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Abstract

We consider two variational models for transport networks, an urban planning and a branched
transport model, in which the degree of network complexity and ramification is governed by a small
parameter € > 0. Smaller € leads to finer ramification patterns, and we analyse how optimal network
patterns in a particular geometry behave as ¢ — 0 by proving an energy scaling law. This entails
providing constructions of near-optimal networks as well as proving that no other construction can
do better.

The motivation of this analysis is twofold. On the one hand, it provides a better understanding
of the transport network models; for instance, it reveals qualitative differences in the ramification
patterns of urban planning and branched transport. On the other hand, several examples of vari-
ational pattern analysis in the literature use an elegant technique based on relaxation and convex
duality. Transport networks provide a relatively simple setting to explore variations and refinements
of this technique, thereby increasing the scope of its applicability.

Keywords: micropatterns, energy scaling laws, optimal transport, optimal networks, branched
transport, irrigation, urban planning, Wasserstein distance
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1 Introduction

Pattern formation in physical experiments or in materials can sometimes be understood by means of
so-called energy scaling laws. Typically, such an experiment can be described by a physical energy
which is minimised subject to some boundary conditions. If the boundary conditions (or another global
constraint) are incompatible with a homogeneous state, a pattern of rapid spatial oscillations between
energetically favourable states can often be observed, which tries to recover compatibility with the
boundary conditions. While an infinitely fine oscillation could achieve full compatibility, the physical
energy usually prevents too fine oscillations via some regularising energy component so that the resulting
pattern is a balance between the objectives of satisfying compatibility constraints and of keeping the
regularising energy contribution small.

It is commonly impossible to find the truly optimal pattern, however, if the regularising energy term
has a small weight parameter £ > 0, one can instead try to prove how the minimum energy scales in €,
a so-called energy scaling law. This involves proving a lower and an upper bound for the energy as a
function of ¢, where both bounds differ at most by a multiplicative constant. The benefit is that any
pattern satisfying the upper bound must have optimal energy up to a constant factor (and thus indicates
how near-optimal patterns look like), since the truly optimal energy still lies above the lower bound.
The proof of the upper bound is by constructing an appropriate pattern with the desired energy scaling,
while the proof of the lower bound, which shows that no construction can do better, is ansatz-free and
thus more complicated (however, in some cases a particular simple technique can be employed, variations
of which are explored in this article).
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Figure 1: Top left: Sketch of the considered geometry, two measures pig and g1 supported on codimension-
one hypersquares at distance L. Bottom left: Exemplary transport network in two dimensions, trans-
porting mass from pg to pg. Right: Photograph of a box tree exhibiting a branched network structure
and a comparatively thin leaf canopy that may almost be thought of as a lower-dimensional manifold.

Energy scaling laws have been derived for various systems such as martensite—austenite transform-
ations [KM92, KM94, KKO13, CC15, BG15], micromagnetics [CKO99], intermediate states in type-I
superconductors [CKO04, CCKOO08], membrane folding and blistering [BK14, BK15], or epitaxial growth
[GZ14]. Energy scaling laws may not only be used to explain observed physical patterns, but they can
also be applied to design problems [KW14, KW15], for instance, to find efficient engineering structures
or to better understand why biological evolution has led to particular structures. This article represents
a further contribution to the application of these techniques to design problems.

The setting we shall look at is a type of network optimisation to be explained in more detail in the
next two sections. We consider two uniform measures pg, 1 in R”, of same mass and supported on
hyper-squares of codimension one, and we ask how the optimal transport network looks like to transport
the mass in g to p1. In more detail, let A C R"~! be a hyper-square and consider

po =mH" I (Ax {0}), 1 =mH"L(Ax{L})

with m > 0 and H"~! the (n — 1)-dimensional Hausdorff measure (see Figure1). Now pg represents
an initial and p; the final distribution of particles, and we seek the optimal, locally one-dimensional
transport network to move all particles. Optimality is with respect to a certain objective energy (in this
article we consider a branched transport and an urban planning energy) which effectively encodes that a
lumped transportation of many particles together is cheaper than transporting each particle individually.
As a result, branched network structures as in Figure 1 are favoured, which balance the preference for
lumping many particles together versus the restriction to evenly collect or distribute the particles on g
and pp, respectively. The degree of cost savings through lumped transportation will be described by a
parameter € > 0, and for € > 0 small, very fine network patterns will be optimal. We will analyse the
(near-)optimal patterns by proving corresponding energy scaling laws in &.

The motivation of this article and the goals pursued are multiple ones:

e The network models we examine and their generalisations have been used to model—among
others—networks in public transport, pipeline systems, river geometry, and biology such as blood
vessel systems or water transport paths in plants (see the extensive list of references in the mono-
graphs [BCM09, BPSS09]). Due to the strong interest in these models it is worthwhile to better
understand their behaviour. Even though we consider a very special geometry for pg and pp, we
will later argue that the same phenomena will be observed for geometry variations such as varying



the shape of the set A or replacing uo by a delta distribution. The measure support on a set of
codimension one may be seen as an approximation of cases where the extent of the initial or final
mass distribution in the dominant transport direction is considerably smaller than its transversal
extent as well as the typical transport length. Thinking of water transport to plant leaves, for
instance, a single leaf or the leaf canopy may often be abstracted as a two-dimensional manifold
embedded in three-dimensional space (Figure1).

Different network models have different mechanisms to give preference to branched network struc-
tures. The question arises whether the models exhibit more or less the same behaviour and thus
are phenomenologically equivalent or whether one model can be told from the other just based on
an observation of the network structure. We will see that the urban planning and the branched
transport model, which we consider, share very similar features in three dimensions, but differ
qualitatively in higher and lower dimensions. Indeed, while the energy distribution in branched
transport is always rather evenly spread across all branching structures except the ones at the
boundary, the major energy in urban planning is contributed by the coarsest structures in two
dimensions and by the finest structures in dimensions four and higher.

The (locally) one-dimensional networks that we consider may be viewed as approximation of trans-
port channels that are very thin yet have a positive width. In that sense the models treated here
can also be used to analyse structures for the transport of a heat or a magnetic flux as examined in
[CCKOO08, KW14]. In mathematical terms, it is expected (and currently investigated [Con]) that
for smaller and smaller fluxes, the physical objective energy for conducting a heat or magnetic flux
I’-converges in the right scaling against the optimal network energy.

The derivation of energy scaling laws is usually performed on a case to case basis, and no generally
applicable method or theory has been developed so far. Instead, the field is still in the state of
building and refining technique. In this article we explore how far one can advance based on a
very simple and transparent technique originally introduced by Kohn and Miiller [KM94]. The
method mainly relies on convex duality, and appropriate variations of it indeed suffice to almost
comprehensively understand energy scaling in optimal transport networks.

The remainder of the introduction provides some general notation and a reference list of symbols to
be used in the network models. Section 2 then introduces the network models considered in this article,
including references to the relevant literature, as well as the statement of the corresponding energy scaling
laws Theorems 2.4.1 and 2.4.2, the main results of this article. Sections3 and 4 contain the proofs of the
upper bounds and the lower bounds, respectively, where both network models are treated separately.
We close with a discussion in Section 5.

1.1

Preliminaries: notation and useful notions

Here we fix some frequently used basic notation.

Lebesgue measure. L™ denotes the n-dimensional Lebesgue measure.
Hausdorff measure. H" denotes the r-dimensional Hausdorff measure.

Non-negative finite Borel measures. fbm(X) denotes the set of non-negative finite Borel
measures on a Borel set X C R™. Notice that these measures are countably additive and also
regular by [Rud87, Thm. 2.18]. The corresponding total variation norm is denoted by || - ||fbm-

(Signed or vector-valued) regular countably additive measures. rca(X) denotes the set
of (signed or vector-valued) regular countably additive measures on a Borel set X C R™. The
corresponding total variation norm is denoted by || - ||;ca-

Weak-* convergence. The weak-* convergence on fbm(R") or rca(R") is indicated by —.

Restriction of a measure to a set. Let (X, M, 1) be a measure space and Y € M. The measure
pLY is the measure defined by
plLY (A) =pu(ANY).



e Pushforward of a measure. For a measure space (X, M, pt), a measurable space (Y, \), and a
measurable map T': X — Y, the pushforward of  under T' is the measure Tixp on (Y, N) defined
by

Tyu(B) = w(T~(B)) forall BEN.

e Absolutely continuous functions. AC(I) denotes the set of absolutely continuous functions on
the interval I.

e Characteristic function of a set. The characteristic function of a set A is defined as
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e Dirac mass. Let x € R". The Dirac mass in x is the distribution §, defined by
(82, 0) = () for all € C2°(R")

with C2°(R"™) the compactly supported smooth functions on R"™. Equivalently, it is the measure
with §,(A) =1if x € A and 6,(A4) = 0 else.

In the upper and lower bound proofs we will furthermore employ the following abbreviations.

e Cross section. For every 0 < t < 1, the set {z,, =t} = {& € R™ : z,, = t} will be called a
cross-section. We will also use analogous notations such as {z, <t} with the obvious meaning.

e Projection on the hyperplane {z,, = 0}. By 2’ we mean the projection of x = (x1,...,2,) on
the hyperplane {z, = 0}, 2’ = (z1,...,2,-1,0).

e Tubular neighbourhood. B,(U) is the tubular neighbourhood of radius s of the set U C R,

B,(U) = R™ . inf |z —y| < s).
s(U)={z € ;gle y| < s}

e C = C(n) identifies C' as a constant depending only on the dimension n; if the constant depends
on other parameters as well, an analogous notation is used.

e When we write A < B or A 2 B, we mean that there exists a constant C' = C(n) such that
A< CB or B < CA, respectively. A ~ B stands for A < B and A 2 B.

e w, denotes the n-dimensional measure £"(B1(0)) of the unit ball in R™.

Next we introduce briefly the Wasserstein distance and Kantorovich-Rubinstein duality. We refer to
[Vil03, Chap. 1] for a complete account on Wasserstein distances, spaces and their properties.

Definition 1.1.1 (Wasserstein distance). Let py, p1— be finite Borel measures with equal mass || 14 || fom =
llt—|lfom- Given p > 1, the pt" Wasserstein distance between p, and p_ is

%
Wtnsi) = (pint [ e apduten)
HEL(py ) JRn «R7
1

ghire M(pq, p—) = {p € bm(R"XR™) : p(AXR") = py(A), p(R"xB) =

(B) for all Borel sets A, B C

We recall the following theorem, which relates the optimal transport problem with its dual formulation
(see [Vil03, Thm. 1.14]).

Theorem 1.1.2 (Kantorovich-Rubinstein duality). Let py, pu— € fbm(R™) with equal mass. Then

Wi(py, p—) =sup {/ ed(ps —p—) : ©:R"™ = R Lipschitz with constant 1} .



Finally, for the reader’s convenience we compile here a reference list of the most important symbols
with references to the corresponding definitions.

e [ =10,1]: The unit interval.
e dx: Urban planning transport metric (see Formula (2.2.1)).

o (I, B('), Pr): Reference space of all particles (Definition 2.1.1).

x: Irrigation pattern of all particles (Definition 2.1.3).

[x]y: Solidarity class of « (Definition 2.1.5).

pfﬂ pX: Trrigating and irrigated measure (Definition 2.1.4).

tp(s) and £*(p, s): Crossing time and crossing point for particle p and cross-section {z, = s} (see
Formulae (4.2.2) and (4.2.3)).

2 Reminder of transport networks and energy scaling

In this section we introduce different formulations of branched transport and urban planning which prove
beneficial in deriving energy scaling laws.

2.1 Irrigation patterns

As a preparation we here recall the Lagrangian or pattern-based formulation of particle transport (see
[MSMO03], [BCMO5], [MS13]).

Definition 2.1.1 (Reference space). Consider a complete separable uncountable metric space I' endowed
with the o-algebra B(T") of its Borel sets and a positive finite Borel measure Pr with no atoms. We refer
to (', B(I"), Pr) as the reference space.

The reference space can be interpreted as the space of all particles that will be transported from a
distribution p4 to a distribution p_.

Remark 2.1.2. Any reference space can be shown to be isomorphic to the standard space ([0, 1], B([0, 1]), mL£*L[0, 1))
with m = Pr(T") (see [Roy88, Prop.12 or Thm. 16 in Sec.5 of Chap. 15] or [Vil09, Chap. 1] for a proof).

As a consequence, the following definitions and results are independent of the particular choice of the
reference space, and we will just assume it to be the standard space unless stated otherwise.

