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1. Introduction

There is a well established definition of the space W12?(X,d, m) of real valued Sobolev
functions defined on a metric measure space (X,d,m) ([8], [14], [3]). A function f €
W12(X,d,m) comes with a function |[Df|x € L?*(X,m), called minimal weak upper
gradient, playing the role of what the modulus of the distributional differential is in the
smooth setting.

In this paper we are interested in the structure of the Sobolev spaces and the corre-
sponding minimal weak upper gradients under some basic geometric constructions. The
basic problem is the following. Let (X,dx,mx) and (Y,dy,my) be two metric measure
spaces and consider the space X XY endowed with the product measure m, := myx X my
and the product distance d. defined as

dz((xlvyl)v (m27y2)) = dg((xlaxQ) +d%/(y17y2)7 vxth € X? Y1,Y2 € Y.

Then one asks what is the relation between Sobolev functions on X x Y and those
on X,Y. Guided by the Euclidean case, one might conjecture that f € Wh2(X x Y)
if and only if for my-a.e. « the function y +— f(x,y) is in WH2(Y), for my-a.e. y the
function z — f(z,y) is in WH2(X) and the quantity

VIDSC ) Bele) + IDF () (9)

is in L2(X x Y, m,). Then one expects the above quantity to coincide with |Df|xxy.

Curiously, this kind of problem has not been studied until recently and, despite the
innocent-looking statement, the full answer is not yet known.

The first result in this direction has been obtained in [4], where it has been proved that
the conjecture is true under the very restrictive assumption that the spaces considered
satisfy the, there introduced, RCD(K, 00) condition for some K € R. Such restriction
was necessary to use some regularization property of the heat flow.

The curvature condition has been dropped in the more recent paper [6]. There the
authors prove that the above conjecture holds provided either both the base spaces
are doubling and support a weak local 1-2 Poincaré inequality, or on both the spaces
the integral of the local Lipschitz constant squared is a quadratic form on the space of
Lipschitz functions.
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Our first contribution to the topic is the proof that the above conjecture is always
true, provided one of the two spaces is R or a closed subinterval of R. Our strategy is
new and also allows to cover the case of warped product of a space and a closed interval,
thus permitting to consider basic geometric constructions like that of cone and spherical
suspension of a given space, which are in fact our main concern.

The second main result of the paper concerns the Sobolev-to-Lipschitz property (see
Section 3.3 for the definition) of a warped product. Such notion, introduced in [10] (see
also [11]), is key to deduce precise metric information from the study of Sobolev functions
and it is therefore important to ask whether warped products have this property. We
will show that this is the case under very general assumptions.

Let us explain the role of this manuscript in relation with the literature on RCD
spaces. This project has been motivated by the study of the ‘volume-cone-to-metric-cone’
property of RCD spaces, obtained in [9], where the results of this manuscript have
been used in a crucial way. The main result in [9] is the proof that, under appropriate
assumptions on the volume of concentric balls, the ball Br(z) on a RCD(0, N) space is
isomorphic to the cone, call it C, built over the sphere S (Z) equipped with the intrinsic
distance induced by the embedding of the sphere on the space and the appropriate
measure. The hard part is the proof that C' and Br(z) are isometric and much like in
the proof of the non-smooth splitting this is achieved by:

a) Showing that there is a bijection between the spaces which induces, by right compo-
sition, an isometry of the Sobolev spaces W 2.

b) Proving that C has, at least locally, the Sobolev-to-Lipschitz property (for Bg(Z)
this is already known from [4]), so that from the previous point one can conclude.

In order to tackle point (a) one needs first to know the structure of Sobolev functions
on the cone C and in particular their relation with those on the sphere Sg(Z), because
it is this latter space that is directly linked to Bgr(Z). Clarifying this relation is our first
main result. Obtaining point (b) under a sufficiently general set of assumptions is our
second.

Let us underline that a posteriori, once the isomorphism between C and Bgr(T)
has been built, one obtains—via Ketterer’s results in [13]—that the sphere Sgr(Z) is
a RCD(N — 2, N —1) space. However, a priori very little is known about its structure so
that one does not know whether the previous results in [4], [6] can be adapted to cover
this situation: this is why it is necessary to work with minimal hypothesis on our base
space X.

2. Preliminaries
2.1. Metric measure spaces

Let (X,d) be a complete metric space. By a curve v we shall typically denote a
continuous map 7 : [0,1] — X, although sometimes curves defined on different inter-
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vals will be considered. The space of curves on [0,1] with values in X is denoted by
C([0,1], X). The space C([0,1],X) equipped with the uniform distance is a complete
metric space.

We define the length of v by

] = sup Z d(y(ti1), 7 (t:))

where 7 := {0 = to,t1,....,t, = 1} is a partition of [0,1]. The supremum here can
be changed to ‘lim’ and the limit is taken with respect to the refinement ordering of
partitions.

The space (X,d) is said to be a length space if for any =,y € X we have

d(z,y) = infif]

where the infimum is taken among all v € C(]0, 1], X) which connect = and y.

If the infimum is always a minimum, then the space is called geodesic space and we
call the minimizers pre-geodesics. A geodesic from z to y is any pre-geodesic which is
parametrized by constant speed. Equivalently, a geodesic from z to y is a curve « such
that:

d(’st’Yt) = |3 - t|d(’70,’71), Vtas € [Ov ]-]7 Yo=2Z,71 =Y.

The space of all geodesics on X will be denoted by Geo(X). It is a closed subset of
c([0,1], X).
Given p € [1,400] and a curve v, we say that v belongs to ACP([0, 1], X) if

t
d(vs,7:) < /G(r) dr, Vit,sel0,1], s<t

for some G € LP(]0,1]). In particular, the case p = 1 corresponds to absolutely con-
tinuous curves, whose class is denoted by AC([0,1], X). It is known (see for instance
Theorem 1.1.2 of [1]) that for v € AC([0,1], X), there exists an a.e. minimal function
G satisfying this inequality, called the metric derivative which can be computed for a.e.
te€0,1] as

) - d(Yegns )
= lim —————=,
e = lim 7]
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It is known that (see for example [7]) the length of a curve v € AC([0,1], X) can be

computed as
1
1) = [ Tl
0

In particular, on a length space X we have

1
d(z,y) = inf/ |5¢| dt
Bt

0

where the infimum is taken among all v € AC([0,1], X) which connect x and y.
Given f: X — R, the local Lipschitz constant lip(f) : X — [0, 00] is defined as

o e )~ S0
lip(f)(z) := lim d(z,y)

if z is not isolated, 0 otherwise, while the (global) Lipschitz constant is defined as
Lip(f) := sup L8 — /(2]
TzFY d(ZE, y)

If (X,d) is a length space, we have Lip(f) = sup, lip(f)(x).

We are not only interested in metric structure, but also in the interaction between
metric and measure. For the metric measure space (X, d, m), basic assumptions used in
this paper are:

Assumption 2.1. The metric measure space (X,d, m) satisfies:

e (X,d) is a complete and separable length space,
e m is a non-negative Borel measure with respect to d and finite on bounded sets,
e suppm = X.

Moreover, for brevity we will not distinguish X, (X, d) or (X, d, m) when no ambiguity
exists. For example, we write S?(X) instead of S%(X,d, m) (see the next section).

2.2. Sobolev functions
Definition 2.2 (Test plan). Let (X,d,m) be a metric measure space and m €
P(C(]0,1],X)). We say that = has bounded compression provided there exists C' > 0

such that

(er)gm < Cm, Vte[0,1].
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Then we say that m is a test plan if it has bounded compression, is concentrated on
AC?([0,1], X) and

1
//|%|2d7r(7> dt < 400,
0

The notion of Sobolev function is given by duality with that of test plan:

Definition 2.3 (Sobolev class). Let (X, d, m) be a metric measure space. A Borel function
/X — R belongs to the Sobolev class S?(X,d, m) (resp. S7.(X,d, m)) provided there

exists a non-negative function G € L?*(X,m) (resp. L? (X, m)) such that

loc

/|f v) — f(y0)|dm(y // (vs)|¥s| dsdm(y), V test plan .

In this case, G is called a 2-weak upper gradient of f, or simply weak upper gradient.

It is known, see e.g. [3], that there exists a minimal function G in the m-a.e. sense
among all the weak upper gradients of f. We denote such minimal function by |Df|
or |Df|x to emphasize which space we are considering and call it minimal weak upper
gradient. Notice that if f is Lipschitz, then |Df| < lip(f) m-a.e., because lip(f) is a weak
upper gradient of f.

