding) while
Di(t,) = Duy, + Dg(t,) — Di(t) = Du+ Dg(t) in L"™(Q,R?*2?) for r =pAp

and thus W (Diiy(t,)) — W (Da(t)) in L/? for /2 > 1.
By (7) for every £ € =

|81;_]:(tnyumvn)|L2 > _8vf(tnaunvvn)[€]
and hence by (9) for every £ € E we get
%gl}rlg 10, F(tns un, vn) g2 > _HEIEOO O F (tny un, v5)[€] = —0p F (t, u,v)[E].

Taking the supremum with respect to £ € Z concludes the proof. [ |

By the regularity in time of g the partial time derivative takes the form

O (tu, v) = /Q (W2 + n)e((t) : o(g(t)) da. (10)

In particular, for v € V by continuity and coercivity of the elastic energy we have
[0:F (t,u,0)| < Clle(at))l 2 < € (le(@®)2 + 1) < C"(F(t,u,v) + 1), (11)
Lemma 2.3 Ift, —t, u, = u inl and v, — v inV then

Hm O F (ty, Un, vn) = OLF (t, u,v). (12)

n—-+o0o

Proof. It is sufficient to pass to the limit in (10) using the fact that Dg(t,) (v +n) — Dg(t)(v?+n)
in L2(Q,R%*?), n
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3 Gradient flows

3.1 Incremental problems

Our gradient flow will be defined as an ”alternate minimizing movement”, i.e. as the limit of an alter-
nate implicit Euler discretization. For sake of simplicity we will assume that the initial configuration
ug, vo (at time ¢ = 0) is in equilibrium, i.e. that

OuF (0, up,v9) =0, O F (0, ug,v0)[] >0 VE€E.

Since the energy F(t,-,-) is separately quadratic, equilibrium is equivalent to separate minimality,
i.e.
ug € argmin {€(0,vp,-) : u € U}, vo € argmin {F(0,-,ug) : v < vg,v € V}.

Fix 7 = T/m > 0 (for some m € N with m > 0) and for k¥ = 0,...,m consider the discrete
times t;, = k7 € [0, T]. In the sequel, for sake of simplicity, we will drop the dependence on 7 in the
notation. Given ug_1 = u(ty—1) and vg_1 = v(tx—1) the irreversible alternate minimizing movement
is defined by

{vk € argmin {F(t, up—1,0) + 37 [0 = veal72 v S vpy v €V} (13)

ug € argmin {F(tg, u,v;) : uw € U} = argmin {E(tg, u,vx) 1 u € U}.
By Lemma A.4 we get the regularity and the continuous dependence of uy stated in the next

Lemma.

Lemma 3.1 There exists p € (2,p) such that u, € WIP(Q,R?) for every k € N. Moreover, there
exists C > 0, independent of 7 and k, such that

Jug — uk—1llwre < C(Jtx — th1] + [[oe — vi—1]l20) (14)

for1/q=1/p—1/p and for every k > 1. In particular, uy is bounded in WP (Q, R?) uniformly with
respect to k and T.

The next two lemmas provide the main ingredients in the proof of the convergence Theorem 3.6.
Lemma 3.2 For every k > 1 let vy, = (vi — vk—1)/(tp — ti—1), then
[0kl172 = 105 F (th w—1. k) 22 00l 2 = —OuF (tre, w1, vie) [00].

Proof. First of all, by a standard truncation argument we know that we can replace V with the
whole H!(Q) in (13), hence

v € argmin {F (t, ugp—1,0) + 5= [[v — vp_1 |72 : v S Vg1, v € H ()}
By minimality, v solves the variational inequality
O F (they ug—1, Vg ) [w — vg] + (O, w — vg) 2 >0 (15)

for every w € H'(Q) with w < wvy_;. Choosing w — v, = %70, (corresponding to w = vp_; and
w = 2v, — vg_1) provides
8y.7:(tk,uk_1,vk)[i)k] + HUk;”%Q = 0. (16)

Next, by (7) and (15) with w — v = £ € = we get
|8;f(tk,uk_1,vk)|Lz = Sup{*avf(tk,uk_l,vk)[f] €€ E}
< sup{(, &) 2 : € € E} = [0kl 2. (17)

If 9, = 0 there is nothing else to prove. Otherwise, { = vy /||Uk|| 72 is an admissible variation and by
(16) the inequality in (17) becomes an equality, thus |0, F (tk, uk—1,vk)|r2 = |0k 12- ]
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Lemma 3.3 For every k > 1 it holds the following energy estimate

ty
F(tr, uk, vg) < F(tg—1, Uk—1,Vk—1) — %/ [0kl172 + 10y F(th, up—1,v1) |72 dt +
tp—1
ty

+ O F (t,up—1,vg—1) dt. (18)
le—1
Proof. By minimality and convexity of F(tx, ux_1,-) we get
F (g, ug, vg) < Fltg, ug—1,vg) < F(tg, ug—1,Vk—1) — OuF (tk, Ug—1, Uk )[Vk—1 — k. (19)
By Lemma 3.2

AT (tiy ur—1,v%) [ve—1 — vi) = Tl0kll 72 = 75 (0%l 72 + 105 F(t, up—1,vi)|72)

and hence by (19)

tg
F(ty, ug, vg) < F(th, up—1,V%-1) — %/ 0|72 + 10y F (ty ug—1, vi)| 32 dt.

tk—1

Finally,
tg
F(th, ug—1,v5—1) = F(tp—1, Up—1, Vk—1) + Oy F (t, up—1,vp—1) dt

tp—1

and the proof is concluded. ]

Lemma 3.4 There exists C > 0, independent of T, such that F(ti,ux,vi) < C(F(to,uo,v0) + 1)
for every indez k.

Proof. By minimality of u; and vy
F(tr, wry ) < F e, ub—1,v) < Fltg, ub—1, k) + 5= |o — vp—1 |72 < Ftn, ub—1, vk—1).
Further,
F (o w—1,v5—1) — F (tp—1, uk—1, Vk—1) = é/ﬂ(vil + W (Duk—1 + Dgi) — W(Dug—1 + Dgp—1)] dx
Since W is quadratic
W(Dup—1 + Dgi) = W(Dug—1 + Dgr—1) = [2€(ub—1 + gr—1) + €(gk — gk—1)] : o (gr — gr—1)
where |6 (g — gr—1)||z2 < C7 while
lle(ur—1 + gr—1)|lr2 < C(lle(up—1 + gr—1)||32 + 1) < C"(F (tp—1, up—1, vg—1) + 1).
In summary, we can write
(F(tg,uk,vr) +1) < (1 + O7)(F(t—1, ug—1,v5-1) + 1).
It follows that F (¢, ug, vi) < (1 + CT)*(F(to,uo,v0) + 1) and then, since 7 < T/F,
F(tge, ug, vg) < (14 CT/k)E(F(to, ug, vo) + 1),

since (1 + CT/k)* — €T the required estimate follows. ]
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3.2 Compactness and convergence

In order to find the time continuous limit it is convenient to introduce a sequence 7,, = T'/m of
discrete time increments together with the corresponding discrete times t,,, , = k7, for k =0, ..., m.
Moreover, let us denote by uy, : [0,7] — U and vy, : [0,7] — V the corresponding piecewise affine
evolutions, i.e. the interpolation of wum, i = Um(tm k) and vy, = Um(tm k) obtained by the alternate
minimization scheme (13).

Lemma 3.5 The sequence vy, is bounded in L (0, T; H*(Q)) and in H'(0,T; L*(Q)) and thus, upon
extracting a (non-relabelled) subsequence, vy, — v in HY(0,T; L3()).

Moreover, if t,, — t then vy, (ty) — v(t) in HY(Q) and vy, (tm) — u(t) in WHP(Q,R?), for some
p > 2, where u(t) € argmin {E(¢, u,v(t)) : u € U}.

Proof. From Lemma 3.4 we known that F(t,, k, Um i, Um.k) is uniformly bounded and thus vy,
is bounded in L*°(0,T; H*(Q)) while u,, is bounded in L>(0,T; H (22, R?)) by Korn’s inequality.
Then from (18) and (11) we get

tm,k‘
‘F(tm»k” Um, k> U’m,k) < f(tm7k—la Um,k—1, 'Um,k:—l) - % / H’Umyk;H%Q dt + CTm.

tm,k—l
By induction we get

T
! / 122 dt < F(0, 10, v0) + OT
0

and thus vy, is bounded in H'(0,T;L?(2)). As a consequence, (up to subsequences) v,, — v in
HY(0,T; L?(2)) and vy, () — v(t) in L?(Q) for t,, — t; since vy, (t,) is bounded in H(Q) it turns
out that vy, (t,) — v(t) in HY(Q).