Definition 2.1.3 (Irrigation pattern). Let I = [0,1] and (I, B(T'), Pr) be our reference space. An
irrigation pattern is a measurable function x : I' X I — R™ such that for almost all p € " we have
Xp € AC(I).
A pattern x is equivalent to x if the images of Pr through the maps p — xp,p — X, are the same.
For intuition, x, can be viewed as the path of particle p. Its image x,(I) is called a fibre and will
frequently be identified with the particle p.

Here we followed the setting recently introduced in [MS13].

Definition 2.1.4 (Irrigating and irrigated measure). Let x be an irrigation pattern. Let iy,i} : I' — R”
be defined as iy (p) = x(p,0) and Y (p) = x(p,1). The irrigating measure and the irrigated measure are
defined as the pushforward of Pr via i and if, respectively: p = (i), Pr, pX = (if) 4 Pr.

Definition 2.1.5 (Solidarity class). For every x € R™, the set of all particles flowing through x is
denoted

[zly ={geT : zecx,(I)}
and its mass by m, (z) = Pr([z]y) .



2.2 An urban planning model

As our first model of transport networks we consider the so-called urban planning model from [BBO05].
Its original motivation is to optimise the public transport network for the daily commute of employees
from their homes (described by a spatial distribution pg € fbm(R™)) to their workplaces (described by
1)
The public transport network is represented by a rectifiable set > C R™, and a person travelling along
a path # C R™ has expenses
aH' (O\Z) +bH' (ONY),

where a and b < a denote the cost per travelling distance outside and on the network, respectively. The
minimum cost to get from x € R™ to y € R™ is thus given by

ds(z,y) = inf{aH' O\ X) +bH (ONX) : 0€Cpyl (2.2.1)

for Cp , ={6:]0,1] — R™ : 6 is Lipschitz with 8(0) = =, 6(1) = y}. The objective functional describing
the cost efficiency of the network ¥ is now given as

EGLIHOM[S] = W, (110, 1) + eHY(E)

where eH!(¥) models the maintenance cost for the network and the Wasserstein-type distance

Was (po, 1) = _inf / ds(z,y) du(z,y)
HEI(po,p1) JRn xR

with TI(po, p1) = {u € fbm(R™ x R™) : mygp = pig, Toppt = ,ul} represents the total travel expenses of

the population travelling from their homes pg to their workplaces p;. Due to Séx}a’b’”"’“l = I)EV%V’%’L#O’#1
it actually suffices to study the case b = 1.

In [BW15] it has been shown that the urban planning model can equivalently be reformulated in terms
of irrigation patterns y as detailed below. The optimal transport network * can then be extracted from

the optimal irrigation pattern x* via ¥* = {z € R" : m}(z) > £5}. The pattern formulation is

X
advantageous to prove energy scaling laws, which is why we introduce it here.

Definition 2.2.1 (Urban planning problem, pattern formulation). Let (T', B(T'), Pr) be the reference
space and x : I x [0,1] — R”™ be an irrigation pattern. For € > 0 and a > 1, consider the cost density

X (2) = min{l + m,a} if m, (x) > 0,
’ a if m, (x) = 0.

The urban planning cost functional E5® is given by

B (y) = / O 0] AP () dr.

For pg, p1 € fbm(R™), the urban planning problem is
min £5%H041 [y,

where

g [y {Eli’a(x) if 1} = po and pX = pua,
00 else.

Existence of minimising patterns is shown in [BW15] as well as the equivalence of the optimisation
problems min, £5%#0:#1[x] = miny Eg O #1 [%]. Note that ¢ governs the network maintenance costs.
Thus, a large ¢ will lead to coarse networks, while a small € allows the network to become very complex.
Our energy scaling law will be concerned with the latter case.

Finally, we will later need the following reparameterisation result from [BW15].

Proposition 2.2.2 (Constant speed reparameterisation of patterns). Irrigation patterns of finite cost
can be reparameterised such that x, : I — R™ is Lipschitz and |x,| is constant for almost allp € T
without changing the cost ER*.



2.3 Branched transport

The second model considered is the branched transportation problem. In the literature, the branched
transport functional is commonly parameterised by a parameter « € [0, 1), which describes the economies
of scale for mass transport: The cost for transporting mass m by a unit distance is m®, so the cost per
single mass particle gets smaller the more particles are transported together. This creates a preference
for branching networks in which mass is first lumped together and then transported in bulk. The closer
«a to one, the less pronounced is this preference and the more complex the transportation networks
can become. Since we will study the asymptotic behaviour of finer and finer networks, we will in our
description replace o by ¢ = 1 — a and consider the case of € small. The following definition of the
functional Mg follows [BCMO5].

Definition 2.3.1 (Branched transport problem). For 0 < & < 1, the reference space (I', B(I"), Pr), and
an irrigation pattern x : I’ x [0,1] — R™ we consider the cost density
my(x)~¢  if my(z) >0,
() = { X =

00 if my (z)

The branched transport cost functional associated with irrigation pattern y is

ME(x) = / X)) AP () dr.

For o, p1 € fbm(R™), the branched transport problem is
min M®HOHL ],

where

P X _
MEHoH [X] _ {Ml‘g(X) if Hy = Ho and p* = py,
00 else.

Given g, p1 € fbm(R™) with compact support, an optimal irrigation pattern exists [MS09].
Finally, we will need the fact from [BW15] that patterns can be reparameterised fibrewise without
changing the cost.

Proposition 2.3.2 (Constant speed reparameterisation of patterns). Irrigation patterns of finite cost
can be reparameterised such that x, : I — R™ is Lipschitz and |x,| is constant for almost all p € T
without changing the cost Mg.

2.4 The optimal energy scaling

Recall from Section 1 that for A C R®~! a hypersquare we will use
po =mH" (A% {0}),  pu=mH"'L(Ax{L})

Therefore we set £5%A ML = ge.a.p0.m1 and MSA™L = MEHo#1 | By rescaling the geometry and the
mass flux one easily arrives at the following non-dimensionalisations,

1

ga’a’A’m’L[X} _ angﬁﬂwfl,l,l[%x] ’
ME’A’m’L[)d _ (an)lfeLMe,%A,l,l[%X] 7
so that without loss of generality we may restrict ourselves to the study of
o= MU (Ax {0}, = HPTIL(Ax (1)),
ge,a,A = ge,a,A,l,l and ME,A .— ME’A’l’l.
Furthermore, let us denote the minimum energy for € = 0 by

g*,a,A — lrif 50’a’A[X] , M*,A — iI;fMO’A[X] )



We have
£ — M = Wa (o, ) = H ()

for W1 (g0, p11) = inf eri(ug ) Jn g 12— 4] die(, y) the Wasserstein distance. Indeed, our constructions
in Section3 will imply M*4, £%%4 < W (ug, jt1), while Sections4.2 and 4.3 begin with calculations
showing M*4, %44 > W (g, p11). For now, the reader may simply imagine the infimum value being
approached by irrigation patterns x : I' x I — R"™ with I' = A approximating x,(t) = (p1,...,pn-1,)7,
transport through a network with infinitely many vertical pipes of length 1.

For ¢ > 0 the minimum achievable energy deviates from M*4 and £%%4, respectively. We will call
this deviation the excess energy and abbreviate it by

AT A =minE5%A[y] — €94 and  AMT? = min MOy - M4
X X

The main results of this article are the following two theorems, which show how the deviation scales in
€. The first theorem treats the urban planning model.

Theorem 2.4.1 (Energy scaling for the Urban Planning). There are constants Cy,Cy > 0 independent
of €,a, A such that for e < min{l,H”’l(A)%} and a > 1 we have
CrH" H(A)min{a — 1, f(e,a)} < AES < CoH" 1 (A)min{a — 1, f(c,a)},
where the function f is given by
fle;a) =t ifn=2,
f(e.0) = (Va+ |log 2 )v/e ifn=3,
n—3

fle,a) = va(Va—1)ntent ifn>3.

The proof is given in Sections 3.3 and 4.2. Note that the dependence on the parameter a is also
identified, which plays a dominant role if either a is huge or close to 1. The three different scaling laws
for different dimensions indicate three different regimes, as will become clear in Sections 3.3 and 4.2:

e In 2D, the dominant contribution to the excess energy stems from the interior region between and
bounded away from pg and p;.

e In 3D, the dominant energy contribution also occurs in between the two measures, but this time
it is more evenly distributed, up to the boundary.

e In higher dimensions, the energy scaling is dominated by energy contributions concentrated at pg
and p.

The second result is concerned with the branched transport model.

Theorem 2.4.2 (Energy scaling for the Branched Transport). There are constants Cy,Cq,C3,C4q > 0
independent of € and A such that for e < min{?’-l”fl(A)%,'H"*l(A)’CS7 C4} we have

CyH" ! (A)e|loge| < AM=4 < CyH™ ! (A)e|loge].

The proof is given in Sections3.4 and 4.3 and reveals that the total energy distribution follows a
similar pattern as in 3D urban planning.

All above energy scalings will be obtained following variations of a general scheme originally intro-
duced by Kohn and Miiller in 1992 [KM92] to model martensite—austenite interfaces.

e The upper bound is based on a construction with unit cells arranged in hierarchical layers. The
unit cells of the layer closest to the domain boundary are the smallest, and from layer to layer the
unit cell width doubles, thereby leading to a coarsening towards the domain centre. Each single
unit cell contains a branching structure compatible with the width doubling between two layers (in
Figure 1, bottom left, for instance, a unit cell is a “V’-shaped structure). The free design parameters
are the unit cell widths on the coarsest and the finest level as well as the aspect ratio of the unit
cells on each level. Now the excess energy due to € > 0 can be computed for each unit cell as a
function of the design parameters, and their sum yields the total excess energy. Minimisation for
the design parameters yields the optimal construction and energy scaling. The detailed procedure
is provided in Sections 3.3 and 3.4.



e The technique for the lower bound exploits the fact that the transport costs between any two
measures for € > 0 can be bounded below by the transport costs for € = 0, which can be calculated
by solving a (much simpler) convex problem. In essence, one first characterises a generic cross-
section in terms of how many interfaces or pipes it intersects at most. The number depends on &
and usually is a simple consequence of the excess energy being bounded above. Then, the energy
can be bounded below by the costs one would have for € = 0, knowing the additional information
about the generic cross-section. Those costs can be obtained by solving a conver optimisation
problem due to € = 0. This idea in its plainest form is exemplified in Section 4.2 for dimension
n = 2, and variants of it are applied in Section4.2 for n > 3 and in Section4.3.

3 Upper bound via branching construction

In this section we will provide constructions of transport networks with the required energy scaling.
Those constructions will be composed of elementary units, all described as an irrigation pattern, for
which reason we first define several operations how multiple irrigation patterns can be combined to a
single one in Section 3.1. Afterwards we define and analyse the single elementary units in Section 3.2 as
well as the optimal constructions for urban planning (Section 3.3) and branched transport (Section 3.4).

3.1 Operations with patterns

Our constructions will require a combination of irrigation patterns in parallel as well as in series. Those
operations are defined in Definition3.1.1 and 3.1.2, respectively. Definition 3.1.1 was introduced in
[BCMOS] and has also been given in an equivalent form in [BCMO09, Lemma 5.5]. Here the particles of
all constituting subpatterns are kept independent.

Definition 3.1.1 (Union of patterns). Let x; : I'; x I — R™, i € N C N, be a sequence of irrigation
patterns with reference spaces (I';, B(T';), Pr,). Suppose that ) . Pr,(I';) < +o00. Let I' be the disjoint

union of the T';,
r= ]_[ Ty,
iEN

endowed with the product topology and the corresponding Borel o-algebra. Furthermore consider the
measure Pr defined by

Pr(A)=> P, (ANTy).
ieN
The irrigation pattern y : I' x I — R"™, defined by
X(p7 t) = Xl(p7 t)a 1fp € Fia
is called the union of the patterns x; and will be denoted by x = II;x;.

Next we join two patterns y; and xo in series. Here, every particle p first travels along a path defined
by x1 and then continues along a path defined by xs.

Definition 3.1.2 (Series of patterns). Let x; : I'; x I — R™ for ¢ = 1,2 be two irrigation patterns and
T :T'1 — I's an isomorphism of measure spaces such that

x1(p, 1) = x2(T(p),0) for Pp-almost all p € T'y .

Now define the irrigation pattern x : 'y x I — R™ by

~ _ Xl(p7 2t) te [
= {X2<T<p>,2t 1) telk

=)
[ NI

J
!

Furthermore, for p € I'y let r, : I — I be a reparameterisation such that x(p,t) = X(p, 7, (t)) has constant
speed |x,| for almost all p € I';. The irrigation pattern x is called the T-relative series of patterns xi
and x» and is denoted by x1 or Xxa2-
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Figure 2: Elementary and Wasserstein cells in 2D and 3D.

