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Abstract We study several problems concerning conformal transformation on metric
measure spaces, including the Sobolev space, the differential structure and the curvature-
dimension condition under conformal transformations. This is the first result about preserva-
tion of lower curvature bounds under perturbation, which is new even on Alexandrov spaces.
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1 Introduction

Let (M, g, Volg) be a n-dimensional Riemannian manifold, Ricci(-, -) be the Ricci curvature
tensor on it, and let w be a smooth function on M. Then the corresponding Riemannian
manifold under conformal transformation is defined by (M, e g, " Vol,). We know that
this transformation preserves the angle between tangent vectors, and the following formula
holds (see Theorem 1.159, [9]).

Ricei’ = Ricci — (n — 2)(Ddw — dw ® dw) + (—Aw — (n — 2)|dw|?)g, (1.1)

where Ddw is the Hessian of w and A is the Laplace-Beltrami operator on (M, g). In par-
ticular, this formula can be used to study the lower Ricci curvature bound under conformal
transformation.

The conformal transformation defined as above plays an important role in differential
geometry, and has potential applications in non-smooth setting. Similar to the construction

P< Bang-Xian Han
han@iam.uni-bonn.de

1" Institute for Applied Mathematics, University of Bonn, Bonn, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11118-018-9705-7&domain=pdf
http://orcid.org/0000-0001-5214-8179
mailto: han@iam.uni-bonn.de

128 B. -X. Han

of cone, sphere and warped product (see [18] and [16]), conformal transformation on metric
measure space can be defined in an intrinsic way.

Let w, v be bounded continuous functions on a metric measure space (X, d, m). We can
build a new metric measure space M’ := (X, d’, m’) where

i) weighted measure m is defined by:

ii)  weighted metric d’ is defined by:

1
d'x,y) = irylf{/ 711”07 dr : y € AC(I0, 11, X), 70 = x. 11 = y .
0

On metric measure spaces, the notion of synthetic Ricci curvature bounds, or non-
smooth curvature-dimension conditions, is proposed by Lott-Sturm-Villani (see [24] and
[22] for CD(K, c0) and CD(K, N) conditions) and Bacher-Sturm (see [8] for CD*(K, N)
condition). More recently, based on some new results about the Sobolev spaces on metric
measure space (see [4]), RCD(K, co) and RCD*(K, N) conditions, which are refinements
of curvature-dimension conditions, are proposed by Ambrosio-Gigli-Savaré (see [5] and
[2]). Moreover, the non-smooth Bakry-Emery theory, which offers equivalent characteri-
zation of RCD(K, o0) and RCD*(K, N) conditions, has been studied in [3, 6] and [11].
These Riemannian curvature-dimension conditions are stable with respect to the measured
Gromov-Hausdorff convergence, and cover the cases of Riemannian manifolds, smooth
metric measure spaces, Alexandrov spaces and their limits.

Then we have some natural questions:

1) What is the conformal transformation on RCD* (K, N) spaces? How to characterize it?

2) Do we have formula (1.1) on RCD*(K, N) spaces?

3) Can we study the curvature-dimension condition under conformal transformation by
using (1.1)?

To answer these questions, we divide this paper into two parts. In the first part, we study
the Sobolev space and the differential structure of metric measure spaces under conformal
transformation. These are the basic tools to study metric measure space. The results we
have obtained are useful to study curvature-dimension condition, geometric flows, sectional
curvature, etc. In summary, we prove the following results on non-smooth metric measure
spaces:

1)  (Sobolev space, Proposition 3.3) The Sobolev spaces WLZ(M) and W-2(M’) coincide
as sets and

IDflm =e “IDfly, m-ae.

forany f € WL2(M).
2)  (Laplacian, Proposition 3.5) For any f € D(A’), we have

A'f =" (Af +T - 2w, f)m),

where I'(-, -) is the carré du champ operator induced by the weak upper gradients.
3) (Tangent vector, Proposition 3.6)

Vfi=e?"Vf, m-—ae.

and
(X,Y)p = (X,Y), m—ae.
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The second formula can be seen as an equivalent characterization of conformal
transformation on infinitesimally Hilbertian spaces.
4)  (Hessian, Proposition 3.11)

Hess', [fs = e~ (|Hess[fs + 20 ()T (w) + (dimjoe — 2)T(f, w)?
— 2T (w, T'(f)) + 2I'(f, w)trHess 7)

and
trHess’f = 2w (trHess ¢ + (dimioc — 2)I'(f, w))

hold m-a.e. .
5) (Covariant derivative, Proposition 3.12)

VX! (Y®Z) = VX:(Y®Z) —(Y,Vu)X, Z) — (Z, Vw)(X, Y)
+(X, Vw)(Y, Z)

We say that a metric measure space M = (X, d, m) has Sobolev-to-Lipschitz property
if for any f € wh2(X) with |D f| € L, there exits a Lipschitz continuous function f
such that f = f m-a.e. and Lip(f) = ess sup |D f|. The Sobolev-to-Lipschitz property is
an important property which links metric and differential structure (see [14] and [16]). It
is also a pre-requisite to apply Bakry-Emery theory on metric measrue space (see [3]). In
Proposition 3.8, we prove that the conformal transformation preserves Sobolev-to-Lipschitz
property.

Proposition 1.1 (Sobolev-to-Lipschitz property) Let M be a RCD*(K, N) metric mea-
sure space, where N < oo. The space M’ is constructed by conformal transformation
with continuous and bounded conformal factors. Then M’ satisfies the Sobolev-to-Lipschitz

property.

In the second part of this paper, we study the curvature dimension condition under confor-
mal transformation. This problem is difficult to handle using Lott-Sturm-Villani’s original
definition. One possible method to conquer this difficulty is to construct a formula similar
to (1.1). In [23] Sturm defines an abstract Ricci tensor, and studies its conformal trans-
formation under some smoothness assumptions. In this work we apply the results about
differential structure on RCD*(K, N) spaces, which is studied in [13] (and [17]), to prove
Sturm’s result on RCD*(K, N) space. In Theorem 3.13 we extend the formula (1.1) to
RCD*(K, N) spaces. As an application, we obtain an estimate of the curvature-dimension
condition under conformal transformation.

