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ABSTRACT. We study the lower semicontinuity in GSBVP(Q; R™) of a free discontinuity
functional F(u) that can be written as the sum of a crack term, depending only on
the jump set Sy, and of a boundary term, depending on the trace of u on 9. We
give necessary and sufficient conditions on the integrands for the lower semicontinuity
of F. Moreover, we prove a relaxation result, which shows that the lower semicontinuous
envelope of F can still be represented as the sum of two integrals on S, and 9%,
respectively.
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1. INTRODUCTION

In this paper we are interested in the study of free discontinuity functionals of the form

(1.1) G(u) = / Wz, Vu)dz —|—/ f(z,u)dz +/ Y(x,vy) dH —l—/ g(x,u) dH" 1,

Q Q S, a9
where {2 is a bounded open subset of R”, n > 1, with Lipschitz boundary, v € GSBV (;R™),
the space of generalized special functions of bounded variation, S, denotes the discontinuity
set of u, v, is the approximate unit normal vector to S, , and Vu stands for the approximate
gradient of u (we refer to [2, 5] and Section 2 for definitions and notation).

In the framework of fracture mechanics, see for instance [10, 15], the functional (1.1)
represents the energy of an elastic body €2, with a crack .S,,, subject to a displacement u and
to external volume and surface forces whose potentials are given by f and g, respectively.
In particular, W is the density of the stored elastic energy, while 1 stands for the energy
per unit surface needed to extend the crack.

As usual in elasticity, the equilibrium condition of such a body is expressed in terms of
the minimum problem

(1.2) min{G(u) : v € GSBV(Q;R™)}.

To apply the direct method of the calculus of variations, we need to know the lower semi-
continuity properties of G.

Let us briefly discuss on the usual hypotheses on the volume terms of (1.1), see, e.g., [10,
Section 3]. We suppose that the bulk energy density W (z, ) is quasiconvex in £ and satisfies
a p-growth condition for some p € (1,+00). These assumptions on W imply that in (1.1)
the approximate gradient Vu is p-summable when G(u) < +oo, thus the domain of G is
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actually GSBVP(Q;R™), a proper subspace of GSBV(2;R™) (we refer to Section 2 for
the definition and some properties). Moreover, they guarantee that the volume term

W(u) ::/QW(:E,VU) dz

is lower semicontinuous with respect to the weak convergence in GSBV?(2;R™) (we refer
to Section 2 for this notion of weak convergence and to [17, Theorem 1.2] for the proof).
With mild hypotheses on f, such as continuity with respect to the second variable and
a g-growth condition for some ¢ € (1,+00), we may assume that the second volume term
in (1.1) is lower semicontinuous with respect to the same notion of convergence.
Therefore, to prove the existence of a solution to (1.2), we are led to study the lower
semicontinuity of the surface part of (1.1)

(1.3) ‘é w@ngdH”44iAQg@ﬂQdH”4.

In this paper, we will consider a slightly more general free discontinuity functional of the
form

(1.4) Flu) = (2, vy,) dH" +/ g(z,ut,u™)dH" ",
5,8 b

where ¥ is a prescribed orientable Lipschitz manifold of dimension n — 1 contained in Q
with H""1(X) < +oo, H* }(X\X) =0, and H*1(ZNQ)NIN) =0, and u™ and u~
are the traces of u on the positive and negative side of 3. To give a precise definition of F
when ¥ NI # @, the function u is extended to 0 out of 2, so that u™ and u™ are well
defined H" !-a.e. on X. The functional in (1.3) corresponds to the case ¥ = 99).

In Section 3 we prove that F is lower semicontinuous with respect to the weak convergence
in GSBVP(£;R™) under the following assumptions: 1 is a continuous function on Q x R™
such that

(L5) ¥(x,-) is a norm on R" for every z € Q,
’ cilv| < ¥(z,v) < ea|v| for every (z,v) € Q x R™

for some 0 < ¢; < ¢, and g is a Borel function on ¥ x R™ x R™ satisfying

(1.6) (s,t) — g(x, s,t) is lower semicontinuous on R x R™ for every x € 3,

and, for H" '-a.e. 2 € ¥ and every s,s’,t,t' € R™,

(1L7)  glz,s,t) < gla, s, 1) + P, vn(x)) and  g(z,s5,t) < g(x,s,t) + P(x,ve(2)),

where vs(x) denotes the unit normal to ¥ at x.
We notice that the hypotheses (1.5) on 1 are quite standard and guarantee that

(1.8) U(u) = Y(z,v,) dH" 1 for u € GSBVP((;R™)

S.\E
is already lower semicontinuous. Indeed, this result has been obtained, for a more general
integrand, first in [3, 4] in the case of functions defined on Caccioppoli’s partitions, i.e.,
functions belonging to BV (Q;T) for some finite subset 7' of R™, and then generalized
in [2, Theorem 3.7] to the space GSBVP(Q;R™).

The novelty of this paper, in comparison with [2, 3, 4], is the presence of an integral
over a fixed surface ¥ which is not lower semicontinuous on its own because of the lack
of regularity of the function u near Y. Indeed, we only know that the traces u* and u~
of u on the two sides of ¥ are measurable functions, but we do not have any continuity or
compactness property of the trace operator at our disposal, due to the presence of the jump
set. As a matter of fact, it could happen that, along a sequence wu; converging to u weakly
in GSBVP(£2;R™), the jump set S, approaches ¥ as k — +oo. In this case, we have no
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information on the convergence of the traces of wuy. Condition (1.7) will allow us to control
the behavior of F along such sequences.

The proof of the lower semicontinuity theorem is divided into three steps. By the blow-up
technique introduced in [6, 13, 14] we first prove that

(1.9) Flu) < limkinf F(ug)

whenever uy, converges to u pointwise and uy, v € BV (Q;T) for some finite subset 7' of R™
(see Theorem 3.7). We notice that, since the surface ¥ is supposed to be only Lipschitz
regular, we have to slightly modify the usual choice of the blow-up sets. In Theorem 3.10 we
extend (1.9) by approximation to functions belonging to SBVP(Q; R™). The third step is a
truncation argument, which allows us to conclude in the general case u € GSBVP(Q; R™).
In Theorem 3.11 we show that condition (1.7) is also necessary for the lower semicontinuity of
the functional F in GSBVP(Q;R™), provided that g is a Carathéodory function satisfying
the following properties:

(1.10) there exists a € L*(X)T such that g(z,s,t) > —a(x) for H" l-a.e. € ¥ and
' every s,t € R™ |

(1.11) g(-,s,t) € LY(X) for every s,t € R™.

We conclude Section 3 by proving that the minimum problem (1.2) admits a solution (The-
orem 3.12).

Finally, in Section 4 we prove a relaxation result for a functional F of the form (1.4), i.e.,
we give an integral representation formula for sc™F, defined as the greatest sequentially
weakly lower semicontinuous functional on GSBVP(Q; R™) which is less than or equal to F.
In (1.4) we still assume that 1) satisfies (1.5). As for g, instead of (1.6) and (1.7), we suppose
that ¢ is a Carathéodory function such that g(x,-,-) is uniformly continuous on R™ x R™
(1.10) holds, and, for every M > 0, g(z,s,t) < ap(x) for H* t-a.e. 2 € ¥ and every
s,t € R™ with |s|, [t| < M, where ap € LY(3).

In Theorem 4.3 we show that

s¢” F(u) = U(z,v,) dH ! +/ gro(z,uT u”)dH L,
S\ bo}

where, for (z,s,t) € ¥ x R™ x R™ we have set
g12(x, s,t) := min {gl(a:, 8, t), gﬁf g1(z, s, 7) + ¢Y(z, I/E(l‘))} ,
g1(x, s,t) ;= min {g(x, s, t), ilﬁg g(z,0,t) + ¢Y(z, Vz;(l‘))} .
o CR™

In this theorem the uniform continuity of g(z,-,-) is replaced by the weaker assumption of
continuity of gia(z,-,-).

Therefore, the relaxed functional sc™F is again of the form (1.4) and the density gio
on ¥ is a Carathéodory function which satisfies properties (1.6) and (1.7). The mechanical
interpretation of this result is that, if the potential g of the surface force is too strong, it is
energetically more convenient to create a new crack near the surface 3.

We conclude the paper with a relaxation result for the functional G introduced in (1.1).
More precisely, we characterize the functional sc~G, defined this time as the greatest lower
semicontinuous functional in L4(2;R™) which is less than or equal to G. We assume
that W(x,&) is quasiconvex and has a p-growth with respect to £, and that f(x,s) has
a g-growth with respect to s. In Theorem 4.5 we prove that

sc_g(u):/QW(a:,Vu) da:—&-/Q f(z,u)de+ s

if u e GSBVP(Q;R™)NLI(Q;R™), and sc~G(u) = o0 if u € LY(Q; R™)\GSBVP(Q; R™).

P(x,1y) dH”_l—l—/ gro(z,ut,u”)dH !
bl
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If W(x,&) has linear growth with respect to £, a similar relaxation problem for the
functional

/ W(z,Vu)dz + / glz,ut u”)dH" !, ue WHH(Q\ Z;R™),
Q )
has been studied in [7] and leads to a functional defined on BV (2;R™).

2. PRELIMINARIES AND NOTATION

Throughout the paper £ and H"~! denote the Lebesgue measure in R” and the (n—1)-
dimensional Hausdorff measure, respectively. If p € [1,4+00] and F is a measurable set, we
use the notation || - ||, or || - |,z for the LP-norm on E with respect to £ or H"™ !,
according to the context. Moreover, we denote by H" | E the measure H"~! restricted
to E, which is defined by H" | E (F) := H""}(F N E) for every measurable set F.

Definition 2.1. A subset ¥ C R” is said to be a Lipschitz manifold of dimension n — 1
with Lipschitz constant L if for every x € ¥ there exist a vector &(z) € S"7!, an
(n—1)-dimensional rectangle A, contained in the hyperplane orthogonal to {(x) and pass-
ing through the origin, an interval I, and a Lipschitz function ¢, : A, — I, with Lipschitz
constant L such that

{y+t(z):ye A, tel, NS ={y+p.(y)é(x): y€ A,}.

If ¥ is a Lipschitz manifold with Lipschitz constant L, for H" '-a.e. x € ¥ there exists
a unit normal vector vs(x). The tangent space to ¥ at x is then

(2.1) T.X):={yeR": y-vs(x) =0}.

Definition 2.2. An orientable Lipschitz manifold is a pair (X,vs), where ¥ is a Lipschitz
manifold of dimension n — 1 and Lipschitz constant L and vs;: ¥ — S*~! is a Borel vector
field with the following properties:

e vy (z) is normal to X for H" '-ae. x € ¥;
o for every xzg € ¥ there exist &(zg), A, and I, as in Definition 2.1 such that
vsi(z)-€(xg) > 0 for H" L-ae. x € {y+t&(wg): y € Ay, t €1} NI,

If U is an open set in R™ with Lipschitz boundary, vy (x) denotes the inner unit normal
to U at =, which exists for H"!-a.e. € U . It is easy to see that (OU, vyy) is an orientable
Lipschitz manifold.

A set ' C R™ is said to be countably (H"~!, n—1)-rectifiable if there exists a sequence I';
of (n —1)-dimensional C'-manifolds such that I' = [JT'; up to an H"!-negligible set. It
is well known that every countably (H"~!,n — 1)-rectifiable set I" admits an approximate
unit normal vector vp(z) for H" 1-a.e. z € T' (see, for instance, [11, Sections 3.2.14-16]).
Moreover, every Lipschitz manifold ¥ is countably (H"~!,n — 1)-rectifiable (see, e.g., [5,
Proposition 2.76]) and its approximate unit normal coincides H"~!-a.e. with the vector vs
considered above.

For every x € R", every £ € S*™!, and every p > 0, on the hyperplane orthogonal to &
and passing through the origin we consider an (n — 1)-dimensional cube Qggl(ac) of side
length p and centered in the projection z— (z - £)£ of x onto that hyperplane. Given C > 0,
we consider also the n-dimensional rectangle centered in x defined by

(2:2) Re(z) = {y+t&: ye Qe (a), [t —2-& < Cp}.