Remark 3.1.3. A similar construction was given in [BCM09, Lemma 5.5]. Ours is a little more technical
since we track the dependence on T', while in [BCMO09] the authors just require X' = p* and from
this anticipate the existence of some measure-preserving map 7 : I'y — I'y with x1(p,1) = x2(T(p),0),
which is then used in the construction. However, such a map T may not exist, as shown by the example
'y =Ty =[0,1] with Pr = £'L[0,1], x1(p, 1) = 2pmod 1, x2(p,0) = p. The result in [BCMO09] certainly
stays valid, but its proof will require to relax the transport map T between particles to a transport plan.
To circumvent those difficulties we shall simply always specify the map T explicitly.

Remark 3.1.4. It is straightforward to verify the following elementary properties, in which J either
stands for the urban planning energy EL“ or the branched transport energy Mg,

JxiIx2) <IJT(xa) + T (xe),
J(x1or x2) £ T (x1) + T (x2),

xillx2 _  xa1 x2 ,xillxe _ | xa X2
o 1 =py +pgt, pl = pZ 4+ ps,
xiorxz _ X xXiorxz _ X
. [L+1 T 27M+1,‘LL_1T 2= X,

where the second inequality uses Propositions 2.2.2 and 2.3.2 and where both inequalities become equal-
ities if the patterns do not overlap.

3.2 Elementary cells

We introduce here two elementary irrigation patterns which we will use to build more complicated ones.
They are illustrated in Figure 2.

Definition 3.2.1 (Elementary cell in nD). Let I'_; = [—1,0], T'y; = (0, 1], and define for a multiindex
j € {—1,1}""1 the unit square
n—1

Fj = >< sz‘
=1

in the orthant defined by j. Its midpoint shall be denoted by m; = %j € R* 1.

The elementary cell with base point = (2/, x,,), width w, height h, and flux f is defined as the triple
(Ff,pr,XE7w7h7f) for the reference space I'y = [—1,1]"7! = Uje{—1,+1}“*1 I';, the reference measure
Pr, = fL" LTy, and the irrigation pattern x}, , (: g x I — R",

X57w,h7f(p, t) = (2’ + tgmg, v, +th) forpel;.

The initial and final measure of the elementary cell are

E E
Xz, w,h,f _ on—1 Xz, w,h,f __ } :
,LL+ - 2 f(s:m ,LL7 - f 6(z’+%mj,zn+h)'
je{-1,1}n=1

Note that the image of Xg,w,h, # consists of 27~ branches with length

1:\/(71*1) (%)2+h2:,/"1;61w2+h2 (3.2.1)
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and is fully contained in
n—1
E:az+([—%},%} x[O,h]).

The initial and final measure of the elementary cell are concentrated on the bottom and top boundary
of F, respectively.

Lemma 3.2.2 (Elementary cell cost). The urban planning and branched transport energy of an element-
ary cell satisfy

Eli,a(xg,wﬁ,f) = 2n—1 min{a'f7 f + E}l
Mg (X wp ) =2""" 1701

forl from (3.2.1).

Proof. This is a straightforward calculation based on inserting ngw, n,¢ and Pr, into Definition 2.2.1 and
Definition 2.3.1, using that the mass through each point Z of a branch is given by m,e ; (z)y=f. 0O

Definition 3.2.3 (Wasserstein cell in nD). The Wasserstein cell with base point z = (2/, x,,), width w,
height h, and flux f is defined as the triple (I'y, Pr f,xyw,m f) for 'y, Pr; as in the previous definition
and the irrigation pattern Xz‘,]wﬁ,f Iy x T — R,

X, g (P2) = (2" + t4p, & + th) .

The initial and final measure of the Wasserstein cell are

W W
P = = FE)HTIL (o (5 317 x (b))
Just like the elementary cell, the Wasserstein cell is fully contained in E.

Lemma 3.2.4 (Wasserstein cell urban planning cost). The urban planning energy of a Wasserstein cell
satisfies
min{af, f +e}w ifn=2and h=0,

Esa
(Xacwhf {2n 1 f\/”172_|_h2 else.

Proof. If n # 2 or h # 0 we have m,w ; (z) = 0 for all & # x. Using this in Definition 2.2.1 we obtain

1
B O g) = / / X O (D) s (02 1)] A AP, (p)
f
:a/ V& p2 + h2dPr, (p) < 2 tafy/) O w? 4 b2,
Ty

The case n = 2, h = 0 follows analogously, using m,, ; f(:E) =f(1- Ii%/;“‘) for any & € (21 — §, 21 +

©) x {25}, O

3.3 Upper bound for optimal urban planning energy £5%4
To derive an upper bound we have to construct an irrigation pattern with the desired energy. It turns
out that branched transport in dimension n = 2, 3, and higher requires slightly different constructions,
however, the basic approach is the same for all of them. In particular, we will employ a pattern as
illustrated in Figures 3 and 4. It is symmetric about x,, = % so that it suffices to consider the upper half.
It consists of K layers, where the k*® layer just represents an array of N ,?_1 identical elementary cells.
At the top boundary an additional layer of Wasserstein cells is added.

In more detail, without loss of generality we assume the hypersquare A, whose sidelength is ¢ =

"/ H"1(A), to be given by

A=10,0"""

11
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Figure 3: Illustrative sketch of the construction ansatz in two dimensions. The thin lines indicate the
boundaries of the elementary cells.

Let xy ;, wg, hy, and fj, denote the base point, width, height, and flux associated with the ith elementary

cell in the k" layer, where i € {1,..., Nx}"~! is a multiindex. We choose
_ —1
w = 2" wy, Ny = ka7 fro= ()",
kol (3.3.1)
hip = cwgsﬁaw(a — 1)6, Trs = | (i1 — 5)Wky oo+, (1 — %)wk, % + Zhj
j=1

for the coarsest cell width w; and some constants ¢, «, 8,7, € R to be determined. Now we define the
irrigation pattern describing the &*" layer as

_ E
Xk = H Xz, i ywi hi, fr
ie{l,...,Ny}n—1

and the top layer of Wasserstein cells as

— w
XK+1 = H X$K+1,i,wK+17H:fK+1
€1, Ny}

for some K € N, H € R. Note that for K =1,..., K 4+ 1, the reference space of xj is the disjoint union
I'y = Hie{l,...,Nk}"*l Fﬁck, where Flj}k just denotes a copy of I'y, . Now it is straightforward to check that
the function 4

Tk:Fk—>R”_1, cmkBP}—}CL‘k’i—‘r%p

represents a measure-preserving map from the original reference space T onto (A, B(A), L7 1L A).
Hence, we can identify particles in T'y, with particles in A via the map T} and thus may take (A4, B(A), L7~ 1LA)
as the reference space of xj. This simplifies the composition of those patterns, as now we have

Xt (D,1) = xk+1(p,0) for almost all p € A

so that we may define the series of all layers in the upper half as

Xu = ((- .- ((Xl O1d Xz) O1d X3) °rd - - -) °1d XK+1) ;

12
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Figure 4: Tllustrative sketch of the construction ansatz in three dimensions. The thin lines indicate the
boundaries of the elementary cells, the shaded regions represent Wasserstein cells.
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using Definition 3.1.2 with the identity map Id : A — A. The irrigation pattern y; of the lower half is
constructed in the analogous way, and the full irrigation pattern is defined as

X = X °1d Xu-

It turns out that the constraint of the construction having total height 1 already fixes the width of
the coarsest elementary cells. Indeed, since the heights of all layers have to add up to 1 we require

K K
1 — 2 Ko
1=2 (Z hy + H) = 2c(2w1)*e?a"(a — 1)° Y 27 4+ 2H = 2cwfe’a’(a — 1)’ ——— + 2H.

1—-2~«
k=1 k=1
(3.3.2)
Assuming 1—2H to still be of order 1 it transpires that we should roughly have w; ~ eha % (a— 1)_3
Based on these heuristics we simply choose
w1 zésfga*%(a—l)*% for ¢ € (3,1], (3.3.3)

where ¢ accounts for the fact that the total total width ¢ of the geometry has to be an integer multiple
of wy, that is, ¢ is determined such that this holds true. Of course, this requires in particular w; < ¢,
which is why for all our constructions we will have the constraint

e<a Fla—1) FH"Y(A) FoD, (3.3.4)
The constant ¢ is now obtained from (3.3.2) as

1-2H 1-27°

= 1=2_~ ga-1) 3.3.5
c 260‘ 1 _ 27KO¢ € [ 4 ) ] ( )

Here the possible range of ¢ is based on the conditions
K >1, H <1, a >0, (3.3.6)

which will be ensured in all our constructions.
We next have to estimate the energy of x. By the symmetry of the construction and Remark 3.1.4
we have

K
gs,a,A[X] = 2E§’7a[xu] = 2 [Z Z Eli)a[xgk,igwkghk’fk] + Z Elé;a[X\IA;(+1,¢>WK+1’H;fK+1]‘| :
k=1ie{l,...,Ny}n—1 ie{l,....Ng1}1

On the other hand, using 2 (Zszl hi + H) =1and N = w%, the energy value £%%4 can be written as

K
£54A = Wi(po, ) = H"1(A) =2 (Z Ny~ by + N%élﬁ?ﬂ’z?fﬂ) :
k=1

Thus we obtain

Age,a,A S Es,a,A[X] _ g*,a,A

K
sz[z S (B0 ] i)

k=1ie{1,...,N,}n—1

+ ) (Ef:’“[xzim,i,me,m]—w}z;ﬁH)], (3.3.7)

i€{l,....,Ng41}n~!

in which now Lemmas 3.2.2 and 3.2.4 can be used.
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3.3.1 Upper bound in 2D
The first results, Theorem 3.3.1 and Corollary 3.3.2, are concerned with the two-dimensional situation.

Theorem 3.3.1 (Partial upper bound on AE%%4 in 2D). Using the notation from Section 2.2, there
exists C > 0 independent of ,a, A such that for all ¢ < min{1, H'(A)3} we have

AESSA < HY(A)CES.
Before proving Theorem 3.3.1 let us note that it directly implies the following corollary.

Corollary 3.3.2 (Upper bound on AE5%4 in 2D). For the same C as before, for alle < min{1, H'(A)3}
we have
AESA < HY(A)min{a — 1, 063}

Proof. This follows immediately from Theorem 3.3.1 and the fact that

AESBA = mXinSE*“*A[x] — Wi (o, 1) < (a — )Wy (o, 1) = H' (A)(a — 1),

where we have used £5%4[x] = aWy (uo, 1) for the irrigation pattern x : ' x I — R2, x(p,t) = (p, 1),
with reference space I' = A and reference measure Pr = L' A. O

Proof of Theorem 3.3.1. In the two-dimensional construction we set the height of the top layer of Wasser-

stein cells to zero,
H=0.

Using Lemmas 3.2.2 and 3.2.4 in (3.3.7) we thus obtain

2
Ag=t <2 lZNk < (fr +e) & + i - wkhk) + Net1(fr+1 +5)wK+1]
k=1
th ( (14 2)/1+ o 1) + (LB 4 ¢)

K
> (Sg’gk +elr(24 16h2)) N )
k=1

<HY(A)2

)

where we have used v/1 + z <1+ Z. The parameter a does not occur explicitly in this estimate so that

we expect
v =0, 0=0

to be optimal. Now intuitively, the mass flux in each elementary cell should have a vertical component

at most comparable to the horizontal one, so we will continue layering only as long as 2cwy < hy or

227k

. . B
equivalently, assuming « > 1, as long as wy > eT-o. Thus we set

K= PJrlogQ(wle%)J ,

where the |-] denotes the integer part (note that we Will have to verify a posteriori that K > 1). As a

<

< 64 —— for all k£ < K as well as wi11 < 81 o and the excess energy is estimated as

2
result, 6 h2

K
g < H A |3 (ks et ) ) + (€755 4 22)
e




where in the third step we chose the optimal exponents

3 1
=

to minimise the summands and in the last step we exploited the boundedness of the geometric series.
Note that for this choice w; turns into w; = ée3 and the feasibility conditions (3.3.6) are indeed fulfilled,
while constraint (3.3.4) becomes & < H!(A)3. Thus we finally arrive at AES*4 < CH!(A)e3 for some
C > 0, the desired result. O

a =

3.3.2 Upper bound in 3D

In three dimensions there are three different parameter regimes as indicated by Theorems 3.3.3 and 3.3.4
as well as Corollary 3.3.5.

Theorem 3.3.3 (Upper bound on AE5%4 in 3D for small a). Using the notation from Section 2.2,
2 2
there exists a constant C > 0 such that for all a <2 and e < min{%,?—ﬂ(zﬁl)z} we have

log, (a(cfn)‘ +ala— 1)+1] .