Now we briefly explain the proof of the main theorem. Firstly, based on results about
the Sobolev space under conformal transformation, we study the non-smooth (co)tangent
modules developed by Gigli (in [13]) under conformal transformation. Secondly, we com-
pute the measure-valued Laplacian (see [12] and [21]). Then we prove in Proposition 3.8
that the conformal transformation preserves Sobolev-to-Lipshitz property, so we can apply
Bakry—Emery’s theory. In [13] and [17], the measure-valued Ricci tensor is defined as

Ricciy(Vf, V) :=Ta(f) — (|HeSSf|12_IS + (trtHess y — Af)z) m, (1.2)

1
N — dimy,
where dimyec is the local dimension. It is proved in [13] and [17] that Ricciy > K is
equivalent to Bochner inequality and RCD*(K, N) condition. Combining with our results
on Hessian and its Hilbert-Schmidt norm, we show that dimy, is invariant under conformal
transformation, and the Ricci tensor under conformal transformation is well-defined, see
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Theorem 3.13 for the transformation formula. Then we obtain the estimate of the curvature-
dimension condition under conformal transformation in Corollary 3.15 and Corollary .16.
In particular, for the transformation (X, d, m) — (X, e”d, eV m) on RCD*(K, N) space,
we obtain in Corollary 3.14 a non-smooth version of the formula (1.1). We remark that our
result about the lower curvature estimate, even on Alexandrov space, is new and optimal.

The paper is organized as follows. In Section 2 we introduce the notions of Sobolev
space, non-smooth Bakry-Emery theory, the tangent/cotangent module and analytic dimen-
sion of metric measure spaces. In Section 3 we study the conformal transformation on metric
measure spaces, the Sobolev space as well as the differential structures under conformal
transformation. All these objects are considered in pure intrinsic ways. We study the Ricci
tensor and obtain a generalization of the formula (1.1) on RCD*(K, N) spaces. Then we
obtain a precise estimate of N-Ricci curvature under conformal transformation.

2 Preliminaries
Basic assumptions on metric measure spaces are the following.

Assumption 2.1 Let M := (X, d, m) be a metric measure space. We assume that

a) (X, d) is a complete separable geodesic space.
b) mis ad-Borel measure satisfying

suppm = X, m(By(xp)) < c1exp (czrz) for every r > 0,

for some constants ¢y, ¢ > 0 and a point xg € X.
¢) M is an infinitesimally Hilbertian space.

Important examples satisfying Assumption 2.1 are RCD*(K, N) metric measure spaces,
where K € Rand N € [1, o0] (it is RCD(K, o0) when N = o0). Both RCD(K, 00)
and RCD*(K, N) conditions are refinements of the curvature-dimensions proposed by
Lott-Sturm-Villani (see [24] and [22] for CD*(K, c0)) and Bacher-Sturm (see [8] for
CD*(K, N)). The inclusions of these curvature dimension conditions are

RCD*(K, N) c CD*(K, N) and RCD(K, co) C CD*(K, 00),

and
RCD*(K, N) C RCD(K, 00) and CD*(K, N) C CD*(K, o).

More details about the curvature dimension condition RCD*(K, N) can be found in [2], [5]
and [11].
Let f : X — R. The local Lipschitz constant lip(f) : X — [0, oo] is defined as

Tim fO)=f ¢ s :
limy i if x is not isolated,

lip(f)(x) :=

0, otherwise.
The (global) Lipschitz constant is defined in the usual way as

. Lf ) — fl
Lip(f) := sup ——————.
XF#y d(x’ y)
Since (X, d) is a geodesic space, we know Lip(f) = sup, lip(f)(x).
Now we introduce the the Sobolev space W!2(M), which is firstly introduced by
Cheeger in [10]. In [4], a new characterization has been proposed. We say that f €
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Conformal Transformation on Metric Measure Spaces 131

L%(X,m) is a Sobolev function in W' 2(M) if there exists a sequence of Lipschitz func-
tions { f,} C L2, such that f, — f and lip(fn) = G in L? for some G € L2(X, m). It is
known that there exists a minimal function G in m-a.e. sense. We call this G the minimal
weak upper gradient (or weak gradient for simplicity) of the function f, and denote it by
IDf]| or IDf|um to indicate which space we are considering.

We equip W1-2(M) with the norm

2 2 2
”‘f”WI‘z(X,d,m) = ||f||L2(X,m) + |||D‘f|||L2(X,m)

If W1'2(X ,d, m) is a Hilbert space, we call (X, d, m) infinitesimally Hilbertian (which is
introduced in [12]).

As a consequence of the definition above, we have the lower semi-continuity: if { f,}, C
WhZ(X,d, m) is a sequence converging to some f in m-a.e. sense such that {|Df,|}, is
bounded in L2(X, m), then f € W'2(X, d, m) and

IDf]| <G, m-a.e.,
for every L2-weak limit G of some subsequence of {|Df;|},. Furthermore, we have the

following proposition.

Proposition 2.2 (see [4]) Let (X, d, m) be a metric measure space. Then the Lipschitz func-
tions are dense in energy in W-2(M) in following sense. For any f € W'“2(M), there is a
sequence of Lipschitz functions { f,}n C L*(X, m) such that f, — f and lip(f,) — |Df]
in L2.

Next, we introduce some basic notions and facts about ‘tangent/cotangent vector field’
in non-smooth setting, more details can be found in [13].