Being () € argmin {& (ty, w, vy (tm)) : uw € U} we have

/(U;(tm) + 1)Dilyy (t,) : CDpdz =0 VYo € U.
Q

Since m(tm) is bounded in Hg (2, R?) there exists a subquences up, (tm,) weakly converging to
some U € HE(Q,R?). Clearly

Dy, (tm;) + Dg(tm;) = Duco + Dg(t) and (v,znj (tm;) + 1) D¢ — (v*(t) + 1) D¢

in L2(,R?*?), thus
/(v%) 4+ 1)Diino(t) : CDodz =0 VYol
Q
and us € argmin {E(t,u,v(t)) : v € U}. Since the limit is uniquely determined the whole sequence
converges.

By compact embedding v, (t,,) — v(t) in L4(2) for every ¢ < +oo. Then, by Lemma A.4 we
get the strong convergence of displacements in W1P(, R?). [

Theorem 3.6 Let v be a limit of vy, (as in Lemma 3.5) and let u be the corresponding (pointwise)
limit of wn,; then for every t € [0,T) it holds

t
F(tu(t),v(t)) = F(0,uo,vo) — é/t [6(r) 172 + 18 F(r,u(r), v(r))|72 dr + (20)
+ [ O F(r,u(r),v(r))dr.

to

Moreover for every t € [0,T] we have u(t) € argmin {E (¢, u,v(t)) : u € U} and

[o()ll L2 = [0, F (&, u(t), v(t))] 2- (21)
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For sake clarity the proof of the previous Theorem will be split into a couple of Propositions.
Proposition 3.7 Under the hypotheses of Theorem 3.6 for every t € [0,T] it holds

u(t) € argmin {E(t,u,v(t)) : u € U},

Flt,u(t), v(t)) < F(0,ug, o) / 1122 + 107 F(r,u(r), o(r) 2 dr + (22)

—i—/o WF (ryu(r),v(r)) dr.

Proof. Givent € [0,7T] let 1 < k,,, < m such that ¢, ;,, — t. Then, by induction (18) provides

tm,km
Fltamsons tltamion)s 0(tamion)) + & / i ()22 dr +
0

km 1 m,k+1

2 Z/ ‘a ‘7: mkvumk laUmk)’L2dT <

m
km—1

t'm,k+l
< F(0,ug,vo) + Z / Oy F (1, U jo—1, U ke—1) I (23)
k=0 tm.k

We know that ¢, ,, — t, then by Lemma 3.5 vy, (tm k,,) — v(t) in HY(Q) and wm, (tyk,,) — u(t) in
W1P(Q,R?). Then by Lemma 2.1

F(t,u(t),v(t)) < Hminf F(ty k. W(tmkm ) V(Em k., ))-

m—r0o0

Since vy, — v in HY(0,T; L*()) we have

t 9 tm,km 5
) T . ‘
/0 ||UHL2d1"_l%1;IL1£10f/O |Om]| 72 dr

Next, given r € (0,t) let r € [ty s tm i +1) for &y, < kp,. Clearly, both t,, 1 — 7 and ty, 1 1 — 7.
By Lemma 3.5 we know that wp, (tm4 —1) — u(r) strongly in WP(€,R?) (for some p > 2) while
U (g, ) — v(r) in H'(Q) and then by Lemma 2.2 we get

|0, F(ryu(r),v(r))|r: < hmlnf|8 F(tmp, s U (Emr, 1), U (Em k! ~1))|r2-

By Fatou’s Lemma we conclude that

m,k+1

/]8 F(r,u(r ))]L2d7“<hm1nf Z/ 10y F (tim jes Ui fo— 17vmk)’L2dT

By Lemma 2.3 and (11) we get, by dominated convergence,

km =1 ety k t
lim sup Z / Oy F (7, U k—1, U k—1) dr < / O F (ryu(r),v(r)) dr.
m——+00 k=0 b k—1 0

Taking respectively the liminf on the left hand side and the limsup on the right hand side of
(23) we get the energy inequality

F(t,u(t), v(t)) + 5/0 lo(r)lZ2 + 105 F(r,u(r), v(r))[zz dr <

< F(0,up, vp) —i—/o O F (ryu(r),v(r)) dr,
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which conclude the proof. [ |

There are different ways to prove the “upper gradient inequality”
F(0, uo, vo) = F(t, u(t), v(t)) < /Ot |0y F(ryu(r), v(r))|p2 [[o(r)| L2 dr +
— /Ot OF (ryu(r),v(r))dr
< 3 [ 1057 o)+ 100+

— /0 O F (ryu(r),v(r)) dr.

For instance, the estimate will follow from the chain rule Lemma A.6 once we will know (from
Theorem 3.9) that the limit evolution v actually belongs to H'(0,7; H'(€)). Proposition 3.8 below
provides instead a proof in H'(0,T; L?(Q2)) based only on measure theory and separate convexity.

Proposition 3.8 Let v € HY(0,T; L*(Q)) N L>°(0,T;V) and u(t) € argmin {F(t,v(t),u) : u € U}
such that t — |0, F(t,u(t),v(t))| belongs to L*(0,T). Then for everyt € (0,T)

F (0, ug, vo) = F(t, u(t), v(t)) S/O |0y F(ryu(r),v(r)| g2 [0(r)l L2 dr +

— /0 O F (ryu(r),v(r)) dr. (24)

Proof. Step I. Since the slope belongs to L2(0,t) there exists a sequence of finite subdivisions tii
(fOI‘j € Nand ¢ =0, ...,Ij) of the time interval [O,t] with 0 = tio <. <tj;<tjipr1<..< tj’[j =t
and with lim;_,, - At; = 0, for At; = max; |tj;41 —t;,|, such that the piecewise constant functions

I—1

F}(t) = Z X(tj,iytj,zq—l)(t) ‘8@_?(75]}1'7 u(tj7i)’ U(t]’,i))hz

i=0

converge to |9, F| strongly in L?(0,t) (cf. Theorem 4.12 in [10] or [15]).
Denote for simplicity u;; = u(t;;) and X;; = X etc. For each j € Nand i =0,...,];

write

thirtjit1)

F(tgisujis i) — F(tgivt, Wi, Vjir1) = F (i, whis vji) — F (50, ugi, vji41) +
+ F(tirwjisvjit1) — Ftjivt, usi, vjiv1) +
+ F(tji41, Wjis Vi41) — F (b1, Wjit1, Vjig1)-

We will consider the three lines above separately, starting with the first. If F(t;,, u;:,v5:) >
F(tji,uji,vji41) by convexity of F(t;;,uj;,-) we get

F (i wjir v5i) — F (b iy jiv1) < OpF (tjis iy v5.0) [Vjit1 — Vj]

<0y Fltjisujisvia)lee l|vjit1 — vjillre

tj i1 )
S/ 0, F(tjiwjisvii)lee 104i41llp2 dr
t

3%

where 0;; = (vjit1 — v5i)/(tjit1 — ;i) denotes the "discrete” velocity. If F(tj;,uji,v5i) <
F(tji,uji,vji+1) the same estimate holds since the right hand side is non-negative. For the second
term it is sufficient to write

tiit+1
F i wsis Vi) — F (i1, i, viig1) = — / OpF (ryuji, vjiyr) dr.

tyi
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For the third term, remember that by minimality
/Q(’UJQ'JH +n) o (ujit1 + gjit1) : €(uji — ujip1) dr =0
and that F(t;;+1,-,vji41) is quadratic, then
F(tgit1s 05 Vjit1) — F (i1, Wjit1, Vji1) =
= 5/9(%2',141 +n)(W(Duj; + Dgjit1) — W(Duj iz + Dgjiv1)) do
= ;/(sz,iJrl + 1) o (uji + wjit1 + 2g5i+1) : €(uji — ujiq1) do
Q
=3 /Q (0F i1+ ) o (wji — ujinr) : €(uji — ujipr) da
2 Cas 2
< Cllugans = wialls =0 lusass = wyall dr
tji
In conclusion,

F(t,is s v5i) — F(tjit1s Ujit1, Vji1) <

tyit1 ‘ tit1
< / 10y F(tjiujisvii)lpe 01l dr — / OLF (7, ujis vjiv1) dr +
t.