Theorem 3.3.4 (Upper bound on A&%4 in 3D for large a). There exists a constant C' > 0 such that
for all e < min{1,H?(A)?*} we have

AESTA < HP(A)VEC [[logy (VE)| + Va+1].

Theorems 3.3.3 and 3.3.4 as well as a third parameter regime can be summarised in the following
corollary.

AES A < H2(A)V/eC [

Corollary 3.3.5 (Upper bound on AE®®A in 3D). There exists C > 0 independent of a,e, A, such that
for all e <min(1,H%(A)?) we have

AE5SA < 342(A) min {a —1,Cv/E(|logy 5| + \/&)} .

Proof. Again, as in Corollary 3.3.2 we have

Ageet = mxinfe’“’A[X} — Wi(po, 1) < (a = 1)Wi(po, ) = H*(A)(a — 1)

due to £5%4[x] = aWy (o, p11) for the irrigation pattern y : T' x I — R2, x(p,t) = (p,t), with reference
space I' = A and reference measure Pr = L2 A.

Now let ¢ < min{1, H?(A)?}. Without loss of generality we may assume the constant C' in Theorems
3.3.3 and 3.3.4 to be the same and to be greater than 2. Let us abbreviate

Ty = Ve Hlog2 (G(T‘Gl))‘ +ala—1)+ 1] ,

T, = VE [floga(vE)| + va+1].
If @ > 2, then it can easily be checked that CT; > CT,. Likewise, if ¢ > ‘12(%711)2 it is straightforward
to see CTy > a — 1. Thus, AES*4 < H2(A)min{a — 1,CTy,CT,} does not only hold under the

conditions of Theorem 3.3.3, but even independently of a and . Furthermore, we trivially have CT; <
4C/21(|log, MT\/—EM +a(a—1)+1) and CTy < 4C+/2(]logy /€| + v/a) due to a > 1, so it remains to

show
min { £ ([logy 25| + ala —1) + 1), [log, VE| + Va} < Jlogy 25| + Va.

For a > 2 we have |log, /2| < |log, a‘ﬁ| so that the above inequality holds true. For a € (1,2) on the
other hand we have

+4va

so that the inequality again holds true, which proves the desired inequality in all cases. O

‘1og2 (I(T\Gl)‘—i—a(a—l)—l—l < ’10g2 a—‘ﬁ‘ +logsa+ala—1)+1 §4‘log2a—‘ﬁ
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Proof of Theorem 3.3.3. Again we just appeal to Lemmas 3.2.2 and 3.2.4 in (3.3.7) to obtain

2 w2
AEE“A<2lZNk( fk—&-s)\/“é’“—&-hi—w,%hk)-l-]\%ﬂ (4afK+1\/I§+1+H2—w%(+1H>1
k=1
2
th<1+4f 1+;L—1>+H<a\/1+122§1—1)

f:(llé}”{ +€ (4+4h2)> + (H(a—l)-i-awfg;[l)l

k=1

o

BN

< H?*(A)2

using vV1+ 2 <1+ % We now choose the minimising

WK +1
a—1 4

H =

(note that we still need to verify H < 1), thus arriving at

AESHA < HZ(A)2

K
Z (1%,)& +eik 4h2 ) TVva wKH]

k=1

(iwk’ ﬂ_'_wa 2 1+5(80+ w2 2a ))+ (a—l)wKH

1
’7:07 6:Oa 05:27 5:75

to balance all terms optimally. Recall that due to (3.3.3) and (3.3.4) this leads to w; = e as well as
the constraint ¢ < H2(A)2.

Note that we still have to specify K. The intuition here is the following. Assuming that w} stays
larger than e, the sum evaluates to a constant times K. One might expect K to increase at most
logarithmically in € and a — 1, which is not much worse than having a constant upper bound for K.
Thus, the second term may become as large as /¢ without polluting the energy estimate. Therefore, we

will choose K such that wg 1 ~ | /ﬁ, that is,

€ NG

- va(a—1) -
K= \‘].Og2 s vz el I and thus WK+1 = m, H = 4c(a — 1)

(SN e

where again |-| denotes the integer part and where ¢ = \/%QK € (3,1]. Note that our assumptions
ala

on e ensure K >1and H < é so that condition (3.3.6) is fulfilled.
Inserting our parameter choices in the energy estimate, we have

AESHA < HE(A)WE | (& + 8¢) K+chwk e+

k=1

K
1/2 _
(& + %) § logy 780 |+ ZvED 4+
k=1

< HY(A)Ve

[eH e
| S

< H2(A)WeC Hlog2 (1(217/_21)’ +ala—1)+ 1}

for some constant C' > 0, where we have used the condition on € and the bounds on ¢, ¢, ¢. O]
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Proof of Theorem 8.3.4. This construction is intended for large values of a so that unlike in the previous
construction, the mass is not discharged from the network at distance H from the top boundary so as
to move the last piece on its own. Instead, the network of pipes goes all the way to the top within Kg
layers and then even continues branching inside the boundary plane before discharging the mass.

We use the same definitions (3.3.1) as before, only in layers K¢ + 1 through K we use

hp,=0, k=Ks+1,...,K, H=0.

Applying Lemmas 3.2.2 and 3.2.4 in (3.3.7) we now obtain the energy estimate

ZNk( fk+s)\/%i+h§— > Z N4 (fi + )% L+ N dafk i \/tll

k=1 k=Ks+1
Kg K

> (ke +elye )+ D (e rezsp
k=1 k=Ks+1

Ks K

1 1 —2 Wi 4 w

\E;(§+8c+%wk e)+k ; 1(7’5+\/§fuk)+a \r;%l]
= s=Ks+

AgsaA<2[

< H2(A)2

= H(A)

fora=2 8= —%, v =0, and § = 0 as before. Note that due to hy = 0 for k > Kg the constant c is
here defined by (3.3.5) with H = 0 and K replaced by Kg, which does not enlarge its range, though, as
long as we ensure Kg > 1. Again we still need to determine Kg and K, and here the heuristics are as
follows. Writing the energy contribution from the top two layers as

WK WK
B+ Vauw T

we see that the first term can be neglected in view of the third. The minimising wg thus satisfies
wg ~ y/e/a. Likewise, for the summands of the second sum we would prefer to have the minimising
value wy ~ 2+/c. This is not possible for all summands, of course, since the wy have to decrease down to
wre ~ +/¢/a, but at least we can require wy, € [v/z, \/¢/a] for all k > Kg and wg, ~ /2. Thus, recalling

wy = et from (3.3.3) we need to choose
Kg = {10g2(45_i)J . K =K+ |log, val

such that (using ¢ = #ZKS € (3,1] and ¢ = 25 /(2Xs/a) € (3,1]) we indeed have

c
cc

wKS =

g.%

&, WK =73

#‘m

This way the energy estimate turns into

K—Ksg

AE=eA <H2(A) | (& +50) Kf+zzcwk et + 2 G+ B2)+ 5 2\@]

K- Ks
2 _ s ~
=H(A)Ve (86 +80)K+ ”2\[24 + Z 16c2kf + 57 2 )+ sfccfl
k=1
< HAHA)WES [K + e+ 257 + /a]
<H?(A)VeC [|log, Vel + 1+ V] ,
where all occurring constants have been subsumed in a large enough constant C' > 0. O

3.3.3 Upper bound in nD for n > 3

The following two theorems treat the regimes of small a and of large a, respectively.
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Theorem 3.3.6 (Upper bound on AE5**# in nD for small a) Using the notation from Section 2.2, there

1 n+41

n+1
ezists a constant C' > 0 such that for alla < 2, ¢ < min{1, ¥ (- 1 \/(2 o 1))" ; (aan L H (A )%}

we have

Ag=A < H”*l(A)csﬁ ala—D"
Theorem 3.3.7 (Upper bound on AE%4 in nD for large a). There exists a constant C' > 0 such that
foralla>2,e< min{l,’}—l"il(A)%} we have

n—2

AESA <YV (A)CemT/ala—1)" "

Both theorems can be summarised in the following corollary.

Corollary 3.3.8 (Upper bound on AE5%4 in nD). There exists a constant C > 0 such that for all
n41
e < min{l,H" 1 (A)»—1} we have

) n-3
AESA < H"L(A) min {a —1,Ce"1\ava—1""" } .

Proof. The inequality AE5®»4 < H""1(A)(a — 1) follows as for the two- and three-dimensional case.
Now let ¢ > 1 and € < min{l,H"‘l(A)%} be given. Without loss of generality we may assume
the constants C' in Theorems3.3.6 and 3.3.7 to be identical and to be larger than Ca=1 for O =

—n? —-n
min{\@1 ,V/8(n — 1)1 +. If @ > 2, Theorem 3.3.7 implies
n—2

AE=A <Y YA Cem T fala— 1) < HHA)Cem T ava— 17

so that we are done. If a < 2 and ¢ satisfies the conditions in Theorem 3.3.6, then this theorem implies

Ag=A <Y Y A)CemT/ala— 1) < H TN A)CeTTVava - 17
again finishing the proof. Finally, if a < 2, but the conditions on & from Theorem 3.3.6 are violated, then

~ - S +1 L 1 e
in particular we have ¢ > C'\/a(a — 1) . However, this implies Cenr Vvayva—1""1 > (a—1) so that
the inequality to be proven reduces to AES*4 < H""1(A)(a — 1), which concludes the proof. O

Proof of Theorem 3.3.6. In analogy to the proof of Theorem 3.3.3 we obtain

K
AESA <2 lz Npt <2”1(fk +e)\/ BGtwE + hE — wg—lhk>
k=
N;n(+11 < CLfK+1\/ ntwk , + H? — wK+1H> 1

2 n— 'lU2
< H" Y Z (Ll + o2t (1 ) + (Ha = 1) +a(i’gHK+l)]
K 2
. 1 I s n— a—n n—1)w;
=AY ((" o (o — 1) 2 e e (0 — 1) (14 L)
=1
Y= 1)wz<+1] | (3.3.8)

where we have chosen the minimising

_ n—1 a
H = V 32 a—1WK+1

(for which we still have to verify H < i) Next we choose the exponents

a:nTH7 ﬁ:_%a 726:0
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to balance all the terms in the sum, resulting in

Ags,a,A < anfl(A)Q

K

zn n— n— n—1)w? n—
Zka \/g ((32(:1) +2 16(1 + ( 32}3% k)) + Tla(a - 1)U)K+1
k=1

n+1

Note that by (3.3.3) and (3.3.4) this results in w; = ¢ "/ as well as the constraint ¢ < H"~1(A)»-1.
2
To fix K the basic idea is as follows. Let us assume hj; > w;, so that the term of the form % can
k
be neglected in our estimate. In the above sum the wyj occur with negative powers so that the sum
3—n

evaluates to ~ \/ewg? ;. Balancing this with the term of the form \/a(a — 1)wx ;1 we should have
Wi 1 ~ VN — la(a%l). Thus we choose

K = |log, ((a(a - 1))77e™ 1) |,

which due to our assumptions on ¢ is strictly positive and thus admissible (the square brackets again
denote the integer part).

With this choice (and using é = (a(a — 1))_ﬁ5"2271 2% € (1,1]) we have
1

1
£ n—1 e n—1
- d H= n=l_a (__%
<a(a_1>> o 7 a1 <a<a—1>> ’

which indeed satisfies H < % due to our constraints on €. Thus, all conditions (3.3.6) are fulfilled.

w1

U}K+1:27_

[S NN
[e NN

2 2 ~ n
Note that % < :iii = L (£)" 'a(a — 1) < Z; so that the energy estimate becomes

Aga,a,A < an—l(A)2

K an n=5
Zka ﬁ((’;;? +2n—1c(1+%)) +1/ 2tala — Dwi 4
k=1

3—n
<H A [wivE + Vale — Dwicy]
< H"H(A)Ce7 (ala — 1)) 7D
for some C > 0. O

Proof of Theorem 3.3.7. For large a the previous energy estimate is no longer correct since it is based
on hg 2 wg, which the construction will not always satisfy for large a. This indicates that the term

~

involving ”;j—;f in (3.3.8) will become dominant. As before, the summands in (3.3.8) will be negligible
k

except for the K" term so that the energy behaves up to constant factors like

Ags,a,A ~ Hn_l(A)

(w%{aa_v(a _ 1)—68—6 + w?{nJrlav(a _ 1)551+B(1 4 1}‘1’7})) ++a(a— l)le .
K

Let us assume the first term to be negligible. If we choose optimal parameters, the remaining three terms
2
should balance, that is, we should have 1 ~ ¥ as well as w% "*'a7(a — 1)%'*# ~ \/a(a — 1)wg. The

=
. . hK
former results in wg ~ hg or equivalently

While lhe lat leI‘ iS equivalent tO
1_ A 1_§ 1 @
wKN<a2 (a_1)2 € ﬁ) n.