Definition 2.3 (L2-normed L>®-module) Let M = (X, d, m) be a metric measure space. A

L2-normed L (X, m)-module is a Banach space (B, | - |g) equipped with a bilinear map
L®(X,m) xB — B,
(fiv)y = f-v
such that

(fe)-v=1r-(g-v),

l-v=uv

for every v € B and f,g € L®(M), where 1 € L*(X, m) is identically equal to 1 on
X, and a ‘pointwise norm’ | - | : B — L2(X, m) which maps v € B to a non-negative
L2-function such that
lvils = llvlllz2
Lf-vl = |fllv], m-ae.
for every f € L>°(X, m) and v € B.
We define the ‘Pre-Cotangent Module’ PCM as the set consisting of elements of form

{(Bi, fi)}ien, where {B;};cn is a Borel partition of X, and { f;}; are Sobolev functions with
Y [5, IDfil* < oo

We define an equivalence relation on PCM via

{(A;, filien ~ {(Bj, gj)ljen if [D(g; — fi)|=0, m—ae. onA;N Bj.
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132 B. -X. Han

We denote the equivalence class of {(B;, fi)}ien by [(B;, fi)]. In particular, we call [(X, f)]
the differential of a Sobolev function f and denote it by d f.
Then we define the following operations:

D [(Ai, f)l+ [(Bi, )] :=[(Ai N By, fi + )]

2)  Multiplication by scalars: A[(4;, fi)] := [(A;, Afi)],

3) Multiplication by simple functions: (3_; 4; X g )[(A;, fi)] := [(Ai N Bj, A; f)l.
4)  Pointwise norm: |[(A;, /)] := Y_; X a,IDfil,

where X 4 is the characteristic function on the set A.

It can be seen that all the operations above are continuous on PCM/ ~ with respect
to the norm ||[(A;, /)]l := /[ I[(A;, fi)]> m and the L°°(M)-norm on the space of sim-
ple functions. Therefore, we can extend them to the completion of (PCM/ ~, | - ||) and
we denote this completion by L2(T*M). As a consequence of our definition, we can see
that L2(T*M) is the || - || closure of {3, a;idf; : |I| < 00,a; € L¥(M), f; € W2}
(see Proposition 2.2.5 in [13] for a proof). It can also be seen from the definition and the
infinitesimal Hilbertianity assumption on M that L2(T*M) is a Hilbert space equipped with
the inner product induced by || - ||. Moreover, (L2(T*M), || - |I. |- D is a L?-normed module
according to Definition 2.3, which we shall call cotangent module of M.

We then define the tangent module L>(T M) as Homyoo(pr) (L3 (T*M), L' (M)). In other
words, T € L2(T*M) if it is a continuous linear map from L3(T*M) to LY (M) viewed as
Banach spaces satisfying the homogeneity:

T(fv) = fT(v), Yve LAT*M), f e L®(M).

It can be seen that L2(T M) has a natural LZ-normed L (M)-module structure and is
isometric to L%(T* M) both as a module and as a Hilbert space. We denote the corresponding
element of d f in L>(T M) by V f and call it the gradient of f. By Riesz theorem for Hilbert
modules (see Chapter 1 of [13]), we know that d f(V f) := Vf(df) = |Df|2. The natural
pointwise norm on L2(T M) (we also denote it by | -|) satisfies |V f| = |df| = |[Df]. It can
also be seen that {} ;.; a;Vfi : |I| < 00,a; € L®(M), f; € W12} is a dense subset in
LX(TM).

On an infinitesimally Hilbertian space, we have a natural ‘carré du champ’ operator
e, ) [(Wh2(M)]? — L' (M) defined by

1
L(f.8) = 7(ID(f + 9 = ID(f — 9)I?).

We denote I'(f, f) by I'(f).
Then we have a pointwise inner product (-, -} : [L2(T*M)]* — L' (M) satisfying

(df.dg) :=T(f. ¢

for f,g € Wh2(M). We know also from Riesz theorem that the gradient Vg is exactly
the element in L>(T M) such that Vg(df) = (df, dg), m-ae. for every f € WH2(M).
Therefore, L2(T M) inherits a pointwise inner product from L2(T*M) and we still use (-, -)
to denote it.

It is known from [13] that the following basic calculus rules hold in m-a.e. sense.

We have that

i) d(fg)= fdg+gdf,
ii) d(gpo f)=¢ o fdf,

for every f, g € WH2(M), and every smooth ¢ : R > R with bounded derivative.
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We then define the Laplacian by duality/integration by part. The space of finite Borel
measures on M, equipped with the total variation norm || - ||Tv, is denoted by Meas(M).

Definition 2.4 (Measure valued Laplacian, [12, 13]) The space D(A) C WLZ(M) is the
space of f € WL2(M) such that there is a measure g € Meas(M) satisfying

/(p w=— / I'(p, f)m, VYo : M — R, Lipschitz with bounded support.

In this case the measure u is unique and we denote it by A f. If A f < m, we denote its
density with respect to m by Af.

It is proved in [12] that the following rules hold for the Laplacian:

) A(fe) = fAg+gAf+2T(f g)m,
i) Alpof)=¢ o fAf+¢ 0 fT(f)m,
for every f, g € D(A) N L°°(M), and every smooth ¢ : R > R with bounded first and

second derivatives.
We define TestF(M) ¢ W12(M), the space of test functions as

TestF(M) := [f eD(A)NL®: IDf| € L® and Af € Wl’z(M)}.

It is known from [21] that TestF(M) is an algebra and it is dense in WL2(M) when M is
RCD(K, 00). In particular, we know the space of test vectors {Y ,; a;V fi : |I| < 00,a; €
L®(M), f; € TestF(M)} is dense in L3(TM).

We also have the following lemma.

iel

Lemma 2.5 ([21]) Let M = (X, d, m) be a RCD(K, o0) space, f € TestF(M) and ® €
C%®°(R) with ®(0) = 0. Then ® o f € TestF(M).

It is proved in [21] that ['(f, g) € D(A) ¢ W!2(M) for any f, g € TestF(M). Hence
we can define the Hessian and I'; operator as follows.
Let f € TestF(M). We define the Hessian Hessy : (Vg : g € TestF(M)}? — LO(M) by

2Hessp(Vg, Vh) =T'(g, T'(f,h) + I'(h, T'(f, g)) = T'(f, I'(g. h)),

for any g, h € TestF(M). It has been proven in [13] that Hess; can be extended to a
symmetric L°°(M)-bilinear map on L3(T M) and continuous with values in L°(M).
Let f, g € TestF(M). We define the measure valued operator I'; (-, -) by

1 1
rl(f’ g) = EAF(f’ g) - E(r(fv Ag) + F(g, Af)) m,

and we put I'>2(f) :=Ta(f, f).