It is known that the locality holds for |Df|, i.e. |Df| = [Dg| a.e. on the set {f = g},
moreover SEOC(X ,d, m) is a vector space and the inequality

ID(ef + Bg)| < |e|[Df| +[B||Dgl,  m-a.e., (2.1)
holds for every f,g € S .(X,d,m) and «, 3 € R and the space S7, N L, (X,d, m) is an
algebra, with the inequality

ID(f9)l < |fIIDgl +lg|Df[,  m-a.e, (2.2)

being valid for any f,g € S7.N L (X,d, m).

Another basic—and easy to check—property of minimal weak upper gradients that we
shall frequently use is their semicontinuity in the following sense: if (f,,) C S?(X,d, m)
is a sequence m-a.e. converging to some f and such that (|Df,|) is bounded in L?(X,m),

then f € S?(X,d,m) and
IDf| <G, m-a.e.,

for every L2-weak limit G of some subsequence of (|Df,|) (see [3]).
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Then the Sobolev space W12(X,d, m) is defined as W?(X,d, m) := S*(X,d, m) N
L?(X,m) and is endowed with the norm

1 e xam) = 11720 ,m) + IIDFINZ2(x m)-

Wh2(X) is always a Banach space, but in general it is not an Hilbert space. Follow-
ing [12], we say that (X,d,m) is an infinitesimally Hilbertian space if W12(X) is an
Hilbert space.

In [3] (see also [2]) the following result has been proved.

Proposition 2.4 (Density in energy of Lipschitz functions). Let (X,d,m) be a metric
measure space and f € W12(X). Then there exists a sequence (fr) of Lipschitz functions
L2-converging to f such that the sequence (lip(f,)) L?-converges to |Df|.

2.83. Product spaces

In this subsection we recall the basic concepts and results about the Cartesian product
and the warped product of two spaces. Both metric and metric measure structures are
considered.

Given two metric measure spaces (X,dx, mx) and (Y, dy, my ), we define their (Carte-
sian) product as:

Definition 2.5 (Cartesian product). We define the space (Y x X,d., m.) as the product
space Y x X equipped with the distance d. := dy Xxdx and the measure m, := my xmx.
Here d. = dy x dx means:

de((y1,21), (y2,72)) = \/d%<yluy2) + d% (z1, 22),
for any pairs (y1,21), (y2,22) € Y x X.

We shall make use of the following simple result, established in [10], linking Sobolev
functions on the base spaces with those in the product:

Proposition 2.6. Let g € L? (X) and define f € L? (Y x X) as f(y,x) := g(z).

loc loc

Then f € S% (Y x X) if and only if g € S (X) and in this case the identity

loc loc
IDflx.(y,2) = [Dyg|x (z),
holds for m.-a.e. (t,x).

For warped products the construction is slightly more complicated. The warped prod-
uct metric is defined for X,Y length spaces only and in order to introduce it we need
first to discuss the corresponding notion of length:
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Definition 2.7 (Warped length of curves). Let (X,dx) and (Y,dy) be two length spaces
and wq : Y — [0,+00) a continuous function. Let v = (v¥,~X) be a curve such that
7Y, 4% are absolutely continuous. Then the wg-length of 7 is defined as

o] = im Y a3 (02 + w3 AR (7).
1=1

where 7 := {0 = tg, 11, ...,t, = 1} is a partition of I = [0,1] and the limit is taken with
respect to the refinement ordering of partitions.

It is not hard to check that the limit exists and that the formula

1
bl = [ /R P+ w1 P
0

holds.
Then we can define the metric d,, using this length structure:

Definition 2.8 (Warped product of metric spaces). Let (X,dx) and (Y, dy) be two length
spaces and wq : Y — [0,00) a continuous function. Define a pseudo-metric d,, on the
space Y x X by

dw(p,q) := inf{l,[y] : v = (v, 7") with ¥, 4% absolutely continuous and

Yo =D, M =4},
for any p,g € Y x X.

The pseudo metric d,, induces an equivalence relation on Y x X by (y,z) ~ (y/,2’) iff
dy((y, ), (y,2")) = 0 and then a metric on the quotient. With a common slight abuse
of notation we shall denote the completion of such quotient by (Y x,, X, d,,). It is clear
that if X,Y are separable, then so is Y x,, X. Let us denote by 7 : Y x X =Y X, X
the quotient map, then we can give the following definition:

Definition 2.9 (Warped product of metric measure spaces). Let (X,dx,mx) and
(Y,dy,my) be two complete separable and length metric spaces equipped with non-
negative Radon measures. Assume also that mx is a finite measure and let wq, wy :
Y — [0, +00) be continuous functions.

Then the warped product (Y x,, X,d,,) is defined as above and the Radon measure
m,, is defined as

my, = 7, (wmmy) X mx)
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The assumption that mx is finite is needed to ensure that m,,, which is always a Borel
measure, is actually Radon. Indeed, observe that the trivial inequality

dw((y,x)7 (y/’x/)) 2 dy(y,y’)

grants that the projection map 7¥ : Y x X — Y passes to the quotient and induces
a 1-Lipschitz map, still denoted by 7Y, from Y X, X to Y. Then for p € Y x,, X we
can find a neighborhood U of 7Y (p) in Y such that my (U) < oo. It is then clear that
m(U x X) is a neighborhood of p in Y X, X of finite mass, thus proving the claim. If mx
is not finite, it is still true that m,, is a Radon measure, provided wy, is never 0, but in
applications to geometry it is often the case that wy, is 0 in at least one point, so that
we shall always assume that my is finite, even if all our results only require m,, to be
Radon.

Finally a word on notation. With a slight abuse, we shall denote the typical element
of Y X, X by (y,z). This is not really harmful since the complement of 7(Y x X) in
Y X, X is my-negligible and in writing a function on Y x,, X as a function on ¥ x X
it will be implicitly understood that such function passes to the quotient.

3. The results
3.1. Cartesian product

Throughout this section (X, d, m) is a fixed complete, separable and length space and
I C R aclosed, possibly unbounded, interval. We are interested in studying the Cartesian
product (X.,d., m.) of I, endowed with its Euclidean structure, and (X, d, m).

Given a function f : X, — R and # € X we denote by f(*) : I — R the function given
by f@(t) := f(t,z). Similarly, for t € I we denote by f® : X — R the function given
by fO(z) == f(t,).

We start introducing the Beppo Levi space BL(X,):

Definition 3.1 (The space BL(X.)). The space BL(X.) C L?(X.,m.) is the space of
functions f € L?(X.,m.) such that

i) f@ e WH(I) for m-a.e. z,
i) f® e WhH2(X) for L'-a.e. t,
iii) the function

D[t 2) = /IDFOR (@) + [DF@L(2),

belongs to L?(X.,m,).
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On BL(X.) we put the norm

£ lBLcx.) = 1F1Z20x.) + [IDflelZ2(x.)

The space BLjye(X.) is the subset of L?

oe(Xc, me) of functions which are locally equal to

some function in BL(X,).

The main result of this section is the identification of the spaces W12(X,) and BL(X,)
and of their corresponding weak gradients |Df|x, and |Df|.. One inclusion has been
proved in [4], notice that although in [4] a lower Ricci curvature bound is often present,
the following result is stated for arbitrary (X, d, m) as above:

Proposition 3.2 (Proposition 6.18 of [/]). We have W12(X,) C BL(X.) and

/|Df|§dmc §/|Df|§(c dm.,  VfeWLR2(X.). (3.1)
X Xe

The key to proving the other inclusion is in the following purely metric lemmas:

Lemma 3.3. Let f : X. — R be of the form f(t,x) = g1(x) + h(t)g2(x) for Lipschitz
functions g1, g2, h. Then

lip(f)*(t, @) < lipx (f)* (@) +lip () (1)
for every (t,x) € X.
Proof. Let (t,z),(s,y) € X., and notice that

If(s,y) — f(t,2)] = [g1(y) + h(s)g2(y) — g1(z) — h(t)g2(2)]
< [(s) = r®)]lg2(v)]

< |s — ¢t
|s —t|
l91(y) — g1(x) + h(t)(g2(y) — ga(2))|
+ A1) d(z,y).