Equating both scalings and picking « as in the previous proof we obtain the exponents

1

:%7 B:_ﬁa 7:6:

=

(07
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1
; : _ 1-K _ € AT gl—K
The above scaling of wg together with wx = w2 = c( a(a_l)) 2 now suggests to choose

K = {1og2 (26M(a(a - 1))ﬁsfﬁ” > 1.

For some constant ¢ € (%, 1] this then results in

1
n—1

IN
c

1
_ 1 n=T _ 1 a
wK+1—m<\/ﬁ) andH_mMm(\/ﬁ)
satisfying (3.3.6). Finally, the energy estimate (3.3.8) turns into
n=2
AESA <Y (A)Cala — 1) emT

for some constant C' > 0. O

Remark 3.3.9. It is a straightforward exercise to show that in the proof of Theorem 3.3.6 we could

have equally well used any exponent o € (2,n — 1) as well as f = 1;701‘, vy =460 =2°22t_1 and

n n—1_ 27
K ~ log, ((a(a — 1))%7:;)5_@(”1*1)). Likewise, in the proof of Theorem 3.3.7 one could also choose
e@2n-1),8=12=%v=0= —%, and K ~ log, ((a(a - 1))2a<%*1>570<n1*1>>. This tells us that

the energy scaling does not give highly precise information about how optimal geometries and irrigation
patterns look like, since there are multiple rather different geometries with the same energy scaling.

3.4 Upper bound for optimal branched transport energy M4

Here the construction of an irrigation pattern with the desired energy scaling is similar to the urban
planning case, however, this time the mass cannot travel outside the pipe network. This implies that no
Wasserstein cells can be used and instead the pipe network has to refine infinitely. Again we will assume
A = [0,£]"~1 without loss of generality.

Theorem 3.4.1 (Upper bound on AM=4). Using the notation from Section 2.3, there exists C > 0
independent of €, A such that for all £ < min{ﬁ,?—["_l(A)%} we have
AMEA <HL(A)Ce|loge|.

Proof. Again, the width, number, and flux of elementary cells in the k" layer are specified as

wy, Np=-:L, frp= (%)n_l-

Wi

wg = ol-k

Furthermore, letting i € {1,..., N;}"~! a multiindex, the height of an elementary cell and the i*" base
point shall be

hy = {cw,?sﬁ, k<K,

k—1
0, k>K, ET (i1 = 3)Why -+, (1 — 5)Wis 3 +j§hj

for some constants ¢, «r, 5 € R, K € N to be determined. As in urban planning, the irrigation pattern of
the k" layer is given by

_ E
Xk = H Xz, i wie hi, fr?
ie{l,...,Nk}"_l

and these patterns are again compatible to be composed in series according to

Xu = (( - ((Xl O1d X2) O1d - -- °1d XK) O1d XK+1) O1d XK+2) o d ----

In contrast to urban planning this is an infinite series of patterns, but it is straightforward to see that
it is actually well-defined (using, for example, that the lengths of the fibres converge). As in the urban
planning case, the full irrigation pattern is then defined as

X = Xi °1d Xu»
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where x; describes the lower half and is constructed analogously to xu,.
Since the total height of the construction is 1 we have

K
1727Ka
1722}%722@; ef = 2c(2wy)*e? Y " 27 = 2cuwfe ﬁ,
k=1

which implies that we should choose

- _g-a 9= o
wy = Ce =, €= 5= 152 ®a € [F2—,2° o
where we have used K > 1, & > 0 (which will be verified later) and where ¢ € (3,1] is such that the

total geometry width ¢ is a multiple of w;. Note that this requires ¢ < £~5 = H"fl(A)fﬁ.

Next let us specify K. The idea behind taking hy = 0 for all k£ > K is to separate all elementary cell
layers into those for which a substantial vertical mass flux takes place and those for which the vertical
mass flux can be neglected compared to the horizontal one. Thus we should have hy 2 wy for k < K

and hx ~ wg or equivalently wg ~ 5%. Due to wxg = wi2!=% = 65_221_1( this suggest to fix
8
K=1+ Llog2 (265@01*1)” and thus wx = 5z~ o1

for some ¢ € (%, 1], where we have K > 1 as long as a > 1 and 8 < 0.
It remains to specify a and 8 and to estimate the energy of y. As in the urban planning case we
exploit the fact

K
MPA =N A) =2 NP wp T hy,
k=1

as well as Remark 3.1.4 and Lemma 3.2.2 to obtain

AMEA = 2Mg[y] — M*4

K 00
=2 |:Z Z (Mg[xgk,i;wk;hk’fk] - w;clilhk) + Z Z Mlg[xgk,i’wk’hk;fk]

k=1ie{l,...,Np}n—1 k=K+1ie{l,...,Np}n—1
K
<2 o (2 0 o - )
k=1
+ Nl?12n—1(w2k>(n—1)(1—5)\/Z—lwk]
k=K+1
5 o0
k=K+1

Note that we can estimate

log ((%)_6("_1)> < log <(“’TK)_E(”_1)) <(n-1)e (log(4c) + | = | loge\) <log4+ (n— 1)|(£1 |-
Abbreviating the right-hand side as Z, we now employ the inequalities

VI+2<142V2>0 and e <1+e2vze0,7]
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for ¢ = 1—61,1—2 and % = log ((%)~*("=1)), the energy estimate turns into
- K ) o
AMEA < 21" 1(A) th ((1=estn—1)log(%)) (b 4h +1) = 1) + V5 37 (ge)mstom ”}
k=1 k=K+1
K ) %S
<t ) o] S (42 35+ Sy )]
: k=1 k=1 k1
— 21" (A) M‘bgfg 1| 4+ (2L 1 7)) (2uy)? 522 k(2—a)
Vil (1 -8 1—e(n—1) 1
+ 3 (%5 Ml) ST D7 |
Choosing

a =2, Bg=-1,
and letting C, C' > 0 denote constants independent of e, A, this turns into
AMEA < H' Y (A)Cel|loge| + K + e~ 1] < 4" 1(A)Ce|loge|
as desired. O

4 Lower bound based on convex analysis

In this section we prove the lower bounds from Theorems2.4.1 and 2.4.2. The technique employed is
based on the one briefly explained in the introduction and heavily exploits convex duality. In particular,
we will several times need the following convex duality bound on the Wasserstein distance.

4.1 Bound on Wasserstein distance

Lemma 4.1.1. Given s,t € R, let p = gH" '{x,, = s} for some measurable function g : {x, = s} —
[0,m] and v be a non-negative discrete measure with sptv C {x,, =t} and H°(sptv) = N. Then there is
a positive constant C = C(n) such that

. 2
Wi(s,2) > [t = [ lom + Cl o min{ 257 R}

for R= "7/ %“’: the radius of a single disk if p were a uniform measure of density m on N disks
of equal size.

Proof. It p and v have different mass, Wi (u,v) = oo and there is nothing to prove, so we assume
|4l om = ||¥||tbm- Also, without loss of generality we shall assume s = 0 and ¢ > 0.
Let us define the test function

Y(x) = dist(z, sptv) .
The dual formulation of the Wasserstein distance (Theorem 1.1.2) yields

o0
Wi (u, V)—tIIVIIfme/ wd(u—l/)—tIIVIIfme/ dist(%spw)—tduz/ w(R™\ By (sptv)) dr,
R R 0

where we employed the layer cake formula. Note that the integrand is bounded below by

w(R™) — p(Bigr(sptr)) > max {O, ]l fom — MNwy—1 ( (t+71)2 — t2)"_1} =: M(r).

1
Introducing the new variable p = /(¢ + r)? — 2 and the maximum radius R = (%ﬂ":l) "' we thus

obtain the estimate

RM— 1 _ n—l

ﬁ

_ /R [l — mNw, _1p" !
0

W)=l > [ M) ar
) r ()

dp=mNw,_1 /
0

23



Now if R < 2¢t, we have /1 + (%)2 < \/5% for all p < R so that

mNw,,_1 /R 1 n—1 R?
yV t||v m Z - R" —ptdp = ———||v m~—

while for R > 2¢ we obtain

R n—1 n—1 n—1
R —p 1+ (n—2)2
Wi(u, v) —t|v||mm = mNw, ——dp=——"—||V||lm R

We are now in a situation to proceed with the lower bound proofs.

4.2 Lower bound for £5%4

In this section we prove the lower bound from Theorem 2.4.1. We will treat the different dimensions
separately, as different phenomena occur in different dimensions. In two dimensions, the bulk of the
excess energy is contributed from the centre of the domain A x [0, 1], while in dimension greater than
three, the dominant part of the excess energy stems from boundary layers at x,, = 0 and z,, = 1. The
three-dimensional situation represents an intermediate case, where the dominant energy contribution is
distributed all over A x [0,1]. In all cases the proofs follow variations of the same theme, namely the
classical technique from [KM94]. In two dimensions, where the energy is concentrated near the centre,
we will bound the excess energy from below using the relaxed energy between pg, 11 and a generic cross-
section {zo = t} with ¢ ~ % In three dimensions, where the energy is distributed over different layers,
we will employ the same technique, only now considering various cross-sections. In higher dimensions,
where the energy is concentrated near the boundary, we will apply the technique to a cross-section near
the boundary. The estimates require lower bounds of the urban planning cost in terms of the Wasserstein
distance. In detail, for two finite Borel measures pi, 1— of equal mass and an optimal connecting network
3>* we will use the bound

min £55H A [y] = £ (5] > Wag. (o) = Wi, o). (4.2.1)
X

In the following we denote by ¥* and x* the optimal network and irrigation pattern for £5:®4,
respectively, which are related as detailed in Section2.2. Furthermore, we use the following type of
pattern reparameterisation. For s € (0,1), p € " we define the section crossing time and the section

crossing point,

tp(s) =min{t € I : x;(t) € {wn =s}} , (4.2.2)
§"(p,5) = X3 (tn(s)) (4.2.3)

to be the time when particle p reaches the cross-section {z,, = s} for the first time and its position
at that time, respectively. Both the above are well-defined since for almost all p € T', x; € AC(I)
and x;(t) € {z, =t} for t = 0,1. If x; visits each cross-section just once, £; = £*(p,-) is indeed a
reparameterisation of x7(I), else it just reparameterises part of x; (/). In addition we set

Fy={pel :§(s) ¥},
AF, = Pr(T'\Ty),
Hs :f*(-,s)#(Ppl_Fs),

Ny = H(sptps)

to be the set of particles travelling through the network ¥*, the amount of particles bypassing the network,
the mass distribution inside the network, and the number of network pipes, all at height s. Note that
T's is well-defined up to a null set, that Ny might possibly be infinite, and that ||us||gm = Pr(T) — AFs.
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Bounds on Ny and AF can be established via the following estimate. First note that

/7'2:(;()(*(107 t))‘X*(Pa t)| dt > Hl(X;(I)) +/ < d’]—[l(x) +/ a—1 dHl(l')
I

D (Dns+y My (2) DGO\
1

>14+ 5/ dH' () + (a — 1)/ dH ' (x). (4.2.4)
D (Dnsey M- (2) {€(D\5"}

Note also that

1 1
——— dH () dPr(p) = / / ——— dPp(p) dH (x)
/F/{X;(I)OE*} mX*(x) * J{perl : zex;(I)} mx*(x)

My () Ly — gl 1 .
s M- (@) At (z) = H(Z )Z/O N,ds. (4.2.5)

We also have

1
/F /[ e dH' (z) dPr(p) > /F /0 Lro\s (€5(5)) ds dPp(p)

1 1
:/ / dPr(p) ds:/ AFgds. (4.2.6)
o Jr\r, 0

Integrating inequality (4.2.4) over I and using inequalities (4.2.5) and (4.2.6) we thus obtain
1
£ A\*] > Pp(T) +/ eN, + (a — 1)AF,ds.
0

4.2.1 Lower bound in 2D

The lower bound derived here actually holds in any dimension, only it is not sharp for n > 2. Therefore
we will keep the more general notation n for the dimension.

The proof proceeds in the earlier described way: we first state some properties of a generic cross-
section and then solve the relaxed problem below and above that cross-section, exploiting the cross-section
properties. The cross-section properties are bounds in terms of the excess energy A4,

Lemma 4.2.1. There is a generic s € (0,1) such that

g,a,A g,a,A
N, < && and AF, < A% .