Moreover, we denote by B,(x) the n-dimensional open ball of radius p and center x.
Given a bounded open subset U of R™, B(U) denotes the set of Borel subsets of U

and M, (U) stands for the set of bounded Radon measures on U. For every u, A € My(U),

we denote by du/dA\ the Radon-Nikodym derivative of p with respect to A.

Let u: U — R™ be a measurable function. We define the jump set S, of u as the set
of x € U such that u does not have an approximate limit at x (see [5, Section 4.5]).



A FREE DISCONTINUITY FUNCTIONAL WITH A BOUNDARY TERM 5

The space BV (U;R™) of functions of bounded variation is the set of u € L'(U;R™)
whose distributional gradient Dwu is a bounded Radon measure on U with values in the
space M™*™ of mxn matrices. Given u € BV (U;R™), we can write Du = D%u + D*u,
where D®u is absolutely continuous and D®u is singular with respect to £™. The function u
is approximatively differentiable £™-a.e. in U and its approximate gradient Vu belongs to
LY(U;M™*") and coincides £"-a.e. in U with the density of D% with respect to L£".
Note that the jump set S,, agrees with the complement of the set of Lebesgue points of u,
up to an H"~!-negligible set. For all these notions we refer to [5, Sections 3.6 and 3.9].

The space SBV (U;R™) of special functions of bounded variation is defined as the set of
all u € BV (U;R™) such that D®u is concentrated on the jump set Sy, i.e., |D*u[(U\ Sy) =
0.

As usual, SBV,.(U;R™) denotes the space of functions which belong to SBV (U’; R™)
for every U' cC U.

For p € (1,400), the space SBVP(U;R™) is the set of functions v € SBV(U;R™)
with approximate gradient Vu € LP(U;M™*™) and H" 1(S,) < +o0o. We now give the
definition of weak convergence in SBV?(U;R™).

Definition 2.3. Let ug,u € SBVP(U;R™) N L>°(U;R™). The sequence uy converges
to u weakly in SBVP(U;R™) if uy — u pointwise L"-a.e. in U, Vup — Vu weakly
in LP(U;M™*"), and |lug|/cc and H""1(S,,) are uniformly bounded with respect to k.

The following compactness theorem is proved in [1].

Theorem 2.4. Let p € (1,+00) and let uy be a sequence in SBVP(U;R™) such that
luklloo s [[Vugllp, and H*"(S,,) are bounded uniformly with respect to k. Then there
exists a subsequence which converges weakly in SBVP(U;R™).

This result is in general not enough for some applications since it requires an a pri-
ori bound on the L°°-norm. To overcome this difficulty, we have to work in the larger
space GSBV(U;R™) of generalized special functions of bounded variation, defined as
the set of measurable functions u: U — R™ such that ¢(u) € SBVi,.(U;R™) for every
¢ € CH*(R™;R™) whose gradient has compact support. If u € GSBV (U;R™), then the ap-
proximate gradient Vu exists £"-a.e. in U and the jump set S, is countably (H"~!,n—1)-
rectifiable. Its approximate unit normal vector is denoted by v, .

In the case m = 1, we have that v € GSBV (U;R) if and only if T}, (u) € SBVjec(U;R) for
every h € N, where T}, is the truncation function defined by T}(s) := min {max {s, —h}, h}
for s € R (see for instance [5, Section 4.5]).

For p € (1,400), we define GSBVP?(U;R™) as the set of functions v € GSBV (U; R™)
such that Vu € LP(U;M™*") and H""1(S,) < +oo. In particular, if u € GSBVP(U;R™),
then the function ¢(u) belongs to SBVP(U;R™) N L (U;R™) for every ¢ € C*(R™;R™)
with supp(Ve) CC R™. We notice that GSBVP(U;R™) N L>®(U;R™) = SBVP(U;R™) N
L>(U;R™).

We now recall some basic properties of GSBVP(U;R™), which can be found in [5, Sec-
tion 4.5] and [10, Section 2].

Proposition 2.5. GSBVP?(U;R™) is a vector space. A function u := (u',...,u™): U —
R™ belongs to GSBVP(U;R™) if and only if each component u® belongs to GSBVP(U;R).

If U has a Lipschitz boundary, for every u € GSBVP(U;R™) there exists a func-
tion %: OU — R™ such that, for H" 1-a.e. z € U, u(x) is the approximate limit of u
at x, and we write

(2.3) u(x) := aplimu(y)
yeU

(see, e.g., [11, Section 2.9.12]). The function @ is called the trace of u on OU.
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Remark 2.6. If (X, vy) is an orientable Lipschitz manifold of dimension n—1, with ¥ C U,
for every = € 3 there exists an open neighborhood V of z contained in U such that V' \ ¥
has two connected components V* and V'~ , with Lipschitz boundaries and with vs(z)
pointing towards V. For every function u € GSBVP(U;R™) the traces on ¥ NV of the
restriction of u to V* are denoted by u®. This allows us to define the traces u® of u
H" l-ae. on X.

We now recall the notion of weak convergence in GSBV?(U;R™).

Definition 2.7. Let ug,u € GSBVP(U;R™). The sequence wuj converges to u weakly
in GSBVP(U;R™) if up, — u pointwise L™-a.e. in U, Vuy — Vu weakly in LP(U; M™*"),
and H"~1(S,,) is uniformly bounded with respect to k.

The following compactness theorem has been proved in [2] (see also [5, Section 4.5]).

Theorem 2.8. Let p € (1,+00) and let u, be a sequence in GSBVP(U;R™) such that
llugllr, |Vukllp, and H*=1(Sy,) are bounded uniformly with respect to k. Then there exists
a subsequence which converges weakly in GSBVP(U;R™).

We recall a lower semicontinuity result in GSBVP(U;R™), proved in [17, Theorem 1.2].
Theorem 2.9. Let W: U x M™*"™ — R be a Carathéodory function such that
(2.4) W (z,-) is quasiconvez for every x € U,

(2.5)  arl§]’ —bi(x) S W(x,§) < azl[P + ba(x)  for every (x,£) € U x M™*"

for some 1 < p < 400, 0<ay <as, and by, by € L1 (U).
Then the functional W: GSBVP(U;R™) — R defined by

(2.6) / W(z,Vu)d

is lower semicontinuous with respect to the weak convergence in GSBVP(U;R™).

We say that £ C R" is a set of finite perimeter if the distributional gradient of its
characteristic function 1g is a bounded Radon measure on R™. The essential boundary 0*F
of E is defined by

n n
O*E = {x € R™ : limsup M >0 and limsup M > 0}.
PO P PNO p"

For H" l-a.e. x € *E, there exists the measure theoretical inner unit normal vector vg(z)
to E at x. We refer to [5, Sections 3.3 and 3.5] for further properties of sets of finite
perimeter.

We conclude this preliminary section with a simple lemma which will be useful in the
proof of Theorem 3.7.

Lemma 2.10. Let U be an open set with Lipschitz boundary and let E C U be a set of
finite perimeter. Let us set

trE = {z € U : 1p(z) =1},

where 1 is the trace on U of the restriction of 1g to U. Then trE = 0U NO*E up to
an H" 1 -negligible set.

Proof. We first notice that the trace of 15 on 9U is either 1 or 0 for H ' l-ae x € 0U.
Therefore, for H" l-a.e. x € U \ trE we have that 1g(x) = 0, hence, by definition of
trace,

(B E 1
2.7) lim 2B @OE) 1 1e(y)dy = 0.
P\0 p" PNO P JB,(2)nU
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This implies that OU N 0*E C trE up to an H" !-negligible set.
Viceversa, let © € trE be such that the inner unit normal vy (x) to U at x exists. As
in (2.7), by the properties of the trace we have that

lim L'(By(z)N(U\ E)) — lim i/ 1p(y) —1|dy =0.
PO P PNO P B, (@)U

From the previous equality and the properties of vy (x) we deduce that

2.8) i S B @NE)
' P\0 pr -

where we have set

B;‘(x) ={yeB,(z): (y—2) -vy(z) >0}.
In view of (2.8) we obtain that

(B E
(2.9) lim sup M
~o o LM(By(2)
Moreover, since E C U, by the properties of vy (z) we get
(2.10) lmsup 2 LBe@NE) o L' Bp@)\U) L
o Lr(Bp(x) T N0 L7(By(x)) 2

Inequalities (2.9) and (2.10) imply that 2 € OU N 9*E, and the proof is thus complete. [

1
> —.
-2

3. LOWER SEMICONTINUITY

In this section we prove a lower semicontinuity result for a free discontinuity functional
with a boundary term or, more in general, for a functional of the form (1.4). Let us introduce
the setting of the problem. Let 2 be a bounded open subset of R™ with Lipschitz bound-
ary, and let (X, vs) be an orientable Lipschitz manifold of dimension n — 1 and Lipschitz
constant L, with ¥ C Q and
(3.1) H'HE) < 400,  HLUEZ\XD)=0, H"H{(ENQ)NIN) =0.

We consider two functions 1: Q@ x R® — [0,+0c0) and g: ¥ x R™ x R™ — R with the
following properties:

(H1) % is continuous;

(H2) there exist 0 < ¢; < ¢g such that

aly| <Pz, v) < colv|

for every (z,v) € Q x R";
(H3) (z,-) is a norm on R™ for every = € Q;
(H4) g is a Borel function;
(H5) g('7 0, O) € Ll(Z);
(H6) g(z,-,-) is lower semicontinuous for every = € ¥;
(H7) for H™" l-a.e. x € ¥ and for every s,t,s',t' € R™

) g(x,s,t) < g(x, s, 1) + P(x,vs(2)),
(3.3) g(z,s,t) < gz, s,t') +Y(x,vs(x)).
Remark 3.1. If ¥ =08 and g: 002 x R™ — R satisfies
s+ g(z,s) is lower semicontinuous for every z € ¥,
g(z,8) < g(x,t) +(x,vq(x)) for H* t-ae. x € X and every s,t € R™,
then (z,s,t) — g(x, s +t) fulfills (H6) and (HT).
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Remark 3.2. The inequalities (3.2) and (3.3) in (H7) are equivalent to
OSCg(.’IJ,',t) < ’(/J(J,” sz(.'IJ)) and OSCg(.’E,S7~> §1/J(3?,VE(9U))a

where for every function v: R™ — R

oscy:= sup [y(s) —~(t)] = sup y(s) — inf ~y(s).
s,tER™ sER™ seR™

Remark 3.3. Let us set
(3.4) N*:={zeXnNdQ: vs(z) = trvg(x)}.
In view of our convention on the traces u™ on ¥ N9, it is not restrictive to assume that

if z € NT, then g(z,s,t) = g(x,s,0) for every s,t € R™,

3.5
(3:5) if x € N7, then g(z,s,t) = g(z,0,t) for every s,t € R™.

For p € (1,+0), we consider the functionals F, ¥: GSBVP?({;R™) — R defined by (1.4)
and (1.8), respectively.

The finiteness of F(u) and ¥(u) is an easy consequence of (H1)-(H7). For simplicity of
notation, from now on, if not necessary, we will not indicate the dependence of u* and v,
on the space variable x.

As we have already noticed in the Introduction, the lower semicontinuity of ¥ with
respect to the weak convergence in GSBVP(;R™) has been proved in [2, Theorem 3.7
for a more general integrand. Here we are interested in the connection between the free
discontinuity term and the fixed surface integral in (1.4). In particular, in Theorem 3.4 we
prove that conditions (H1)-(H7) are sufficient for the lower semicontinuity of the functional F
in GSBVP(;R™). Viceversa, in Theorem 3.11 we show that (H7) is also a necessary
condition if g is a Carathéodory function.

We now state the main result of this section.

Theorem 3.4. Let p € (1,400) and F be defined as in (1.4) with b and g satisfy-
ing (H1)-(H7). Then F s lower semicontinuous with respect to the weak convergence
in GSBVP(Q;R™).