Hence from the Cauchy—Schwarz inequality we obtain, after a division by dc((s7 y), (¢, x))

1 f(s,9) |h(s) )2 g2(y) |2 n 191 (y) — g1(x) + h(t)(g2(y) — g2(2))[?
de ((8 Y), \S—tl2 d?(z, y) '

Letting (s,y) — (¢,x) and using the continuity of go we conclude. O

In this last lemma, the fact that I was an interval played no role; to realize the
importance of this restriction and streamline the argument it is useful to introduce the
following classes of functions:
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Definition 3.4 (The classes A and A). We define the space of functions A C BLjo(X,)
as

A= {91(17) + h(t)g2(z) € BLipe(Xe) : 91,92 € WH2(X), h: I — R is Lipschitz },

and the space A C BLioc(X:) as the set of functions f € BLj,.(X.) which are locally
equal to some function in A.

Notice that Proposition 2.6 and the calculus rules (2.1), (2.2) ensure that
AC Sje(Xe). (3:2)
The interest of functions in A is due to the next two results:
Proposition 3.5. Let f € A. Then
IDf|x. = |Df]c me-a.e.

Proof. Notice that by (3.2) the statement makes sense. Moreover, due to the local nature
of the statement we can assume that f(t,z) = gi(x) + h(t)g2(z) € A with h having
compact support. With this assumption we have that f € W2(X,) so that keeping in
mind Proposition 3.2, to conclude it is sufficient to prove that

IDf%.(t,2) < DFDHO) +IDfOk(2),  meae (t). (3-3)

To this aim, it is in turn sufficient to show that for any [a,b) C I and any Borel set
E C X we have

/|Df|X (t, 2) dt dm(z /|Df("” (t) + DO (2) dt dm(z) (3.4)

with E := [a,b) x E. Indeed if this holds, taking into account that open sets in X, can
always be written as disjoint countable union of sets of the form [a,b) x E, we deduce
that (3.4) holds with E generic open set in X, so that using the fact that the integrand
are in L'(X,, m.) by exterior approximation we get that (3.4) holds for arbitrary Borel
sets ' C X, and thus (3.3) and the conclusion.

Thus fix E C X Borel, let E := [a,b) x E and up to a simple scaling argument assume
also that [a,b) = [0,1).

For k,i € N, k > 0, we define f; € W'(X) as fii(z) := g1(x) + h(%)g2(z) and
fr € BL(X,) as

fr(t,x) = (kt — i) frip1 () + (i + 1 = kt) fri(x),  fort e [£, 5]
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Notice that fi — f in L?(X,.,m.). By Proposition 2.4, for each (k,i) we can find a
sequence of Lipschitz functions fx;, € Lip(X) converging to fr; in L*(X,m) such
that limy, 00 ip(fr,in) = |Dfes|x in L?(X,m). It will also be convenient to define
Gk.n, gk € L?(X.,m.) as

gk,n('vt) = k(fk,i+1,n - fk,i,n) gk(‘,t) = k(fk,i+1 — fk,z) for t € (é, %)

and to notice that
lim gy, = gi lim gy = [Df]1 (), (3.5)
n— o0 k— o0

both limits being in L?(X., m): here the first limit is obvious by construction, while the
second follows from the identity gi(t,z) = k(h(“FL) — h($))g2(x) valid for t € (4, 51).
Now define Fy,, € Lip(X,) as

Frn(t,x) = (kt — i) frivin(x) + (0 + 1 = kt) frin(2), for t € [%, %]
and notice that construction we have Fy, ,, € A, so that Lemma 3.3 gives
lip(Fyn)[* < Mipx (Fin)l? + llipr (Frn)?, L1 x m-aee,

for every k,n and since we also have limg lim,, Fy,, = f in L?*(X., m.), such bound
together with the lower semicontinuity of minimal weak upper gradients gives that

/|Df|X dm, < hm lim lipX(Fk)n)Qdmc—l— lim lim lipI(Fk7n)2dmc (3.6)

—00 N—+00 k—o00 n—00
E E
so that to get (3.4)—and thus the conclusion—it is sufficient to prove that
i T [ lipx (P dme < [ D5 (o) dmet. o)
k— 00 n—00
% J
lim lim [ lip;(Fy,)?dm, < / IDF@2(¢) dme(t, ).
k— 00 n—00

E E

To this aim, start observing that the continuity of h grants that R 3 t — f®) € WhH2(X)
is continuous so that also the map I > ¢t — fE |Df(t)|§( dm is continuous. In particular,
its integral on [0, 1] coincides with the limit of the Riemann sums:

k
1
t))2 ; - 12
/IDf [ (@) dme(t, 2) = Jim o> /|ka,z|x dm

k
N | : 2
- Jim i 3 [ o dm
E
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From the very definition of F}, , we get that

. , - . ) 2
th(F,SZL)Q < ((kt = )lipyx (fr,it1,n) + (0 +1 = EDlipx (fr,in))

< (kt — )lipy (friv1,n)® + (i + 1 = k)lipx (fr,in)?,

on X for every t € [£, 1], and thus

k
Jtiox PP @) dmatt) < [ 3 iy ()
=0

E X

1/, .
-3 (th(fk,O,n)2 + hpx(fk,k,n)2) dm
1
< / T QIiPX(fk,i,n)z dm.
x =

This inequality and (3.8) give the first in (3.7). The second is a direct consequence of
the fact that lip; (Fg,,) = gk,» and the limiting properties (3.5). O

Proposition 3.6 (Density in energy). For any function f € BL(X.) there exists a sequence
(fn) C BL(X.)NA converging to f in L*>(X.,m.) such that |Df,|. — [Df|. in L?(X., m.)
as n — oo.

Proof. We shall give the proof for the case I = R, the argument for arbitrary I being
similar.

With a standard cut-off, truncation and diagonalization argument we can, and will,
assume that the given f € BL(X.) is bounded and with bounded support. Then for any
n € N and i € Z we define

Se

and

where x, : R — R is given by:

0, if t<—1,

nt + 1, if —1<t<o,

1—nt, if 0<t<i,
. 1

0, lfz<t

Xn(t) = (39)
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Then we define the sequence (f,,) as

‘r) = Z hi,n(t)gi,n(m)

S/

the sum being well defined because g; » is not zero only for a finite number of i’s and it
is immediate to check that f, € A.
We claim that f, — f in L?(X,., m.) as n — oo. Integrating the inequality

(falt,z))? (th )gin (@ ><th (9i.n(x))”

i€Z €L
(i+1)/n
< Zhln(t)n / f2(s,x)ds,
= in
on z and t we obtain || f,|z2(x.) < || fllz2(x,), for every n € N. This means that the

linear operator T}, from L?(X., m.) into itself assigning f,, to f is 1-Lipschitz for every
n € N. Since obviously f, — f in L?(X.,m,) if f is Lipschitz with bounded support, the
uniform continuity of the T,’s grant that f,, — f in L?(X., m,) for every f € L?(X.,m.).

Now, taking into account the L2-lower semicontinuity of the BL-norm, to conclude it
is sufficient to show that for every n € N we have

/ DS R () dm (1, 2) < / DO () dme (£, 2),

RxX

/|Df t) dm,(t, z) / IDf@ 2 (t) dm(t, ).

RxX

(3.10)

Start noticing that the definition of the functions g; ,, and Jensen’s inequality applied
to the convex and lower semicontinuous function on L?(X) which sends g to [ |[Dg|3% dm
(intended to be +oo if g ¢ W1H2(X)) we see that g;, € WH2(X) with

(i+1)/n
/|ng|§( dmgn/ / IDFOR, dt dm. (3.11)
X X i/n

Then from the trivial identity

fO =1 +i—nt)gin+ (nt —i)gis1,ns

valid for every n and a.e. t € [£, 1] we know that e W12(X) and
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. . 2
DFY5 < (14— nt)Dginlx + (nt = )|Dgis1nlx)
< (1+i—nt)Dginlk + (nt = 0)[Dgit1nl%

for every n and a.e. t € [X, “E1]. This yields the bound

/|Df<t ) dm.(t, z) Z/|ng|x ) dm(z)

’LEZX

(i+1)/n
by (3.11) <> / / IDf® % () dt dm(zx) (3.12)
ieZX

i/n

:/|Df(t)|§((a:) dme(t, z),

which is the first in (3.10).
Similarly, for m-a.e. z € X the function f\*) : R — R is £1-a.e. well defined and given
by

7(;1:) () = (141 —nt)gin(z) + (nt —i)git1,n(z), Lla.e te [i #}

Arguing as before we get that f,(f) € W12(R) for m-a.e. x and

(i+1)/n (i+1)/n
DAR@ A= [ 0 (girn(o) - gin(a))”
i/n i/n
= n(gi11.n(x) = gin(2))”
(i+2)/ (i+1)/n 2
=n3 / f(t,x)dt — f(t,z)dt
(i+1)/n i/n
(i+1)/n 2
=nd / F@ @t +1/n) — fF@(t)de
i/n
(i+1)/n t+1/n 2
< / / ID @ [g(s) ds it
i/n t
(i+1)/nt+1/n

<o [ [ preReasa

i/n t
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which yields

/ DS R (1) dme(t, 2) < / DF@2(8) dm (¢, 2),
X, Xec

which is the second in (3.10) and the conclusion. O
‘We now have all the tools to prove the main result of this section:

Theorem 3.7. The sets W12(X,) and BL(X,) coincide and for every f € Wh%(X,) =
BL(X,) the identity

IDf|x. = IDf|c me-a.e.,
holds.