Then we can characterize the curvature-dimension condition using non-smooth Bakry-
Emery theory. We recall that RCD(K, co) and RCD*(K, N) spaces are infinitesimally
Hilbertian CD*(K, co) and CD(K, N) spaces. We also recall the following terminology
which is introduced in [14]. We say that a metric measure space M = (X,d, m) has
Sobolev-to-Lipschitz property if for any function f € W'2(X) such that [Df| € L,
we can find a Lipschitz continuous function f such that f = f m-a.e. and Lip(f) =
ess sup [Df].

We have the following definition/proposition. This weak Bochner’s inequality has been
proposed in [3] for every K, N, and it is proved to be equivalent to RCD*(K, N) condition
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134 B. -X. Han

in [3] (N = 00) and [6, 11] (N < 00). We rewrite it according to the results in [21] (see
Lemma 3.2 and Theorem 4.1 there).

Proposition 2.6 (Bakry-Emery condition, [3, 11, 21]) Let M = (X, d, m) be an infinites-
imal Hilbert space satisfying Assumption 2.1 and the Sobolev-to-Lipschitz property,
TestF(M) is dense in WY-2(M). Then it is a RCD*(K, N) space with K € Rand N €
[1, oo] if and only if the Bochner’s inequality

1
2, b 2
ra(f) = (KIDFP + (A7) m
holds in weak sense for any f € TestF(M), that is

(Af)?
N

[ 860 am = [ o(kiprP s an +

)dm
forany g € {g € WH2(M) : g, Ag € L™},
Remark 2.7 In some articles (for example [3], [11]), the following property
dGx, y) =sup{f(x) = f(3) : f € WA(M) N Cp(M), IDf| < 1, m-ae.}

is needed. It can be seen that this property can be obtained from Sobolev-to-Lipschitz
property by considering the functions {d(z, -) : z € X}.

Now we turn to discuss the dimension of M which is understood as the dimension of
L%(T M) (as a L°®-module). Let B be a Borel set. We denote by L2(TM)|B the subset of

LY (TM) consisting of those v such that X pcv = 0.

Definition 2.8 (Local independence) Let B be a Borel set with positive measure. We say
that {v;}] C L%(T M) is independent on B if

Zf,-vi =0, m-a.e. on B
i

holds if and only if f; = 0 m-a.e. on B for each i.

Definition 2.9 (Local span and generators) Let B be a Borel set in X and V := {v;}ie; C
L3*(TM). The span of V on B, denoted by Spang(V), is the subset of LZ(TM)|B with the
following property: there exists a Borel decomposition {B,},cn of B, families of vectors
{vi,n}i", C B and functions {f; »}{-", C L°°(M),n = 1,2, ..., such that

my
XB, V= Z fi,nvi,n
i=1
for each n. We call the closure of Spang (V) the space generated by V on B.
We say that L3(TM) is finitely generated if there exists {vy, ..., v,} spanning L3(TM)

on X, and locally finitely generated if there is a (Borel) partition {E;} of X such that
LA(TM )| . is finitely generated for every i € N.
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Definition 2.10 (Local basis and dimension) We say that a finite set {v1, ..., v,} is a basis
on a Borel set B if it is independent on B and Spang{vy, ..., vy} = LZ(TM)|B. If LX(TM)
has a basis of cardinality n on B, we say that it has dimension n on B, or say that its local
dimension on B is n. If L>(T M) does not admit any local basis of finite cardinality on any
subset of B with positive measure, we say that the local dimension of L>(T M) on B is
infinity.

It is proved in Proposition 1.4.4 [13] that the basis and dimension are well defined.
It can also be proven that there exits a unique decomposition {Ej},eNujoo} Of X, such
that for each E, with positive measure, n € N U {oo}, L*(T M) has dimension n
on E,. Furthermore, thanks to the infinitesimal Hilbertianity we have the following
proposition.

Proposition 2.11 (Theorem 1.4.11, [13]) Let (X, d, m) be a RCD(K, 00) metric measure
space. Then there exists a unique decomposition { E,}yeNu(oo) 0f X such that

a) Foranyn € Nand any B C E, with finite positive measure, L>*(T M) has a unit
orthogonal basis {e; »}!_, on B,

b)  For every subset B of E, with finite positive measure, there exists a unit orthogonal
set {e; B}ieNU{oo) C LZ(TM)|B which generates L2(TM)|B,

where unit orthogonal of a countable set {v;}; C L*(T M) on B means {v;, vj) = &;j m-a.e.
on B.

Definition 2.12 (Analytic Dimension) Let {E,},eNujc0) be the decomposition given in
Proposition 2.11. We define the local dimension dimyo : M +— N U {oo} by dimjpc(x) = n
on E,. We say that the dimension of LY TM) is k if k = sup{n : m(E,) > O}
We define the analytic dimension of M as the dimension of L2(T M) and denote it by
dimpax M.

We have the following proposition concerning the analytic dimension of RCD*(K, N)
spaces.

Proposition 2.13 (See [17]) Let M = (X, d, m) be a RCD*(K, N) metric measure space.
Then dim,,,qxM < N. Furthermore, if the local dimension on a Borel set E is N, we have
trHess ¢ (x) = Af(x) m-a.e. x € E for every f € TestF.

Combining the results in Proposition 2.11 and Proposition 2.13, we know there is a coor-
dinate system on RCD* (K, N) space (X, d, m), i.e. there exists a partition of X: {E, },<n,
such that dimjoc(x) = n on E, and {¢; ,};,n = 1, ..., [N] are the unit orthogonal basis
on corresponding E,. Then we can do computations on RCD*(K, N) spaces in a sim-
ilar way as on manifolds. For example, the pointwise Hilbert-Schmidt norm |S|gs of a
L*-bilinear map S : [LE(TM)]* — LO(M) could be defined in the following way. Let
S1, 8 [LQ(TM)]2 > LO(M) be symmetric bilinear maps. We define (Si, S2)ys as a
function such that (S1, $2)gg = Zi’j S1(€in,ejn)S2(€in,€jn), m-ae. on E,. Clearly,
this definition is well posed. In particular, we can define the Hilbert-Schmidt norm of S as
V (S, S)us and denote it by |S|gs. It can be seen that it is compatible with the canonical
definition of Hilbert-Schmidt norm on vector space. The trace of S can be computed by
trS = (S, Idgim,. )ys Where Idgim,,. is the unique map satisfying Idgim,,. (€i,n, €j,n) = 8ij,
m-a.e. on E,,.
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136 B. -X. Han

3 Main Results
3.1 Conformal Transformation

In this section we study the conformal transformation on metric measure space. Firstly we
introduce some basic definitions and facts. It can be seen that all the objects about conformal
transformation are intrinsically defined.