The strategy of the proof of Theorem 3.4 is the following: by the blow-up technique
developed in [13, 14] we first prove the lower semicontinuity property for functions belonging
to BV (;T) for some finite set 7' C R™. Then we extend this result to SBV?({;R™) by
approximation and, finally, to GSBVP?(2;R™) by a simple truncation argument.

The following lemma shows that, in order to prove Theorem 3.4, it is not restrictive to
assume that g is a nonnegative Carathéodory function satisfying (H5) and (HT).

Lemma 3.5. There exists a sequence gy: X X R™ x R™ — R of nonnegative Carathéodory
functions satisfying (H5) and (H7) such that gx(z,-,-) is Lipschitz continuous with Lipschitz
constant A, and, setting

Fia(u) := . U(z,vy,) dH 1 +/Eg>\(x,u+,u_)d7‘("—1

for every u € GSBVP(Q;R™), the following property holds: if ug,u € GSBVP({;R™)
satisfy

Fi(u) < 1imkinf Falug) for every A,
then

(3.6) F(u) < limkinf F(ug) .
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Proof. For every (x,s,t) € ¥ x R™ xR™ and every A € N let

(3.7) ga(z,s,t) = it {g(z,0,7) —g(2,0,0) +2c2 + Al(s,2) — (o, 7)[},

where ¢ is the constant in (H2). Let us prove that g, is a Carathéodory function. For
every s,t € R™ and every c € R, we have that

{z €eX: gx(z,s,t) <c}
={x €X¥: Jo,7 € R™ such that g(z,0,7) — g(x,0,0) + 2c2 + A|(s,t) — (0,7)| < ¢}
=IIs({(z,0,7) € ExR™ xR™ : g(x,0,7) — g(x,0,0) + 2c2 + A|(s,t) — (0,7)| < c}),

where IIy: ¥ X R™ xR™ — ¥ denotes the projection onto ¥. Since ¢ is Borel, applying
the projection theorem (see, e.g., [9, Proposition 8.4.4]), we get that the set {z € X :
gx(z,s,t) < ¢} is H" l-measurable. Hence gy(-,s,t) is H" !-measurable for every s,t €
R™. Tt is easy to see that for H"~!-a.e. x € ¥ the function g(z,,) is Lipschitz continuous
with Lipschitz constant A, thus g, is a Carathéodory function.

By (H2) and (H7) for g we have that gy is nonnegative and satisfies (H7). The inequalities
0 < ga(2,0,0) < 4co imply that gx(-,0,0) € L1(X). Since g(x,-,-) is lower semicontinuous
and g is the Yosida approximation of g(z,-,:) —g(z,0,0) 4+ 2¢o, we have that gy(z,s,t) /
g(x,s,t)—g(x,0,0)42¢y for every (z,s,t) € X x R™ x R™ (see for instance [8, Section 1.3]).

Let wug,u be as in the statement of the lemma. Then, by definition of gy and F),

(38)  Fa(u) < liminf F () < liminf F(uy) ~ / (@, 0,0)dH + 26 H*(5).
b
By the monotone convergence theorem, we get that

lim Fy (u) = F(u) - / g(x,0,0) dH™ ! + 2co H" (D).
p

The previous equality, together with (3.8), implies (3.6). O
In the sequel, we will also need the following technical lemma, where Rgg(x) is defined

as in (2.2).

Lemma 3.6. Let g: ¥ xXR™ xR™ — R be a Carathéodory function satisfying proper-

ties (H5) and (H7). Then, for every C > 0 and for every compact subset K of R™ x R™

we have that

1
(3.9) lim —— / sup lg(y, 5,8) — gla, 5, 8)| dH" () = 0
PNO P SNRY  (2) (s,t)ER

for H* '-a.e. x € X and every £ € SP1.
Proof. For every (z,0) € ¥ x (0,4+00) we set

(3.10) w@,0) = s lg(@s,t) — glz,0,7)].
(s,t),(0,7)EK
[(s;t)—(o,7)[<
Then w(z,d) — 0 as 6 \, 0 for every x € ¥ such that g(z,-,-) is continuous on R™ x R™.
Moreover, by properties (H2) and (H7), we have that w(-,d) € L1(X) for every § > 0.
Fix a sequence d;, \, 0. For every k € N, let (s ) ..., (sfk,tfk) € K satisfy

Uy
K C UB%(S?J?)’
i=1
where, in this proof, B,.(s,t) denotes the open ball in R™ x R™ of radius r and center (s,t).
Fix x € ¥ with the following properties: z is a Lebesgue point of w(-,dx) and of g(-, s¥,t¥)
for every k and every i = 1,...,l;, w(x,d;) — 0 as k — 400, and vg(z) is normal to ¥
at x. Note that these properties are satisfied by H" '-a.e. z € T.
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Finally, fix k¥ € N. For every (s,t) € K, let js € {1,...,lx} be such that |(s,t) —
(s¥ ,t¥ )| < 6),. Then, for H" !-ae. y € ¥ we have that

Js? " Js
|g(y,3,t) - g(l‘,S,t)‘ S |g(y,$,t) _g(yas_];s’t_]]i” + |g(y78_]]i’t?s) - g(x’s.];s’t?s”
(3.11) + gz, 8§, t5) — glw,5,1)]
< w(ya(sk) + ) ?upl ‘g(yvsfatf) —g(x,sf,tfﬂ +W($,5k) .
i=1,...,0lk

Inequality (3.11) implies that, for every ¢ € S*~! and every C > 0,

1 -
/ sup [9(y,5,1) — g(a, 5, 0)| dH"(y)
ZﬂRgg(m)(

pn71 s,t)EK
1 / »
< w(y, o) +w(x, o)) dH™" ™ (y
(3.12) P EﬁRgg(m)( (y,0k) + w(z,dx)) ()
I 1
+Y — lg(y, sF,tF) — g(z, sF,t8) dH" " (y) .

n—1
i=1 P JE0RE (@)

Since, by assumption, = € X is a Lebesgue point of w(-, ;) and of g(-,s¥,t¥), passing to
the limsup as p \, 0 in (3.12) we obtain that for every k € N

1
lim sup n—1 / sup |g(y7 S, t) - g(x,s, t)| dHnil(y)
(3.13) »»0 P SNRY  (x) (s,t)EK

< 2H" N (To(E) NRE(0)) w(w, 6)

where T, (%) is the tangent space defined in (2.1). Passing to the limit as k — +o0 in (3.13)
we get (3.9). O

Let us introduce some notation which will be useful in the sequel. Let T be a finite
subset of R™, U an open subset of  such that {x € Q : d(z,2U9Q) < n} C U for
some 7 > 0, and let ' be a bounded smooth open subset of R™ such that Q ccC Q'. For
every u € BV(U;T) := {v e BV(U;R™) : v(z) € T for L"-a.e. x € U}, its extension to 0
on '\ Q is still denoted by u. We notice that U’ := (' \ Q) UU is open and that this
extension belongs to BV (U';T"), where T := T'U {0}. For every B € B(U’) we set

(3.14) Fu(u, B) ::/ U(z,vy) dH 1 +/ g(z,u™ u”)dH" !,
UNS,NB\S B

where, in the second integral, u* denote the traces on the two faces of ¥ of w, according
to Remark 2.6.

Since ¢ and g satisfy (H2), (H5), and (H7), we have that Fy(u,-) is a measure defined
on B(U'). If, in addition, H"~1(S,) < +o00, in view of (3.1) Fy(u,-) belongs to My(U’)
(this is always the case if u € BV(U;T) for some finite set 7' C R™). Finally, we notice
that if g is nonnegative, then Fy (u,-) is nonnegative.

We are now ready to state the lower semicontinuity result on BV (U;T).

Theorem 3.7. Let ¢ and g be functions satisfying (H1)-(H7). Assume in addition that g
is a nonnegative Carathéodory function. Let T be a finite subset of R™ and let U be an
open subset of Q such that {x € Q: d(z,2U0N) <n} CU for some n>0. Then

Fu(uw,UUT) < liminf Fy(up, UUT)

for every ug,u € BV(U;T) such that ug converges to u pointwise L™ -a.e. in U.

In order to prove Theorem 3.7, we need the following blow-up lemma.
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Lemma 3.8. Let v, g, T, U, n, uy, and u be as in Theorem 3.7 and let U’ := (Q'\Q)UU .
For every x € X, let £(x) € S*™1 be as in Definition 2.2. Assume that Fy(ug, U UY) is
bounded and that Fy(uk, ) = p weakly® in My(U") for some p € Myp(U'). Then

du

(3.15) m(x) > g(x,u™ (z),u” ()

for H" '-a.e. x € X, and

du

(8.16) THT[(5, %)

(z) = P(z, vu(z))

for H* t-a.e. x € S, \ 2.

Proof. Let us perform the blow-up on . Let L > 0 be the Lipschitz constant of X
and A := Ly/n. Let zy € ¥ be such that vs(zp) is normal to ¥ at zg and (H7) holds. We
introduce the simplified notation R,(z¢) := R/ﬁg(wo)(xo), R, = R27£(m0)(0), and R¥ (z) :=
{y € Ry(zo) : (y — x0)-vs(xg) 2 0}, where Rgf(x) is defined in (2.2). We assume in

addition that xo satisfies the following conditions:

(3.17) xo & (X NQ)NIN

1
3.18 lim / vs(z) — vs (o) dH" (z) =0,
(3.18) i [ ) s )

1

3.19 hm—/ uw(z) — uF(zg)|dz =0,
(3.19) ti 5 [ e e

o 1(Rp(0)) dp

.2 h; 1 =
(3.20) there exists lim, s SR, (7o) Lz)(350),
1

3.21 lim / su x,5,t) — g(xo,s,t)|dH" 1(z) =0.
20t [ s faGes ) gl 0l dH )

We notice that conditions (3.17)-(3.21) are satisfied for H" !-a.e. 29 € ¥ as a consequence
of the properties of the traces of BV functions, of hypotheses (3.1), of Lemma 3.6, and of
a generalized version of Besicovitch differentiation theorem (see [18] and [12, Sections 1.2.1-
1.2.2]).

Since vg(zg) is normal to ¥ at xg, we have that
S (Ry ()

(3.22) li

=H" YT, (2
PO Pl H" (T (¥) NR1),

where T, (%) is the tangent space defined in (2.1) and, according to the notation introduced
above, Ry = Ri\f(wo)(O). Let

e B(Rp(20))
(3.23) Y(zg) := E{I}) T
From (3.20) and (3.22) we get that the limit in (3.23) exists and
(3.24) Y(20) = H™(Tuy () N Ry) lim — P Re(20)

N0 HP S (R (o))

Using the definition (3.23), we shall first express y(xg) as limit of suitable rescalings of
the functional Fy;. Then we shall estimate (zg) from below using ¢, and finally we shall
deduce (3.15) thanks to (3.24).

By the weak*-convergence of Fy(ug,-) to u, we have that

(3.25) Fu(ug, Rp(x0)) — p(R,(20))
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for every p > 0 out of an at most countable set. Thus, we can fix a sequence p; “\, 0 such
that QN R, (zo) C U, (3.25) holds for every p;, and

(3.26) lijr_n u(i[;’(fo)) = (zp) .

Since ¥ is a Lipschitz manifold with Lipschitz constant L, for j sufficiently large the
function ¢,, of Definition 2.1 is well-defined and Lipschitz continuous on the (n — 1)-
dimensional cube Q"71 )(CE()) with Lipschitz constant L. Let & :=x¢ — (z0-&(x0))&(x0)

be the center of Q" 5(;1: )( 0). Then, for every y € Q" (xo) we have that

PEZO

- A
(3.27) |20 (4) = #20 (T)] < Lly — 2| < 505
In view of the definition of the rectangle R, (xo), inequality (3.27) implies that

Ry, (20) N2 = {y + 0uy (y)€(wo) : y € Q) ¢,y (o)} -
We define
(3.28) AL = {y +t€(wo) : y € Q) (20)s [t — w0 -E(wo)| < Apj, t 2 0ay ()}

It is easy to see that Ai‘" and A" are connected, have Lipschitz boundaries, and that vs(x)
points towards A7’ for H" '-a.e. z € R,,(x9) N X. Moreover, thanks to (3.17), it is not
restrictive to assume that if zg € £N0Q, then A% =R, (z9) NQ and A” =R, (20) \ €,
or viceversa, according to the orientation of ug(xo) with respect to vg(zg). Conversely,
if 29 € X'\ 00, we assume that R, (z0) € Q.