Proof. Proposition 3.2 gives the inclusion W12(X,) C BL(X.). Now pick f € BL(X,)
and find a sequence (f,) C BL(X.) N A as in Proposition 3.6. By Proposition 3.5 we
know that

IDfnlx., = |Dfnle me-a.e., Vn € N.

By construction, the right hand side converges to |Df|. in L?(X.,m.) as n — oo, and
since f, — f in L?(X.,m.), by the lower semicontinuity of weak upper gradients we
deduce that f € Wh?(X,) and

IDf

x. < |Dfle, Me-a.e.,
which together with inequality (3.1) gives the thesis. O
3.2. Warped product

Throughout this section wq, wy : I — [0, +00) are given continuous functions and X
is assumed to have finite measure. We are interested in studying Sobolev functions on
the warped product space (X, dy, My ), where X, := 1 X, X.

Like in the Cartesian case, given f : X, — Rand ¢ € I we shall denote by f® : X — R
the function given by f®)(z) := f(t,z). Similarly f®)(t) := f(t,z) for z € X.

We then consider the Beppo—Levi space BL(X,,) defined as follows:

Definition 3.8 (The space BL(X,,)). As a set, BL(X,,) is the subset of L?(X,,, m,,) made
of those functions f such that:

i) for m-a.e. x € X we have f(*) € Wh2(R,wn L"),
i) for wmL'-a.e. t € R we have f() € Wh2(X),
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iii) the function

D] (t,2) == \wg* (DS O3 (2) + DS () (3.13)
belongs to L2(X,,, my,).

On BL(X,,) we put the norm

1 lsecxa) = /I35, + IDFlllZx., -

It will be useful to introduce the following auxiliary space:

Definition 3.9 (The space BLy(X,,)). Let V' C BL(X,,) be the space of functions f which
are identically 0 on Q x X C X,, for some open set 2 C R containing {wy, = 0}.
BLo(Xw) C BL(Xy,) is defined as the closure of V' in BL(X,,).

The goal of this section is to compare the spaces BL(X,,) and W?(X,,) and their
respective notions of minimal weak upper gradients, namely |Df|,, and |Df|x,,. Under
the sole continuity assumption of wg, wy and the compatibility condition {wys = 0} C
{wm = 0} we can prove that

BLo(X,) € WH?(X,,) C BL(X,)
and that for any f € Wb?(X,,) C BL(X,,) the identity
|Df‘Xw = |Df|w

holds m,,-a.e., so that in particular the above inclusions are continuous. Without addi-
tional hypotheses it is unclear to us whether W?(X,,) = BL(X,,) (on the other hand,
it is easy to construct examples where BLo(X,,) is strictly smaller than BL(X,,)). Still,
if we assume that

the set {wm = 0} C I is discrete (3.14)
and that wy, decays at least linearly near its zeros, i.e.

wn(t) <C inf |t —s|, vVt € R, (3.15)

s:wm (s)=0

for some constant C' € R, then we can prove—using basically arguments about
capacities—that

BLO(Xw) = BL(Xw)a
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so that the three spaces considered are all equal. We remark that these two additional
assumptions on wy, are satisfied in all the geometric applications we have in mind,
because typically one considers cone/spherical suspensions and in these cases wy, has at
most two zeros and decays polynomially near them.

We turn to the details. The following result is easily established:

Proposition 3.10. We have W12(X,,) C BL(X,,).
Proof. Pick f € W2(X,,) and use Proposition 2.4 to find a sequence (f,,) of Lipschitz
functions on X, such that f, — f and lip(f,,) — [Df|x, in L?(X,). Up to passing to

a subsequence, not relabeled, we can further assume that ) || fny1 — fllz2(x,) < 0, so
that the inequality

1> 1A - FOllzacem | o o 1)

[ [ S 1#0@) = 1O @) dmayun (o) de

= H Z \fn — f|HL2(Xw,m“,) < Z H'f” - f|HL2(Xu,,mw) <0

shows that for wyL'-a.e. t we have > ||f7(f) — M| z2(x,m) < o0 and thus in particular
fT(Lt) — f® in L?(X,m). Similarly, for m-a.e. 2 € X, we have f,(f) — @) in L2(I, wa LY.
Observe that for every (t,z) € X, we have

. —  Tm |fn(s,9) — fu(t, 2)|
lip(fn)(t, ) = S du((5,9), (4, 2))

— |fu(s, ) — fu(t,x)]
= I (.2, (6, 2))

() ()
i ) — 78 0)

s—t |3 —t|

= lip; (/") (¢)

and therefore by Fatou’s lemma we deduce

[t [ tip(4526) dlwm £)(0) dmia) < tin [ lip(£,)2(8 ) din (8,2)

n—00 n—00
X I Xuw

= / IDf|%, dm,, < oco.

Xw
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Since f,(f) — f@® in L2(I,wn L") for m-a.e. z € X, this last inequality together with the
lower semicontinuity of minimal weak upper gradients ensures that f(*) € WE2(I wa L)
for m-a.e. x € X and

/|Df(’”)ﬁ(t)dmw(t,x) < / IDfP%. dme. (3.16)
X

X w

An analogous argument starting from the bound

. _ = falsy) = falt @)
ip(f)te) = i (.9, (6.2))
2 4 (), ()
— @ - @ 1

= Tim = ipy (f$) (2
S D y) - wa(@) DX U@

valid for every ¢ € I such that wq(t) > 0, grants that ) € WH2(X) for wyL-a.e. t € T
(recall that {wgq = 0} C {wn = 0}) and

Df®)|2
BE D dn, 1,00 < [ D, dm. (3.17)

w w

The bounds (3.16) and (3.17) ensure that f € BL(X,,), so that the inclusion W12(X,,) C
BL(X,,) is proved. O

In order to prove that for f € W2(X,,) C BL(X,,) the minimal weak upper gradient
IDf|x, coincides with the ‘warped’ gradient |Df|,, defined in (3.13), we shall make use
of the following simple comparison argument, which will then allow us to reduce the
proof to the already known cartesian case.

Lemma 3.11. Let X be a set, dy,ds two distances on it and my, My two measures. Assume
that (X,dy,my) and (X,d2, ma) are both metric measure spaces satisfying the Assump-
tions 2.1, that for some C > 0 we have mg < Cmy and that for some L > 0 we have
d; < Lds.

Then denoting by S(X1),S(X2) the Sobolev classes relative to (X,dy,my) and
(X, da, my) respectively and by |Df|1, |Df|2 the associated minimal weak upper gradients,
we have

S(X7) € S(X2)
and for every f € S(X1) the inequality
IDfl2 < LIDfl1,

holds ma-a.e..
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Proof. The assumptions ensure that the topology induced by ds is finer than the one
induced by dj, hence every dj-Borel function is also dg-Borel. Then observe that the
assumption d; < Lds ensures that ds-absolutely continuous curves are also d;-absolutely
continuous, the di-metric speed being bounded by L-times the ds-metric speed. Then
considering also the assumption my < Cm; we see that (X,ds, my)-test plans are also
(X,dy, my)-test plans, which, by definition, gives the inclusion S(X;) C S(X2). The
inequality |Df|s < L|Df|; mg-a.e. is then obtained by the ms-a.e. minimality of |Df|s
and the opposite inequality valid for the metric speeds. O

We can then prove the following result:
Proposition 3.12. Let f € W12(X,,) C BL(Xy). Then

D f

xo = Dflw,  my-ae

Proof. Fix € > 0 and ¢, € R such that wy(tg) > 0 so that also wq(tp) > 0. Use the
continuity of wy to find § > 0 so that

’LUd(t)
wq(s)

‘ <l+e Vi sel[to— 26t +20] (3.18)

and let X : R — [0, 1] be a Lipschitz function identically 1 on [ty — 0, to + ¢] with support
contained in [tg — 24, g + 24].
We introduce the continuous functions wq, Wy : R — R as

wd(to — 25), ift <tyg— 2(5,
wd(t) = wd(t), ift e [to —26,t9 + 25},
wd(to—l—Q(S), if t >ty + 26,

wm(to — 25), ift<ty— 2(5,
Wi (t) 1= wn(t), if t € [to — 20,to + 29],
w (to + 20), if t > to + 26,

the corresponding product space (X, dg, mg) and consider the function f : X, — R
given by f(t,x) := X(t)f(t,z) which belongs to W'2(X,,) and therefore, by what we
just proved, to BL(X,,). The locality property of minimal weak upper gradients ensures
that

IDflx, = |Dﬂxw and |Dfl, = |Df|w My-a.e. on [t — d,ty + 0] x X.