€ a—1
Proof. For a proof by contradiction, assume that almost all cross-sections s € (0, 1) satisfy N > Ag:a'A
or AF, > Aiiiﬂ. Then
1
g4 "] > Pp(T) +/ eNs+ (a— 1)AFsds
0
1
— HY(A) + / N, + (a— 1)AF, ds
0
1
> Egned 4 / max{eNg, (a — 1)AF,}ds
0
> 5*,a,A + ASE’Q’A7
the desired contradiction. O

Proposition 4.2.2. Fore <1 and a > 1 we have

AESHA > "TL(A) min{sn%ha —1}.
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Proof. Let s € (0,1) be the generic cross-section of the previous lemma, and let

ﬂo == X*(-, 0)#(PF|_FS) 5 (427)
fir = X" (1), (PrLT) (4.2.8)

be the irrigating and the irrigated measure, respectively, of all particles in I'y. Abbreviating R =

"4/ w, we have (see Remark 3.1.4)
sWn—1

ga,a,A[X*} _ 55,@,%,“3 [X* st[o,s]] + ga,a,us,ﬂl [X* L x[s.1]
> Wi (fio, pis) + Wips, fir) + Wi(po — fio, p1 — fir)
> 5] sl + Clltts | om min{ 2, R} + (1 = 8)[|1ts [l sbm + Cllptslsom min{ 2, R} + |10 — fio o
= llolom + CRllzellrom (min{ 2, 1} + min{ £, 1)
> €554 4 CR||jtg|om min{2R, 1} ,

] + gfaaauo—ﬁ07lt1—ﬂ1[

X*|(I‘\I‘S)><I]

where we have employed (4.2.1) and Lemma4.1.1. Now the two cases R > % and R < 1 are treated
separately. For R > %, the above inequality turns into

AgEwA > %”/‘suﬂjm = %(Hﬂil(A) —AFy) > %IHTFI(A) - 2(aC;1)A€€,a,A

by virtue of Lemma4.2.1, which implies

Agoeh > HHA)/(F + 1) Z min{la — TIH"H(A).

IfR< %, the above inequality turns into

2

ASE’G7A > 2CR2 =920 1+% 1 n—1 > 1+% e %1
> lpsllom = 2C [ psllgpm (7o 2 Musllgpm " (mggaa) ™7

1

which can be solved for AE5%4 to yield
AEA 2 pnellmme T 2 W (A — Ly Age e Aerh
by Lemma4.2.1. This finally implies

AESA > H LAY (677 4+ 25) 2 HPH(A) min{eT a1}

4.2.2 Lower bound in 3D

The previous estimate in three dimensions becomes AES*4 > 72(A) min{\/¢,a — 1}. However, the
upper bound and its proof suggest that we are missing an additional factor |loge|, which comes from
the fact that—when the optimal network >* refines from the centre z3 = % to the boundary—every
refinement layer contributes the same excess energy. Therefore, it no longer suffices to consider a single
cross-section and the excess energy induced by it, but the previous argument has to be refined to take
into account multiple cross-sections. The following lemma characterises the different cross-sections.

Lemma 4.2.3. For any K > 0 there are s, € 2777127 k=1,...,2K, with s, — sp11 > 27572 and
such that at least half of the sy satisfy

Aga,a,A Aga,a,A
N, <4 d AF, <4-—°%
an T T K(a—1)sg

ke Kesy,
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Proof. Consider the dyadic intervals Jy = [2 k=1 9=k k = 1 ,2K, and denote by J C {1,...,2K}
the set of indices k for which Ny > 4A‘S or AF, > 42&%_ for no less than half the s € Jk Then

K(a— 1)5
we estimate
b 2 4 || A
€,a, _ AES* _ 4 €,a,
Ag=mA > /]k N, + (a—1)AF,ds > > /3_2%24 o ds = 24log JAE,

keJ

analogously to Lemma4.2.1. This can only be satisfied if the number |J| of elements in J is less than
K. Thus we can pick at least K cross-sections s; € J; with the desired property. O

Proposition 4.2.4. In n = 3 dimensions, for e <1 and a > 1 we have
AESA > 32( A) min {\/E (\/a+ ‘log %D - 1} .

Proof. Let us assume

AESA <27 BU2(A)min{l,a — 1} .
We now consider cross-sections {3 = s}, k = 1,..., K, where % > 51> ... > sg > 272K-1 denote the
K selected cross-sections from the previous lemma and K > 1 is chosen such that

128 a AgomA c [2721{72,2721(71]

a—1 H2(A) ’
which is possible since AES®4 < 273H2(A)min{a — 1,1}. The total amount of particles bypassing ¥*
on at least one of the cross-sections {3 = si}, k =1,..., K, can be bounded above by

K K
ANEE A 1 16AESwA 1
AF, < — < < ZH(A).
é S’“_K(a—l);sk_K(a—l)sK_8H( )

Likewise, we can bound the set Ay C I' of particles that between the cross-sections {zx3 = sgt1} and
{x3 = s} travel horizontally by more than s; — sx41. Indeed, we have

e )= [ )| ataPe) > [ 1 G AP )
X

> /rl + (V2 = 1) (s = skr1)1a, (p) dPr(p) = Po(T) + (V2 = 1)(s — sk41) Pr(As)

so that Ags,a,A Eom A[ ] PF(F) > (\/5 — 1)(5k — Sk—i-l)PF(Ak)- Thus,
K K
AgsaA 1 SAESHA  H2(A)
Pr(Ag) < < < .
Z r( k)_\/iflgsk_sk+l_(\/§*l)s[(_ 4

In the following, we will only consider particles that on each cross-section flow through ¥* and that
between any {23 = sg+1} and {z3 = s} travel horizontally by no more than s — sp41, that is, particles
o K ) K K 5
[= () \A)  with Pp(D)>Pr(T) =Y AF, —> Pr(Ay) > g7{2(14).

k=1 k=1 k=1
Now, for s € [0, 1] let B

fio = €°(-,8) 4 (PrLT)

be the mass flux distribution on {x3 = s} of all above selected particles. We have ||fio|/tom = ||21|fbm =
sy lfom = - - = [|ftsx |lom = SH2(A). The total urban planning cost can now be estimated as follows

(see Remark 3.1.4),

K—-1
ga,mA[X*] > igf £ 10— fio, 11— f1 [X} + irif ga,a,ﬁmﬁsK + Z 1nf &e @sflsy s ofhsy, [X] + ir;f £ hsy A1 [X]
k=1 X

K-1
> Wi (po — fio, tin — fin) + Wi fio, fisie) + O Wilfisyy s fisy) + Wi fis, , fir)
k=1
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so that the excess energy is bounded below by

Ags,a,A geaA[ ] zH2( )
K-1
= 5] = o — fiollim — [ Zollom [sx + D (sk = sp41) +1 =51
k=1
K-1
> Wl(ﬂSK7[LO) - ”:&‘SKHSK + Z (Wl(ﬂsk?ﬁ5k+l) - ”ﬁSkH(Sk - $k+1)) ;
k=1

where in the last step we used W1 (po — fio, i1 — fi1) > [[po — fto[liom as well as Wi (fis, , fi1) > || fiol|mm (1 —
s51). Now let (-)" denote the projection onto R?, that is,

() : R? - R?, 2’ = (w1, 72) and p = (')/#N

for u € fbm(R3). Let us define also

; A X R%) = ji,(A), u(R® x B) = jiy(B) for all A, B € B(R?
[i(jiy, jir) = 4 p € fom(R® x R3) - w ) = fis iu(B ,) lf;t( ) &)
sptp € {(2,y) e R° x R° : |2/ — /| < |zg —ys|}

Using the inequality

Va2 + 382 — ﬂ>— forallge[O,\/g]

4B B
and the notation from Definition 1.1.1 we get
Wi i) < [l =)= it [ ooyl = (5= du(ey)
ET(fis,fit) JR3XR3
~ i VI =y P+ (s — 62 — (s — t) du(z,y)

HET (fis,fie) JRS xRS

I 2
> i [ BV gy
R

BEM(fie.ie) Jrexrs 4(s — 1)

Wa (i, fiy)*
4(s —t)

for any s,t € [0,1]. Thus, the previous estimate becomes

_ 9 o
A557Q7A > Z W2(Mskﬂu’;k+1) + WZ(#;K7M6)2
T Alsk = ske) dsg

2
Kol [Wz(usk,uo) Wz(%,ﬂ’sw)} L Waiil,e )

>
4(sp — Sk+1) 4s

)

k=1

where we have used the triangle inequality. Now Jensen’s inequality, Lemma4.1.1, and Lemma4.2.3
imply

- - 2
Wl(ulsw:u’()) > 02 H/’l‘sk ||fbm > 2502KH2(A)258]€ —. (dz) 7
VIS, Tebm wa N, 256wy AESa:A

thus the bound on AE5%4 can be expressed as

Wo (i), , fig)? > (

-1 - 2
AESWA > inf M + dx

di2di k=1, K 4(sk — Sp+1) A4Sk
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Using then first order optimality conditions one can check that this convex optimisation problem is
minimised by the choice d, =dj,, k=1,..., K, so that

K-1 « 2 % K—-1
AESGA > Z — diia) n (dx)? N KH?(A)% Z (V5K = /3rt1)? 1
- - Sk - Sk+1) 4si AEsaA Pt Sk — Sk4+1
Sk
L ORH2(A)?% ["\E 1 e L] s AP 1o ¢ a AgseAN|?
COAgEeA ey see ~ AEswA —1 H2(A)
using o %. Abbreviating z = 12845 A?fz Ay this inequality can be transformed into
ﬁ pe (ﬁ)?&, which can be solved for z to yield z 2 -5/ max {1, |log Zf|} Thus,

AESHA > % (A) /e max { ’10g e

This bound was derived under the assumption that AES»4 < 271342(A) min{1,a — 1} so that together
we obtain

AES®A > 32(A) min {ﬁ (1 n ’log o ) a—1, 1} .

In addition we will derive the bound

AESA > (A min{va2 — 1" " enT,a—1} = H2(A) min{veva2 — 1,a — 1}
in Section4.2.4. Now assume, the minimum in the former bound were achieved by 1, that is, a — 1 > 1
as well as /¢ (1 + ‘log “—\};D > 1, and the estimate reads AES%4 > H2(A). As long as v/eva2 — 1< 1,
the latter bound does not overrule this estimate. However, this can only happen ife ~ 1 and a — 1 ~1

so that actually AE5*4 > H2(A)(a — 1). Thus, the 1 in the former bound may be neglected, and we
finally arrive at

AESHA > H2(A) max {min{\/g (1 + ‘log a—\;gl‘} ,a— 1} ,min{ﬁm,a - 1}}
> H2(A) min{ﬁ(l + ‘log“—\;gl‘ + Va2 — 1) ,a — 1}
> H2(A) min{\@(\/awL llog“—\;gl’) ,a — 1} .

4.2.3 Lower bound in nD for n > 3

In two dimensions we bounded the excess energy from below using the relaxed energy between g, p1,
and a generic cross-section {xy = s} with s ~ % In three dimensions we employed the same technique,
only now considering various cross-sections. In higher dimensions, where the energy will be concentrated
near the boundary, we apply the technique to a cross-section near the boundary. The next lemma is a
generalisation of Lemma4.2.1.

Lemma 4.2.5. Let T € (0,1). There is a generic s € (0,T) such that

Ags,a,A Ags,a,A
Ny < d AF, < ——.
=TT o =@-1T
Proof. Tf almost all s € (0,T) satisfied N, > & or AF; > f‘ag 7> then we had A&=® A > fo eNg+
(a —1)AF,dt > AE>4, a contradiction. O

Proposition 4.2.6. Fore <1 and a > 1 we have

AESHA > 7% (A) min{\/a\/a %{—:ﬁ,af 1} .
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Proof. The lower bound proof now is as follows (note how the procedure parallels that of the case n = 2).
Assume AES44 < LH"1(A)(a — 1) and pick

20804
Hr 1 (A)(a—1)

Let s € (0,T) be the cross-section from the previous lemma. Let [ig, i1 be the irrigating and irrigated
measure of all particles in T'y according to (4.2.7) and (4.2.8). Now

T =

gs7a7A[X*] > igf £8:0:0,1s [X] + ir;f EE:0 ks [X] + W, (Mo — Jig, 1 — /11)

> Wl(/l07M8) + Wl(umﬁl) + WI(MO - ﬂo»ﬂl - /11)

> sl ts|ltom + C|ltts ] fom mln{ R} + (1 — s)||ts |l tbm + |40 — follbm
> £ + CR| s |l om min{ £, 1},

where we have employed Lemma4.1.1 with R = ™7/ % By virtue of the previous lemma, our as-

n—1
sumption on AE5*4 and our choice of T, ||js||fom = H" 1 (A)—AF, > A and N, < w
so that R > n»-, ,Uﬁ Inserting everything into the above estimate,
n—1(a )

,a, Hn 1 A . Hn 1 A n—2
(c/’s A > C ( ) " 11/ o 1( 1) mln{wﬁsn 1 (a — 1)”*17 } . (429)

Now we consider two cases.

o If AE504 < A oty (a—1)n=1 = , inequality (4.2.9) yields

PR
AgmA 2 WL (A)

Note that this is only possible for a — 1 2 1.

o If AESA > %Eﬁ(a - 1)H7 inequality (4.2.9) can be solved for AE%4 to give

n—3

AESTA > L (A)eniy/a— 17"

Both cases can be summarised as
Aga,a,A 2 ’Hn_l(A)Em . I
va— = else.