It is now convenient to rescale Fy to the rectangle R; and, consequently, to define the
corresponding rescaled sets and functions: let Q; :={y e R" : zo+ p;jy € O}, ¥, :={y €
R™: 2o+ pjy € X},

(3.29) AF = {y eR": 2o+ pjy € AV},
and uf@(y) = ug(zo + p;y) for y € Ry, noticing that ui(y) =0 for y € Ry \ ;. By the

change of variables z = xo + p;y with y € R; we have

/ (o + v,y (1) AH" ()

«FU (uk, RpJ CL'O

i 08,7 MR\
(3.30)
+ [ gteo+ g0 () ) ()~ () 4R ) = 2 R,
3;NRy
where
o, B) = [ bl + pim0) AR + [ gl + piu e (0) v () 4R )

Q,;NS,NB\Z; %,nB
for every j € N, every v € BV(Rq;T"), and every B € B(Rq).
Let us introduce u/(y) := u(xo + p;y) and
ut(zo) ify € RS
zo J— 1
330 o= { ity en
where we have set RF := {y € Ry : y-vs(z9) = 0}. By hypothesis, ufc —uwl in LYRy;T")
as k — +oo and, by (3.19), uw — u* in L'(Ry;T"). Therefore, we can find a sequence
k; / 400 such that ufcj — u® in L'(Ry;7") as j — 400 and, by (3.25) and (3.30),

HRy, <xo>>| 1

(3.32) | FPi(up, Ry) = = ;
J
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By (3.26) and (3.32) we get that
(3.33) v(xo) = lim F? (u), ,Ry).
7 J

Besides F*i (v, B), it is convenient to consider also the functional Fr’ (v, B) defined by
“freezing” the value of the first argument of ¥ and g at zq:

Fo.B) = [ wlanan)dh s [ glaeot o) dne
QJOSUQB\EJ' EjﬁB
for every j € N, every v € BV(Rq;T"), and every B € B(R4). B
Equalities (3.21) and (3.33), together with the uniform continuity of ¢ on QxS"~!,
imply that

(3.34) y(zo) = lim Fpi(ul ,Ra) .

The next step of the proof is to show that, in order to give an estimate of y(z¢) in terms
of g, we can restrict ourselves to functions which are equal to u*(zg) or u™(xo) near OR;.
To this end, let us define, for every j € N, the functions

ro(y) ut(xg) ifye Aj,
0 y ——
u~(zo) ifye€A;,

where Aji are introduced in (3.29). The difference between this definition and (3.31) is that
in (3.31) the interface is flat and coincides with T, (3) N Ry, while here the interface is the
rescaled version ¥; of ¥. It is clear that u}° € BV(Ry;T") and uj® — u® in L'(Ry;T")
as j — +o00.

Given ¢ > 0, we now modify the functions “i,- near 0R; in order to obtain new func-
tions v; in BV(Ry;T") such that v; — u™ in L'(Ry;T"), v; = uj° in a neighborhood
of JR;, and
(3.35) limsup 77 (vj, R1) < lijm Fri (uij,Rl) +e=v(x)+e.

J
This will be done following the lines of an interpolation argument proposed in [3, Lemma 4.4].

To this aim, we consider the distance function d: T’ x T” — {0, 1} defined by d(i,j) :=1
for 4,5 € T" with ¢ # j and d(i,7) := 0. Let us fix 0 < r; < ro < 1 and a function
¢ € C*®°(Ry) such that 0 < ¢ <1, p=1in Ry \R,,, and ¢ =0 in R, . By Sard Lemma
and Coarea Formula, for every j we can find t; € (0,1) such that

(3.36) He <t;} ={p=t;}is C*,

(3.37) H' " ({p = 1;}) < +o0,

(3.38) H7H(S, N{e=t}) =H"""(Z;n{p=1t;}) =0,

(3.39) / Al AR < / Al ) [Vl da < C L7({ul® £ uf } ARy,\Ry,)
{¢=t;}NRyy \Ryy Ry, \Ry,y

where C' := |Vy||o . For such a t; we set

v J
J ui®(x) if p(x) >t;.

T2 () = { ui (z) if p(z) <tj,

71,72 . !/ T1,T2 __ o T1,72 __ ] : 71,72 x
Then v;""™ € BV(Ry; 1), v;""™ =uj® in Ry \ Ry, ;"™ =u in Ry, and 0" — u®™

in L'(Ry;T') as j — +oo. By (3.37), Fij(v;""™,-) is a nonnegative bounded Radon
measure on R;. Thus, to estimate Fp’ (v;l’rz,Rl)7 we integrate separately on the sets
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@ < t;} and {p > t;}, and on the interface {¢ = ¢;}. Taking into account (H2) and
J J J
(3.36)-(3.39), we get that

7

(3.40) {@=t;}NRyy \Rr,
< Fpi(up,, Ra) + F2 (w5, Ri\Ry, ) + 020 L ({u* # uj, } N R, \Ry,)

‘7:£(]) (U;’hrz ) Rl) S -7:5[3) (Uij ) er) + ‘7_—53 (u;07 Rl \R‘T1> + 02/ d(uxo u.;]) dHn_l

;0 converge to u™ in LY(Ry;T"), passing to the limsup as j — +oo in (3.40)

we deduce that

(3.41) limjsup FLi(vi™, Ry) < limjsup (Fbs (uij ,R1) + FL(uj°,R1\ Ry,)) -

Since w) ,u
ko

Obviously, u;® does not have jump points in Ry \ ¥;. Hence, recalling that (3,vy) is an
orientable Lipschitz manifold, we have that
Fis(ui®, Ra\ Ry) = g(wo, (ui®)*, (uj*) ™) dH"
(3.42) MR \Rr,
= g(z0,u™ (z0),u” (x0)) H"1(Z; "Ry \ Ry,).
Since vs;(zo) is normal to ¥ at o, H" 1(E; NR1 \ Ry,) = H" (1% (Z) N Ry \ Ryy)
as j — +oo. Therefore, given € > 0, we can choose 0 < r; < ro < 1 such that

g(zo,u™ (20),u” (20)) lim H"_l(Ej NR1\R;,) <e,
J

and set v; :=v;*". By (3.41) and (3.42), we get (3.35).

We now study the behavior of v; and Fz?(v;,-) on the interface between the sets {v; =
ui’} and {v; # u;°}. To this aim, we define, for every j,

EJi = A;t N{v; #uj°}.

Since v;,u;® € BV(R1;1") and v; = uj° in a neighborhood of dRy, the sets EJi have finite
perimeter and Eji ccC R;. We set also

trE; = {y € 0AT : 1;(;/) =1}.

By the definitions of Aji, of Eji, and of trEjﬂF, for H* t-ae. x € % \trE;E we have
that

1 1
lim — v;(y) — u*(z0)|dy = lim — |v; (y) — u™ (z0)| dy
/ /

™0 7" N0 T

A r(@)NAF P (z)NEE
3.43 '
(343 CoE@NE) 1
Schm—zchm—/ 1,:(y)dy =0,
™0 rn N0 7" L9
Br(z)NA;

where ¢ := 2max{|s| : s € T}. Equality (3.43) implies that for H" '-a.e. x € ¥; \trEji

the traces vji(:z:) on the two sides of ¥; are equal to u®(z), respectively.

‘We now prove that

(3.44) / v dH" ! = q:/ ve, dH" ",
o EF\trEf trEf

By Lemma 2.10 and by the definition of v;, we have that, up to an H"~!-negligible set,
(3.45) trEy =%, N0"E; .



A FREE DISCONTINUITY FUNCTIONAL WITH A BOUNDARY TERM 15

Since E]i have finite perimeter, we get that

(3.46) /3 et L= (D1 )(®") =0,

where Vgt are the inner unit normals to Ei By the definitions of A% and of A given
in (3.28)- (3 29), by Definition 2.2, and by the equahty (3.45), for j large enough Vgt = vy,
H"1-a.e. on trE] Hence, by (3.46) we have that

0= / Ve dH" T = / v dH" ! +/ Ve dH" !
B o EFns; *EF\D;

= j:/ ve, dH" " + / v dH™E,
trEF & EFf\ttE¥

J

which implies (3.44).
From (3.18) we obtain that

(3.47) lim/ lvs, (y) = ve(wo)| dH" ! (y) < lim [ |vs, (y) — vs(o)| dH" ' (y) = 0.
7 Juef J IR,

Therefore, thanks to the continuity of 1, to hypothesis (H3), and to equalities (3.44)
and (3.47), we get that

(3.48) h;n ”(/J(.I‘o,/ vs, (y) dH"_l(y)) - w(xo,ug(xo))H”_l(trEji) =0,

+
trE].

and, by Jensen inequality, for every j it holds

oo [ om0 W) =v(ro [ v o)

trEB> B*E;‘.t\trE:,t
(3.49) y ' ’
< (o, v () dH"Hy) = [ @0, vz (1) dH" T (y),
" EF\trEF Afno EF

where in the last step we have used the equality 8”‘EjE \trE?E = Aji N a*Ef.
We are now ready to estimate from below ~y(zo) in terms of g(xg,u™ (zo),u™ (z¢)) and

then to conclude the blow-up argument on . Recalling inequality (3.43) and the inclusions
c’?*EJ—i \X; €8, N Aj[ C Sy, NR1\ Xj, we can write (3.35) as

Y(xo) +€ > lim sup ( (o, vt (y)) dH" 1 (y)

J Q;nATNo"EF

/ (0, v, (4)) AH™ () / Yo, v () AH )

(3.50) Q;NATN(Su;\0" Ef )Ry Q,NA; 0" E;
[ b, ) @)+ [ gl o )07 ) )
Q;NATN(Sy,;\0" E )NRy trEf UtrE;

+ glao,u™ (o), u (x0)) K ((S5\ (0B} UtrE; ) N R1)> .
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Taking into account (3.48)-(3.43) and splitting the set trE;” UtrE; into the union of the
pairwise disjoint sets trE;-r \trE;, trE; \trE;-r, and trEf NtrE;, from (3.50) we obtain

v(2o) + € > limsup (1/)(130, vs(zo)) (K" (trEf ) + H" " (trE)))

+ [ g(wo, v (y),u (o)) dH"  (y) + [ g(wo, u" (20), v} (y))dH"*(y)

trEf\trE; trE;\trE;
+ [ glwo, v} (), o5 (W)AH () + g(wo, u™ (o), u™ (o) H" ™ (S,\(trEf Ut )Ry ) )

+ _
trEj ﬁtrE'j

= lim sup (w(xo, vs(zo)) (H"_l(trEj\trE;) + H"_l(trE; \trE;r) + 2Kt (trE;rﬂtrE;))
J

+ g(fﬂo,U;r(y),uf(xo))dH”’l(y)+/g(xo,u+(x0),vj*(y))dHn*l(y)

trE;r \trE trE; \trEj+
+ [ g(zo, v} (y),v; (v)dH" " (y) + g(xo,u+(xo)7u_(mo))H”‘l((Zj\(trEfUtrE;))ﬂRl)) )
trEfNtrE;

Using (H7) in the previous inequality we get

Y(x0) + & > g(xo, u™ (20),u™ (20)) lim sup H* (2, NRy)
(3.51) j
= g(wo, u™ (o), u” (z0)) H" (T3 (%) NR1),

where in the last equality we have used the fact that vs(zg) is normal to ¥ at xg. Passing
to the limit in (3.51) as € \, 0 we get

V(o) > glxo,ut (z0),u™ (z0)) H" ' (T4, (Z) N Ry)

for H" 1-a.e. g € . In view of (3.24) we have (3.15).
We already know that the functional

Uy (v) = /Ums P(x, l/v)d7"l"71

is lower semicontinuous in BV (U;T) with respect to the pointwise convergence (see [2, 4]).
Now we show, using the blow-up technique, that (3.16) holds for H" l-ae. 2 € S, \ .
Indeed, let z € S, \ ¥ be such that

(3.52) ¢y,
(3.53) there exists the approximate unit normal vector v, (z) to S, at z,
3.54 lim / vu(y) — v ()| dH™ Y (y) = 0,
(3.54) fim Sme\(x)( ) = vu(2)] (y)
B d
(3.55) there exists lim H(B,(x)) a

M T8, (1) N (S, D) aR [ (5, ) )

We notice that properties (3.52)-(3.55) are satisfied by H" l-a.e. x € S, \ ¥ as a conse-
quence of hypotheses (3.1), of well-known properties of BV functions, and of the Besicovitch
differentiation theorem.