3% '

tjit1 9
+ C][ [wjivr — wjill 3 dr
tji

Taking the sum for i = 0, ..., I; yields

I—1 tiit1
F(0,u0,v0) — F(t, u(t),v(t)) < Z/ |0y F(tj,uji,v50) 2 |04l 2 dr+
o Jti

ijl tiit1 ijl tiit1
—Z/‘ZMM%MMUW+Zf lusiss —wjgl3ndr. (25)
i=0 Yl i=0 Ytii
Step II. Let us re-write (25) as
t
f@wm)fwmmw»s/ﬂmwm3m+@mm
0

in terms of the piecewise-constant functions F}; (defined above) and

Ij—-1 I;—1
Vi(r) =Y xa(r) lsiralles  Pi(r) =D X5alr) OF (ryug, vi11),
i=0 i=0

I;—1
Ej(r) =Y Xgi(r) ltjae — tial M lugirs — wjall3.
=0

Since the above estimate holds for every subdivision ¢;; it must hold also

t

F(0,up,v9) — F(t,u(t),v(t)) < jEToo ; F;(r)Vi(r) — Pj(r) + E;(r) dr.
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We will show that
ﬁ;n/o Fj(?”)Vj(T‘)dTZ/O |0y F(r,u(r),v(r))[pz [[0(r)] g2 dr, (26)
li;rn/o Pj(r) dr:/o OF (ryu(r),v(r)) dr, (27)
li]m/o Ej(r)dr =0, (28)

which will prove (24).
Since Fj; converge strongly in L%(0,t) (by construction) to prove (26) it is enough to see that

;-1

Vi=> Xjillojaslle = 6l 2 weakly in L(0, ).
1=0

Note that V; — [|0]| a.e. in [0,¢] since v € W12(0,¢; L?). Write, by Jensen’s inequality

tit1
][ o(r) dr
t.

7

' Vit — Vi
9741l g2 = |[F2E—22

tit1 '
< ]1 ()2 dr (20)
2 t

i

tiit1 — L |2 ‘ L

so that 0 < V; < C; where
I—1 tiin
Ci= > lotr)lzadr
i=0 ti

Note that C; — ||9] 2 a.e. in (0,¢) and that C; € L'(0,t) with

/Oth(r)dr—

Hence, by generalized dominated convergence V; — [|0]|z2 in L'(0,¢). Arguing as in (29) we easily
get that V; is bounded in L?(0,¢), thus V; — ||0]|z2 in L?(0,¢).

Let us prove (27). Fixr € (0,¢) and let ¢;; < r < tj ;41 (with ¢ depending on j). For a.e. r € (0,1)
we have

-1

tir1 t
> e = tf ol dr = [ ol dn
0 0

1=

OF (r,uji, vjiv1) = /Q(UJQ-,@-H +n)o(uji+g(r)) - e(g(r)) dr.
Remember that v € H'(0,¢; L2(2)) N L>(0,¢; V), hence vj 41 = v(tji+1) — v(r) in LI(Q) for every

q < oo. Similarly, vj; = v(t;;) — v(r) in LY(Q) and thus u;; = u(t;;) — u(r) in WP(Q,R?) for
p > 2 (by Lemma 3.1). As a consequence

| @i+ ot o) @) dr [ (020)+0) olulr) + ) s (i) dr
Therefore 0, F (7, uj i, vjit1) — OF (r,u(r),v(r)) a.e. in (0,t). Since v € L>®(0,t; H) by (11) we get
that |0 F (1, uj4,vji+1)| is uniformly bounded and thus (27) follows by dominated convergence.

Finally, let us prove (28). Since u;; € argmin {€(¢;;,-,v;;)} by Lemma 3.1 we known that

2+ Cllvjit1 — vjiill7a,

lwjisr — wiall 7 < Cltjapn —tja

for some ¢ sufficiently large. Since v;; € LP(Q) for every p < oo (by Sobolev embedding) we can
apply the interpolation inequality

-«
La

lvjit1 = vjilloe < Vi1 — vl T2 Vg1 — v
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with 1/¢g = a/2+ (1 — «)/q (for a suitable g). Hence, for o = 1/2 we get
[tie1 = tial Mg — viillZe < Mojellpe llvjies — viillza.
Then,

Jritl

t Li—1
/ Ej(r)dr <) / i1 =ty
0 i=0 7t

i

ujiv1 — ujill 7

I;—-1 tiit1
<y / Cltjitr — tial + Cllvjisllp2 [vjie1 — vyl pa dr
i=0 /¢

gy

<c /O Aty + Vy(r) Dy (r) dr, (30)

where V; has been defined before while D;(r) = >, Xj.il|vji+1 — vjillra. We have already seen that
V; — ||9]| 12 weakly in L?(0,t). Moreover, |[v;i+1 — vjillzq < C and
ij,i-i-l — 'Uj,iHL@ = ||U(tj7i+1) — U(tj7i)‘|Lrj — 0 a.e. in (O,t).

As a consequence ||v;+1 — vjiza — 0 in L?(0,¢) and from (30) follows (28). ]

3.3 From energy balance to PDEs

In this subsection we will see that the limit evolution v obtained by the sequence v,, (as in Lemma
3.5) is a solution of (2). First, we need to show that v, is weakly compact in H'(0,T; V).

Theorem 3.9 Let vy, unm be the discrete evolutions provided by the alternate minimization algo-
rithm (13). Then vy, is bounded in WH*°(0,T; L2)NHY (0, T; H') and uy, is bounded in W1 (0, T; WLP)
for some p > 2 independent of m. Hence, the limit evolutions v and u (cf. Lemma 3.5) belong re-
spectively to WH>°(0,T; L) N HY(0,T; H') and W1°(0,T; WP).

Proof. For later use the proof is divided into several steps. Moreover, for sake of simplicity we will
drop in the subscript the dependence on m.
Step I. By Lemma 3.2 we have for k > 0

OuF (thr1, ks, V1) [On1] + [[0p41 |72 = 0. (31)

By a simple truncation argument, vy, is actually a minimizer among v € H' (and not only in V)
with v < vg, i.e.

v € argmin { F (tx, ug—1,v) + % llv — Uk,lHig v <wp_i,v € H'
Thus for k£ > 1
O F (L, up—1,v8) [w — vg] + (O, w — vg) 2 >0 for every w € HY(Q) with w < vg_1.
Choosing w = vg + U4 provides
O F (tr, uk—1, Vg ) [0k +1) + (Ok, Vpg1) 2 > 0. (32)
For k = 0 we have, by equilibrium,

81)]:(071507'00)[’01] >0 (33)
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Hence, from (31) and (32) we obtain, for £ > 1,

OpF (e ug—1, k) [kt 1] — OuF (Bt 1, ks V1) [Ok41] <
< owslze = (Ors drp1)r2 < 3llowsl7e — gllowll7e. (34)
For k =0 from (31) and (33) we get
9 F (0,10, v0)[01] — OpF (t1, g, v1)[01] > ||01]3.
Setting vg = 0 we can also write
8y F (0, ug, vo)[01] = BuF (1, uo, v1)[01] > gllon 72 — lloolZ2 - (35)

and thus (34) actually holds for every k > 0.
For the left hand side of (34) we proceed as follows.

OpF (tre, ug—1, k) [Ok41] — OpF (tkt1, Uk, V1) [Ok41] =
= OpE(t, ug—1, Vk)[Ok] — OpE (tkt1, Uk, Vk41) [Ok41] +
+ OyD(vp)[Ok+1] — OvD(Vk41)[Ok41]-
Write 9y D(vg)[is1] — OuD(vp1)[rs1] as

GC/Q(Uk — 1) 0ps1 + Vg - Vigde — G, /Q(wﬁ_l — 1) 041 + Voggr - Vg de =
= Gc/g(vk — Vgt1) Vg1 + V(v — vgy1) - VO de = —TGCHi}k-‘rl”%Il'
We can estimate 9,& (tx, ug—1, vk )[0k] — OuE (tks1, Uk, Vkt1)[Vk+1] DY
/kai)kHW(Duk_l + Dgy) dx — /ka_H Og+1 W (Dug + Dgg41) de <
< /kaz')kHW(Dukl + Dgy,) dx — /kaﬂi)kHW(Dukl + Dgy) dx +
+ /ka+11'fk+1W(Duk:—1 + Dgy,) dx — /ka+1l'fk+1W(Duk + Dgp41) dx
< /Q(Uk = Vk+1) Uk 1 W (Dug—1 + Dgy) dx +
+ Avk+1®k+1 (W(Dug—1 + Dgi,) — W(Duy, + Dggy1)) da
< /kaﬂffkﬂ (W(Duy—1 + Dgi) = W(Duy + Dgj1)) da,

where last inequality follows from (vg — vgy1) Vg1 W (Dug + Dgi) < 0. For 1/s+2/p = 1 we get
by Holder inequality