Let w, v be continuous and bounded functions on the metric measure space M =
(X, d, m). We construct a metric measure space M’ := (X, d’, m’) by conformal transfor-
mation in the following way.

(1)  We replace m by the weighted measure with density e’:
m =e"m.

(2) We replace d by d’, the weighted metric with conformal factor e*:

1
d'(x.y) = irylf[/ 721”7 dr : y € AC(0, 11, X), yo = x, 11 = v},
0

where AC([0, 1], X) is the space of absolutely continuous curves on X. For simplicity,
we adopt the notation d’ = ¢”d to emphasize the conformal factor.

Then we have a basic proposition. We say that a geodesic space is proper if closed
geodesic balls are compact.

Proposition 3.1 Let (X,d) be a proper geodesic space, w be a continuous and
bounded function. Then the space (X,d’) is a geodesic space whose topology coincides
with (X, d).

Proof Since w is continuous and bounded, the weight e is also bounded and continu-
ous. We know the topology of (X, d’) coincides with the topology of (X, d), and (X, d’) is
complete. Let x, y € X be two different points. Assume that {y"}, C AC([0, 1], X) is a
minimizing sequence such that fol ly:"*|dt — d'(x, y). Since the space (X, d) is proper, and
the mid-points of " in (X, d’) are bounded, we know that there exists a point y 1 € X such

that d’(x, y%) =d(y, y%) = %d’(x, y). Then we can build a geodesic (y;); in (X, d’) by
repeating this ‘mid-point argument’. O

It can be seen that the conformal transformation is reversible. The space M can be
obtained from M’ through conformal transformation, in which case the conformal factors
e, e? should be replaced by e and e ".

Let M := (X, d, m) be a Riemannian manifold, w, v € C*. The gradient and Lapla-
cian on M’ := (X, d’, ¢"m) are denoted by V' and A’ respectively. We have the following
assertions.

1) The Sobolev spaces WL2(M) and W'-2(M’) coincide as sets.

2) Forany f € Wh2(M) = WI2(M'), we have |df|y = e V|df|y, and V' f =
eV f,

3) Forany X,Y € TM =TM’', wehave (X,Y), = e>"(X,Y).

4) Foranyu € C®(M) = C®(M’), we have A'u = e 2" (Au+T'(v — 2w, u)).

Next, we will prove the non-smooth counterparts of these properties. First of all, we have
a simple lemma concerning the identification of Sobolev spaces.
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Lemma 3.2 (Lemma 3.11, [16]) Let M = (X,d, m), M’ = (X, d’, ') be metric measure
spaces. Assume that d > d’, d’ induces the same topology as d, and cm < w' < Cm for
some ¢, C > 0. Then W'2(M'y ¢ W2(M), and for any function f € WH2(M'), we have:
IDflm < IDfIy m-a.e..

Proposition 3.3 (Sobolev space under conformal transformation) Let M = (X, d, m) be a
metric measure space, v, w be bounded continuous functions. The space M’ .= (X, d', m)
is constructed by conformal transformation as above. Then WY2(M) and W'H2(M')
coincide as sets and

IDfl = e IDf|y. meae.

for any f e WVY2(M). In particular, if M is infinitesimally Hilbertian, M’ is also
infinitesimally Hilbertian.

Proof Lete > 0, x € X. Pick r > 0 such that

W) w()
sup max[

] <1l+e,
YEB(x)

ew ()’ pw(x)
where B, (x) is the closed ball in (X, d) with radius r.
Then for any Lipschitz function g, we have
— g —g®l  — g0y —gW)l

lip =1 -
iy (8)(x) yl—rgc d'(y, x) B,(zy—x  d'(y,x)

(1 + 6)efw()() m |g()’) - g(-x)l
B, (x)>y—x d(y, )C)

= (1+€)e " @lipy, () (x).

Similarly, we have lip;(g)(x) > (1 + e)_le_w(x)lipM (g)(x). Since the choice of € is
arbitrary, we know

IA

lipyy () (x) = ™" lipy, (g)(x).

Since ¢V is bounded and continuous, we know that L%(M) coincides with L2(M"). For
any f € WH2(M), from Proposition 2.2 we know there exits a sequence of Lipschitz
functions { f,;}, such that f, — f and lipy,;(f») — |IDf|y in L*(X, m). Then we know
fu — f and lipyy(fn) — e V|Df|y in L2(X,w'). Thus from lower semi-continuity
we know [Df |y < e ¥|Df|m, m-ae.. Hence f € WH-2(M’) and we have Wl-2(M) C
W] 'Z(M/).

Conversely, we can exchange the roles of M and M’, i.e. M can be obtained from M’
through conformal transformation, with the conformal factors e™", ¢~?. Using the same
argument we can prove [D f |y > e7"|D f|y, m-a.e., and wh2(M'y ¢ Wh2(M), then we
complete the proof. O

Remark 3.4 General weighted Sobolev space is studied in [7]. Thus we can also charac-
terize the Sobolev space under conformal transformation for unbounded v. In case w is
unbounded, the problem is more complicated. Here we introduce a possible approach, the
idea comes from [7].

Let w be a continuous function with e2¥ € L1(m) N ngi (m). We define the weighted
Sobolev space W,L’Z(X ,d, m) by

w2 = {f e whl(x,d, m) :/lflzdm+/|Df|2e’2wdm< oo},
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where the definition of W!-! can be found in [1] and [15]. We endow Wl}J’Z(X, d, m) with
the norm:

T / f1 dm + / ID £ e~ 2¥dm.

Using Holder inequality we can prove that Wul;z embeds continuously into W!-!. We define
HJ,’Z(X ,d, m) as the closure of Lipschitz functions with compact support in W,2.