Let p; ., 0 be such that, for every j € N, B, (z) C U\ ¥ and Fy(ux,B,,(z)) —
(B, (z)) as k — +o00. Then, in view of the continuity of 1, of the definition (3.14) of Fys,
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and of conditions (3.52) and (3.54), we have
lim N(Bp(x)) — lim U(Bpj ()
ANOHP I (By(2) N (Su\ X)) 5 H By, (x) NS
o Fulu, By, () o Yy(u, By, (2)
. =lim | : = lim ] 2
(3.56) P I, (1) 18 R (B, (2) N S,)

. \I’U(%Bpj (2)) _
> hjm H (B, ()N S0 Y(x, v (7)),

J

Since (3.55) holds, the previous inequality implies (3.16). This concludes the proof of the
lemma. O

We are now ready to prove Theorem 3.7.

Proof of Theorem 3.7. Let ¥, g, T, U, n, ug, u be as in the statement of the theorem,
and let U’ := (' \ Q)UU, as in Lemma 3.8.
Assume that

(3.57) limkinf Fu(ug, UUE) < +o0.

Up to a subsequence, we may suppose that the liminf in (3.57) is a limit and that there
exists M > 0 such that Fy(ug, U UX) < M. Then the sequence of nonnegative mea-
sures Fy(ug,-) is bounded in My(U’). Therefore, there exists a nonnegative measure
€ My(U’) such that, up to a subsequence, Fy(ug,-) — p weakly* in My(U’).

Applying Lemma 3.8 and recalling the definition (3.14) of Fy, we get that

Fu(u,UUY) :/ Y(x,v,) dH" ! +/ gz, ut,u™)dH" P < (U UX) < u(U)
UNS,\S )

< limkinf Fu(ug,U') = limkinf Fu(ug, UUX),
and the proof is thus concluded. O

Remark 3.9. We notice that, if we assume g to be symmetric on R™ x R™ that is,
g(z,s,t) = g(x,t,8) for H" l-a.e. x € ¥ and every s,t € R™, then the orientability
property given in Definition 2.2 is not needed to prove Theorem 3.7 and Lemma 3.8: indeed
in this case it is enough to assume ¥ to be a Lipschitz manifold of dimension n — 1.

In the following theorem we prove the lower semicontinuity of the functional F with
respect to the weak convergence in SBVP(;R™), p € (1,+00).

Theorem 3.10. Let p € (1,4+00). Let ¢ and g satisfy (H1)-(H7). Then the functional F
is lower semicontinuous with respect to the weak convergence in SBVP(Q;R™).

Proof. Through this proof, the superscript j, with 1 < j < m, stands for the j-th compo-
nent of a vector in R™.

Thanks to Lemma 3.5 we restrict our attention to the case of a nonnegative Carathéodory
function g.

We apply the approximation argument of [2, Theorem 3.3]. Let ug,u € SBVP(Q;R™)
be such that wu converges to u weakly in SBVP?(Q; R™). By Definition 2.3, we have that

(3.58) sup luklloo < 400, sup ||Vugllp, < +o0, sup H" " 1(S,,) < +00.
k k k
Hence, for the sake of simplicity, we may assume that uy takes values in (0,1)™ for every k.
Moreover, thanks to (3.58) and to hypotheses (3.1), (H2), (H5), and (H7), we have
(3.59) limkinf]-'(uk) < +00.
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By the second inequality in (3.58) for every [ € N, [ > 1, we can find an open subset A4,
of  such that
U Su, USy, C A, sup |Vug|dz < 2! ,
keN ko JA
and {z € Q: d(z,2UIN) < n} C A for some n > 0. We also set By := A; \ Sy, -
Let us fix [ € N. By the Coarea Formula, for every k € N, every ¢ = 1,...,[, and every
j=1,...,m, we can find §f’k such that

i fi—12i—1
(3.60) I € (z T ] ,
(3.61) {ren: ui(w) > fik} is of finite perimeter,
(3.6 Lo eQ: ulfa) =€) =0,

H" Y (B, Nno*{xc: ui(x) > SZ,k})

(3.63) i _
< 21/ H" Y (B, No*{x € Q: ul(x) > t})dt < 21| Dul|(By,) -
i—1
[

We set also fgk :=0 and g{+1 = 1.
We denote by S the family of functions o: {1,...,m} — {0,...,1}. For every o € S we
define 2 := o(j)/l and
Qo :={seR™: fi(j),k <sl < §i(j)+17k for j=1,...,m},
Ea,k = {.’L‘ eN: uk(x) S Qa,k}~
We notice that n, € @U’ i and the sets {E, i }scs are pairwise disjoint and of finite perimeter

by (3.61).
For every k we define a piecewise constant function vy by

(3.64)

(3.65)

we(z) =4 T if z € E, ) for some o € S,
k 1 0 otherwise.

If we set T := {n,}ses, from (3.61) we infer vy, € BV (Q;T). Moreover, by construction
of 7, and of vy, we have that ||ug — vi|lc,0 < 2m/l and |jujf — U;:fHoo,z <2m/l.
We now estimate Fga,(vg, A4 UX). Since A;\ By C Sy, , we get

/ (e, ) AH / oz, o op ) AR

AiNSy, \(Bi. US) D)
(3.66) M 23
/ V(v ) dH" ™ + / g(z, uk,uk) dH" 1 + / w(z,Tm) dH™ L,
Sup \Z b

where w is a modulus of continuity defined as in (3.10) with K = [0, 1]™ x [0, 1]™. We recall
that w(-,d) — 0 in L'(X) as § — 0. By (H2) and (3.63), on the set Bj; we have

/ (2, V) AH™E < o H" " H(Bg i N Syy) < €2 H”‘l(Bk,l nUJ 8*E07k)
Sy, NBk, L\2 cES
m 1
(3.67) chzz H" N (BraNo*{z € Q: uj(x) > &, })
j=11i=1

< 2e,l Z |Dul|(Bg.1) < 2coml|Dug|(Byg,) < C124
j=1
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for some C' > 0 independent of . Summing up (3.66) and (3.67) and recalling defini-
tion (3.14) of Fju,, we obtain

fAl(vk,AlUE):/ w(m,uvk)dH”71+/ g(a:,v,j,v,?)d?-{”fl

AlﬂS,,,k\Z P
g/ w(x,yuk)danlﬁ-/g(a:,uﬁ,u,;)d?—(”fl
Suy \Z by

(3.68)

22
+/ w(w, {m) dH" 4 12!
>

= Flup) + / w(@g Qﬂm) dH™1 4 C12t
b

l
Assumptions (3.1) and (H2), together with inequalities (3.59) and (3.68), imply that
sup H" (S, NA;) < +oo.
k
Hence vy, satisfies the hypotheses of the compactness Theorem 2.4 in SBV (A;; R™): there

exists w; € SBV (A;;R™) such that, up to a subsequence, vy — w; pointwise L™-a.e. in A;.
Moreover, w; € BV (A;;T). Thus, we are in a position to apply Theorem 3.7 on A;:

]:AL (wl, AU E) < hmklnf ‘7:Al (’Uk, AU Z)
(3.69)

< limkinf F(ug) +/ w(x, 2\/Z§m) dH" 4 cr2tt.

b
Since up — w and vi — w; pointwise L™-a.e. in A;, we have that
(3.70) lwr — ulloo,a, <2m/l and ||wli —uF||on < 2m/lL.
In addition, for every o € S there exists E,; of finite perimeter such that
wy = Z NolE,, -
ceS

Up to a subsequence, we may assume that

(3.71) e e [T 2]

7 2
We define the cube
Qs :={seR™: g;(j) < < 5;0)“}.

By the pointwise convergence of ux to u and by (3.60), (3.64), (3.65), and (3.71), it is easy

to see that £"(Ey; \ u='(Q,)) = 0. Thus, up to a negligible set, we have
(372) Es; C AN u_l(ag) .

We now pass to the limit as I — +oco. For every ¢ > 0, let [p € N be such that
diam(Q,) < /3 for every o € S and every [ > ly. Then, for H" !-a.e. z € S, such that
|ut () — u™(z)| > & we have that the sets

{yeQ: luly) —u'(2)l <e/3}  and  {yeQ:|uly) —u ()] <e/3}

have density 1/2 at z. Therefore, from (3.72) we deduce that, up to an H"~!-negligible
set

7

(3.73) S.i={reS,: [ut(z) —u (z)] >e} C A4 NS, .
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In view of (3.73), we have that v, = v, H" l-a.e. in S. for every I > Iy, and, by (3.70),
||wli —uF oo,z — 0 as | — +00. Thus, recalling (3.69) and applying Fatou Lemma, we get

z/J(ac,yu)dH”_l—l—/g(ac,u+,u_)d7-[”_1

S\Z p)

(3.74) < lim inf (@, V) AH" ™ + lim inf/ g(z,w; w7 ) dH™
! SA\Z ! b

< limlinf Fa,(w,AAUYE) < limkinf]-'(uk) .

Since S. /' Sy, we conclude the proof of the theorem by passing to the limit in (3.74)
as € \, 0. O

We now conclude with the proof of Theorem 3.4.

Proof of Theorem 3.4. Let us assume that ¢ is a nonnegative Carathéodory function such
that, for H" l-a.e. € ¥, g(x,-,-) is Lipschitz continuous with Lipschitz constant A > 0.
Let ug,u € GSBVP(; R™) be such that uy converges to u weakly in GSBV?(Q; R™) and
lim infy, F(ug) < +o0.

By Proposition 2.5, for every h,k € N we have that T (ug) := (Th(ug), ..., Th(u")) €
SBVP(Q;R™) N L>®(Q;R™). By definition of T} and by the weak convergence of uj in
GSBVP(Q;R™), for every h the sequences {Tp(u)}r and {V(Th(uk))}r are bounded
in L (;R™) and in LP(Q; M™*"), respectively. Moreover, St (y,) € Sy, for every h, k €
N. Therefore, by the compactness Theorem 2.4, we deduce that Tj,(ux) converges to T, (u)
weakly in SBVP(;R™) as k — +o0.

Let h € N be fixed. We now construct a new function gp: ¥ xR xR™ — R such
that 0 < gp, < ¢ and gy, satisfies (H4)-(HT7). For every x € ¥ and every s,t € R™ we set

g(z,s,t) if |s|, |t] < h,
inf g(x,o,t) if [s| > h,Jt| <h,
gn(z, s,t) = “R"
e inf g(z,s,7) if |s| <h,|t| > h,
TER™
inf if t|>h.
a,iIéng(x’”’T) if [s], [t| >

It is clear that 0 < g, < g. Let us prove that g, satisfies properties (H4)-(H7). By
construction, gy, is a Borel function and gy (+,0,0) = g(-,0,0) € L*(X), hence (H4) and (H5)
hold.