/ Op10k+1 (W (Dug—1 + Dgi) — W (Duy + Dgpy1)) da <
Q
< [|ogs1llzs [W(Dug-1 + Dgr) = W (Dug + Dg+1)|| Los2-

Since uy is uniformly bounded in W'P(Q,R?) for 2 < p < p (by Lemma A.4) and since g €
Whee (0, T; WHP(Q, R?) we get

sup | (Duk—1 + Dgi) + (Dug, + Dgpi1)||2r < 400,

[(Dug—1 + Dgi) = (Duk + Dggi1)l| e < C(|te — ti—a| + o — ve—1llzr + [tk1 — ti])
< O7(1+ [[ogllzr),
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where 1/r = 1/p — 1/p. Thus for ¢ = s V r we have

/onﬂv,m (W(Dug—1+ Dgi) — W(Duy + Dg+1)) do < CT |01 || £a (1 + [0k £a)-
In conclusion, for & > 0 we have
lloerillze = 3llonl7e < —rGelloniallzn + Ol opsallza (L + [|0g]|2a). (36)
Step II. Let us see that for every 0 < § < 1 there exists Cy such that
Clloksallza (X + llollze) < Cs(L+ okl llonsall z2) + OllonralFrn + 0llowl[Fp- (37)
By Young’s inequality, for 0 < p <1 and C, > 1
[ok1ll2a (L + [10x]l o) < Nloksallze + CullowsalZe + pllonlZe < Cu(l+ l[okallZe) + ullow]Zo-

Write 1/g = a+ (1 — «a)/q for a € (0,1) and ¢ < ¢ < +oo. Then, by interpolation and Young’s
inequality, with p = 1/, for 0 < A < 1 we have

. . 2 . 2(1— . .
lorsllZe < lonea ]2 Topralny ™™ < CallonralZe + Al |2
< OOkt ll ot [0kl 2 + Mokt l|7a- (38)

By embedding [|541[3¢ < Cllog41l3: and ||og]|3, < C|liw]/3,,. Hence, upon choosing p and A
sufficiently small we can write (37). Joining (36) and (37) yields the estimate

slonsallze — llowllze <
< —1Ge|Ops1ll3 + 70k lFn + 78l 0klFn + TCs Okl [osallpe +7Cs. (39)

Step III. In order to apply the discrete Gronwall Lemma A.1 we need to re-write (39). First,

Sloele = 3llonlEe < = (Ce = 20)bualli — Srllinerlli + o7llinlFn
+ 7Cs |0kl o [|Ok41 | 2 + 7Cs.

Hence,

(3llonrll7e + 07llons1lFn) — (GlowllZe + o7 lonllFn) <

— 7(Ge = 20) 011 31 + 7Cs |01l L2 10k11 1| 22 + 7Cs.
For 7,6 < 1 and v > 0 we can write
v (BllowsllZe + 07llonsalFn) < (Ge = 20) |0k 111
Therefore, we get
(3lloksall7z + 07llonsllzn) — (GlloklZe + orlorllZn) < =7 (Glloksallzz + 07l onsa 7)) +
+Cirlonrlln (3lonsa e + 670k )30) 2 + Cor. (40)

Define

. . 1/2 .
ap = (3wl +orloelZ) s bk =Cillinll, & =Cs.

Hence (40) reads: for every 0 <k <m —1

2 2 2 2
Ay — ap < =Ty, + Tap1bep1 + 71
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Then, for 0 < 5 < v/2 by Lemma A.1 we get

k /2 k
ag < <ET6_2ﬁ(t’“_ti)C?) + ZTe_ﬁ(t’“_ti)bi.

=0

Remembering the definition of ag, by and cg, the previous estimate gives

1/2
1/2 _ . .
Uliellze < (SaelBa + 67 loel2) " <C(Ze 25(tk—t0) ) +027e =1 gy 1

1=0
tr 1/2
sc( / ewwdr) o " PO o )| dr
0
<cm5+c/‘ |mdr<0u+um

where the last inequality follows from monotonicity (in time) and boundedness of v. Hence v €
Whee(0,T; L?).
Step IV. Let us go back to (39), i.e

alloeralze = gllonl7 <
< —7(Ge = O) [0k 7 + 7ol owlFn + 7Cs | onyrl L [ Dr41ll L2 + 7Cs.

Let 0 < C = G.— 0 for 0 < § < 1; being ||0g||z2 uniformly bounded (by the previous step) the
above estimate can be written as

TCllk1ll3n < (3llokll7e — 5l10r+1l1Z2) + TollorllF + TC51 + Okl ).

Taking the sum for kK =0,...,m — 1 gives

T m—1 m—1
c / JolZadt = 3 7ol < S (SllonllZs — HlonsallZs) +
0 k=0 k=0
m—1 m—1
+0Y okl F + C5 > T+ g llrr)
k=0 k=0
T T
< 3llvoll72 = 3llomll72 + 6 ; 10|52 dt + Cfs/o 1+ || 041z dt
T
sa/yw§ﬁ+0@+mu (41)
0
Since 0 < § < 1 it follows that v € H'(0,T; H'). ]

Theorem 3.10 Let v,u be the limit evolution obtained by Lemma 3.5 then for a.e. t € [0,T] it
holds

{f»(t) = ~[o(OW(Di(t)) + Ge(v(t) = 1) = Geo(1)] (42)
div(av(t) (a(t)) =0
where v(t)W (Du(t)) + Ge(v(t) — 1) — G.Av(t) is a (Radon) measure in , with positive part in

L*(Q), and o,(i) = (v? +n) CDa is the phase-field stress.
Proof. By the chain rule, c¢f. Lemma A.6, for a.e. t € [0,T] we have

F(t,ult),ot)) = BF (t,u(t), v(t)) + uF (£, ult), v(t)) [0(1)]
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On the other hand, by the energy balance
F(t,ult), v(t) = —416(0)|2 — 110y Flr,ult), v(t) 22 + F (2, u(t), v(t)).
Hence, by Young’s inequality
=10y F(t, u(t), v(t)) |2 [[0() || L2 < OuF (£, u(t), v(t)) [0(¢)]
< —5llo@)72 — 5105 Fr,u(t), v(t))[72
< =10y F(r,u(t), v(®))| 2 [10(2)]] L2-

N

It turna out that all inequalities are equalities and thus ||0(¢)| 2 = |0, F(r,u(t),v(t))| 2 and
0(t) € argmin {0, F (¢, u(t), v(t))[¢] : € € H', € <0, |[€]l 12 < R}, (43)
where R = [|0(t)|| 2 = |0, F(t,u(t),v(t))|r 2. Equivalently,
—0(t) € argmax {0, F (¢, u(t), v(t))[€] : £ € H', £ >0, |[€] 2 < R}
If ¢ = 0y F(t,u(t),v(t)) # 0 we get by Lemma A.3
—0/R=¢"/ICT e =CT/R

and thus 0(t) = [0, F (t,u(t),v(t))]" in the sense of distributions and in L?(). If R = 0 the same
equation clearly holds. Hence, for ¢ € C§°(Q)

O F (t,u(t),v(t))][p] = /qubW(Dﬂ(t)) dx + GC/Q(v(t) —1)¢p+ Vv -Vodx
= (VW (Du(t)) + Ge(v(t) — 1) — G Av(t), ¢), (44)

where the duality is in the sense of distributions.
For the second equation it is sufficient to write the Euler-Lagrange equation

/(02 +n)CDu(t) : Dpdx =0 for every ¢ € C5°(Q,R?)
Q

in distributional form. [ ]

4 Time rescaling

For € > 0 let us consider the boundary condition g.(t) = g(et) defined in [0,7%], for T, = T/e.
Clearly g. is Lipschitz continuous in WP(Q, R?) with

9= (t2) — g=(t1)|lwrs < eClta — 1.