We may prove WJ;Z = W1’2(X, e¥d, m) and Hulj’2 = W1’2(X,ewd, m) under fur-
ther assumption. This is an independent topic, which will be studied in a forthcoming
paper.

Let M be an infinitesimally Hilbertian space. From the results above, we know I/ (-, -) =
e~ 2"T(-, -). The energy form on M’ is defined by

WM s f / I'(f)dm’ = f IDfI* """ dm.
The Laplacian on M’ can be represented in the following way.
Proposition 3.5 (Laplacian under conformal transformation) Assume that M and M’ are

infinitesimally Hilbertian metric measure spaces. Assume v, w € WH2(M)NL(M). Then
D(A’) = D(A) and TestF(M') = TestF(M). For any f € D(A’), we have

A'f =" (Af +T@—2w, f)m).
Furthermore, we have the formula:
A'f=e(Af +T(v—2uw, f)), m-ae.

where f € TestF(M').

Proof Let f € D(A). By definition, there exists a measure A f such that

/¢dAf=—/F(¢,f)dm

for any Lipschitz function ¢ with bounded support.
Thus for any Lipschitz function ¢ with bounded support, we have

/weHw (dAf + T — 2w, f)dm)

/ev_2w¢dAf+/<pF(v — 2w, f)e’ " dm

—/F(e“*2“’<p, ) dm+/<pr(u — 2w, f) e’ *¥ dm

—/e"—“’mp, £ dm+/<pe”_2wl"(2w —-v, f) dm+/<pF(v — 2w, f)e" " dm

—/e“—2WF(<p, f)dm

—/r’(w, f)dm'.

@ Springer



Conformal Transformation on Metric Measure Spaces 139

Therefore we know f € D(A’), and by uniqueness we have
Af =2 (Af +T@©—2w, fHm).
Conversely, we can prove D(A’) C D(A). Combining with Proposition 3.3 we get
TestF(M') = TestF(M). When A’ f <« w’, we know A f < m and

ANf=eAf +T(v-2w, f)), mae. O

Proposition 3.6 (Gradient under conformally transformation) Let M and M' be metric
measure spaces as discussed above. Then V' f = e 2"V f and (X, Y),y = e*“(X,Y),
m-a.e.

Proof Let f, g € WH2(M) = W12(M’). From definition we know
df(V'e) = (V' £,V
and
(V' 1, Vel =T'(f,8) = 2"T(f,g) = ¢ V£, Vg)y = e > df (V).
Then we know df (V'g) = e~ 2%d f(Vg), therefore, V/g = e 2¥Vg.
Furthermore, we have
(X, Y)y = (X, ¥y,
forany X = Vf,Y = Vg, f,.g € WL2(M). By linearity and the density we know
(X,Y)y =e*"(X,Y),, holds for any X, Y € L>(T M). O

We then have the following corollary.

Corollary 3.7 (Conformal transformation preserves angle) Let X,Y € L*(TM). The
conformal transformation preserves the angle between X and Y which is defined by

(X, Y)

/XY (x) := arccos
| XY

(x).

The following property is a crucial condition for non-smooth Bakry-Emery theory (see
[3, 16, 21]).

Proposition 3.8 (Conformal transformation preserves Sobolev-to-Lipschitz property) Let
M be a RCD*(K, N) metric measure space with N < oo, and M’ be constructed by con-
formal transformation as in Proposition 3.3. Then M’ satisfies the Sobolev-to-Lipschitz

property.

Proof From Bishop-Gromov inequality we know that RCD*(K, N) spaces are proper. So
we know M’ is geodesic from Proposition 3.1. Let f € WL2(M') with |D f|p € L®°(M').
By Proposition 3.3, we have |Df|yr = e ¥|Df| € L®(M’). Since M has Sobolev-to-
Lipschitz property (see [5]), f has a Lipschitz representation f’ on M, and Lip,,(f’) =
ess sup [Df|. So f” is also Lipschitz on M’.

We claim that lip,, (f')(x) < ess SUPye B, (x) IDf|(y) on any closed ball B,(x). For
any € > Oand y € B,_(x), we know B.(y) C B,(x). Then we consider the optimal
transport from mn” B.(») to §,. We know that there exists a geodesic (u;) con-

necting them, and there exists an optimal transport plan IT € P(Geod(X, d)) such that
(en)4IT = . It is known (see [19, 20]) that u,,t € [0, 1 — n] have uniformly bounded
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densities for any n > 0. By an equivalent characterization of Sobolev function (see [4]) we
have

[ e [ ] = | [ (1o = £ ow)anen)

1—n
< / fo ID ()14 drdIT(y)

1=n 1 1-n 1
<([ [ prronaane)’ ([ [k aano)’
1—-n 1 1
= ( f f D1 dpuecr)* ( / (1= (1, ) AN ()
0

< (I =mn)(esssup IDf|(y))(d(x, y) +€).

YEB(x)

Letting n — 0, and € — 0, we have

T SO _ o qup D1,

d(x, y) yeB, (x)
Taking y — x, we get
lipy (f)(x) < esssup [DfI(y). (3.1
y€B, (x)

We need to prove Lip,, (f/) = esssup [Df |y = esssup e~ *|Df|. As the inequality
Lipyy (f') > ess sup |D £y is trivial, we just need to prove the opposite one.
From the proof of Proposition 3.3 we know

lipyy (f)(x) = e Dlipy (f) (x).
Combining with (3.1), we have

lippy (f)(x) = e ¥ Plipy, (f)(x)

< ¢ lim ess sup [D f](y)
r—0 yeB,.(x)

= limess supe O D f|(y)

=0 yeB, (x)
esssup e "D f(y)
= esssup |Dfly.

IA

Since M’ is a geodesic metric space, we know Lip,, (f’) = sup, lipy (f')(x), hence
Lip, (f) < esssup [Df|. In conclusion, we obtain Lip,, (f") = ess sup [Df|y and
we complete the proof. O

3.2 Ricci Curvature Tensor Under Conformal Transformation

In this section we study the Ricci tensor under conformal transformation, and prove the
transformation formula in Theorem 3.13.
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First of all, from Proposition 2.13 we know that (see [17], and [13] for the case N = 00)
the following N-Ricci tensor Ricciy is well-defined.