This bound was derived under the assumption that AES®4 < H"~1(A)(a—1). Together with the bound

n—2
AESHA > H L (A)min{vaZ — 177" e T a— 1} derived in Section 4.2.4, the estimates can be combined
into

) {(a—l) T oifa—1>1,

AE>“A = H?(A) min {\/a\/fz-len%,a - 1} :

as can be easily checked for the different casesa —1 < 1, a—1~1,anda—1> 1. O

4.2.4 Boundary contribution

Here we estimate the energy associated with the particles travelling from the boundary to the network
3*. The estimate holds for all n > 3. We need a few preparatory lemmas, the first of which is a
refinement of [BOS02, Thm. 3.16].

Lemma 4.2.7. Let S C R"™ be connected with H(S) =1 and K C R"™ with H"(K) = V. Then there is
a positive constant C' = C(n) such that

TS K —/ dist(x, S) dH" (z )>C’m1n{Vw (¥)™ }

where in the case V = 0 the normalised integral is to be interpreted as rg x = 0.
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Proof. Let us pick § = ( (%)m for some constant ¢ = ((n) € (0, 1) to be specified later. Now we cover
K and the surrounding space by a grid of cubes with side length §. In [BOS02, Lem. 3.17] the authors
prove that S intersects at most k = (2" 4+ 1)£ 4 (2" + 1) cubes by noting that one needs a curve segment

of at least length § to intersect any union of 2" + 1 cubes. Those k cubes together have a volume of
Vs =kd" = (2" + )"V + 2"+ 1)¢" ()T

We shall call a cube a neighbour of S if it is a neighbour of a cube intersecting S, and we shall call a
cube a second neighbour if it is adjacent to a neighbour of S. We distinguish three cases:

o If 2"+ 1)(" 'V < (2" +1)¢" (¥) 7T or equivalently [ < ¢1~# V' then the average distance TS K
of points in K to S is greater than V' up to a constant factor. Indeed, it is clear that for & > 0
we have r¢g ¢ = rg k. Furthermore,

o= ~inf / dist(z, S) dH" (z) > 0 (4.2.10)
KCR™, H"(K)=1 i
SCR™ connected, H%S)S(lf%
so that rg g = V%TV_%SV_%K > V%rl. The positivity of r; will be proved in Lemma 4.2.9

below.

e Ifl > ¢ 1=% V= and if the intersected cubes, the neighbours, and the second neighbours contain
less than % of K, then at least % of K is at distance larger than 26 from S so that rgx >

(5(20) + So)/v =3,

e Now let [ > ( 1-2 V= and let the intersected cubes and first and second neighbours contain more
than % of K. The total number of intersecting cubes and neighbours is less than k3™, where 3"
is the number of neighbours a cube has (including the cube itself). Thus, the second neighbours

actually intersect K on a volume of more than
k3" =Y 3"V > -3 22"+ )"V > ¥

if we choose ¢ small enough. Thus, rg x > g.

O

Remark 4.2.8. Intuitively it is clear how in the previous lemma S and K have to be arranged to give
the smallest rg g; S should be chosen as a straight line of length ! and K = B,.(S), where r is such that
H"(K)=V. If S is very short, then K is almost a ball, and the average distance to S behaves like the
average distance to the ball centre, which scales like V. If Sis very long, then K is almost a cylinder,
and the average distance to its midaxis scales like (%)ﬁ

Lemma 4.2.9. Let r1 be given by equation (4.2.10), then r1 > 0.

Proof. For a contradiction assume there exist sequences K;, S; with H™(K;) = 1, H1(S;) < ¢!~ # such
that

K;

as i — oo, where without loss of generality we may assume the K;, S; to be uniformly bounded. Thanks
to Golab’s Theorem we may assume that, up to a subsequence, S; — S in the Hausdorff sense and that
HL(S) < ¢~ #. Moreover,
_inf  F(K,8) =0, (4.2.11)
KH™(K)=1

since

F(K;,S) = / dist(z, S) dH" (z) > / dist(z, S;) — dist(S, S;) dH™(x)

K; K;

= F(K;,5;) — dist(S, S;YH"(K;) = 0.
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This leads to a contradiction. In fact, let K C R™ with H"(K) = 1 and set K5 = {z € K :dist(z, S) > }
as well as S5 = {x € R™ : dist(x,S) < d}. Then,

F(K,S) > 0H™(K;) = 6(1 — H™(K \ K3)) > 6(1 — H(S5)) -

Now [BS14, Lemma 4.1] implies H"(S;) < CH(S)6"~! for some constant C = C(n) so that we can
choose § > 0 such that H"(Ss) < 3. Then F(K,S) > 6(1— 1) > 0 independent of K, which contradicts
equation (4.2.11). O

The next lemma is a regularity result for the optimal irrigation pattern x* and corresponding network
.

Lemma 4.2.10. There are an optimal irrigation pattern x* and corresponding network X* such that ¥*
is symmetric across {z, = £} and Xp(I) N X" is connected for almost all p € T'.

Proof. We may assume x* to have the single path property (see [BW15, Proposition 3.4.1]). Furthermore,
due to the problem symmetry we may assume x; (/) to be symmetric across {z, = 3} forall p e T.
Indeed, suppose without loss of generality and potentially reparameterising the pattern that X;(%) €
{zp, = %} for all p € I'. We now consider a pattern with the property that the position of a particle p at
time % + t is the same as at time % — t, but reflected across {z, = %} As an explicit formula,

_Ixrt) teldg
X(pv t) {((X*(p7 1— t))h R (X*(p’ 1-— t))n—la 1-— (X*(p, 1-— t))n) te [%7 1

If x* is optimal, then this new symmetric pattern must also be optimal with the same cost. The
corresponding ¥* is also symmetric.

Now assume x; (/) N X* to be not connected. Then there are s1,s9,6 > 0 with x;(t) ¢ ¥* for
t € (s1,s2) and x5 (t) € ¥* for t € (51 —3,51) U (2,52 +0). Let us abbreviate = Xp((s1—6,81)) C X*.
Without loss of generality, assume 3 C {z,, < 1} and HL(Z) > 0.

Let [z],- C T with Pr([z]y+) = my-(z) denote the set of particles flowing through = € 3. Note
my+(x) > —== by the relation between x* and X* from Section2.2. Due to the single path property,

a—1

all particles g € [z],~ follow the same path between x and its reflection Z = x;(s3) across {z,, = %}, in
other words, x;((s1,s3)) C x; (/) for all ¢ € [z],+. Thus, m,-(z) > = for all z € x;((s1,53)) so that
Xp((s1,83)) C ¥*. This however contradicts x;((s1,s2)) C R™\ ¥*. O

Proposition 4.2.11 (Boundary contribution). Inn > 3 dimensions the contribution to the excess energy
of particles travelling from the initial distribution pg to the optimal network X* can be estimated as

AESYA > "1 (A) min {a —1,Va?— lﬁ_lsnll} .

Proof. By Lemma4.2.10 we may assume that the path xj(I) of any particle p € I' can be subdivided
into three connected segments, one outside X*, one within, and again one outside. Let

t(p) =inf{t € I : x,(t) € X7},

z(p) = X, (t(p)) »

r(p) = |(z(p) — x5(0))’|

denote the time and position at which particle p € T' reaches X* for the first time, as well as the
accumulated horizontal motion until then. We have

1

) t(p) ) )
/I PS¢ (0, )X (0, 1)) dE > / al*(p, )] dt + / X (p, 1))t
0 t

(p)

> a/(r(p)? + ((@(p))n)? + (L = (2(p))n) = 1+ min{v/a? — 1r(p),a — 1}
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upon optimising for (z(p)), € [0, 1], which would yield (x(p)), = min{—

\/71, 1}. Let T C T denote the

particles for which r(p) < The excess energy can now be estimated below by

+1
AgSHA = / O ()X (p,B)] dt dPr(p) — Pr(T)
/1-1—\/717“ )dPr(p /~1+a—1dPF(P)—PF(F)
r\r
= Va2 = 1rPr() + (a — 1)Pr(T\ T),

where r = fr )dPr(p) denotes the average horizontal motion of particles in [ before they

Pr (F
reach *. Now combining Lemmas4.2.1 and 4.2.10 we know that ¥* intersects {z, = 1} in at most
N _ Age,a,A

points z1,...,zy. All particles in T’ flow through such a point, and T’ C Uil[xi]x* using
the notation from Definition2.1.5. Denote by 3; C X* the connected component of ¥* containing x;
(by the single path property of the minimiser from Lemma4.2.10, the ¥; are disjoint). If ¥} denotes the
orthogonal projection of ¥; onto {x,, = 0}, we have

r > PF(F) Z/ mrdlSt (x;(0),%7) dPr(p) .

Using Lemma 4.2.7 in dimension n — 1 and for § = ¥} and K = {x;(0) : p € [zi],~ N '} we thus obtain

N o L
N =~y 1 [ Pr([zi],+ND)\ 72
2 55 3 Fellaie n Dymin { (o n )=, (2fenD) 7 |

. . =T n—2
> pcf inf . E Vimln{Vi” Y (%) } .
P Vi VN 20, Vi V=P (D) :
L, >0, L+ Ay <H(EY)

V

_1 a3
Without loss of generality assume V" < (%) fori=1,..., M, then

M . N 1
r > _ inf (Vﬁ) I Vi (£> =)
Pr (F) Vi, V>0, V1+...+VN:Pp(f); ! i_;i_l b
I, N >0, i+ Iy <HY(EY) B
= _C inf MV +[(N — M)V]5=2 H (D)2 |
Pr(l) 7 V>0, MV+(N—M)V=Pp(F)
where we have used that the optimisation is convex in the V; and [; so that Vi = ... = Vy = \7,
Viigr = ... =V = V, and ly41 = ... = Iy = % are optimal. Substituting W = MV and

replacing (N — M)V by Pr(I') — W, the above estimate turns into

v inf WVt +[Pr(D) =W Tl (o )iz
= Pr(D) ooy < pr(r), V>w [Pr(T) ) (&%)

n—1 —1

> inff  WwINw1 o + [Pp(T) = W]n=2 HY (2*) 7=z

= - -1
> S22 wmin { Pp(F) 71 N7, Pr(D) i () 7 |
where the last step follows from distinguishing the two cases W > PFT(f) and W < PFT(f). Inserting this

estimate into the lower bound on AE5%4 and using the fact N < Ag:a’A and HY(Z*) < Ag:a'A
obtain

, we

AEE’G’AZCQ% ’a2—1min{Pr(f‘)" TNnT 1 PF( )n sz ( ) 1 }+(a—1>Pp<F\F)
S 02/ 1P m%(ﬁﬂylkgﬁdm}ﬂwﬂ&@Wy

Now we distinguish three cases.
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o If Pr(T) < T1H""1(A), we have

AESSA > (a— 1) Pp(T\T) > LH" 1 (A)(a - 1).

H"1(A) and EAIZFE(E,)A < 1, we have

1
1-n n—1 n—1 3
e L e G D

o If Pr(T) >

n—2 1

which can be solved to yield AES®4 > HP 1 (A)y/a2 — 1" Ten—1.

o If P(T) > $H""1(A) and EAIZFE(E,)A > 1, we have

1
1—n n—1 n—1 T
AgemA > 02 a2 S 1A (LT

which can be solved to yield

n—1

n—1 n—2 1
AESSA > (A2 =1 " en > 1" (A) min {a —1,va?— 1“enl} .

In summary,

AESHA > HL(A) min {a —1,Va?— ln_lsnl—l} .

4.3 Lower bound for M4

To prove the lower bound of Theorem 2.4.2, it is actually easier to use a different non-dimensionalisation
of the energy M=™4L introduced in Section 2.4. In fact, we shall prove a lower bound using the energy

MEA = ME™AL with m = min {1, b ¢+ M4 =inf MOA[y] = m,
HP=1(A) X
where m denotes the total transported mass,
m = || o lfom = mH"H(A) = min{1, H" 1 (A)}.