To prove (H6) we consider two sequences s;,t; € R™ converging to s and t, respectively.
By definition of g5, and by the continuity of g(z, -, -), there is only one non-trivial alternative:

Is;l,|s| > h and [t;],|t] < h.
In this case, by the Lipschitz continuity of g(z,-,:) we have that for H" !-a.e. x € ¥ and
every 7,7 € R™

O'IEIgm g(x7 0-5 T) - O'IEIﬁQfm g(x7 0-7 T/) S A|T - T/l )

which implies that

lim gi(z,s;,t;) =lim inf g(x,0,t;) = inf g(z,0,t) = gn(x,s,t).
J j oeRm oERm

This concludes the proof of (H6).
To prove (3.2), we fix s, s',t € R™ and distinguish between the cases [¢| < h and [¢| > h.
If |t| < h, since g satisfies (H7) we have that, for H""!-a.e. z € ¥,

(3.75)  gn(x,s,t) < g(z,s,1) < Uier]gmg(x’ o.t) +¥(z,vs(x)) < gn(z, S/,t) + ¥(z, vs(z)).
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Otherwise, if |t| > h,
gn(z,s,t) < inf g(z,s,7) < inf g(z,0,7)+¢Y(z,vs(2))
(376) TER™ / o,TER™
< gh(xv s 7t) + ¢($a l/z;(l‘)) :
Thanks to (3.75) and (3.76), we get that g, satisfies (3.2). Inequality (3.3) can be proved

in the same way. Therefore, g;, fulfills property (HT).
Finally, it is easy to see that for H" '-a.e. x € X, every s,t € R™, and every h € N

(3.77) gn(@,5,t) = gn(@,Th(s), Th(t)) -
Let us define the functional F3,: GSBVP(Q;R™) — R by

Fn(v) == Pz, v,) dH ! +/ gn(z,vT v ) dH .
S,\Z b

Since ¥ and gy, satisfy (H1)-(H7), we can apply Theorem 3.10 to Fj,. Hence, in view of the

weak convergence of Ty (ug) to Th(u) in SBVP(2;R™), we get that

(3.78) fh(Th(u)) < hmkinf ]:h(Th(Uk)) .

As a consequence of (3.77), of the inclusion S7, (y,) € Su, , and of the inequality g» < g,
we have that Fp,(Th(ux)) < F(ug) for every h,k. Thus, from (3.78) we deduce that

(3.79) / Yz, vy) dH 1 +/ gn(z,u™ u”) dH™ ! < liminf F(ug) .
51y, (w\S by k
Since gn(-,u™,u”) / g(-,u™,u”) pointwise H" '-a.e. in ¥ and Sp, () /" Sy, passing
to the limit in (3.79) as h — +o0o we obtain

Flu) < limkinf Flug),

which concludes the proof of the theorem in the particular case of a nonnegative Carathéodo-
ry function ¢ with g¢(z,-,-) Lipschitz continuous with Lipschitz constant A. The general
case follows by Lemma 3.5. O

We now show that condition (HT) is also necessary for the lower semicontinuity of the
functional F, provided that g: ¥ x R™ x R™ — R is a Carathéodory function satisfying
the following properties:

(H8) there exists a € L'(X)T such that g(x,s,t) > —a(z) for H" t-ae. z € ¥ and
every s,t € R™;
(H9) g(-,s,t) € LY(X) for every s,t € R™.

Theorem 3.11. Let ¢ satisfy (H1)-(H3) and let g be a Carathéodory function such that
(3.5), (H8), and (H9) hold. Let F: GSBVP(Q;R™) — R be the functional defined in (1.4).
Assume that F is lower semicontinuous with respect to the weak convergence in GSBVP({; R™).
Then ¢ and g fulfill property (H7).

Proof. Let L > 0 be the Lipschitz constant of ¥ and A := L./n. Let us prove that g
satisfies the inequality (3.2) on XN Q. Let g € N Q be such that vs(xp) is normal to ¥
at zo, and let &(z0) € S*~! be as in Definition 2.2. As in the proof of Lemma 3.8, we set
R,(x0) = I%;/)\Arg(zo)(zzs())7 where Rg,g(;v) is defined in (2.2). In particular, for p sufficiently
small we may suppose that R,(z¢) C ©, that H"}(¥NIR,(z0)) = 0, that the function ¢,
of Definition 2.1 is well-defined and Lipschitz continuous on the (n — 1)-dimensional cube
QZ,E(le)(xo)v and that

Rp(20) N2 = {y + @y (4)€(20) : Y € Qg (x0)} -
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We assume in addition that z( satisfies the following conditions:
(3.80) xo is a Lebesgue point for g(-, o, 7) for every o,7 € Q™

(3.81) g(xo,-,-) is continuous on R” x R™ |

(3.82)

i —~ dH" "} (z) = 0.
pli% prnt /Rp(a:o)nE|VZ(x) Ve (@) (@)

We notice that properties (3.80)-(3.82) are satisfied for H" !-a.e. zg € TN Q.
We define the sets AL as in (3.28). For every k € N we set

(383) Sy i= (Ry(wo) ) + (wo) = {y+ (Pea(y) + $)é(w0) : ¥ € Qlcly (@0) }
and

(380 AP = {y+t6(@0) v € Qg @0): ¢uo(y) + F <t < w0-(w0) +Ap}
It is easy to see that for k large enough we have X, A’j_’k C Af and

(3.85) ve,(z) = Fvs (2 — £€(20))

for H* lae. z € X,
Let us fix three distinct points s,s’,t € Q™ \ {0}. We introduce the functions

T ifa e AR\ ARF,
§ ?fsc A:k\ + s ifxe AR,
(3.86) ug(x) == s Mre ’ ulz): =< t ifxzeA”,
t ifxze A, .
0 ifxeQ\Ry(zo).
0 ifzeQ\R,(z0),

It is clear that u,u € GSBVP(Q; R™) and that uj, converges to u weakly in GSBVP(Q; R™)
as k — 4+o00. Moreover,

(3.87)  Su, =0R,(20) UL U (XNR,(z0)) and Sy = 0R,(x0) U (ENR,(x0)) .

Thanks to the lower semicontinuity of the functional F, to hypothesis (H3), and to (3.85)-
(3.87), we have that

/w(x,uRp(io))dH"_l—i—/ g(x,s,t)dH"_l—F/ g(x,0,0)dH™ !
OR,(z0)

R, (z0)NZ I\R, (20)

(3.88) = F(u) < limn inf Flug) = limkinf/E U(z,vs(z — £€(20))) dH™

+ [ vn e d [ g ane s [ gleo.0jane
R, (o) R, (z0)NE Z\R, (z0)

Therefore, by the change of coordinates y = = — %f (zp) and taking into account the uniform
continuity of ¢ on Q xS"~!, from (3.88) we get

g(w,s,t)dH"*
Ry (z0)NE

(3.89) < liminf/ V(x4 £&(z0), vx(x)) dH" ! +/ g(x, s, t)dH" !

(z0)NZ R, (z0)NZ

k
R‘p
:/ 1/)(3:,1/2($))d7‘(”71+/ g(x, s t)dH" 1.
R, (0)NS

Rp (wo)ﬂz
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Dividing (3.89) by p"~! and passing to the limit as p \, 0, thanks to properties (3.80)-(3.82)
and to (H1), we obtain that

(3.90) g(wo, 5,t) < g(zo, s, ) + ¥(xo, vs(0))

for every triple of distinct points s,s’,t € Q™ \ {0}. By density and by (3.81), we conclude
that g satisfies (3.2) for H" l-a.e. x € XN Q. To prove the same result for H" !-a.e.
x € XN O, we use a similar argument and take into account (3.5). The proof of (3.3) is
analogous. O

We conclude this section with an existence result whose proof follows directly from The-
orems 2.9 and 3.4. Let W: Q x M"™*™ — R satisfy (2.4) and (2.5), and let f: @ xR™ — R
be a Carathéodory function such that

(3.91) as|s|? — bs(x) < f(z,8) < aqs|? 4+ bs(z) for ae. z € Q and every s € R™

for some 1 < ¢ <400, 0 <as < a4, and b3, by € LY(Q).
We define the functional G: LI(Q;R™) — R by

(3.92) G(u) :z/W(Jc,Vu) da:—|—/f(x,u) dz+ zb(x,%)dH”71+/g(z,u+,u7)dH”71
Q Q S, \Z b
for every u € GSBVP((Q;R™) N LI R™), and G(u) := 400 otherwise in L(Q;R™).
From a mechanical point of view, according to [15, 16], the functional G is the energy of an
elastic body €2, with a crack S, subject to a displacement w. Indeed, the first two volume
integrals in (3.92) represent the stored elastic energy and the work done by the volume
forces, while the two surface contributions stand for the energy spent in order to create a
jump surface S,, and the work done by the surface forces acting on ¥, respectively.
In the following theorem we state an existence result for the minimum problem

(3.93) min {G(u) : ve LYQR™)}.

Theorem 3.12. Let ¢ and g satisfy (H1)-(H7). Let W: Qx M™*" — R satisfy (2.4)
and (2.5), and let f: QxR™ — R be a Carathéodory function such that (3.91) holds. Then
the minimum problem (3.93) admits a solution.

Proof. The proof is based on the direct method of the calculus of variations. Let wuy €
L1(Q;R™) be a minimizing sequence for (3.93). Then ur € GSBVP(Q;R™) and, by
hypotheses (2.4), (2.5), (3.1), (H1)-(H7), and (3.91), we have that |jug|lq, [[Vugllp, and
H"1(S,,) are bounded uniformly with respect to k. By the compactness Theorem 2.8,
there exists u € GSBVP(Q; R™) N L4(2; R™) such that, up to a subsequence, uj converges
to u weakly in GSBVP(Q;R™).

Applying Theorems 2.9 and 3.4, and the Fatou Lemma, we get that

G(u) < limkinf G(ug),
thus u is a solution of (3.93). O

Remark 3.13. Theorem 3.12 is the starting point for the study of problems of quasi-static
evolution of brittle fractures in nonlinear elasticity, with energies involving also a boundary
term as it has been done in [10]. Indeed, we remark that, in the case ¥ = 9, the novelty
of our result is that we allow the jump set to reach the boundary of €, while in [10, Section
3] an unbreakable part was introduced in a neighborhood of the Neumann part of 99, in
order to prevent this situation.
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4. RELAXATION RESULT

In this section we give a relaxation result for functionals of the form (1.4) in GSBV?.
Let us be more precise on the setting of the problem. Let 2 be a bounded open sub-
set of R™ with Lipschitz boundary, let (X,vs) be an orientable Lipschitz manifold of di-
mension n — 1 and Lipschitz constant L with ¥ C Q and such that (3.1) holds. We
consider a function 1: Q x R" — [0, +00) satisfying properties (H1)-(H3), and a function
g: 2 xR™ xR™ — R such that:
(A1) g is Borel measurable;
(A2) g(z,-,-) is continuous on R™ x R™ for every x € ¥;
(A3) there exists a € L'(X)* such that g(x,s,t) > —a(x) for H" t-ae. x € ¥ and
every s,t € R™;
(A4) for every M > 0 there exists ay; € L1(X) such that g(z,s,t) < ap(x) for H* L-a.e.
z € ¥ and every s,t € R™ with |s|, |[t|] < M.

In the statement and in the proof of Theorem 4.3 we will use the following functions

(4.1) g1(x,5,1) == min {g(z,5,1), inf glz,0.1) + vz vs(x))],
(4:2) g2(w,5,1) = min {g(z,5,1), inf g(z,5,7) +(z,vn(2) }
(4.3) gia(x,5,8) i=min {gi(,5.8), inf g(z5,7) +v(e,ve(@) },
(4.4) go1(w,5,1) i=min { ga(a,5,1), nf ga(w,0,t) + U, vs(@)) }

We will prove in Lemma 4.2 that g2 = g¢21. In Theorem 4.3 we need the additional
hypothesis

(A5) g12(z,-,-) is continuous on R™ x R™ for every z € 3.

Note that (A5) is not a consequence of (A2). Indeed, there are easy examples where g;
and g¢12 are not even lower semicontinuous. However, if g(z,-,-) is uniformly continuous
on R™ x R™ for every x € 3, then the functions ¢y (z,-, ), g2(z,+,*), q12(z,+,*), g21(x,-,")
are uniformly continuous on R™ x R™ for every z € X.