Definition 3.9 (N-Ricci tensor) For any f € TestF(M), we define the N-Ricci tensor
Ricciy (Vf, V) € Meas(M) by

Ricciy (Vf, V f) = Ta(f) — (|Hessf|2HS + (trHess ; — Af)2) m.

N — dimje

We recall the following result which has been proven in Theorem 4.4, in [17]. Here we
modify the statement of the theorem according to Proposition 2.6.

Theorem 3.10 Let M be a RCD*(K, N) space. Then
Ricciy(Vf, Vf) = KIDf*m
and

(Af)?
N

I2(f) = (F555) m + Rieciy (V £, V f) (32

hold for any f € TestF(M). Conversely, let M be an infinitesimal Hilbert space satisfy-
ing Assumption 2.1 and the Sobolev-to-Lipschitz property, TestF(M) be dense in W2(M).
Assume that

(1)  dimpM < N,
(2) tHessy = Af m-a.e. on {dimj,c = N},Vf € TestF(M),
(3) Ricciy(Vf,Vf) > KIDf|*>m, Vf e TestF(M),

for some K € R, N € [1, +00], then M is RCD*(K, N).

According to the Definition 3.9, we need to compute the Hilbert-Schmidt norm of the
Hessian under conformal transformation. We have the following lemma. Notice that the
factor ¢V has nothing to do with the Hessian.

Proposition 3.11 (Hessian under conformal transformation) Ler M = (X,d, m) be a

RCD*(K, N) metric measure space, e be a conformal factor with w € TestF(M). Then
forany f € TestF(M), the following formulas

Hess'; 375 = e~ ([Hess |z + 2T (/)T (w) + (dimpoe — 2)T'(f, w)*
—2I'(w, T'(f)) + 2I'(f, w)trHess )

and
trHess’; = e~ (trHess ; + (dimyoe — 2)I'(f, w))

hold m-a.e. .
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Proof Let g, h be arbitrary test functions. By direct computation, we have

Hess'f(V’g, V'h)

1
= E(F’(g, T'(f, 1) +T'(h, T'(f, ) = T'(f, T' (g, h)))
—2w

=62 (T(g, e ™ T(f, 1) + T(h, e > T(f. 8)) — ['(f, e *"T'(g. h)))

—4w
= 62 (T(g.T(f.h) +T(h,T(f,8) —T(f.T(g, h)

— 2T (g. w)T'(f, h) — 2T (h, w)T'(f. &) + 20 (f, w)T'(g. h))
= e_4w(Hessf(Vg, Vh) —T(g, w)T'(f,h) —T(h, w)T'(f,g) + T'(f, w)'(g, h))
= (HeSSf(Vg, Vh) — (Vg, Vw)(Vf, Vh) — (Vh, Vw)(V f, Vg)

+(Vf, Vw)(Vg, Vh)).

Then we replace g, h by linear combinations of test functions in the equalities above. On
one hand, we replace V'g by }°; V'g;, and V'h by 3, V'hj in Hess’f(V’g, V'h). Then by
approximation and the continuity of Hessian as a bilinear map from [L2(TM))* to LY (M ),
we can replace V'g, V'h by e/, e;. where {e;}; is a unit orthogonal base on M with respect
to I'/(-, -). On the other hand, from Lemma 3.6 we know that Vg and VA should be simul-
taneously replaced by e”e; and e e; where {e;}; is the corresponding unit orthogonal base
with respect to I'(+, -). Therefore we obtain

(Hess/f)ij = e_2w((HeSSf),'j —w;fj —w;fi +T(f, w)(sij),

m-a.e., where we keep the notion (T');; = T (e;, e;) for a bilinear map T and f; = (V f, ¢;)
for a function f. Then we have

|Hess’f|12{s = Z(Hess’f)izj
i.j

= ¢ Y " ((Hessp)ij — wifj — wj fi + T(f, w)a,-‘,-)z
i,j

= ¢ ¥ (|Hess s + 2 (/)T (w) + (dimioc = DT (f, w)?
— 2T (w, T(f)) + 2T (f, w)trHeSSf),

m-a.e..
In the same way, we can prove

trHess’f (x) = Z(Hess’f)ij =e 2 (trHess ¢ — 2I'(f, w) + dimioc ()T (f, w))
i=j

for m-a.e. x € X. O

In [13], Gigli defines the space WIIJ’Q(TM ) which is the closure of test vectors with

respect to an appropriate Sobolev norm. For any vector X € W,ll,‘z(TM ), the notion of
‘covariant derivative’ VX is a well defined bounded bilinear map from [LE(TM))? to
L'(M). It has been proven that Hess f = VVf for any test function f. Since the map
X — VX is continuous in WIIJ’Z(TM ) , by density and linearity we can extend the
transformation formula for Hessian in the following corollary.
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Corollary 3.12 (Covariant derivative under conformal transformation) Let X €
Wj;*(T M). Then
VX! (Y®Z) =VX: (Y ®Z) — (Y, Vw)(X, Z) — (Z, Vw)(X, Y)
+ (X, Vw)(Y, Z)

Theorem 3.13 (Ricci tensor under conformal transformation) Let M = (X,d, m) be a
RCD*(K, N) metric measure space, w,v € TestF(M). The metric measure space con-
structed through conformal transformation is M’ = (X,d,w'), where d = e%d and
m’ = e'm. Then for any N' € R, the N'-Ricci tensor on M’ can be computed in the
following way:
Riccily, (V' f, V' f)
= "M Ricciy/ (Vf, V)
: /
e (1w, (G dimed N =2 by L aag 420w - 2w, 1)
N’ — dimy,,
2(Af — trHess ) (2 — dimy,)
N’ — dimy,. )
—Hessy—2u(Vf, V) =T ()T — 2w, w) + Aw)
'v—2w, f)
N —dimy,e

—2trHess y —

(P —2w, f)+2(Af — trHess ) 4+ (4 — 2dimy) T (f, w))) m.