Since f has support concentrated in the set of (¢, z)’s with ¢ € [to — 26, to + 26] and wqy
is positive in such interval, we can think of f also as a real valued function Xg. With
this identification in mind it is clear that

IDf|x, = Dflx, and |Df|w, =|Dfla  my-a.e. on [tg — 25, to + 26] x X.
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We now consider the cartesian product (X, d., m.) of (X,d, m) and R. Notice that the
sets Xz and X, both coincide with R x X and that by construction (recall also (3.18))
we have

wa(to)

cm, <mg < Cm and
c > My > c 11 1te

de < dg <wq(to)(1+e)de

where ¢ 1= minp, 25,426 Wm and C = max[;,_25,¢,+25] Wm- Hence by Lemma 3.11 we
deduce that mg-a.e. it holds

IDflx.
wd(to)(l + E)

IDfle
’wd(t())(]. + 5)

= 1+e _ -
<IDflxs < —~I[Dflx. and
wd(to)

1+¢
’wd(to)

Since by Theorem 3.7 we know that |Df|x. = |Df|. m.-a.e., collecting what we proved
we deduce that

|Df |X 2

DX o pyp, < (1 D

T <Dl < (1492 1.
my-a.e. on [tg — 0, %o + 0] X X. By the arbitrariness of ¢g such that wy(tp) > 0 and the
Lindelof property of {wm > 0} C R we deduce that the above inequality holds m,-a.e..
The conclusion then follows letting € L 0. O

We now turn to the general relation between BLo(X,,) and W12(X,,):
Proposition 3.13. We have BLy(X,,) C WH2(X,,).

Proof. Taking into account Proposition 3.12 it is sufficient to prove that V C Wh2(X,,).
Notice that for arbitrary f € BL(X,,), considering the functions X, (¢) := 0V (n—|t|) A1
and defining f,, (¢, x) := X, (t)f(t,x), via a direct verification of the definitions we have
fn € BL(Xy), while inequality (2.2) and the dominated convergence theorem grant
that f, — f in BL(X,). Therefore, using again Proposition 3.12 which ensures that
BL-convergence implies W '2-convergence, to conclude it is sufficient to show that any
f € V with support contained in (I N [-T,T]) x X C X,, for some T" > 0 belongs to
W2(X,).

Thus fix such f € V, for r > 0 denote by Q, C R the r-neighborhood of {w,, = 0}
and find r € (0,1) such that f is my-a.e. zero on g, x X. Then by continuity and
compactness and recalling that {wq = 0} C {wm = 0} we deduce that there are constants
0 < ¢ < C < oo such that

¢ < wq(t),wn(t) < C, Vte IN[-T,T|\ Q,/s.

We are now going to use a comparison argument similar to that used in the proof
of Proposition 3.12. Find two continuous functions w},w}, agreeing with wq, wy, on
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[=T,T]\ Q,/2 and such that ¢ < w),wy, < C on the whole R and consider the warped
product (X, dq, My ) and the cartesian product (X, d., m.) of I and X. We then have
the equalities of sets:

BL(X.w ) = BL(X,) = WLQ(XC) = WLQ(Xw’)v

the first and last coming from Lemma 3.11 and the properties of w}, w}, and the middle
one being given by Theorem 3.7.

By the construction of w},w,, we see that f € BL(X,-) and thus, by what we just
proved, that f € W'2(X,,). Then Proposition 2.4 grants that there exists a sequence
(fn) of dy-Lipschitz functions converging to f in L?(X,) with

sup/lip/(fn)2 dm,, < oo
neN

uniformly bounded in n, where by lip’ we denote the local Lipschitz constant computed
w.r.t. the distance d,s. Notice that up to replacing f, with (—=C,) V f, A C, for a
sufficiently large C,, we can, and will, assume that f, is bounded for every n € N.

Now find a Lipschitz function X : I — [0, 1] identically 0 on Q, U(I'\ [-T —1,T + 1)),
identically 1 on I N [=T,T]\ Qg and put f,(t,z) := X(t)fu(t, ). By construction it is
immediate to check that the f,’s are still d,-Lipschitz, converging to f in L2 (my) and
satisfying

sup/lip’(fn)2 dm,, < oco. (3.19)
neN

We now claim that the f,’s are d,-Lipschitz, converging to f in L?(X,,) and such that

sup/lip(fn)2 dm,, < oo, (3.20)
neN

from which the conclusion follows by the lower semicontinuity of weak upper gradients
and the bound |D fn x, < lip( fn) valid my-a.e.. Since all the functions f,, and f are
concentrated on ([—7,7]\ ©,) x X and on this set the measures m,, and m,,s agree, we

clearly have L?(X,,)-convergence. Moreover, since wq and wq: agree on ([T, T]\2,.) x X,
the topologies on ([-T,T] \ ©,) x X induced by d,, and d, agree (with the product
topology, given that these functions are positive) and a direct use of the definition yields

lim dw((s7y),(t,$))
(s.9)—= () du ((s,9), (¢, 7))

=1, V(taz)e(-T,7]\ Q) x X.

In particular, we have lip(f,) = lip’(f,) in ([=T,7]\ Q) x X, so that (3.20) follows
from (3.19). It remains to prove that f, is d,-Lipschitz; to this aim recall that on a
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length space the Lipschitz constant of a function is equal to the supremum of the local
Lipschitz constant and conclude by

Lip(fn) = S)l(lp lip(fs) = sup hp/(fn) = Lip/(fn) < 00,

w!

where Lip/(f,,) denotes the d,-Lipschitz constant. O

Finally, we prove that if the set of zeros of wy, is discrete and w,, decays at least
linearly close to its zeros, then BLg(X,,) = BL(X,,):

Proposition 3.14. Assume that wy has the properties (3.14) and (3.15).
Then BLo(Xy) = BL(X,).

Proof. A standard truncation argument shows that BLNL*(X,,) is dense in BL(X,,), so
to conclude it is sufficient to show that for any f € BLNL*(X,,) we can find a sequence
(fn) C V converging to it in BL(X,,).

Thus pick f € BLNL>®(X,), put D(t) := ming,,, (s)=o [t — s| and for n,m € N, n > 1
consider the cut-off functions

om(z) =0V (m—d(z,z)) A1,
|

)
o |log(D(1))]
() == 0V (1 oe ) ) 1,

fin(t) =0V (n - |t\) A,

where ¥ € X is a chosen, fixed point, and define fy, (¢, @) := 1, (¢) 0 () o (x) f(E, x).
Since (t, ) — N, ()7, (t)om () is Lipschitz and bounded for every n,m, a direct check
of the definition of BL(X,,) shows that f, , € BL(X,,) for every n,m and, since 1, is 0
on a neighborhood of {wy = 0}, we also have f, ., € V for every n,m.

Using the fact that the functions (¢, x) — 1, (£)7,(t)om (z) are uniformly bounded by
1 and pointwise converge to 1 as n,m — oo and the dominated convergence theorem we
see that f, m — f in L?(X,) as n,m — oo.