Since optimal irrigation patterns x* are known to be simple (that is, the patterns contain no loops, see
[BCMO09, Proposition 4.6]) and m < 1, the maximum possible mass flux m,-(x) through any point x
is no larger than one. This will allow us to bound the transport costs below by the costs for ¢ = 0
since my+(2) < 1 implies sf?e(x) = my(x)"° > 1 (see Definition 2.3.1). Indeed, let x* be an optimal
irrigation pattern between a given source p4 and sink p_ of equal mass no larger than one. For almost
all p € I we have

/fsiia(x*(p, ) (p,t)| dt = /

o (x) A (@) > / M () > (1) — x50)]
x5 (1)

x5 (1)

Thus,

MEHEH [ :/F/Isﬁs(x*(p,t))lx'*(pat)ldthr(P)

> / (1) — X (0)] dPr(p) = / & — yldpu(z,y) > Was, 1)

n R

for p = (x*(-,0), x*(-, 1))#P1‘7 whose marginals are the irrigating and irrigated measures py and p_.
Based on this relaxation result we will show the following.
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Theorem 4.3.1. There is a constant C'l = C’l (n)such that for e < 6’1

min M4 [x] — M*4 > Cyme max{|loge|, logH" 1 (A)}.
X

If H* 1(A) < 1, then M4 = M54 5o that the lower bound in Theorem 2.4.2 reduces to The-
orem4.3.1. If H"71(A) > 1, then the relation

MAN = H A M, M = HTH (A M,

immediately implies

min M4 [x] — M54 > H" L (A)
X

1+ Cjemax {|logel|,log H"1(A)} )
anl(A)e ’

from which the lower bound in Theorem 2.4.2 follows via H""1(A)=¢ > 1 — elog H"~1(A).

As usual, we would like to start by characterising a generic cross-section in terms of how many
network pipes it intersects. However, unlike for the urban planning model, the maximum number of
intersecting pipes cannot be deduced directly from the energy since the excess cost per pipe depends on
the mass flux through it. Thus, we will for each flux separately treat the number of pipes with that flux.
Analogously to before let x* denote an optimal irrigation pattern of M4 with corresponding optimal
network >*, abbreviate

AME,A _ Ms,A[X*] _ M*,A’
and recall that

tp(s) =min{t € I : x}(t) € {wn =s}} ,
£ (p,s) = x;(tp(s))

for s € (0,1), p € T denote the time and position of particle p in cross-section {x,, = s}. For an easier
notation, let us also introduce the corresponding solidarity classes and mass fluxes through x € R™,

[z]e ={qel : ze€;(I)},
me-(z) = Pr([z]e-) -
For each cross-section {x,, = s} we now introduce the number of intersecting pipes with mass flux ¢ as
well as a corresponding measure (discrete and with integer multiplicity) on the interval of possible mass

fluxes, } }
Ny(e) = H' ({z € {zn = s} : me=(2) =¢}) , N, = N,HL(0,m].

It is known that ¥* = {z € R™ : m,~(x) > 0} is rectifiable and represents a finite graph away from
zn, = 0 and z, = 1 (see [BCMO09, Proposition 4.6] or [BCMO05, Proposition 6.6]). Thus, for almost all
s€(0,1), ¥* N {zy, = s} is finite. Let us abbreviate

Ip={s€(0,1) : ¥*N{x, = s} is finite} .

Clearly, for almost all s € I the total flux through {z,, = s} is given by f{xn:s} me-(x) dH(z) =
Pr(I') = ||po||tom = m, thus

m
/ cdNg(c) =m.
0
The following lemma is the desired characterisation of a generic cross-section.

Lemma 4.3.2. There is a generic s € (0,1) such that Ns(c) satisfies

AM=A

m
/ —clogedN;(e) < .
0 €
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Proof. As mentioned above, ¥* = {z € R"™ : m,«(z) > 0} is rectifiable and represents a finite graph
away from z,, = 0 and x,, = 1 so that we can calculate

ATy / / S0 (0, )X (p, ) dt dPr = / / e () dH (z) dPr
rJx; (DN

//mx Ly (@) AP AR @) = [ mae (@) dH (@) > [ me (2)1 7 dH ()
3 3 3

m
2/ / me-(2)' 7% dH  (z) ds:/ / 7 dN,(c)ds.
Ip E*ﬂ{wn:s} Ip JO

Assume by contradiction that [;° —clogcdNy(c) > AA;EF"A for almost every s € (0,1). Then

AMEA = M4 m>// "¢ dNs(c)ds —m = // Ng(c)ds
I() IO

// 1) dN,(c) ds>// —celogcdN,(c)ds > AMSA
IO IO

where we linearised in € in the second last step. This yields a contradiction. O

To show Theorem 4.3.1, as earlier we bound the energy below by the transport costs for € = 0, using
the additional information from the previous lemma.

Proof of Theorem 4.5.1. Let ps = £*(-, s)#Pp for the generic cross-section s from the previous lemma.
By Remark 3.1.4 we have

AMEA = MEA] = M*A = inf MEAH08s [\ ] 4 inf MEAH 3] —m
X

X
Now ps is a linear combination of delta-distributions,

Z Z chy =: Z Ve .

c€(0,m] zeX"N{z,=s} c€(0,m]
Ni(c)>0 mex(z)=c N.(c)>0

Let I'. be the particles flowing through v, that is, I'. is defined by the relation v, = £*(:, s)#Pp Lr.,
and let 110, and 1 . be initial and final distribution of these particles,

Ho,c :6*('70)#PFI—F(17 Nl,czf*('al)#Pfl—Fc-
Lemma4.1.1 together with 3_ . ) ¥.(0)>0 ¢N,(c) = m then implies

inf MRS ] 4 inf MO >y Wi (o, ve) + W (Ve on,c)
c€(0,m]
Ns(e)>0

Z cN;(c) [s+Cm1n{(m)"Ql/3 (s 1)%1”

c€(0,m]
Ns(c)>0

v

2 1

+ Z N (c) [1 —s—&—C’mln{(mw‘Ll)ﬁ/(l —5), (mwiil)"—lH

for some constant C' = C(n) > 0. Consequently, exploiting m,m < 1,

2

AM€A>C/ cmin ( )ﬁ,(ﬁ)ﬁ}st(c)

~ m A m
> Cl / cmin{c%,cﬁ} dN(c) > Cl / ci=1 dN, (c).
n=1 Jo mn»—-1 Jo

mn—1
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Together with the previous lemma and fom c¢dN;s(c) = m this implies

~ é m n+1
AMEA > T inf / c¢n=1dN(c),
mn—1 Nefbm((0,m]) 0
Jot cdN(c)=m
A 7clogch(c)§%

where the right-hand side represents a linear program. The next lemma now implies

5 S e, A
A s O e <_(2AM>

mmn—1 n — 1)m€

AMEA _ logm C lQA/\;IE’A (e, A
o T S ny: &, From the upper bound we already know AM <
AMEA

Camellog e| for a constant Ca = Cz(n) > 0, hence log Sz -

c%' Thus, the above inequality implies AMS4 > %me\ logm| as well as ’10g

and thus — log

< 0 for € small enough such that ¢|loge| <

AME,A < é 12AME,A
Cm — n—le (Cm

from which we infer A/\I’A > Cie|loge| for a constant C; = Cy(n). O

Obviously, the proof of Theorem 4.3.1 reduces the energy estimate to a convex optimisation problem.
The role of the following lemma is simply to provide the necessary lower bound on that problem via
convex duality.

Lemma 4.3.3. For any m, D > 0 we have

. m ntl 2D
inf cr—1dN(c) >mexp | ——~— | .
Nefbm([0,m]) o (n—1)m
Jot cdN(c)=m
Jo& —clogedN(c)<D

Proof. The optimisation problem is equivalent to finding

= inf G*(N)+ H*(N
P Nerclan((o,m]) (W) (W)

for the Legendre—Fenchel duals

m
G* :rea([0,m]) — R, G*(N) = / =T AN + Iy (N)
0

H™ :rca([0,m]) = R, H*(N) = I{fo"'ch:m}(N) + I pm —clogcdN<D} (V)

of

G:C([0,m)) = R, G(¢) = I{p<0y (c = (c) — CL)

Am — kD if ¢(c) = Ae+ keloge for A € R,k <0,

o0 else,

H:C([0,m]) > R, H(¢) = {

where C denotes the set of continuous functions, Is denotes the indicator function of a set .S, that is,
Is(z) =01if x € S and Ig(z) = oo else. By Fenchel-Rockafellar duality,

p> sup -—-G(—¢)—H(¢) = sup —m+ kD = sup Am+ kD .
$€C([0,m]) A€R,£<0, . AERKZ0,
Act+rclog czfch A—klogc<cn—1

Any admissible choice of A, k yields a lower bound. We choose A, k such that A — klog ¢ actually touches

the curve ci-T in a point ¢* tangentially, that is, the function values and derivatives of both curves
coincide,

A—rloge® = ()71,  —£ = 2 (¢f)ast,
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In particular, k = —%(c*)ﬁ and A = (c*)%(l — —2-logc*). A maximisation of Am + kD for ¢*

now yields ¢* = exp(—2£) and thus

A =exp (—ﬁ?l)) (%-{-1) , Kz—%exp (—#’21)) ;

which produces
2D ) .

p 2 >\m+/<§D = mexp(—m

O

Remark 4.3.4. The test function N(c) = Zd(c — ¢*) for a properly chosen c¢* actually shows that the
inequality in Lemma4.3.3 is an equality.

5 Discussion

In the following we briefly discuss different geometric settings as well as the relation of network optim-
isation to other pattern formation problems.

5.1 Geometry variations

It is out of the scope of this paper to rigorously prove the scaling laws also for variations of our geometric
setting, however, we would like to provide a little discussion of the dependence on geometry. First of all
notice that all lower bound proofs are still valid if the hypersquare A is replaced by an arbitrary subset
of R"~!. Likewise, the upper bound constructions can easily be adapted to non-square geometries of A,
one only has to take care that the width of the tree-like structures does not extend beyond A and that
the construction has to be adapted to properly follow 0A. It seems also rather clear that the analysis
can be adapted to a non-uniform mass distribution on A x {0} and A x {L} as long as the density is
uniformly bounded and strictly bounded away from 0. Another geometric setting which may be relevant
for various applications (thinking for instance of plants or blood vessel systems) is where i is replaced
by a Dirac measure,
po = H" (Ao, p=H" (A x {1}).

Here, the upper bound construction can be obtained in a similar manner as for our usual geometry:
One can choose elementary cells which are mapped into the standard rectangular elementary cells after
applying the transformation

(1, ey @) > (B, 2= ),

Tn’ Tn

which is affine on each cross-section {x,, = t} and which maps the cone {t(A x {1}) : t € [0,1]} onto
the rectangle A x [0, 1]. Such constructions provide the same energy scaling as for the geometry actually
considered in this article. For the lower bound, for instance on the branched transport model, we may
again consider the mass flux u; on a generic cross-section ¢t and then bound the energy from below by
the transport costs from pig to gy, inf, M&HHt[x] > W1 (o, pe), and from gy to pq, inf, MSHOP[] >
Wi (ue, 1). Now, however, it is no longer possible to separately estimate Wi (uo, p¢) and Wy (e, p11)-
Instead, a variation of Lemma4.1.1 yields the necessary bound on W1 (o, pt¢) + W1 (e, 1) — W1 (1o, 1),
resulting in the same energy scaling.

5.2 Properties characteristic for network optimisation

Here we would like to briefly recapitulate the observed phenomena and relate network optimisation to
other pattern formation problems. Both urban planning and branched transport lead to branched pipe
networks. However, one can observe a difference between both models: While for branched transport
the excess energy over the limit case € = 0 is more or less evenly distributed across all branching levels,
this is true for urban planning only in three dimensions. In two dimensions, the major contribution to
the urban planning excess energy stems from the coarsest network structures, while in dimensions higher
than three the dominant energetic effect stems from the even distribution of mass at the boundary.
The urban planning model is closer in structure to classical pattern formation models (such as
martensite-austenite transformations [KM92] or intermediate states in type-I superconductors [CCKOO08])
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than branched transport. Indeed, similarly to urban planning, the interfaces in many classical pattern
formation models are directly penalised with cost ¢, while in branched transport the preference for
shorter and fewer pipes is rather implicitly encoded in the mass flux cost. The urban planning model is
particularly related to patterns observed in intermediate states in type-I superconductors [CCKOO08] or
compliance minimisation [KW14] in which also a structure is sought that has to conduct a flux (in one
case a magnetic, in the other a force flux). Urban planning is special, though, in that the conducting
structures are really one-dimensional, while in the other mentioned problems they exhibit a finite width.
Intuitively, this also implies that the other problems have more design freedom so that their analysis
should be a little more complicated. And indeed, in our lower bound proofs it was relatively straight-
forward to explicitly characterise cross-sections through the network, which is much more difficult in
problems without one-dimensional structures.
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