Next, we define F. : [0,T;] x U x V — [0, +0c0) by
Fe(t,u,v) = ;/(02 + n)W (Du + Dg.(t)) de + ;Gc/ (v —1)2 + |Vv|? da.
Q Q

Asin §3 fix 7 = T./m > 0 and let t; = k7 for k =0, ...,m. Given uj_; and vi_; define by induction

{vk € argmin {Fs(tk,uk,l,v) + %Hv — vk,1|]%2 v < Vp_1,VE V} (45)

ug € argmin {Fz(tg,u,vx) :u € U}.
Now, consider a sequence 7, = T./m, for m € N with m > 0, and denote by u. ,, and v.,, the

corresponding piecewise affine interpolate. By Lemma 3.5 together with Theorem 3.6 we easily get
the following convergence result.
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Theorem 4.1 There exists a subsequence (not relabelled) of vz such that vz, — ve in HY(0,T.; L*(9)).
Let ue be the corresponding pointwise limit. Then, for every t € [0,T] it holds

Fe(t, ue(t), v=(t)) = F=(0, uo, vo) — %/O [0 (1) 122 + 105 Fe(r, ue(r), ve(r) |22 dr +

+ OpFe (1, us(r), ve(r)) dr, (46)

to

Moreover for every t € [0,T;] we have uc(t) € argmin {E(t,v.(t),u) : u € U} and
[0 ()| L2 = |0 Fe(t, ue(t), ve(t))| 2 (47)

Corollary 4.2 For every X\ € [0,1] it holds
t
]:s(ta us(t)yvs(t» = fa(oa Uuo, UO) +/ atfs(ra UE(T),’UE(’I“)) dr +
0
t
- / Miae(r)[F2 + (1 = N)[0uFe (1, ue (1), ve (1)) |72 dr (48)
0

Proof. It is sufficient to re-write (46) taking into account (47). ]
We remark that in general (48) does not provide a characterization of the gradient flow, unless

it holds for A = 1/2. For instance, if F. is independent of time then t — (ug,vg) is a solution of

(48) for A = 1 independently of |9,F(uo, vo)|3,.

5 Quasi-static limit of the rescaled evolutions

In this section we will apply the change of variable

t
t— s°(t) = et +/ |0< ()] 12 dr
0

in order to obtain a parametrization of the evolution v. and u. (defined for t € [0,7/¢]) in terms of
an arc-length parameter s € [0, S:|. First of all, let us see that s. maps the ”physical” time interval
[0,T/¢] onto a reference parametrization interval [0, S¢] with S. = s°(7:) uniformly bounded with
respect to € > 0. We will prove this property employing again the time discretization scheme.

5.1 Finite length

Theorem 5.1 The length of the discrete curves ve , is uniformly bounded in L2, i.e., there exists
C > 0 (independent of € and m) such that for 1, sufficiently small it holds

Te
/H%Mmmﬁﬁaﬁ+mU
0

Moreover,

Te
/ loom(D) |21 dt < C(T + 9.
0

Proof. The first part follows step by step the proof of Theorem 3.9. For sake of simplicity we will
drop the dependence on ¢ and m in the discrete evolution (45).
Step I. Replacing F with F. in (36) yields for every k£ > 0

sllollte = sllonlZe < —7GelloneallFn + OTlloksallpa(e + [loxlze) (49)

where ¢ in the right hand comes from the Lipschitz continuity of g..
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Step II. By Young’s inequality for 0 < p < 1 we get

1041l Lo (e + llomllze) < ellonrallze + Cullonsalza + pllvellZe < CL(e? + okrallZa) + mllorlZa.

By interpolation and embedding, for 0 < A < 1 we get, as in (38),

lors1llZe < CAllonsall o lonrll e + CA okt 771

Then, for every 0 < § < 1, upon choosing p and A sufficiently small, from (49) we get

sloneilze = sllokll7e < —7Gellonalfp + 78l oksa 7 + Tollonll7 +

+7Cs | 0p 1 || o |0gg1 || 2 + TCse2. (50)

Step III. In order to apply the discrete Gronwall Lemma A.1 we re-write (50) as (cf. (40))

(slons1lZe + olloerallzn) — (GllorlZe + o7llowllFn) < =77 (3lonsalZe + o7 llokrallzn) +
. . . 1/2
+C5llonsallor (Sllonsa 2o + 87l 0ns1|20) "2 + Core?. (51)

Defining

)1/2

ar, = ($l1okl72 + ol onll3n) ", b= Cillokllpy, i = Cse?,

(51) becomes
i P < —Tyak brr1 + 764
g1 = A = —TY0k41 T TAk+10k+1 T TCh -

By Lemma A.1 we get

ap < (ZT@ 2B(te—ti) cf) + ZTG Bltr—ti)

1=0
and then
k 1/2
2H’UkHLz < (2HUI€HL2 + 57—H’UkHH1 <Z€ B(tr—t:) ’7'52> —i—CZTe (t—ts) |'UkHL1
1=0
th 1/2
< cg( e ) e li(r) | 1 dr
0
< CeB) 2+ C / B o) | 1 . (52)

In particular ||g| 2 < C(e + (€2|). Moreover,

T/e
/ e (D)l 2 dt<ZTHkaL2 <C€T+C‘Z / =B [ 1 dir-
0

k=1

Then, for t € [tg,tx+1] we can write

t t
[ et dr < [T ot ar
0 0

and thus

m 23 Tle pt
Sor [Ce e s dr < [ [ eIl ar i
0 0 0

k=1
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By Fubini’s Theorem

T/e rt T/e T/e
[ [ el drar < e [l [ e dvar
0 0 0 r

T/e
< C’/ lo(r)||Lrdr < C1Q.
0

Step IV. We back to (50), i.e.

slloeallzs = glloelze <

< —7Gellingallzn + Tolloka | Fn + TolloklFn + 7Cs okl 1ol L2 + 7Cse”,

For 0 < § < 1 by (52) the previous estimate becomes
TCllikr1llin < (3llowll7e — 3llons1lZ2) + TollonlFn + 7C5(e* + lonsall ).

Taking the sum for k = 1,...,m provides (cf. (41))

Te T. T
| Woemlty dt <5 [ el de+ €T+ C [ il
0 0 0

which concludes the proof. [ |

Passing to the limit for 7,,, — 0 we get the following result.

Corollary 5.2 The limit evolution v, (provided by Theorem /.1) satisfies
T
/0 [0=(t) | 2 + [l (1) [[7 dt < O(T +[92)).
Hence S; = s°(T/¢) is uniformly bounded.

5.2 Rescaled parametrized gradient flows

Let us go back to our parametrization

ts s(t) = et+/0 92 (r) || 12 dr (53)

from [0, T¢] onto [0, S¢]. The map ¢ — s°(t) is absolutely continuous and strictly monotone; let ¢(s)
be its inverse. Denote also

te(s) = et®(s), 2e(s) = v 0 t°(s), we(s) = ue o t°(s). (54)
Accordingly, let wy = ug and zg = vp.

Lemma 5.3 The functions s +— tc(s) and s +— zc(s) are Lipschitz continuous in [0,S:], more
precisely for a.e. s € [0, S;] it holds
£

e 4 |8y Flto(s), we(s), z-(s))| 2

t)
(s)

ti(s) + lI=L(s)llpe =1, tl(s) =

Proof. As t — s°(t) is absolutely continuous with $°(
s+ t%(s) turns out to be Lipschitz continuous with (¢€)’
(53) and (54)

> ¢ a.e. in [0,7] the inverse function
= 1/$°(t%(s)) a.e. in [0, S¢|. Hence, by

1= 35(t%(s)) () () = (e + [[0=(°(9)) | £2) (¢9) () =t (s) + [|2Z(5) | 2
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Moreover, by (21) for a.e. t € [0,T.] we have
[0e ()| L2 = [0y Fe(t; ue(t), ve(t)| L2 = [0y F (et ue(t), ve(t)) 2
Thus
102 (t°(s))l L2 = 19, F(et°(s), ue 0 t°(s), ve 0 t°(s)) |2 = |05 F(te(s), we(s), 22(s))| 2

Since sets of measure zero are mapped to sets of measure zero, both by s +— t%(s) and by t — s°(t),
for a.e. s € [0, S.] we have

t(s) = — = © = 2 7 (55)

$5(t(s)) et lloc(t=(s)llz e+ 100 F (te(s), we(s), z(s))| >

which concludes the proof. ]

Lemma 5.4 For ¢ > 0, the rescaled parametrized evolutions (te,z:) are (uniformly) bounded in
Whoo(0,8:;[0,T] x L?) and in L°°(0,S:;[0,T] x V) with t. > 0, 2L < 0 and t. + ||2L||;2 < 1.
Further, for every s € [0,S:] and every A € [0,1] the following energy balance holds:

F(to(s), wels), 22(s)) = F(0,w0,20) + /0 DTt (1), we (1), 2 (1) £L(r) dr +
- / ATl g2) + (1= NDL(07 Flte(r),welr), %)) dr, (56)

where

2 _
%(5)—{55 [A=8) 0sE<l g )=/ +e).