Next, recalling (2.2) and using that o,, is 1-Lipschitz we see that

ID(f® = f19)|x (2) < 11 (O (O)om(2) = 1] IDFO|x () + £t 2) a2 2m-13 ()

for my-a.e. (¢, z), so that the dominated convergence theorem again gives that [ [D(f (OO
(tzn)@((l‘) dmy, (t,z) — 0 as n,m — oc.
Similarly, we have

D = L) <[ ()i (B)om () = 1 DD () + | £ (8 @) 14 501y (1)
+ £t @)1 ac,z)<my (@)1 <ny (0)]0enn|(2)
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for my,-a.e. (t,z) and again by dominated convergence we see that the first two terms in

the right hand side go to 0 in LZ(XU,) asn, m — oo. For the last term, we use the fact that

Ip-tgn-1ap®

f is bounded and our assumptions on wy,. Observe indeed that |9;n,,|(t) < B(i) Tog n

so that letting 1, ...,zn be the finite number of zeros of wy, in [—n — 1,n + 1] we have
[ 1560 Lt oy @)Ly 010020 o,
£ 12 m(Bin (7)) / 1
< ———wn(t)dt
= log(n? DEORY
[=n,n]ND~1([n—1,1])
[f 17 m (B (7)) 1
< _
< O g b
[=n,n]ND=1([n=1,1])
< MIE=m(Bu (@) §~ L
- log(n)? |t — x4

=Lt lt—aien-1,1)}

£l m(Bim (7))
=2NC tog(n) :

Since the last term goes to 0 as n — oo for every m € N, we just proved that

m—0o0 Nn—r 00

lim lim /\D(f(’”)— FEF(E) dmy, (2, 2) =0,
which is sufficient to conclude. O
3.8. Sobolev-to-Lipschitz property

The aim of this section is to study the Sobolev-to-Lipschitz property on warped prod-
ucts; let us recall the definition:

Definition 3.15 (Sobolev-to-Lipschitz property). We say that a metric measure space
(X, d, m) has Sobolev to Lipschitz property if for any function f € W12(X) with [Df|x €
L>(X), we can find a function f such that f = f m-a.e. and Lip(f) = ess sup |Df|x.

Metric measure spaces with the Sobolev-to-Lipschitz property are, in some sense,
those whose metric properties can be studied via Sobolev calculus. Such property firstly
appeared, in its ‘dual’ formulation and in the formalism of Dirichlet forms, in [4], where

it was written as:

The intrinsic distance induced by the quadratic Cheeger energy ( )
3.21
is equal to the distance on the space
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and it was proved that RCD(K, 0o) spaces have such property. (3.21) has also been used
in [5] as one of the ingredients for the axiomatization of the RCD (XK, c0) condition purely
in terms of Dirichlet forms. In [10] the definition as above has been introduced and it has
been observed that, regardless of lower Ricci bounds or infinitesimal Hilbertianity, this
notion is sufficient to derive metric properties of the space out of properties of Sobolev
functions defined on it. As discussed in the introduction this is relevant in applications
when little to nothing is known about the base space.

We observe that under the only assumption that wgq,w,, are continuous we cannot
hope to prove that X, has the Sobolev-to-Lipschitz property. Indeed, if wy, is 0 on
some subinterval of I which disconnects I, then the measure m,, has disconnected sup-
port and therefore we can find non-constant functions on X,, which are locally constant
on the support of m,,, which is easily seen to violate the Sobolev-to-Lipschitz condi-
tion.

We shall therefore only consider the case where wy, is strictly positive in the interior
of I, a condition which is satisfied in the standard geometric constructions like that of
cone/spherical suspension.

It is unclear to us whether, even with this condition on wy,, the Sobolev-to-Lipschitz
property passes to warped products or not. What we are able to do, instead, is to identify
two quite general properties which imply the Sobolev-to-Lipschitz, each of which passes
to warped products. This will also imply that whenever these two properties hold for a
certain base space, one can consider multiple warped products and still get that the final
space has the Sobolev-to-Lipschitz property.

We begin introducing the two auxiliary concepts we just alluded to. The first is a
variant of the length property which takes into account the reference measure:

Definition 3.16 (Measured-length space). We say that a metric measure space (X, d, m)
is measured-length if there exists a Borel set A C X whose complement is m-negligible
with the following property. For every xg,z1 € A there exists € > 0 such that for every
0,1 € (0, €] there is a test plan w¢0-<1 € P(C([0,1], X)) with:

a) the map (0,¢]? > (g9,€1) + 70 is weakly Borel in the sense that for any ¢ €
Cy(C([0,1], X)) the map

(0,6]2 > (g0,€1) — /wdwso’sl,

is Borel.
b) We have
1B, (z0) 1B, (z1)
eyt = —————m, and e )yt = _ m
O = By (a0) (e (B, (21))

for every eg,e1 € (0,¢].
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¢) We have

1
h_mw// [4¢ |2 dt droet () < d* (g, 21). (3.22)
€0,€1

0

Remark 3.17. Notice that (b) forces

1
tim ([ 13 dtan(s) = o, ),
€0,€140

0
so that (¢) can be read as a sort of ‘optimality in the limit’ In this direction, notice that
with a reparametrization by constant-speed argument one can always assume that the
plans 7 above also fulfil:

t — / [9¢] dm () is constant, (3.23)

because such reparametrization decreases the kinetic energy.
The second definition is a simple modification of the usual doubling notion:

Definition 3.18 (a.e. locally doubling spaces). We say that a metric measure space
(X,d,m) is a.e. locally doubling provided there exists a Borel set B whose comple-
ment is m-negligible such that for every x € B there are an open set {2 containing x and
constants C, R > 0 such that

m(Ba(y) < Cm(B,(y)),  Vre(0.R), ye.

It is easy to check that a a.e. locally doubling and measured-length space has the
Sobolev-to-Lipschitz property:

Proposition 3.19. Let (X,d,m) be an a.e. locally doubling and measured-length space.
Then it has the Sobolev-to-Lipschitz property.

Proof. It is well known that on doubling spaces, for any given function in Llloc, a.e. point
is a Lebesgue point. Since the property of being a Lebesgue point is local in nature,
we immediately have that even on a a.e. locally doubling space a.e. point is a Lebesgue
point of a given L}, . function.

With that said, let A C X be the set given in Definition 3.16, pick f € W12(X) with
L :=esssup |Df| < co and let B C X the set of its Lebesgue points of f.

Pick z,y € AN B, let € be given by Definition 3.16, consider ¢’ € (0,¢] and the test
e

plan 7 given by Definition 3.16. Then we have
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1
/ o) — F(0)| dn= () < / ID £ (3e) e dt dn' ()
0

1 1
<L / / el dtdn®' <’ (7) < L / / ef2 dt dme ()
0 0

Letting ¢’ | 0, using the fact that z,y are Lebesgue points and the bound (3.22) we

obtain
|[fly) — f(x)] = ll/If(I) /fd €o) ﬁ7r /fd(el)wa’,al
= lim /f M) = f(y0) dr®e (7)‘
<lim [ 1f(n) = f(20) dn="<' (v)
5/

1
<Ll | [[ i dedr< () < LdGe.g),
e’l0

0

This proves that the restriction of f to ANB is Lipschitz with Lipschitz constant bounded
by L. Since AN B has full measure the proof is achieved. O

We shall now verify that both the properties of being a.e. locally doubling and
measured-length pass to warped products. We start with the a.e. locally doubling, which
is easier.

Proposition 3.20. Let (X,d, m) be an a.e. locally doubling space with finite measure and
Wy, Wy :— [0, +00) continuous functions. Then the warped product (X, dyw, My) is a.e.
locally doubling as well.

Proof. Let B C X be the set given in Definition 3.18, put B := {wy > 0} x B C X,
and notice that B has negligible complement. Then recall that {wy > 0} C {wq > 0},
notice that it is trivial that the cartesian product of a doubling space and an interval is
doubling and conclude using the continuity of wq, wy,. O

To study the behavior of the measured-length property on warped products, we need
to recall some facts about warped product distances. The content of the following lemma
is well known, but we provide the simple proof for completeness.

Lemma 3.21. Let (X, d) be a complete and separable length space, I C R a closed, possibly
unbounded interval, wq : I — RT a continuous function and consider the warped product
metric space (X, dy).
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Then there exists a function D : I? x X — RT such that
dw((to,xo), (tl,l‘l)) = D(to,tl,d(xo,xl)), Yto,t1 € I, xg,71 € X, (324)

and for every sequence of curves v, = (YL, vX) joining (to, zo) to (t1, 1) whose dy,-length
converge to dy ((to, o), (t1,21)) we have that the d-length of the curves ;' converge to
d(zo,x1).