Remark 4.1. If (3.5) holds, it is easy to see that for every s,t € R™
gl(m,s,t)zgl(x,s,O) and gg(x,s,t):g(x,s,O) if$€N+a
gl(l‘,S,t):g(Z‘,O,t) and g?(x787t):g2(x707t) imeN_7
gi12(z, s,t) = go1(zx, 5, t) = g1(x, 5,0) if v € NT|
ng(xasat) :921(x757t) :92(x703t) ifZL'GNi,
where N* are as in (3.4).
In the following lemma we discuss some properties of the functions introduced in (4.1)-
(4.4).
Lemma 4.2. Assume (A1)-(A4). Then the functions g1,92,912,921: X X R™ xR™ — R
are Borel measurable and satisfy the inequalities
(4.5) 91, 92, 912, 921 = —a,
(4.6) 91, 92, 912, 921 < G-
Moreover, for every x € 3 they are upper semicontinuous with respect to (s,t). Finally, g2
and go1 fulfill property (H7) and

(47) 912(x787t) = 921($737t) = Ssup ’V(xa Sat)v
Y€,
where T'y is the set of all functions v: ¥ x R™ xR™ — R satisfying (H7) and such that

v<g.
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Proof. Since for every x € ¥ the function g(x,-,-) is upper semicontinuous on R™ x R™
we have that

g1(x, s,t) ;= min {g(m, 8,1), aielgm g(z,0,t) + (x, Vg(x))} .

Since ¢ is also Borel measurable, this implies that g; is Borel measurable and, for every « €
%, g1(x,-,-) is upper semicontinuous. The same argument applies to g2, ¢g12, g21. The
inequalities (4.5) and (4.6) follow immediately from (A3) and (4.1)-(4.4).

Let us prove that gio fulfills property (H7). By definitions (4.1) and (4.2), it is easy to see
that g; satisfies (3.2) and g¢yo satisfies (3.3). Therefore, for every x € ¥ and every s,s',t €
R™ , the following inequalities hold:

(48) gl?(xa S,t) < gl(xa Sat) < gl(‘ra S,7t> + 1,[)(177 VE(I» ’
(@9)  gole.s) € il g5 r) + V@ (e) € i g, 57) + 260 5(@)

From (4.2), (4.8), and (4.9), we infer that gi» satisfies (3.2), which completes the proof
of (H7). A similar argument can be used for go; .
We now prove (4.7). To this end, we first check that

(410) gl(xasat) = sup ’y($,8,t),

YETG
where T’} is the set of all functions v: ¥ x R™ x R™ — R satisfying (3.2) for every z € ¥
and such that v < g. Let G1(x, s,t) be the right-hand side of (4.10). Since g; satisfies (3.2)
and ¢g; < g, we have that g; < G;. Conversely, let v € F;. Then

a5, t) S b (oo t) + ol vs() £ it g(e,0,0) + U@, vs(@)

for every x € X and every s,t € R™. Since 7 < g, the previous inequality implies
that v < ¢g;. Taking the supremum for v € F}z, we deduce that G; < g;. Since the
opposite inequality has already been proved, we have that (4.10) holds. With the same
argument it is possible to show that
(4.11) 92(z, s,t) = sup y(z,s,t),

v€Er:
where F§ is the set of all functions v: ¥ x R™ x R™ — R satisfying (3.3) for every z € ¥
and such that v <g.

Since g1 satisfies (H7) and g12 < g, we have that

(4.12) g12(z, s,t) < sup ~(x,s,t).

yel'y
For the converse inequality, let us fix v € I'y and let G(z,s,t) be the right-hand side
of (4.12). Then, in view of (4.10), we have that v < g; and

(413) ’7(1’,8,t) < Tier]gm ’7(1.7837—) + 1/J(I>VE(9C)) < Tier]gm gl((E,S,T) +¢(~”C7VE(='E))

for every € ¥ and every s,t € R™. In view of (4.13) we get that v < g15. Thus, G < g;2,
which, together with (4.12), gives g12 = G. In the same way, using (4.11), we can show
that go1 = G, and this concludes the proof of the lemma. O

Given p € (1, +00), we define the functional F: GSBVP(Q;R™) — R as in (1.4) and the
functional sc™F: GSBVP(Q;R™) — R as the greatest sequentially lower semicontinuous
functional on GSBVP(;R™) which is less than or equal to F. We are now ready to state
the main theorem of this section.

Theorem 4.3. Let ¢ and g satisfy (H1)-(H3), (A1)-(A5), and (3.5). Then we have

(4.14) s¢” Flu) = Y(z,vy) dH ! +/ gra(z,u, u”) dH !
Su\Z b
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for every u € GSBVP(Q; R™).

For what follows, it is convenient to define the functionals Fyo, F;: GSBVP(;R™) — R
by

(4.15) Fra(u) = Y(z,vy) dH L + / gra(x,ut,u”) dH L
Su\Z )

(4.16) Fi(u) := ¢(w7uu)dH”*1+/gl(x,utu*)dH"*l,
Su\2 b))

for every u € GSBVP(Q;R™). The functional F; is “intermediate” between F and Fio
and will be used in the proof of Theorem 4.3.
In order to prove Theorem 4.3 we need the following approximation lemma.

Lemma 4.4. Let r € [1,+00). Then for every u € SBVP(Q;R™) N L®(;R™) and
every € > 0 there exists v € SBVP(; R™) N L*(Q;R™) such that

(4.17) lv—ullra<e, Vv —Vu|pa <e,

(4.18) HHS,) < H"H(S,) +4H"H(D) + ¢,

(4.19) F(v) < Fra(u)+¢.

Proof. Let us set ¥’ := (X\ (XN Q)) U(XNQ). In view of hypotheses (3.1), we have
(4.20) HHE\X) =0.

Moreover, Y’ is open in the relative topology of X.

By Definition 2.2 and by Lindeloff theorem, there exists a sequence of points x; € ¥’
and corresponding (n — 1)-dimensional rectangles A, , intervals I, , vectors &(x;) € S*71,
and Lipschitz functions ¢4, : Ay, — I, such that the following conditions hold, where, for
simplicity of notation, we have set V; := {y +t{(z;) : y € Ay, t €1, }:

(4.21) VinX ={y + ¢z, (9)(i) - y € A},
(4.22) v (z) - &(x;) has constant sign for x € V; N3,
(4.23) S C U+ en )é(@)  ye Ay},

ieN
(4.24) V,iNLccQ or V,NXcCc¥non.

As in the proof of Lemma 3.8, we define
(4.25) AT = {y (i) y € Apy t €L, t 2 0u ()}

Therefore, for every i € N, X splits the set V; into two disjoint connected open subsets Aj
and A; , with vs(z) pointing towards A; for H" l-ae. 2 € V;NX.
Let u be as in the statement of the lemma. We set

(426) By = {z €X' s gulw,ut (@), 0 (@) > inf gi(e,u (@),7) + (o vs(@)}

where g; is defined in (4.1). Clearly, By, is an H" '-measurable subset of ¥'. By Re-
mark 4.1, we have that By, N 02 C N~ , where the set N~ is defined in (3.4). This implies
that vs(z) = —va(z) for H" t-ae. © € By, NON. Therefore, from (4.24) and (4.25) we
deduce that

(4.27) H" ' (VinB, NdN) >0 = vg=-vg H" '-ae in V;NX and A7 C Q.

Moreover, by (4.2), (4.20), and (4.26), for H""'-a.e. € ¥ we have

B g1(z,ut (x),u™ (z)) if € ¥\ By, ,
(4.28) 912($,u+(33),u () = { ie%fm gl(:r7u+(x)77) +(z,ve(z)) ifze By, .
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Given € > 0, our first aim is to construct a new function w € SBVP(;R™)NL>®(;R™)
such that

9 3
(4.29) lw —ullra < 2 [Vw — Vul,a < 2
(4.30) HH(S0) < H'TH(S) + 2T (D) + 5
(4.31) Fi(w) < Fra(u) + =

2 )
where Fj is defined in (4.16). Roughly speaking, the idea of the proof of (4.29)-(4.31) is
to construct a sort of copy of the “bad” set By, inside Q2 near X. This modified version
of By, will be part of the jump set of the new function w which will be constructed in
such a way that w = u far from B,,, wt = u® on I, and ¢ (z,wt(z),w™ (z)) is close
to infrepm g1(z,ut(x),7) for € B, .

We now start our construction. Let us fix an auxiliary parameter 6 > 0 which will be
chosen at the end of the proof in order to get (4.29)-(4.31) and (4.17)-(4.19). Given an
enumeration {g;}jen of Q™, for every j we define

j—1
(4.32) Bl ={z€ By, : gi(z,u"(2),q;) < _inf g1 (x,ut(2),7) + 0} \ | BY, -
=1

The sets {BJ }jen are pairwise disjoint H"~'-measurable subsets of ' such that By, =
U ; Bgl. By taking suitable intersections with the sets V; and their complements, it is
not restrictive to assume that for every j there exists i; € N such that B} C Vi, and
Bl NVi=0 for | #ij.

The next step is to approximate B, with the union of a finite number of relatively

open subsets of ¥'. Let us set M := |lul|cc0. Since {BJ }jen are pairwise disjoint and
H" (X)) < 400, we can find N € N such that

(4.33) H’H( U B_gl) <3, / adH™ 1 <4, / ap dH™ < 4.
J>N Uyow B, Ussn B,

where a, aps € L1(X) have been defined in (A3) and (A4), respectively.
For every j € {1,..., N}, we choose a compact set K; C ¥’ such that K; C Bgl and

(4.34) H* N (Bl \ K;) < % / | adH™ ! < 2% / an dH™ ! < %
By \K; By, \K;

Let us set M := max{M,qi,...,qn}, where ¢; are associated to each Bgl through
definition (4.32). Since H"~![X is a bounded Radon measure, we can find a family {U; }jvzl
of relatively open subsets of ¥ such that the following conditions hold, where dsU; denotes
the boundary of U; in the relative topology of ¥:

(4.35) K;CU;jccV,nxs, UNU,forl+#j,

(4.36) H"NU; \ K;) < 9 / adH"! < 9 / adH" ! < 9
. ! ! 27 U;\K; 2 Uj\KjM 2

(4.37) H"2(0xU;) < +o0,

where ag; € L*() has been defined in (A4).
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We now move each U; inside \ ¥ by translation. Let j € {1,..., N} be fixed. Thanks
to (4.24), (4.25), (4.27), and (4.35), we may choose 7n; > 0 such that

(4.38) Uj = ¢&(xi;) € A;, and U — (€(xs;) cC Vi, N for every ¢ € (0,7;].

Moreover, by the uniform continuity of 1/ on Q x S*~! and by (4.37), we may assume that:

)
(4.39) sup (= ni€(zi;), ve (@) — d(z, ve(@)) < 55,
(4.40) 29 € (0,(5min{1, L 1 })
! lg;["" H"2(0U;)
We denote by C; the open “cylinders”
(4.41) Ci= J (U= &lz,)).
CE(OJU)

By possibly changing 7;, by (4.38) we may assume that

(4.42) C; CA NQ,
7
(4.43) {U; — njf(:cij)};vzl are pairwise disjoint,
(4.44) {C’j}é\’:l are pairwise disjoint,
4] 0
(4.45) lullrc;, < % and  |[|Vull,.c, < 2
Moreover, if
L= |J 0U; - (&)
Ce(ov"]j)
is the lateral surface of the cylinder C;, by (4.40) we have that
N N N s
(4.46) H””( U Lj) <Y HTROsU;) <Y 55 <9
j=1 j=1 j=1

Note that the trasversality condition vs(z)-&(2;,) > 0 for H" '-a.e. x € U; implies that
(4.47) 0C; =U; U (Uj —n;&(wi;)) U Ly .