+00 £=>1,

We consider both ¥. and ®. to be defined in [0, +00). Clearly, w:(s) € argmin{E(t:(s),w, z:(s)) :
weU}

Proof. By Corollary 4.2 we known that for every ¢ € [0, T;] it holds
B t
Fe(t,ue(t),ve(t)) = F(0, up,vo) +/ O Fe(t,us(t), ve(t)) dt +
0

- /0 Mo (8)]22 + (1 — N[0 Folt, ue(t), va ()22 dt.

Remember that F.(t,u,v) = F(et,u,v) and thus
O F:(t,u,v) = e W F(et,u,v), OpFe(t,u,v) = 0y F(et,u,v).

Hence, by the change of variable t = t¢(s) = t-(s)/e, the energy balance in parametrized form
reads: for a.e. § € [0,.5;] it holds

F(t(5),ws(8), 2:(8)) = F(0,wo, 20) + /OS O F (t(s),w=(8), 2:(s)) tl(s) ds +
- /OS (Aot ()72 + (1 = N[0y F(te(s), we(s), z(s))]72] (t°)'(s) ds.

Since [|0:(t(s)) |2 (t%)(s) = ||2L(s)]| 2 and (¢°)(s) = t.(s)/e it follows by Lemma 5.3 that

10 (t=(s)) 172 (£°)'(5) = ellzl()lIZ2/te(s) = ell2t() 72/ (1 = N2()llz2) = PelllzL(5) 1 22)-

Again by Lemma 5.3, (t¢)'(s) = 1/(e + |05 F(te(s), we($), z:(s))|12)- ]
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Since S; is uniformly bounded, by Corollary 5.2, we have S = liminf. S < +o00. For compact-
ness, it will be convenient to consider parametrized evolutions ¢, and z. to be defined in [0, S] with a
constant extension in (S, S| (clearly only in the case S; < 5). In this way all the (possibly extended)
evolutions enjoy the compactness properties of the previous Lemma in the parametrization interval
[0, S]. Note however that, with this simple extension, the energy balance is not true, in general, for
s € (Se, S]. Using Lemma 5.3 and Lemma A.4 it is immediate to prove the following compactness

property.
Corollary 5.5 For e, — 0 there exists a subsequence (not relabelled) such that
(te,, 2e,) —(t,2) in WH(0,5;]0,T) x L?).

Moreover, for a.e. s € [0,S] we have z., (s) — z(s) in H* and thus we,(s) — w(s) in WP (for
p > 2) where w(s) € argmin {E(t(s),w, z(s)) : w € U}.

5.3 Quasi-static limit

Theorem 5.6 FEvery limit evolution obtained by Corollary 5.5 satisfies 2/ < 0, ' > 0 and t' +
|12’z < 1. Moreover, for every s € [0,S] we have w(s) € argmin {€(t(s),w, 2(s)) : w € U} and the
following energy balance

F(t(s),w(s), z(s)) = F(0,wp, z0) — /08 |0, F(t(r),w(r), z(r))| g2 dr +
+ /s OF(t(r),w(r), z(r)) t'(r) dr. (57)
0

Any such limit is called a parametrized BV -evolution (cf. Proposition 5.10).

Proof. Part I. The proof follows closely that of [27, Theorem 4.4]. If s < S then s € [0, S;,) for
gn < 1; thus (56), with A = 0, provides

Flte, (), we, (s), 2, (s)) = F(0,wo, z0) + /OS WF(te, (1), we, (1), 2z, (1)) t;n (r)dr+
- /05 @, (|07 F(te, (r), we, (1), 2, (r))|L2) dr. (58)

By Corollary 5.5 we known that t., (s) — t(s), z, (s) = z(s) in H' and w;, (s) — w(s) in WP (for
p > 2). As a consequence, by Lemma 2.2

F(t(s),w(s),z(s)) < liminf F(t., (s), we, (), ze,(5)). (59)

en—0

Next, taking the limsup, _,, in (58) we get

llm sup ‘F(tc‘:n (8)? wc‘:n (8)? an (8)) S ‘F(O’ wo, ZO) +

en—0

+ lim sup/ W F (te, (1), we, (1), 2, (1)) t'En (r)dr
0

en—0

en—0

— lim inf /OS O, (|0, F(te, (1), we, (1), 2, (r))|12) dr. (60)

First, let us see that

lim ) O F (te, (1), we, (1), ze, (r)) tL, (1) dr = /08 WF (t(r),w(r), z(r))t'(r) dr. (61)

en—0 0
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By Lemma 2.3 we know that 0;F (¢, (), we, (r), 2, (t)) — O F(t(r),w(r), z(r)) for a.e. r € [0, s].
Moreover 0, F(t., (1), we, (1), ze, (r)) is uniformly bounded since

|OLF (te, (7)), we, (1), 22, (1)) < C(F(te, (r), we, (r), 2., (1)) + 1) < C.
Hence 0,F (t., (-),we, (+), 2, (-)) converge to O F(t(-),w(-),2(-)) strongly in L'(0,s) (by dominated

convergence). Since t., — t in L>=(0, s) we get (61).
Finally, let us show that

/ 105 F(0(0). ). 2(1))] g dr < limint / e, (105 Flte, (1), we, (1), 200 ()] 2) dre (62)
0 et Jo

It is not difficult to check that ®.(£) > & — ¢ for every £ € [0, 4+00). Thus we can write

| e 00 F (e, 1)1, 00,2 (D ) > [ 105 F(te ()., ()22, ()l dr = .
0 0
By Lemma 2.2
|0z F(t(r), w(r), 2(r)|z2 < liminf |8, F(te, (), we, (1), 26, (1)) 22
and thus (62) follows from Fatou’s Lemma. Joining (59)-(62) yields
Ft(s),u(s),o(9) < FOvn,20) = [ 107U, wlr), o)z +
+ /8 OF (t(r),w(r), z(r))t'(r) dr.

0

Part II. To prove the opposite inequality we employ the “upper gradient inequality” as in
Proposition 3.8. In this setting, t € WH*(0,s), 2 € W1>(0,s; L2(2)) N L>=(0,s;V), w(r) €
argmin {F(t(r),u,z(r)) : w € U} and v — |07 F(t(r),w(r),z(r))|2 belongs to L*(0,s). Then,
following step by step the proof of Proposition 3.8 it is not difficult (but lengthy) to check that

F (0, wo, z0) — F(t(s), w(s),z(s)) < /OS |0 F(t(r), w(r), z(r)|z2 |2'(r) || 2 dr +
- /0 DO (), w(r), 2(r)) £ (r) dr. (63)
Since [| /()| 2 < 1 we get
F(0,wo, z0) — F(t(s), w(s),2(s)) < /0S 02 F(t(r),w(r), z(r))|rz dr +
- /0 COF(H(r), w(r), 2(r)) ¢ (r) dr, (64)

which concludes the proof. ]

Corollary 5.7 Ifs., — s then F(ts, (e, ), We, (Se,)s 22, (Se,)) = F(t(s),w(s), z(s)) and z, (e, ) —
z(s) in H'. Moreover s — z(s) is continuous from (0,S) to H'.

Proof. Following the proof of Theorem 5.6 it is easy to check that

F(t(s),w(s), z(s)) < liminf F(tc, (e, ), We, (Se, )s 2, (Se,,))

n——+oo

< limsup F(te, (Sz, ), We, (Se, )s 2e, (8e,)) < F(t(s),w(s), z(s)).

n—-+0o
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Thus limy,—s 400 F(te, (Se, ) We, (Se,, )5 22, (Se,, ) = F(t(s), w(s), 2(s)).

If s. — s then by compactness (cf. Corollary 5.5) z., (s.,) converge to z(s) weakly in H' and
thus, by compact embedding, strongly in L9 for every ¢ < +oo. Since t., — t we get t., (s, ) — t(s).
Then by Lemma A.4 we have w.(s.) — w(s) in WP for some p > 2. Hence

/ (22 (s0,) + M)W (D, (52,)) dr — / (22(s) + )W (Di(s)) de,
Q Q

/Q(Zan(ssn) —1)*dz — /Q(z(s) —1)%dz.

By convergence of the energy it follows that

/|Vz€n(sgn)|2dx — / |Vz(s)\2daz,
Q Q

from which follows the strong convergence in H'. Since z., (s,) — 2(s) in H' for every sequence
5., — s we get that 2., — z (strongly in H') locally uniformly in (0, S).