Finally, for (to,zo) € X, with wq(tg) > 0 and given € > 0 and t' € I we have that
there exists ' € X with (t',2") € B:((to,x0)) if and only if |t —t| < e and in this case
the set of such x'’s is a ball centered at xo whose d-radius r(tg,t',€) satisfies

lim  sup r(to,t',€) = 0. (3.25)

ed0 prefto—e,to+e]

Proof. Fix tg,t1 € I, 9,21 € X and let T, C C([0,1], X,,) be the set of absolutely
continuous curves joining (tg,xo) to (¢t1,z1) and I' C C([0,1],1) the set of absolutely
continuous curves joining ty to t;. Also, define L, : 'y, =+ RT and L : T’ — RT as

1

Lu((v':7%)) - /\/l%Il“rwd(vs)Iv 12 ds,

1
= [ i3+ wdD a0, 20 ds
0

and notice that L,, is invariant under reparametrization. We claim that

’YIEI}‘f Ly(y )_A/mefFL( 7. (3.26)

Indeed, to get inequality < find a sequence of curves ~;X joining z¢ to ; parametrized
with constant speed and whose length converges to d(zg,x1). Then for every v/ € T’
consider the curves v, := (v!,7:X) € T',, and notice that lim,, L, () = L(v7).

To prove >, pick v = (y/,7%) € T, and up to a small perturbation which does
not alter L,, much, assume that the curve vX has always positive speed. Then let 5 =
(31,4%) € T, be the reparametrization of v chosen so that 5% has constant speed, call
it £. Then we have £ > d(zg, z1) and thus

Lu() = Luli) = [ RIE +uieheds = [BIE+ 3D eom) ds = LG,
0 0

concluding the proof of (3.26).
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The identity (3.26) gives the existence of the function D claimed in the statement,
because the left-hand side of (3.26) equals d,, ((to7 xo), (t1, 331)) while the right-hand side
depends on tg,t; and d(zg,x1) only.

The same arguments just used also yield the claim about the convergence of the
d-length of the curves ;<.

Concerning the last statement, notice that d.((to, o), (¢,2)) > |to — t'| for every
to,t’ € I and zp, 2’ € X and that the equality holds if zy = z’. This addresses the claim
about the existence of z’. The fact that the set of such x’’s is a ball follows directly from
(3.24) so that it remains to prove (3.25). Notice that r(tg,t’,e) is characterized by the
identity

D(to,t',r(to,t',e)) =€

and that from (3.26) and the definition of L we see, choosing 7! := (1 — s)ty + st’, that

D(to,t',r(to,t',€)) > [lto — V|2 + |r(to, ¥, €)]2  inf w2 >7r(ty,t, e inf  wq.
(to. ', (to >>\/|0 24l )P it wd (o te) inf

Hence

€
r(to,t',e) < —————
lnf[tofs,thrs] Wq

and the conclusion follows by the continuity of wq and the assumption wq(tg) > 0. O

We turn to the proof that the warped product of an interval and a measured-length
space is still measured-length. Unfortunately, the argument is a bit tedious: in the course
of the proof, after having introduced some key objects, we shall explain what is the basic
idea for the construction.

Proposition 3.22. Let (X, d, m) be a measured-length space of finite mass, I C R a closed,
possibly unbounded, interval and wq,wy : I — [0,400) continuous functions. Assume
that wy is strictly positive in the interior of I.

Then the warped product (X, dy, my) is a measured-length space as well.

Proof.
Step 1: set up of the construction. Let A C X be the set given in the definition of
measured-length space, I the interior of I and put A=IxAcC X, Notice that A has
full m,-measure and fix (to, o), (t1,21) € A.

We assume for the moment that there is a d,,-geodesic v = (yf,4X) connecting (to, zo)
to (t1,71) such that the image of v/, which we shall call K, is contained in I. Without
loss of generality, we shall assume that -« has constant speed, so that

1
/lﬁle ds = di}((t07x0)7 (tl,l’l)).
0
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Since K is compact, for some § > 0 its d-neighborhood Kj is still contained in I and
thus the quantities inf g, /» Wa and inf g, /2 Wm are strictly positive.

As will be clear in a moment, all the objects that we are going to build will live in
Ks/3 x X C X, and since the role of the reference measure m,, is only for the L**-bound
in (c) of Definition 3.16, and since we have

mw|K5/2><X
m T
C|K6/2XX - meM2 Wi

without loss of generality, we may replace m,, by m..

Let € be the number given in Definition 3.16 related to the space X and the points
To,x1 € A, put € := min{%,sinfxé/2 wq} and fix g9,e1 € (0,£]. Most of the objects we
shall define from now on will depend on €g, 1, but to keep the notation simple we shall
often avoid explicitly referring to them.

Consider the two measures

1Bso(t0,$0) 1le(t1,$1)

= me, —
M0 = o (Bow (to, 70)) "

= ——m,,
me(Be, (t1,21)) ©
put v; := Wéui € P(I) and let {p1; ¢ }tes be the disintegration of u; w.r.t. 7l i =0,1. We
shall think to the measures i, ; as measures on (X,d, m) so that the construction and
Lemma 3.21 ensure that
; :Mm Vt € spt(v;) = [t —ei,ti +&i], i=0,1

Hit m(Bfl(t)(xz)) , i i iy Ug il )
for some functions fy, fi which, due to the choice of &, ¢p,e; and the fact that we are
considering those balls in the non-rescaled space (X,d, m), satisfy fo(t), f1(t) < e for
every t in the respective domain of definition. Notice that inequality (3.25) gives

lim  sup  fi(t) =0, fori=0,1. (3.27)
51‘,~L0te[ti75i’ti+gi]

Observe that vg,v; < L1, let T : I — I be the optimal transport map from vy to v;
and for t € [ty — o,t0 + €0 consider the plan 7fo®)1(T®) ¢ P(C([0,1], X)) joining

Ho,¢ t0 p1 1) Whose existence is ensured by Definition 3.16 and the fact that fo, f1 <e.
According to Remark 3.17 we can also assume that

s /|f’ys\2 drfo®fT®) () is constant, call it Sp*(t). (3.28)

Then we also know that for some Borel function ¢ — C(t) > 1 we have

(e)ymlo@-NTO) < C(t)m, Vs € [0,1] (3.29)
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and point (¢) in Definition 3.16, (3.27) and (3.28) ensure that

lim sup Sp(t) < d%(xg, x1). (3.30)

€0,140 tG[to Eo,to-‘rao]

Interlude: idea of the construction. We shall build a test plan joining pg to 1 in a way
that resembles Knothe’s rearrangement, where—informally speaking—we rearrange the
mass on the I-component according to the geodesic from v to v; and, for fixed ¢, the
disintegrated measure jig; is sent to p1 p(¢) via the plan mlo®.F1(T(®)  This will almost
give the desired answer, meaning that the plan built this way would satisfy (a), (b), (¢)
in Definition 3.16.

However, in general the resulting plan won’t be a test plan because in principle it
might not be of bounded compression: the problem is that we don’t have any form of
control on the constant C(t) in (3.29) in terms of ¢ so that when the plans 7/o(*):/1(T(%)
are ‘glued together’ we can’t be sure of having a uniform bound on the densities of the
marginals.

To overcome this problem, before interpolating in the X-variable we shall first slightly
modify g, 11 into measures having I-marginals small enough to compensate the ‘explod-
ing’ quantity C'(t). We can do this with only a minor loss of kinetic energy, so that the
new plan will still satisfy (¢) in Definition 3.16, thus leading to the conclusion.

Back to Step 1. For vp-a.e. t let 5 : [0,1] — [0, 1] be defined as

1 S
- / X dr) / 52X dr,
0

(if ¥X is constant we take s to be the identity) and let § be the map from C([0, 1], X,,)
to itself sending y to v o 5. Also, put o := 5;wfo®):f1(T(") and notice that the identity
|[vos,] =18"|(s)|¥s| and (3.28) give that

29 _ SP() L X2 ae. s
YR - T eescol (331)

Now let F; : [t; — &4, t; + &;] — [0, 1] be the cumulative distribution function of v; given
by F;(t) := v;i((—00,t]), i = 0,1, and consider the functions wu; : [0,1] — RT defined as
U; = p; O Fi_l, where p; is the density of v;, © =0, 1.

Introduce also @ : [0,1] — RT as @ := Collfgl (recall that t — C'(t) > 1 was defined
n (3.29)), put w := min{ug, uy, u} and define v : [0,1] — [0, max{eg,e1}] as

t

1

c/— with = %051} (3.32)
0 u(s fO u(s) ds
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Then v is invertible and its inverse v=! : [0, max{eg,e1}] — [0, 1] is absolutely continuous
and satisfies

(=220 (3.33)
c
Define the functions 19,7, : I — R™ as
(t) — (’U_l)l(t—ti), ifte [ti,ti+max{€0751}],
A 0, otherwise

and notice that by constructions these are probability densities.