We are now ready to define the function w € SBVP(Q;R™) N L*(Q;R™) satisfying
inequalities (4.29)-(4.31). For every = € Q, we set

q; if x € C; for some j € {1,...,N},

N
44 =
(4.48) w() u(x) ifze\|JC;.
j=1
By definition, ||w|e,0 = M, Vw € LP(Q; M™*™), and
N
(4.49) Sy C S, USU U (L; U (U; = nié(x,)))
j=1

thus, by (4.35) and (4.46), we get that

HL(Sy) < HPL(Sy) + H*L(Z) + H"—l( LNJ U; - njg(xij)) + ( LNJ Lj)
j=1

(4.50) bt

<H"NS,) +2HH(E) +4.
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Estimate (4.50) implies that H"~!(S,) < +oc, hence w € SBVP(;R™) N L>=(Q;R™).
Thanks to (4.40), (4.41), (4.45), and (4.48), we have that, for some ¢, > 0 independent
of ¢,

N

Z WY+ e,

N
lw—ullro =" llg
j—l

(451) 1/7 14 m—1 1/r . Lr n—1 1/r
<Z\qg|17 (H"=H(U;) +6s2(2j) (1 ()7 + 5
<cT51/T+5,

and

N

(4.52) IVw = Vullpo = [IVullpc, <6

j=1

We now have to estimate J(w) in terms of F(u). Let us start with the the jump term
in Fi(w). Since U; C ¥ for every j =1,...,N, for H" l-ae. z € U; — n;&(x;;) we have

ve, (x) = ve(z +n;€(zy;))

which implies that
(4.53) v (z) = 2us(z + nié(zy,)) for H' '-ae. z € S, N (Uj — nié(zs;)).
Moreover, it is clear that
vw(z) = tvg, (z) for H" -ae. x € Sy, N Ly,
vw(z) = £1,(x)  for H" t-ae. x € S, N S,.
Therefore, thanks to (H3), (4.49), (4.53), and (4.54), we deduce that

/wxllw H"1</1/)ac1/u dH 1 + /¢x1/c)7'("1

1 Lj

(4.54)

(4.55)
3 [ et s yele, ) are
j=1 U mE(ﬁ)

Hypothesis (H2) on ¢ and inequality (4.46) imply that

N
(4.56) / W(x,ve,) dH ! < CQHH( U Lj) < .
U;'V:1 LJ' J=1
By (4.35), (4.39), and by the change of variables y = 2 +7;£(2;,) in the last term of (4.55),
we obtain that
N

Z/ (@, vs(@ +nié(w:,))) dH" (@) = / Dy —ni€(ws,),vs(y) dH* " (y)

J=17"U;—n;&(ws;) Jj=1"Uj

NE

(4.57)

Mz

/wy,de" LS.

J=1

By (4.35), we can split the sum in the right-hand side of (4.57) in the following way:

(4.58) Z/¢IV§ ydH T = Z/ W(x,vs) H”1+Z O(x,vs) dH L.

U\K;
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In view of (H2) and of (4.36) and recalling that the sets K; are pairwise disjoint and
contained in By, , (4.58) becomes

N
(4.59) Z/ (x,vs)dH"™ < / P(z,vs) dH" 1456 < / Yz, vs) dH"™ + ¢4
Jj=1 j Uj‘vzl K; By
Therefore, collecting inequalities (4.55)-(4.57), and (4.59), we get that the jump term in
F1(w) can be controlled from above by

U(x, vy) dH
Sw\Z

< U(x,vy) dH 1 + Y(x,vs) dH" + 6 (2c0 + HH(D)).
Su\Z By,

(4.60)

Finally, we give an estimate of the integral over ¥ of Fj(w). We first split it into the
contribution on U;V:1 K; and on ¥\ U;V:1 K

(4.61) /gl(xw w”) dH" ! /gl(x wh w™)dH ! + /gl(x wh w™)dH"
z UY, K; S\UN, K

We notice that by (4.25) and (4.42), for every j = 1,...,N and for H" '-a.e. x € U; the
unit normal vs(x) to ¥ at = points outside C;. Thus, by (4.48), we have that w™ (z) = ¢;

for H" !-a.e. x € U;. Moreover, since w =u in O\ U;V=1 Cj,
(4.62) wh =ut for H* '-ae z€X.

Therefore, recalling that the sets K; are pairwise disjoint, we can write the first integral in
the right-hand side of (4.61) as

N

(4.63) / gz, wt wT)dH" ! = Z/ g1 (z,ut, q;)dH" 1.

U;'v:1 K; J=1"K;

Taking into account definition (4.32) of the sets BJ , the inclusion K; C Bgl, and
inequalities (4.5), (4.33), and (4.34), we can continue (4.63) in the following way:

/gl(ajw w” dH”1<Z/ inf g1 (z,u, 7)dH"" + oH"H(K;)

U TE R™
< / 1€nfm gr(z,ut, T)dH ! / adH" '+ H"H(D)
(4.64) Uit Bg, U Bj, \K;
< / 1rﬁ§fm gr(z,ut, 7)dH ! / adH™™ !+ 5(H" 1) + 1)
Bnge Ujsn B.gl
§/ 16nf gi(z,ut, ) dH" + S (HH(E) +2).

g1
We now consider the last term in (4.61). By (4.35), (4.37), and (4.48), we have that w™ =
- H" l-ae. on X\ Ujvzl U;. Thus, by (4.62), we obtain

/gl(:zrw w”)dH™ ! /gl(ajw w”)dH" !+ / g1(z,wh,w™)dH" !
Z3\U§V:1 K; Z\U;'V:1 Uj U;‘V:I Uj\K;

= [ sty ae s [ pataane

Z\U;'V:1 Uj U;'V:I Uj\Kj

(4.65)
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In view of (A4), (4.5), (4.6), and of (4.33)-(4.36), inequality (4.65) becomes

/ g1(z,w,w”)dH"~ 1</ gr(x,ut,uT)dH T + / aﬁdH’k1

S\UsLs K S\UjZ, Us UL, Uj\K;
</ gr(z,ut uT ) dH" T+ / adH" '+ 6
(466) \Uj:l J U;‘V=1 U;\K;
</ gi(z,ut u)dH T + / ay dH" ' 426
S\UY, BI, U, BI K,
</ g1 (z,ut u”)dH T 4 / aMdH"71—|—35</ gr(z,ut u” ) dH" ™ 4 46.
S\By, Ujsn B, S\ By,

Therefore, (4.61), (4.64), and (4.66) imply that

/gl(xw w”)dH™ ! / g1 (z,ut um)dH !
4.67) A\ Bay
+/ 1Enf gz, ut ) AR 6 (HH(E) +4).

Collecting inequalities (4.60) and (4.67) and using (4.28) in the last equality, we obtain
that, for some ¢ > 0 independent of 9§,

_ / D, 1) AHP 4 / g1, 0w ) AR

P

(4.68) < / (e, va) AHP 4 /B P, vs) dHP 4 / o (@, 0, um) dHO!

E\Bg,

+/ inf gi(z,u’,7)dH"" + 06 = Fio(u) + 0.
B T

g1

Choosing 0 < § < /2 such that ¢§ < £/2 and ¢,.6"/" +§ < £/2 in estimates (4.50), (4.51),
(4.52), and (4.68), we deduce (4.29)-(4.31).

If we repeat the above argument replacing u and By, of (4.26) with the function w and
the set

By:={ze¥: glz,wt(z),w () > inf g(z,0,w () + P(z,vs(x))}

cER™

={ze¥: glz,u" (z),w (z) > inf g(z,0,w™ (2)) + ¢(z, vs(z))},

o€R

we are able to construct a new function v € SBVP(;R™) N L>°(2;R™) such that:

€ €
[o-wlro <5,  [[Vo=Vulpa <3

2 27
H(S0) < HPH(S0) +2H T (E) + 2
€
F(v) < Fr(w) + 3
The previous inequalities, together with (4.29)-(4.31), imply that v satisfies (4.17)-(4.19).
This concludes the proof of the lemma. O

Proof of Theorem 4.3. By the hypotheses of the theorem and by Lemma 4.2, the functions ¥
and g1o satisfy hypotheses (H1)-(H7). Hence, from Theorem 3.4 we deduce that the func-
tional Fio defined in (4.15) is lower semicontinuous with respect to the weak convergence
in GSBVP(Q;R™). Since g12 < g, we have that Fi5 < F. Thus, by definition of sc¢™F,
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we easily get that Fia < s¢”F on GSBVP(Q;R™). Therefore, we only need to show the
converse inequality, that is,

(4.69) sc¢” Flu) < Fia(u) for every uw € GSBVP(;R™).

Let us first prove (4.69) for u € SBVP(;R™) N L>*°(Q;R™). To this end, we need
to construct a recovery sequence for uw. Applying Lemma 4.4, we can find a sequence
v € SBVP(;R™) N L*(2;R™) such that vy converges to u weakly in GSBVP({;R™)
and

1
(4.70) F(u) < Frz(u) + z for every k.
Passing to the liminf as k — 400 in (4.70) we get

sc¢” F(u) < lirnkinf sc” F(vg) < limkinf F(vg) < Fra(u).

This concludes the proof of (4.69) for v € SBVP(Q;R™) N L>®(Q;R™).

Let us now consider u € GSBVP?({;R™). Given a function ¢ € CZ(R™;R™) with
p(s) = s if |s] <1, we can approximate u in GSBVP(Q; R™) with the sequence ¢i(u) €
SBVP(Q;R™)NL>®(Q;R™), where we have set o (s) := ko(s/k). Clearly, v (u) converges
to u pointwise L"-a.e. in Q and Vi (u) — Vu in LP(Q;M™*"). Moreover, Sy, (x) € Su
for every k. Hence, by Definition 2.7, ¢ (u) converges to u weakly in GSBVP(); R™) and

(4.71) hmsup/ Y(T, Vg () dH" </ 1/) x,v,) dH" L.
cpk(u)\z
Recalling that ¢ € C°(R™;R™), we have that @k(u) = pp(uF) H" l-ae. in ¥.
Therefore, since g1 is a Carathéodory function, we get that gi2(x, or(u) (), pr(u)~ (z)) —
gr2(z,ut (x),u"(x)) for H" l-a.e. x € ¥. Thanks to hypothesis (A4) and to inequali-
ties (4.5) and (4.6) of Lemma 4.2, we can apply the dominated convergence theorem to
deduce that

@12 tim [ e o) ) = [ gt an) dre
2 =

Collecting (4.71) and (4.72), we get that
s¢” Flu) < 1imkinf s¢” Flpg(u)) < limsup Fio(pr(u)) < Fia(u),
k

which concludes the proof of (4.69) in the general case.
O

We conclude this section with a generalization of Theorem 4.3 which takes into account
also the presence of volume terms. Let ¢ € (1,400), let W: Q@ x M™*™ — R satisfy (2.4)
and (2.5), and let f: Q@ xR™ — R be a Carathéodory function such that (3.91) holds.
We consider the functional G: L9(Q;R™) — R defined as in (3.92). With the same nota-
tion used before, sc™G denotes the greatest sequentially lower semicontinuous functional
on LI(;R™) which is less than or equal to G. Moreover, we define

Gia(u /WxVudx—i—/fxudx—l—/wxvudH”l /glg(xu u)d')—[”1

b
for u € GSBVP(Q;R™)NLI(Q;R™). We extend G2 to +oo in LI(Q;R™)\GSBVP(Q;R™).

Theorem 4.5. Let ¢ and g satisfy (H1)-(H3), (A1)-(A5), and (3.5). Then the function-
als scG and Gia coincide on L1(Q;R™).

Proof. By (4.6) of Lemma 4.2, Gi» < G. Recalling that gio satisfies properties (H4)-
(H7), from Theorems 2.9 and 3.4 and from the hypotheses on f we deduce that Gio is
sequentially lower semicontinuous in L9(2;R™). Thus Giz < s¢~G. By Lemma 4.4 and
by the hypotheses on the volume densities W and f, we get also the opposite inequality



A FREE DISCONTINUITY FUNCTIONAL WITH A BOUNDARY TERM 33

in SBVP(Q;R™) N L (;R™). The conclusion follows by the truncation argument used in
the last part of the proof of Theorem 4.3. O
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