Remember that, by Theorem 3.9, given ¢ > 0 the evolution v. is bounded in W1°°(0, T.; L?) N
H'(0,T.; H') and thus it is continuous in H'. As a consequence s — z.(s) = v, 0t°(s) is continuous
from [0, 5.] to H!. Since z. converge to z locally uniformly, its limit z is continuous as well. [ |

Remark 5.8 Using the Legendre transform it is possible to write (57) “in gradient flow fashion”.

Let
- 0 <1 ~ <0
B(2) = z < B(z2) = +oo  z
400 z>1, z z>0.

Note that ®(z) = U*(z). With this notation (57) reads
F(t(s),w(s), z(s)) = F(0,wo, z0) + /05 OWF(t(r),w(r), z(r)) t'(r)dr +

- /0 B () 2) + T (05 F(t(r), w(r), 2() ) dr (65)

5.4 From energy balance to PDEs

In this last subsection we provide some properties, in terms of PDEs, of the parametrized evolution
characterized by Theorem 5.6. Intuitively such an evolution is an “arc-length” parametrization of a
BV -evolution [24, 25].

Remember that quasi-static evolutions for non-convex energies may have discontinuity in time
and that characterization of these points makes the difference between different notion of quasi-
static evolution, e.g. energetic, BV or local [24, 25]. Remember also that discontinuity points t4 (in
time) correspond in the parametric picture to intervals (s”,s?) with t(s) = tg, 2(s”) = 27 (t4) and
2(s%) = 21 (tg). ”Vice versa” if t(s.) > 0 then t. = t(s.) is a continuity point in time.

Most of the informations are provided by the relationship between the derivative ¢'(s) and the
slope |0, F(t(s),w(s), z(s))|r2, which is the subject of Proposition 5.10 ; its PDEs form is provided
in Corollary 5.11. First, in order to employ the chain rule, we prove the following lemma.

Lemma 5.9 Any limit z, provided by Theorem 5.6, belongs to Wﬁ)’f(O, S;HY).

Proof. Remember that z.(s) = v. o t°(s) and that (¢°)'(s) = 1/5°(¢t°(s)) (being t¢ the inverse of
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s%); then, for s; < sy by the change of variable s = s°(t) we get

/ 3 ds = / et () 20 1) (5)]2 ds

S1 S1
[,
e ()

[,
5 <+ 10l

£

L[ o,
15 €+ |00 Fo(t, uc(t), ve(t)| 2

Now, let 5 € [0, S] such that |9, F(t(5), w(8), 2(5))|r2 # 0. By the lower semi-continuity of the slope
(cf. Lemma 2.2) for § < 1 it holds |0, F(t,w,z)|r2 > C > 0 for

(t,2) € I  Bs = {|t — t(5)| < 8} x {12 = 2(8)ll s < &}

and w € argmin {F(t,-, z)}. Since s +— (¢(s),2(s)) is continuous in [0, 7] x H' and since t. and z.
converge locally uniformly (cf. Corollary 5.7) there exists s; < so such that both (¢(s), 2(s)) € Isx B;
and (t:(s),z:(s)) € Is x By and for s € [s1, s2]. Thus,

|0, F(t(s),we(s),z:(8))|2 > C >0 for s € [s1, s9].

Equivalently, for ¢ = t°(s1) and t§ = t°(s2) we have s°(t) € [s1,s2]. Hence, with the change of
variable s = s%(t) we get

10y Fe(t,ue(t), ve(t))] ;2 > C >0 fort € [t5,65).

Hence,
g [0 ()17 1T
- dr < / 9= (2)]|%: < +o0.
/t‘i e+ |0y Fe(t, ue(t), ve(t)| 2 e+C Jo A
Thus, z. and its limit z belong to W12 (s, so; H'). [ |

Proposition 5.10 Let (t,w,z) be a parametrized evolution (provided by Theorem 5.6) then for
a.e. s € [0,5] it holds

o 0uF(t(s),w(s), () = 0,
o if t'(s) > 0 then |07 F(t(s), w(s), 2(s))| 2 = O,

o i [0 F(t(s), w(s), 2(s))|2 # 0 then t'(s) = 0 and | #(s)] 12 = 1,
o 2/(s) € argmin {9, F(t(s), w(s), 2(s)[€] : € € =, €]l < 1)

Proof. Equilibrium for the displacement field follows from the minimality of w(s).
Since ||2/(s)||z2 < 1 for a.e. s € [0, S] we can write by (57) and (63)

F(t(s),w(s),z(s)) = F(0,wo, 20) — /0s |0, F(t(r),w(r),z(r))|gz dr +
+/0 WF(t(r),w(r),z(r))t' (r)dr
< F(0un.20) = [ 105 F )0 ()20 1) 2+

+ /S OF(t(r),u(r),v(r)) t'(r)dr < F(t(s),u(s),v(s)).
0
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Hence all inequalities becomes equalities and hold in every subinterval (s, s2) C (0,.5). In particular,
for a.e. s € (0,5) we have

|02 F(t(s), w(s), 2(s))[ 2 (L = [|2'(s) | 2) = 0. (66)
Hence, if t/(s) > 0 then ||2/(s)||z2 < 1 (simply because t'(s) + [|2'(s)]|z2 < 1) and thus
|0, F(t(s),w(s), 2(s))[r2 = 0.

On the contrary, if |07 F(t(s), w(s), z(s))|r2 # 0 then ||2/(s)||z2 = 1 and #/(s) = 0.

It remains to show that 2/(s) € argmin {0, F (t(s), w(s), 2(s))[¢] : £ € E, [[&|lr2 < 1} . Clearly, if
|0, F(t(s),w(s), z(s))|r2 = 0 there is nothing to prove. In the case |0, F(t(s), w(s), z(s))|2 # 0 our
proof employs the chain rule (76) which requires the evolution z to be in VV;)S (0,8; H') (cf. Lemma
5.9). Hence,

F'(t(s),w(s), 2(s)) = 0:F (t(s), w(s), z(s))[2(s)] + OF (t(s), w(s), 2(s)) t'(s) (67)
for a.e. in s € (0,5). On the other hand, by Theorem 5.6 for a.e. s € [0, 5] it holds

F(1(s), w(5),2(5)) = | F(0(s), w(5),2(5) 12 + AF(b(5), wls), 2(5)) £1(5).
Hence,

0:F (t(s), w(s), 2(s))[2'(s)] = —|0uF (t(s), w(s), 2(s)) 2.

Therefore 2/(s) € argmin {9, F (t(s), w(s), z(s))[&] : € € E, ||€]|r2 < 1}. ]
Corollary 5.11 Let (t,w, z) be a parametrized evolution (provided by Theorem 5.6) then for a.e. s €
[0, S] we have

e if t'(s) >0 then

{ [2(s)W (DiB(s)) + Ge(2(s) — 1) — GeAz(s)] T =0 (68)
le(Uz(s)(w(s))) =0,
o ift(s) =tg in (s°,s%) then
{Ms)z’(s) = —[2(s)W (Diis(s)) + Gelz(s) — 1) = GeAz(s)] " (69)
div (o5 (w(s))) = 0,

where \(s) = ||[z(s)W (Dw(s)) + Ge(2(s) — 1) — GAz(s)] || 2.

Remember that the first case corresponds to a continuity point in time, the second describes instead
the “instantaneous evolution” in the discontinuity point tg.

Proof. If #(s) > 0 then by Proposition 5.10 |9, F(t(s),w(s),2(s))|rz =0, i.e.
O, F(t(s),w(s), z(s))[¢] >0 for every & € H with £ < 0.

As a consequence 9, F(t(s),w(s), z(s)) (as a distribution) is a negative Radon measure, or equiva-
lently a Radon measure p with positive part 4™ = 0. As in (44), writing 9, F (t(s), w(s), z(s)) in the
sense of distribution yields (68).

By Proposition 5.10 we know that z/(s) € argmin {0,F (¢(s),w(s),z(s))[§] : £ € E, €]l < 1}
and thus by Lemma A.3 we get (69). ]
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A Some Lemmas

A.1 Discrete Gronwall

First of all let us provide the Gronwall estimate to be used in the proof of Theorem 5.1. It’s proof
originates from [28] and [19].