Step 2: definition of the interpolation. The interpolation will be built in 3 separate steps.
Let Ty be the optimal transport map from v to 7oL, define Ty : IxX — C([0,1], Xw)

as

A

To(t, @) := ((1— s)t + sTy(t),z)

and put

A

7o := (To)stt0-
Notice that we trivially have (eg)smo = po. Similarly, considering the optimal map Ty

from vy to n £! and the induced map 71 : I x X — C([0,1], X,,) given by T (¢, z)s :=
((1 = 8)T1(t) + st,x), we put

A

= (Th) g1,

and, much like before, we have (eq)ym1 = p1. We shall now build a plan interpolating
from (e1)mo to (eg)ymi. Recalling that the curve v/ was previously introduced, we define
the map

G:IxC(0,1,X) — C([0,1], Xuw),
(t,y) +—  s—=G(t,7)s = (To(t) —l—fysl —t0,Vs)-

Then we consider the plan o € P(I x C([0,1], X)) given by
do(t,) = duo(t) x do' (),
and put

Tmid *= gﬁO' S P(C([O, 1],Xw)).
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We claim that

(eo)ﬁ’ﬂmid = (el)ﬂ’f(‘o and (el)ﬂwmid = (eo)ﬁm. (334)

To see the first, fix a bounded Borel function ¢ : X,, — R and notice that

[ et dcommatt.o) = [[ Gt 10 do" () duofe)
— [[ ettt ) o) (e

— [[ e@),2) dteo)so' () (e
(3.35)

_ / / o(To(t), ) dpro.e(x) dvo (t)
- // ©(To(t), z) dpo(t, x)
= [[ ettt o an(e. = [ ott.a)ateme.

The second in (3.34) follows by an analogous computation taking into account that
t v+ Ty (To(t) 4+ t1 — to) is the optimal map t — T(t) from vy to v (because in 1-d
‘optimal=monotone’).

The compatibility conditions (3.34) and a gluing argument ensure the existence of a
plan momia1 € P(C([0, 3], X)) such that

(Reso,1])¢Tomid1 = 7o, (Resq1,2])4T0mid1l = Tmid, (Resp2,3))4Tomid1 = 71,

where for [a,b] C [0, 3] the map Res, ) : C([0,3], Xuw) — C([a,b], X,,) sends a curve to
its restriction on [a, b].

Finally, putting €91 := max{ep, &1} we define the scaling map Scal : C(]0, 3], X,,) —
C([0,1], Xy) as

’yssall, for s € [07801],
SC&I(’Y)S = "}/1_"_1572501 s for s € [601, 1-— 601],
2201

Yo+ (s+eo1—1)egi? for s € [1 —eo1,1],

and put

T 1= ScalyTomidi -
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Step 3: estimate of the density. To prove that 7 has bounded compression it is sufficient
to show that for every s € [0,1] it holds

max{c, 1}

(es)ymi < ———F——m, for i=0,1 and (es)4Tmia < cm, (3.36)
7 mo(Be, (1)) :

where c¢ is the constant defined in (3.32).

We start with the bound for my. Recall that T is the optimal transport map from
v to noLl, thus letting Tp s(¢) := (1 — s)t + sTp(t) and denoting by ps the density of
(To,s)410, the general theory of optimal transport ensures that s — ps(To,s(t)) is convex
for vp-a.e. t. In particular we have

ps(To.s(t)) < max{po(t),no(To(t))}, vo-a.e. t. (3.37)

Let Go : I — [0,1] be the cumulative distribution function of noL!, i.e. Go(t) :=
fioo no dL' and notice that by definition of 19 we have G(t) = v=1(t — tg), so that
property (3.33) gives

mo(t) = ¢ u(Go(t)), (3.38)
and by the definition of u we have
no(t) = ¢! u(Go(t)) < ¢t uo(Go(t)) = ¢! pO(FO_l(Go(t))), noLl-a.e. t.
Since the optimal map Tp is the inverse of F, ! o Gy, from (3.37) we get that

ps(To.s(t)) < max{c™', 1} po(t), poLl'-a.e. t,

‘

for every s € [0, 1]. Now notice that with computations similar to those in (3.35) we see
that

d(es)ym(t,x) = ps(t)dt x dMO,Tofj(t) (x),
in particular (es)ym < m. and for its density we have

d(es)nﬂ'g
dm,

(Ta(6),2) = s (T (1)) 202 )

d d
< max{e™, 1} po(t) gt (@) = max{e™, 117 2 (1, 2)

max{c~1,1}
~ me(Bzy(w0))’

for every s € [0,1] so that in this case the claim (3.36) is proved. The bound for m is
obtained in the same way, so we turn to the one on m,,iq4-
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To this aim, start noticing that from the identity

/‘p(tas)d(es)ﬂﬂ—mid = / (/ (To(t) + 1 to,Vs)dUt(7)> duy(t)

-/ ( [ @ ++ to,vs)dﬂf"(t)’fl(T(t))(v)) vt
_ / (/ ot + ! _to,x)d(es)wwo1<t>>,f1<T<Tol<t>>)(x)> (1) dt

valid for any bounded Borel function ¢, we see that (es)smTmiq < m. and

d(ey)ymfoTa  0)A(T(T5 (1)

(t—to+71,2) = mo(t) — (2), ML xmeae ().

d(es)ﬁﬂ—mid
dm,

Recalling the bound (3.29) we therefore obtain

d(es)ﬁﬂ"rnid (

dm t—to+~L ) <no(t)C(Ty (1)), noL' x m-a.e. (t,x).

Now notice that (3.38) and the definition of u give

-1

1 S G T (Go®)

and since TO_1 =Fy 16 Gy, these last two bounds give our claim.
Step 4: estimate of the kinetic energy. Notice that by the very definition of © we have

//|’ys| dsdm(y //|’Ys| dsdmo(y +—//|’yg| dsdm ()
1 //\'Pdd e
1—2601 Vs S ATmid\Y
0

We start estimating the energy of 7. Notice that since the d,-metric speed of the
curve s — Ty(t, ), is constantly equal to |Ty(t) — t|, we have

(3.39)

[ 1 asamat) = [ 110) = o dua(tn) = [ 170(0) ¢ oo

Now observe that since spt(vg) C [to — €0, to + €o] and spt(no) C [to,to + €01], in trans-
porting vy to 9L' no point is moved for more than & + £y, therefore we have

/ |95 |% ds dmo () < |eo + €01]? < 4ed;. (3.40)
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An analogous argument yields the bound

[z asame) < 42k, (341

We pass to the energy of m,,;4. By the very definition of d,,, the d,-squared speed of
s = (YD + To(t) — to,vs) is equal to |§! > + w3 (v + To(t) — to)|¥s|* and thus we have

/1/|%|2d5d7fmzd /// 5112+ w2 (y] + To(t) — to)|s|? ds dot (7) duo ()
0
_ / 5112 ds + { / Wi + To(t) — to) ( / Ll datm) ts (0

by (3.31) /W 2ds+//w(21(fy§+To(t) — to) 35 |?
0

2
Sp4() ds duy(t).
fo |75 |d8
Now observe that Lemma 3.21 ensures that fo |¥X| ds = d(z0, 1), hence from (3.30) we

obtain

1 _
—— lim sup Sp*(t) =1
fo |’>/s |dS 2 £0,e140 te[to—eo,to+eo]

and from this information, the continuity of wgq, the weak convergence of vy to &, as
€0 4 0 we obtain

1
Em // 1442 ds drmymia () / 51+ w3 (D)X 2 ds = &2 ((to, @o), (1, 21)).

€0,€140

which together with (3.40), (3.41) and (3.39) gives the conclusion.

Step 5: conclusion. We assumed initially the existence of a geodesic v = (y!,yX) with o/
having image in the interior of I. To remove such assumption, it is sufficient to observe
that there always exists a sequence of curves 7, = (71,+.X) with the same boundary
data whose length converges to d,((to, o), (t1,71)) and such that . has image in the
interior of I for every n. Then we can repeat the above arguments with -, in place of ~y
and conclude by diagonalization. O

Summing up what we proved so far we obtain:
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Theorem 3.23. Let (X,d, m) be an a.e. locally doubling and measured-length space with
finite mass, I C R a closed, possibly unbounded, interval and wq,wy : I — [0,400)
continuous functions. Assume that wy is strictly positive in the interior of I.

Then the warped product space (X, dw, My) is a.e. doubling and measured-length. In
particular, it has the Sobolev-to-Lipschitz property.

Proof. Direct consequence of Propositions 3.20, 3.22 and 3.19. 0O
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