Proof According to the Definition 3.9, we firstly compute I',(f) for any f € TestF(M).
From definition we know

T(f) = S AT (F) ~ TS, o
By Proposition 3.3 and Proposition 3.5 we have
NI'(f) = " (A T(f) + T —2w,e I (f))m)
= " (A)I(f) + 20 (e 2. T(f) m+ e 2 AT(f))
+e 2 T(v—2w, T(f)m—2e "I (v — 2w, w)m)
= e " (4N (/)T (w) — 2Awl(f) — 4T (w, T(f))
+T(v—2w, 0(f)) = 2T (/T — 2w, w)) m’ + " AT (f)),
and
T'(A'f, f) = e 2 (T(f.e ™ (Af + T — 2w, f)))
= e (D(f, Af +T(v — 2w, f)) — 2T (w, f)(Af + (v — 2w, f)))
= e "(D(f. Af) =20 (w, /HAf — 2T (w, /T (v — 2w, f)
+T(f. T(f.v —2w))).
Then we have
Th(f) = " (T2(f)) + e (2 ()M (w) — AwD(f) — 20 (w, T (f))
—T(AHT(w — 2w, w) + %F(v — 2w, T'(f))
—T(f, T(f.v—2w)) + 2T (f, w)Af + 2T (w, AT (v — 2w, f))m'.
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By Definition 3.9, Proposition 3.11 and the formula above we have
Riccily, (V' f, V' f)
1 X
= I‘/z(f) — |HeSS‘/f|%IS — m(trHeSS/f — A/f)z) m/
= " (T2(f) + e ™ (20 (HT (W) — Awl(f) = 2T (w, T(f))
1
—T(Hr'(v — 2w, w) + EF(U — 2w, T'(f))

—T(f.T(f,v—=2w)) + 2I'(f, w)Af + 2T (w, /)T (v — 2w, f))m’
— e ([Hess ¢ lfs + 2T ()T (w) + (dimioe — 2)I(f, w)?
— 2T (w, () 4+ 2T (f, w)trHess ) m’

—4w
— m(Af — trtHess ¢ + (2 — dimyoc)I'(f, w) + I'(v — 2w, f))2 m’
= ¢""*(T2(f) — |Hessf lfys m — m(Af — trHess 7)” m)
et (raw, H(EZIMIN =D, 5y 4207 20w -2u, £)
N’ — dimjge
~ dtHessy — 2(Af — trHessf.)(2 — dlmloc))
N’ — dimjge
— Hess,—20(V £, V.) = T(N)(D© = 2w, w) + Aw)
L0200y g, f) 4 2(AF — trHess ) + (4 — 2 dimigo)T(f w)))
N’ — dimjec ’ ! o
= " *Ricciy (Vf, V)
et (F(w, f)((2 _ dl/mloc?(N ~2 C(w, f)+2Af +2I'(v — 2w, f)
N’ — dimjge
~ DrHess; 2(Af — trHessf')(Z — dlmloc))
N’ — dimjge
— Hessy—2w(Vf, V) = T(NH(T(v — 2w, w) + Aw)
_Tez2w.f)

8 (v —2w, f)+2(Af — trHess f) 4 (4 — 2dimyee) T (f,
N’ — dimjgc

which is the result we need.

As a corollary, we have the non-smooth version of the formula (1.1).

w))) m’

O

Corollary 3.14 Let M = (X,d, m) be a RCD*(K, N) metric measure space, e be the
conformal factor with w € TestF(M). The corresponding metric measure space under con-

formal transformation is M’ = (X,d’, w') where d = e*d and m' = eN¥m.
N-Ricci tensor of M’ satisfies the following formula:

Then the

Riceiy (V' £, V' f) = eV (Rieciy (V £, V) + [-Aw — (N = 2)[(w)IT(f)m

—(N = 2)[Hessy(V £, V) — T(w, £)*1m).

We end this article with two corollaries concerning the curvature-dimension condition

under comformal transformation. These results have been proven in [23] for smoo
measure spaces.
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Corollary 3.15 Let M be a RCD*(K, N) space, M' = (X,d’,m) where d' = e*d and
m' = eN"m, w € TestF. Then M’ satisfies RCD*(K', N) condition if

S s —2w _ _ _ _ N-2 _ 2
K':=inf e [K—Aaw-V-2r@w) T (Hessu (V £, V) =T (w, /)?)]

is a real number.

Proof We know that M’ is infinitesimally Hilbertian from Lemma 3.3, M’ has Sobolev-to-
Lipschitz property from Lemma 3.8 and TestF(M’) is dense in W1-2(M’) from Lemma 3.5.
It is sufficient to check the conditions (1),(2) in the Theorem 3.10.

(1) By definition and Lemma 3.3 we know that the conformal transformation will not
change the local/analytic dimension. Hence by Proposition 2.13 we know dimpax M’ <
N.

(2) Let f € TestF(M) = TestF(M’). It is proved in Lemma 3.5 and Lemma 3.11 that

trHess's — A" f = e 2 (trHessp — Af + (dimje — N)T(f, w)).

On the set {dimocM = N} = {dim,.M’' = N}, we know trtHessy = Af by
Proposition 2.13. Therefore, trHess/f = A’ f m-a.e. on {dimoc M’ = N}.

We can see that

Riceiy (V' £, V' f) = V=D (Rieciy (Vf, V) + [-Aw — (N = 2T ()T (f) m
—(N —2)[Hess,, (V £, Vf) — T(w, £)*Im)

K'T'(fym' = K'eN =2 Df>m

\Y

if
/s —2w N-=-2 2
K'=inf e [K—Aw—(N—2)F(w)— sup  —— (Hessy (V £, V.f)—T(w, f) )].
xeX feTesttmy L(f)
Therefore, we can apply Theorem 3.10 and finish the proof. O

Similarly, we have the following result.

Corollary 3.16 Let M be a RCD*(K, N) space, M' = (X,d’,m") where d' = e*d and
m’ = e’m, v, w € TestF. Then for any N' > dimy, (M) = dimy,, (M"), M’ satisfies the
RCD*(K’, N') condition in case
1
K’ := inf =2 [K—i— sup ——— (e VRiccdy, (V' £, V' f)— Riceiy: (V £, V f) ]
xeX fetestEmy T (f) dm( N )

is a real number.
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