Lemma A.1 Let~y >0, ag,bg,cp > 0 and ag = 0 such that
apy1 —ap < —TYahoq + Tapp1bpp1 +TChyy  for k € N. (70)

Denote t, = kT for k € N. Then for 0 < 8 <~/2 and 7 < 1 it holds

12 k

k
ap < (ZTG Bltr—ti) cf) + ZT(B (tr— ti)bi for k € N,
i=0

Proof. for A = (1 +77)"/2 and for 7 < 1 let us re-write (70) as Naj | —aj — aps1beyr < gy
Denote

k . 1/2 koo
Ay =XMCu+By), Cp= (Z A220?> . Br=) N
1=0 i=0
Let us show that A, satisfies
)‘214%+1 - Ai — Apy1bry1 > Cz+1 (71)

In terms of C), and By, the left hand side reads
AT2REDR2(02 4 B+ 2C)41Bry1) — N R(CE + BE +2C,By) — A% (Criq + Byt ) bi
Let us see that (71) holds. First, since A > 1
)\—QkC’%H A2 = )\—Qk(cngl C2) > AW+ 2 > Ck+1
Next,
)‘_%BI%+1 . AEEDB, e =
= A"2(By, + A )2 AR B2 A—RED (B R
_ ()\—2k+2(k+1) _ 1)bi+1 i (2)\—2k+(k+1) _ )\—(k+1))Bkbk+1 >0,
where the last inequality follows again from A > 1. Finally,

2A KOy i1 (B + Mg p) — 2072FCy By — AR by .y =
= 222 (Chyy — Oy) By, + (222D =N Oy 1By > 0,

again because A > 1.
Since )\2ai+1 — ai — agr1bpy1 < ci_H and agyq > 0 we get

21\2 <bk+1 -+ \/bk+1 +4X2(a} + ck+1))

| /\

ak+1

In the same way

1
Apt1 2 222 (bkﬂ + \/bk—H +AN(Af + Ck+1))

Hence by induction ap < Ay for every k € N, i.e.

k
ap, < (Z A2k c2-> +Z TR,

1=0
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Finally, it is not hard to check that for 0 < 8 < /2 and 0 < 7 < 1 it holds
Al =1+7m)" Y2 <1 -7
Hence, for t;, = k7 we have

AG8) = A=) < (1 _ gr)k=i) = (k=D n(1-B7) < (=Blk=i)7 _ o~Alti—t)

Then
k 1/2 k
o < (Zm—zﬂak—ti)qz) T3 e Bty
i=0 i=0
which concludes the proof. [ |

A.2 Representation of linear functionals

We provide here a couple of representations, to be used in Theorem 3.10 and in Corollary 5.11. A
similar result, related to unilateral gradient flows, is already stated (without proof) in [14].

Lemma A.2 Let ( € H7'. If
sup {((,€) : € € Hy, €20, [|€]l 2 < 1} < 400 (72)

then ¢ (as a distribution) is a Radon measure whose positive part belongs to L?.

Proof. We introduce the indicator functions I, I} : H — [0, +00] given by

fmaz{o fellaz = 1 Lgoz{o f20

400 otherwise, +oo  otherwise.

Then (72) reads
sup (€)= (I (&) + I5(¢)) < +oc.

¢eH}

In other terms, ¢ belongs to the proper domain of the Legendre transform (I, + Ig)* in H~!. In
order to characterize the proper domain, let us write by inf-convolution, e.g. §15.1 in [6],

(I+ +1)*(¢) = min I} (p) + I5(C —¢).
peH 1
Clearly, if (I + Ip)*(¢) < 400 there exists u € H~! such that I5(¢ — p) + I (u) < +o0. Since

Ii(p) = sup (p,§) + 1.(§) >0 and  Ij(¢ —p) = sup (¢ — p, &) + I5(€) >0
¢€H; €€H}

both I} (1) < +o0 and I5(¢ — p) < +oo. Choosing § = A, for A >0 and € > 0, yields
M, €) < sup{(u,€) : € € Hy, § > 0} = I (1) < +oo  for every A > 0;
hence (p, é ) <0 for every é > 0in H{ and thus p is a negative Radon measure. Further, since

(¢ — p) = sup{(¢ — p,€) : € € Hy, [|€]| 2 < 1} < +o0,

the functional ¢ — u can be extended from H} to the whole L? (by Hahn-Banach Theorem) and
thus it can be represented as an element f € L? (by Riesz’s representation Theorem). In summary,
we write ¢ = p + fL£, where u is a negative measure, f is an L2-function and £ is the Lebesgue
measure. Write p = pqc + s where pg. and pg are, respectively, absolutely continuous and singular
with respect to £. Then pg. = —mL (by Radon-Nikodym Theorem) where m € L' and m > 0.
Hence
= -m)"Ltpud =(f-m)"L=(f-m)L

where A = {f —m > 0}. In A we have f > m > 0 and thus m € L?(A). It follows that ¢(* € L.
|
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Lemma A.3 Let ¢ € (H')* such that there exists

&y € argmax {((, &) €€ H', €20, ||¢]|r2 <1},

then ¢ (as a distribution) is a Radon measure and ¢t = &y ||CH | 12-
Proof. Considering ¢ € H~! (and thus £ € H}) provides

sup {(¢,€) : £ € Hy, £ >0, [|€]|z2 < 1} < +oc.

By the previous Lemma, ¢ is a Radon measure with positive part in L?. Thus we can write
¢ = ¢t — (¢~ where ¢~ is a positive Radon measure while (T = f£, for f € L? with f > 0. Since
the measures ¢ are supported on disjoint Borel sets, say QF, we have f =0 on Q.

If f = 0 there is nothing to prove. Otherwise, since £ > 0 we have

sup{((, &) 1 £ € Hy, £ >0, [[€]l2 <1} <sup{((, &) : €€ H', £ >0, [|€]|p2 < 1}
<sup{(¢T,&) €€ L% >0, |€]l2 <1} = ||flz2-

Note that & = f/||f||2 is the unique maximizer in L2. Now, we will show that

sup{(¢, &) : £ € G5 (), £ 2 0, [I€ll g2 < 1} = [|f[] 2 (73)

from which we get &3 = f/||fl|z2 and then the thesis. For sake of simplicity we will consider only
the case in which the measure (~ is finite. In the case of a locally finite measure it is sufficient to
employ an increasing sequence of open sets €2, CC 2 whose union is 2.

Let us choose a (smooth) convolution kernel p,, such that || f * p, — f||z2 < 1/n. Clearly f*p, is
smooth, bounded and non-negative. Since QF are Borel sets and since both £ and (~ are regular,
there exists compact set K- C QF such that

CONEDN *pnllee <1/n, LOTNKT)||f* pallie < 1/n%

For every n € N there exists a smooth cut off function 7, with 0 < n, <1 such that n, =1 on
K™ and 1, = 0 on K~. Consider the smooth, non-negative function (f * p,,) n,. We have

Lo e < 5 pullm [ g™ N5 pulumG @ \KD) < U (70
Moreover
/\(f*pn)nn—flzda:§2/ |<f*pn><nn—1>\2dx+2/ f #pn— 2 da
Qt Q+ Qt
<2L@NKD I pullie +2 [ 1£ 50— 2o < 4/
Q+
Thus

* = 2 _ _ N
/§2+f(f Pn) N d /Q+f dx /Q+f(f (f % pn) ) d:
> 713 = 171221 = (F * pu)mllze = 1S =20z /e (79)

Let A = ||(f * pn)nnllzz = |If]l- Then & = A\ (f * pn)ny is an admissible test function in (73) and
from (74) and (75) we get

(€ &n) = An /m S pr)nn dz = An /Q_(f * pn)n dC™ 2 M| fII? = O/

Thus we have (73). ]



February 9, 2016 p-30

A.3 Continuous dependence and differentiability

Finally, we collect, for the readers convenience, few results from [19] adapted to our notation and
framework; the first follows from a general regularity result proved in [17].

Lemma A.4 Let g € CY([0,T]; WYP(Q,R?)) for p > 2. Fort € [0,T] and v € V denote u(t,v) =
argmin{F(t,-,v) : u € U}. For every 2 < p < p there exists C > 0 s.t. for every ti,ta € [0,T] and
every vi,vg € V

|u(te, v2) — u(te, v1)llwre < Cllg(t2) — g(t1)|lLe + Cllva — v La
where 1/qg=1/p —1/p.

Lemma A.5 If u € WHP(Q,R?) for some p > 2 then F(t,u,-) is Gateaux differentiable and

DT (t, 1, 0)[€] = 2 /

ng(Du+Dg(t))dx+Gc/(v—l)§+w.vgdx VEe HY(Q).
Q Q

Lemma A.6 If v € WY2(0,T; H') and u(t) € argmin{F(t,u,v(t)) : u € U} then the energy
t— F(t,u(t),v(t)) is a.e. differentiable in (0,T") and the following chain rule holds:

F(t,u(t),v(t)) = OF(t, u(t),v(t)) + OuF (t,u(t),v(t)) [0(t)]. (76)
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